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Unit 7 Quantum Oscillators

Harmonic oscillation is the end-all and be-all of quantum theory. Planck!s oscillation
hypothesis begins it, and it!'s nothing but oscillation and resonance from there on. This
unit begins the analysis of 1D oscillation in the non-relativistic Schrodinger context and
then develops the creation-destruction (a a) operator technology for multi-dimensional
oscillators. Particular attention is paid to 2D oscillators that served as classical ABCD
spin-and 2-state analogs in Chapter 10 of Unit 3. The quantum versions of the ABCD
oscillator further elucidate the elegant U(2) quantum mechanics of Schwinger used in
the next unit to Pnesse angular momentum theory. It also begins the elementary
quantum radiation (OphotonO) theory that is sometimes mistakenly referred to as ©2
quantizationO if dimensions and OparticlesO get confused. Similar techniques are used to
debne OphononO excitations for mechanical waves in solds, liquids, molecules, or

molecular clusters.
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Chapter 20

One-Dimensional

Oscillator States and Dynamics

W. G. Harter

Every continuous potential may be expanded in a Taylor polynomial about a minimum
point so that the brst variable term is quadratic: V(X-Xnin)=Vmin+1/2K(X-Xmin)2... This is just
one of about a million reasons that harmonic oscillator analysis is useful in physics. The
harmonic oscillator potential V(x)=1/2kx2 gives a most symmetric non-relativistic
Hamiltonian with the (rescaled) form: H=P2+X2, Because of this symmetry, its
eigensoultion analysis and application is extraordinarily convenient. We plan to take

advantage of this here in Chapter 20 and in many of the later Chapters, as well.
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Chapter 20. 1D-Harmonic Oscillator States and Dynamics

20.1 Harmonic Oscillator Equations
(a) Classical harmonic oscillator equations

To beharmonic an oscillating body must return to a given initial position and velocity
with the same frequency for a wide range of amplitudes. A sufficient (but not necessary) condition for this
is that the body haslmear restoring force, that is, a Hooke's law force with a figgdng constant k

= - kx (20.1.1)

Then, and only then, will the classical motion of a body of rivabg purely sinusoidal with a single
angular frequency totally independent of amplitude

X(t) = Asint +a) , where: o = \/E (20.1.2)
m
The acceleration, and hence, by Newton I, the force is always proportional to the displageément
d2x_ w2 w2
?—J&(t) =17 24sin(" 11 #)=1" % (1), (20.1.3a)
or
mi(e)=1 " 2asin(" o1 #) =1 m 2x(r) =1 kx(r). (20.1.3b)

Given the proportionality or linearity between force and displacement, it follows that the work or
potential energy associated with a Hooke-spring type force musjimdeaticpotential.

X
V)= kxdx = o = - ma? x2 (20.1.4)
0 2 2
From this follows the classical total energyHamiltonian functiorof the 1D harmonic oscillator.
1 2 1 9 9
E=HXp)=—p " +—mw” X 20.1.5a
(p)=5 - p’+ (20.1.52)
Here the classical momentum is
dx
=m—= \ 20.1.5b
p=m-—-=mi ( )

It should be noted that the oscillator equations apply to a good deal more than a glob of lead on a
coiled spring or pendulum. As pointed out in Chapter 10, harmonic oscillator equations of motion apply to
any independent oscillator system such as a normal mode of vibration or a classical electromagnetic wave
introduced in Chapter 4 or an electromagnetic mode such as we touched on in Chapter 6 (Sec. 6.3(d)) or
for the classical electromagnetic Hamiltonian developed in Chapter 17.

It is these more complicated systems, primarily electromagnetic oscillation, that really make use of
the oscillator quantum mechanics we are about to develop. However, just to get started, we can think of a
(very small) blob of lead bouncing up and down on a (frictionless) spring as in Fig. 10.1.1 or a pendulum
swinging back and forth at the end of a string as sketched in Fig. 16.1.1(a).
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(b) Quantum harmonic oscillator equations

Converting the classical Hamiltoni&hto a quantum Hamiltoniad-operator is done in the same
way for the oscillator as it was for a general poteM{@) in equations (11.4.5). The first step is to
convert all the coordinates and momenta to operators. At first, this just means justwarioigwith a
thick pen to givex andp, something a five-year-old could do!

H(X,p) = p?lop +V(X) = p2lop +Mw?x?/5 (20.1.6)

However, we need to decide how to represent those thick-headed operatdps and right
away we notice something unique about this Hamiltonian. Apart from scale fabtgrer Mw?/, , this
Hamiltonian has a forr(P? +X2)/, which is symmetric to interchange of positdmand momentur® (or
DeBroglie wavevectokk). It isn't going to make much difference whether we represent this problem in
positionx-space {Jx) ..} or in momentum (Fourier wavevectdespace{k) ..}.

So which do we use? The best answer turns out to be neither and both! We will solve this system's
Schrodinger equations using discrete abstract algebra, but first, tie this to a standard historical approach tc
the harmonic oscillator that uses the calculus of continuous differential equations.

(1) Schrodinger oscillator equation
The commonly stated form of Schrodinger's equation is in the posiipace basis {x)..} for
which the representation of the Hamiltonian is that given by (11.4.5¢) with podjat Mw?x?/> .

| 5 2 M 2,2

(S )= ()= (x P M ) 201.72)
20.1.7a

0¥ (xt 12 0%(xt) Mo

" th - 2M a>E2 ), 7P

The time dependent equation describes all the possible motion of a quantum oscillator, but first, we have
to solve the timéndependent oscillator Schrodinger equation, that isnigsgy eigenvalue equatigns

11272 (x) | Mg e

(x[H|E)=E(x|E) , or #e(x)=E#¢(x) (20.1.7b)

2M oy 2 2
where the latter follow from a simple substitution of a special time-dependent wavefunction
_ i#t _ “iEth
! special (x,t)—e l $E(x)—e : $E(X) (20.1.7¢)

into (20.1.7a). Once we get the allowed energy (or frequency) eigentaligand eigenfunctions
! () =(x[E,) = (x|n), (20.1.7¢)

n

then oscillator time behavior depends on linear combinatio&asieral (x,t) of eigenfunctions.

' geneal (x,t) = n ane#i$nt%En (x) _ n ane#i E,t/!

Each eigenfunction oscillates at its own (eigen) frequency and contributes to a Fourier time function.

%e_ (x). (20.1.7d)
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The "special Wavefunctlon'i’special(x,t) or elgenfunctlonsqu(x) represenstationary states

Their probability distributions are motionless, that is, dead as a doornail.

_dr E(X)‘2 0.

d[ =«
a( special® special)_ dt

Motion and life as we know it comes only from a general wavefun&iaér,]mraI (x,t) thatis a

combination of at least two such eigenfunctions with different (eigen)frequencies. Remember, the
fundamental quantum time principle: "It takes two to Tango!" which was shown in Sec.4.4(a), 9.4(a), 10.2
(b) and 12.1(b).

(2) Hermite equations: Gaussians and zero point energy
The resulting eigenfunction differential equation is the Hermitian forhheomite's equation
M?0? _2ME

| 5 end.e—|—2

2

d X

H-I/IE(x)zw—Ez()+(8—ax2)l//E(x)=O where: a= (20.1.8)
dx

Historically, this is significant since Hermite's name appears on both this special equation and the concept

of Hermitian (self-conjugate) operatdt$’=H) which satisfy the Sturm-Liouville requirements discussed

in Ch. 11 in equations (11.2.20) to (11.2.23). Gauss's name is significant, too, because it was known that &

Guassian functioe® is one very important solution to this equation as seen here. The derivatives

w2 " 2 2 .02 . 2 v 2
ie! ¥ or2nxe Y, d—e! ognet TN 44 2% X (20.1.9)
dx dx?
yield the following solution of (20.1.8)
d? _(x #$ X2
A%"#axz)! =(x)=0 where ! E(x):e ,a=4$2 and:"=2$ (20.1.10a)
dx? norm
This gives the following Guassian decay constaahd energy eigenvalie
n ' 2 I n
! =M , ad: E=——#=— (20.1.10b)
2! 2M 2

The energy valuE=7w/2 is the ground state energy of a harmonic oscillator. It is called the
vacuum zero point energyEiw/2, and it has tremendous physical significance. It is related to the great
“roar of the vacuum™ at absolute zero temperature. It is the electromagnetic energy that remains after all
"photons" and other excitation energies are as gone as is possible.

In spite of the overwhelming presence and significance of the zero-point wave, it is regarded as a
nuisance for the treatment of differential equations. So the Gaussian is factored out by making it a scaling
functions(x)=e%’ such that the differential operator for a rescaled funaipd=s(x)p(x) is easier to
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solve in polynomial form. Derivatives of a rescaled wavefunction convert the Hermite equation
l//:Sq) , WI:SI¢+S¢/ , w,,:S,,‘¢+2S,‘¢,+S‘¢”

20.1.8). 2

( ) s-¢”+2s’-¢’+(s”+£s—ax2s)¢=O=e_ax [¢”—4ax¢’+(—206+ 4062x2+8—ax2)¢}

The rescaled equation is a standard form of Hermites's equation. Here av&asdrom (20.1.10a).
K-¢=¢"—4axy’ +(e—2a )p=0 (20.1.11)

Putting in the ground state enegs2o. from (20.1.10a) gives two solutions=const.andp=$dxéox? ,
Only the first solution is of interest here, but it just gives back the Guassian wavefunction

w(x)=s(X)p(x) = e%? (const.) (20.1.12)
which was known (for centuries) before. The second solution blows up.
W(X)=s(X)(X) = e $AXEX’ 00 aSX—oo (20.1.13)

This "blow-up" solution is not wrong. It is the manifestation of the non-resonant eigenchannel wave or the
"wrong" local-symmetry wavefunction discussed before in Sec. 14.1(c) (Fig. 14.1.13) and Sec.15.4(c).
These waves are only needed if we plan to make "global" waves that flow in and out of the harmonic
oscillator potential well. Since we are only dealing with local wavefunctions, this type of wave solution
will not be considered in this section. The same applies to solution of (20.1.11) for other values of
including other eigenvalues. (Only "quantized" eigenvalues give localized solutions.)

All local wavefunctions have an over-riding Gaussian enveddpé with the constant= M /27
proportional to mask! and natural frequenay. The Gaussian width or "uncertainty" is proportional to
the inverse square-robty, of this constant. (Just remember tedt5% so the wave is down 85%in
a distanceso; such thatu(xse;)? = 3 or xse; = (3/ o) .) So the quantum uncertainty fringe of the
evanescent wave decreases exponentially with increasing mass or natural frequency.

The resulting standard Hermite equation (20.1.11) has some disadvantages over (20.1.8). The
differential operatoK is not Hermitian, that isK( %K). For these (and other) reasons we will go back to
modern algebraic methods which deal with Hermitian Hamiltonian equations and unitary evolution
operators. From time to time we will check our results with the differential equation (20.1.11).
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20.2 Harmonic Oscillator Eigensolutions
(a) Creation and destruction operators
The key to the quantum oscillator eigensolutions is almost as simple as the faetdrmgto (a
+b)(a-b). Actually, it involves factorindg®?+ X2 into (X+i P)(X-iP) where operators
X=IM ox/12 and P = p/{(2M) (20.2.1a)

are scaled position and momenturp operators that square and sum to make the oscillator Hamiltonian
(20.1.6). Sincex andp do not commute the factorization is done symmetrically.

H(X,p) = P2+ X2= (X-iP)(X+i P)/2 + (X+iP)(X-iP)/2
Also, Planck's quantum oscillator energy is factored out as well.

H(x,p) = p?lop +Mw?x?l; =ho (@ a +aa )/2 (20.2.1b)
The resulting operator factors include the followitegtruction operatoa

(X+,-p) B (Mxﬂp/M)

a= = NG , (20.2.1¢)

and the conjugate factor is calledraation operatora . This naming will make sense shortly.

aT:(X! ip):(\/Wx! ip/\/m)

N Van
Recall from (11.3.10) and (11.3.11) that positcoand momenturp are Hermitian operators.
X =X p =p =7k
So thea anda operators differ only by the sign of the imaginarwhy the operator holding the dagger
should be called areationoperator is like a murder mystery that will be revealed in due time!

The classical equivalent of tlaeoperators are thghasor coordinategitroduced in Ch. 10. The
phasor coordinatesy=x;+ip ; anda,=x»+ip» defined in (10.1.1c) related the classical phase space of a
two-dimensional oscillator to the wave amplitudes of a 2-state quantum system. Later, we will discuss
guantum oscillation of dimension-two, too, to 8l0(2)quantum theory using two independent set of
anda operators §;=X;+iP;,a; =X;-iP;}and {ay) =X+ iP, a, =X, - iP>}.

