
Relawavity: 
Helping to clarify Quantum Theory and Relativity 

by effecting a wavy marriage 
between this enigmatic pair 

Auxiliary slides for seminar at Rochester Institute of Optics June 19, 2018



Bad Suzy! 
Relativity and Quantum Theory  
need to be unified in one book 
half the size of those old tomes! 

We call that a Relawavity book. 
(It’s a lot lighter!)

(Why a Men In Black candidate shot little Suzy)

lighter
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per-SPACETIME 
(υ,κ)-graph

wavenumber κ
(waves per meter)

frequency υ
(waves per sec.)

SPACETIME 
(t,x)-graph

wavelength λ
(meters per wave)

period τ
(sec. per wave)

wavelength λ
(meters per wave)

period τ
(sec. per wave)

wavelength
λ=2/3=1/κ

period
τ =5/4 =1/υ

Press a key to get a wave (a 1-CW) ...in spacetime...υ = 4 / 5
frequency

κ = 3 / 2
wavenumber

Jean-Baptiste 
Joseph Fourier 
1768-1830 

“Keyboard of the gods” is known as “Fourier-space”

(κ,υ)-graph

•How to understand waves 
and  

wave velocity Vwave

SPACETIME
(λ,τ)-graph

“Keyboard of the gods”

Analyzing wave velocity by per-space-per-time and space-time graphs 

RelaWavity Web Simulation 
Keyboard of the Gods 

(per-Time vs per-Space)

http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=7%7C1
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=7%7C1
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=7%7C1
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=7%7C1
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Press a key to get a wave (a 1-CW) ...in spacetime...
τ =5/4 =1/υ
period

υ = 4 / 5
frequency

κ = 3 / 2
wavenumber

time

inverse temporal values  
per-time versus time

Jean-Baptiste 
Joseph Fourier 
1768-1830 

“Keyboard of the gods” is known as “Fourier-space”

(κ,υ)-graph

•How to understand waves 
and  

wave velocity Vwave

SPACETIME
(λ,τ)-graph

Heinreich 
Hertz 
1857-1894 
1Hz=1sec-1

Analyzing wave velocity by per-space-per-time and space-time graphs 

           period τ  
(sec. per wave)
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Jean-Baptiste 
Joseph Fourier 
1768-1830 

“Keyboard of the gods” is known as “Fourier-space”

(κ,υ)-graph

•How to understand waves 
and  

wave velocity Vwave

Heinreich 
Hertz 
1857-1894 
1Hz=1sec-1

τ =Greek “t”  
for time =1/υ

υ = Greek“n” for number  
of waves per second  
or Hertz (Hz) =1/τ

SPACETIME
(λ,τ)-graph

Analyzing wave velocity by per-space-per-time and space-time graphs 

RelaWavity Web Simulation 
Keyboard of the Gods 

(Dual Plot)

           period τ  
(sec. per wave)

http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=7%7C2&bcStepInd=1
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=7%7C2&bcStepInd=1
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=7%7C2&bcStepInd=1
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“Keyboard of the gods” is known as “Fourier-space”

(κ,υ)-graph

inverse spatial values  
per-space versus space
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•How to understand waves 
and  

wave velocity Vwave

Heinreich 
Hertz 
1857-1894 
1Hz=1sec-1

SPACETIME
(λ,τ)-graph

τ =Greek “t”  
for time =1/υ

λ = Greek “L”  
for Length =1/κ

κ =Greek “k”  
for Kayser 

(or “kinks”)=1/λ

υ = Greek“n” for number  
of waves per second  
or Hertz (Hz) =1/τ

Analyzing wave velocity by per-space-per-time and space-time graphs 

           period τ  
(sec. per wave)

  wavelength λ 
(meters. per wave)
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wave velocity Vwave

Heinreich 
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1857-1894 
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http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=7%7C2&bcStepInd=1
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=7%7C2&bcStepInd=1
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=7%7C2&bcStepInd=1
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Analyzing wave velocity by per-space-per-time and space-time graphs 
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•How to understand waves 
and  

wave velocity Vwave
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http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=7%7C2&bcStepInd=2
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“Keyboard of the gods” is known as “Fourier-space”

(κ,υ)-graph (λ,τ)-graph

•How to understand waves 
and  

wave velocity Vwave

Analyzing wave velocity by per-space-per-time and space-time graphs 



1

1

2

-! !

!

"-"

-"

#-#
2 1

1

2

-! !

!

"-"

-"

#-#
2

1

1

2

-! !

!

"-"

-"

#-#
2

per-SPACETIME 
(υ,κ)-graph

wavenumber κ
(waves per meter)

frequency υ
(waves per sec.)

SPACETIME 
(t,x)-graph

wavelength λ
(meters per wave)

period τ
(sec. per wave)

wavelength λ
(meters per wave)

period τ
(sec. per wave)

Press a key to get a wave (a 1-CW) 
“1-CW” means  

“single Continuous Wave”

...for 
all 

time...

(and hold) 

∧

...at a speed of: 

distance
time

=wavelength
period

 = λ
τ
= 2/3

5/4
= 8

15
m.
s.

λ=2/3

τ=
5/
4
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Jean-Baptiste 
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“Keyboard of the gods” is known as “Fourier-space”

(κ,υ)-graph (λ,τ)-graph

•How to understand waves 
and  

wave velocity Vwave
wave-speed equals slope-to-vertical λ/τ in (λ,τ)-graph 

Analyzing wave velocity by per-space-per-time and space-time graphs 
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“Keyboard of the gods” is known as “Fourier-space”
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wave-speed equals slope-to-vertical λ/τ in (λ,τ)-graph 

wave-speed equals slope-to-horizontal υ/κ in (κ,υ)-graph 

Vwave =
υ
κ

•How to understand waves 
and  

wave velocity Vwave

Analyzing wave velocity by per-space-per-time and space-time graphs 



wave arithmetic is simpler to explain using fractions 

Press a key to get a wave (a 1-CW) 
“1-CW” means  

“single Continuous Wave”

...for 
all 

time...

(and hold) 

∧

...at a speed of: 

λ=2/3

τ=
5/
4

distance
time

=wavelength
period

= frequency
wavenumber

   Vwave  =
λ
τ

 = 1/κ
1/υ

   = υ
κ

  = 1/τ
1/λ

           = 2/3
5/4

= 4/5
3/2

            = 8
15

m.
s.

wave-velocity formulas

...That “continues”  
             everywhere… 

...in spacetime...

