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Bob: Don’t worry Alice, I don’t understand 
this relativity or the quantum theory, but I bet 
the professor doesn’t either.

c=299,792,458m/sec.

n

∧

h=6.6260696·10-34J·sec.

=h/2π

2π2π

π=3.0

Drawing by
Harry McDermott Esq.

From  Jargodzki and Potter
“Mad About Physics”

“If you think you understand quantum mechanics, you don’t...” 
Quote from R. P. Feynman in “Character of Physical Law” University Lecture

The quote, exact words, "If you think you understand quantum mechanics, you don't…” in Google hits about 16,500 pages. But I can't find anywhere that actually gives a written source! What to do?
Possibly, originated with Niels Bohr: "Anyone who is not shocked by quantum theory has not understood it." Similar problems with checking a much older quote “Only 12 people understand relativity…”

My personal opinion about my first graduate advisor: I doubt he meant to attach a Catch-22 to understanding physics.
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NWAT photo by David Gottschalk

Current understanding of relativity and QM at UAF
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NWAT photo by David Gottschalk

Current understanding of relativity and QM at UAF(and the World)
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NWAT photo by David Gottschalk

Can we clarify? ...and simplify?

Current understanding of relativity and QM at UAF(and the World)
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NWAT photo by David Gottschalk

Can we clarify by simplifying?

Current understanding of relativity and QM at UAF(and the World)
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Level 1 Secrets(which really shouldn’t be secrets at all!) 
Special relativity and quantum mechanics

are very much a story of 
the geometry of light-wave motion

• Where Galilean relativity fails for light waves, 
...and where it doesn’t.

• How to make sense of light-wave               axiom(s)
            
   

SPEED
LIMIT
c=

299,792,458
m/s

Good approximation:
c ≅ 300 million m/s

Galilei Galileo
1564-1642

looks worried?

(We’ll use frequencies divisible by 3)

300 Megameter/s

Some have forgotten...

Need to review...

and then see...
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Special relativity and quantum mechanics

are very much a story of 
the geometry of light-wave motion

• Where Galilean relativity fails for light waves, 
...and where it doesn’t.

• How to make sense of light-wave               axiom(s)
            
   by comparing Einstein Pulse Wave (PW) axiom

                                with      
            Evenson Continuous Wave (CW) axiom 

SPEED
LIMIT
c=

299,792,458
m/s

Good approximation:
c ≅ 300 million m/s

Galilei Galileo
1564-1642

looks worried?

in space-time and inverse space-time (We’ll use frequencies divisible by 3)

Kenneth M. Evenson
1932-2002

K. M. Evenson, J.S. Wells, F.R. Peterson, B.L. Danielson, G.W. Day, R.L. Barger and J.L. Hall,  Phys. Rev. Letters 29, 1346(1972).

In 2005 the Nobel Prize in physics was awarded to Glauber, Hall, and Hensch†† for laser optics and metrology. 

†† The Nobel Prize in Physics, 2005. http://nobelprize.org/

300 Megameter/s

Some have forgotten...

Need to review...

and then see...
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It’s going c.

It’s going c.

(Of course)

FFLLAASSHH!!

It’s going -c.
PPuullssee
WWaavvee

It’s going -c.

(Of course)

φ

Pulse wave (PW) train

Einstein Pulse Wave (PW) Axiom: PW speed seen by all observers is c
A “road-runner” axiom
is a “show-stopper”

Complicated

1879-1955

Albert Einstein

beep-meep!

• How do you make sense of light-wave          axiom(s)?SPEED
LIMIT
c=

299,792,458
m/s

It’s going c.It’s going -c.

And, HE-eee-rRE’S  Albert!
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It’s going c.

It’s going c.

(Of course)

FFLLAASSHH!!

It’s going -c.
PPuullssee
WWaavvee

It’s going -c.

(Of course)

φ

Pulse wave (PW) train

Einstein Pulse Wave (PW) Axiom: PW speed seen by all observers is c
A “road-runner” axiom
is a “show-stopper”

Complicated

1879-1955

Albert Einstein

beep-meep!

• How do you make sense of light-wave          axiom(s)?SPEED
LIMIT
c=

299,792,458
m/s

Is cartoon 
physics 

a
 reality?!It’s going c.It’s going -c.
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It’s going c.

It’s going c.

(Of course)

It’s going c.

FFLLAASSHH!!

It’s going -c.
PPuullssee
WWaavvee

It’s going -c.

It’s going -c.

(Of course)

φ

PW peaks precisely locate places where wave is.

Pulse wave (PW) train

Einstein Pulse Wave (PW) Axiom: PW speed seen by all observers is c
A “road-runner” axiom
is a “show-stopper”

PW Axiom is
complicatedA1cos ωt+A2cos 2ωt+A3cos 3ωt+A4cos 4ωt+...

FFLLAASSHH!!

1879-1955

Albert Einstein

beep-meep!

..though it has a Newtonian “Place for everything & everything in place” feel.

• How do you make sense of light-wave          axiom(s)?SPEED
LIMIT
c=

299,792,458
m/s

Is cartoon 
physics 

a
 reality?!
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It’s going c.

It’s going c.

(Of course)

It’s going c.

FFLLAASSHH!!

It’s going -c.
PPuullssee
WWaavvee

It’s going -c.

It’s going -c.

(Of course)

φ

PW peaks precisely locate places where wave is.

Pulse wave (PW) train

Einstein Pulse Wave (PW) Axiom: PW speed seen by all observers is c

It’s going c.

It looks blue!
It’s going c.

It looks green.

(Of course)

It’s going -c.

It looks blue!

It’s going -c.

It looks red! It’s going -c.

It looks green.

(Of course)

It’s going c.

It looks red!

660000 TTHHzz
((ggrreeeenn))

LLaasseerr
ssoouurrccee

Sees Doppler blue shift Sees Doppler red shift

φ

CW zeros precisely locate places where wave is not.Continuous wave (CW) train

Evenson Continuous Wave (CW) axiom: CW speed for all colors is c

Using
Occam’s
Razor

A “road-runner” axiom
is a “show-stopper”

Can be made
more self-evident
and productive

Simpler 1CW coherenceAcos ωt

A1cos ωt+A2cos 2ωt+A3cos 3ωt+A4cos 4ωt+...

FFLLAASSHH!!

1879-1955

Albert Einstein

1285-1349

William of Ockham

1929-2002
c=299,792,458 m/s

Kenneth Evenson

(and Evenson’s lasers)

beep-meep!

is more “Zen-like”

PW Axiom is
complicated

..though it has a Newtonian “Place for everything & everything in place” feel.

Cut a PW to just one Continuous Wave 

• How do you make sense of light-wave          axiom(s)?SPEED
LIMIT
c=

299,792,458
m/s

1932-2002
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It’s going c.

It’s going c.

(Of course)

It’s going c.

FFLLAASSHH!!

It’s going -c.
PPuullssee
WWaavvee

It’s going -c.

It’s going -c.

(Of course)

φ

PW peaks precisely locate places where wave is.

Pulse wave (PW) train

Einstein Pulse Wave (PW) Axiom: PW speed seen by all observers is c

It’s going c.

It looks blue!
It’s going c.

It looks green.

(Of course)

It’s going -c.

It looks blue!

It’s going -c.

It looks red! It’s going -c.

It looks green.

(Of course)

It’s going c.

It looks red!

660000 TTHHzz
((ggrreeeenn))

LLaasseerr
ssoouurrccee

Sees Doppler blue shift Sees Doppler red shift

φ

CW zeros precisely locate places where wave is not.Continuous wave (CW) train

Evenson Continuous Wave (CW) axiom: CW speed for all colors is c

Using
Occam’s
Razor

A “road-runner” axiom
is a “show-stopper”

Can be made
more self-evident
and productive

Simpler 1CW coherenceAcos ωt

A1cos ωt+A2cos 2ωt+A3cos 3ωt+A4cos 4ωt+...

FFLLAASSHH!!

1879-1955

Albert Einstein

1285-1349

William of Ockham

1929-2002
c=299,792,458 m/s

Kenneth Evenson

(and Evenson’s lasers)

beep-meep!

is more “Zen-like”

PW Axiom is
complicated

..though it has a Newtonian “Place for everything & everything in place” feel.

• How do you make sense of light-wave          axiom(s)?SPEED
LIMIT
c=

299,792,458
m/s

Cut a PW to just one Continuous Wave (1CW) that changes Color if you accelerate!

1932-2002
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First of all it’s
Complicated

..though comforting to the
“A Place for everything and
everything in its place”

crowd.

It’s going c.

It’s going c.

(Of course)

It’s going c.

FFLLAASSHH!!

It’s going -c.
PPuullssee
WWaavvee

It’s going -c.

It’s going -c.

(Of course)

φ

PW peaks precisely locate places where wave is.

Pulse wave (PW) train

Einstein Pulse Wave (PW) Axiom: PW speed seen by all observers is c

It’s going c.

It looks blue!
It’s going c.

It looks green.

(Of course)

It’s going -c.

It looks blue!

It’s going -c.

It looks red! It’s going -c.

It looks green.

(Of course)

It’s going c.

It looks red!

660000 TTHHzz
((ggrreeeenn))

LLaasseerr
ssoouurrccee

Sees Doppler blue shift Sees Doppler red shift

φ

CW zeros precisely locate places where wave is not.Continuous wave (CW) train

Evenson Continuous Wave (CW) axiom: CW speed for all colors is c

Using
Occam’s
Razor

A “road-runner” axiom
is a “show-stopper”

Can be made
more self-evident
and productive

Simpler1CW coherenceAcos ωt

A1cos ωt+A2cos 2ωt+A3cos 3ωt+A4cos 4ωt+...

FFLLAASSHH!!

1879-1955

Albert Einstein

1285-1349

William of Ockham

1929-2002
c=299,792,458 m/s

Kenneth Evenson

(and Evenson’s lasers)

beep-meep!

It’s “Zen-like”

1CW is affected by
1st-order Doppler
Blue shifts b =e+ρ

and
Red shifts  r =e-ρ

of frequency υ
and wavenumber κ

• How do you make sense of light-wave          axiom(s)?SPEED
LIMIT
c=

299,792,458
m/s

1932-2002

Cut a PW to just one Continuous Wave (1CW) that changes Color if you accelerate!
CW  also stands for “Cosine Wave”  or   “Coherent Wave”    or   “Colored Wave”    (all helpful things!)
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First of all it’s
Complicated

..though comforting to the
“A Place for everything and
everything in its place”

crowd.

It’s going c.

It’s going c.

(Of course)

It’s going c.

FFLLAASSHH!!

It’s going -c.
PPuullssee
WWaavvee

It’s going -c.

It’s going -c.

(Of course)

φ

PW peaks precisely locate places where wave is.

Pulse wave (PW) train

Einstein Pulse Wave (PW) Axiom: PW speed seen by all observers is c

It’s going c.

It looks blue!
It’s going c.

It looks green.

(Of course)

It’s going -c.

It looks blue!

It’s going -c.

It looks red! It’s going -c.

It looks green.

(Of course)

It’s going c.

It looks red!

660000 TTHHzz
((ggrreeeenn))

LLaasseerr
ssoouurrccee

Sees Doppler blue shift Sees Doppler red shift

φ

CW zeros precisely locate places where wave is not.Continuous wave (CW) train

Evenson Continuous Wave (CW) axiom: CW speed for all colors is c

Using
Occam’s
Razor

A “road-runner” axiom
is a “show-stopper”

Can be made
more self-evident
and productive

Simpler1CW coherenceAcos ωt

A1cos ωt+A2cos 2ωt+A3cos 3ωt+A4cos 4ωt+...

FFLLAASSHH!!

1879-1955

Albert Einstein

1285-1349

William of Ockham

1929-2002
c=299,792,458 m/s

Kenneth Evenson

(and Evenson’s lasers)

beep-meep!

It’s “Zen-like”

1CW is affected by
1st-order Doppler
Blue shifts b =e+ρ

and
Red shifts  r =e-ρ

of frequency υ
and wavenumber κ

• How do you make sense of light-wave          axiom(s)?SPEED
LIMIT
c=

299,792,458
m/s

1932-2002

A major objection to relativity/QM theory:
It’s the only major theoretical development
that starts with 2nd-order (and very very very tiny!) effects. (and quite mysterious!)

Cut a PW to just one Continuous Wave (1CW) that changes Color if you accelerate!
CW  also stands for “Cosine Wave”  or   “Coherent Wave”    or   “Colored Wave”    (all helpful things!)
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First of all it’s
Complicated

..though comforting to the
“A Place for everything and
everything in its place”

crowd.

It’s going c.

It’s going c.

(Of course)

It’s going c.

FFLLAASSHH!!

It’s going -c.
PPuullssee
WWaavvee

It’s going -c.

It’s going -c.

(Of course)

φ

PW peaks precisely locate places where wave is.

Pulse wave (PW) train

Einstein Pulse Wave (PW) Axiom: PW speed seen by all observers is c

It’s going c.

It looks blue!
It’s going c.

It looks green.

(Of course)

It’s going -c.

It looks blue!

It’s going -c.

It looks red! It’s going -c.

It looks green.

(Of course)

It’s going c.

It looks red!

660000 TTHHzz
((ggrreeeenn))

LLaasseerr
ssoouurrccee

Sees Doppler blue shift Sees Doppler red shift

φ

CW zeros precisely locate places where wave is not.Continuous wave (CW) train

Evenson Continuous Wave (CW) axiom: CW speed for all colors is c

Using
Occam’s
Razor

A “road-runner” axiom
is a “show-stopper”

Can be made
more self-evident
and productive

Simpler1CW coherenceAcos ωt

A1cos ωt+A2cos 2ωt+A3cos 3ωt+A4cos 4ωt+...

FFLLAASSHH!!

1879-1955

Albert Einstein

1285-1349

William of Ockham

1929-2002
c=299,792,458 m/s

Kenneth Evenson

(and Evenson’s lasers)

beep-meep!

It’s “Zen-like”

1CW is affected by
1st-order Doppler
Blue shifts b =e+ρ

and
Red shifts  r =e-ρ

of frequency υ
and wavenumber κ

A major objection to relativity/QM theory:
It’s the only major theoretical development
that starts with 2nd-order (and very very very tiny!) effects. 

• How do you make sense of light-wave          axiom(s)?SPEED
LIMIT
c=

299,792,458
m/s

So lets try doing first-things first! 

1932-2002

(and quite mysterious!)

Cut a PW to just one Continuous Wave (1CW) that changes Color if you accelerate!
CW  also stands for “Cosine Wave”  or   “Coherent Wave”    or   “Colored Wave”    (all helpful things!)
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First of all it’s
Complicated

..though comforting to the
“A Place for everything and
everything in its place”

crowd.

It’s going c.

It’s going c.

(Of course)

It’s going c.

FFLLAASSHH!!

It’s going -c.
PPuullssee
WWaavvee

It’s going -c.

It’s going -c.

(Of course)

φ

PW peaks precisely locate places where wave is.

Pulse wave (PW) train

Einstein Pulse Wave (PW) Axiom: PW speed seen by all observers is c

It’s going c.

It looks blue!
It’s going c.

It looks green.

(Of course)

It’s going -c.

It looks blue!

It’s going -c.

It looks red! It’s going -c.

It looks green.

(Of course)

It’s going c.

It looks red!

660000 TTHHzz
((ggrreeeenn))

LLaasseerr
ssoouurrccee

Sees Doppler blue shift Sees Doppler red shift

φ

CW zeros precisely locate places where wave is not.Continuous wave (CW) train

Evenson Continuous Wave (CW) axiom: CW speed for all colors is c

Using
Occam’s
Razor

A “road-runner” axiom
is a “show-stopper”

Can be made
more self-evident
and productive

Simpler1CW coherenceAcos ωt

A1cos ωt+A2cos 2ωt+A3cos 3ωt+A4cos 4ωt+...

FFLLAASSHH!!

1879-1955

Albert Einstein

1285-1349

William of Ockham

1929-2002
c=299,792,458 m/s

Kenneth Evenson

(and Evenson’s lasers)

beep-meep!

It’s “Zen-like”

1CW is affected by
1st-order Doppler
Blue shifts b =e+ρ

and
Red shifts  r =e-ρ

of frequency υ
and wavenumber κ

So lets try doing first-things first! 
...and start off by dealing with this sucker...

• How do you make sense of light-wave          axiom(s)?SPEED
LIMIT
c=

299,792,458
m/s

1932-2002

A major objection to relativity/QM theory:
It’s the only major theoretical development
that starts with 2nd-order (and very very very tiny!) effects. (and quite mysterious!)
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!

"-"

-"

#-#
2

per-SPACETIME 
(!,!)-graph

wavenumber !
(waves per meter)

frequency !
(waves per sec.)

SPACETIME 
(t,x)-graph

wavelength !
(meters per wave)

period "
(sec. per wave)

wavelength !
(meters per wave)

period "
(sec. per wave)

wavelength
λ=2/3=1/κ

period
τ =5/4 =1/υ

Press a key to get a wave (a 1-CW) 

The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

...in spacetime...υ = 4 / 5
frequency

κ = 3 / 2
wavenumber

Jean-Baptiste
Joseph Fourier
1768-1830

“Keyboard of the gods” is known as “Fourier-space”

(κ,υ)-graph

•How to understand waves
and 

wave velocity Vwave

SPACETIME

(λ,τ)-graph
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(sec. per wave)
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τ =5/4 =1/υ

Press a key to get a wave (a 1-CW) 

The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

...in spacetime...
τ =5/4 =1/υ
period

υ = 4 / 5
frequency

κ = 3 / 2
wavenumber

time

inverse temporal values 
per-time versus time

Jean-Baptiste
Joseph Fourier
1768-1830

“Keyboard of the gods” is known as “Fourier-space”

(κ,υ)-graph

•How to understand waves
and 

wave velocity Vwave

SPACETIME

(λ,τ)-graph

Heinreich
Hertz
1857-1894
1Hz=1sec-1

19Thursday, April 7, 2016



1

1

2

-! !

!

"-"

-"

#-#
2 1

1

2

-! !

!

"-"

-"

#-#
2

1

1

2

-! !

!

"-"

-"

#-#
2

per-SPACETIME 
(!,!)-graph

wavenumber !
(waves per meter)

frequency !
(waves per sec.)

SPACETIME 
(t,x)-graph

wavelength !
(meters per wave)

period "
(sec. per wave)

wavelength !
(meters per wave)

period "
(sec. per wave)

wavelength
λ=2/3=1/κ

period
τ =5/4 =1/υ

Press a key to get a wave (a 1-CW) 

The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

...in spacetime...
τ =5/4 =1/υ
period

υ = 4 / 5
frequency

κ = 3 / 2
wavenumber

time

inverse temporal values 
per-time versus time

Jean-Baptiste
Joseph Fourier
1768-1830

“Keyboard of the gods” is known as “Fourier-space”

(κ,υ)-graph

•How to understand waves
and 

wave velocity Vwave

Heinreich
Hertz
1857-1894
1Hz=1sec-1

τ =Greek “t” 
for time =1/υ

υ = Greek“n” for number 
of waves per second 
or Hertz (Hz) =1/τ

SPACETIME

(λ,τ)-graph
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Press a key to get a wave (a 1-CW) 

The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

...in spacetime...
τ =5/4 =1/υ
period

υ = 4 / 5
frequency

κ = 3 / 2
wavenumber

λ=2/3=1/κ
wavelength

time

space

Jean-Baptiste
Joseph Fourier
1768-1830

“Keyboard of the gods” is known as “Fourier-space”

(κ,υ)-graph

inverse spatial values 
per-space versus space

inverse temporal values 
per-time versus time

•How to understand waves
and 

wave velocity Vwave

Heinreich
Hertz
1857-1894
1Hz=1sec-1

SPACETIME

(λ,τ)-graph

τ =Greek “t” 
for time =1/υ

λ = Greek “L” 
for Length =1/κ

κ =Greek “k” 
for Kayser

(or “kinks”)=1/λ

υ = Greek“n” for number 
of waves per second 
or Hertz (Hz) =1/τ
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The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

...in spacetime...
τ =5/4 =1/υ
period

υ = 4 / 5
frequency

κ = 3 / 2
wavenumber

λ=2/3=1/κ
wavelength

time

space

Jean-Baptiste
Joseph Fourier
1768-1830

“Keyboard of the gods” is known as “Fourier-space”

(κ,υ)-graph

inverse spatial values 
per-space versus space

inverse temporal values 
per-time versus time

•How to understand waves
and 

wave velocity Vwave

Heinreich
Hertz
1857-1894
1Hz=1sec-1

Heinreich
Kayser
1853-1940
1Kayser=1cm-1

κ =Greek “k” 
for Kayser

(or “kinks”)=1/λ

SPACETIME

(λ,τ)-graph

τ =Greek “t” 
for time =1/υ

λ = Greek “L” 
for Length =1/κ

υ = Greek“n” for number 
of waves per second 
or Hertz (Hz) =1/τ
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The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

Press a key to get a wave (a 1-CW) ...in spacetime...

λ=2/3=1/κ
wavelength

τ =5/4 =1/υ
period

υ = 4 / 5
frequency

κ = 3 / 2
wavenumber

Jean-Baptiste
Joseph Fourier
1768-1830

“Keyboard of the gods” is known as “Fourier-space”

(κ,υ)-graph

•How to understand waves
and 

wave velocity Vwave

SPACETIME

(λ,τ)-graph
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Press a key to get a wave (a 1-CW) 
“1-CW” means 

“single Continuous Wave”
(and hold)

∧

The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

...in spacetime...