(20.2.1d)

(1) Operator commutation relations

Operator algebra invariably involves questions of commutation or lack thereof. Here it starts with
finding the basic commutation differengp-px of position and momentum calledcammutatofx , p].
One way to do this appeals to coordinate representations (11.3.10) and (11.3.11).

<x\xp-px\w%(x%w(x)—%w(x)j:ﬁ.(xgwx)—x%w(x)—g—iw(x)]

l

=(x[[x.p]w) = =2 (x)= i ()
In abstract operator notation this is written simply asramutatofx , p] relation.
[x,p]|=xp-px=hi1 (20.2.2)
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Oscillator quantum mechanics involves commutation relationsanatida .

[a, aT:|E anr -aTa

=i(\/M—wx+ip/\/M—a))(x/M—wx—ip/x/Mw)—(\/Mw X—ip/\/M—(o)(\/M—(DX+ip/\/M_a))

2!

This is nicely simplified using (20.2.2) to give
2i —i
[a,a }:E(px—xp):!—[x,p]:1 (20.2.3a)

or aal=a'a+1 (20.2.3b)
Just this simple relation by itself lets us simplify the Hamiltonian (20.2.1b) and expose the zero-point
energyEy = hw/2 first seen in (20.1.10b).
H(x,p)=hw (a a+aa )/2=ho (a a+a a+ 1)/2
#ma a+ 179/, (20.2.4)

(2) Eigenstate creationism (and destruction)
Let us define thground statd0) as the eigenstate bi(x,p) with the zero point eigenvalils.

H(x,p) 0) =7®/30) (OIH(x,p) ="/, (O] (20.2.5a)
From (20.2.4) action bg on the ground kd0) (ora on ground br&0|) givesnothing(zero vectors).
alo)y=0 Ola =0 (20.2.5b)

However,a acting on the ground ket gives a non-zero vector whose eigenvatmeisater thark.
H(x,p) a [0) = am a a a |0) + "9/ a |0)

Commutation (20.2.3b) gives the following sirecl)) = 0 by (20.2.5b).
H(x,p) a [0) = aAm a (a a + 1)|0) + "9/ a |0)

= (ho + "9/5) a |0) (20.2.5¢)
This is theone-quantunor first excited eigenkét) andeigenbra(1| defined as follows.
1) =a |0) (0] a =(1| (20.2.5d)
For ketsa is a creation operator since it creates higher level kets whlibes the reverse.
all) =aa |0) =(a a +1)[0) =|0) (20.2.5d)

Perhaps, the that carries shouldnOt be thought of as a dagger but more like a magic wand. But, beware
of its dark side. For braa, is the destructor, and it sthat does the creation in Obra-space.O

A semi-infinite sequence|(), |1), }2), |3), 14), ..]n), ...}of eigenkets witm=0, 1, 2, 3,... quanta
can be built this way using repeated applications of this magic creation ogerdefore we do this, we
need to check that this more than just formalistic posturing. It remains to be shown whether the operator
algebra can yield wavefunctions and solutions to the old-fashioned differential equations (20.1.10) of
yore.
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(3) Wavefunction creationism
The coordinate representation of the OnothingO equation (20.2.5b) is as follows.
X|al0y=0 (20.2.6)
Expanding the destruction operator using (20.2.1c) gives
a0 ( x|0)+i(x|p|0)/ ) (20.2.7a)
(xlal0)= (VML {x|x|0) +i(x|p|0)/ V1!
The operator coordinate representations turn this into a simple differential equation for ground state
wavefunctiormnyg(x)=(x |0).

Imr xe o )+|'—#' ()/JM_I—O (20.2.7b)

, Mw
wi(x)==—xwo(x) (20.2.7¢)
Integrating this gives the familiar Gaussian wave mentioned before (20.1.9) and (20.1.10).
" $M# x2/2h
! d =1 Exdx h"” +Incong. —MX—, R (20.2.7d)
h h 2 cong.

L : . . "2 %
The normalizatiortonst.is evaluated using a standard Gaussian integjralx e = \/;] .

" M# X2/ , -
<! 0‘! 0>:1:9§$dxe - & / cong.?" (:onst.:,(c & ) (20.2.7€)
cong.? M7# ) M#
The first excited state wavefunction(x)=(x|1) is derived using a representation of (20.2.5d).
(xla 10) =(x|1) = y1(x) (20.2.8a)

Expanding the creation operator using (20.2.1d) gives

(x|a \o>=%(m (dfx|0)" i(xlpl0) 1 Var )= (1) =r,(x).  (20.2.80)

The operator coordinate representations generate the first excited state wavefunction.

(X1)=14(x) = \/— \/—”x' ()#l'—:l?l—(x)/\/mi(c

% M X220 M X2 /21 (

—_ 1 ! " Xe—#|—£e—/\’M”*

\/2_|& cong. i $x  cond. X
) (20.2.8¢)

#M X /2 0/ | "
J2! cond. &
3/4

n #M”X/ZI 0/ " 0/ " 2
_VM" € (2x):-d\/| S T B VE PN

J21 cong. )

&+ ) & )
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Plots of wavefunctions (20.2.7d) and (20.2.8c) are shown in Fig. 20.2.1a and Fig. 20.2.1b,
respectively. (These were constructed usintlah well of P=24-pendulum model of Bloch waves as

described in Sec. 3.8.) Note the even and odd symmetry, respectivelyygfthandy(x) waves.

(b)

1st Transition
energy El 'EO

Classical turning points

TR R R T T-T-

(&)

Zero-point
energyEg g °
=1"/2

Classical turning points

o

IFIM:W i SIE

"'.l_r"

Fig. 20.2.1 Harmonic oscillator wavefunctions (a) Ground state, (a) First excited state.

Fig. 20.2.1 shows the points where the total energy equals the pdiénkdland kinetic energy
is zero. These are tldassical turning pointef an energy eigenstate. Beyond these points the wave

becomes evanescent like a dying exponential. In this case it is a dying Gawssidnat dies even faster
thaneox . By SchrodingerOs equatigh+ %Z[E—V(x)]y/ =0, eigenfunction curvaturg," is zero at

turning points wher&-v=0. Turning points of square wells diredwalls. Here our OwallsO vary with
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(b) Matrix and normalization calculations

The main advantage of the algebraic approach is that bra-ket calculations of matrix components
like ({mix#n) or{mjakin) generally do not have to involve coordinate (or momentum) integration. To
facilitate the algebra af anda matrices it helps to reorder them using commutator idefABty= [A, B]
+ BA. In a matrix such as follows, it helps to move destru@ieperators to the right so they zero out.

(OIf(a)g(a )I0) =<0I[f(a), g(a )] 10) +(Olg(a ) f(a) 10)

Then only the commutator matr8| [f(a), g@ )] |0) needs to be evaluated.

For example, the following generalizations of the basic (20.3.3) relatjen][= 1 are useful.

[a,a”} =2a', [a,a’f3}:3a2ﬁ N [a,am}:na“‘_l (20.2.9a)

These are special cases of applying what might be callesthewutator derivative identity
[A,BC]=ABC -BCA =]A,B]C +BAC -BCA
= A, B]JC +BJ[A, C] (20.2.9b)
The name recognizes the similarity between these relations and power-law derivatives. It goes either way.
[AB,C]=-[C,AB] =-[C,AlB - A[C, B]
=QA,C]B +A[B, C] (20.2.9¢)
Using (20.2.9a) we can commute arbitrary powers to get something that resembles binomial expansions.
aa "=ra "l+a "a

a2a n_ naa n-1

=n(n-Da "+na & + na "a+a "a?

+ aaa

=n(n-Da "2 +2na "l +a "a?

ala "=n(n-1aa "2 +2naa " +aa "a?
=n(n-1(n-2)a "3+n(n-Da "Za+2n(n-Da "2a+2na "ta?+ma "a%+a "ad
=n(n-1)(n-2)a ™3 +3n(n-1a "2a +3na 14?2 +a "a3

I'm$ l
Using binomial coefficients; %: —'(m—y this becomes a formula for any powes..3,4.
r rifm" r)!

i =l B =R B =l ] o=

The generah..a toa ..a power shuffle formulés the result we want.

I I I
ama =% | M | T g ommtrgr_ s ™ g nmtrgr (20.2.10a)
=0\ r (n—m+r)! =0 r!(m—r)!(n—m+r)!

Normalization requires a special case of this formula matm.

"0, " n(n(1l n(n(1)(n(3 . %
a’a =1 gn T a ral = nigl+ na a+7( ( )a 2a2+—( (Y )a %3+E "+ (20.2.10b)
r=0 r &rl # &

21)21 3)3!
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(1) Normalization and ladder operations
To create quantum staties with n greater tha® or 1, it is necessary to derive the normalization
constant as a function affor a state obtained by applying theoperatom-times.

in ngtn t |
|n>=a |O>’ where: 1:<n‘n>:<0|a a |20>:m<0|1+na a;..|0>: n! .
cong. (cong.) (cong.) (cong.)
The result is root-factorial normalization: |n) :aT|'O> (20.2.11)
n:

Note that fom equal to0 or 1, the normalization is unity. (Yes, it is conventional to defihe 1 = 1!)
Clearly, we need to generalize thhe 0 or 1 creation and destruction formulas (20.2.5) to highguanta.
Applying a creation operatar to ann-quantum state (20.10.11) gives the following.

_an+l|0>_ " an+1|0>
a|n>— Jn! =n+1 (n+1)!

Applying a destruction operatarto ann-quantum state using (20.2.10) gives the following.

(20.2.12a)

_aa™|0)_(na™ ' +a™a)|0) - a’™!0)

=vn——- 20.2.12b
alm) Jn! Jn! Vn (n! 1)! ( )

These can be summarized by the following oscillator ladder relations.
a [n)=vn+1|n+1) (20.10.13a) a|ny=+/n|n—1) (20.2.13b)

A mnemonic rule: Always put tHargerof the two quanta under the radical factor for either case. The
creation and destruction operators are represented infah¢ld, }12),...} basis by semi-infinite matrices.
"l %
I V2
13
N/

(20.2.13¢c)  (a)

AP OBARBRSH

(a')= ﬁ (20.2.13d)

(2) Number operator

The Hamiltonian (20.2.4) contains the operatora a plus the zero-point enerdyi®/, . It is
important to understand the operadoa. Its effect on a quantum state follows using (20.2.10).

Tanfh Totn! 1 n
a*a|n>=aa\7ﬁ|0>: aa\/ﬁ|0):na\/%)>:n|n> (20.2.14)
It counts quanta and hence it is calledribenber operatoa a. This is proof thaln) areH eigenstates.
Hn)=Aam a a |n) +79/51 |n) = (Gm n +79/5) n) (20.2.15a)
0 1/2
1 1/2
H=ola a)+’7‘"<1>= Lo 2 ‘o 1/2 (20.2.15b)

3 1/2
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(3) Expectation values and uncertainty
Thea-algebra helps to find expectation values of operators besides the Hamilioi@ansider
positionx and momenturp. Solving (20.2.1) giveg andp in terms ofa anda .

, .
Ml _ata L ,-a'a (20.2.16)
2n 2 2nM 1 2i

The eigenstates expectation valuex ahdp for are zero becaugslajny= 0 = (nja |n) .

Rl,=(alx|n) = | (nl(a+a Jin) =0 pla=(nlpln) =1, (nl(a " a)in)=o0

(20.2.17a) (20.2.17b)
The zeros can also be seen to be a result of the symmetry of the potential and its eigenfunctions such as
were shown in Fig. 20.2.1. However, the mean squanes amdp?2 expectations are non-zero.

) h 2 = 21 M RY:
X 1n=({nlx?n) = (] a+a") [ n) p1,={nlp?[n)=* =—(ul(a " a] |n)
T (n|(a2+aTa+aaT+a”)|n> =" !A;“ (n|(a 2"aa" aa +a2)|n)
h IM!
=" (2n+1 = (2041
o @n+) 5 (2n+])
(20.2.18a) (20.2.18b)

The basic commutatiosa =a a +1 (20.2.3) and number value (20.2.14) was used. This lets us
estimate the mean or expected kinetic and potential energies.
(2n+1) 1 5, _ 1™/

1 202, _ 1 2 h =T 2
PE|.=—M!/ | =—M! KE |,= —p?|.=— 2n+1
) XT3 2M! |”2|\/|'°|”2|v| 2( )
1. " 1% 1. " 19
=—h! i =1 =
Y 2 1" %
(20.2.19a) (20.2.19Db)

The fact that they are equal is peculiar to the harmonic oscillator's phase sasE symmetry.
Uncertaintyor standard deviatiorAq of a statistical quantitg is its root mean-square difference.