τ =5/4 =1/υ
period

τ =5/4 =1/υ
period

υ = 4 / 5
frequency

κ = 3 / 2
wavenumber

wave-speed equals slope-to-vertical λ/τ in (λ,τ)-graph 

wave-speed equals slope-to-horizontal υ/κ in (κ,υ)-graph 

•How to understand waves 
and  

“1st quantization”

Vwave =
υ
κ

distance
time

=wavelength
period

 = λ
τ
= 2/3

5/4
= 8

15
m.
s.
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Analyzing wave velocity by per-space-per-time and space-time graphs 
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(!,c!)-graph

c·wavenumber c!x
(units: 600THz)

frequency !
(units: 600THz)

!=300THz

"=106/m 2·106/m 3·106/m 4·106/m

600THz

900THz

1200THz

1800THz

υ
=
1·υ

A

cκ =1·cκ A λ = 1·λA

cτ
=1
·cτ

A

=υA cτ A=λA

=λA

Atom traveling along wave
sees fewer wave “hits” /sec. 
(that is: Doppler red-shift)

"hit"

"hit"

"hit"

"hit"

"hit"

"hit"

Atom traveling against wave
sees more wave “hits” /sec. 
(that is: Doppler blue-shift)

"hit"

"hit"

"hit"

"hit"

"hit"

"hit"

"hit"

"hit"

Christian
Doppler
1803-1853

(cκ,υ)-graph (λ,cτ)-graph

Move fast enough this way then the
“green” wave gets redder and redder

until it dies

Move fast enough this way then the
“green” wave gets bluer and bluer

until YOU die

Frequency AND Amplitude
decrease exponentially

Frequency AND Amplitude
increase exponentially

Introducing Doppler shifting

c = λ
τ
= υ
κ

= ω
k

   

rescaled by c to:  

1= λ
cτ

= υ
cκ

= ω
ck



Alice: “Well, what is its wavelength λ, Bob!”

Bob: “ Alice! My frequency meter reads υ=600THz for your laser beam.

SOURCESOURCE RECEIVERRECEIVER

A really fast Alice shines her υ=300THz laser

600THz line600

500

400

300

700

800

frequency υ=ω/2π
(Inverse period υ=1/τ)

c·wavenumber c·κ=c·k/2π
(inverse wavelength κ=1/λ)

(ω = ck)
or

(υ = cκ)

C

900

λ= 1.00µm 0.50µm 0.33µm
κ= 1·106/m 2·106/m 3·106/m

THz

(a)

(b) Alice’s 300THz laser approaches Bob. 
         (a) Bob sees υ=600THz.  
          (b) What λ=1/κ does Bob measure? 

Introducing Doppler shifting and why c is so constant (and so slow)

And, is he seeing a ‘phony’ green?



Alice: “Well, what is its wavelength λ, Bob!”

Bob: “ Alice! My frequency meter reads υ=600THz for your laser beam.

SOURCESOURCE RECEIVERRECEIVER

A really fast Alice shines her υ=300THz laser

600THz line600

500

400

300

700

800

frequency υ=ω/2π
(Inverse period υ=1/τ)

c·wavenumber c·κ=c·k/2π
(inverse wavelength κ=1/λ)

(ω = ck)
or

(υ = cκ)

C

900

λ= 1.00µm 0.50µm 0.33µm
κ= 1·106/m 2·106/m 3·106/m

THz

(a)

(b) Fig. 7 Alice’s 300THz laser approaches Bob. 
         (a) Bob sees υ=600THz.  
          (b) What λ=1/κ does Bob measure? 

Years of spectroscopy rule out ‘phony’ 600THz blue-green that do not have wavelength λ=0.5micron.
The only choice is C. 

Introducing Doppler shifting and why c is constant

And, is he seeing a ‘phony’ green?
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Introducing Doppler shifting and why c is constant

Alice: “Well, what is its wavelength λ, Bob!”

Bob: “ Alice! My frequency meter reads υ=600THz for your laser beam.
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...and Dispersion-Free!
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R S = υRECEIVER

υSOURCE

ρRS = ln R S

Doppler ratio: 

R S = eρRS = e−ρSR
 or: 

Definition of Rapidity 
ρRS

B A = υB

υA

= 600
300

= 2
1

ρBA=ln B A =ln 2
1
= 0.6931

Bob-Alice Doppler ratio: 

Bob-Alice rapidity: 

C A = υC

υA

= 400
300

= 4
3

ρCA=ln C A = ln4
3
= 0.2876

Carla-Alice Doppler ratio: 

Carla-Alice rapidity: 
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 + ln 1
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    = ln2
3

eρCB = eρCAeρAB = eρCA +ρAB

Bob: I see Doppler
Blue shift to υA=600THz(green) 

Alice: Hey, Bob and Carla! Report your 
Doppler shift ratios 〈B⏐A〉 and 〈C⏐A〉
relative to my υA=300THz (infra-red) beam.
Also, rapidity ρBA and  ρCA  relative to me,
   and Carlaʼs rapidity ρCB relative to Bob.  

〈B⏐A〉=2 and ρBA =ln(2)=+0.6931
(a) (b) (c)

Galileo’s Revenge (part 1)
    Rapidity adds just like
        Galilean velocity

Galileo Galilei

1564-1642

〈C⏐A〉=4/3 and ρCA =ln(4/3)=0.2876

Carla: I see Doppler
Blue shift to υC=400THz (red) 

ALICEʼS FRAME
BOBʼS FRAME

CARLAʼS FRAMEρBA
ρCB

ρCA=ρCB+ρBA

SOURCESOURCE

A really fast Alice shines her υ=300THz laser

υA=300THz RECEIVERRECEIVER RECEIVERRECEIVER
υB=1200THz υC=400THz

υA=600THzυA=600THz

Introducing Doppler Arithmetic and rapidity ρ
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B moves relative to A

PLUS

β

α
cosα

sinα

cosβ

Red phasor B

EQUALS:

Green phasor A

(α+β)/2

(α−β)/2

(α−β)/2

(b) Typical Phasor Sum:

r= 0 r= 1 r= 2 r= 3 r= 4 r= 5 r= 6 r= 7 r= 8 r= 9 r=10 r=11 r=12 r=13 r=14 r=15 r= 0

kk== 22kk== 22

kk== 33kk== 33

GGrroouupp oorr BBeeaatt:: NNooddee oorr ZZeerroo::

A moves relative to B

(c) Phasor-relative views

(a) Sum of Wave Phasor Array

A

A B

B

ψA=e
iα

ψB=e
iβ

Sum: ΨA+B=ψA+ψB

Difference:ΨA−B=ψA−ψB

ΨA+B=ψA+ψB

(α−β)

Geometry of the 
Half-sum 
Phase
and
Half-difference
Group

Galileo’s Revenge (part 2) 
Phasor angular velocity  

adds just like 
Galilean velocity

Happy now? 