λ=2/3=1/κ
wavelength

τ =5/4 =1/υ
period

υ = 4 / 5
frequency

κ = 3 / 2
wavenumber

Jean-Baptiste
Joseph Fourier
1768-1830

“Keyboard of the gods” is known as “Fourier-space”

(κ,υ)-graph (λ,τ)-graph

•How to understand waves
and 

wave velocity Vwave
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“single Continuous Wave”
(and hold)

∧

The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

...That “continues” 
             everywhere…

...in spacetime...

λ=2/3=1/κ
wavelength

τ =5/4 =1/υ
period

υ = 4 / 5
frequency

κ = 3 / 2
wavenumber

Jean-Baptiste
Joseph Fourier
1768-1830

“Keyboard of the gods” is known as “Fourier-space”

(κ,υ)-graph (λ,τ)-graph

•How to understand waves
and 

wave velocity Vwave
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Press a key to get a wave (a 1-CW) 
“1-CW” means 

“single Continuous Wave”
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all

time...

(and hold)

∧

The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

...That “continues” 
             everywhere…

...in spacetime...

λ=2/3=1/κ
wavelength

τ =5/4 =1/υ
period

λ=2/3=1/κ
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τ =5/4 =1/υ
period

υ = 4 / 5
frequency

κ = 3 / 2
wavenumber

Jean-Baptiste
Joseph Fourier
1768-1830

“Keyboard of the gods” is known as “Fourier-space”

(κ,υ)-graph (λ,τ)-graph

•How to understand waves
and 

wave velocity Vwave
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“1-CW” means 

“single Continuous Wave”

...for
all

time...

(and hold)

∧

...at a speed of: 

distance
time

=wavelength
period

 = λ
τ

λ=2/3

τ=
5/
4

The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

...That “continues” 
             everywhere…

...in spacetime...

λ=2/3=1/κ
wavelength

τ =5/4 =1/υ
period

λ=2/3=1/κ
wavelength

τ =5/4 =1/υ
period

υ = 4 / 5
frequency

κ = 3 / 2
wavenumber

Jean-Baptiste
Joseph Fourier
1768-1830

“Keyboard of the gods” is known as “Fourier-space”

(κ,υ)-graph (λ,τ)-graph

•How to understand waves
and 

wave velocity Vwave
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Press a key to get a wave (a 1-CW) 
“1-CW” means 

“single Continuous Wave”

...for
all

time...

(and hold)

∧

...at a speed of: 

distance
time

=wavelength
period

 = λ
τ
= 2/3

5/4
= 8

15
m.
s.

λ=2/3

τ=
5/
4

The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

...That “continues” 
             everywhere…

...in spacetime...

λ=2/3=1/κ
wavelength

τ =5/4 =1/υ
period

λ=2/3=1/κ
wavelength

τ =5/4 =1/υ
period

υ = 4 / 5
frequency

κ = 3 / 2
wavenumber

Jean-Baptiste
Joseph Fourier
1768-1830

“Keyboard of the gods” is known as “Fourier-space”

(κ,υ)-graph (λ,τ)-graph

•How to understand waves
and 

wave velocity Vwave
wave-speed equals slope-to-vertical λ/τ in (λ,τ)-graph 
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Press a key to get a wave (a 1-CW) 
“1-CW” means 

“single Continuous Wave”

...for
all

time...

(and hold)

∧

...at a speed of: 

distance
time

=wavelength
period

 = λ
τ
= 2/3

5/4
= 8

15
m.
s.

λ=2/3

τ=
5/
4

= 1/κ
1/υ

= υ
κ

The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

...That “continues” 
             everywhere…

...in spacetime...

λ=2/3=1/κ
wavelength

τ =5/4 =1/υ
period

λ=2/3=1/κ
wavelength

τ =5/4 =1/υ
period

υ = 4 / 5
frequency

κ = 3 / 2
wavenumber

Jean-Baptiste
Joseph Fourier
1768-1830

“Keyboard of the gods” is known as “Fourier-space”

(κ,υ)-graph (λ,τ)-graph

wave-speed equals slope-to-vertical λ/τ in (λ,τ)-graph 

wave-speed equals slope-to-horizontal υ/κ in (κ,υ)-graph 

Vwave =
υ
κ

•How to understand waves
and 

wave velocity Vwave
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wave arithmetic is simpler to explain using fractions 

Press a key to get a wave (a 1-CW) 
“1-CW” means 

“single Continuous Wave”

...for
all

time...

(and hold)

∧

...at a speed of: 

λ=2/3

τ=
5/
4

distance
time

=wavelength
period

= frequency
wavenumber

   Vwave  =
λ
τ

 = 1/κ
1/υ

   = υ
κ

  = 1/τ
1/λ

           = 2/3
5/4

= 4/5
3/2

            = 8
15

m.
s.

wave-velocity formulas

The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

...That “continues” 
             everywhere…

...in spacetime...

τ =5/4 =1/υ
period

τ =5/4 =1/υ
period

υ = 4 / 5
frequency

κ = 3 / 2
wavenumber

wave-speed equals slope-to-vertical λ/τ in (λ,τ)-graph 

wave-speed equals slope-to-horizontal υ/κ in (κ,υ)-graph 

•How to understand waves
and 

“1st quantization”

Vwave =
υ
κ

distance
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=wavelength
period

 = λ
τ
= 2/3

5/4
= 8

15
m.
s.
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λ=2/3=1/κ
wavelength

λ=2/3=1/κ
wavelength

(κ,υ)-graph (λ,τ)-graph
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υ = 4 / 5
frequency

κ = 1
wavenumber•How to understand waves

and 
“1st quantization”
or κ-quantization
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κ = 3 / 2
wavenumber

κ = 1/ 2
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υ = 8 /15
frequency

If a wave is confined to an L=1m. box  
the “Keyboard of the gods” has its
wavenumber κ is “quantized” to
multiples of 1/2L=1/2.

κ = 1
2

,  2
2

,  3
2

,  4
2

,... 
λ=2/3=1/κ
wavelength

τ =5/4 =1/υ
period

wavelength
λ=1=1/κ

wavelength
λ=2 =1/κ

τ =15/8 =1/υ
period

τ =15/4 =1/υ
period

λ=2

λ= 1

λ=2/3
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υ = 4 / 5
frequency

κ = 1
wavenumber•How to understand waves

and 
“1st quantization”
or κ-quantization
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If a wave is confined to an L=1m. box  
the “Keyboard of the gods” has its
wavenumber κ is “quantized” to
multiples of 1/2L=1/2.

κ = 1/2, 1, 3/2, 2,...

If wave velocity Vwave=8/15 is fixed
frequency  is quantized in proportion.

υ = 4 /15
frequency

κ = 1
2

,  2
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,  3
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,  4
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,... 
λ=2/3=1/κ
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τ =5/4 =1/υ
period
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λ=1=1/κ

wavelength
λ=2 =1/κ

τ =15/8 =1/υ
period

τ =15/4 =1/υ
period

λ=2

λ= 1

λ=2/3

1-quanta
(Onehalf -wave)

κ = 1
2

2-quanta
(Twohalf -wave)

κ = 2
2

3- quanta

κ = 3
2
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λ=2/3=1/κ
wavelength

τ =5/4 =1/υ
period

υ = 4 / 5
frequency

κ = 1
wavenumber•How to understand waves

and 
“1st quantization”
or κ-quantization
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If a wave is confined to an L=1m. box  
the “Keyboard of the gods” has its
wavenumber κ is “quantized” to
multiples of 1/2L=1/2.

•Amplitude A-quantization
is called 

“2nd quantization”

If wave velocity Vwave=8/15 is fixed
frequency  is quantized in proportion.

κ = 1
2

,  2
2

,  3
2

,  4
2

,... 

λ=2

λ= 1

λ=2/3

κ = 1/2, 1, 3/2, 2,...

υ = 4 /15
frequency

1-quanta
(Onehalf -wave)

κ = 1
2

2-quanta
(Twohalf -wave)

κ = 2
2

3- quanta

κ = 3
2
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λ=2/3=1/κ
wavelength

τ =5/4 =1/υ
period

υ = 4 / 5
frequency

κ = 1
wavenumber•How to understand waves

and 
“1st quantization”
or κ-quantization
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υ = 8 /15
frequency

τ =15/8 =1/υ
period

τ =15/4 =1/υ
period

If a wave is confined to an L=1m. box  
the “Keyboard of the gods” has its
wavenumber κ is “quantized” to
multiples of 1/2L=1/2.

•Amplitude A-quantization
is called 

“2nd quantization”

If wave velocity Vwave=8/15 is fixed
frequency  is quantized in proportion.

κ = 1
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,  2
2
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,... 
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frequency
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...as QUALITY (color)
versus 

QUANTITY (          )   Number
of

“photons”
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Vlight= c =
λ
τ
= 1/κ
1/υ

= υ
κ
= 1/τ
1/λ

= 299,792,458m.
s.

LightLight wave-velocity c is VERY fixed 

As will be shown:
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Vlight= c =
υ
κ
= 1/κ
1/υ

= λ
τ
= 1/τ
1/λ

= 299,792,458m.
s.

LightLight wave-velocity c is VERY fixed 

Vlight
c

= υ
cκ

= 1/κ
c/υ

= λ
cτ

= 1/τ
c /λ

= 1

Dimensionless Light wave-velocity c/c=1Light

Then it’s convenient to use: 

Vlight
c

= υ
cκ

= λ
cτ

= 1 instead of: υ
κ
= λ
τ
= c

Such graphs use c-units of per-time υ=cκ and length λ=cτ .

As will be shown:

36Thursday, April 7, 2016



1-1

1

2

-! !

!

"-"

-"

#-#
2

SPACETIME 
(c!, ")-graph

x-space wavelength "x
(units: !µm)

c·time period c!
(units: !µm)

!µm #µm 1µm!="µm

"=5/6fs

"=5/3fs

"=5/4fs

"=10/3fs

1-1

1

2

-! !

!

"-"

-"

#-#
2

per-SPACETIME 
(!,c!)-graph

c·wavenumber c!x
(units: 600THz)

frequency !
(units: 600THz)

!=300THz

"=106/m 2·106/m 3·106/m 4·106/m

600THz

900THz

1200THz

1800THz

υ
=
1·υ

A

cκ =1·cκ A λ = 1·λA

cτ
=1
·cτ

A

cτ A=λA

=λA

The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

...in spacetime...

=υA

Ways to quantify light waves (600 THz example)light

Press the 600 THz key to get a 600 THz 1-CW) 

(cκ,υ)-graph (λ,cτ)-graph

Such graphs use c-units of per-time υ=cκ and length λ=cτ .
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=λA

The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

...in spacetime...

=υA

Ways to quantify light waves (600 THz example)light

Press the 600 THz key to get a 600 THz 1-CW) 

(cκ,υ)-graph (λ,cτ)-graph

Such graphs use c-units of per-time υ=cκ and length λ=cτ .

which gives ±unit-slope on either graph
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per-SPACETIME 
(!,c!)-graph

c·wavenumber c!x
(units: 600THz)

frequency !
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!=300THz

"=106/m 2·106/m 3·106/m 4·106/m
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1800THz

υ
=
1·υ

A

cκ =1·cκ A λ = 1·λA

cτ
=1
·cτ

A

cτ A=λA

=λA

The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

Press the 600 THz key to get a 600 THz 1-CW) 

...in spacetime...

=υA

Ways to quantify light waves (600 THz example)light

(cκ,υ)-graph (λ,cτ)-graph

which gives ±unit-slope on either graph
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1200THz
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υ
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cκ =2·cκ A

λ = 1
2 ·λA

cτ
=
1 2
·cτ
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cτ A=λA
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The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

...in spacetime...

=υA

Ways to quantify light waves (1200 THz example)light

Press the 1200 THz key to get a 1200 THz 1-CW) 

(cκ,υ)-graph (λ,cτ)-graph

which gives ±unit-slope on either graph
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(!,c!)-graph
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frequency !
(units: 600THz)

!=300THz

"=106/m 2·106/m 3·106/m 4·106/m

600THz
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1200THz

1800THz

υ
=
2·υ

A

cκ =2·cκ A

λ = 1
2 ·λA

cτ
=
1 2
·cτ

A

cτ A=λA

=λA

The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

...in spacetime...

=υA

Ways to quantify light waves (1200 THz example)light

Press the 1200 THz key to get a 1200 THz 1-CW) 

(cκ,υ)-graph (λ,cτ)-graph

which gives ±unit-slope on either graph
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(!,c!)-graph

c·wavenumber c!x
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!=300THz
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600THz

900THz

1200THz

1800THz

υ
=
1 2
·υ

A

λ=2·λA

cκ = 1
2 ·cκ A

cτ
=2
·cτ

A

cτ A=λA

=λA

The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

...in spacetime...

=υA

Ways to quantify light waves (300 THz example)light

Press the 300 THz key to get a 300 THz 1-CW) 

(cκ,υ)-graph (λ,cτ)-graph

which gives ±unit-slope on either graph
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A
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cτ A=λA

=λA

The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

...in spacetime...

=υA

Ways to quantify light waves (300 THz example)light

Press the 300 THz key to get a 300 THz 1-CW) 

(cκ,υ)-graph (λ,cτ)-graph

which gives ±unit-slope on either graph
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SPACETIME 
(c!, ")-graph

x-space wavelength "x
(units: !µm)
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per-SPACETIME 
(!,c!)-graph
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(units: 600THz)

frequency !
(units: 600THz)

!=300THz

"=106/m 2·106/m 3·106/m 4·106/m

600THz

900THz

1200THz

1800THz

λ=− 2·λA

cκ = − 1
2 ·cκ A cτ

=2
·cτ

A

cτ A=λA

=λA

The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

...in spacetime...

=υA

Ways to quantify light waves (300 THz example)light

Press the 300 THz key to get a 300 THz 1-CW) 
(with negative  κ) (going left ← ←)

(cκ,υ)-graph (λ,cτ)-graph

which gives ±unit-slope on either graph
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The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

Atom traveling along wave
sees less wave “hits”/sec. 

(that is: Doppler red-shift)

"hit"

"hit"

"hit"

"hit"

"hit"

"hit"

"hit"

=υA

Moving along a 600 THz 1CW could Doppler red shift it to 300 THz

Christian
Doppler
1803-1853

(cκ,υ)-graph (λ,cτ)-graph

Move fast enough this way then the
“green” wave gets redder and redder

until it dies
Frequency AND Amplitude

decrease exponentially
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υ
=
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A

cκ =1·cκ A λ = 1·λA

cτ
=1
·cτ

A
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The “Keyboard of the gods” or per-space-per-time graphs versus space-time graphs 

Atom traveling along wave
sees less wave “hits” /sec. 
(that is: Doppler red-shift)

"hit"

"hit"

"hit"

"hit"

"hit"

"hit"

Atom traveling against wave
sees more wave “hits” /sec. 
(that is: Doppler blue-shift)

"hit"

"hit"

"hit"

"hit"

"hit"

"hit"

"hit"

"hit"

Christian
Doppler
1803-1853

(cκ,υ)-graph (λ,cτ)-graph

Moving against a 600 THz 1CW could Doppler blue shift it to 1200 THz

Move fast enough this way then the
“green” wave gets bluer and bluer

until YOU die

Move fast enough this way then the
“green” wave gets redder and redder

until it dies
Frequency AND Amplitude

decrease exponentially
Frequency AND Amplitude

increase exponentially
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Clarify Evenson’s CW Axiom (All colors go c) by Doppler effects 
Alice tries to fool Bob that she’s shining a 600THz laser. (Bob’s unaware she’s moving really fast...) 

47Thursday, April 7, 2016



Q1: Can Bob tell it’s a “phony”  600THz
      by measuring his received wavelength?

Clarify Evenson’s CW Axiom (All colors go c) by Doppler effects 
Alice tries to fool Bob that she’s shining a 600THz laser. (Bob’s unaware she’s moving really fast...) 
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Q1: Can Bob tell it’s a “phony”  600THz
      by measuring his received wavelength?
Q2:If so, what “phony” λ does Bob see?

Clarify Evenson’s CW Axiom (All colors go c) by Doppler effects 
Alice tries to fool Bob that she’s shining a 600THz laser. (Bob’s unaware she’s moving really fast...) 
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600THz line600

500

400

300

700

800

frequency υ=ω/2π
(Inverse period υ=1/τ)

wavenumber κ=k/2π
(inverse wavelength κ=1/λ)

? ? ?

B C D

900

λ= 1.00µm 0.50µm 0.33µm
κ= 1·106/m 2·106/m 3·106/m

??

THz

?

sl
ow
er
th
an
c?
?

fa
s
te
r
th
a
n
c
?
?

Q1: Can Bob tell it’s a “phony”  600THz
      by measuring his received wavelength?Is it A,?  B?,    C?  or D?   etc.

A Q2:If so, what “phony” λ does Bob see?

Clarify Evenson’s CW Axiom (All colors go c) by Doppler effects 
Alice tries to fool Bob that she’s shining a 600THz laser. (Bob’s unaware she’s moving really fast...) 

Check it out in per-spacetime 

π
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600THz line600
500
400
300

700
800

frequency υ=ω/2π
(Inverse period υ=1/τ)

wavenumber κ=k/2π
(inverse wavelength κ=1/λ)

(ω = ck)
or

(υ = cκ)

B C

900

λ= 1.00µm 0.50µm 0.33µm
κ= 1·106/m 2·106/m 3·106/m

THz
Only ONE
kind of
GREEN
allowed (ONE that goes c)

Q1: Can Bob tell it’s a “phony”  600THz
      by measuring his received wavelength?

Answer to Q2 is C, the one with slope υ/κ=υ·λ=c.
If he sees Green 600THz then he measures λ=0.5µm.

A Q2:If so, what “phony” λ does Bob see?

Clarify Evenson’s CW Axiom (All colors go c) by Doppler effects 
Alice tries to fool Bob that she’s shining a 600THz laser. (Bob’s unaware she’s moving really fast...) 

π
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600THz line600
500
400
300

700
800

frequency υ=ω/2π
(Inverse period υ=1/τ)

wavenumber κ=k/2π
(inverse wavelength κ=1/λ)

(ω = ck)
or

(υ = cκ)

B C

900

λ= 1.00µm 0.50µm 0.33µm
κ= 1·106/m 2·106/m 3·106/m

THz

Only ONE
kind of
RED
allowed (ONE that goes c)

A

Q1: Can Bob tell it’s a “phony”  600THz
      by measuring his received wavelength?

Answer to Q2 is C, the one with slope υ/κ=υ·λ=c.
If he sees Green 600THz then he measures λ=0.5µm.
If he sees   Red  300THz then he measures λ=1.0µm.

Q2:If so, what “phony” λ does Bob see?

Clarify Evenson’s CW Axiom (All colors go c) by Doppler effects 
Alice tries to fool Bob that she’s shining a 600THz laser. (Bob’s unaware she’s moving really fast...) 
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600THz line600
500
400
300

700
800

frequency υ=ω/2π
(Inverse period υ=1/τ)

wavenumber κ=k/2π
(inverse wavelength κ=1/λ)

(ω = ck)
or

(υ = cκ)

B C

900

λ= 1.00µm 0.50µm 0.33µm
κ= 1·106/m 2·106/m 3·106/m

THz

Only ONE
kind of
RED
allowed (ONE that goes c)

Then Evenson’s axiom holds:
“All colors go c = λυ = υ/κ ”

Vacuum only makes one λ for each υ.*

*for each beam and polarization orientation

A

Q1: Can Bob tell it’s a “phony”  600THz
      by measuring his received wavelength?

Answer to Q2 is C, the one with slope υ/κ=υ·λ=c.
If he sees Green 600THz then he measures λ=0.5µm.
If he sees   Red  300THz then he measures λ=1.0µm.

Answer to Q1is NO! 
CW Light carries no birth-certificate!

Q2:If so, what “phony” λ does Bob see?

Clarify Evenson’s CW Axiom (All colors go c) by Doppler effects 
Alice tries to fool Bob that she’s shining a 600THz laser. (Bob’s unaware she’s moving really fast...) 

53Thursday, April 7, 2016



Also could be labeled :

Linear-(non)-dispersion 
axiom: υ = cκ

A

Then Evenson’s axiom holds:
“All colors go c = λυ = υ/κ ”

Clarify Evenson’s CW Axiom (All colors go c) by Doppler effects 
Alice tries to fool Bob that she’s shining a 600THz laser. (Bob’s unaware she’s moving really fast...) 

Only ONE
kind of 
RED
allowed (ONE that goes c)

If bluer waves were even 0.1% faster (or slower) than redder ones 
then each flash from a 5-billion light-year distant galaxy shows up 
dispersed over 5-million years. (Goodbye galactic astronomy!)