(ta)’=(a"d@)* . or 'q=y(q" @) (20.2.20a)

Harmonic oscillator coordinate and momentum uncertainty follow from (20.2.17) and (20.2.18).

Ax=\/x:2= /'(;ML;]) Apz\/pzzz\/@

(20.2.20b) (20.2.20c)
TheHeisenberg uncertainty produfdr then-quantum eigenstate is

VN e h(2n+1)\/th(2n+1)_ ( lj
AX Apln_J;J;In_\/ Mo 5 =h n+> (20.2.20d)

TheHeisenberg minimum uncertainty prodectcurs for thé-quantum (ground) eigenstate.

e p|o=!5 (20.2.20e)
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(4) Uncertainty approximation for anharmonic spectra
The preceding harmonic oscillator uncertainty relations are the simplest ones we've seen so far.
They are a great deal simpler than Apeor Ax functions for most anharmonic oscillator power-law
potentialsV(x) = AX’ with powers other thaR=2.
While relation (20.2.20d) is only exact 82 potentials, it may be used to approximate the
spectra of other potentials, too. The idea that-gnantum state occupies units of phase space is
related to the classical Liouville phase-space-incompressibility theorem and applies to any potential.
The trick is to setoot-mean-square (rmsjaluesx= Ax andp= Ap in the HamiltoniarH and
minimize H=E with respect ta\x subject to the constraint (20.2.20d) of phase-space-incompressibility.
# p&

2
E = MIN%2—+AxP (2;2 +A("x )( subject to: " x)" p=x) p=! =(n+= )I (20.2.21a)

By puttingp= Ap = v/AXx = v/x into an energy function and zeroing thderivative we findAX= X,y,.

| a2 |2 2 . 2
i#p—+AxP$=i# $ (C =+ APxP(1= 0= " 4 ApxP*2
dx?2M go dx " 2Mx? f%o 2Mx3 M
. 1 (20.2.21b)
I 12 $p+2 ' I 12 $p+2
) X= mln‘#M§0 J )p_pmi”_%_ #I\/IAP&

For the harmonic oscillator PE powes2 and spring constant=/,=1/;M?, the values (20.2.21) equal
the exact results (20.2.20) and minimum energy subject to constapt

Quantumu-number dependence factors out of the resulting general minimum energy.

(2 P p " o
12" 2 %’+2 "2 U2 =D 1 1
: : —pr2$

—_— 1 ! + ,
v Smars T $uarg $ P ¢ P (& P
HOM P2 AP+2PpP+2  JfP+2 AP+2pP+2 &

(20.2.22a)

E =

Then the kineti¢KE= p> /2M ) and the potentigPE= Ax" ) parts simplify, too.

2 2
& op 5
_ AP+2 0/ 1 1 = AP*2 4P+2g
E, _ P — et —p = P e (20.2.22b)
MP+2 §opP+2  pP+2( (MP)P+2

Again, the oscillator parametdPs-2 and4=/>=1/,M’ reduce this to the exact energy: vo = ro(n+1/7).
However, this approximation works pretty well for other power-laws. First, it giveédrihératio

P:2 between KE and PE that was derived in (18.3.10). Then a uniform force field (like terrestrial gravity)

with P=1 has a spectrum shown in Fig. 20.4.2 that goeg’asA square-well corresponds to a large

power P>eo. Then, (20.2.22b) correctly predicts the quantum dependefd&? approaches?. At the

opposite extreme, a Coulomb potenk&lhasP=-1. According to (20.2.22b), it has an inverse power -

v-2-spectrum. As we will see in Chapter 26, this result is exactly true. (Note that (20.2.21) gives the Bohr

radius discussed back in (5.4.3a) and the momentum (20.2.21b) agrees with (5.4.3b).)
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Fig. 20.2.2 First excited state wavefunction of linear potential V(y)=mg|y|. (V=98 Bu for N=24)

A 24-pendulum model in Fig. 20.2.2 provides a wavefunction and energy spectrum for a linear
potentialV(x)=V|x| and clearly shows the decreasing energy level spacing as energy increases. The linear
potential wavefunctiong,(x) have a superficial resemblance to the corresponding Hermite oscillator
wavefunctions shown in Fig. 20.2.1. However, their algebraic properties are quite different. First of all,
the zero-point energy is a larger fraction 0.69 of the first transition energy than the 0.5 obtained for the
harmonic oscillator. The fractiqry in quantum phase space ahme#n + y) is calledMaslov's index

The linear potential wavefunctions are calfedy functions If you keep only oddk anti-
symmetric Airy wavefunctions such as tpg(x) shown andyz(x),ws(x),w7(x),... and discard the evan-
wo(X),w2(x),w4(x),... waves, then you will have a complete sebafincing-ball eigensolutiordue to an
infinite potential wall at the origin (and symmetry axis) of Fig. 20.2.2. These are discussed in an article by
Julio Geo-Benacloche. (AJP September 1999)
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(c) High quantum oscillator states

The repeated application of the creation operator to the ground state yields higher and higher
guantum numbers and eigenstates and more and more complicated wavefunctions. An examgk® with
is shown in Fig. 20.2.3.

50

Fig. 20.2.3 n=20 probability for harmonic oscillator potential V(x)Z2Y¥=100 Bu for P=60 )

This is still a long way from a classical energy valu& dbule for al Hzoscillator that would
take a quantum number of roughiy 100,000,000,000,000,000,000,000,000,000,000,008=dM@ich is
to say the least, beyond the capability of current computers to simulate. (How big would the Pwiber
pendulums be?)

However, even this relatively low quantum excitation is showing some visible classical properties.
The envelope of the probability distribution is beginning to look like an inverse cosine function which is
the classical probability distribution of a sinusoidally oscillating patrticle.
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20.3 Harmonic Oscillator Dynamics and Coherent States
(a) Oscillator quantum beats

So far, our study of oscillator eigenstates has been lifeless; eigenstates, by themselves, appear to
be dead since the absolute square kills Planck phase oscillgipnt) = e®u yy (x)) of each eigenstate.

ot D2=le7@0 1(x |02 = lwo()I , M1(xOP=le™® (xR = [y (2 ,...  (20.3.1)
Planck's oscillation of a quantum phasor is observablersldtiveto another phasor which has a
differentfrequency and when the two phasors can interfere with each other. Then their combined
probability distribution wobbles or "beats" at a frequency that iglifferencebetween their Planck rates.

This is how a quantum harmonic oscillator can actually oscillate like a classical pendulum. The

simplest example of this is had by mixing the first two eigenstates, the ground and excite@) staths
1) with wave functionsyp(x)=(x|0) andy(x)=(x|1) shown in Fig. 20.2.1, gives the following state .

[¥) = [0)XO0|W) + [1X1|¥) = |0)¥p + |1)¥ (20.3.2a)
Eigenfunctionayo(x)=(x|0) andy(x)=(x|1) (shown in Fig. 20.2.1) are mixed to give
P(x)= (X I¥) = (XI0X0IF) + X TIXLIY) = wo(x) o + wi(X) ¥ (20.3.2b)
The greatest oscillation occurs wiB-50mixing coefficients
Yo=(O¥)=1/&2, Y ={|¥)=1/&2 (20.3.3)
The time dependenci(x,t) of the mixed wave is then
Y (x,)= yo(x) @0 o + 1 (X) &1 1) = (yo(X)e™@07 + yi(X) 701 1)/&2 (20.3.4)

and probability amplitud@¥(x,t)| envelope beats back and forth according to

*

‘T(x’t)‘ - \/ﬁ - \/(e_iwot‘/’o(x) + e_iwlt‘lfl(x)) (e_iwot‘l’o(x) + e_iwlt‘lfl(x))/ 2

i/(“/’o(x)‘z + “/’1(")‘2 + 2/ (x) o (x) cos{, - “’o)’j /2

This oscillation of¥(x,t) and|¥(x,t)| is shown in Fig. 20.3.1 for a single beat peniggl;. It is strong
wherevemwvave overlapyo(x)y1(x) is large and occurs at the angular beat frequencyw) = 2'/ tpeqt.
The general 2-state quantum probability beat wavefunction is

() 1 () =g () # () + 2t () ty ()] cos{ 00 + (1 $#0)) . (20.3.5b)

Here individual mixed-wave amplitudes akgx) = yo(X)¥o andA;(x) = y1(X)¥1 and wave overlap
Ag(x) Ar(x) = |[Ag(x) As(x)| €801(9) (20.3.5¢)
may be complex with a pha6g; that varies withx. In (20.3.4) botA,(x) andA;(x) are real an@,; =0.
The beat frequency is the eigenfrequency difference
Wpeat = W] - W) = O, (20.3.5d)

which also happens to be tblassicaloscillator's natural frequeney. So, this is the first example of a
guantum oscillator behaving like a classical oscillator or pendulum.
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Frequencywye,; is called aransition frequencygince it is (1) times atransition energy
AE = E [0 transition = E1 - Eg = h® (20.3.6)
HereAE is the energy difference between the first excited |Eyel 7w; and ground levet) = hiwy.
However, for a harmonic oscillator all neighboring pairs of levels have the same transition fraguency
Furthermore, all pairs of levels will beat at a frequency that is an integral harmenic of

Fig. 20.3.1 Beat oscillation for mixed 01-state of harmonic oscillator showing x and k expectation.

(1) Energy expectation value
The energy expectation value or mean energy was given in Sec. 12.1(c) as the matrix sum (12.1.8)
over energy eigenvalu&s, times the probability¥,, |2 for each of the eigenstates.
E =(PHIY) = OHIO)KOP)Z + (LHIKLH +...

= Ep [Wol2 + E; W12 +.. (20.3.7a)
For a50-50combination example (20.4.3) pictured in Fig. 20.3.1 the expected or mean eriesgiors.
E =Ep 1/2 +E; 1/2 =(hw/2) 1/2 +(3hw/2) 1/2 =hw (20.3.7b)

(Mean(Es+E;)/2 of oscillatorE-valuesg, andE; just happens to equal their transition endtg;.)

(2) Position expectation values
The position expectation involves a double matrix sum over eigenstates sireepii@tor is not
diagonal in the energy basis. The Ch. 12 equation (12.1.11) treats the general case.
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X = <‘P‘x“}’> =Xl Znet <‘I" m><m‘x‘n><n“1’> (20.3.8a)

Here thedipole matrix elementgn|x|n) are easily derived usiraggalgebra. Generalizing (20.2.17a) gives

() =y (ol )= (Vo 4 e+ 20.3.8b)
= (xo / \/E)(\/;#mn pHVnt l#m,n+1)

wherex is thezero-point classical turning poingxs whereE) = //;Mw?x) 2 = hw/2.

Xp = [AIMw] 172 (20.3.8¢)
The off-diagonak-matrix means thg-expectation value is not constant for a general state.
[P(1)) =0)ei®0 1 + |1)ei01 1P +.., (20.3.9)
The matrix form of (20.3.8) is, perhaps, easier to compute and more revealing.
()= T oo (¥l o)
N o)
=a7- Yo Y () Y0 )
2mo O T | o
NI :
o )] ™ (20.3.10a)
. . . —iWt
:(xo/\/g)( ‘I’Zelwot ‘PTelwlt Tzel(%t j \/I : \/5 ‘P]e 1
. \/5 . \/5 N e—ia)zt
SN ER 2
ﬁlple—iwlt
=(x0/ «/5)( PrePot T 0 ) i e 0 2
\/E‘Ple_iwlt+\/§‘l‘3e_iw3t

If only the first two levels have non-zero amplitude therbeats at frequency,g=/,""! .
(x)=x1, (t):(Xo/\/z)(! Beiuotx/i! 1e#i"1t+! zei"lt\/i! Oe#i"ot)

. o ) (20.3.10Db)
%Xo/ﬁ)‘! 1! o‘(é( 10t+810) 4 Hi( l°t+$1°))where:" 10="1#"0

Theamplitude overlap produas ‘PT‘PO=“PT‘P0‘ei910 (20.3.10c)
This product ig1/'2)(1/12)=1/2 for a50-50combination state (20.3.3) giving the followingscillation.
(X®) = by =( %/ V2] cos{@; - @5)t=(x / 2)coswt (20.3.10d)

Oscillation amplitudéx) is v/7/2 of xy or 1/2 of the classical turning poing; at mean energ# = o of
a 50-50 combination &) andE; states given by (20.3.7bY; is also the dipole matrix elemeiix|1) .
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The range of expectatidr) is plotted numerically with the expectatif) of momentum in Fig.
20.3.1. It is larger than the 18% achieved by poor prisihiarthe square we{k) of (12.1.15). This is
because the harmonic oscillator is a "softer" prison than an infinite square well, and it allows a significant
fraction of the lown waves to evanesce into walls. The widening potential at higirareases their
uncertainty rangax, but highn waves meet steeper walls with more momentum. So, the fraction of
evanescent wave goes dowmagoes up as seen in the20 example of Fig. 20.2.3.

