
Thales of
Miletus
624-543 BCE

Thales showed a circle diameter subtends a right angle with any circle point P

This leads to a convenient
construction of geometric means
and relativistic hyperbolas.
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Thales Mean Geometry (600BCE) helps “Relawavity” I

Minkowski-Lorentz Grid 
in terms of P’, G’
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Special relativity and quantum mechanics
are very much a story of 

the geometry of light-wave motion

Per-space Per-space Geometry

1564-1642

looks worried?

Galilei Galileo

First of all it’s
Complicated

..though comforting to the
“A Place for everything and
everything in its place”

crowd.

It’s going c.

It’s going c.

(Of course)

It’s going c.

FFLLAASSHH!!

It’s going -c.
PPuullssee
WWaavvee

It’s going -c.

It’s going -c.

(Of course)

φ

PW peaks precisely locate places where wave is.

Pulse wave (PW) train

Einstein Pulse Wave (PW) Axiom: PW speed seen by all observers is c

It’s going c.

It looks blue!
It’s going c.

It looks green.

(Of course)

It’s going -c.

It looks blue!

It’s going -c.

It looks red! It’s going -c.

It looks green.

(Of course)

It’s going c.

It looks red!

660000 TTHHzz
((ggrreeeenn))

LLaasseerr
ssoouurrccee

Sees Doppler blue shift Sees Doppler red shift

φ

CW zeros precisely locate places where wave is not.Continuous wave (CW) train

Evenson Continuous Wave (CW) axiom: CW speed for all colors is c

Using
Occam’s
Razor

A “road-runner” axiom
is a “show-stopper”

Can be made
more self-evident
and productive

Simpler1CW coherenceAcos ωt

A1cos ωt+A2cos 2ωt+A3cos 3ωt+A4cos 4ωt+...

FFLLAASSHH!!

1879-1955

Albert Einstein

1285-1349

William of Ockham

1929-2002
c=299,792,458 m/s

Kenneth Evenson

(and Evenson’s lasers)

beep-meep!

It’s “Zen-like”

1CW is affected by
1st-order Doppler
Blue shifts b =e+ρ

and
Red shifts  r =e-ρ

of frequency υ
and wavenumber κ

SPEED
LIMIT
c=

299,792,458
m/s

Making sense of light-wave           axiom(s).

Jean-Baptiste
Joseph Fourier
1768-1830

A

Greek “t” 
for time

Greek “n” for numberHeinreich
Kayser
1853-1940
1Kayser=1cm-1

of waves per second
or Hertz (Hz)

Heinreich
Hertz
1857-1894
1Hz=1sec-1

Greek “k” 
for Kayser

(or “kinks”)

How does space-time and/or per-space-per-time carry light-waves?

              (wavelength λ _ period τ)    and/or      (wavenumber κ _ frequency υ)
         (       λ =1/κ       and    τ =1/υ  )                      (     κ =1/λ        and                υ =1/τ )
(λ = meters per wave and τ = seconds per wave)     (κ = waves per meter and υ = waves per second)    

B

=υA
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per-SPACETIME 
(!,c!)-graph

c·wavenumber c!x
(units: 600THz)

frequency !
(units: 600THz)

!=300THz

"=106/m 2·106/m 3·106/m 4·106/m

600THz

900THz

1200THz

1800THz

υ
=
1·υ

A

cκ =1·cκ A λ = 1·λA

cτ
=1
·cτ

A

cτ A=λA

=λA

Doppler Shift in per-space-per-time

Atom traveling along wave
sees less wave “hits” /sec. 
(that is: Doppler red-shift)

"hit"

"hit"

"hit"

"hit"

"hit"

"hit"

Atom traveling against wave
sees more wave “hits” /sec. 
(that is: Doppler blue-shift)

"hit"

"hit"

"hit"

"hit"

"hit"

"hit"

"hit"

Christian
Doppler
1803-1853

(cκ,υ)-graph (λ,cτ)-graph

Moving against a 600 THz 1CW could Doppler blue shift it to 1200 THz

Move fast enough this way then the
“green” wave gets bluer and bluer

until YOU die

Move fast enough this way then the
“green” wave gets redder and redder

until it dies
Frequency AND Amplitude

decrease exponentially
Frequency AND Amplitude

increase exponentially
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Space x′

2CW Minkowski-spacetime grid

PP=KKphase

Time
ct′

GG=KKgroup

RR=KK44

LL=KK--11
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Imψ4Reψ4Reψ4

T
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e
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CW green-laser
600 THz

ω
4
= 4ck

4
= +4

Right-directed 1CW e
i(k x-ω t)

Space x′

4 4

Wavelength λ=2π/k=1/κ
(1/4µm=0.25·10-6m)