More evidence supporting Evenson’s axiom

Vacuum only makes one λ for each υ.*

*for each beam and polarization orientation
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R S = υRECEIVER

υSOURCE

B A = υB

υA

= 1200
600

= 2
1

C A = υC

υA

= 400
600

= 2
3

Bob-Alice Doppler ratio: Carla-Alice Doppler ratio: Doppler ratio: 

Easy Doppler-shift and Rapidity calculation

υA=600THz

RECEIVERRECEIVER

SOURCESOURCE

RECEIVERRECEIVER

υB=1200THz υC=400THz

υA=600THz

υA=600THz

Bob: I see Doppler
Blue shift to 1200THz 

Carla: I see Doppler
Red shift to 400THz 

Alice: Hey, Bob and Carla! Read off your Doppler
shift ratios 〈B⏐A〉 and 〈C⏐A〉 to my 600THz beam.  ALICE’S

LASER
GAUNTLET

I got 〈B⏐A〉=2, I got 〈C⏐A〉=2/3,
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R S = υRECEIVER

υSOURCE

B A = υB

υA

= 1200
600

= 2
1

C A = υC

υA

= 400
600

= 2
3

Bob-Alice Doppler ratio: Carla-Alice Doppler ratio: Doppler ratio: 

Easy Doppler-shift and Rapidity calculation

υA=600THz

RECEIVERRECEIVER

SOURCESOURCE

RECEIVERRECEIVER

υB=1200THz υC=400THz

υA=600THz

υA=600THz

Bob: I see Doppler
Blue shift to 1200THz 

Carla: I see Doppler
Red shift to 400THz 

Alice: Hey, Bob and Carla! Read off your Doppler
shift ratios 〈B⏐A〉 and 〈C⏐A〉 to my 600THz beam.  ALICE’S

LASER
GAUNTLET

uRS=−
c
4 0 + c

4

Evenson axiom says Blue, Green, Red, etc. all march in lockstep and
so all frequencies Doppler shift in same geometric proportion 〈R|S〉.

IMPORTANT POINT:

I got 〈B⏐A〉=2, I got 〈C⏐A〉=2/3,
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R S = υRECEIVER

υSOURCE

B A = υB

υA

= 1200
600

= 2
1

C A = υC

υA

= 400
600

= 2
3

Bob-Alice Doppler ratio: Carla-Alice Doppler ratio: Doppler ratio: 

Easy Doppler-shift and Rapidity calculation

υA=600THz

RECEIVERRECEIVER

SOURCESOURCE

RECEIVERRECEIVER

υB=1200THz υC=400THz

υA=600THz

υA=600THz

Bob: I see Doppler
Blue shift to 1200THz 

Carla: I see Doppler
Red shift to 400THz 

Alice: Hey, Bob and Carla! Read off your Doppler
shift ratios 〈B⏐A〉 and 〈C⏐A〉 to my 600THz beam.  ALICE’S

LASER
GAUNTLET

uRS=−
c
4 0 + c

4

Evenson axiom says Blue, Green, Red, etc. all march in lockstep and
so all frequencies Doppler shift in same geometric proportion 〈R|S〉.

If Alice sends υA=600THz       Bob sees: υB=〈B|A〉υA=1200THz

If Alice sends υA=60 THz        Bob sees: υB=〈B|A〉υA=120THz

If Alice sends υA=6 Hz            Bob sees: υB=〈B|A〉υA=12 Hz

〈B|A〉=2 for any frequency Alice and Bob use
        while they maintain their relative velocity.

IMPORTANT POINT:

I got 〈B⏐A〉=2, I got 〈C⏐A〉=2/3,
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υA=600THz

RECEIVERRECEIVER

SOURCESOURCE

RECEIVERRECEIVER

υB=1200THz υC=400THz

υA=600THz

υA=600THz

Bob: I see Doppler
Blue shift to 1200THz 

Carla: I see Doppler
Red shift to 400THz 

Alice: Hey, Bob and Carla! Read off your Doppler
shift ratios 〈B⏐A〉 and 〈C⏐A〉 to my 600THz beam.

Also, rapidity ρBA and  ρCA  relative to me.

R S = υRECEIVER

υSOURCE

B A = υB

υA

= 1200
600

= 2
1

C A = υC

υA

= 400
600

= 2
3

ρRS = loge R S

Bob-Alice Doppler ratio: Carla-Alice Doppler ratio: Doppler ratio: 

rapidity: 

Easy Doppler-shift and Rapidity calculation

Definition of Rapidity

1TeV proton has 
u=0.999995598·c (Pain in the A)
or: 〈R|S〉=2131.6   (Better)
or: ρRS=7.6646        (Best)

Rapidity is most convenient!

For low velocity u<<c rapidity ρRS approaches u/c  

I got 〈B⏐A〉=2, I got 〈C⏐A〉=2/3,

ALICE’S
LASER

GAUNTLET

uRS=−
c
4 0 + c

4

Evenson axiom says Blue, Green, Red, etc. all march in lockstep and
so all frequencies Doppler shift in same geometric proportion 〈R|S〉.

IMPORTANT POINTS:

Geometric phenomena tend to 
involve logarithmic/exponential
functionality!
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R S = υRECEIVER

υSOURCE

B A = υB

υA

= 1200
600

= 2
1

C A = υC

υA

= 400
600

= 2
3

ρRS = loge R S ρBA = loge B A = loge
2
1

Bob-Alice Doppler ratio: Carla-Alice Doppler ratio: 

Bob-Alice rapidity: 

Doppler ratio: 

rapidity: 

Easy Doppler-shift and Rapidity calculation

Definition of Rapidity

υA=600THz

RECEIVERRECEIVER

SOURCESOURCE

RECEIVERRECEIVER

υB=1200THz υC=400THz

υA=600THz

υA=600THz

Bob: I see Doppler
Blue shift to 1200THz 

Carla: I see Doppler
Red shift to 400THz 

Alice: Hey, Bob and Carla! Read off your Doppler
shift ratios 〈B⏐A〉 and 〈C⏐A〉 to my 600THz beam.

Also, rapidity ρBA and  ρCA  relative to me.
I got 〈B⏐A〉=2,
    and ρBA =ln2

I got 〈C⏐A〉=2/3,

ALICE’S
LASER

GAUNTLET
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R S = υRECEIVER

υSOURCE

B A = υB

υA

= 1200
600

= 2
1

C A = υC

υA

= 400
600

= 2
3

ρRS = loge R S ρBA = loge B A = loge
2
1

ρCA = loge C A = loge
2
3

Bob-Alice Doppler ratio: Carla-Alice Doppler ratio: 

Bob-Alice rapidity: Carla-Alice rapidity: 

Doppler ratio: 

rapidity: 

Easy Doppler-shift and Rapidity calculation

Definition of Rapidity

υA=600THz

RECEIVERRECEIVER

SOURCESOURCE

RECEIVERRECEIVER

υB=1200THz υC=400THz

υA=600THz

υA=600THz

Bob: I see Doppler
Blue shift to 1200THz 

Carla: I see Doppler
Red shift to 400THz 

Alice: Hey, Bob and Carla! Read off your Doppler
shift ratios 〈B⏐A〉 and 〈C⏐A〉 to my 600THz beam.

Also, rapidity ρBA and  ρCA  relative to me.
I got 〈B⏐A〉=2,
    and ρBA =ln(2)

I got 〈C⏐A〉=2/3,
    and ρCA =ln(2/3)

ALICE’S
LASER

GAUNTLET
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R S = υRECEIVER

υSOURCE

B A = υB

υA

= 1200
600

= 2
1

C A = υC

υA

= 400
600

= 2
3

ρRS = loge R S ρBA = loge B A = loge
2
1

ρCA = loge C A = loge
2
3

ρBA = 0.69 ρCA = −0.41

Bob-Alice Doppler ratio: Carla-Alice Doppler ratio: 

Bob-Alice rapidity: Carla-Alice rapidity: 

Doppler ratio: 

rapidity: 

(so:ρAB=−0.69)

Easy Doppler-shift and Rapidity calculation

Definition of Rapidity

υA=600THz

RECEIVERRECEIVER

SOURCESOURCE

RECEIVERRECEIVER

υB=1200THz υC=400THz

υA=600THz

υA=600THz

Bob: I see Doppler
Blue shift to 1200THz 

Carla: I see Doppler
Red shift to 400THz 

Alice: Hey, Bob and Carla! Read off your Doppler
shift ratios 〈B⏐A〉 and 〈C⏐A〉 to my 600THz beam.

Also, rapidity ρBA and  ρCA  relative to me.
I got 〈B⏐A〉=2,
    and ρBA =ln(2)
                 =+0.69

I got 〈C⏐A〉=2/3,
    and ρCA =ln(2/3)
                 =-0.41

B A = υB

υA

= 2
1

is time-reversal of: 
A B = υA

υB

= 1
2

(time-reversed) 

ALICE’S
LASER

GAUNTLET

Mnemonic:You can think of rapidity ρBA  as “R” for  “Romance”… (+) positive on approach, (-) negative on reproach   Do the stars
hate us?

61Thursday, April 7, 2016



R S = υRECEIVER

υSOURCE

B A = υB

υA

= 1200
600

= 2
1

C A = υC

υA

= 400
600

= 2
3

ρRS = loge R S ρBA = loge B A = loge
2
1

ρCA = loge C A = loge
2
3

ρBA = 0.69 ρCA = −0.41

Bob-Alice Doppler ratio: Carla-Alice Doppler ratio: 

Bob-Alice rapidity: Carla-Alice rapidity: 

Doppler ratio: 

rapidity: 

Carla-Bob Doppler ratio: 

C B = υC

υB

= υC

υA

υA

υB

= C A A B

(so:ρAB=−0.69)

Easy Doppler-shift and Rapidity calculation

Definition of Rapidity
B A = υB

υA

= 2
1

is time-reversal of: 
A B = υA

υB

= 1
2

(time-reversed) 

υA=600THz

RECEIVERRECEIVER

SOURCESOURCE

RECEIVERRECEIVER

υB=1200THz υC=400THz

υA=600THz

υA=600THz

Bob: I see Doppler
Blue shift to 1200THz 

Carla: I see Doppler
Red shift to 400THz 

Alice: Hey, Bob and Carla! Read off your Doppler
shift ratios 〈B⏐A〉 and 〈C⏐A〉 to my 600THz beam.

Also, rapidity ρBA and  ρCA  relative to me.
I got 〈B⏐A〉=2,
    and ρBA =ln(2)
                 =+0.69

I got 〈C⏐A〉=2/3,
    and ρCA =ln(2/3)
                 =-0.41

Now, Carla, whatʼs your rapidity ρCB relative to Bob?

ALICE’S
LASER

GAUNTLET

Mnemonic:You can think of rapidity ρBA  as “R” for  “Romance”… (+) positive on approach, (-) negative on reproach   
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R S = υRECEIVER

υSOURCE

B A = υB

υA

= 1200
600

= 2
1

C A = υC

υA

= 400
600

= 2
3

ρRS = loge R S ρBA = loge B A = loge
2
1

ρCA = loge C A = loge
2
3

ρBA = 0.69 ρCA = −0.41

Bob-Alice Doppler ratio: Carla-Alice Doppler ratio: 

Bob-Alice rapidity: Carla-Alice rapidity: 

Doppler ratio: 

rapidity: 

Carla-Bob Doppler ratio: 

Carla-Bob rapidity: 

C B = υC

υB

= υC

υA

υA

υB

= C A A B

eρCB = eρCAeρAB

(so:ρAB=−0.69)R S = eρRS
 so: 

Easy Doppler-shift and Rapidity calculation

Definition of Rapidity
B A = υB

υAis time-reversed 
A B = υA

υB

υA=600THz

RECEIVERRECEIVER

SOURCESOURCE

RECEIVERRECEIVER

υB=1200THz υC=400THz

υA=600THz

υA=600THz

Bob: I see Doppler
Blue shift to 1200THz 

Carla: I see Doppler
Red shift to 400THz 

Alice: Hey, Bob and Carla! Read off your Doppler
shift ratios 〈B⏐A〉 and 〈C⏐A〉 to my 600THz beam.

Also, rapidity ρBA and  ρCA  relative to me.
I got 〈B⏐A〉=2,
    and ρBA =ln(2)
                 =+0.69

I got 〈C⏐A〉=2/3,
    and ρCA =ln(2/3)
                 =-0.41

Now, Carla, whatʼs your rapidity ρCB relative to Bob?

ALICE’S
LASER

GAUNTLET
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R S = υRECEIVER

υSOURCE

B A = υB

υA

= 1200
600

= 2
1

C A = υC

υA

= 400
600

= 2
3

ρRS = loge R S ρBA = loge B A = loge
2
1

ρCA = loge C A = loge
2
3

ρBA = 0.69 ρCA = −0.41

Bob-Alice Doppler ratio: Carla-Alice Doppler ratio: 

Bob-Alice rapidity: Carla-Alice rapidity: 

Doppler ratio: 

rapidity: 

Carla-Bob Doppler ratio: 

Carla-Bob rapidity: 

C B = υC

υB

= υC

υA

υA

υB

= C A A B

eρCB = eρCAeρAB
= eρCA +ρAB

implies: ρCB = ρCA + ρAB
= −0.41− 0.69 = −1.10

(so:ρAB=−0.69)R S = eρRS = e−ρSR
 or: 

Easy Doppler-shift and Rapidity calculation

Definition of Rapidity
B A = υB

υAis time-reversed 
A B = υA

υB

υA=600THz

RECEIVERRECEIVER

SOURCESOURCE

RECEIVERRECEIVER

υB=1200THz υC=400THz

υA=600THz

υA=600THz

Bob: I see Doppler
Blue shift to 1200THz 

Carla: I see Doppler
Red shift to 400THz 

Alice: Hey, Bob and Carla! Read off your Doppler
shift ratios 〈B⏐A〉 and 〈C⏐A〉 to my 600THz beam.

Also, rapidity ρBA and  ρCA  relative to me.
I got 〈B⏐A〉=2,
    and ρBA =ln(2)
                 =+0.69

I got 〈C⏐A〉=2/3,
    and ρCA =ln(2/3)
                 =-0.41

Now, Carla, whatʼs your rapidity ρCB relative to Bob?

I got 〈C⏐B〉=〈C⏐A〉〈A⏐B〉=(2/3)(1/2)=1/3,
    and ρCB = ρCA+ρAB =-1.10
           Weʼre in Splitsville!ALICE’S

LASER
GAUNTLET
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R S = υRECEIVER

υSOURCE

B A = υB

υA

= 1200
600

= 2
1

C A = υC

υA

= 400
600

= 2
3

ρRS = loge R S ρBA = loge B A = loge
2
1

ρCA = loge C A = loge
2
3

ρBA = 0.69 ρCA = −0.41

Bob-Alice Doppler ratio: Carla-Alice Doppler ratio: 

Bob-Alice rapidity: Carla-Alice rapidity: 

Doppler ratio: 

rapidity: 

Carla-Bob Doppler ratio: 

Carla-Bob rapidity: 

C B = υC

υB

= υC

υA

υA

υB

= C A A B

eρCB = eρCAeρAB implies: ρCB = ρCA + ρAB
= −0.41− 0.69 = −1.10

Galileo’s Revenge (part 1)
    Rapidity adds just like
        Galilean velocity

(so:ρAB=−0.69)R S = eρRS
 or: 

Easy Doppler-shift and Rapidity calculation

Definition of Rapidity
B A = υB

υAis time-reversed 
A B = υA

υB

υA=600THz

RECEIVERRECEIVER

SOURCESOURCE

RECEIVERRECEIVER

υB=1200THz υC=400THz

υA=600THz

υA=600THz

Bob: I see Doppler
Blue shift to 1200THz 

Carla: I see Doppler
Red shift to 400THz 

Alice: Hey, Bob and Carla! Read off your Doppler
shift ratios 〈B⏐A〉 and 〈C⏐A〉 to my 600THz beam.

Also, rapidity ρBA and  ρCA  relative to me.
I got 〈B⏐A〉=2,
    and ρBA =ln(2)
                 =+0.69

I got 〈C⏐A〉=2/3,
    and ρCA =ln(2/3)
                 =-0.41

Now, Carla, whatʼs your rapidity ρCB relative to Bob?

I got 〈C⏐B〉=〈C⏐A〉〈A⏐B〉=(2/3)(1/2)=1/3,
    and ρCB = ρCA+ρAB =-1.10
           Weʼre in Splitsville!ALICE’S

LASER
GAUNTLET

Happy now,Galileo? 
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Level 2 Secrets(which also shouldn’t be secrets!) 
Special relativity and quantum mechanics

are very much a story of 
the geometry of light-wave motion

• How do we measure space and time with light waves?
          Use 1CW laser-phasors for a phase-based theory
• How do we make spacetime coordinate graph with light waves?

Use 2CW laser-phasors and wave interference geometry
Get Einstein-Lorentz-Minkowski graphs for free!

SPEED
LIMIT
c=

299,792,458
m/s
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k= ω = 1c
300 THz laser
(Infrared)

(1µ 10
-6

=m m)

Wavelength λ=2π/k=1/κ

laser-phasors

Real ψ=Reψ

Imaginary

ψ=Imψ

ψ(x,t)

Real ψ=Reψ Imψ
ReψReψ

+1

Imψ

Re
al

ax
is

1CW Laser-phasor wave function
ψ = A⋅ei(kx−ωt ) = A⋅cos(kx −ωt)+ iA⋅sin(kx −ωt)

(kx−ωt )
phase-angle

Imaginary
axis

phase-angle

Amplitude
A

Amplitude
A

Vlight
c

= λ
cτ

= υ
cκ

= 1= ω
ck

Dimensionless Light wave-velocity c/c=1
angular 

units
     angular frequency :ω = 2πυ
angular wavenumber : k = 2πκ

“winks”
‘n

“kinks”
k =wavevector
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k= ω = 1c
300 THz laser
(Infrared)

(1µ 10
-6

=m m)

Wavelength λ=2π/k=1/κ

laser-phasors

Real ψ=Reψ

Imaginary

ψ=Imψ

ψ(x,t)

Real ψ=Reψ Imψ
ReψReψ

+1

Imψ

Re
al

ax
is

1CW Laser-phasor wave function
ψ = A⋅ei(kx−ωt ) = A⋅cos(kx −ωt)+ iA⋅sin(kx −ωt)

(kx−ωt )
phase-angle

Imaginary
axis

phase-angle

Amplitude
A

Amplitude
A

Vlight
c

= λ
cτ

= υ
cκ

= 1= ω
ck

Dimensionless Light wave-velocity c/c=1
angular 

units
     angular frequency :ω = 2πυ
angular wavenumber : k = 2πκ

Imagination precedes Reality by exactly One Quarter!Reality
Mantra for most of the US

publicly traded corporations

“winks”
‘n

“kinks”
k =wavevector
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k= ω = 1c
300 THz laser
(Infrared)

(1µ 10
-6

=m m)

Wavelength λ=2π/k=1/κ

laser-phasors

Real ψ=Reψ

Imaginary

ψ=Imψ

ψ(x,t)

Real ψ=Reψ Imψ
ReψReψ

+1

Imψ

Re
al

ax
is

1CW Laser-phasor wave function

(kx−ωt )
phase-angle

Imaginary
axis

phase-angle

Amplitude
A

Amplitude
A

The
Crazy-Thing

Theorem:
If (      )2 = -1

Then:
e(     )a = 1cosa    + (      )sina

Examples 
of Crazy Things

(      )= 0 −1
+1 0

⎛
⎝⎜

⎞
⎠⎟

(    )=i=√-1

(one of four Hamilton quaternions)

ψ = A⋅ei(kx−ωt ) = A⋅cos(kx −ωt)+ iA⋅sin(kx −ωt)
Vlight
c

= λ
cτ

= υ
cκ

= 1= ω
ck

Dimensionless Light wave-velocity c/c=1
angular 

units
     angular frequency :ω = 2πυ
angular wavenumber : k = 2πκ

“winks”
‘n

“kinks”
k =wavevector

69Thursday, April 7, 2016



k= ω = 1c
300 THz laser
(Infrared)

(1µ 10
-6

=m m)

Wavelength λ=2π/k=1/κ

laser-phasors

Real ψ=Reψ

Imaginary

ψ=Imψ

ψ(x,t)

Real ψ=Reψ Imψ
ReψReψ

+1

Imψ

Re
al

ax
is

1CW Laser-phasor wave function

(kx−ωt )
phase-angle

Imaginary
axis

Amplitude
A

The
Crazy-Thing

Theorem:
If (      )2 = -1

Then:
e(     )a = 1cosa    + (      )sina

Examples 
of Crazy Things

(      )= 0 −1
+1 0

⎛
⎝⎜

⎞
⎠⎟

(    )=i=√-1

(one of four Hamilton quaternions)

ψ = A⋅ei(kx−ωt ) = A⋅cos(kx −ωt)+ iA⋅sin(kx −ωt)

and even crazier thing:
e(i      )a = 1cosha+(i      )sinha

even crazier  thing
(i      )= 0 −i

+i 0
⎛
⎝⎜

⎞
⎠⎟

is Pauli matrix σy
(one of three)

(i      )= 0 −i
+i 0

⎛
⎝⎜

⎞
⎠⎟

Vlight
c

= λ
cτ

= υ
cκ

= 1= ω
ck

Dimensionless Light wave-velocity c/c=1
angular 

units
     angular frequency :ω = 2πυ
angular wavenumber : k = 2πκ

“winks”
‘n

“kinks”
k =wavevector

phase-angle

Amplitude
A
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k= ω = 1c
300 THz laser
(Infrared)

Space x

cr
es
t
p
a
th
(p
h
a
se
=
0
)

ze
ro
p
a
th
(p
h
a
se
=
+
π
/2
)

tr
o
u
g
h
p
a
th
(p
h
a
se
=
+
π
)

(1µ 10
-6

=m

laser-phasors

Real ψ=Reψ

Imaginary

ψ=Imψ

ψ(x,t)

Period τ=2π/ω=1/υ
(10/3 fs=

Real ψ=Reψ

3.33·10
-15
s)

+1

m)

Time

ct

Wavelength λ=2π/k=1/κ

ze
ro
p
a
th
(p
h
a
se
=
+
3
π
/2
)

ImψReψReψ

Re
al

ax
is

1CW Laser-phasor wave function
ψ = A⋅ei(kx−ωt ) = A⋅cos(kx −ωt)+ iA⋅sin(kx −ωt)

(kx−ωt )
phase-angle

Imaginary
axis

phase-angle

Amplitude
A

Amplitude
AQ: Where is phase=(kx-ωt)=0?