(3) Momentum expectation values
For a50-50combination state (20.3.3) the mean or expected momentum is

(p®) =Dl ¢ =-(|v|" X /ﬁ)sin(" #7o)t=( oy /2)sin " t (20.3.11)

(The derivation is left as an exercise.) The expected momeppun Fourier transform wavevector
componentk) is plotted vertically versu&) for four 1/4-periods of the oscillator in Fig. 20.3.1. The
resulting path resembles a classical phase space ellipsép)asifescaled bim, a phasor circle.

This shows some essential classical dynamics of the oscillator being reproducs® By a
mixing of the lowest two quantum stat@h,and|1), of the quantum oscillator. Uneven mixtudés6Q
30-7Q and so forth, will oscillate on similar phase paths but with reduced amplitude according to the
value of the overlap product (20.3.10c). However, even the maximum amplitude achieve8@ga a
mixture is still only a fraction of the corresponding classical oscillation of the same energy. This fraction
gradually increases for mixtures of quantum stgeand|n+1) for larger and largem. Again, this is
related to the decreasing fraction of the evanescent parts of higher quantum states. Now we see ways to
involve many eigenstates in making more effective or OcoherentO wave packet dynamics.

(b) Oscillator coherent states (OShovedO and OkickedO states)

Most who study quantum mechanics have a desire to see classical manifestations of classical
dynamics in quantum systems. The harmonic oscillator is one of few systems that can indulge our desire
for a return to our classical birthplace. The oscillator has a nearly perfect classical-imitation-state having
an almost child-like simplicity. This state is called a harmonic osciltatberent state

There is hardly a child (or healthy adult) alive who, when seeing a pendulum, spring and mass, or
other oscillator, can resist the urge to swing it or ring it. The more gentle of us might just pull it off center
and release it, while a more impatient provocateur might just kick it. A true physicist will only be satisfied
after repeatedly dealing the poor oscillator both kinds of punishment. Here we consider quantum
operators that perform these child-like acts on wave functions and quantum states in general, and we will
see how such actions affect oscillators in particular.

The usual coherent state is the result of applying such operations to an oscillator groy®)d state
but more general sorts of states are possible as we will see. Quantum states have infinitely more freedom
and variety than classical states, but now we just want it to reproduce a tiny piece of a classical world.

Coherent states are made by translation and boost (shove and kick) operators just like the ones
discussed in Chapter 17.1(d). The Geoppert-Mayer-Snyder-Richards gauge transformation (17.1.16b) is
the boost or OkickO operator derived in (20.3.20) below. But, first we derive the OshoveO operator.

(1) Translation operators and generators: (A OshoveO)
Suppose there exists an operdt@a) which does nothing more than transtat@avefunctions.

T@ () = y(x-a) = XT@)Iy) = (x-aly) (20.3.12a)
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Such an operator is calledranslation operatoiT (a) (Good name, don't you think?) Its effect is to move
the functiona units to the right (positively). (Or, its dual moves ¥&pacea units negatively to the left.)
X|T(@)=(x-al ,or: T (a)x)=|x-a) ,orsincel (a)=T(-a): T(a)x) =|x+a). (20.3.12b)
For very small translatiorss—~da such an operation becomes nearly the identity operatiath a
small add-on operat@da which is linear in, or proportional to, the tiny (infinitesimal) translatian
T(da) = 1+Goa (20.3.13a)
The tiny-translation operator is callediafinitesimal translation operatorf (da) and the add-on operator
is called ageneratorG of translations|f T(a) is a continuous function @fthen the generator is the first-
derivative part of a Taylor series.

T

G= (20.3.13b)
l'a
a=0
Tiny translations on an arbitrary continuous funciigr) gives a single-term Taylor series, too.
T(da) y(x) =y (x—da)=y(x)— %y/(x)da (20.3.14a)
Comparing this to the effect of (20.3.13) gives
T(da)!” (x)=(1+Gda)!" (x)=" (x) +G!" (x)da (20.3.14b)

Solving (20.3.13b) and (20.3.14) yields an abstract operator exponential expression fo(dinite
T(a)=T1(0)1e?¢ =¢®¢ (20.3.15a)
and a coordinate-space representation of the gener&aqr

" $. "
G! (x):#§ ) =(xG|") (20.3.15b)

and thex-representation of the finite translation of a function.
$
#a—
T(a)!" (x)= G (x)=e 1" (x)
I 2 2” 3 n
$w, a8 (x)#a_$3 ™,

— a2
R T TR

(20.3.15¢)

Note the relation between the translation genefatand the momentum operatmreiﬁl"—x =" thLX

i

G=!-p (20.3.15d)

In terms ofa-operators the finite translation has a useful form.
a(a’t M /27

T(a)=e€ P =¢ (20.3.15¢)
To check tsigns of &(a) operator try it out on a plane-wave function using the DeBroglie relptibk

T(a)ei kx — oliap/t dkx — ol iakgkx — ¢ k(x! a) (20.3.16)
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(2) Boost operators and generators: (A OkickO)

There also exists an operaRBib) which "translates” momentupwavefunctions.

B(b)w(p) = w(p-b) = (XB(b)iy) = (p-bly) (20.3.17a)
Such an operator is callebaost operatoB(b) and it increases the momentum of any ket-state by
units. (Or, its dual moves thpespaceb units negatively or to the left.)
(pIB(b) =(p-bl , or: B (b)ip) =Ip-b) , or: B(b)lp) =Ip+b) . (20.3.17b)

For very small boosts—db such an operation becomes nearly the identity operatiath a

small add-on operatdtdb linear in, or proportional to, the tiny (infinitesimal) bodst

B(db) =1+Kdb (20.3.18a)
If B(b) is a continuous function @fthenKdb is the first- derivative part of a Taylor series.
I'B
K= s (20.3.18b)
"bly=g
Tiny boosts of a momentum functiarfp) give a single-term Taylor series.
B(db)!" (p)=" (p#db)=" (p)#$£" (p)db (20.3.19a)
P
Comparing this to the effect of (20.3.18) gives
B(db)!" (p) =(1+Kdb)!" (p)=" (p)+K!" (p)db (20.3.19h)
Solving (20.3.18b) and (20.3.19) yields an abstract operator exponential expression B(binite
B(p)=B(0)1e" =¥ (20.3.20a)
and a momentump-space representation of the boost genetajor
%
K-y(p=—7 w(p)= (p|K|w) (20.3.20b)
and thep-representation of the finite boost.
>
B(o)!" (=™ 1" (p)=e 1" (p)
) o 3 g3 (20.3.20c)
$p 20 gp? 21 g3
! !
Note a relation between the boost generidtand the position operatgr ! il'—p = il'—k
Ketx_9 19 (20.3.20d)

no 9p nok
In terms ofa-operators the finite boost has a form analogous to the form (20.3.19€njor

: i aT+a)/\/2hM!
B(b) X/ _ g b(

To check tsigns of B(b) operator try it out on a plane-wave function using the deBroglie relatibk

B(b)ei kx _ ol bx/ngikx _ gibx/ngikx _ o (keb/i)x (20.3.21)

(20.3.20€)
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(3) Applying boost-translation combinations
TheT(a) andB(b) operations do not commute. The question arises: "Which should come first?"
Again, neither and both seems a fair settlementiombined boost-translation operatisdefined.

C(a,b)=¢(x! an)! (20.3.22)

This choice is like a Darboux rotation operagdt/. Euler operations, on the other hand, consist of three
factorseid-o/heid)B/he-id /i in a special order. These operators are related in Appendix. 10.A.

TheC(a,b) combination is easier to disentangle, however, using the following operator identity.
A8 = AP TABYZ 2 BAJABY2  yhere: [A[AB]]=0=[B.[A.B]] (20.3.23)
This is known as thBaker-Campbell-Hausdorf identignd is left as an exercise. Singgp||=i#1, the
double commutationgx,p],x] and[[x,p],p] are zero as required afida,b) factors either way.

C(a’b):ei(bX! ap)/t _ gjbx/! Jliap/t gl abfxp]/21® _ jbx/t Jliap/t gl iab/2!
! | (20.3.242)
=B(b)T(a)e 22! =T (a)B(b)d 2!

Reordering only affects the overall phase. The same appliesatoerator expression f@(a,b).

C(a,b)= ei(bx! ap)/h _ eib(a +a)/\/W+a(a | a)m

(20.3.24b)
#a t#ra _ \#\lee#a o #ra GJ;zyf\z/ze! #*ag#a
Here the complephasor-space position coordinatga,b) is defined by
o(a,b)=aMw /2! +ib/ 2! Mo =[a+iMb }/Ma)/Z! : (20.3.24c)
0]

Applying the combination operat@(Xy,py) to the ground stai) simple picks up the ground
state Gaussian and plunks it down at phase space pdsitiag) with an overall factoe’|®°. This is
called acoherent wavepacket stdtgxy,pp)). It turns out to have expected positignand momenturp,.

|0‘0(X0’ po)>=C(X0, Po)|0) = o (%o X=pop)/n )

= e—‘aO‘Z/Zeaoa g %"a | 0>
2
g 1%l 12gma | o) (20.3.25a)

gl 123 (aoa )n|0>/n!

n=0

oo n n
e—\ao\zlz ¥ (o) In), uvhee |n>:a 0)

n=0 \/ﬁ \/m

WhatOs neat about a cohefey,py)) state is that it is an eigenvector of the destruction operator.

2 n " 2 n
alt oo po)=e 28 Lol gy g g Lol g0y

n=0  vn! n=0 ~/n! (20.3.25b)
=/ o|-’ o(Xo,po)>
And the left-pointing coherent bra is an eigenvector of the creation opé¢€aietle apropos')
( o (%0 Po)|a =(! o (%0 Po)|! o (20.3.25¢)

This makes calculation of position and momentum expectation operators quite easy.
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<0‘0(Xo’po)‘x‘“o(xo’po)>:\/%<“o(xo’po)‘(a+a Jleto . Po)

(20.3.25d)
! *
o leore)
<050(x0 Do |p|050 X0s Po)> Mg)' <0‘o(x01po)|(a —a)|050(xo,l90)>
o (20.3.25e)
=1 ;U (0‘0*—0‘0):190

The expected position and momentum is, well, exactly what we would expect classically.

(4) Time evolution of coherent states
Time evolution is calculated using the time evolution operator whose general form is

u(t,0)=e Pt (20.3.26)
according to (2.8.10e). Oscillator eigenstate time evolution is simply determined by harmonic phases.
(t 0)| > -iHt/! | > e—i(n+1/2)! t|n> (20327)

The coherent state evolution uses this result.

U(LO)|7 o (3. po))=6 " 3 %U(t,oﬂn):éll"z/zé %e-i(nwz)%w

n=0 n‘ n=0 n'

. oen (1oE %t)
i %2 ['of /2 $ ( n
AN T
This simplifies to a variable coherent state
U(t,0)| a0 (%o, Po)) =€"“"?| e (%, 1)) (20.3.28)

with a time dependent phasor coordinate (20.3.24c)

o (% o) =" o (X0, Po)

, 20.3.29a
{xt+|L}_e""t[xo+| po} ( )
M Mo

whose real and imaginary parts (the expegt@hdp/Mm) go clockwise around the phasor circle.
Po

X = Xpcos! t+——sin!t

M! (20.3.29b)
P _wysnt t+-P0 cosr t
M! M!

The (x;,p;) mimic perfectly a classical oscillator. Evolution|@f(x;,p;)) is shown in Fig. 20.3.2.
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Fig. 20.3.2 Coherent state oscillation for harmonic oscillator showing E, x and k expectation.
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At last, it appears that the goal of recovering perfect classical correspondence of a quantum systerm
has been achieved! Well, almost. There are still some issues that we will discuss shortly. But, at least Fig.
20.3.2 is a big improvement over the wobbly wave beating that appeared in Fig. 20.3.1. The coherent
wave envelop&Xy)| = [(Xla(X,Py)) and the(x) expectation march rigidly in lock step from one side of
the well to the other and back again without the envelope distorting even the slightest from the Gaussian
shape of the ground state wave. Recall tha{hexpectation of the wave in Fig. 20.3.1 only beats itself
half way to the classical turning point corresponding to its expected energy.