Link to Animation from  
Pirelli Challenge

https://www.uark.edu/ua/pirelli/html/phasors_2_3_zoom_anim.html
https://www.uark.edu/ua/pirelli/html/phasors_2_3_zoom_anim.html


right-moving wave 
Spacetime (x,ct)

ct

x

ct

x

ct

x

Per-Spacetime 
(ck,ω)

ω=2πυ

ck=2πcκ

left-moving wave 
Spacetime (x,ct)

600THz

900THz

300THz

1200THz

Colliding 2CW laser beamsright-moving CW laser left-moving CW laser

right-moving wave 

(ckR,ωR) 
R=(+2c,2)

left-moving wave 

(ckL,ωL) 
L=(-2c,2)

RL

BohrIt Web Simulation 2 
CW ct vs x Plot (ck = ±2)

P=½(R+L)

G=½(R-L)

ψ R=e
iR=ei(kRx−ω Rt ) ψ L=e

iL=ei(kLx−ω Lt )

http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-130022
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-130022
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-130022


Aei(kx−ωt )

600THz
1-CW left-to-RIGHT→

Aei(−kx−ωt )

600THz
← LEFT-from-right1-CW

1-CW moving left-to-RIGHT→← LEFT-from-right moving 1-CW

 → ←

cκ
units of 
300THz

SOURCESOURCE SOURCESOURCE

ψ = Aei(kx−ωt ) + Aei(−kx−ωt )

υ
units of 
300THz

P = 1
2 (R+L)

P = 1
2 (R+L)

G = 1
2 (R−L)

(a) (b) (c)

(d)

ct
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1 4
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)

x units of 1
4µm

1 2 3 4
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4µm

5
6 fs
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5
3 fs

5
6 fs

5
3 fs

Standing wave
(x,ct) - grid

5
2 fs

1 2 3 4

-1.0 0 1.0 2.0 3.0-2.0-3.0 4.0-4.0 5.0

G = 1
2 (R−L)

1.0

2.0

3.0

4.0
Introducing optical  
space-time grids and 
per-space-time  
“baseball-diamonds”

(ck = ±2)
www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-130022

http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-130022
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G = 1
2 (R−L)
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4.0
Introducing optical  
space-time grids and 
per-space-time  
“baseball-diamonds”

eiR+eiL=e
iR+L

2 (e
iR−L

2 +e
−i R−L

2 )

           =e
iR+L

2 2cos R−L
2  

           =2e−iωtcoskx  
           =ψphaseψgroup  
R=kRx-ωRt  and: L=-kLx-ωLt
  = kx -ωt             =-kx -ωt

ReΨPhase = zeros

ΨGroup=zeros



ψ R=e
iR=ei(kRx−ω Rt ) ψ L=e

iL=ei(kLx−ω Lt )

left-moving wave 

(ckL,ωL) 
(-1c,1)=L′

right-moving wave 

(ckR,ωR) 
R′=(+4c,4)

R′

L′

ct

x

ct

x

Rapidly moving Bob sees...

...Blue shifted wave 
coming at him and...

...Red shifted wave 
behind him.

right-moving Doppler blue shifted wave left-moving Doppler red shifted wave

600THz

900THz

300THz

1200THz

Web Simulation 
1 CW ct vs x Plot 

(ck = +4)

Web Simulation 
1 CW ct vs x Plot 

(ck = -1)

http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=30004
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=30004
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=30004
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-30001
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-30001
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-30001


ψ R=e
iR=ei(kRx−ω Rt ) ψ L=e

iL=ei(kLx−ω Lt )

G′=½(R′-L′)

left-moving wave 

(ckL,ωL) 
(-1c,1)=L′

right-moving wave 

(ckR,ωR) 
R′=(+4c,4)

P′=½(R′+ L′)

R′

L′

ct

x

ct

x

Rapidly moving Bob sees...
...transformed (P′,G′) grid

Per-Spacetime 
(ck,ω)

...Doppler shifts give  
Lorentz transformation  

of both these graphs

right-moving Doppler blue shifted wave left-moving Doppler red shifted wave

600THz

900THz

300THz

1200THz

BohrIt Web Simulation  
2 CW Minkowski  Plot  

(ck = -1, +4)

G′

P′

http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5


SOURCESOURCESOURCESOURCE

Three scenarios that look the same to Bob

SOURCESOURCE SOURCESOURCE

Alice’s laser
stationary
tuned up to
υΑ=1200THz

Carla’s laser
stationary
tuned down to
υΑ=300THz

Bob
stationary

Bob
moving left at u= -3c/5

Alice’s laser
stationary
tuned to
υΑ=600THz

Alice’s laser
moving right
at u=3c/5
tuned to
υΑ=600THz

Carla’s laser
stationary
tuned to
υΑ=600THz

Bob
stationary

Carla’s laser
moving right
at u=3c/5
tuned to
υΑ=600THz

Much cheaper (and safer) to do the 3rd scenario!$!

Alice’s beam 
 is 1200THz

Carla’s beam 
 is 300THz

Alice’s beam 
 is 1200THz

Carla’s beam 
 is 300THz

Alice’s beam 
 is 1200THz

Carla’s beam 
 is 300THz
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1-CW left-to-RIGHT→

Aei(-kLx−ω Lt )

300THz

←LEFT-from-right 1-CW

1-CW left-to-RIGHT→
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cκ
units of 
300THz
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units of 
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′P = 1
2 ( ′R + ′L )

←LEFT-from-right 1-CW
′G = 1

2 ( ′R − ′L )

P = 1
2 (R+L)

SOURCESOURCE SOURCESOURCE

′G = 1
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2 ( ′R + ′L )

′P =
′υ phase

c ′κ phase
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⎝
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1
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View
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1
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′G =
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c ′κ group
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View
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View

ei ʹR+ei ʹL=e
i ʹR + ʹL

2 (e
i ʹR − ʹL

2 +e
−i ʹR − ʹL

2 )

           =e
i ʹR + ʹL

2 2cos ʹR − ʹL
2   

           = ʹψphase ʹψgroup  
ʹR =kRx-ωRt  and: ʹL =-kLx-ωLt

LEFT-from-right 1-CW



υR=600THz υL=300THz

Doppler Jeopardy 

(1.) To what velocity uE must Bob accelerate so he sees beams with equal frequency ωE?  
(2.) What is that frequency ωE ? 



υR=600THz υL=300THz

(1.) To what velocity uE must Bob accelerate so he sees beams with equal frequency ωE?  
(2.) What is that frequency ωE ? 
Query (1.) has a Jeopardy-style answer-by-question: What is beam group velocity? 

uE =Vgroup =
ωgroup

kgroup
=
ωR −ωL

kR − kL
= cωR −ωL

ωR +ωL

Doppler Jeopardy 



υR=600THz υL=300THz

(1.) To what velocity uE must Bob accelerate so he sees beams with equal frequency ωE?  
(2.) What is that frequency ωE ? 
Query (1.) has a Jeopardy-style answer-by-question: What is beam group velocity? 

uE =Vgroup =
ωgroup

kgroup
=
ωR −ωL

kR − kL
= cωR −ωL

ωR +ωL

Vgroup = c
ωR −ωL

ωR +ωL

= c 600 − 300
600 + 300

=
1
3
c

Doppler Jeopardy 

300
900



(1.) To what velocity uE must Bob accelerate so he sees beams with equal frequency ωE?  
(2.) What is that frequency ωE ? 
Query (1.) has a Jeopardy-style answer-by-question: What is beam group velocity? 

uE =Vgroup =
ωgroup

kgroup
=
ωR −ωL

kR − kL
= cωR −ωL

ωR +ωL

Query (2.) similarly: What ωE is blue-shift bωL of ωL and red-shift ωR /b of  ωR ? 