A:  It is wherever this is: x
t
= ω
k

π

π

π

π

Vlight
c

= λ
cτ

= υ
cκ

= 1= ω
ck

Dimensionless Light wave-velocity c/c=1
angular 

units
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k= ω = 1c
300 THz laser
(Infrared)

Space x

cr
es
t
p
a
th
(p
h
a
se
=
0
)

ze
ro
p
a
th
(p
h
a
se
=
+
π
/2
)

tr
o
u
g
h
p
a
th
(p
h
a
se
=
+
π
)

(1µ 10
-6

=m

laser-phasors

Real ψ=Reψ

Imaginary

ψ=Imψ

ψ(x,t)

Period τ=2π/ω=1/υ
(10/3 fs=

Real ψ=Reψ

3.33·10
-15
s)

+1

m)

ze
ro
p
a
th
(p
h
a
se
=
+
3
π
/2
)

ImψReψReψ

Wavelength λ=2π/k=1/κ

Time

ct

Re
al

ax
is

1CW Laser-phasor wave function
ψ = A⋅ei(kx−ωt ) = A⋅cos(kx −ωt)+ iA⋅sin(kx −ωt)

(kx−ωt )
phase-angle

Imaginary
axis

phase-angle

Amplitude
A

Amplitude
A

π

π

π

π

Vlight
c

= λ
cτ

= υ
cκ

= 1= ω
ck

Dimensionless Light wave-velocity c/c=1
angular 

units
     angular frequency :ω = 2πυ
angular wavenumber : k = 2πκ

“winks”
‘n

“kinks”
k =wavevector
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k= ω = 1c
300 THz laser
(Infrared)

Space x

cr
es
t
p
a
th
(p
h
a
se
=
0
)

ze
ro
p
a
th
(p
h
a
se
=
+
π
/2
)

tr
o
u
g
h
p
a
th
(p
h
a
se
=
+
π
)

(1µ 10
-6

=m

laser-phasors

Real ψ=Reψ

Imaginary

ψ=Imψ

ψ(x,t)

Period τ=2π/ω=1/υ
(10/3 fs=

Real ψ=Reψ

3.33·10
-15
s)

+1

m)

ze
ro
p
a
th
(p
h
a
se
=
+
3
π
/2
)

ImψReψReψ

Wavelength λ=2π/k=1/κ

Time

ct

Re
al

ax
isangular 

units

1CW Laser-phasor wave function
ψ = A⋅ei(kx−ωt ) = A⋅cos(kx −ωt)+ iA⋅sin(kx −ωt)

(kx−ωt )
phase-angle

Imaginary
axis

phase-angle

Amplitude
A

Amplitude
A

π

π

π

π

Clock velocity u=0
 frequency 300THz

Clock velocity u~c
frequency~0.0 THz

Two extremes give
identical phasor
clock (x,ct) array

Vlight
c

= λ
cτ

= υ
cκ

= 1= ω
ck

Dimensionless Light wave-velocity c/c=1
angular 

units
     angular frequency :ω = 2πυ
angular wavenumber : k = 2πκ

“winks”
‘n

“kinks”
k =wavevector
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k= ω = 1c
300 THz laser
(Infrared)

Space x

cr
es
t
p
a
th
(p
h
a
se
=
0
)

ze
ro
p
a
th
(p
h
a
se
=
+
π
/2
)

tr
o
u
g
h
p
a
th
(p
h
a
se
=
+
π
)

(1µ 10
-6

=m

laser-phasors

Real ψ=Reψ

Imaginary

ψ=Imψ

ψ(x,t)

Period τ=2π/ω=1/υ
(10/3 fs=

Real ψ=Reψ

3.33·10
-15
s)

+1

m)

ze
ro
p
a
th
(p
h
a
se
=
+
3
π
/2
)

ImψReψReψ

Wavelength λ=2π/k=1/κ

Time

ct

Re
al

ax
isangular 

units

1CW Laser-phasor wave function
ψ = A⋅ei(kx−ωt ) = A⋅cos(kx −ωt)+ iA⋅sin(kx −ωt)

(kx−ωt )
phase-angle

Imaginary
axis

phase-angle

Amplitude
A

Amplitude
A

π

π

π

π

Clock velocity u=0
 frequency 300THz

Clock velocity u~c
frequency~0.0 THz

Two extremes give
identical phasor
clock (x,ct) array

Other Doppler versions
 λ′/τ′=c=υ′/κ′ 

must match this phasor
clock-(x,ct)-array, too.

That’s gauge invariance!
κx-υt = κ′x′-υ′t′

Vlight
c

= λ
cτ

= υ
cκ

= 1= ω
ck

Dimensionless Light wave-velocity c/c=1
angular 

units
     angular frequency :ω = 2πυ
angular wavenumber : k = 2πκ

“winks”
‘n

“kinks”
k =wavevector
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Colliding 2CW laser beams

Alice’s laser Carla’s laserReψ

Imψ

Reψ

Imψ Reψ
Reψ

Imψ
ReψReψ

Space x

T
im
e
c
t

Space x

T
im
e
c
t

Period τ=2π/ω=1/υ
(5/3fs=1.67·10

-15
s)

Wavelength λ=2π/k=1/κ
(1/2µm=0.5·10-6m)

CW Dye-laser
600 THz

CW Dye-laser
600 THz

ω = 2ck = +2 k = -2 ω = 2c
Right-moving wave e

i(kx-ωt)
Left-moving wave e

i(-kx-ωt)

Alice: OK, Bob.
Weʼre gonnaʼ hit
you from both 
sides, now!

Carla: 
Look out, Bob!

Bob:Yikes! 
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Reψ

Imψ

Reψ

Imψ ReψReψ
Imψ

ReψReψ

Space x

T
im
e
c
t

Space x

T
im
e
c
t

Period τ=2π/ω=1/υ
(5/3fs=1.67·10

-15
s)

Wavelength λ=2π/k=1/κ
(1/2µm=0.5·10-6m)

CW Dye-laser
600 THz

CW Dye-laser
600 THz

ω = 2ck = +2 k = -2 ω = 2c
Right-moving CW e

i(kx-ωt)
Left-moving CW e

i(-kx-ωt)

Space x

T
im
e
c
t

ReΨReΨ ImΨ Ψ(x,t)=eia + eib
kx-ω t -kx-ω t

=ei (ei +e-i )

a+b____
2

___
2
a-b___

2
a-b

=e-iωt(eikx+e-ikx)

Ψ(x,t)=e-iωt2coskx

phase

factor

group

factor

Standing CW e
i(-ωt)

2coskx

Cool! 
You guys 
made me 

a space-time
graph out of
real zeros.

Bob:

Easy! 
You get zeros of any wave-sum eia+eib

by factoring it into phase and group parts.

Carla:

Howʼd it
do that?
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Reψ

Imψ

Reψ

Imψ ReψReψ
Imψ

ReψReψ

Space x

T
im
e
c
t

Space x

T
im
e
c
t

Period τ=2π/ω=1/υ
(5/3fs=1.67·10

-15
s)

Wavelength λ=2π/k=1/κ
(1/2µm=0.5·10-6m)

CW Dye-laser
600 THz

CW Dye-laser
600 THz

ω = 2ck = +2 k = -2 ω = 2c
Right-moving CW e

i(kx-ωt)
Left-moving CW e

i(-kx-ωt)

Space x

T
im
e
c
t

ReΨReΨ ImΨ Ψ(x,t)=eia + eib
kx-ω t -kx-ω t

=ei (ei +e-i )

a+b____
2

___
2
a-b___

2
a-b

=e-iωt(eikx+e-ikx)

Ψ(x,t)=e-iωt2coskx

phase

factor

group

factor

Standing CW e
i(-ωt)

2coskx

Cool! 
You guys 
made me 

a space-time
graph out of
real zeros.

Bob:

Easy! 
You get zeros of any wave-sum eia+eib

by factoring it into phase and group parts.

Carla:

Remember your algebra? Exponents of 
products add. 

So,  half-sum           plus half-diff         gives  a,   
and  half-sum        minus half-diff        gives  b.

a + b
2

a − b
2

a + b
2

a − b
2

Howʼd it
do that?
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Reψ

Imψ

Reψ

Imψ ReψReψ
Imψ

ReψReψ

Space x

T
im
e
c
t

Space x

T
im
e
c
t

Period τ=2π/ω=1/υ
(5/3fs=1.67·10

-15
s)

Wavelength λ=2π/k=1/κ
(1/2µm=0.5·10-6m)

CW Dye-laser
600 THz

CW Dye-laser
600 THz

ω = 2ck = +2 k = -2 ω = 2c
Right-moving CW e

i(kx-ωt)
Left-moving CW e

i(-kx-ωt)

Space x

T
im
e
c
t

ReΨReΨ ImΨ Ψ(x,t)=eia + eib
kx-ω t -kx-ω t

=ei (ei +e-i )

a+b____
2

___
2
a-b___

2
a-b

=e-iωt(eikx+e-ikx)

Ψ(x,t)=e-iωt2coskx

phase

factor

group

factor

Standing CW e
i(-ωt)

2coskx

Cool! 
You guys 
made me 

a space-time
graph out of
real zeros.

Bob:

Easy! 
You get zeros of any wave-sum eia+eib

by factoring it into phase and group parts.

Carla:

Remember your algebra? Exponents of 
products add. 

So,  half-sum           plus half-diff         gives  a,   
and  half-sum        minus half-diff        gives  b.

Presto!
You factor eia+eib into    

a + b
2

a − b
2

a + b
2

a − b
2

e
ia+b
2 e

ia−b
2 + e

− i a−b
2

⎛
⎝⎜

⎞
⎠⎟

Howʼd it
do that?

PLUS

β

α
cosα

sinα

cosβ

Red phasor B

EQUALS:

Green phasor A

(α+β)/2

(α−β)/2

(α−β)/2

Typical
Phasor Sum:

ψA=e
iα

ψB=e
iβ

ΨA+B=ψA+ψB

(α−β)
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B moves relative to A

PLUS

β

α
cosα

sinα

cosβ

Red phasor B

EQUALS:

Green phasor A

(α+β)/2

(α−β)/2

(α−β)/2

(b) Typical Phasor Sum:

r= 0 r= 1 r= 2 r= 3 r= 4 r= 5 r= 6 r= 7 r= 8 r= 9 r=10 r=11 r=12 r=13 r=14 r=15 r= 0

kk== 22kk== 22

kk== 33kk== 33

GGrroouupp oorr BBeeaatt:: NNooddee oorr ZZeerroo::

A moves relative to B

(c) Phasor-relative views

(a) Sum of Wave Phasor Array

A

A B

B

ψA=e
iα

ψB=e
iβ

Sum: ΨA+B=ψA+ψB

Difference:ΨA−B=ψA−ψB

ΨA+B=ψA+ψB

(α−β)

Geometry of the 
Half-sum 
Phase
and
Half-difference
Group

Galileo’s Revenge (part 2)
Phasor angular velocity 

adds just like
Galilean velocity

Happy now? 
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Reψ

Imψ

Reψ

Imψ ReψReψ
Imψ

ReψReψ

Space x

T
im
e
c
t

Space x

T
im
e
c
t

Period τ=2π/ω=1/υ
(5/3fs=1.67·10

-15
s)

Wavelength λ=2π/k=1/κ
(1/2µm=0.5·10-6m)

CW Dye-laser
600 THz

CW Dye-laser
600 THz

ω = 2ck = +2 k = -2 ω = 2c
Right-moving CW e

i(kx-ωt)
Left-moving CW e

i(-kx-ωt)

Space x

T
im
e
c
t

ReΨReΨ ImΨ Ψ(x,t)=eia + eib
kx-ω t -kx-ω t

=ei (ei +e-i )

a+b____
2

___
2
a-b___

2
a-b

=e-iωt(eikx+e-ikx)

Ψ(x,t)=e-iωt2coskx

phase

factor

group

factor

Standing CW e
i(-ωt)

2coskx

Cool! 
You guys 
made me 

a space-time
graph out of
real zeros.

Bob:

Easy! 
You get zeros of any wave-sum eia+eib

by factoring it into phase and group parts.

Carla:

Remember your algebra? Exponents of 
products add. 

So,  half-sum           plus half-diff         gives  a,   
and  half-sum        minus half-diff        gives  b.

Presto!
You factor eia+eib into    

a + b
2

a − b
2

a + b
2

a − b
2

e
ia+b
2 e

ia−b
2 + e

− i a−b
2

⎛
⎝⎜

⎞
⎠⎟

Alice  1CW phase:  a =   kx −ωt
Carla 1CW phase:  b = −kx −ωt

Howʼd it
do that?
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Reψ

Imψ

Reψ

Imψ ReψReψ
Imψ

ReψReψ

Space x

T
im
e
c
t

Space x

T
im
e
c
t

Period τ=2π/ω=1/υ
(5/3fs=1.67·10

-15
s)

Wavelength λ=2π/k=1/κ
(1/2µm=0.5·10-6m)

CW Dye-laser
600 THz

CW Dye-laser
600 THz

ω = 2ck = +2 k = -2 ω = 2c
Right-moving CW e

i(kx-ωt)
Left-moving CW e

i(-kx-ωt)

Space x

T
im
e
c
t

ReΨReΨ ImΨ Ψ(x,t)=eia + eib
kx-ω t -kx-ω t

=ei (ei +e-i )

a+b____
2

___
2
a-b___

2
a-b

=e-iωt(eikx+e-ikx)

Ψ(x,t)=e-iωt2coskx

phase

factor

group

factor

Standing CW e
i(-ωt)

2coskx

Cool! 
You guys 
made me 

a space-time
graph out of
real zeros.

Bob:

Easy! 
You get zeros of any wave-sum eia+eib

by factoring it into phase and group parts.

Carla:

Remember your algebra? Exponents of 
products add. 

So,  half-sum           plus half-diff         gives  a,   
and  half-sum        minus half-diff        gives  b.

Presto!
You factor eia+eib into    

a + b
2

a − b
2

a + b
2

a − b
2

e
ia+b
2 e

ia−b
2 + e

− i a−b
2

⎛
⎝⎜

⎞
⎠⎟

a =   kx −ωt
Carla 1CW phase:  b = −kx −ωt
 Alice 1CW phase:  

+k=a−b
2

Bobʼs 2CW Group-phase: 
Wave

Howʼd it
do that?

Group wave: e-ikx + e-ikx =2coskx 
is standing wave (does not vary with time t)

81Thursday, April 7, 2016



Reψ

Imψ

Reψ

Imψ ReψReψ
Imψ

ReψReψ

Space x

T
im
e
c
t

Space x

T
im
e
c
t

Period τ=2π/ω=1/υ
(5/3fs=1.67·10

-15
s)

Wavelength λ=2π/k=1/κ
(1/2µm=0.5·10-6m)

CW Dye-laser
600 THz

CW Dye-laser
600 THz

ω = 2ck = +2 k = -2 ω = 2c
Right-moving CW e

i(kx-ωt)
Left-moving CW e

i(-kx-ωt)

Space x

T
im
e
c
t

ReΨReΨ ImΨ Ψ(x,t)=eia + eib
kx-ω t -kx-ω t

=ei (ei +e-i )

a+b____
2

___
2
a-b___

2
a-b

=e-iωt(eikx+e-ikx)

Ψ(x,t)=e-iωt2coskx

phase

factor

group

factor

Standing CW e
i(-ωt)

2coskx

Cool! 
You guys 
made me 

a space-time
graph out of
real zeros.

Howʼd it
do that?

Bob:

Easy! 
You get zeros of any wave-sum eia+eib

by factoring it into phase and group parts.

Carla:

Remember your algebra? Exponents of 
products add. 

So,  half-sum           plus half-diff         gives  a,   
and  half-sum        minus half-diff        gives  b.

Presto!
You factor eia+eib into    

a + b
2

a − b
2

a + b
2

a − b
2

e
ia+b
2 e

ia−b
2 + e

− i a−b
2

⎛
⎝⎜

⎞
⎠⎟

 Alice 1CW phase:  a =   kx −ωt
Carla 1CW phase:  b = −kx −ωt

−ω=a+b
2

Bobʼs 2CW Phase-phase: 
Wave

+k=a−b
2

Bobʼs 2CW Group-phase: 
Wave

Group wave: e-ikx + e-ikx =2coskx 
is standing wave (does not vary with time t)

Phase wave real part: Re(e-iωt)=cos(ωt)   
is “instanton” wave (does not vary in space x)

Letʼs plot this in per-spacetime?!
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____
2
R-L

Kgroup=GG=
Group vector

1/2-difference

L=K-2 R=K+2
300

THz

600

THz

900

THz

1200

THz

1500

THz

1

2

3

4

5

+1 +2 +3 +4

0

-1-2

R+L____
2

Phase vector

1/2-sum:

Kphase=PP=

R=P+GL=P-G
P

G

Standing 2CW in per-space-time

Wavevector
ck=2πκc

Frequency
ω=2πυ

Space x

Ti
m
e
ct

Space x

Ti
m
e
ct Period τ=2π/ω=1/υ

(1.67fs=01.67·10-15s)
Wavelength λ=2π/k=1/κ
(0.5µm=0.5·10-6m)

Space x

Ti
m
e
ct ReΨReΨ ImΨ

phase
factor

group
factor

PP=KKphase

KKgroup=GG

|Ψ|
group
zero

ReΨphase-zero-path

L=K-2 R=K+2

Ψ(x,t)=(e-iωt)(2coskx)=ei(kx-ωt)+ei(-kx-ωt)
Standing 2CW in space-time

Carla:
OK, Bob!

It looks like a 
baseball diamond

with 
P at Pitcherʼs mound

and
G at the Grandstand*.

Iʼm on 1st base! (R)
*Thanks,
Woody!

Bob: 
The P and G
vectors are

scale models
of zero-grid

lattice vectors
(but P and G 

switch places) P slope-to-vertical
is ∞

G
 slope-to-vertical

is zero
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____
2
R-L

Kgroup=GG=
Group vector

1/2-difference

L=K-2 R=K+2
300

THz

600

THz

900

THz

1200

THz

1500

THz

1

2

3

4

5

+1 +2 +3 +4

0

-1-2

R+L____
2

Phase vector

1/2-sum:

Kphase=PP=

R=P+GL=P-G
P

G

Standing 2CW in per-space-time

Wavevector
ck=2πκc

Frequency
ω=2πυ

Space x

Ti
m
e
ct

Space x

Ti
m
e
ct Period τ=2π/ω=1/υ

(1.67fs=01.67·10-15s)
Wavelength λ=2π/k=1/κ
(0.5µm=0.5·10-6m)

Space x

Ti
m
e
ct ReΨReΨ ImΨ

phase
factor

group
factor

PP=KKphase

KKgroup=GG

|Ψ|
group
zero

ReΨphase-zero-path

L=K-2 R=K+2

Ψ(x,t)=(e-iωt)(2coskx)=ei(kx-ωt)+ei(-kx-ωt)
Standing 2CW in space-time

Bob: 
The P and G
vectors are

scale models
of zero-grid

lattice vectors
(but P and G 

switch places)

Alice:
No, Carla

youʼre on 3rd,
Iʼm on 1st. My 

laser points Right 
Yours points Left!

Carla:
OK, Bob!

It looks like a 
baseball diamond

with 
P at Pitcherʼs mound

and
G at the Grandstand*.
Ok,Iʼm on 3rd base  L.

*Thanks,
Woody!

The
(υ,κ)

“Baseball
Diamond”

1st base
(Alice)

3rd base
(Carla)

Grandstand

Pitcherʼs 
mound

2nd 
base

P slope-to-vertical
is ∞

G
 slope-to-vertical

is zero
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ω
0
= 2c

PW laser

Time
ct

Space
x0 0.5 µm 1.0 µm“patooey!.

(b) PW diamonds

PW laser

ω
0
= 2c

L R

G(ω vs ck)

P(ω vs ck)

CW Laser

600 THz

CW Laser

600 THz

Time
ct

Space
x0 0.5 µm 1.0 µm

1.67 fs

1.0 fs1 femtosecond
1.0 fs=10-15s

Period
τ=5/3 fs

Wavelength
λ=1/2 µm

1 micron
1.0 µm=10-6meter

(a) CW squares
G(ct vs x)

P (ct vs x)

Continuous Waves (CW) trace “Cartesian squares” in space-time

Pulse Waves (PW) trace “baseball diamonds” in space-time
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Imψ4Reψ4Reψ4

T
im
e
c
t′

CW green-laser
600 THz

ω
4
= 4ck

4
= +4

Right-directed 1CW e
i(k x-ω t)

Space x′

4 4

Wavelength λ=2π/k=1/κ
(1/4µm=0.25·10-6m)

Imψ−1 Reψ−1Reψ−1

Space x′

T
im
e
c
t′

CW green-laser
600 THz

k
-1
= -1 ω

-1
= 1c

Left-directed 1CW e
i( k x-ω t)

Wavelength λ=2π/k=1/κ
(1µm=10-6m)

-1 -1

Doppler blue shifted

to 1200THz

Doppler red shifted

to 300THz

Alice:
Now our 600THz lasers
move left-to-right. My
600THz laser is going 
so fast its beam blasts
you with UV 1200THz.  

Carlaʼs 600THz laser is 
going away so you get 
a nice infrared 300THz.