Closer examination of Fig. 20.3.2 reveals that the coherent wave also fails to reach the classical
turning points corresponding to its expected energy. Its expected quantum energy is

<E>‘,O =(/ o(xo’Po)‘H‘-' o(xo'Po» (v oo Po)‘ ‘a a+_1(&‘ (o, Po

I"

(20.3.30a)
=1"]
0lo* >

This has two parts. The first term is the classical energy using the phasor coordinate (20.3.24c).

2
Py
Ecla$ical h(DOCO oy = how |:X0 + IW}W
(20.3.30b)
2
1 2. Py
=—Mw +
% 2M
The second term is the zero-point enefgyhat is part of the quantum result.
* | "
<E>‘/ 0 = E assical ¥ E0 = 1’0 +7
(20.3.30c)

2 n
}:M " x02 +Po 1
2 2M 2
Fig. 20.3.2 shows both the quantum expectation and classical energy levels. It is seen that the expectatior

values oscillate between the intersections ottassicalenergy E.j.ssical) l€vel with the potentidV/(x) =

1/2Mwx? parabola. The classical level l#&%, below the true total energy (20.3.30c) of the coherent
wave state. The turning points associated with the waatgmenergy are not reached by the

expectation value. So quantum mechanics gets the last word even in this, a nearly perfect of example of
classical correspondence. And, well that it should.
The distribution of quantum eigenstates needed to make a coherent wave are given by (20.3.25c).

2 2n
(nforg 3Ry} =& /2((30;? ' (g (. o)} =0 % (20.331)

Thisa2n e’/ probability distribution is called Boissonian distributionThe corresponding amplitude
distribution is evident in the varying size of eigenphasors on the extreme right hand side of Fig. 20.3.2.
The peak and mean of the distribution occurs near the expected energy levels. (See exercises.)
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(c) Classical and quantum dynamics of wavepackets

The coherent state wavefunction follows from its abstract state definition (20.3.25a). To get the
coordinate wavefunction we just clothe (20.3.25a) witkixgbra.

(x| o (60 P0)) = (x| Cxg po)|0) = (x| Lo X" 2P) |0
it (L) (20.3.32)
- rEO \/m

Starting with (20.3.24a) the first line uses boost function (20.3.20e) and translation axiom (20.3.12).
(x|! 0 (xo’Po» = (x|C(x9,po)|0) = <x|B(P0)T(xo)|O>€" Fopo /20
:<X|€ip0X/hT(X0)|O>€" ixypo/2h
=eip0x/h <x| T(x0)| 0>€" ixypo /20

=eip0x/h <X n X0 | 0>€" iXgpo /20

(x|n)

(20.3.33)

Let us change Dirac notation backyt(x)-notation using ground state wavefunction from (20.2.7).
(Xwo) = Wo(x) = eMex?/2h(Ma/nh) /4 (20.3.34a)

Rearrangement turns the coherent wave irtoraplex Gaussian wavepacke@®?,

, . 1/4
e (2) =] o (3.0 )y =" VS (w3, ) 121 iz py 121 <(?c1‘;17;$;
(20.3.34b)

P /21 M (it ) 120 wipy (i, ) ! &M$)

%#'

The peak of the complex Gauss{ajw) is located in the complexplane or phasor spacezat o,

1 (wpy) =11 o (xg0p0) = %, +,-A14’f b= tg{éo +i%?, (20.3.34c)

according to (20.3.29). Its time behavior is obtained from (20.3.28).
— | ipx /21 #i$1/21 1 _#MS (xtx, ) /21 +ip, (x# /!&M$)1/4/
| " (X)—<X| t(xt’pt)>:e|ptxt 21 #151/2 :e (X Xt) |p[(x Xt) (W“ﬁ- 3(20334(:1)
The phase factor outside the complex Gaussian in the braces ([ ]) is knowsesitetassical
action phaser eikonal phase factoits theory has a wonderful history. We give a brief sketch of parts of

the theory. We first discussed action and phase back in Section 5.3(a).
(1) Classical action and phase

Dirac and Feynman are generally credited with fully realizing the significance and utility of the
classical action, but many of the creators of quantum mechanics beginning with Bohr, Einstein, Keller,
Jordan, Wentzels, Kramers, Born (of tWKBmethod) and others have developed the ideas which
continue to grow in modern physics.

The beginnings of these ideas go back even to Newton who started the classical mechanics which
Lagrange, Legendre, Poincare, Hamilton, and Jacobi developed to such a high level that they almost
discovered quantum theory using logical deduction alone. (Or, so it might appear using 20-20 hindsight!)
There are four or five related classical developments of classical mechanics which foreshadow quantum
theory and experienced a later renaissance.
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These are, in order of their appearancel igrangian function L=T-\Wwhich for the oscillator is

Mi? Mo®x®  p®  Mo’x®
2 2 2M 2

theHamiltonian function H=T+Wvhich for the oscillator has the form (preferred format first)

P> M!I %2 MX2 M! 2%
+ = +

L=T-V=

, (20.3.35a)

H=T+V= , (20.3.35b)
2M 2 2 2
and thePoincare invariant d®r Legendre transformation generatalation betweer andL
dS=Ldt=pdx! Hdt , (20.3.35¢)
whose integral is thelamilton's Principle action integral /5
Sp=1dS=1 Ldt=\ pdx"\ Hdr, (20.3.35d)

which includesHamilton's Characteristic action integralSalso known asreduced" action
Sy =1 pdx, (20.3.35¢)

The word'Principle” (not "Principal™) may be capitalized since it refergiomilton's Minimum
Principle, that is, thaBp is minimum for classical paths. So is the wEtharacteristic"since it refers to
theMethod of Characteristicased to solve partial differential wave equations by integrating along their
ray trajectories. The partial differential equations being solved in those days were (among others) the
Hamilton Jacobi equationghich follow directly from (20.3.35c)

das=rLdr=2Sax+ S ar (20.3.35f)
x ot
s Is
where: p=—, H=-— (20.3.359)

I'x It
determineS-eikonalwavefronts normal to the classical momentup= (VS in 2 or 3-dimensions.)
Dirac and Feynman developed the idea that the quantum wave function correspor& to the
wavefronts and that a wavefunction such as (20.3.34d) has the form

p=gShy=dltding (20.3.36)
It certainly works well when both andH=E are constant since then (20.3.35d) reduces to the form
So/n=(px! Ht)/n=kx! "t, (20.3.37)

of the relativistically invariant plane wave phase angle of the plane Wavek
However, the idea applies to the oscillator wavefunction and many other problems as well. For the

oscillator the reduced action comes out as follows.

t t Ma)2 2
S—|=£ ptd><[=({ 2M| E. - X |dx =Sp +Ect
: (20.3.38a)
t
xp| E .| Mo X P = %o Po
= < = 0F L Et
) 0+a)arcsm(\/mxt]0 > + B¢

So, (20.3.36) is consistent with the oscillator wavepacket (20.3.34d)
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if the zero-point energy difference (20.3.30c) between classical and quantum-expectation energies is
accounted for.
(2) Quantum generating functions
The coherent wavepacket with zero momentpgr@) from (20.3.32) and (20.3.34b) is
v, (x)=€_Mw‘x0 2/4hr§0 [%)nﬂ %‘Vﬂ ()C):E—Mw(x—x0 REL (%)1/4 (20.3.39)
This yieldseigenwave generating functions

2
n/2( S M# 535 Va4

| . n 7 X~ +7$—+2xxol .
\SM# L)*n(x):e o 202 TTIEMA (20.3.40a)

o %2n U Ui %, 0!

We redefinay, and write coordinate in unitsy of zero-point classical turning poink)C7P=[ A/Mw] /?)

U4 Anl2 —y2/2
Th 2"°H,(y)e™ h h
= n d: x=,|—vy, xg=,]— 20.3.40c
Vi (%) (ij Jn! e Py 7Syl ( )

This simplifies the generating expansion.

= )" o %' _e 4 m)  (20.3.40b
5 S HG (1) = Ho () +yoH () + 2 Ha (v)+ .8 (20.3.400)
n= . .
(20.3.40b) gives successikkermite polynomial$i,(y) which multiply the Gaussiag?/2.
!ﬁ"'yyo d !ﬁ"'yyo
Ho(y)=e 4 =1, H (y)=—¢e ¢ =y
o dyp -
o o (20.3.40d)
d2 !yfo"'yyo 1 d3 !yfo"'yyo 3
H,(y)=——e *4 =y =, Hi(y)=——e 4 =yl =
2(¥) Ve v 2 5(y) Ve Y
Yo =0 Yo =0

In many texts, the Hermite polynomiais(y) are defined as the above multipliedyy (Let: yp—2yjp.)
When using that convention, move tfefactor of (20.3.40c) down to the denominator.
(d) Shaped packet states (OSqueezedO states)
Coherent state motion in Fig. 20.3.3(a) results if a ground state (or OvacuumO state) Gaussian wax

functione??/A? a translated by '® = ¢ @'Y or boosted by = ¢ . We may generalize this to include
exponentials of polynomials of generatapsandix. Perhaps, the simplest is the squared or quadratic

generatofix)?=-y2 in an operatonfz‘”‘2 —¢ that gives a state calledsqueezed statghose wave
function! ,(y)=e ¢ Y =¢"¥'/*% is a Gaussian whose widshis altered to' 1=1/+s+1/" 2 , that is,

eitherexpandedif squeezing parametsis negative, or elsequeezed sis positive.

The time behavior of such a squeezed wave is shown in Fig. 20.3.3(b). As expected it returns to its
OnaturalO width, but then overshoots to become an expanded Gaussian. The result is a ObreathingO mot
of expansion and squeezinghatce natural frequencw. (This is called Osqueezed vacuumO oscillation.)
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(a) Coherent wave oscillation
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Fig. 20.3.3 (a) Elementary coherent wave. (b) Elementary squeezed ground state wave
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Notice that the squeezed vacuum ObreathingO is symmetric since it involves only even quantum
statem=0, 2, 4,E in its|n) expansion. This accounts for its double-frequd@acy of oscillation that starts

with a fraction f =0.5 of zero-point uncertaintyx, =+/! /2M" , OinhalesO and expands to a maximum
value! x,/ f =2"1 x, in a quarter period;, = (27 /o), then OexhalesO back to the minimum value
f+Axy=0.5-Ax, at half periodry,,, and takes another breath betwegn and’/ in Fig. 20.3.3(b).

Compare this to the elementary coherent oscillation in Fig. 20.3.3(a) that combines both odd and
even states=0, 1, 2, 3, 4,Ein its|n) expansion (20.3.25), and so its center of intensijy= X oscillates at

the fundamental frequenay, in fact, it follows a classicat = x, cos! ¢ time trajectory clearly visible in
the figure and consistent with (20.3.29b) in the case that initial expected momentum(js, zerp.

By combining the elementary coherg&r} oscillation in Fig. 20.3.3(a) with the cohere{lx’?>

ObreathingO oscillation in Fig. 20.3.3(b) it is possible to sharpen the precision of either amplitude or phase
of a coherent oscillation. If we simply combine the two distributions in Fig. 20.3.3(a-b), then a squeezed

amplitude wave results with sharpened uncertainty at each gfpegiod times of maximum (or

minimum) amplitude as shown in Fig. 20.3.4(a). The price we pay for more precesgain amplitude
position is moraincertain momentum, and this translates into more uncertain location at the times when
the amplitude crosses the zero point. That is, mer&in amplitudémplies moreuncertain phase

To have a moreertain phaseve need to adjust zero-crossing time to coincide with momenmts of
inhalation as shown in Fig. 20.3.4(b), but this gives a state with umaeztain amplitudelt should not
be surprising that phase and amplitude behave like conjugate variables of position and momentum. Phase
angle® and amplitude\ obey a generalized Heisenberg uncertainty relation analogous to (20.2.20d-e).

A<I)~AA2i
2A

Since the produat = A!" is the circumferential arc length orthogonal to the radial amplitude distance
this relation is really identical to (20.2.20e) and to one for angular momentum to be derived later. Note
that angular uncertainty is inversely proportional to the produsti . This is responsible for the
tremendous phase precision of high-amplitude lasers.
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(a) Squeézed amplitude
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Fig. 20.3.4 (a) Squeezed amplitude. (b) Squeezed phase zeros.
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Problems for Chapter 20

Uncertain Quantum Viriality

1. First: verify equations (20.2.21) to (20.2.22).

(a) With: H=p2/2M+V(x).show that I , x] = 7 p/Mi .

(b) With: H| j)=ho] j) andQ;1=w;—~w1 show thatj| p|1) = Mi ;1 (| x| 1).

(c) Use (a-b) to shovk| xp|ky=%i/2=—(k| px| k) for any eigenstatel)=| k) .