ωE=bωL=ωR/b   ⇒     b= ωR /ωL ⇒    ωE= ωR⋅ωL
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(1.) To what velocity uE must Bob accelerate so he sees beams with equal frequency ωE?  
(2.) What is that frequency ωE ? 
Query (1.) has a Jeopardy-style answer-by-question: What is beam group velocity? 

uE =Vgroup =
ωgroup

kgroup
=
ωR −ωL

kR − kL
= cωR −ωL

ωR +ωL

Query (2.) similarly: What ωE is blue-shift bωL of ωL and red-shift ωR /b of  ωR ? 

ωE=bωL=ωR/b   ⇒     b= ωR /ωL ⇒    ωE= ωR⋅ωL

υR=600THz υL=300THz

Geometric mean

Vgroup = c
ωR −ωL

ωR +ωL

= c 600 − 300
600 + 300

=
1
3
c

ωE= ωR⋅ωL

     = 180000
     = 424

Doppler Jeopardy 

300
900

6 ⋅3 = 3 2 = 4.24



(1.) To what velocity uE must Bob accelerate so he sees beams with equal frequency ωE?  
(2.) What is that frequency ωE ? 
Query (1.) has a Jeopardy-style answer-by-question: What is beam group velocity? 

uE =Vgroup =
ωgroup

kgroup
=
ωR −ωL

kR − kL
= cωR −ωL

ωR +ωL

Query (2.) similarly: What ωE is blue-shift bωL of ωL and red-shift ωR /b of  ωR ? 

ωE=bωL=ωR/b   ⇒     b= ωR /ωL ⇒    ωE= ωR⋅ωL

υR=600THz υL=300THz

Geometric mean

Vgroup = c
ωR −ωL

ωR +ωL

= c 600 − 300
600 + 300

=
1
3
c

ωE= ωR⋅ωL

     = 180000
     = 424

          is ratio of difference mean                       to arithmetic mean                       . Frequency ωE =B   
is the geometric mean              of left and right-moving frequencies defining the geometry

Vgroup/c ωgroup=
ωR−ωL
2 ω phase=

ωR+ωL
2

ωR⋅ωL

Doppler Jeopardy 
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6 ⋅3 = 3 2 = 4.24



Thales Mean Geometry (600BCE)  
helps “Relawavity” 

= 4 −1
4 +1

Thales of 
Miletus 
624-543 BCE



Thales Mean Geometry (600BCE)  
helps “Relawavity” Thales showed a circle diameter subtends a right angle with any circle point P

This leads to a convenient 
construction of geometric means 
and relativistic hyperbolas.
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4 +1

Thales of 
Miletus 
624-543 BCE



Thales Mean Geometry (600BCE)  
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Comparing Longitudinal relativity parameter:Rapidity ρ = loge(Doppler Shift) 
           to a    Transverse*relativity parameter: Stellar aberration angle σ

*Lewis Carroll Epstein, Relativitätstheorie, Birkhäuser, (2004) Earlier English version (1985)-

Comparing Longitudinal relativity parameter:Rapidity ρ = loge(Doppler Shift) 
           to a    Transverse*relativity parameter: Stellar aberration angle σ

*Lewis Carroll Epstein, Relativitätstheorie, Birkhäuser, (2004) Earlier English version (1985)-

   We used notion σ  
for stellar-ab-angle, 
(a “flipped-out” ρ ). 
Epstein not interested  
in ρ analysis or in 
relation of σ and ρ.
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Epstein’s trick is to 
turn a hyperbolic form 
into a circular form: 

(cτ )2 + ( ′x )2 = (c ′t )

cτ = (c ′t )2 − ( ′x )2

Then everything (and everybody) always goes speed c through (x′,cτ) space!
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Summary of optical wave parameters for relativity and QM
...and their geometry
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An aid to 
pattern recognition:

RelaWavity Web Simulation  
{perSpace - perTime All}

http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=3%7C6&minkGridPosCells=0
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=3%7C6&minkGridPosCells=0
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Table of 12 wave parameters  
(includes inverses) for relativity
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bBLUE
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     ρ
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 angle   σ
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1−β
1+β

β
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1
β−2−1

1−β 2

1
1
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1

1
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1+β
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β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

An aid to 
pattern recognition:

...and values for u/c=3/5
RelaWavity Web Simulation 

Expanded Relativistic Relations

http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=8%7C7
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=8%7C7


Optical wave guide relativistic geometry aided by Occam’s Sword
geometry applies to (x,y) space-space 
                    to (kx,ky)per-space-per-space 
                             to (x,ct) space-time

Example of near-cut-off mode with low Vgroup=c/2 and high Vphase=2c . (High dispersion.)

Relativistic mode with near-c Vgroup=c/2 and Vphase=2c . (Low dispersion.)
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                    to (kx,ky)per-space-per-space 
                             to (x,ct) space-time

Example of near-cut-off mode with low Vgroup=c/2 and high Vphase=2c . (High dispersion.)

Relativistic mode with near-c Vgroup=c/2 and Vphase=2c . (Low dispersion.)



Optical wave guide relativistic geometry aided by Occam’s Sword
geometry applies to (x,y) space-space 
                    to (kx,ky)per-space-per-space 
                             to (x,ct) space-time

Example of near-cut-off mode with low Vgroup=c/2 and high Vphase=2c . (High dispersion.)

Relativistic mode with near-c Vgroup=c/2 and Vphase=2c . (Low dispersion.)