υ=1200THZ or λ=1/4 µm υ=300THZ  or  λ=1 µm

Bob:That UV burns!
I need to put on my

sunglasses. 
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Frequency

υ′
(units of

υ
A
=600THz)

0
Wavevector cκ′
(units of cκ

A
=2·10

6
/m)

300

THz

600

THz

900

THz

1200

THz

1500

THz

0.5

1

1.5

2

2.5

+10
6

+2·10
6
+3·10

6 +4·10
6-1-2

LL=KK--11

RR=KK++44

0.5 1 1.5 2-0.5-1

Imψ4Reψ4Reψ4

T
im
e
c
t′

CW green-laser
600 THz

ω
4
= 4ck

4
= +4

Right-directed 1CW e
i(k x-ω t)

Space x′

4 4

Wavelength λ=2π/k=1/κ
(1/4µm=0.25·10-6m)

Imψ−1 Reψ−1Reψ−1

Space x′

T
im
e
c
t′

CW green-laser
600 THz

k
-1
= -1 ω

-1
= 1c

Left-directed 1CW e
i( k x-ω t)

Wavelength λ=2π/k=1/κ
(1µm=10-6m)

-1 -1

Doppler blue shifted

to 1200THz

Doppler red shifted

to 300THz

2CW per-Spacetime Plot

Alice:OK. 
My UV 1200THz  R′ 
vector is fierce! 
You”ll need glasses 
to see P′ and G′
lines or coordinates.

Carla: My
UV 300THz  L′ 
3rd baseline 
is a lot nicer! 

′υB = e
+ρυA

    = 2υA

= 1200THz

c ′κ A = e
+ρcκ A = 2cκ A

Bob: Sunglasses help.
Wow! Your 1st baseline R′

 is Doppler blued up by e+ρ=2. 

Even
son

 ax
iom

 sa
ys,

“Sta
y o

n y
ou

r b
ase

lin
e!”
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Frequency

υ′
(units of

υ
A
=600THz)

0
Wavevector cκ′
(units of cκ

A
=2·10

6
/m)

300

THz

600

THz

900

THz

1200

THz

1500

THz

0.5

1

1.5

2

2.5

+10
6

+2·10
6
+3·10

6 +4·10
6-1-2

LL=KK--11

RR=KK++44

0.5 1 1.5 2-0.5-1

′υC=e
−ρυA=

1
2
υA =300THz

Imψ4Reψ4Reψ4

T
im
e
c
t′

CW green-laser
600 THz

ω
4
= 4ck

4
= +4

Right-directed 1CW e
i(k x-ω t)

Space x′

4 4

Wavelength λ=2π/k=1/κ
(1/4µm=0.25·10-6m)

Imψ−1 Reψ−1Reψ−1

Space x′

T
im
e
c
t′

CW green-laser
600 THz

k
-1
= -1 ω

-1
= 1c

Left-directed 1CW e
i( k x-ω t)

Wavelength λ=2π/k=1/κ
(1µm=10-6m)

-1 -1

Doppler blue shifted

to 1200THz

Doppler red shifted

to 300THz

2CW per-Spacetime Plot

Alice:OK. 
My UV 1200THz  R′ 
vector is fierce! 
You”ll need glasses 
to see P′ and G′
lines or coordinates.

Carla: My
UV 300THz  L′ 
3rd baseline 
is a lot nicer! 
(and half as long.)

′υA = e
+ρυA

    = 2υA

= 1200THz

New
1st base
(Alice)

New
3rd base
(Carla)

c ′κ A = e
+ρcκ A = 2cκ A

e−ρ=1
2

−e−ρ=−1
2

Bob: Sunglasses help.
Wow! Your 1st baseline R′

 is Doppler blued up by e+ρ=2. 

But, Carlaʼs 3rd baseline L′ is
Doppler red shifted by e-ρ=1/2. 

Even
son

 ax
iom

 sa
ys,

“Sta
y o

n y
ou

r b
ase

lin
e!”
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Frequency

υ′
(units of

υ
A
=600THz)

0
Wavevector cκ′
(units of cκ

A
=2·10

6
/m)

300

THz

600

THz

900

THz

1200

THz

1500

THz

0.5

1

1.5

2

2.5

+10
6

+2·10
6
+3·10

6 +4·10
6-1-2

LL=KK--11

RR=KK++44

PP

0.5 1 1.5 2-0.5-1

Imψ4Reψ4Reψ4

T
im
e
c
t′

CW green-laser
600 THz

ω
4
= 4ck

4
= +4

Right-directed 1CW e
i(k x-ω t)

Space x′

4 4

Wavelength λ=2π/k=1/κ
(1/4µm=0.25·10-6m)

Imψ−1 Reψ−1Reψ−1

Space x′

T
im
e
c
t′

CW green-laser
600 THz

k
-1
= -1 ω

-1
= 1c

Left-directed 1CW e
i( k x-ω t)

Wavelength λ=2π/k=1/κ
(1µm=10-6m)

-1 -1

Doppler blue shifted

to 1200THz

Doppler red shifted

to 300THz

Kphase=PP=
RR++LL
2

2CW per-Spacetime Plot

Alice:OK. 
My UV 1200THz  R′ 
vector is fierce! 
You”ll need glasses 
to see P′ and G′
lines or coordinates.

Carla: My
UV 300THz  L′ 
3rd baseline 
is a lot nicer! 
(and half as long.)

′υA = e
+ρυA

    = 2υA

= 1200THz

′υC=e
−ρυA=

1
2
υA =300THz

New
1st base
(Alice)

New
3rd base
(Carla)

c ′κ A = e
+ρcκ A = 2cκ A

c ′κ phase

′υ phase

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=υA

2
2
2

⎛
⎝⎜

⎞
⎠⎟
+υA

2
−1/2
+1/2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=υA

2−1/2
2

2+1/2
2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=υA

3/4
5/4

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

e−ρ=1
2

−e−ρ=−1
2

New
Pitcher
mound

New “Pitcher-mound”  P′(Phase pt.)
is 1/2-sum (R′+L′)/2: 

3/4

5/4

Bob: Sunglasses help.
Wow! Your 1st baseline R′

 is Doppler blued up by e+ρ=2. 

But, Carlaʼs 3rd baseline L′ is
Doppler red shifted by e-ρ=1/2. 
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Frequency

υ′
(units of

υ
A
=600THz)

0
Wavevector cκ′
(units of cκ
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=2·10

6
/m)

300

THz

600

THz

900

THz

1200

THz

1500

THz
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6-1-2
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PP
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=υA

sinhρ
coshρ

⎛
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⎞

⎠
⎟⎟
=υA

3/4
5/4

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Imψ4Reψ4Reψ4

T
im
e
c
t′

CW green-laser
600 THz

ω
4
= 4ck

4
= +4

Right-directed 1CW e
i(k x-ω t)

Space x′

4 4

Wavelength λ=2π/k=1/κ
(1/4µm=0.25·10-6m)

Imψ−1 Reψ−1Reψ−1

Space x′

T
im
e
c
t′

CW green-laser
600 THz

k
-1
= -1 ω

-1
= 1c

Left-directed 1CW e
i( k x-ω t)

Wavelength λ=2π/k=1/κ
(1µm=10-6m)

-1 -1

Doppler blue shifted

to 1200THz

Doppler red shifted

to 300THz

2CW per-Spacetime Plot

Alice:OK. 
My UV 1200THz  R′ 
vector is fierce! 
You”ll need glasses 
to see P′ and G′
lines or coordinates.

Carla: My
UV 300THz  L′ 
3rd baseline 
is a lot nicer! 
(and half as long.)

′υA = e
+ρυA

    = 2υA

= 1200THz

′υC=e
−ρυA=

1
2
υA =300THz

New
1st base
(Alice)

New
3rd base
(Carla)

c ′κ A = e
+ρcκ A = 2cκ A

c ′κ phase

′υ phase

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=υA

2
e+ρ

e+ρ
⎛

⎝
⎜

⎞

⎠
⎟ +

υA

2
−e−ρ

+e−ρ
⎛

⎝
⎜

⎞

⎠
⎟=υA

e+ρ−e−ρ

2
e+ρ+e−ρ

2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

e−ρ=1
2

−e−ρ=−1
2

Kphase=PP=
RR++LL
2

New “Pitcher-mound”  P′(Phase pt.)
is 1/2-sum (R′+L′)/2: 

sinhρ

coshρ

Bob: Sunglasses help.
Wow! Your 1st baseline R′

 is Doppler blued up by e+ρ=2. 

But, Carlaʼs 3rd baseline L′ is
Doppler red shifted by e-ρ=1/2. New

Pitcher
mound
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New “Pitcher-mound”  P′(Phase pt.)
is 1/2-sum (R′+L′)/2: 
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2CW per-Spacetime Plot

Alice:OK. 
My UV 1200THz  R′ 
vector is fierce! 
You”ll need glasses 
to see P′ and G′
lines or coordinates.

Carla: My
UV 300THz  L′ 
3rd baseline 
is a lot nicer! 
(and half as long.)

′υA = e
+ρυA

    = 2υA

= 1200THz

′υC=e
−ρυA=

1
2
υA =300THz
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1st base
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New “Grandstand”  G′(Group pt.)
is 1/2-difference (R′-L′)/2: 

=υA

5/4
3/4

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

New
Grandstand

c ′κ phase

′υ phase

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=υA

2
2
2

⎛
⎝⎜

⎞
⎠⎟
−υA

2
−1/2
+1/2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=υA

2+1/2
2

2−1/2
2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

3/4

5/4
3/4

5/4

Bob: Sunglasses help.
Wow! Your 1st baseline R′

 is Doppler blued up by e+ρ=2. 

But, Carlaʼs 3rd baseline L′ is
Doppler red shifted by e-ρ=1/2. New

Pitcher
mound
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New “Pitcher-mound”  P′(Phase pt.)
is 1/2-sum (R′+L′)/2: 
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2CW per-Spacetime Plot

Alice:OK. 
My UV 1200THz  R′ 
vector is fierce! 
You”ll need glasses 
to see P′ and G′
lines or coordinates.

Carla: My
UV 300THz  L′ 
3rd baseline 
is a lot nicer! 
(and half as long.)

′υA = e
+ρυA

    = 2υA

= 1200THz

′υC=e
−ρυA=

1
2
υA =300THz

Bob: Sunglasses help.
Wow! Your 1st baseline R′

 is Doppler blued up by e+ρ=2. 

But, Carlaʼs 3rd baseline L′ is
Doppler red shifted by e-ρ=1/2. 

New
1st base
(Alice)

New
3rd base
(Carla)
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New “Grandstand”  G′(Group pt.)
is 1/2-difference (R′-L′)/2: 
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Group vector G
1/2-diff vector 

New
Pitcher
mound
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Phase vector P
1/2-sum vector 

Group vector G
1/2-diff vector 

2CW per-Spacetime Plot
2CW Minkowski-Spacetime Grid
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-1 -1

Doppler blue shifted

to 1200THz

Doppler red shifted

to 300THz

Bob: The spacetime 
wave-zeros replicate

the same pattern. 
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Space x′

2CW Minkowski-spacetime grid
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Phase vector P
1/2-sum vector 
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1/2-diff vector 

2CW per-Spacetime Plot
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to 1200THz

Doppler red shifted

to 300THz

Bob: The spacetime 
wave-zeros replicate

the same pattern. 

(Except P′-phase and
G′-group indicators
get switched again.)

Letʼs measure these 
in careful detail! 
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c
Vgroup

1
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     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2
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1
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The 16 dimensions of 2CW interference Start with the 
DopplersDopplers
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τ′phase=0.8
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1
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The 16 dimensions of 2CW interference Start with the 
DopplersDopplers

...then do the
     phase waves
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The 16 dimensions of 2CW interference Start with the 
DopplersDopplers

...then do the
     phase waves
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υ′
(units of

υ
A
=600THz)

0
Wavevector cκ′

(units of cκ
A
=2·10

6
/m)

1500

THz
2.5

+4·10
6

LL=KK--11

RR=KK++44

PP

0.5 1 1.5 2-0.5-1

-10
6

-2·10
6

faster
than
light!

Space x′
(units of

λA=1/2µm)

Time ct′
(units of

λA=1/2µm)

0 0.5 1 1.5 2-0.5-1

0.5

1

1.5

2
c ′κ phase

′υ phase

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=υA

sinhρ
coshρ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=υA

3/4
5/4

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

    Phase frequency                  Phase period τ =1/υ 
υ′phase=υAcoshρ=5/4              τ′phase=τAsechρ=4/5

flips
to

τ′phase
=τAsechρ
=4/5

τ′phase=0.8

  Phase wavenumber            Phase wavelength λ =1/κ 
κ′phase=κAsinhρ=3/4              λ′phase=λAcschρ=4/3

flips
to

κ′phase
=0.75

    P′=

λ′phase=1.33

P-slope=Vphase/c
=

′υ phase

′κ phase

= coshρ
sinhρ

= 5/4
3/4

= 5
3

′λ pha
se

′τ pha
se

=
4/3

4/5
=
5

3

  =
cothρ

slope=

Vphase/c
=

υ′phase=1.25

λ′phase
=λAcschρ
=4/3

τ′phase=0.8=4/5
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Frequency

υ′
(units of

υ
A
=600THz)

0
Wavevector cκ′

(units of cκ
A
=2·10

6
/m)

300

THz

600

THz

900

THz

1200

THz

1500

THz

0.5

1

1.5

2

2.5

+10
6

+2·10
6
+3·10

6 +4·10
6

GG
LL=KK--11

RR=KK++44

PP

0.5 1 1.5 2-0.5-1

-10
6

-2·10
6

Space x′
(units of

λA=1/2µm)

Time ct′
(units of

λA=1/2µm)

0 0.5 1 1.5 2-0.5-1

0.5

1

1.5

2
c ′κ group

′υgroup

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=υA

coshρ
sinhρ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=υA

5/4
3/4

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

   Group frequency                 Group period τ =1/υ 
 υ′group=υAsinhρ=3/4             τ′group=τAcschρ=4/3

flips
to

    G′=

κ′group
=1.25

υ′group=0.75

=1.33=0.75

phase bRED
Doppler c

Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

Vphase

c
bBLUE
Doppler

group 1
bBLUE
Doppler

Vgroup
c

υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

The 16 dimensions of 2CW interference Start with the 
DopplersDopplers

...then do the
     phase waves

...then the
    group waves
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Frequency

υ′
(units of

υ
A
=600THz)

0
Wavevector cκ′

(units of cκ
A
=2·10

6
/m)

300

THz

600

THz

900

THz

1200

THz

1500

THz

0.5

1

1.5

2

2.5

+10
6

+2·10
6
+3·10

6 +4·10
6

GG
LL=KK--11

RR=KK++44

PP

0.5 1 1.5 2-0.5-1

-10
6

-2·10
6

Space x′
(units of

λA=1/2µm)

Time ct′
(units of

λA=1/2µm)

0 0.5 1 1.5 2-0.5-1

0.5

1

1.5

2
c ′κ group

′υgroup

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=υA

coshρ
sinhρ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=υA

5/4
3/4

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

   Group frequency                 Group period τ =1/υ 
 υ′group=υAsinhρ=3/4             τ′group=τAcschρ=4/3

flips
to

τ′group
=τAcschρ
=4/3 τ′group=1.33

    G′=

κ′group
=1.25

υ′group=0.75

=1.33=0.75

phase bRED
Doppler c

Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

Vphase

c
bBLUE
Doppler

group 1
bBLUE
Doppler

Vgroup
c

υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

τ′group=1.33

The 16 dimensions of 2CW interference Start with the 
Dopplers

...then do the
     phase waves

...then the
    group waves
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Frequency

υ′
(units of

υ
A
=600THz)

0
Wavevector cκ′

(units of cκ
A
=2·10

6
/m)

300

THz

600

THz

900

THz

1200

THz

1500

THz

0.5

1

1.5

2

2.5

+10
6

+2·10
6
+3·10

6 +4·10
6

GG
LL=KK--11

RR=KK++44

PP

0.5 1 1.5 2-0.5-1

-10
6

-2·10
6

Space x′
(units of

λA=1/2µm)

Time ct′
(units of

λA=1/2µm)

0 0.5 1 1.5 2-0.5-1

0.5

1

1.5

2
c ′κ group

′υgroup

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=υA

coshρ
sinhρ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=υA

5/4
3/4

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

   Group frequency                 Group period τ =1/υ 
 υ′group=υAsinhρ=3/4             τ′group=τAcschρ=4/3

flips
to

τ′group
=τAcschρ
=4/3 τ′group=1.33

    G′=

κ′group
=1.25

υ′group=0.75

=1.33=0.75

phase bRED
Doppler c

Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

Vphase

c
bBLUE
Doppler

group 1
bBLUE
Doppler

Vgroup
c

υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

  Group wavenumber            Group wavelength λ =1/κ 
κ′group=κAcoshρ=5/4              λ′group=λAsechρ=4/5

=1.25 =0.8

τ′group=1.33

Start with the 
Dopplers

...then do the
     phase waves

...then the
    group waves
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Frequency

υ′
(units of

υ
A
=600THz)

0
Wavevector cκ′

(units of cκ
A
=2·10

6
/m)

300

THz

600

THz

900

THz

1200

THz

1500

THz

0.5

1

1.5

2

2.5

+10
6

+2·10
6
+3·10

6 +4·10
6

GG
LL=KK--11

RR=KK++44

PP

0.5 1 1.5 2-0.5-1

-10
6

-2·10
6

Space x′
(units of

λA=1/2µm)

Time ct′
(units of

λA=1/2µm)

0 0.5 1 1.5 2-0.5-1

0.5

1

1.5

2
c ′κ group

′υgroup

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=υA

coshρ
sinhρ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=υA

5/4
3/4

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

   Group frequency                 Group period τ =1/υ 
 υ′group=υAsinhρ=3/4             τ′group=τAcschρ=4/3

flips
to

τ′group
=τAcschρ
=4/3

    G′=

κ′group
=1.25

υ′group=0.75

=1.33=0.75

phase bRED
Doppler c

Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

Vphase

c
bBLUE
Doppler

group 1
bBLUE
Doppler

Vgroup
c

υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

  Group wavenumber            Group wavelength λ =1/κ 
κ′group=κAcoshρ=5/4              λ′group=λAsechρ=4/5

=1.25 =0.8
λ′group
=λAsechρ
=4/5 =0.8

λ′group=0.8

τ′group=1.33

Start with the 
Dopplers

...then do the
     phase waves

...then the
    group waves
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Frequency

υ′
(units of

υ
A
=600THz)

0
Wavevector cκ′

(units of cκ
A
=2·10

6
/m)

300

THz

600

THz

900

THz

1200

THz

1500

THz

0.5

1

1.5

2

2.5

+10
6

+2·10
6
+3·10

6 +4·10
6

GG
LL=KK--11

RR=KK++44

PP

0.5 1 1.5 2-0.5-1

-10
6

-2·10
6

Space x′
(units of

λA=1/2µm)

Time ct′
(units of

λA=1/2µm)

0 0.5 1 1.5 2-0.5-1

0.5

1

1.5

2
c ′κ group

′υgroup

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=υA

coshρ
sinhρ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=υA

5/4
3/4

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

   Group frequency                 Group period τ =1/υ 
 υ′group=υAsinhρ=3/4             τ′group=τAcschρ=4/3

flips
to

τ′group
=τAcschρ
=4/3

    G′=

κ′group
=1.25

υ′group=0.75

=1.33=0.75

phase bRED
Doppler c

Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

Vphase

c
bBLUE
Doppler

group 1
bBLUE
Doppler

Vgroup
c

υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

  Group wavenumber            Group wavelength λ =1/κ 
κ′group=κAcoshρ=5/4              λ′group=λAsechρ=4/5

=1.25 =0.8
λ′group
=λAsechρ
=4/5

λ′group=0.8

G-slope=Vgroup/c
=

′υgroup

′κ group

= sinhρ
coshρ

= 3/4
5/4

= 3
5 τ′group=1.33

Start with the 
Dopplers

...then do the
     phase waves

...then the
    group waves
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Frequency

υ′
(units of

υ
A
=600THz)

0
Wavevector cκ′

(units of cκ
A
=2·10

6
/m)

300

THz

600

THz

900

THz

1200

THz

1500

THz

0.5

1

1.5

2

2.5

+10
6

+2·10
6
+3·10

6 +4·10
6

GG
LL=KK--11

RR=KK++44

PP

0.5 1 1.5 2-0.5-1

-10
6

-2·10
6

Space x′
(units of

λA=1/2µm)

Time ct′
(units of

λA=1/2µm)

0 0.5 1 1.5 2-0.5-1

0.5

1

1.5

2
c ′κ group

′υgroup

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=υA

coshρ
sinhρ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=υA

5/4
3/4

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

   Group frequency                 Group period τ =1/υ 
 υ′group=υAsinhρ=3/4             τ′group=τAcschρ=4/3

flips
to

τ′group
=τAcschρ
=4/3

    G′=

κ′group
=1.25

υ′group=0.75

=1.33=0.75

phase bRED
Doppler c

Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

Vphase

c
bBLUE
Doppler

group 1
bBLUE
Doppler

Vgroup
c

υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

  Group wavenumber            Group wavelength λ =1/κ 
κ′group=κAcoshρ=5/4              λ′group=λAsechρ=4/5

=1.25 =0.8
λ′group
=λAsechρ
=4/5

λ′group=0.8

slowerthanlight!