(d) Show: "/"t (k| xp|k) =0 =i/ack| [H, xp]|k) .

(e) Compare uncertainty calculation for Coulogpb-7) potential to the Bohr radius ang in (5.4.3).
(f) For V(x)=Ax” show that{k| KE|ky=(k| p2/2M|K)=(K||PE| K)P/2 (A virial theoren)

(g) Derive energy spectrum and the KE/PE ratio for a hyper-power Hamilto®/M + Ax” .

The Beats Go On
2. Consider guantum beats between saturated (50-50) pairs of harmonic oscillator states.

(a) Derive expected momentum as a function of time for a 50-50 combination state of the grfoynd

and first excited stat@). Compare to the expected position. Degs= p ?
(b) Derive the expected position-squa<e&> and momentum-squar<¢)2> for the same combination

state as (a). Discuss their relations.
(c) Derive the expected position and momentum as a function of time for a 50-50 combination state of the
ground|0) and second excited sta?¢. Compare. DoesX =p ?

Coherent Deviation

3. Here we consider the mean and standard deviation (20.2.20a) or "width" of coherent state distributions
for physical quantities.

(a) Derive a (simple) formula for the coherent state rofm).

(b) Derive formulas for the position-squared and momentum-squared expectation values in a coherent
state|o).

(c) Use (b) to derive the standard deviation of position and momentum distributions.

(d) Derive a formula for the mean valaeof n in the Poisson distribution (20.3.25b).

(d) Approximate a formula for the width of the Poisson distribution around meanivalue

Coherent Derivation

4. Use the coherent wave generating function to derive analytic formula for oscillator eigenfumgijons
and write out the first three. Derive the momentum wavefunc{fns too. (Should be an easy
symmetry task.)
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Unit 7 Quantum Oscillators
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Chapter 21

Two-Dimensional
Oscillator States and Dynamics

W. G. Harter

Using the 1D-harmonic oscillator algebra from the preceding Chapter 20, the 2D
oscillator guantum mechanics is developed. Much of the theory applies to 3D, 4D, and
higher dimensional oscillators, as well. Quantum em Pelds treated in Chapter 22 begin
with many-D oscillators, one dimension for each em-mode. However, the main objective
of this Chapter 21 is to give the quantum version of the classical ABCD oscillator
analogy to quantum spin-1/2, polarization, and other U(2) systems discussed in Chapter
10. This sets the stage for a powerful development, due to Schwinger, of the quantum

theory of angular momentum in Chapter 23.
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Chapter 21. 2D-Harmonic Oscillator States and Dynamics

21.1 Two-Dimensional Harmonic Oscillator Hamiltonians and Bases

So far, most wavefunctions have been one-dimensional . The classical waves in the "Hall of
Mirrors" wave-guide and its cavity described in Sec. 6.3 are one exception. Now we extend the oscillator
theory of the preceding Chapter 20 to an oscillator system of two (or more) dimensions.

(a) 2D-Oscillator basics

As far as symmetry algebra goes it is a big jump to go from a 1D oscillator Hamiltonianvith a
(1) phase space (The 1-D phase space has to two real dimgrgiyons one complex dimensian=x
+ip) to a 2D oscillator with &(2) phase space. The 2-D oscillator phase space has fophesal space
dimensiongx;, p;, X2, P2 ) or two complexhasordimensions (t; =x;+ip; , oy =Xo+ip2 ).

To help understand the physics and mathematics of this formidable system it helps to appeal to the
analogy in Sec. 10.1 between a two-dimensional classical oscillator and a two state quantum system. The
U(2) catalog in Fig. 10.4.2 showed three archetypes of 2-state Hamiltonians lajog)echdC each
corresponding to different values of paramefer8, C, andD that give different symmetry and physics.

The goal here is to solve (and more importanihgerstanylthe eigensolutions of thaugntumversion of
theA, B, andC type oscillators and how their solutions are derived as symmetry varies.

(1) Hamiltonians and operators
The first step is easy. We rewrite a classical 2-D Hamiltonian (10.1.3a) with a thick-tip pen!

A D
H= 5(p12 +x12)+B(x1x2 +p1p2)+C(X1p2 ! X2p1)+3(p% +x§) (21.1.1)
The second step is not so hard either. The symmetric form lets us relateagmiphto creation and

destruction operators as in (20.2.1) and (20.2.16). (Here the grskydn factors are absorbed &) B,
C, andD.) Each oscillator dimension has a set of operators. First, the number-1 oscillator is set up.

aj=(x; +ipA2 a=(x1-ip)A2 (21.1.2a)

X]=(a | +a])\2 pi=i(a 1-aj)A\2 (21.1.2b
Then, the number-2 oscillator gets the same treatment.

ar=(x2 +ip2)\2 a)=(x2-ipp)A\2 (21.1.2¢)

Xy =(a 2+ap)A\2 p2=i(a2-a2)"\2 (21.1.2d)

(2) Commutation relations: Bosons and Fermions

The next step involves a little thinking about what sort of commutation relations these operators
should obey. It helps to think about what a 2-D oscillator model would model in the real world. Perhaps,
the thing that comes to mind is a particle in a 2-D harmonic potential as was shown in Fig. 10.1.2. As



©2013 W. G. Harter Chapter 21 2D-Harmonic Oscillator States and Dynamics 212

explained in Appendix 10.A-B, this is also a model for optical polarization descrilfedyin= (x;, xo)
space or a charged particle in a very cold magnetic or optical trap.

However, as shown by Fig. 10.1.1 a-b, a 2D oscillator is also a model for two 1D oscillators that
may or may not be coupled to each other. In other words, a 2D oscillator coulddspaticle system
with particle-1 and particle-2 each having a separate 1D coordinatedx,, respectively.

Different dimensions for any system are orthogonal and independent. Either can be transformed
without affecting the other. For this reason we will demiatet-dimensional commultivity

[x7,p21=0=[x2,p;], [a;,a]=0=[ar,a ;] (21.1.3)
All number-1 operators commute with all number-2 operators, but the operator commutation relations

within the number-1 space or within the number-2 space remain the same as they were for a 1D-oscillator.
[a,a]=1, [aa ]=1 (21.1.4)
The commutation relations are summarized foNallimensional oscillator problems as follows.

[am, ay] = apa, -azay, [ama z]=aza ,-a za,, [amaz]=anpay-aa,,
=0 = Opnl! ! ! =0.
(21.1.5a) (21.1.5b) (21.1.5¢)

These are tha-operator equivalent of the orthonormality axiom-2 first given in Chapter 2.
Orthonormality and unit-scale relations (21.1.2) make it easy to fiagdogerator expression for
the 2D Hamiltonian (21.1.1).
(21.1.6)
H 853, + H22(a2a2 +1/ 2) {B+iC)aja, + D(a2a2 +1/ 2)
This expression was written on two lines in order to emphasize that the 2D quantum oscillator Hperator
has the form of the 2-stafBCD HamiltonianH matrix (10.1.1b) used in Chapter 10.
Hy Hp $_ 1 4 vic $

= 21.1.6b
Hy Hyp & # +ic D & ( )

!
H=
i

The ket-bragm)(n| used in the latter are replaced by symmetraeggh, operators. Both serve as
elementary "place-holder" operators for the Hamiltonian compohgpt®r parameters, BxiC, andD.

|m)(n|! (aman +anam)/2:aman +" 12 (21.1.7)

The commutivity embodied in (21.1.5) is commonly knowmase symmetrgfter Bose who first
described the permutational symmetry of photons. @jeq ,) operators are calldgloson operatorand
the quanta or "particles"” they create and destroy are kno®osasms

Each timea ,, is used to raise quantum number of madef an electromagnetic resonator (like
the "Hall of Mirrors" cavity) it is equivalent to creating a nglaoton If a ,, is used to raise the quantum
number of modewn of a molecule we can say we're creating a wiéwon. Just put the suffix "-on" onto
whatever your favorite oscillator motion is called and you have a cute name for your favorite Boson.
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There exists an opposite kind of particle, Beemionnamed after Enrico Fermi who is credited
with describing the permutational anti-symmetry of electrons and nucleons. The creation-destruction
operators for Fermions are defined in quite the opposite way astngommutator§ A,B} = AB+BA.

{ecmcut=cmCn+cuCh, {CmC p}=CmC n+C 4Cpy {CmcCu=CmC n+C 4C p,
=0 = §pl! [ [ =0.
(21.1.8a) (21.1.8b) (21.1.8c)

The general two-dimensional Fermion Hamiltonian has ketjmwés| replaced by anti-symmetrized
C mC, operators.

[m)(n|! (cmcn" cncm)lzzcmcn" #1112 (21.1.7)

m,n

Fermi operators have a rigid birth-control policy; they are allowed only one Fermion or else, none at all.
Creating two Fermions of the same type is punished by death. This is becausepliesx=0.

C mC ml0)=-c ,C ,10)=0 (21.1.8)
No two indistinguishable Fermions can occupy the same state. This is callalithexclusion principle
Quantum numbers of=0 andn=1 are the only allowed eigenvalues of the number operator.

C mCm0)=0, C ,Cm|1)=I1), C 1uCy [Ny =0 for:n>1 (21.1.9)

(b) Two-dimensional (or 2-particle) base states

A state for a particle moving in two-dimensions (or two one-dimensional particles) is described
using"ket-kets"|n;)n»>) which are outer products of the kets for each single dimension. The dual
description is done similarly usirigra-bras" (n,|{n;| = (In;)|n2))” which are outer products of the bras.
This applies to all types of stati$;)|'¥',) whether they are eigenstatag|n,), position statep;)|x,) and
(X2|{x7|, coherent statde;)|oy) and{os[{o;| , or whatever.

The scalar product is defined so that the two kinds of particles or dimensions will somehow "find"
each other and completely ignore the presence of the other kind(s).

X2 X7 [ DI 2) =X [ 1% [2) (21.1.109)
This allows the probability axiom-1 to give the correct probability for, say, finding particle;laatl
particle-2 atx,, if state|¥;)|¥;) is forced to choose betweenallandx,. Such a probability is a product
KXz %2 [¥ 1,017 = Kx2 (K% DI 2 = Kxz [P [P2)12 (21.1.10b)

of the individual probabilitieg}; [¥;)]? and(x, |¥,)]? according to standard probability theory. The
shorthand big-bra-big-ket notatidx; x> |¥'; ,%¥>) for two-dimensional amplitud€s; [(X; [¥ )|¥>) is
commonly used. Note the 1-2 ordering for both the big-bras and big-kets in the shorthand notation.

To gain a better understanding of the bra-bra and ket-ket structure we will ask the perennial
modern question: "How would these structures be stored in a computer program?" The usual answer is in
product arrays of some kind. Here we will sketch these objects.



©2013 W. G. Harter

Chapter 21 2D-Harmonic Oscillator States and Dynamics

214

We begin with an elementary ket basis for each dimension or particle type-1 and type-2.

Type! 1
" 194 " 0% " 0%
$o $1! $o,
=$" =% =% I
|Ol> $O' ’ |11> $O' ’ |21> $l' '

B g

Type! 2

n 1%

$0'

. $1.
0,) =%O. L)=3

g

" O%

$0

B

 22)

" 0%

#g

(21.1.11a)

Then Cartesian or outer products are constructed for all states that might have non-zero amplitudes. And,
therein lies a conflict between standard analysis and a finite computer. Each ket in (21.1.11) above is a

column ofl —dimensional and we are about to construdt amumber of things each of dimensibA.

A computer cannot handle a singledimensional ket let alone their outer products.

This is why the finite analysis of Sec. 7.3 is advocated. Constructing sets of adjustable finite sized
model systems for each dimension systematizes state counting. Convergence is achieved by orderly
upgrades in the number of model "pendulums.” Outer products shown below are finite arrays indexed by
oscillator quantum label3, 1, 2,..(0-based indexing is the default mode in languages sucttgs C

1 0

— O O
- O

10,)[02) = [0)[%) =

- O O
- O O
— O O Ol
— O O Bk
- O +r O
— O O Ool-

- O O Ol
- O O ol

- |11>|02>=

— O + O

— O O Bk

0

— O O

— O O kI

— O O Ol

- |11>|22>=

- O +» O

- kB O O

0

— O O

,(21.1.12a)

— k= O Ol

— O O Ol

A 2-wave state product has a lexicogragbig, 01, 02, ...10, 11, 12,..., 20, 21, 22arrpy indexing.