GuideIt Web Simulation: σ = 30°

GuideIt Web Simulation: σ = 60°

http://www.uark.edu/ua/modphys/markup/GuideItWeb.html?scenario=260
http://www.uark.edu/ua/modphys/markup/GuideItWeb.html?scenario=230


Spherical wave relativistic geometry
Also, aided by Occam’s Sword



Occam  
Sword 
geometry 
in (x,y) 
space-
space



Spherical wave  
relativistic geometry

Occam  
Sword 
geometry 
in (x,y) 
space-
space

RelaWavity Web Simulation  
Wavefronts in Space-Space

https://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C1
https://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C1


Spherical wave  
relativistic geometry 

u/c = 1/3

Web Simulation  
Spectral Ellipse  

{PerSpace-PerSpace} 
{β = u/c = 1/3}

https://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C3&protractorInd=0&protractorVectorCnt=720&velocity=0.3333&gCircleInd=1&asympInd=2&insetInfoInd=1&ssCurvedElementsInd=0&vertBranchInd=1&swordTypeInd=1&swordLineWidth=2
https://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C3&protractorInd=0&protractorVectorCnt=720&velocity=0.3333&gCircleInd=1&asympInd=2&insetInfoInd=1&ssCurvedElementsInd=0&vertBranchInd=1&swordTypeInd=1&swordLineWidth=2
https://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C3&protractorInd=0&protractorVectorCnt=720&velocity=0.3333&gCircleInd=1&asympInd=2&insetInfoInd=1&ssCurvedElementsInd=0&vertBranchInd=1&swordTypeInd=1&swordLineWidth=2
https://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C3&protractorInd=0&protractorVectorCnt=720&velocity=0.3333&gCircleInd=1&asympInd=2&insetInfoInd=1&ssCurvedElementsInd=0&vertBranchInd=1&swordTypeInd=1&swordLineWidth=2


Spherical wave  
relativistic geometry 

u/c = 3/4

Web Simulation  
Spectral Ellipse  
{β = u/c = 3/4}

https://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C3&protractorInd=0&protractorVectorCnt=720&velocity=0.75&gCircleInd=1&asympInd=2&insetInfoInd=1&ssCurvedElementsInd=0&vertBranchInd=1&swordTypeInd=1&swordLineWidth=3
https://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C3&protractorInd=0&protractorVectorCnt=720&velocity=0.75&gCircleInd=1&asympInd=2&insetInfoInd=1&ssCurvedElementsInd=0&vertBranchInd=1&swordTypeInd=1&swordLineWidth=3
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υ phase = Bcoshρ ≈ B +2

1 Bρ2(for u≪c)
Using (some) wave parameters to develop relativistic quantum theory 

At low speeds:

coshρ≈1+2
1ρ2

sinhρ≈ρ 
cκ phase = Bsinhρ  ≈ Bρ          (for u≪c)

B =υA
B =υA = cκ A

At low speeds:

RelaWavity Web Simulation - Relativistic Terms 
(Expanded Table)

…and classical mechanics 

http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=8%7C7
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=8%7C7
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Using (some) wave parameters to develop relativistic quantum theory 
…and classical mechanics 
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υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (u≪c)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c
 

u
c

= tanhρ ≈ ρ             (for u≪c)
 
cκ phase = Bsinhρ  ≈ Bρ          (for u≪c)

B =υA
B =υA = cκ A

Using (some) wave parameters to develop relativistic quantum theory 
…and classical mechanics 
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At low speeds:
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2 ⇐ for (u≪c)⇒ κ phase ≈
B
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coshρ≈1+2
1ρ2≈1+2

1u2
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sinhρ≈ρ≈u

c
 

u
c

= tanhρ ≈ ρ             (for u≪c)
 
cκ phase = Bsinhρ  ≈ Bρ          (for u≪c)

B =υA
B =υA = cκ A

υphase and κphase resemble 
formulae for Newton’s 
kinetic energy and momentum

Resembles: const.+   Mu2 Resembles: Mu1
2

Using (some) wave parameters to develop relativistic quantum theory 
…and classical mechanics 
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υ phase = Bcoshρ ≈ B +2

1 Bρ2(for u≪c)

At low speeds:
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u
c

= tanhρ ≈ ρ             (for u≪c)
 
cκ phase = Bsinhρ  ≈ Bρ          (for u≪c)

B =υA
B =υA = cκ A

υphase and κphase resemble 
formulae for Newton’s kinetic 
energy   Mu2 and momentum Mu.1

2

Resembles: const.+   Mu2 Resembles: Mu1
2

hB
c2

Rescale υphase by h   so: M=               

Using (some) wave parameters to develop relativistic quantum theory 
…and classical mechanics 
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At low speeds:
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u
c

= tanhρ ≈ ρ             (for u≪c)
 
cκ phase = Bsinhρ  ≈ Bρ          (for u≪c)

B =υA
B =υA = cκ A

υphase and κphase resemble 
formulae for Newton’s kinetic 
energy   Mu2 and momentum Mu.1

2

Resembles: const.+   Mu2 Resembles: Mu1
2

hB
c2

Rescale υphase by h   so: M=               

Using (some) wave parameters to develop relativistic quantum theory 

So attach scale factor h   
to match units.

…and classical mechanics 
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υ phase = Bcoshρ ≈ B +2

1 Bρ2(for u≪c)

At low speeds:
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hυ phase≈hB + 1

2
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2 ⇐ for (u≪c)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for u≪c)
 
cκ phase = Bsinhρ  ≈ Bρ          (for u≪c)

B =υA
B =υA = cκ A

Resembles: const.+   Mu2 Resembles: Mu1
2

υphase and κphase resemble 
formulae for Newton’s kinetic 
energy   Mu2 and momentum Mu.1

2

hB
c2

Rescale υphase by h   so: M=               

Using (some) wave parameters to develop relativistic quantum theory 

So attach scale factor h   
to match units.

…and classical mechanics 
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=0.80 5

4
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υ phase = Bcoshρ ≈ B +2

1 Bρ2(for u≪c)

At low speeds:

 
υ phase ≈ B + 1
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2 ⇐ for (u≪c)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2
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c

 
hυ phase≈hB + 1

2
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2 ⇐ for (u≪c)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for u≪c)
 
cκ phase = Bsinhρ  ≈ Bρ          (for u≪c)

B =υA
B =υA = cκ A

Resembles: const.+   Mu2 Resembles: Mu1
2

υphase and κphase resemble 
formulae for Newton’s kinetic 
energy   Mu2 and momentum Mu.1

2

hB
c2

Rescale υphase by h   so: M=               hB = Mc2Rescale υphase by h   so: M=               or: (The famous Mc2 
shows up here!)

Using (some) wave parameters to develop relativistic quantum theory 

So attach scale factor h   
to match units.

…and classical mechanics 
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υ phase = Bcoshρ ≈ B +2

1 Bρ2(for u≪c)

At low speeds:
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2 ⇐ for (u≪c)⇒ κ phase ≈
B
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coshρ≈1+2
1ρ2≈1+2

1u2
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sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
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c2 u

2 ⇐ for (u≪c)⇒ hκ phase≈
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c2 u

 

u
c

= tanhρ ≈ ρ             (for u≪c)
 
cκ phase = Bsinhρ  ≈ Bρ          (for u≪c)

B =υA
B =υA = cκ A

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (u≪c)⇒ hκ phase≈ Mu

hB = Mc2

υphase and κphase resemble 
formulae for Newton’s kinetic 
energy   Mu2 and momentum Mu.1

2

hB
c2

Rescale υphase by h   so: M=               or:

Using (some) wave parameters to develop relativistic quantum theory 

(The famous Mc2 
shows up here!)