Imψ−1 Reψ−1Reψ−1

Space x′

T
im
e
c
t′

CW green-laser
600 THz

k
-1
= -1 ω

-1
= 1c

Left-directed 1CW e
i( k x-ω t)

Wavelength λ=2π/k=1/κ
(1µm=10-6m)

-1 -1

Doppler blue shifted

to 1200THz

Doppler red shifted

to 300THz

Kphase=PP=
RR++LL
2

Kgroup=GG=
RR--LL
2

Phase vector P
1/2-sum vector 

Group vector G
1/2-diff vector 

2CW per-Spacetime Plot
2CW Minkowski-Spacetime Grid
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CW green-laser
600 THz

ω
4
= 4ck

4
= +4

Right-directed 1CW e
i(k x-ω t)

Space x′

4 4

Wavelength λ=2π/k=1/κ
(1/4µm=0.25·10-6m)

Imψ−1 Reψ−1Reψ−1

Space x′
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CW green-laser
600 THz

k
-1
= -1 ω

-1
= 1c

Left-directed 1CW e
i( k x-ω t)

Wavelength λ=2π/k=1/κ
(1µm=10-6m)

-1 -1

Doppler blue shifted

to 1200THz

Doppler red shifted

to 300THz

Bob: The spacetime 
wave-zeros replicate

the same pattern. 

(Except P′-phase and
G′-group indicators
get switched again.)

Letʼs measure these 
in careful detail! 

2 Doppler shifted CWs Interfering in Space-TimeH

R S = υRECEIVER

υSOURCE

B A = υB

υA

= 1200
600

= 2
1

C A = υC

υA

= 400
600

= 2
3

ρRS = loge R S ρBA = loge B A = loge
2
1

ρCA = loge C A = loge
2
3

ρBA = 0.69 ρCA = −0.41

Bob-Alice Doppler ratio: Carla-Alice Doppler ratio: 

Bob-Alice rapidity: Carla-Alice rapidity: 

Doppler ratio: 

rapidity: 

Carla-Bob Doppler ratio: 

Carla-Bob rapidity: 

C B = υC

υB

= υC

υA

υA

υB

= C A A B

eρCB = eρCAeρAB implies: ρCB = ρCA + ρAB
= −0.41− 0.69 = −1.10

Galileo’s Revenge (part 1)
    Rapidity adds just like
        Galilean velocity

(so:ρAB=−0.69)R S = eρRS
 or: 

Easy Doppler-shift and Rapidity calculation

Definition of Rapidity
B A = υB

υAis time-reversed 
A B = υA

υB

υA=600THz

RECEIVERRECEIVER

SOURCESOURCE

RECEIVERRECEIVER

υB=1200THz υC=400THz

υA=600THz

υA=600THz

Bob: I see Doppler
Blue shift to 1200THz 

Carla: I see Doppler
Red shift to 400THz 

Alice: Hey, Bob and Carla! Read off your Doppler
shift ratios 〈B⏐A〉 and 〈C⏐A〉 to my 600THz beam.

Also, rapidity ρBA and  ρCA  relative to me.
I got 〈B⏐A〉=2,
    and ρBA =ln(2)
                 =+0.69

I got 〈C⏐A〉=2/3,
    and ρCA =ln(2/3)
                 =-0.41

Now, Carla, whatʼs your rapidity ρCB relative to Bob?

I got 〈C⏐B〉=〈C⏐A〉〈A⏐B〉=(2/3)(1/2)=1/3,
    and ρCB = ρCA+ρAB =-1.10
           Weʼre in Splitsville!ALICE’S

LASER
GAUNTLET

E

Geometry applies to (x,y)   space-space
                             to (kx,ky) per-space-per-space
                             to (x,ct)  space-time

Bsinh !

stellar
angle "

Btanh !

Bcsch !

Bs
ec

h 
! Bc

os
h 
!

p-Circle

Tr
an

sfo
rm

ed
 P

er
-T

im
e

   
   

   
   
# A 

- a
xis

Ste
lla

r a
be

rra
tio

n
ra

y

Transformed Per-Space     
                         

     
     

c! A 
- axis

Bcoth !

b-cir
cle

B=2

g-circle

C $

C

S

S$

A$

A

L$

YQ
c!"
axis

#"= $"⁄2%

Be-!

Doppler
red-shift

Be+!

Doppler
blue-shift

kk

Occam's 
Sword
(u/c=3/5)

stellar
angle "

Btanh !

Btanh! sech!

Be-!

Doppler
red-shift

Bsinh !C $ P $

P

A$

A

Bc
os

h 
!

Bc
os

h 
!

O C

Bs
ec

h 
!

X
X

S

slope-sinh !

slo
pe

cs
ch

 !

slo
pe

co
th

 !

slope

tanh !

slope

tanh !