G-slope=Vgroup/c
=

′υgroup

′κ group

= sinhρ
coshρ

= 3/4
5/4

= 3
5

slope=Vgroup/c=′λgroup′τgroup = 4/5
4/3 = 3

5
    = tanhρ

τ′group=1.33
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Frequency

υ′
(units of

υ
A
=600THz)

0
Wavevector cκ′

(units of cκ
A
=2·10

6
/m)

300

THz

600

THz

900

THz

1200

THz

1500

THz

0.5

1

1.5

2

2.5

+10
6

+2·10
6
+3·10

6 +4·10
6

GG
LL=KK--11

RR=KK++44

PP

0.5 1 1.5 2-0.5-1

-10
6

-2·10
6

Space x′
(units of

λA=1/2µm)

Time ct′
(units of

λA=1/2µm)

0 0.5 1 1.5 2-0.5-1

0.5

1

1.5

2

τ′group=1.33

λ′group=0.8

phase bRED
Doppler c

Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

Vphase

c
bBLUE
Doppler

group 1
bBLUE
Doppler

Vgroup
c

υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

    G′
    P′

c ′κ group

′υgroup

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=υA

coshρ
sinhρ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=υA

5/4
3/4

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

=υA
1
0

⎛
⎝⎜

⎞
⎠⎟
coshρ+υA

0
1

⎛
⎝⎜

⎞
⎠⎟
sinhρ

    G′=

    P′=

Lorentz transformations...
write G′ and P′ in terms of  G and P using coshρ and sinhρ

= coshρ+ sinh ρ
    G     P    G′=

c ′κ phase

′υ phase

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=υA

sinhρ
coshρ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=υA

3/4
5/4

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

=υA
1
0

⎛
⎝⎜

⎞
⎠⎟
sinhρ+υA

0
1

⎛
⎝⎜

⎞
⎠⎟
coshρ

= sinhρ + coshρ
    G     P    P′=

    G

    P

coshρ sinhρ
sinhρ coshρ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Lorentz transform
matrix
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Space x′
(units of

λA=1/2µm)

Time ct′
(units of

λA=1/2µm)

0 0.5 1 1.5 2-0.5-1

0.5

1

1.5

2

phase bRED
Doppler c

Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

Vphase

c
bBLUE
Doppler

group 1
bBLUE
Doppler

Vgroup
c

υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

λ′group=0.8This number 
is called a:Lorentz

length-contraction

This number 
is called an:Einstein

time-dilation

Two Famous-Name Coefficients

Old-Fashioned Notation

(contracted by 20% here)

(dilated by 25% here)

Hendrik A. 
Lorentz
1853-1928

Herman
Minkowski
1864-1909

Albert
Einstein
1859-1955

υ′phase=1.25
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Thales Mean Geometry (600BCE) 
helps “Relawavity” 

= 4 −1
4 +1

Thales of
Miletus
624-543 BCE
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Thales Mean Geometry (600BCE) 
helps “Relawavity” Thales showed a circle diameter subtends a right angle with any circle point P

This leads to a convenient
construction of geometric means
and relativistic hyperbolas.

= 4 −1
4 +1

Thales of
Miletus
624-543 BCE
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Thales Mean Geometry (600BCE) 
helps “Relawavity” Thales showed a circle diameter subtends a right angle with any circle point P

This leads to a convenient
construction of geometric means
and relativistic hyperbolas.

equ
ila

ter
al 

hyp
erb

ola
 

r·b
=2

= 4 −1
4 +1

Thales of
Miletus
624-543 BCE
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Thales Mean Geometry (600BCE) 
helps “Relawavity” 

equilater
al hyperb

ola 

r·b
=2

due to
 Doppler

 T-sy
mmetr

y

Thales of
Miletus
624-543 BCE
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Comparing Longitudinal relativity parameter:Rapidity ρ = loge(Doppler Shift)

           to a    Transverse*relativity parameter: Stellar aberration angle σ
*Lewis Carroll Epstein, Relativitätstheorie, Birkhäuser, (2004) Earlier English version (1985)-

Comparing Longitudinal relativity parameter:Rapidity ρ = loge(Doppler Shift)

           to a    Transverse*relativity parameter: Stellar aberration angle σ
*Lewis Carroll Epstein, Relativitätstheorie, Birkhäuser, (2004) Earlier English version (1985)-

   We used notion σ 
for stellar-ab-angle,
(a “flipped-out” ρ ).
Epstein not interested 
in ρ analysis or in
relation of σ and ρ.
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cτ=√(ct′)2-(x′)2
Coordinate

ο

PP

Particles and have speed u in (x′,ct′) and speed c in (x, cτ)

P′′P′

Proper length

Contracted L′
Lorentz-

L′=L√1-u2/c2

Lct′

Comoving particles

P and P′

σσ

σσ

cτ

x′

Proper time cτ vs. coordinate space x - (L. C. Epstein’s “Cosmic Speedometer”)

Einstein time dilation:
ct′=cτ secσ=cτ coshρ = cτ /

Proper Time asimultaneity:

Lorentz length contraction:
L′= L sechρ = Lcosσ = L·

c Δτ= L′ sinhρ = L cosσ sinhρ
= L cosσ tanσ
= L sinσ = L / ~ L u/c

√1-u2/c2

√c2/u2-1

√1-u2/c2

x′=(u/c)ct′=ut′

cτ ′

L

PP P′′P′
Proper time

Comparing Longitudinal relativity parameter:Rapidity ρ = loge(Doppler Shift)

           to a    Transverse*relativity parameter: Stellar aberration angle σ
*Lewis Carroll Epstein, Relativitätstheorie, Birkhäuser, (2004) Earlier English version (1985)-
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Comparing Longitudinal relativity parameter:Rapidity ρ = loge(Doppler Shift)

           to a    Transverse*relativity parameter: Stellar aberration angle σ
*Lewis Carroll Epstein, Relativitätstheorie, Birkhäuser, (2004) Earlier English version (1985)-

cτ=√(ct′)2-(x′)2
Coordinate

ο

PP

Particles and have speed u in (x′,ct′) and speed c in (x, cτ)

P′′P′

Proper length

Contracted L′
Lorentz-

L′=L√1-u2/c2

Lct′

Comoving particles

P and P′

σσ

σσ

cτ

x′

Proper time cτ vs. coordinate space x - (L. C. Epstein’s “Cosmic Speedometer”)

Einstein time dilation:
ct′=cτ secσ=cτ coshρ = cτ /

Proper Time asimultaneity:

Lorentz length contraction:
L′= L sechρ = Lcosσ = L·

c Δτ= L′ sinhρ = L cosσ sinhρ
= L cosσ tanσ
= L sinσ = L / ~ L u/c

√1-u2/c2

√c2/u2-1

√1-u2/c2

x′=(u/c)ct′=ut′

cτ ′

L

PP P′′P′
Proper time

Epstein’s trick is to
turn a hyperbolic form
into a circular form:

(cτ )2 + ( ′x )2 = (c ′t )

cτ = (c ′t )2 − ( ′x )2

Then everything (and everybody) always goes speed c through (x′,cτ) space!
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Comparing Longitudinal relativity parameter:Rapidity ρ = loge(Doppler Shift)

           to a    Transverse  relativity parameter: Stellar aberration angle σ
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Comparing Longitudinal relativity parameter:Rapidity ρ = loge(Doppler Shift)

           to a    Transverse  relativity parameter: Stellar aberration angle σ
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Summary of optical wave parameters for relativity and QM
...and their geometry
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An aid to
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group bRED
Doppler Vgroup

c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

c
Vgroup

bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

Vphase

c
1

bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

Table of 12 wave parameters 
(includes inverses) for relativity

...and values for u/c=3/5

An aid to
pattern recognition:
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Optical wave guide relativistic geometry aided by Occam’s Sword
geometry applies to (x,y) space-space
                    to (kx,ky)per-space-per-space
                             to (x,ct) space-time

Example of near-cut-off mode with low Vgroup=c/2 and high Vphase=2c . (High dispersion.)

Relativistic mode with near-c Vgroup=c/2 and Vphase=2c . (Low dispersion.)
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Spherical wave relativistic geometry
Also, aided by Occam’s Sword
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Occam 
Sword
geometry
in (x,y)
space-
space
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Spherical wave 
relativistic geometry

Occam 
Sword
geometry
in (x,y)
space-
space
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Spherical wave 
relativistic geometry
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group bRED
Doppler Vgroup

c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)
Using (some) wave parameters to develop relativistic quantum theory 

At low speeds:

coshρ≈1+2
1ρ2

sinhρ≈ρ 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

At low speeds:
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group bRED
Doppler Vgroup

c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c
 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

Using (some) wave parameters to develop relativistic quantum theory 
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group bRED
Doppler Vgroup

c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (uc)

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c
 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

Using (some) wave parameters to develop relativistic quantum theory 
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time bRED
Doppler Vgroup

c
υgroup

υA

τ phase

τ A

υ phase

υA

τ group
τ A

Vphase

c
bBLUE
Doppler

space 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

λgroup

λA

κ group

κ A

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (uc)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c
 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

Using (some) wave parameters to develop relativistic quantum theory 

131Thursday, April 7, 2016



group bRED
Doppler Vgroup

c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (uc)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c
 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

υphase and κphase resemble
formulae for Newton’s
kinetic energy and momentum

Resembles: const.+   Mu2 Resembles: Mu1
2

Using (some) wave parameters to develop relativistic quantum theory 
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υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (uc)⇒ κ phase ≈
B
c2 u

time bRED
Doppler Vgroup

c
υgroup

υA

τ phase

τ A

υ phase

υA

τ group
τ A

Vphase

c
bBLUE
Doppler

space 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

λgroup

λA

κ group

κ A

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c
 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

υphase and κphase resemble
formulae for Newton’s kinetic
energy   Mu2 and momentum Mu.1

2

Resembles: const.+   Mu2 Resembles: Mu1
2

hB
c2

Rescale υphase by h   so: M=               

Using (some) wave parameters to develop relativistic quantum theory 
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group bRED
Doppler Vgroup

c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (uc)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c
 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

υphase and κphase resemble
formulae for Newton’s kinetic
energy   Mu2 and momentum Mu.1

2

Resembles: const.+   Mu2 Resembles: Mu1
2

hB
c2

Rescale υphase by h   so: M=               

Using (some) wave parameters to develop relativistic quantum theory 

So attach scale factor h  
to match units.
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group bRED
Doppler Vgroup

c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (uc)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
hB
c2 u

2 ⇐ for (uc)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

Resembles: const.+   Mu2 Resembles: Mu1
2

υphase and κphase resemble
formulae for Newton’s kinetic
energy   Mu2 and momentum Mu.1

2

hB
c2

Rescale υphase by h   so: M=               

Using (some) wave parameters to develop relativistic quantum theory 

So attach scale factor h  
to match units.
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group bRED
Doppler Vgroup

c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (uc)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
hB
c2 u

2 ⇐ for (uc)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

Resembles: const.+   Mu2 Resembles: Mu1
2

υphase and κphase resemble
formulae for Newton’s kinetic
energy   Mu2 and momentum Mu.1

2

hB
c2

Rescale υphase by h   so: M=               hB = Mc2Rescale υphase by h   so: M=               or: (The famous Mc2

shows up here!)

Using (some) wave parameters to develop relativistic quantum theory 

So attach scale factor h  
to match units.

136Thursday, April 7, 2016



group bRED
Doppler Vgroup

c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (uc)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
hB
c2 u

2 ⇐ for (uc)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (uc)⇒ hκ phase≈ Mu

hB = Mc2

υphase and κphase resemble
formulae for Newton’s kinetic
energy   Mu2 and momentum Mu.1

2

hB
c2

Rescale υphase by h   so: M=               or:

Using (some) wave parameters to develop relativistic quantum theory 

(The famous Mc2

shows up here!)

So attach scale factor h  
to match units.
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group bRED
Doppler Vgroup

c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (uc)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
hB
c2 u

2 ⇐ for (uc)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (uc)⇒ hκ phase≈ Mu

Lucky coincidences??

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

υphase and κphase resemble
formulae for Newton’s kinetic
energy   Mu2 and momentum Mu.1

2

Cheap trick??

Using (some) wave parameters to develop relativistic quantum theory 

(The famous Mc2

shows up here!)

So attach scale factor h  
to match units.
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group bRED
Doppler Vgroup

c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (uc)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
hB
c2 u

2 ⇐ for (uc)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (uc)⇒ hκ phase≈ Mu

Lucky coincidences??
...Try exact  υphase ... 

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

υphase and κphase resemble
formulae for Newton’s kinetic
energy   Mu2 and momentum Mu.1

2

Cheap trick??

Using (some) wave parameters to develop relativistic quantum theory 

(The famous Mc2

shows up here!)

So attach scale factor h  
to match units.
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c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (uc)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
hB
c2 u

2 ⇐ for (uc)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

hυ phase=hBcoshρ =Mc2 coshρ
  

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (uc)⇒ hκ phase≈ Mu

Lucky coincidences??

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

υphase and κphase resemble
formulae for Newton’s kinetic
energy   Mu2 and momentum Mu.1

2

...Try exact  υphase ... 
Cheap trick??

Using (some) wave parameters to develop relativistic quantum theory 

(The famous Mc2

shows up here!)

(old-fashioned
notation)

So attach scale factor h  
to match units.
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group bRED
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c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (uc)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
hB
c2 u

2 ⇐ for (uc)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (uc)⇒ hκ phase≈ Mu

hυ phase=hBcoshρ =Mc2 coshρ

 = Total Energy: E = Mc2

1−u2/c2

Lucky coincidences??

Einstein (1905)

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

So attach scale factor h  
to match units.

υphase and κphase resemble
formulae for Newton’s kinetic
energy   Mu2 and momentum Mu.1

2

...Try exact  υphase ... 
Cheap trick??

Planck (1900)

Using (some) wave parameters to develop relativistic quantum theory 

(The famous Mc2

shows up here!)

Max Planck
1858-1947

(old-fashioned
notation)
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group bRED
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c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (uc)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
hB
c2 u

2 ⇐ for (uc)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (uc)⇒ hκ phase≈ Mu

hυ phase=hBcoshρ =Mc2 coshρ

 = Total Energy: E = Mc2

1−u2/c2

Lucky coincidences??

Einstein (1905)

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

So attach scale factor h (or hN) 
to match units.

υphase and κphase resemble
formulae for Newton’s kinetic
energy   Mu2 and momentum Mu.1

2

...Try exact  υphase ... 
Cheap trick??

Planck (1900)

Using (some) wave parameters to develop relativistic quantum theory 

(The famous Mc2

shows up here!)

Need to replace
h with hN to match
e.m. energy density
ε0E•E =hNυphase

*

Max Planck
1858-1947
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group bRED
Doppler Vgroup

c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (uc)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
hB
c2 u

2 ⇐ for (uc)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (uc)⇒ hκ phase≈ Mu

hυ phase=hBcoshρ =Mc2 coshρ

 = Total Energy: E = Mc2

1−u2/c2

Lucky coincidences??

Einstein (1905)

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

So attach scale factor h (or hN) 
to match units.

υphase and κphase resemble
formulae for Newton’s kinetic
energy   Mu2 and momentum Mu.1

2

...Try exact  υphase ... 
Cheap trick??

Planck (1900)

Using (some) wave parameters to develop relativistic quantum theory 

(The famous Mc2

shows up here!)

Need to replace
h with hN to match
e.m. energy density
ε0E•E =hNυphase

*

Max Planck
1858-1947

This motivates the
“particle” normalization
∫  Ψ Ψ dV=N* Ψ= ε

0

hυ
E
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group bRED
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c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (uc)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
hB
c2 u

2 ⇐ for (uc)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (uc)⇒ hκ phase≈ Mu

hυ phase=hBcoshρ =Mc2 coshρ

 = Total Energy: E = Mc2

1−u2/c2

Lucky coincidences??

Einstein (1905)

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

So attach scale factor h (or hN) 
to match units.

υphase and κphase resemble
formulae for Newton’s kinetic
energy   Mu2 and momentum Mu.1

2

...Try exact  υphase ... 
Cheap trick??

Planck (1900)

Using (some) wave parameters to develop relativistic quantum theory 

(The famous Mc2

shows up here!)

Need to replace
h with hN to match
e.m. energy density
ε0E•E =hNυphase

*

Max Planck
1858-1947

This motivates the
“particle” normalization
∫  Ψ Ψ dV=N* Ψ= ε

0

hυ
E Big worry: Is not 

oscillator energy quadratic in frequency υ?
HO energy= 1

2
A2υ 2
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c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (uc)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
hB
c2 u

2 ⇐ for (uc)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (uc)⇒ hκ phase≈ Mu

hυ phase=hBcoshρ =Mc2 coshρ

 = Total Energy: E = Mc2

1−u2/c2

Lucky coincidences??

Einstein (1905)

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

So attach scale factor h (or hN) 
to match units.

υphase and κphase resemble
formulae for Newton’s kinetic
energy   Mu2 and momentum Mu.1

2

...Try exact  υphase ... 
Cheap trick??

Planck (1900)

Using (some) wave parameters to develop relativistic quantum theory 

(The famous Mc2

shows up here!)

Need to replace
h with hN to match
e.m. energy density
ε0E•E =hNυphase

*

Max Planck
1858-1947

This motivates the
“particle” normalization
∫  Ψ Ψ dV=N* Ψ= ε

0

hυ
E Big worry: Is not 

oscillator energy quadratic in frequency υ?
HO energy= 1

2
A2υ 2

Resolution and dirty secret: E, N, and υphase are all 
frequencies!
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c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (uc)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
hB
c2 u

2 ⇐ for (uc)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

hcκ phase=hBsinhρ =Mc2 sinhρ
                            

hυ phase=hBcoshρ =Mc2 coshρ

 = Total Energy: E = Mc2

1−u2/c2

Lucky coincidences??
...Try exact  υphase and κphase...  

hυ phase≈ Mc
2+ 1

2
Mu2 ⇐ for (uc)⇒ hκ phase≈ Mu

Einstein (1905)

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

So attach scale factor h (or hN) 
to match units.

υphase and κphase resemble
formulae for Newton’s kinetic
energy   Mu2 and momentum Mu.1

2

Cheap trick??

Using (some) wave parameters to develop relativistic quantum theory 

Planck (1900)

(The famous Mc2

shows up here!)

Max Planck
1858-1947

Need to replace
h with hN to match
e.m. energy density
ε0E•E =hNυphase

*
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c
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λgroup
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κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (uc)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
hB
c2 u

2 ⇐ for (uc)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

hcκ phase=hBsinhρ =Mc2 sinhρ

                            cp = Mcu

1−u2/c2

hυ phase=hBcoshρ =Mc2 coshρ

 = Total Energy: E = Mc2

1−u2/c2

1
β−2−1

=

u
c

1− u
2

c2

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (uc)⇒ hκ phase≈ Mu

Lucky coincidences??
...Try exact  υphase and κphase... 

Einstein (1905)

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

So attach scale factor h (or hN) 
to match units.

υphase and κphase resemble
formulae for Newton’s kinetic
energy   Mu2 and momentum Mu.1

2

Cheap trick??

Using (some) wave parameters to develop relativistic quantum theory 

Planck (1900)

(The famous Mc2

shows up here!)

Max Planck
1858-1947

Need to replace
h with hN to match
e.m. energy density
ε0E•E =hNυphase

(old-fashioned
notation)

*
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group bRED
Doppler Vgroup

c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (uc)⇒ κ phase ≈
B
c2 u

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
hB
c2 u

2 ⇐ for (uc)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

hcκ phase=hBsinhρ =Mc2 sinhρ

                            cp = Muc

1−u2/c2

Momentum: hκ phase= p =
Mu

1−u2/c2

hυ phase=hBcoshρ =Mc2 coshρ

 = Total Energy: E = Mc2

1−u2/c2

1
β−2−1

=

u
c

1− u
2

c2

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (uc)⇒ hκ phase≈ Mu

Lucky coincidences??
...Try exact  υphase and κphase... 

Einstein (1905)

DeBroglie (1921)

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

So attach scale factor h (or hN) 
to match units.

υphase and κphase resemble
formulae for Newton’s kinetic
energy   Mu2 and momentum Mu.1

2

Cheap trick??
ExpensiveNatural wave conspiracy

Using (some) wave parameters to develop relativistic quantum theory 

Planck (1900)

(The famous Mc2

shows up here!)

Max Planck
1858-1947

Louis DeBroglie
1892-1987

Need to replace
h with hN to match
e.m. energy density
ε0E•E =hNυphase

(old-fashioned
notation)

*
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group bRED
Doppler Vgroup

c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (uc)⇒ κ phase ≈
B
c2 u

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for uc)

At low speeds:

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
hB
c2 u

2 ⇐ for (uc)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

B =υA
B =υA = cκ A

hcκ phase=hBsinhρ =Mc2 sinhρ

                            cp = Muc

1−u2/c2

Momentum: hκ phase= p =
Mu

1−u2/c2

hυ phase=hBcoshρ =Mc2 coshρ

 = Total Energy: E = Mc2

1−u2/c2

1
β−2−1

=

u
c

1− u
2

c2

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (uc)⇒ hκ phase≈ Mu

Lucky coincidences??
...Try exact  υphase and κphase... 

Einstein (1905)

DeBroglie (1921)

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

So attach scale factor h (or hN) 
to match units.

υphase and κphase resemble
formulae for Newton’s kinetic
energy   Mu2 and momentum Mu.1

2

Cheap trick??
ExpensiveNatural wave conspiracy

Using (some) wave parameters to develop relativistic quantum theory 

Planck (1900)

(The famous Mc2

shows up here!)