(O[¥)) ((o2)

[¥)[¥2)

@) |®[he)

() T (1) |

1% )O[¥.)) ((0,0,%,%,)
Oy | | (o, ww.)
ole)Clw) | |02l
A0 | | 0,y
) || e w)
(v ae) || (. hew,)
GO | | @0,
Gl | | @)
Q) 2lw,)

(2.2,]w,¥,)

(21.1.12Db)
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The same indexing is used for the general 2-particle or 2-dimensionattstate
"(0,0,]! Y% "1 %
oL B

02, ) $ o
§< ) L
0.1y, 8
|! >:§<1112|! ): :g 11: (21.1.12c¢)
$<1122.|! >' $! 121
$ - ' os
TN
$<2112|! > 3! 21:
senl) §
o oz g

A word of caution: DANOT assume that a general two-particle stifhecan be written as a single outer
product|¥ ;)|'¥>) (or even rarer, g¥;)|¥;) ) of two single-particle stat¢¥';) and|'¥',). This would be as
unusual as having a general matrix operitdse a single nilpotent operatdj(2| or idempotentl 1|,

both of which are singular, that is, have zero determinant. Rather, a generaMnataxfull combination

M=% ¥ an\m><n\
m n

of all possible ket-bra elementary operator prodpmt8|. So, also, is a general state like (21.1.11) a
combination ofall possible ket-ket products;)|x>) made from whichever basis is currently being used.

‘! >:-- "o m,n‘m>‘n> (21.1.12d)
m n

(c) Two-dimensional (or 2-particle) matrix operators

When a two-dimensional operator acts on a two-dimensional state, each dimension or particle
type-1 or type-2 operator "finds" its corresponding type in the state and goes to work on it while ignoring
the other type(s). For creation and destruction operations defined in (20.2.13b) the following happens.

a”n1n2> =a”n1>|n2>=m|nl +1n2> , a£|n1n2> =|n1>a§|n2>=m|nl n, +1>

a1|nln2>=a1|nl>|n2>:\/a|nl! 1n2> , a2|n1n2>=|n1>a2|n2>=\/5|n1 n, ! 1>
(21.1.13a) (21.1.13b)

This is consistent with the following general definition of the 2D oscillator base state.

V(R
|n1n2>=M|0 0) (21.1.14)

N ‘i’lz‘

Thea,, a, combinations in thé=CD HamiltonianH in (21.1.6) have fairly simple matrix elements.

aja,|nny)=n[n n,) | aja, |nn,) =/ +1ny [n +1ny 1 1) (21.1.153)
aba, [nny) =+ b iny 1) ata,|nn,)=n, | n,)

Part of the matrix representationtdfin creation basis (21.1.14) is shown below.
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(H)=A1/2)+D(1/2)+

|00)

|09

02) 1
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|10)

EXY

2)

20)

23)

122) |

216

2D

+iC

J2(B+iC)

Ja(B+iC)

2A

2A+D

2A+2D !

#
(21.1.15h)

The eigenstates and eigenvalues for this monster matrix will solve the general quantum 2D
harmonic oscillator problem. A little rearrangement of rows and columns brings the matrix to a block-

diagonal form in which base statag)|n,) with the sameotal quantum number= n; + n, are adjacent.

(H)= A(1/2)+ D(1/2)+

00y | Jony  j10) | |o2) I11) 120) 103) 112) |21) 130) |1

(0of | ©

(01 D +iC

(10] ric A

(02| 2D 2(B+iC)

(11] J2(Bric)  A+D  J2(B+iC)

(20| V2(B1ic) 2A

(03] 3D J3(B+ic)

(12| J3(Bric)  A+2D  J4(B+iC)

(21] Ja(eric)  2a+D  J3(B+iC)

(30| J3(Bric) 3A
(21.1.15¢)

Note the 2-by-2 sub-spafrg ny)={|01), |10} with total quantum number=1. It supports a
matrix that is identical to the original 2-by-2 Hamiltonian (21.1.6b). (Except, it is up side down and has
the zero-point unit matrix added.) A sub-space with unit total quantum number is cafiecldamental

(v=1) vibrational sub-space. Similarity of classical andl) quantum matrices means the fundamental
guantum eigenvectors are the same as the classicaA = or C normal mode vectors discussed in Sec.
10.2(a, b, c) and Sec. 10.3(a-b). This leads to analytical solutions to all quantum matrices (21.1.15c).
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(d) 2D-Oscillator eigensolutions

The analogy between classical 2D-oscillators and a 2-state quantum systems was developed in
Sec. 10.5 and solved by special unité8{J(2) or rotation R(3)) group algebra in Appendices 10.A-B.
These solutions lead to solutions for the quantum 2D-oscillator Hamiltonian given above in (21.1.15c-d).

(1) Fundamental eigenstates

The first step is to diagonalize the fundamental 2-by-2 matrix given in (21.1.15c-d).

m.n, | [10)  [0.1)

(Hyfendemeel=) 1o [ A BTiC
(01 | B+iC D

A+D
+
2

1 (21.1.16)

Here we have turned the matrix right-side-up so it matches the Hamiltonian sol¥8dbii@. (A choice

of "Little-Endian" indexing (. 10, 01, ...20,11,21).instead of "Big-Endian" indexing 01,10, ...02,1).
reorders the states to match.) The eigensolufifrb(1Q uses the Hamilton decomposition coefficients to
define a rotation-crank angular rate vedior

Q=(Q, Qy, Q7) = (22, 2C, A-D)= (Q=, Qc, Q) , (21.1.17)
and the average overall phase rate (including zero-point(ferm)/2) is
| o= A+D, (21.1.18)
This givesH as follows
[ A —ic J+A+D1= (A+D)( 10 J+2 [ 01 JE +2C( 0 N Ji+(A—D)( 10 Jl
+iC D 2 01 1 0 /2 i 0 )2 0 -1 )2
in terms of Jordan-Pauli spin operators. (21.1.19)

H=! ,1+! ¥S=! ol+! :Sp+! Sc+! ,S,  (ABC Optical vector notation)
=1 41+! S, +! Sy, +! ;S, (XYZ Electron spin notation)

The frequency eigenvalues of H-Qg1/2 andfundamental transition frequenty= w4+ - ®.. are

;g :A+Dt\/(2 )? +(2C)* +(A# D)

o 2 2

L2
_A+D ;A#D sB2 402
> 2 !

2 "points out" eigenvectors whose spin vec®edign or anti-align with th&2-vector ofH. The polar
angles of th&-vector are Euler angles,3) in Fig.10.5.8 Equating ¢,) in an Euler statel(.A.13 to
polar angles¢,9) of the +£2-vector (or polar anglesp(d+r) of the-2-vector) giveH eigenvectors.

(21.1.20a)

% .. % .. , -
Ce #2 cos§ a(c Lo HI2 sin§ £ . cos$=A+D
ES Lo]re)= * where: : " (21.1.20b)
' ei#/z sin— * ' el#/2 COS— % tan# = —
& 2) & 2) /

The ket eigenvectors are being expressed in term4&@f f01)} bases.
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|a)+>=e_i¢/2( |10>+ (psm—|01>) |a)_>=e_i‘p/2( sin— |10> ¢COS—|01>) (21.1.20c¢)

More important for the general solution, are ¢igen-creation operatora + anda _ defined by
# #
a,=e"" ’2%05 a, +e smzazz , a =e" /Zgﬁsn a, +é’ cosEazz (21.1.20d)

The a, createH eigenstates (21.1.20c) directly from the ground state.
al|0)=lw,), al|0)=|e.) (21.1.20e)
In terms of the eigea-, operators, the Hamiltonian has zero off-diagonal compoifents= C)

and is reduced to (at worst) aArtype (AsymmetricDiagonal) orC,“-symmetric operator described in
Sec. 10.2(a). But, if the eigenvalues are degenamate (o) thenH is a fully SU(2)symmetric unit 2-
by-2 Hamiltonian like the case where=0=C) and(A=D).
Setting(©=0=C) and(A=wm+ ) and(D=w. ) in (21.1.15c) gives diagonal block matrices.
(Hy= A(1/2)+ D(L/2)+
|00) [|01) [10)]]02) |11}  |20) []03)  [12) [21)  [30)
(oo|| ©

02| 20_
+o (21.1.21)
20| 20

(
(
<03| 3w_
(
(
(

12| o, +20_
21 20, +0.
30| 3w

+

The eigenvalue splitting pattern shown in Fig 21.1.1 is a function of the fundamental splitting frequency.

0, —0_=Q=(25) +(A-DY =A-D (21.1.22)

For SU(2)symmetry Q=0 ) the spectrum reduces to perfect harmonically spaced levels of eigen-
frequencyw=v+1 and degeneraay+1=1, 2, 3, 4 ...for each total quantum numhet O, 1, 2, 3....,
respectively. As will be shown later, this is precisely analogous to the spin angular momentum quantum
multipletlevels of total angular momentum quantum numbper6, 1/2, 1, 3/2,... In fact, each
degenerate level corresponds to a different irépli2)and the integraj = 0,1, 2,...correspond to ireps
of the related rotation grol®(3) in three dimensions. What we have here is a very powerful way to
understand and derive the quantum theory of angular momentum.

As the splitting frequency increases each multiplet splits entirely since the symmetry is reduced to
a commutativeC,?.”.orC subgroup oSU(2)that does not require degeneracy. Every level differs from the
nearest neighbor in its multiplet by the same transition frequen&p no matter what the value of the
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parameter$A, 1, C, D}, this model maintains its harmonic spectrum to some extent. However, at rational

values of the rati®/m, there will occur a varying number of degeneracies between levels split off from
different multiplets and some interesting effects in the classical and quantum dynamics.

|
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Fig. 21.1.1 Two-Dimensional harmonic oscillator levels with SU(2) degeneracy sesylifing.
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(2) U(2oCH* eigenstates and wavefunctions

The simplest examples of 2D oscillator eigensolutions are found for thé typésymmetric
HamiltonianH in (21.1.1) for which only the parametérandD are non-zerg(>=0=C)

H* :g(pf+xf)+g(p%+x§) (21.1.23)

In terms ofa-operatorsH in (21.1.6) reduces to sums of number operatafsam or unit operatof.

HA:A(afal+1/2)+ D(a§a2+1/2) (21.1.24)

Then theH matrix (21.1.15) is diagonal, and the eigenvalues are simple combinations of ryyuaamdia,.
Ehn, = A(nl +%)+ D(n2+%):¥(nl+n2 +1)+ A- D(nl -n,)
(21.1.25a)
=Q,(n +n2+1)+%(n1 —n)=Qy(v+1)+Qm

Heretotal quantum numbes and half-difference cisymmetry quantum number m

P=n+n, m= "1—2"2 (21.1.25b)
multiply thefundamental frequend®o=wm andsplitting 1/2-beat frequenc as seen in Fig. 21.1.2.

0w=0,="00 o-AD (21.1.25¢)

2 2
The eigenstates for the asymmetric-diaga#al Hamiltonian are just the base states from (21.1.14).

o\
|n1n2>=M|OO> (21.1.26)

Jy!ny!

The eigenstates belong to the symm& first discussed in Sett0.2(a)and listed near the left
hand side of Figl0.4.2 The twox; andx, fundamental normal mode classical vibrations associated with
this symmetry are shown in Fig0.2.1 If these two motions have the same frequdAeyD) then the
symmetry is much higher, indeed. T#e= D)-case has the full(2) symmetrghat a 2D oscillator can
have as indicated on the extreme left hand side ofLBig.2 TheU(2)-symmetric Hamiltonian

HY® = E(aIa1 +aja, +1) where: A=E=D (21.1.27a)
has the same eigenvalues as a 1D harmonic oscillator with the zero-point increased from 1/2 to 1.

g}flg'j) =Qy(+m+l)=w(v+l) (U=01.23..) (21.1.27b)

However, the degeneracy of theh level is equal to the total quantum numbers was shown in Fig.
21.1.2 on the extreme left hand side where the splitting freqéensyero.

The redux of the 1D spectrum irCa“‘-symmetric two-dimensional system is not surprising if you
consider the two-pendulum analogy in Fi§.1.1with equal pendulums or in Fi§0.2.3with the
coupling spring removed. The result is two independent pendulums. The only effect of having two of
them is that the energy level degeneracy and zero-point goes up, but they're just 1D levels.
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(a) U(2) symmetry (b) Cy symmetry

D:(nl +n2) j=v/2 (04) )
(04) (130 =4 1> (31) (40 ) (22)
® o 7 :)2 ¢ 4 (12 Y (40)
CONE J U ) | e
p /2 (02) N)
(&) /1) (20)
@ @ (20)
n 01
n2 (0.1) 1 ! (g)) 1 (.) (10)
1/2 (00).
| l | l 0‘00) l | l || | | | | | l |

D32 _]-12 () 12 ] 32 2 2-32 _]-12 (O 12 ] 32 2
m=(n;-n,)/2 m=(n;-n,)/2

Fig. 21.1.2 Two-Dimensional harmonic oscillator quanta with (a)U(2) degeneracy and @pliting.