B

O

BB

B!

axis
(Units of 300THz) 

Table of 12 wave parameters (includes inverses) for relativity

...and values for u/c=3/5

An aid to
pattern recognition:

group bRED
Doppler Vgroup

c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

effects bRED
Doppler Vgroup

past-future
asymmetry
Lorentz-transform )
(off -diagonal

x-contraction(Lorentz )

τ phase-contraction
t-dilation(Einstein)

υ phase-dilation
Lorentz-transform )
(on-diagonal

inverse
asymmetry Vphase bBLUE

Doppler

K

Optical wave guide relativistic geometry aided by Occam’s Sword

Example of near-cut-off mode with low Vgroup=c/2 and high Vphase=2c . (High dispersion.)

Relativistic mode with near-c Vgroup=c/2 and Vphase=2c . (Low dispersion.)

L

M
*Lewis Carroll Epstein, Relativitätstheorie, Birkhäuser, (2004) Earlier English version (1985)-

Comparing Longitudinal relativity parameter: Rapidity ρ = loge(Doppler Shift)

           to a    Transverse*relativity parameter: Stellar aberration angle σ

   We used notion σ 
for stellar-ab-angle,
(a “flipped-out” ρ ).
Epstein not interested 
in ρ analysis or in
relation of σ and ρ.

Epstein’s trick is to
turn a hyperbolic form
into a circular form:

(cτ )2 + ( ′x )2 = (c ′t )

cτ = (c ′t )2 − ( ′x )2

Then everything (and everybody) 
    always goes speed c through (x′,cτ) space!

J

• How do we measure space and time with light waves?
          Use 1CW laser-phasors for a phase-based theory
• How do we make spacetime coordinate graph with light waves?
          Use 2CW laser-phasors and wave interference geometry

Remember your algebra? Exponents of prod-
ucts add. 

So,  half-sum           plus half-diff         gives  a,   
and  half-sum        minus half-diff        gives  b.

Presto!
You factor eia+eib into    

a − b
2

a − b
2

e
ia+b
2 e

ia−b
2 + e

− i a−b
2

⎛
⎝⎜

⎞
⎠⎟

G 2 CWs Interfering in Space-Time

Reψ

Imψ

Reψ

Imψ ReψReψ
Imψ

ReψReψ

Space x

T
im
e
c
t

Space x

T
im
e
c
t

Period τ=2π/ω=1/υ
(5/3fs=1.67·10

-15
s)

Wavelength λ=2π/k=1/κ
(1/2µm=0.5·10-6m)

CW Dye-laser
600 THz

CW Dye-laser
600 THz

ω = 2ck = +2 k = -2 ω = 2c
Right-moving CW e

i(kx-ωt)
Left-moving CW e

i(-kx-ωt)

Space x

T
im
e
c
t

ReΨReΨ ImΨ Ψ(x,t)=eia + eib
kx-ω t -kx-ω t

=ei (ei +e-i )

a+b____
2

___
2
a-b___

2
a-b

=e-iωt(eikx+e-ikx)

Ψ(x,t)=e-iωt2coskx

phase

factor

group

factor

Standing CW e
i(-ωt)

2coskx

Cool! 
You guys 
made me 

a space-time
graph out of
real zeros.

Bob:

Easy! 
You get zeros of any wave-sum eia+eib

by factoring it into phase and group parts.

Carla:

a + b
2

a + b
2

Howʼd it
do that?

B moves relative to A

PLUS

β

α
cosα

sinα

cosβ

Red phasor B

EQUALS:

Green phasor A

(α+β)/2

(α−β)/2

(α−β)/2

(b) Typical Phasor Sum:

r= 0 r= 1 r= 2 r= 3 r= 4 r= 5 r= 6 r= 7 r= 8 r= 9 r=10 r=11 r=12 r=13 r=14 r=15 r= 0

kk== 22kk== 22

kk== 33kk== 33

GGrroouupp oorr BBeeaatt:: NNooddee oorr ZZeerroo::

A moves relative to B

(c) Phasor-relative views

(a) Sum of Wave Phasor Array

A

A B

B

ψA=e
iα

ψB=e
iβ

Sum: ΨA+B=ψA+ψB

Difference:ΨA−B=ψA−ψB

ΨA+B=ψA+ψB

(α−β)

Geometry of the 
Half-sum 
Phase
and
Half-difference
Group

Galileo’s Revenge (part 2)
Phasor angular velocity 

adds just like
Galilean velocity

Happy now? 

Then Evenson’s axiom holds:
“All colors go c = λυ = υ/κ ”

Vacuum only makes one λ for each υ.*

*for each beam and polarization orientation

Clarify Evenson’s CW Axiom (All colors go c) by Doppler effects 
Alice tries to fool Bob that she’s shining a 600THz laser. (Bob’s unaware she’s moving really fast...) 