Max Planck
1858-1947

Louis DeBroglie
1892-1987

Need to replace
h with hN to match
e.m. energy density
ε0E•E =hNυphase

This motivates the
“particle” normalization
∫  Ψ Ψ dV=N* Ψ= ε

0

hυ
E

*

(old-fashioned
notation)
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Using (some) wave coordinates for relativistic quantum theory 

negative
energy

states

negative
energy

states

cp'=hck'

Energy
E=hω

Momentum
cp=hck

Mc2

(a) Exact Einstein-Planck Dispersion

E'=hw'

matter wave:
positive rest energy Mc2
E2 - c2p2 =(Mc2)2

photon:
zero µ
E =± c p

tachyon:
imaginary µ

Atom frame
Laser frame

negative
energy

states

negative
energy

states

cp'=hck'
cctt

cctt''

Energy
E=hω

Momentum
cp=hck

Mc2

ωm=49ω1

76543210-1-2-3-4-4-6
m

36

25
16
9
4

(a) Exact Einstein-Planck Dispersion

(b) Bohr-Schrodinger Approximaion

E'=hw'

matter wave:
positive rest energy Mc2
E2 - c2p2 =(Mc2)2

photon:
zero µ
E =± c p

E = p2/2M

<E>= B m2

tachyon:
imaginary µ

Atom frame
Laser frame

1

hcκ phase=cp =hcκ A sinhρ = hυA sinhρ

hυ phase= E =hυA coshρ

hB = hυA = Mc2 = hcκ A

E2= Mc2( )2cosh2ρ
= Mc2( )2 1+sinh2ρ( )= Mc2( )2+ cp( )2 ⇒ E = ± Mc2( )2+ cp( )2

Energy

Momentum

Energy versus Momentum 

Mass

≈ Mc2+ p2

2M

(resting)

Neils Bohr
1885-1962

Erwin 
Schrodinger
1887-1961
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Using (some) wave coordinates for relativistic quantum theory 

negative
energy

states

negative
energy

states

cp'=hck'

Energy
E=hω

Momentum
cp=hck

Mc2

(a) Exact Einstein-Planck Dispersion

E'=hw'

matter wave:
positive rest energy Mc2
E2 - c2p2 =(Mc2)2

photon:
zero µ
E =± c p

tachyon:
imaginary µ

Atom frame
Laser frame

negative
energy

states

negative
energy

states

cp'=hck'
cctt

cctt''

Energy
E=hω

Momentum
cp=hck

Mc2

ωm=49ω1

76543210-1-2-3-4-4-6
m

36

25
16
9
4

(a) Exact Einstein-Planck Dispersion

(b) Bohr-Schrodinger Approximaion

E'=hw'

matter wave:
positive rest energy Mc2
E2 - c2p2 =(Mc2)2

photon:
zero µ
E =± c p

E = p2/2M

<E>= B m2

tachyon:
imaginary µ

Atom frame
Laser frame

1

hcκ phase=cp =hcκ A sinhρ = hυA sinhρ

hυ phase= E =hυA coshρ

hB = hυA = Mc2 = hcκ A

E2= Mc2( )2cosh2ρ
= Mc2( )2 1+sinh2ρ( )= Mc2( )2+ cp( )2 ⇒ E = ± Mc2( )2+ cp( )2

Energy

Momentum

Energy versus Momentum 

Mass

≈ Mc2+ p2

2M
low speed

approximation

(resting)
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Definition(s) of mass for relativity/quantum 

Rest Mass Mrest   (Einstein’s mass)          Defines invariant hyperbola(s)     

E = ± Mc2( )2+ cp( )2
cp =Mc2 sinhρ

= hcκ phase

E =Mc2 coshρ
= hυ phase

 Given: 

u =c tanhρ = dυ
dκ

 Energy:

 momentum:

 velocity:

hB = hυA = Mc2 = hcκ A

I
matter!

x

ct

y

•• WWhhaatt’’ss tthhee mmaatttteerr wwiitthh MMaassss??

SShhiinniinngg ssoommee lliigghhtt oonn tthhee eelleepphhaanntt iinn tthhee ssppaacceettiimmee rroooomm

MMaassss
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Definition(s) of mass for relativity/quantum 

Rest Mass Mrest   (Einstein’s mass)          Defines invariant hyperbola(s)     

E = ± Mc2( )2+ cp( )2
cp =Mc2 sinhρ

= hcκ phase

E =Mc2 coshρ
= hυ phase

 Given: 

u =c tanhρ = dυ
dκ

 Energy:

 momentum:

 velocity:

hB = hυA = Mc2 = hcκ A
Rest 
Mass

hυ phase
c2

=Mrest =
hcκ phase

c2
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Definition(s) of mass for relativity/quantum 

Rest Mass Mrest   (Einstein’s mass)          Defines invariant hyperbola(s)     

E = ± Mc2( )2+ cp( )2

Momentum Mass Mmom (Galileo’s mass) Defined by ratio p/u of relativistic momentum to group velocity.   

Mmom ≡ p
u
= Mrestcsinhρ

c tanhρ

cp =Mc2 sinhρ
= hcκ phase

E =Mc2 coshρ
= hυ phase

 Given: 

u =c tanhρ = dυ
dκ

 Energy:

 momentum:

 velocity:

hB = hυA = Mc2 = hcκ A
Rest 
Mass

hυ phase
c2

=Mrest =
hcκ phase

c2
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Definition(s) of mass for relativity/quantum 

Rest Mass Mrest   (Einstein’s mass)          Defines invariant hyperbola(s)     

E = ± Mc2( )2+ cp( )2

Momentum Mass Mmom (Galileo’s mass) Defined by ratio p/u of relativistic momentum to group velocity.   

Mmom ≡ p
u
= Mrestcsinhρ

c tanhρ

= Mrest coshρ = Mrest

1− u2 / c2

cp =Mc2 sinhρ
= hcκ phase

E =Mc2 coshρ
= hυ phase

 Given: 

u =c tanhρ = dυ
dκ

 Energy:

 momentum:

 velocity:

Momentum 
Mass

hB = hυA = Mc2 = hcκ A
Rest 
Mass

hυ phase
c2

=Mrest =
hcκ phase

c2
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Definition(s) of mass for relativity/quantum 

Rest Mass Mrest   (Einstein’s mass)          Defines invariant hyperbola(s)     

E = ± Mc2( )2+ cp( )2

Momentum Mass Mmom (Galileo’s mass) Defined by ratio p/u of relativistic momentum to group velocity.   

Mmom ≡ p
u
= Mrestcsinhρ

c tanhρ

= Mrest coshρ = Mrest

1− u2 / c2
 

Mmom u→c⎯ →⎯⎯ Mreste
ρ /2

Mmom uc⎯ →⎯⎯ Mrest

Limiting cases:

cp =Mc2 sinhρ
= hcκ phase

E =Mc2 coshρ
= hυ phase

 Given: 

u =c tanhρ = dυ
dκ

 Energy:

 momentum:

 velocity:

Momentum 
Mass

hB = hυA = Mc2 = hcκ A
Rest 
Mass

hυ phase
c2

=Mrest =
hcκ phase

c2
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Definition(s) of mass for relativity/quantum 

Rest Mass Mrest   (Einstein’s mass)          Defines invariant hyperbola(s)     

E = ± Mc2( )2+ cp( )2

Momentum Mass Mmom (Galileo’s mass) Defined by ratio p/u of relativistic momentum to group velocity.   

Mmom ≡ p
u
= Mrestcsinhρ

c tanhρ

= Mrest coshρ = Mrest

1− u2 / c2
 

Mmom u→c⎯ →⎯⎯ Mreste
ρ /2

Mmom uc⎯ →⎯⎯ Mrest

Limiting cases:

Effective Mass Meff  (Newton’s mass) Defined by ratio F/a=dp/du of relativistic force to acceleration.   

cp =Mc2 sinhρ
= hcκ phase

E =Mc2 coshρ
= hυ phase

 Given: 

u =c tanhρ = dυ
dκ

 Energy:

 momentum:

 velocity:

Momentum 
Mass

hB = hυA = Mc2 = hcκ A
Rest 
Mass

hυ phase
c2

=Mrest =
hcκ phase

c2
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Definition(s) of mass for relativity/quantum 

Rest Mass Mrest   (Einstein’s mass)          Defines invariant hyperbola(s)     

E = ± Mc2( )2+ cp( )2

Momentum Mass Mmom (Galileo’s mass) Defined by ratio p/u of relativistic momentum to group velocity.   

Mmom ≡ p
u
= Mrestcsinhρ

c tanhρ

= Mrest coshρ = Mrest

1− u2 / c2
 

Mmom u→c⎯ →⎯⎯ Mreste
ρ /2

Mmom uc⎯ →⎯⎯ Mrest

Limiting cases:

Effective Mass Meff  (Newton’s mass) Defined by ratio F/a=dp/du of relativistic force to acceleration.   
That is ratio of change dp=Mc coshρ dρ in momentum to change du=c sech2ρ dρ  in velocity

cp =Mc2 sinhρ
= hcκ phase

E =Mc2 coshρ
= hυ phase

 Given: 

u =c tanhρ = dυ
dκ

 Energy:

 momentum:

 velocity:

Momentum 
Mass

hB = hυA = Mc2 = hcκ A
Rest 
Mass

hυ phase
c2

=Mrest =
hcκ phase

c2
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Definition(s) of mass for relativity/quantum 

Rest Mass Mrest   (Einstein’s mass)          Defines invariant hyperbola(s)     

E = ± Mc2( )2+ cp( )2

Momentum Mass Mmom (Galileo’s mass) Defined by ratio p/u of relativistic momentum to group velocity.   

Mmom ≡ p
u
= Mrestcsinhρ

c tanhρ

= Mrest coshρ = Mrest

1− u2 / c2
 

Mmom u→c⎯ →⎯⎯ Mreste
ρ /2

Mmom uc⎯ →⎯⎯ Mrest

Limiting cases:

Effective Mass Meff  (Newton’s mass) Defined by ratio F/a=dp/du of relativistic force to acceleration.   

Meff ≡
dp
du

= Mrest
ccoshρ
csech2ρ

=Mrest cosh
3ρ

That is ratio of change dp=Mc coshρ dρ in momentum to change du=c sech2ρ dρ  in velocity

cp =Mc2 sinhρ
= hcκ phase

E =Mc2 coshρ
= hυ phase

 Given: 

u =c tanhρ = dυ
dκ

 Energy:

 momentum:

 velocity:

Momentum 
Mass

hB = hυA = Mc2 = hcκ A
Rest 
Mass

hυ phase
c2

=Mrest =
hcκ phase

c2
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Definition(s) of mass for relativity/quantum 

Rest Mass Mrest   (Einstein’s mass)          Defines invariant hyperbola(s)     

E = ± Mc2( )2+ cp( )2

Momentum Mass Mmom (Galileo’s mass) Defined by ratio p/u of relativistic momentum to group velocity.   

Mmom ≡ p
u
= Mrestcsinhρ

c tanhρ

= Mrest coshρ = Mrest

1− u2 / c2
 

Mmom u→c⎯ →⎯⎯ Mreste
ρ /2

Mmom uc⎯ →⎯⎯ Mrest

Limiting cases:

Effective Mass Meff  (Newton’s mass) Defined by ratio F/a=dp/du of relativistic force to acceleration.   

Meff ≡
dp
du

= Mrest
ccoshρ
csech2ρ

=Mrest cosh
3ρ

 

Meff u→c⎯ →⎯⎯ Mreste
3ρ /2

Meff uc⎯ →⎯⎯ Mrest

Limiting cases:

That is ratio of change dp=Mc coshρ dρ in momentum to change du=c sech2ρ dρ  in velocity

cp =Mc2 sinhρ
= hcκ phase

E =Mc2 coshρ
= hυ phase

 Given: 

u =c tanhρ = dυ
dκ

 Energy:

 momentum:

 velocity:

Momentum 
Mass

Effective Mass

hB = hυA = Mc2 = hcκ A
Rest 
Mass

hυ phase
c2

=Mrest =
hcκ phase

c2
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Meff ≡
dp
du

= dk
dVgroup

= 
d
dk

dω
dk

= 
d 2ω
dk2

= Mrest

1− u2 / c2( )3/2

Definition(s) of mass for relativity/quantum 

Rest Mass Mrest   (Einstein’s mass)          Defines invariant hyperbola(s)     

E = ± Mc2( )2+ cp( )2

Momentum Mass Mmom (Galileo’s mass) Defined by ratio p/u of relativistic momentum to group velocity.   

Mmom ≡ p
u
= Mrestcsinhρ

c tanhρ

= Mrest coshρ = Mrest

1− u2 / c2
 

Mmom u→c⎯ →⎯⎯ Mreste
ρ /2

Mmom uc⎯ →⎯⎯ Mrest

Limiting cases:

Effective Mass Meff  (Newton’s mass) Defined by ratio F/a=dp/du of relativistic force to acceleration.   

Meff ≡
dp
du

= Mrest
ccoshρ
csech2ρ

=Mrest cosh
3ρ

 

Meff u→c⎯ →⎯⎯ Mreste
3ρ /2

Meff uc⎯ →⎯⎯ Mrest

Limiting cases:

That is ratio of change dp=Mc coshρ dρ in momentum to change du=c sech2ρ dρ  in velocity

cp =Mc2 sinhρ
= hcκ phase

E =Mc2 coshρ
= hυ phase

 Given: 

u =c tanhρ = dυ
dκ

 Energy:

 momentum:

 velocity:

More common derivation using group velocity:  u ≡Vgroup=
dω
dk

= dυ
dκ

Momentum 
Mass

Effective Mass

hB = hυA = Mc2 = hcκ A
Rest 
Mass

hυ phase
c2

=Mrest =
hcκ phase

c2
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Meff ≡
dp
du

= dk
dVgroup

= 
d
dk

dω
dk

= 
d 2ω
dk2

= Mrest

1− u2 / c2( )3/2
=Mrest cosh

3ρ

Definition(s) of mass for relativity/quantum 

hB = hυA = Mc2 = hcκ A

Rest Mass Mrest   (Einstein’s mass)          Defines invariant hyperbola(s)     

E = ± Mc2( )2+ cp( )2

Momentum Mass Mmom (Galileo’s mass) Defined by ratio p/u of relativistic momentum to group velocity.   

Mmom ≡ p
u
= Mrestcsinhρ

c tanhρ

= Mrest coshρ = Mrest

1− u2 / c2
 

Mmom u→c⎯ →⎯⎯ Mreste
ρ /2

Mmom uc⎯ →⎯⎯ Mrest

Limiting cases:

Effective Mass Meff  (Newton’s mass) Defined by ratio F/a=dp/du of relativistic force to acceleration.   

Meff ≡
dp
du

= Mrest
ccoshρ
csech2ρ

=Mrest cosh
3ρ

 

Meff u→c⎯ →⎯⎯ Mreste
3ρ /2

Meff uc⎯ →⎯⎯ Mrest

Limiting cases:

That is ratio of change dp=Mc coshρ dρ in momentum to change du=c sech2ρ dρ  in velocity

cp =Mc2 sinhρ
= hcκ phase

E =Mc2 coshρ
= hυ phase

 Given: 

u =c tanhρ = dυ
dκ

 Energy:

 momentum:

 Group velocity:

general wave formula

More common derivation using group velocity:  u ≡Vgroup=
dω
dk

= dυ
dκ

to accompany Vgroup=
dω
dk

Momentum 
Mass

Effective Mass

Rest 
Mass

hυ phase
c2

=Mrest =
hcκ phase

c2

Effective Mass
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(a)γ -rest mass: Mrest
γ = 0,

(b)γ -momentum mass: Mmom
γ = p

c
= hκ
c

= hυ
c2 ,

(c)γ -effective mass: Meff
γ = ∞.

Definition(s) of mass for relativity/quantum 
How much mass does a γ-photon have? 

Mmom
γ = hυ

c2 =υ(1.2 ⋅10−51)kg ⋅ s = 4.5 ⋅10−36 kg (for: υ=600THz)

Newton complained about
his “corpuscles” of light having
“fits” (going crazy).Momentum Mass

Rest Mass

Effective Mass (This would be evidence of triple Schizophrenia.) 
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Relativistic action S and Lagrangian-Hamiltonian relations 

hcκ phase=cp =hυA sinhρ
hυ phase= E =hυA coshρ
hυA=Mc

2=hcκ A

 
ckphase=cp =ωA sinhρ
 
ω phase= E =ωA coshρ
 ωA=Mc

2=ckAPrior wave relations
←linear Hz      angular phasor→
    format          format              

Define Lagrangian L using invariant wave phase Φ=kx-ωt=k′x′-ω′t′ for wave of k=kphase and ω=ωphase. 

 
L ≡  dΦ

dt
= k dx

dt
− ω

 
≡ h

2π

 
≡ h

2π
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Relativistic action S and Lagrangian-Hamiltonian relations 

Use DeBroglie-momentum p=k relation and Planck-energy E=ω relation

hcκ phase=cp =hυA sinhρ
hυ phase= E =hυA coshρ
hυA=Mc

2=hcκ A

 
ckphase=cp =ωA sinhρ
 
ω phase= E =ωA coshρ
 ωA=Mc

2=ckAPrior wave relations
←linear Hz      angular phasor→
    format          format              

Define Lagrangian L using invariant wave phase Φ=kx-ωt=k′x′-ω′t′ for wave of k=kphase and ω=ωphase. 

 
L ≡  dΦ

dt
= k dx

dt
− ω

 E = ω= Mc2 coshρ  p = k=Mcsinhρ

 
≡ h

2π

 
≡ h

2π
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Relativistic action S and Lagrangian-Hamiltonian relations 

Use DeBroglie-momentum p=k relation and Planck-energy E=ω relation

hcκ phase=cp =hυA sinhρ
hυ phase= E =hυA coshρ
hυA=Mc

2=hcκ A

 
ckphase=cp =ωA sinhρ
 
ω phase= E =ωA coshρ
 ωA=Mc

2=ckAPrior wave relations
←linear Hz      angular phasor→
    format          format              

Define Lagrangian L using invariant wave phase Φ=kx-ωt=k′x′-ω′t′ for wave of k=kphase and ω=ωphase. 

 
L ≡  dΦ

dt
= k dx

dt
− ω = p dx

dt
− E ≡ p x − E

 E = ω= Mc2 coshρ  p = k=Mcsinhρ

 
≡ h

2π

166Thursday, April 7, 2016



Relativistic action S and Lagrangian-Hamiltonian relations 

Use DeBroglie-momentum p=k relation and Planck-energy E=ω relation

hcκ phase=cp =hυA sinhρ
hυ phase= E =hυA coshρ
hυA=Mc

2=hcκ A

 
ckphase=cp =ωA sinhρ
 
ω phase= E =ωA coshρ
 ωA=Mc

2=ckAPrior wave relations
←linear Hz      angular phasor→
    format          format              

Define Lagrangian L using invariant wave phase Φ=kx-ωt=k′x′-ω′t′ for wave of k=kphase and ω=ωphase. 

 
L ≡  dΦ

dt
= k dx

dt
− ω = p dx

dt
− E ≡ p x − E ≡ pu − H

to define Hamiltonian H=E
Legendre 

transformation

 E = ω= Mc2 coshρ = H  p = k=Mcsinhρ

= L

 
≡ h

2π
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Relativistic action S and Lagrangian-Hamiltonian relations 

Use DeBroglie-momentum p=k relation and Planck-energy E=ω relation

 E = ω= Mc2 coshρ = H  p = k=Mcsinhρ

hcκ phase=cp =hυA sinhρ
hυ phase= E =hυA coshρ
hυA=Mc

2=hcκ A

 
ckphase=cp =ωA sinhρ
 
ω phase= E =ωA coshρ
 ωA=Mc

2=ckAPrior wave relations
←linear Hz      angular phasor→
    format          format              

Define Lagrangian L using invariant wave phase Φ=kx-ωt=k′x′-ω′t′ for wave of k=kphase and ω=ωphase. 

 
L ≡  dΦ

dt
= k dx

dt
− ω = p dx

dt
− E ≡ p x − E ≡ pu − H

to define Hamiltonian H=E
Legendre 

transformation= L
UseGroup velocity :u=dx

dt
=c tanhρ

 
≡ h

2π
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Relativistic action S and Lagrangian-Hamiltonian relations 

Use DeBroglie-momentum p=k relation and Planck-energy E=ω relation

 E = ω= Mc2 coshρ = H  p = k=Mcsinhρ

hcκ phase=cp =hυA sinhρ
hυ phase= E =hυA coshρ
hυA=Mc

2=hcκ A

 
ckphase=cp =ωA sinhρ
 
ω phase= E =ωA coshρ
 ωA=Mc

2=ckAPrior wave relations
←linear Hz      angular phasor→
    format          format              

Define Lagrangian L using invariant wave phase Φ=kx-ωt=k′x′-ω′t′ for wave of k=kphase and ω=ωphase. 

 
L ≡  dΦ

dt
= k dx

dt
− ω = p dx

dt
− E ≡ p x − E ≡ pu − H

to define Hamiltonian H=E

UseGroup velocity :u=dx
dt
=c tanhρ

L = pu − H = (Mcsinhρ)(c tanhρ)−Mc2 coshρ

Legendre 
transformation= L

 
≡ h

2π
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Relativistic action S and Lagrangian-Hamiltonian relations 

Use DeBroglie-momentum p=k relation and Planck-energy E=ω relation

 E = ω= Mc2 coshρ = H  p = k=Mcsinhρ

hcκ phase=cp =hυA sinhρ
hυ phase= E =hυA coshρ
hυA=Mc

2=hcκ A

 
ckphase=cp =ωA sinhρ
 
ω phase= E =ωA coshρ
 ωA=Mc

2=ckAPrior wave relations
←linear Hz      angular phasor→
    format          format              

Define Lagrangian L using invariant wave phase Φ=kx-ωt=k′x′-ω′t′ for wave of k=kphase and ω=ωphase. 