So attach scale factor h   
to match units.

…and classical mechanics 
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4
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3
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3
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1
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υ phase = Bcoshρ ≈ B +2

1 Bρ2(for u≪c)

At low speeds:
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2 ⇐ for (u≪c)⇒ κ phase ≈
B
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coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
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c2 u

2 ⇐ for (u≪c)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for u≪c)
 
cκ phase = Bsinhρ  ≈ Bρ          (for u≪c)

B =υA
B =υA = cκ A

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (u≪c)⇒ hκ phase≈ Mu

Lucky coincidences??

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

υphase and κphase resemble 
formulae for Newton’s kinetic 
energy   Mu2 and momentum Mu.1

2

Cheap trick??

Using (some) wave parameters to develop relativistic quantum theory 

(The famous Mc2 
shows up here!)

So attach scale factor h   
to match units.

…and classical mechanics 
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5
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4
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3
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3
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1
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υ phase = Bcoshρ ≈ B +2

1 Bρ2(for u≪c)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (u≪c)⇒ κ phase ≈
B
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coshρ≈1+2
1ρ2≈1+2

1u2
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sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
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c2 u

2 ⇐ for (u≪c)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for u≪c)
 
cκ phase = Bsinhρ  ≈ Bρ          (for u≪c)

B =υA
B =υA = cκ A

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (u≪c)⇒ hκ phase≈ Mu

Lucky coincidences??
...Try exact  υphase ... 

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

υphase and κphase resemble 
formulae for Newton’s kinetic 
energy   Mu2 and momentum Mu.1

2

Cheap trick??

Using (some) wave parameters to develop relativistic quantum theory 

(The famous Mc2 
shows up here!)

So attach scale factor h   
to match units.

RelaWavity Web Simulation - Relativistic Terms 
(Expanded Table)

…and classical mechanics 

http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=8%7C7
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=8%7C7
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υ phase = Bcoshρ ≈ B +2

1 Bρ2(for u≪c)

At low speeds:
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hυ phase≈hB + 1
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2 ⇐ for (u≪c)⇒ hκ phase≈
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u
c

= tanhρ ≈ ρ             (for u≪c)
 
cκ phase = Bsinhρ  ≈ Bρ          (for u≪c)

B =υA
B =υA = cκ A

hυ phase=hBcoshρ =Mc2 coshρ
  

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (u≪c)⇒ hκ phase≈ Mu

Lucky coincidences??

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

υphase and κphase resemble 
formulae for Newton’s kinetic 
energy   Mu2 and momentum Mu.1

2

...Try exact  υphase ... 
Cheap trick??

Using (some) wave parameters to develop relativistic quantum theory 

(The famous Mc2 
shows up here!)

(old-fashioned 
notation)

So attach scale factor h   
to match units.

…and classical mechanics 



group bRED
Doppler Vgroup

c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for u≪c)

At low speeds:
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c

= tanhρ ≈ ρ             (for u≪c)
 
cκ phase = Bsinhρ  ≈ Bρ          (for u≪c)

B =υA
B =υA = cκ A

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (u≪c)⇒ hκ phase≈ Mu

hυ phase=hBcoshρ =Mc2 coshρ

 = Total Energy: E = Mc2

1−u2/c2

Lucky coincidences??

Einstein (1905)

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

So attach scale factor h   
to match units.

υphase and κphase resemble 
formulae for Newton’s kinetic 
energy   Mu2 and momentum Mu.1

2

...Try exact  υphase ... 
Cheap trick??

Planck (1900)

Using (some) wave parameters to develop relativistic quantum theory 

(The famous Mc2 
shows up here!)

Max Planck 
1858-1947

(old-fashioned 
notation)

…and classical mechanics 
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υ phase = Bcoshρ ≈ B +2

1 Bρ2(for u≪c)

At low speeds:
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u
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= tanhρ ≈ ρ             (for u≪c)
 
cκ phase = Bsinhρ  ≈ Bρ          (for u≪c)

B =υA
B =υA = cκ A

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (u≪c)⇒ hκ phase≈ Mu

hυ phase=hBcoshρ =Mc2 coshρ

 = Total Energy: E = Mc2

1−u2/c2

Lucky coincidences??

Einstein (1905)

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

So attach scale factor h (or hN)  
to match units.

υphase and κphase resemble 
formulae for Newton’s kinetic 
energy   Mu2 and momentum Mu.1

2

...Try exact  υphase ... 
Cheap trick??

Planck (1900)

Using (some) wave parameters to develop relativistic quantum theory 

(The famous Mc2 
shows up here!)

Need to replace 
h with hN to match 
e.m. energy density 
ε0E•E =hNυphase

*

Max Planck 
1858-1947

…and classical mechanics 
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2
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5
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4
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5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for u≪c)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (u≪c)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
hB
c2 u

2 ⇐ for (u≪c)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for u≪c)
 
cκ phase = Bsinhρ  ≈ Bρ          (for u≪c)

B =υA
B =υA = cκ A

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (u≪c)⇒ hκ phase≈ Mu

hυ phase=hBcoshρ =Mc2 coshρ

 = Total Energy: E = Mc2

1−u2/c2

Lucky coincidences??

Einstein (1905)

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

So attach scale factor h (or hN)  
to match units.

υphase and κphase resemble 
formulae for Newton’s kinetic 
energy   Mu2 and momentum Mu.1

2

...Try exact  υphase ... 
Cheap trick??

Planck (1900)

Using (some) wave parameters to develop relativistic quantum theory 

(The famous Mc2 
shows up here!)

Need to replace 
h with hN to match 
e.m. energy density 
ε0E•E =hNυphase

*

Max Planck 
1858-1947

This motivates the 
“particle” normalization 
∫  Ψ Ψ dV=N* Ψ= ε

0

hυ
E

For more visit the Pirelli Challenge Site 
Quantized amplitude

…and classical mechanics 

http://www.uark.edu/ua/pirelli/html/quantized_1.html
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4
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3
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3
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1
=2.0

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for u≪c)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (u≪c)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1
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hB
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2 ⇐ for (u≪c)⇒ hκ phase≈
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c2 u

 

u
c

= tanhρ ≈ ρ             (for u≪c)
 
cκ phase = Bsinhρ  ≈ Bρ          (for u≪c)

B =υA
B =υA = cκ A

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (u≪c)⇒ hκ phase≈ Mu

hυ phase=hBcoshρ =Mc2 coshρ

 = Total Energy: E = Mc2

1−u2/c2

Lucky coincidences??

Einstein (1905)

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

So attach scale factor h (or hN)  
to match units.

υphase and κphase resemble 
formulae for Newton’s kinetic 
energy   Mu2 and momentum Mu.1

2

...Try exact  υphase ... 
Cheap trick??