600THz line600
500
400
300

700
800

frequency υ=ω/2π
(Inverse period υ=1/τ)

wavenumber κ=k/2π
(inverse wavelength κ=1/λ)

(ω = ck)
or

(υ = cκ)

B C

900

λ= 1.00µm 0.50µm 0.33µm
κ= 1·106/m 2·106/m 3·106/m

THz

Only ONE
kind of
RED
allowed (ONE that goes c)

A

Also could be labeled :

Linear-(non)-dispersion 
axiom: υ = cκ

Q1: Can Bob tell it’s a “phony”  600THz
      by measuring his received wavelength?

Answer to Q2 is C, the one with slope υ/κ=υ·λ=c.
If he sees Green 600THz then he measures λ=0.5µm.
If he sees   Red  300THz then he measures λ=1.0µm.
Answer to Q1is NO! 
CW Light carries no birth-certificate!

Q2:If so, what “phony” λ does Bob see?

D

The “Keyboard of the gods”
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per-SPACETIME 
(!,!)-graph

wavenumber !
(waves per meter)

frequency !
(waves per sec.)

SPACETIME 
(t,x)-graph

wavelength !
(meters per wave)

period "
(sec. per wave)

wavelength !
(meters per wave)

period "
(sec. per wave)

Press a key to get a wave (a 1-CW) 
“1-CW” means 

“single Continuous Wave”

...for
all

time...

(and hold)

∧

...at a speed of: 

λ=2/3

τ=
5/
4

distance
time

=wavelength
period

 = λ
τ
= 2/3

5/4
= 8

15
m.
s.

= 1/κ
1/υ

= υ
κ

distance
time

=wavelength
period

= frequency
wavenumber

   Vwave  =
λ
τ

 = 1/κ
1/υ

   = υ
κ

  = 1/τ
1/λ

           = 2/3
5/4

= 4/5
3/2

            = 8
15

m.
s.

wave-velocity formula

Vlight= c =
λ
τ
= 1/κ
1/υ

= υ
κ
= 1/τ
1/λ

= 299,792,458m.
s.

Vlight
c

= λ
cτ

= 1/κ
c/υ

= υ
cκ

= 1/τ
c /λ

= 1

Dimensionless Light wave-velocity c/c=1

...in spacetime...

Light

...That “continues” 
             everywhere…

LightLight wave-velocity c (our main topic)

λ=2/3=1/κ
wavelength

τ =5/4 =1/υ
period

λ=2/3=1/κ
wavelength

τ =5/4 =1/υ
period

υ = 4 / 5
frequency

κ = 3 / 2
wavenumber

wave-speed equals slope-to-vertical in (λ,τ)-graph 

wave-speed equals slope-to-horizontal in (κ,υ)-graph 

(κ,υ)-graph (λ,τ)-graph

Or per-space-per-time graphs vs. space-time graphs 

2

k= ω = 1c
300 THz laser
(Infrared)

Space x

cr
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t
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0
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+
π
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)

tr
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+
π
)

(1µ 10
-6

=m

laser-phasors

Real ψ=Reψ

Imaginary

ψ=Imψ

ψ(x,t)

Period τ=2π/ω=1/υ
(10/3 fs=

Real ψ=Reψ

3.33·10
-15
s)

+1

m)

ze
ro
p
a
th
(p
h
a
se
=
+
3
π
/2
)

ImψReψReψ

Wavelength λ=2π/k=1/κ

Time

ct

Re
al

ax
isangular 

units

1 CW Laser-phasor Wave Function
ψ = A⋅ei(kx−ωt ) = A⋅cos(kx −ωt)+ iA⋅sin(kx −ωt)

(kx−ωt )
phase-angle

Imaginary
axis

phase-angle

Amplitude
A

Amplitude
A

π

π

π

π

Clock velocity u=0
 frequency 300THz

Clock velocity u~c
frequency~0.0 THz

Two extremes give
identical phasor
clock (x,ct) array

Other Doppler versions
 λ′/τ′=c=υ′/κ′ 

must match this phasor
clock-(x,ct)-array, too.

That’s gauge invariance!
κx-υt = κ′x′-υ′t′

Vlight
c

= λ
cτ

= υ
cκ

= 1= ω
ck

Dimensionless Light wave-velocity c/c=1
angular 

units
     angular frequency :ω = 2πυ
angular wavenumber : k = 2πκ

“winks”
‘n

“kinks”
k =wavevector

F

1

3

4

Relawavity - Using light’s own wave-like 
nature to better understand special relativity 

and quantum mechanics

ω phase =
ω A +ω B

2
ω group =

ω A −ω B

2