 
L ≡  dΦ

dt
= k dx

dt
− ω = p dx

dt
− E ≡ p x − E ≡ pu − H

to define Hamiltonian H=E

UseGroup velocity :u=dx
dt
=c tanhρ

L = pu − H = (Mcsinhρ)(c tanhρ)−Mc2 coshρ

= Mc2 sinh2ρ − cosh 2ρ
coshρ

=  −Mc2sechρ

Legendre 
transformation= L

L is :Mc2 −1
coshρ

=  −Mc2sechρ

 
≡ h

2π
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Relativistic action S and Lagrangian-Hamiltonian relations 

Use DeBroglie-momentum p=k relation and Planck-energy E=ω relation

 E = ω= Mc2 coshρ = H  p = k=Mcsinhρ

hcκ phase=cp =hυA sinhρ
hυ phase= E =hυA coshρ
hυA=Mc

2=hcκ A

 
ckphase=cp =ωA sinhρ
 
ω phase= E =ωA coshρ
 ωA=Mc

2=ckAPrior wave relations
←linear Hz      angular phasor→
    format          format              

Define Lagrangian L using invariant wave phase Φ=kx-ωt=k′x′-ω′t′ for wave of k=kphase and ω=ωphase. 

 
L ≡  dΦ

dt
= k dx

dt
− ω = p dx

dt
− E ≡ p x − E ≡ pu − H

to define Hamiltonian H=E

UseGroup velocity :u=dx
dt
=c tanhρ

L = pu − H = (Mcsinhρ)(c tanhρ)−Mc2 coshρ

 
L =  Φ =  −Mc2 1− u

2

c2     =  −Mc2 sechρ

= Mc2 sinh2ρ − cosh 2ρ
coshρ

=  −Mc2sechρ

Note:Mcu=Mc2 tanhρ

Compare Lagrangian L

Legendre 
transformation= L

 
≡ h

2π
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Relativistic action S and Lagrangian-Hamiltonian relations 

Use DeBroglie-momentum p=k relation and Planck-energy E=ω relation

 E = ω= Mc2 coshρ = H  p = k=Mcsinhρ

hcκ phase=cp =hυA sinhρ
hυ phase= E =hυA coshρ
hυA=Mc

2=hcκ A

 
ckphase=cp =ωA sinhρ
 
ω phase= E =ωA coshρ
 ωA=Mc

2=ckAPrior wave relations
←linear Hz      angular phasor→
    format          format              

Define Lagrangian L using invariant wave phase Φ=kx-ωt=k′x′-ω′t′ for wave of k=kphase and ω=ωphase. 

 
L ≡  dΦ

dt
= k dx

dt
− ω = p dx

dt
− E ≡ p x − E ≡ pu − H

to define Hamiltonian H=E

UseGroup velocity :u=dx
dt
=c tanhρ

L = pu − H = (Mcsinhρ)(c tanhρ)−Mc2 coshρ

 
L =  Φ =  −Mc2 1− u

2

c2     =  −Mc2 sechρ

= Mc2 sinh2ρ − cosh 2ρ
coshρ

=  −Mc2sechρ

 
H = ω = Mc2 1− u

2

c2    =   Mc2 coshρ

Note:Mcu=Mc2 tanhρ

Compare Lagrangian L

with Hamiltonian H=E 

Legendre 
transformation= L

 
≡ h

2π
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Relativistic action S and Lagrangian-Hamiltonian relations 

Use DeBroglie-momentum p=k relation and Planck-energy E=ω relation

 E = ω= Mc2 coshρ = H  p = k=Mcsinhρ

hcκ phase=cp =hυA sinhρ
hυ phase= E =hυA coshρ
hυA=Mc

2=hcκ A

 
ckphase=cp =ωA sinhρ
 
ω phase= E =ωA coshρ
 ωA=Mc

2=ckAPrior wave relations
←linear Hz      angular phasor→
    format          format              

Define Lagrangian L using invariant wave phase Φ=kx-ωt=k′x′-ω′t′ for wave of k=kphase and ω=ωphase. 

 
L ≡  dΦ

dt
= k dx

dt
− ω = p dx

dt
− E ≡ p x − E ≡ pu − H

to define Hamiltonian H=E

UseGroup velocity :u=dx
dt
=c tanhρ

L = pu − H = (Mcsinhρ)(c tanhρ)−Mc2 coshρ

 
L =  Φ =  −Mc2 1− u

2

c2     =  −Mc2 sechρ

= Mc2 sinh2ρ − cosh 2ρ
coshρ

=  −Mc2sechρ

 
H = ω = Mc2 1− u

2

c2    =   Mc2 coshρ

Note:Mcu=Mc2 tanhρ

Also:  cp=Mc2 sinhρ

=Mc2 1+ sinh 2ρ =Mc2 1+(cp)2

Compare Lagrangian L

with Hamiltonian H=E 

Legendre 
transformation= L

 
≡ h

2π

 =h/2π
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Relativistic action S and Lagrangian-Hamiltonian relations 

Use DeBroglie-momentum p=k relation and Planck-energy E=ω relation

 E = ω= Mc2 coshρ = H  p = k=Mcsinhρ

hcκ phase=cp =hυA sinhρ
hυ phase= E =hυA coshρ
hυA=Mc

2=hcκ A

 
ckphase=cp =ωA sinhρ
 
ω phase= E =ωA coshρ
 ωA=Mc

2=ckAPrior wave relations
←linear Hz      angular phasor→
    format          format              

Define Lagrangian L using invariant wave phase Φ=kx-ωt=k′x′-ω′t′ for wave of k=kphase and ω=ωphase. 

 
L ≡  dΦ

dt
= k dx

dt
− ω = p dx

dt
− E ≡ p x − E ≡ pu − H

to define Hamiltonian H=E

UseGroup velocity :u=dx
dt
=c tanhρ

L = pu − H = (Mcsinhρ)(c tanhρ)−Mc2 coshρ

 
L =  Φ =  −Mc2 1− u

2

c2     =  −Mc2 sechρ

= Mc2 sinh2ρ − cosh 2ρ
coshρ

=  −Mc2sechρ

 
H = ω = Mc2 1− u

2

c2    =   Mc2 coshρ

= −Mc2cosσ

=   Mc2secσ

=csinσ

Note:Mcu=Mc2 tanhρ

Also:  cp=Mc2 sinhρ

=Mc2 1+ sinh 2ρ =Mc2 1+(cp)2

Including
stellar

angle σ

Compare Lagrangian L

with Hamiltonian H=E 

                = Mc2 sinσ

       =ck= Mc
2 tanσ

=L
Legendre 

transformation

 
≡ h

2π
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=Bsec!

=Bcos!

=Bsin!

=Btan!

slop
e

tan
h"=
sin! slope

-sinh"=-tan!
B

=Bcsc!

-L

+H

B

=Bcot!

=Bcsc!

=Bcot!

B

B

B B

L=-Mc2sech!  !  -Mc2+Mu2/2+...

Hamiltonian H(p)

Lagrangian L(u)

H=Mc2coshρ≅Mc2+Mu2/2
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=Bsec!

=Bcos!

=Bsin!

=Btan!

slop
e

tan
h"=
sin! slope

-sinh"=-tan!
B

=Bcsc!

-L

+H

B

=Bcot!

=Bcsc!

=Bcot!

B

B

B B

L=-Mc2sech!  !  -Mc2+Mu2/2+...

1s
t Ham

ilto
n E
qua

tion

∂H
∂cp
=
u
c
=ta
nhρ

=sin
σ

1s
t Lag

ran
ge
Equ

atio
n

∂L
∂u
= p

=si
nhρ

=ta
nσ

Hamiltonian H(p)

Lagrangian L(u)

H=Mc2coshρ≅Mc2+Mu2/2
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Review of Thales geometry of
 relativistic ω(ck) or E(cp)-space

Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Relativistic optical transitions 

=ωh

 =ω 

 high = ωh    mid = ωm    low = ω 
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Review of Thales geometry of
 relativistic ω(ck) or E(cp)-space

Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Relativistic optical transitions 

=ωh

 =ω 

 high = ωh    mid = ωm    low = ω 
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Review of Thales geometry of
 relativistic ω(ck) or E(cp)-space

Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Relativistic optical transitions 

=ωh

 =ω 

 high = ωh    mid = ωm    low = ω 

Initial stationary
 BLUE Kh thing ωh=Mhic2 Kh
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Review of Thales geometry of
 relativistic ω(ck) or E(cp)-space

Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Relativistic optical transitions 

=ωh

 =ω 

 high = ωh    mid = ωm    low = ω 

Initial stationary
 BLUE Kh thing ωh=Mhic2

    transitions to
Final moving
GREEN Km thing ωm=Mmc2

Kh

Km
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Review of Thales geometry of
 relativistic ω(ck) or E(cp)-space

Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Relativistic optical transitions 

=ωh

 =ω 

 high = ωh    mid = ωm    low = ω 

Initial stationary
 BLUE Kh thing ωh=Mhic2

    transitions to
Final moving
GREEN Km thing ωm=Mmc2

Kh

Km

khm
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Review of Thales geometry of
 relativistic ω(ck) or E(cp)-space

Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Relativistic optical transitions 

=ωh

 =ω 

 high = ωh    mid = ωm    low = ω 

Initial stationary
 BLUE Kh thing ωh=Mhic2

    transitions to
Final moving
GREEN Km thing ωm=Mmc2

Kh

Km

khm
Kh

Km

khm

Feynman
diagram

(scaled down)
of

emission
process

=ωmsinhρYELLOW khm

    Recoil from emitting an
oppositely c-moving

YELLOW khm “photon” ωhm=c| khm |
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Review of Thales geometry of
 relativistic ω(ck) or E(cp)-space

Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Relativistic optical transitions 

=ωh

 =ω 

 high = ωh    mid = ωm    low = ω 

Initial stationary
 BLUE Kh thing ωh=Mhic2

    transitions to
Final moving
GREEN Km thing ωm=Mmc2

Kh

Km

khm

YELLOW khm

    Recoil from emitting an
oppositely c-moving

YELLOW khm “photon” ωhm=c| khm |

Kh

Km

khm

Feynman
diagram

(scaled down)
of

emission
process

=ωmsinhρ

Take-away point 0
Classical (and spectroscopic)

Energy-momentum conservation
is due to

conservation in
quantum-phase space-time 

“wiggle-count”
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Review of Thales geometry of
 relativistic ω(ck) or E(cp)-space

Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Relativistic optical transitions 

=ωh

 =ω 

 high = ωh    mid = ωm    low = ω 

Key recoil relations:
ωme−ρ = ω

ρ= ln M/Mm
or:

u~ c ln M/Mm
Photons are more
like “rockets”
than “bullets”

Km

K

Take-away point 2
Easy to compute
recoil rapidity ρ 

or recoil velocity u

Exact recoil rapidity
where:  urecoil

c
= tanhρ

Low-urecoil approximation where: ρ ≈ urecoil
c
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Review of Thales geometry of
 relativistic ω(ck) or E(cp)-space

Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Relativistic optical transitions 

=ωh

 =ω 

 high = ωh    mid = ωm    low = ω 

Key recoil relations:
ωme−ρ = ω

ρ= ln M/Mm
or:

u~ c ln M/Mm
Photons are more
like “rockets”
than “bullets”

Take-away point 3
Emission photons
are analogous to

rocket exhaust (not “bullets”)
(Vburnout=cexhaustln[Minitial/Mfinal])

Low-urecoil approximation where: ρ ≈ urecoil
c

...and this process is reversible

Exact recoil rapidity
where:  
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All-rational-fraction lattice
defined by discrete sub-group

of Lorentz Poincare Group
(Feynman path integrals defined

by group transformations)
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It’s going c.

It’s going c.

(Of course)

It’s going c.

FFLLAASSHH!!

It’s going -c.
PPuullssee
WWaavvee

It’s going -c.

It’s going -c.

(Of course)

φ

PW peaks precisely locate places where wave is.

Pulse wave (PW) train

Einstein Pulse Wave (PW) Axiom: PW speed seen by all observers is c

It’s going c.

It looks blue!
It’s going c.

It looks green.

(Of course)

It’s going -c.

It looks blue!

It’s going -c.

It looks red! It’s going -c.

It looks green.

(Of course)

It’s going c.

It looks red!

660000 TTHHzz
((ggrreeeenn))

LLaasseerr
ssoouurrccee

Sees Doppler blue shift Sees Doppler red shift

φ

CW zeros precisely locate places where wave is not.Continuous wave (CW) train

Evenson Continuous Wave (CW) axiom: CW speed for all colors is c

Using
Occam’s
Razor

A “road-runner” axiom
is a “show-stopper”

Can be made
more self-evident
and productive

Simpler 1CW coherenceAcos ωt

A1cos ωt+A2cos 2ωt+A3cos 3ωt+A4cos 4ωt+...

FFLLAASSHH!!

1879-1955

Albert Einstein

1285-1349

William of Ockham

1929-2002
c=299,792,458 m/s

Kenneth Evenson

(and Evenson’s lasers)

beep-meep!

is more “Zen-like”

PW Axiom is
complicated

..though it has a Newtonian “Place for everything & everything in place” feel.

That’s All 
Folks!
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2nd Quantization: 
      (                           ) is actually (                                                           )  hυ phase=E=hυAcoshρ hNυ phase=EN=hNυAcoshρ with quantum  numbers

         N=1,2,3,..

1
2
3
4
5
6
7
8
9
10
11

N1 = 12

1

2

3

4

5

N2 = 6

1

2

3

N3 = 4

EEnn
eerr
ggyy

==
hh··

FFrr
eeqq

uuee
nncc

yy

cc··MMoommeennttuumm == hhcc··WWaavveennuummbbeerr

n=1 n=2 n=3

cp=hcκ

E=hυN=hN1υ1

cp

E=hN2υ2

cp

E=hN3υ3

1
2
3
4
5
6
7

N1 = 8
9

:-)

1st Quantization:
Mode quantum number n of half-waves

2n
d
Q
ua
nt
iz
at
io
n:

Ph
ot
on
nu
m
be
rN
os
ci
lla
to
rq
ua
nt
a

Boosted wave mode

1

2

N4 = 3

cp

E=hN4υ4

n=4

-1-2-3-4

Boosted cavity
wave

has invariant
mode number n
photon number Nn

zz

xx

+1 +2 +3 +4

ct

x

Lorentz
contracted
cavity length
L=3.2

Proper length
l=4.0

NEWS FLASH!!!      hυ  is actually  hNυ  

Take-away point 4
Cavity quantum electrodynamics

(CQED)
and spectra are analogous to

molecular rovibronic dynamics
with

rotation-vibration algebra
replaced by

Lorentz-Poincare-Dirac algebra 
(and geometry!)

188Thursday, April 7, 2016



2nd Quantization: 
                   (                         ) is actually(                                                 )  hυ phase=E=hυAcoshρ hNυ phase=EN=hNυAcoshρ (N=1,2,..)

N1=2
red photons

ckn=1·ω ckn=2·ω ckn=3·ω ckn=4·ω

N1=0

N1=1
red photon

N1=3
red photons

N1=4
red photons

N2=0

N2=1
green photon

N2=2
green photons

N3=0

N3=1
blue photon

N4=0

N4=1
violet photon

22nn
dd --QQ

uuaa
nntt

iizzee
dd
AAmm

ppllii
ttuu

ddee
((““
pphh

oott
oonn

””nn
uumm

bbee
rr))

11sstt--QQuuaannttiizzeedd WWaavveennuummbbeerr ((““kkiinnkk”” oorr mmoommeennttuumm nnuummbbeerr))n=1

n=2

n=3

n=4n=1

n=1

n=1

n=1

n=2

n=2

n=3

n=4

zero-point
energy

fund
ame
ntal
sing
le p
hoto
n

2-
ph
oto
n

NEWS FLASH!!!      hυ  is actually  hNυ  
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Fig. 8.2 Accelerated reference frames and their trajectories painted by chirped coherent light 
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Relativistic action S and Lagrangian-Hamiltonian relations 

Use DeBroglie-momentum p=k relation and Planck-energy E=ω relation

hcκ phase=cp =hυA sinhρ
hυ phase= E =hυA coshρ
hυA=Mc

2=hcκ A

 
ckphase=cp =ωA sinhρ
 
ω phase= E =ωA coshρ
 ωA=Mc

2=ckAPrior wave relations
←linear Hz      angular phasor→
    format          format              

Define Lagrangian L using invariant wave phase Φ=kx-ωt=k′x′-ω′t′ for wave of k=kphase and ω=ωphase. 

 
L ≡  dΦ

dt
= k dx

dt
− ω = p dx

dt
− E ≡ p x − E ≡ pu − H

Define Action S=Φ

to define Hamiltonian H=E

 
L =  Φ =  −Mc2 1− u

2

c2     =  −Mc2 sechρ

 
H = ω = Mc2 1− u

2

c2    =   Mc2 coshρ

= −Mc2cosσ

=   Mc2secσ
=Mc2 1+ sinh 2ρ =Mc2 1+(cp)2

Compare Lagrangian L

with Hamiltonian H=E 

=L
Legendre 

transformation

 S =

dS
dt

=

 
≡ h

2π
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Relativistic action S and Lagrangian-Hamiltonian relations 

Use DeBroglie-momentum p=k relation and Planck-energy E=ω relation

hcκ phase=cp =hυA sinhρ
hυ phase= E =hυA coshρ
hυA=Mc

2=hcκ A

 
ckphase=cp =ωA sinhρ
 
ω phase= E =ωA coshρ
 ωA=Mc

2=ckAPrior wave relations
←linear Hz      angular phasor→
    format          format              

Define Lagrangian L using invariant wave phase Φ=kx-ωt=k′x′-ω′t′ for wave of k=kphase and ω=ωphase. 

 
L ≡  dΦ

dt
= k dx

dt
− ω = p dx

dt
− E ≡ p x − E ≡ pu − H

Define Action S=Φ

to define Hamiltonian H=E

 
L =  Φ =  −Mc2 1− u

2

c2     =  −Mc2 sechρ

 
H = ω = Mc2 1− u

2

c2    =   Mc2 coshρ

= −Mc2cosσ

=   Mc2secσ
=Mc2 1+ sinh 2ρ =Mc2 1+(cp)2

Compare Lagrangian L

with Hamiltonian H=E 

=L
Legendre 

transformation

 S =

dS
dt

=

 dS ≡ Ldt ≡ dΦ = kdx − ωdt = pdx − Hdt Poincare Invariant action differential 

 
≡ h
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Relativistic action S and Lagrangian-Hamiltonian relations 

Use DeBroglie-momentum p=k relation and Planck-energy E=ω relation

hcκ phase=cp =hυA sinhρ
hυ phase= E =hυA coshρ
hυA=Mc

2=hcκ A

 
ckphase=cp =ωA sinhρ
 
ω phase= E =ωA coshρ
 ωA=Mc

2=ckAPrior wave relations
←linear Hz      angular phasor→
    format          format              

Define Lagrangian L using invariant wave phase Φ=kx-ωt=k′x′-ω′t′ for wave of k=kphase and ω=ωphase. 

 
L ≡  dΦ

dt
= k dx

dt
− ω = p dx

dt
− E ≡ p x − E ≡ pu − H

Define Action S=Φ

to define Hamiltonian H=E

UseGroup velocity :u=dx
dt
=c tanhρ

 
L =  Φ =  −Mc2 1− u

2

c2     =  −Mc2 sechρ

 
H = ω = Mc2 1− u

2

c2    =   Mc2 coshρ

= −Mc2cosσ

=   Mc2secσ
=Mc2 1+ sinh 2ρ =Mc2 1+(cp)2

Compare Lagrangian L

with Hamiltonian H=E 

=L
Legendre 

transformation

 S =

dS
dt

=

 dS ≡ Ldt ≡ dΦ = kdx − ωdt = pdx − Hdt

Hamilton-Jacobi equations∂S
∂x

= p ∂S
∂t

=− H

Poincare Invariant action differential 

 
≡ h
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(a) Hamiltonian

Momentum p

P
P′

P′′

-L
-L′
-L′′

L(q,q)

Velocity u=q

Q
Q′
Q′′

-H

-H′

-H′′

H
H′

H′′
L
L′
L′′H

H′

H′′

slope is

momentum p:

slope is

group velocity u:

∂H
∂p

= q
= u

∂L
∂q

= p

(b) LagrangianH(q,p)

radius = Mc2

O

O

Light cone u=1=c
has infiniteH

and zero L

σ′′
σ′
σ

Poincare Invariant Action dS=Ldt=p dq-H dt=dΦ (phase)
Hamiltonian H(p,q)=pq -L vs. Lagrangian L(qq)=pq-H

Contact transformation: (slope,-intercept) of H (or L) tangent
determines the (X,Y coordinates) of L (or H).

(Also, called a Legendre contact transformation which is a special case of a
Huygens transformation that uses contacting tangent curves instead of lines.)

Here slope is momentum p

Y-coordinate is phase rate L=ΦΦ
Here slope is group velocity u=q

Y-coordinate is energy H=ωω
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Carla-Bob rapidity: 

Carla-Bob Doppler ratio: 

I got 〈C⏐B〉=〈C⏐A〉〈A⏐B〉=(2/3)(1/2)=1/3,
    and ρCB = ρCA+ρAB =-1.10
           Weʼre in Splitsville!

Galileo’s Revenge (part 2)
Phasor angular velocity 

adds just like
Galilean velocity

Happy now? 

ω phase =
ω A +ω B

2
ω group =

ω A −ω B

2

Galileo’s Revenge (part 2)
Phasor angular velocity 

adds just like
Galilean velocity

Happy now? 

ω phase =
ω A +ω B

2
ω group =

ω A −ω B

2
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