Planck (1900)

Using (some) wave parameters to develop relativistic quantum theory 

(The famous Mc2 
shows up here!)

Need to replace 
h with hN to match 
e.m. energy density 
ε0E•E =hNυphase

*

Max Planck 
1858-1947

This motivates the 
“particle” normalization 
∫  Ψ Ψ dV=N* Ψ= ε

0

hυ
E Big worry: Is not  

oscillator energy quadratic in frequency υ? 
HO energy= 1

2
A2υ 2

…and classical mechanics 
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υ phase = Bcoshρ ≈ B +2

1 Bρ2(for u≪c)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (u≪c)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2
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sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
hB
c2 u

2 ⇐ for (u≪c)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for u≪c)
 
cκ phase = Bsinhρ  ≈ Bρ          (for u≪c)

B =υA
B =υA = cκ A

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (u≪c)⇒ hκ phase≈ Mu

hυ phase=hBcoshρ =Mc2 coshρ

 = Total Energy: E = Mc2

1−u2/c2

Lucky coincidences??

Einstein (1905)

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

So attach scale factor h (or hN)  
to match units.

υphase and κphase resemble 
formulae for Newton’s kinetic 
energy   Mu2 and momentum Mu.1

2

...Try exact  υphase ... 
Cheap trick??

Planck (1900)

Using (some) wave parameters to develop relativistic quantum theory 

(The famous Mc2 
shows up here!)

Need to replace 
h with hN to match 
e.m. energy density 
ε0E•E =hNυphase

*

Max Planck 
1858-1947

This motivates the 
“particle” normalization 
∫  Ψ Ψ dV=N* Ψ= ε

0

hυ
E Big worry: Is not  

oscillator energy quadratic in frequency υ? 
HO energy= 1

2
A2υ 2

Resolution and dirty secret: E, N, and υphase are all 
frequencies!

So ε0E•E =hNυphase is quadratic in υphase 

…and classical mechanics 
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υ phase = Bcoshρ ≈ B +2

1 Bρ2(for u≪c)

At low speeds:

 
υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (u≪c)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2

1u2
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sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
hB
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2 ⇐ for (u≪c)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for u≪c)
 
cκ phase = Bsinhρ  ≈ Bρ          (for u≪c)

B =υA
B =υA = cκ A

hcκ phase=hBsinhρ =Mc2 sinhρ
                            

hυ phase=hBcoshρ =Mc2 coshρ

 = Total Energy: E = Mc2

1−u2/c2

Lucky coincidences??
...Try exact  υphase and κphase...  

hυ phase≈ Mc
2+ 1

2
Mu2 ⇐ for (u≪c)⇒ hκ phase≈ Mu

Einstein (1905)

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

So attach scale factor h (or hN)  
to match units.

υphase and κphase resemble 
formulae for Newton’s kinetic 
energy   Mu2 and momentum Mu.1

2

Cheap trick??

Using (some) wave parameters to develop relativistic quantum theory 

Planck (1900)

(The famous Mc2 
shows up here!)

Max Planck 
1858-1947

Need to replace 
h with hN to match 
e.m. energy density 
ε0E•E =hNυphase

*

…and classical mechanics 
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3
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υ phase = Bcoshρ ≈ B +2

1 Bρ2(for u≪c)

At low speeds:

 
υ phase ≈ B + 1

2
B
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2 ⇐ for (u≪c)⇒ κ phase ≈
B
c2 u

coshρ≈1+2
1ρ2≈1+2
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sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1
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2 ⇐ for (u≪c)⇒ hκ phase≈
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u
c

= tanhρ ≈ ρ             (for u≪c)
 
cκ phase = Bsinhρ  ≈ Bρ          (for u≪c)

B =υA
B =υA = cκ A

hcκ phase=hBsinhρ =Mc2 sinhρ

                            cp = Mcu

1−u2/c2

hυ phase=hBcoshρ =Mc2 coshρ

 = Total Energy: E = Mc2

1−u2/c2

1
β−2−1

=

u
c

1− u
2

c2

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (u≪c)⇒ hκ phase≈ Mu

Lucky coincidences??
...Try exact  υphase and κphase... 

Einstein (1905)

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

So attach scale factor h (or hN)  
to match units.

υphase and κphase resemble 
formulae for Newton’s kinetic 
energy   Mu2 and momentum Mu.1

2

Cheap trick??

Using (some) wave parameters to develop relativistic quantum theory 

Planck (1900)

(The famous Mc2 
shows up here!)

Max Planck 
1858-1947

Need to replace 
h with hN to match 
e.m. energy density 
ε0E•E =hNυphase

(old-fashioned 
notation)

*

…and classical mechanics 
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υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (u≪c)⇒ κ phase ≈
B
c2 u

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for u≪c)

At low speeds:

coshρ≈1+2
1ρ2≈1+2
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sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
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2 ⇐ for (u≪c)⇒ hκ phase≈
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u
c

= tanhρ ≈ ρ             (for u≪c)
 
cκ phase = Bsinhρ  ≈ Bρ          (for u≪c)

B =υA
B =υA = cκ A

hcκ phase=hBsinhρ =Mc2 sinhρ

                            cp = Muc

1−u2/c2

Momentum: hκ phase= p =
Mu

1−u2/c2

hυ phase=hBcoshρ =Mc2 coshρ

 = Total Energy: E = Mc2

1−u2/c2

1
β−2−1

=

u
c

1− u
2

c2

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (u≪c)⇒ hκ phase≈ Mu

Lucky coincidences??
...Try exact  υphase and κphase... 

Einstein (1905)

DeBroglie (1921)

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

So attach scale factor h (or hN)  
to match units.

υphase and κphase resemble 
formulae for Newton’s kinetic 
energy   Mu2 and momentum Mu.1

2

Cheap trick??
ExpensiveNatural wave conspiracy

Using (some) wave parameters to develop relativistic quantum theory 

Planck (1900)

(The famous Mc2 
shows up here!)

Max Planck 
1858-1947

Louis DeBroglie 
1892-1987

Need to replace 
h with hN to match 
e.m. energy density 
ε0E•E =hNυphase

(old-fashioned 
notation)

*
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υ phase ≈ B + 1

2
B
c2 u

2 ⇐ for (u≪c)⇒ κ phase ≈
B
c2 u

 
υ phase = Bcoshρ ≈ B +2

1 Bρ2(for u≪c)

At low speeds:

coshρ≈1+2
1ρ2≈1+2

1u2

c2
sinhρ≈ρ≈u

c

 
hυ phase≈hB + 1

2
hB
c2 u

2 ⇐ for (u≪c)⇒ hκ phase≈
hB
c2 u

 

u
c

= tanhρ ≈ ρ             (for u≪c)
 
cκ phase = Bsinhρ  ≈ Bρ          (for u≪c)

B =υA
B =υA = cκ A

hcκ phase=hBsinhρ =Mc2 sinhρ

                            cp = Muc

1−u2/c2

Momentum: hκ phase= p =
Mu

1−u2/c2

hυ phase=hBcoshρ =Mc2 coshρ

 = Total Energy: E = Mc2

1−u2/c2

1
β−2−1

=

u
c

1− u
2

c2

 
hυ phase≈ Mc

2+ 1
2
Mu2 ⇐ for (u≪c)⇒ hκ phase≈ Mu

Lucky coincidences??
...Try exact  υphase and κphase... 

