
Low speed υphase and κphase approximations vary with u 
       like Newton’s kinetic energy   Mu2 and momentum Mu.

1
2

group bRED
Doppler Vgroup

c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

functions Vgroup=
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momentum
cp=Mc2sinhρ
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= tanhρ ≈ ρ             (for uc)
 
cκ phase = Bsinhρ  ≈ Bρ          (for uc)

Basescale :B =υA forυ phase

hcκ phase=hBsinhρ =Mc2sinhρ

Momentum: hκ phase= p =
Mu
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hυ phase=hBcoshρ =Mc2 coshρ

 = Total Energy: E = Mc2
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hυ phase≈ Mc
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Mu2 ⇐ for (uc)⇒ hκ phase≈ Mu Use exact  υphase and κphase 

Einstein (1905)

DeBroglie (1921)

Using wave parameters to quickly derive Planck (1900), Einstein (1905), and DeBroglie (1921) formulation

Planck (1900)

(Famous Mc2shows up here!)

Max Planck
1858-1947

Louis DeBroglie
1892-1987

Need to replace
h with hN to match
e.m. energy density
ε0E•E =hNυphase

This motivates the
“particle” normalization
∫  Ψ Ψ dV=N* Ψ= ε
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hυ
E
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(old-fashioned
notation)

cp = Muc

1−u2/c2

So attach scale factor h (or  hN) to match units

hB = Mc2
hB
c2

Rescale υphase by h  so: M=        or:  
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Thales geometry of
 relativistic ω(ck) or E(cp)-space

Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Feynman diagram of relativistic optical transition 
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Feynman
diagram
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Take-away point 0
Classical (and spectroscopic)

Energy-momentum conservation
is due to

conservation in
quantum-phase space-time 

“wiggle-count”

Thales geometry of
 relativistic ω(ck) or E(cp)-space

Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

The “Rocket Science” of relativistic optical transitions 
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 high =ωh  mid =ωm  low =ω 

Key recoil relations:
ωme−ρ = ω

ρ= ln M/Mm
or:

u~ c ln M/Mm
Photons are more
like “rockets”
than “bullets”

Take-away point 1
Emission photons
are analogous to

rocket exhaust (not “bullets”)
(Vburnout=cexhaustln[Minitial/Mfinal])

Low-urecoil approximation where: ρ ≈ urecoil
c

...and this process is reversible

Exact recoil rapidity
where:  

All-rational-fraction lattice
defined by discrete sub-group

of Lorentz Poincare Group
(Feynman path integrals defined

by group transformations)

(q,p)=
Al Bob Carl Don

0.97 lt. year

Don’s object hits Carl
Don’s object hits Bob
Don’s object hits Al

Carl’s object hits Bob
Carl’s object hits Al

Bob’s object hits Al

negative
energy

states

negative
energy

states

cp'=hck'
cctt

cctt''

Energy
E=hω

Momentum
cp=hck

Mc2

ωm=49ω1

76543210-1-2-3-4-4-6
m

36

25
16
9
4

(a) Exact Einstein-Planck Dispersion

(b) Bohr-Schrodinger Approximaion

E'=hw'

matter wave:
positive rest energy Mc2
E2 - c2p2 =(Mc2)2

photon:
zero µ
E =± c p

E = p2/2M

<E>= B m2

tachyon:
imaginary µ

Atom frame
Laser frame

1

Definition(s) of mass for relativity and quantum theory 

hB = hυA = Mc2 = hcκ A

Rest Mass Mrest   (Einstein’s mass)          Defines invariant hyperbola(s)     

E = ± Mc2( )2+ cp( )2

Momentum Mass Mmom (Galileo’s mass) Defined by ratio p/u of relativistic momentum to group velocity.   

E =Mc2 coshρ = hυ phase Given:  Energy:

cp =Mc2 sinhρ= hcκ phase momentum:

u =c tanhρ = dυ
dκ

 Group velocity:
Rest 
Mass

hυ phase
c2

=Mrest =
hcκ phase

c2

 

Meff ≡
dp
du

= dk
dVgroup

= 
d
dk

dω
dk

= 
d 2ω
dk2

= Mrest

1− u2 / c2( )3/2
=Mrest cosh

3ρ

Mmom ≡ p
u
= Mrestcsinhρ

c tanhρ

= Mrest coshρ = Mrest

1− u2 / c2
 

Mmom u→c⎯ →⎯⎯ Mreste
ρ /2

Mmom uc⎯ →⎯⎯ Mrest

Limiting cases:

Effective Mass Meff  (Newton’s mass) Defined by ratio F/a=dp/du of relativistic force to acceleration.   

Meff ≡
dp
du

= Mrest
ccoshρ
csech2ρ

=Mrest cosh
3ρ

 

Meff u→c⎯ →⎯⎯ Mreste
3ρ /2

Meff uc⎯ →⎯⎯ Mrest

Limiting cases:

That is ratio of change dp=Mc coshρ dρ in momentum to change du=c sech2ρ dρ  in velocity

general wave formula

More common derivation using group velocity:  u ≡Vgroup=
dω
dk

= dυ
dκ

to accompany Vgroup=
dω
dk
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Defining phase Φ, action S=Φ, Hamiltonian, and Lagrangian 

Define Lagrangian L in terms of phase Φ=kx-ωt=k′x′-ω′t′ for k=kphase and ω=ωphase. 

Use DeBroglie-momentum p=k relation and Planck-energy E=ω relation
 
L=dS

dt
≡  dΦ

dt
= k dx

dt
− ω

 

Use relawavity relations:Group velocity:u=dx
dt
=c tanhρ,    Rest energy:ω A=Mc

2=ckA

Momentum:   p= ckphase=cp =ω A sinhρ
Hamiltonian:H = ω phase= E =ω A coshρ

Legendre transforma-
tion

 
L=dS

dt
≡  dΦ

dt
= k dx

dt
− ω = p dx

dt
− E ≡ p x − E ≡ pu − H = L

 
≡ h

2π

L = pu − H = (Mcsinhρ)(c tanhρ)−Mc2 coshρ

= Mc2 sinh
2ρ − cosh 2ρ
coshρ

= −Mc2sechρ
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L =  dΦ

dt
= −Mc2 1− u

2

c2     = −Mc2 sechρ = −Mc2cosσ

H = hυ phase = Mc
2 1− u

2

c2   =   Mc2 coshρ =   Mc2secσ

H =Mc2 1+ sinh 2ρ =Mc2 1+(cp)25
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Comparing
Lagrangian       L(velocity u) 

with 
Hamiltonian H(momentum p)

 Hamiltonian Legendre transforms to Lagrangian 
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u=  Vgroup    =   c tanhρ  =   csinσ

cp = chκ phase=Mc
2 sinhρ = Mc2tanσ

6Φ=kx-ωt

Relawavity variables plotted versus Group Velocity Vgroup=c tanh ρ3

 
ckphase= Bsinhρ =Mc

2

2π
sinhρ

D Geometry and plots of
“Relawavity” variables
sinh ρ=tan σ, cosh ρ=sec σ, coth ρ=csc σ,
tanh ρ=sin σ, sech ρ=cos σ, csch ρ=cot σ.

1
Exact vs approximate
(ω) versus (ck) plot

2
Relawavity geometry

of
(ω) versus (ck) plot

4
Doppler geometry

of
(ω) versus (ck) plot

ck=Momentum

ω=Energy

ck=Momentum

ω=Energy

Discrete (ω) versus (ck) plot
of Compton scattering

Discrete time (ct) versus space (x) plot
of constant acceleration paths

E

GF

H