Einstein (1905)

DeBroglie (1921)

hB
c2

Rescale υphase by h   so: M=               or:hB = Mc2

So attach scale factor h (or hN)  
to match units.

υphase and κphase resemble 
formulae for Newton’s kinetic 
energy   Mu2 and momentum Mu.1

2

Cheap trick??
ExpensiveNatural wave conspiracy

Using (some) wave parameters to develop relativistic quantum theory 

Planck (1900)

(The famous Mc2 
shows up here!)

Max Planck 
1858-1947

Louis DeBroglie 
1892-1987

Need to replace 
h with hN to match 
e.m. energy density 
ε0E•E =hNυphase

This motivates the 
“particle” normalization 
∫  Ψ Ψ dV=N* Ψ= ε

0

hυ
E

*

(old-fashioned 
notation)



Using (some) wave coordinates for relativistic quantum theory 

negative
energy

states

negative
energy

states

cp'=hck'

Energy
E=hω

Momentum
cp=hck

Mc2

(a) Exact Einstein-Planck Dispersion

E'=hw'

matter wave:
positive rest energy Mc2
E2 - c2p2 =(Mc2)2

photon:
zero µ
E =± c p

tachyon:
imaginary µ

Atom frame
Laser frame

negative
energy

states

negative
energy

states

cp'=hck'
cctt

cctt''

Energy
E=hω

Momentum
cp=hck

Mc2

ωm=49ω1

76543210-1-2-3-4-4-6
m

36

25
16
9
4

(a) Exact Einstein-Planck Dispersion

(b) Bohr-Schrodinger Approximaion

E'=hw'

matter wave:
positive rest energy Mc2
E2 - c2p2 =(Mc2)2

photon:
zero µ
E =± c p

E = p2/2M

<E>= B m2

tachyon:
imaginary µ

Atom frame
Laser frame

1

hcκ phase=cp =hcκ A sinhρ = hυA sinhρ

hυ phase= E =hυA coshρ

hB = hυA = Mc2 = hcκ A

E2= Mc2( )2cosh2ρ
= Mc2( )2 1+sinh2ρ( )= Mc2( )2+ cp( )2 ⇒ E = ± Mc2( )2+ cp( )2

Energy

Momentum

Energy versus Momentum 

Mass

≈ Mc2+ p2

2M

(resting)

Neils Bohr 
1885-1962

Erwin 
Schrodinger 
1887-1961



Using (some) wave coordinates for relativistic quantum theory 
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Energy
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Momentum
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(a) Exact Einstein-Planck Dispersion

E'=hw'

matter wave:
positive rest energy Mc2
E2 - c2p2 =(Mc2)2
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(a) Exact Einstein-Planck Dispersion

(b) Bohr-Schrodinger Approximaion

E'=hw'

matter wave:
positive rest energy Mc2
E2 - c2p2 =(Mc2)2

photon:
zero µ
E =± c p

E = p2/2M

<E>= B m2

tachyon:
imaginary µ

Atom frame
Laser frame

1

hcκ phase=cp =hcκ A sinhρ = hυA sinhρ

hυ phase= E =hυA coshρ

hB = hυA = Mc2 = hcκ A

E2= Mc2( )2cosh2ρ
= Mc2( )2 1+sinh2ρ( )= Mc2( )2+ cp( )2 ⇒ E = ± Mc2( )2+ cp( )2

Energy

Momentum

Energy versus Momentum 

Mass

≈ Mc2+ p2

2M
low speed 

approximation

(resting)
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τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

β
1−β 2

1−β 2

1
1

1−β 2

1−β 2

β
1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

functions Vgroup=
ctanhρ

momentum
cp=Mc2sinhρ

-Lagrangian
L= -Mc2sechρ

Hamiltonian
H=Mc2coshρ

DeBroglie
λ=α cschρ

Vphase =
ccothρ

Relativistic quantum mechanics variable tables 
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Kh
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(scaled down) 
of 

emission 
process
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Take-away point 0 
Classical (and spectroscopic) 

Energy-momentum conservation 
is due to 

conservation in 
quantum-phase space-time  

“wiggle-count”
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Take-away point 2 
Easy to compute 
recoil rapidity ρ  

or recoil velocity u

Exact recoil rapidity 
where:  urecoil

c
= tanhρ

Low-urecoil approximation where: ρ ≈ urecoil
c
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=ωh

 =ω ℓ

 high = ωh  !  mid = ωm  !  low = ω ℓ

Key recoil relations:
ωme−ρ = ωl

ρ= ln Ml/Mm
or:

u~ c ln Ml/Mm
Photons are more
like “rockets”
than “bullets”

Take-away point 3 
Emission photons 
are analogous to 

rocket exhaust (not “bullets”) 
(Vburnout=cexhaustln[Minitial/Mfinal])

Low-urecoil approximation where: ρ ≈ urecoil
c

...and this process is reversible

Exact recoil rapidity 
where:  



All-rational-fraction lattice 
defined by discrete sub-group 

of Lorentz Poincare Group 
(Feynman path integrals defined 

by group transformations)

RelaWavity Web Simulation  
{Compton Scattering}

http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=5%7C6&freqExpStopNum=1&vertBranchInd=1&horiBranchInd=0
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=5%7C6&freqExpStopNum=1&vertBranchInd=1&horiBranchInd=0


Fig. 8.1 Optical wave frames by red-and-blue-chirped lasers (a)Varying acceleration (b)Constant g

Varying acceleration (General case)

Acceleration by chirping laser pairs

Previous examples involved constant velocity
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(x→+x←)/2= x = x0 cosh(ρ)
(x→−x←)/2= ct = x0 sinh(ρ)

From Lect. 35 
ModPhys (2012)
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Geometric scale :
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Inertial frame coordinates
         (xq, p , ctq, p ) =
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RelativIt Web Simulation  
{Accelerated proper-time 

frame}

http://www.uark.edu/ua/modphys/markup/RelativItWeb.html?scenario=69
http://www.uark.edu/ua/modphys/markup/RelativItWeb.html?scenario=69
http://www.uark.edu/ua/modphys/markup/RelativItWeb.html?scenario=69
http://www.uark.edu/ua/modphys/markup/RelativItWeb.html?scenario=69