A sketch of the energy-quantum-number relation (21.1.27) is shown in Fig. 21.1.2.(@jith U
symmetry (2=0), the degenerate energy values lie along a horizontal line. The|6tat@s) with larger
n; appear proportionally farther to the right while those with langesit to the left. AS2 becomes non-
zero the lines tip in proportion f@ and the reduction df(2) to aC, symmetry shows up in the splitting
of the degenerate levels. The splitting seen in Fig. 21.1.1 is a vertical projection of the tipped points in
Fig. 21.1.2 with then; vibrations assumed to be slowék D) so they lose frequency in proportionrtp
while the fasten; states gain in proportion to their quantapmvalues.

(3) U(2)>Cx* oscillator wavefunctions
A two-dimensional oscillator eigenfunction is a simple product of two one-dimensional functions.
Xrxzalnznz) =Xz XxzIn2)
For example, the ground state eigenfunctigrx,|00) follows from (20.2.7¢) with scallw/#=1.
K12 ol S
(n_)1/4 (n_)1/4 = (ﬂ)uz
This =0) Gaussian is plotted in Fig. 21.1.3, and thel{ excited state wave doublet in Fig. 21.1.3.

! ()C X )= \/Exle" (xlz +x§)/2 | (x X )= \/EXzeu (xf+x§)/2
- 10\, X2 (#)1/2 v 01\ A2 (#)ZIJZ

(21.1.28)

Yoo (X, X2) = (x| 0) (x| 0) =

(21.1.29)
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Fig. 21.1.4 2-D harmonic oscillator first excited state wave functidnglx;,x>) and¥;(x;,x2).

The two components of the doublet are related by a 90j rotation (r;tkg-plane. Here, we are
looking at the real part of waves that each have their usual complex timegf&etérwhich in this case
is a different frequencyy,, ,, = €,,,,/A given by (21.1.25a) for each, in general. So these pictures
represent snapshots of standing waves that oscillate up and down just like their 1D ancestors in Fig.
20.2.1.

However, their probability distributions shown below in Fig. 21.1.5 are motionless as must be any
distribution for a pure-energy eigenstate. The squared wavefunctions are greater than zero everywhere an
falls off more rapidly for large.
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Fig. 21.1.5 2-D oscillator probability distributions¥po(x;,%2)|% [¥70(X7,%2)|? , and W (X7,%2)|.

Combination wave functions, on the other hand, have moving probability distributions if their
component states have different eigenfrequencies. Consider for example, the 50-50 combination of the
first two excited stategd 0) and|01) whose probability distributions are shown for three different times in
Fig. 21.1.6. The result is the quantum version of the classical beats shown in Fig. 10.2.2 for uncoupled
oscillators and in Fig. 10.2.5 and Fig. 10.2.6 for coupled bilaterally symmetric oscillators.
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7= 0 /= Tzﬁfﬂr/ J

Fig. 21.1.6 2-D oscillator probability distributions: 1@/0 7% ¥ ;(x;,%2) + €i®01 /7P 5 ;(X;7,%2)|? .

The time-dependent wavefunction plotted in Fig. 21.1.6 oscillates with beat pgtipd 2'/ (®w;9-wg;).

(242
2 e—(xf+x§) e (¢ +x)

gt 2

V2xe 1@t 4 2y e 0ot

1 i _
¥ (%, %)= E‘Wlo(xl’XZ)e Ol o1, %0 )€ o

2
X + X ‘ for: t=0
e—(xf+x§) —(x¢+x3) ‘ 1702
_ 2,2 _€e
= (Xl + X2 + 2X1X2 COS(wlo—(UOl)t) =

X2 +x5  forit=tpg /4 (21.1.30
e

‘xl - xz‘z for:t=Tpeg /2

At one quarter of beat periodt,, /4) a circular distribution appears. It is equivalent to the 1/4-wave
circular polarization motion shown in the classical model by Fig. 10.2.6(a). The pictures above will apply

exactly to a“-type oscillator if they are all rotated B%; in the(x; X»)-plane.
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21.2 2D Oscillator Symmetry, Spin, and Wavefunctions

For a given cranking frequen€y, the eigemaluesshown in Fig. 21.1.1 are the same no matter
what values we choose for the paramefar8, C, D} However, the eigemctorsor statesdepend
acutely on parameter values as do the underlying symmetries and physics.

The Abelian symmetry analysis in Chapter 8-9 W&esymmetry to dictate a fixed set of
eigervectors but their eigewaluesdepend on the values of sikparameters. However, for non-Abelian
D3 or Dg symmetry analysis in Chapter 15, both eigdnesand eigewectorsmay vary with theH-
parameters and the eigenstates may have a range of different local symmetry subgroups and
correspondingly different physics. Different choices for local symmetry subgrolysxanal Sets of
Commuting Observables (MSOCS8ich as in Fig. 15.2.1, gives different types of symmetry states and
wave dynamics. So it is witd(2) symmetry that is an infinite non-Abelian group. Its subgroups
correspond to a range of different eigensolutions.

For theU(2) model, all parametefs\, >, C, D} have basically the same eigaluesfor a givenQ2
as shown in Fig. 21.1.1, but the eigeatorsor eigemstateswill vary according to whictJ(2) subgroups
Cy4(Asymmetric ), C27( ), C>47(Mixed AB), C>¢(Circular), or C;47CD(Elliptical) listed
in theU(2) catalog of Fig. 10.4.2 are the Abelian sub-group symmetries éf-tHamiltonian. The
classical two-dimensional-oscillator and analogous quantum two-state eigenstates for these symmetries
are compared in Sections 10.2(a), 10.2(b), 10.3(a-b), 10.2(c), and 10.4(a-b), respectively. Now we
compare the correspondingantumtwo-dimensional-oscillators having these symmetries. Of ti@se,
(Circular) is most useful for understanding quantum angular momentum.

(a) Angular momentum eigenstates:  C2€ symmetry

Consider having the-parameter be non-ze(é=D, =0, C#0.) According to Sec. 2.9(c) this
corresponds to physics witlt“ness, that is, chirality, circular polarization, current states, Coriolis
splitting, cyclotron resonance, and anything resembling moving waves with definite right or left-handed
momenta. From (21.1.1) with=D, =0, C#0, we have

A
HC=E(pf+xf+p%+x§)+C(x]p2—x2pl) (21.2.1a)

Note thatHC contains a term that G-times the two-dimensionahgular momentum operatby.

A pure<C HamiltonianHC with belongs taC,¢ subgroup oSU(2)and conservesngular
momentum;lwhich becomes a key observable and quantum label. In termrsparatorsHC is.
HC =A(a1a1 + azaz + 1) + iC(azal ! a.la.z) (2122)

From (21.1.22) it appears that the eigenvalues will be the same as (21.1.25) butvdth This will be
shown below when the eigenstates are derived. The fundamental representation (21HL 18) of
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I L 110) [0,2)
(H) ™ o | A —ic [+ At (21.2.3)
V=
(01 | +iCc A
HC commutes with a complex reflection: and a real continuous rotati®fo] generated byc.
(0 -i _(cosp —sing) _igs,
sc_(i Oj , R[‘P]_(singb cosq)j_e (21.2.4)

This mean$1C is "smooth" or perfectly circular. It does not have any potential valleys or "bumps"
which change angular momentum and require standing-or-galloping-wave eigenstates. So its eigenwaves
(like those of a Ring Laser) have no nodes or antinodes and are of theftftm (x;+ix,)” for which
the probability distribution is perfectly circular in the complex phasor plane. Gdmaplexcontinuous
circularity provides some more mnemonic reasons to use the"lettéo designate such a symmetry.

The complexC-symmetry(x;+ix,)-states differ from the real standing waxgdndx,) states of
Cx! symmetry orX;+x,) states ofC,” symmetry described in Sec. 10.2(a) through Sec. 10.3(b). We
started by basing our oscillator theory on linearandx,) states ofC,4. TheA-axis bases will need to be
moved to the chiraC-axis of Fig. 10.5.6 using, for exampleQ@y rotation around th&-axis. This will be
done shortly.

(1) Angular momentum labeling: Fundamental base stafegd)}
First, let us re-label and "rename" the lowest B\2) base sets as follows.

¥ i=0 |§)=lo0) "scalar”
%
%

%j:l |72 =110)=[1) "spinor"

% 2 |%)=lod=|

o 12)=]20)

%oj=1 |)=11) "3vector

% W

% %) =102)

%

? )=1%0 ?F'_:M n=i+m=2 +m

)=l é}_s i2)=128 "4-spinor’ é i (2 1_].( _2'( (21.2.5)

"2 - n n n, = m= m

E’zg 2 |-3l1122>=|12> %gm:% 2= J

0,

% ) =(03

%

o 13)=140)

i !§>=|31>

%o j=2 [5)=[22) tensor

o0 %) =113

o |%)=104)

%

& !
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Famous examples of chiral spin objects include electrons, nucleons, neutrinos, and other particles
of total spinj=1/2 units of#. If we choose the fundamenta{2) bases statesi{},|2)} to be spin-up|T)
andspin-dn|d) then the quantum theory of angular momentum is mathematically identical to an analysis
U(2) oscillator states. Each number-1 boson counts for oné+uatlit of angular momentum =+1/2
while each number-2 boson counts fimnusone-half7-unit of angular momentum =-1/2 along theC-
axis orZ-axis.

U(2) levels from Fig. 21.1.1 are separated and labeled according to angular momentum notation in
Fig. 21.2.1.0dd- and half-integraj= 1/2, 3/2,.. levelare sketched on the left-hand side whileghen-

v and integral=0, 1, 2,.. levelsre sketched on the right-hand side. Common naspasatl’, "vector
and 'tensof are applied to multiplegs1/2, 1, and2, respectively. The half-integrakide is generally
associated with the groy(2) that works on comple2-dimensional "spinor" space, while the integral-
side (which belongs td(2), too) is generally associated with r8adimensionaR(3) rotations in optical
A=C-space or in a redYZspace, not entirely different from the one in which we live.

SU(2) Multiplets R(3) Multiplets

j=2
. m=+3/2
J=3/2 +1/2 "tensor"
-1/2 .
-3/2 Jj=1
Jj=1/2 m=+1/2 "vector"
"SpinOV" _1/2 ':0 " 7,
J scalar

Fig. 21.2.1 SU(2) and R(3) angular momentum levels labeled by j and m.

A C-Hamiltonian is diagonalized by@=90j rotation around the& or “-axis which takes a spin
vectorS on theZ or A-axis down to th&” or C-axis. “-rotations have polar angles £0j, ¥ =90;j ].
Putting these angles into a Darboux rotation matrix (2.10.15d) gives

%1 $i(

(Rg(901))=(R[! =0i,"=90i,#=90i]>=:f */E::(;éﬂz; ﬁ:;; (21.2.6a)

&2 \2)

This is a transformation between linear optical polarization stigs|X»>)} and states of circular right-
or-left-polarization {R), |L)} or electronic states of spin-up-or-dfi{= |+1/5), [1)= |-1/,)}
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D |12\ )il 2| M2 i)
[R)=|T)= +1,2>— N 'L>_|¢>_‘—1/2>_ V2 o (21.2.6b)
o U2 (x]-i{x| o U2 =i (x| + (% 2.
<R|—<T|_<+1/2‘_1TZZ' <L|_<¢|_<—1/2‘_lTZI

This must also be the transformation between the corresponding setg,af §} and {a 1,a |}
operators which create the base staed<a ;|0), [x2)=a »|0)} and {|T)=a 1|0, [{)=a ||0)}.

ap=a =a —&tiay a, =a, =a Sl tay
R™Q, =842~ , L=a& =8y = ,
: V2 2
(21.2.6¢)
L _a; #ia, L _#ia; +a,
aR—a! =ayy = \/5 ) a . =a. =ayy = \/E .

It does indeed diagonalize the fundamentall) or (=1/,) H-submatrix (21.1.16) fo€,¢ symmetry.

[<T\x1> (T]2) ,[<x1|H|x1> <x1|H|x2>]{<xllT> <x1|¢>J:{<TIHIT> <T|H|xz>]

(Uoa) (Yz) ) \ralHlaa) - CoalHlea)) {(aa|T) (oo 4)) LQURIT) - (LHIY)

1 = 1 - (21.2.6d)
V2 2 0 -iC 2 2 _ cC 0

=i 1 (iC oj' - 1| (0 —cJ

V2 2 V2 2

The resulting wave functions are a complex-conjugate pair of two-dimensional Gaussians.

. —(xf+x§)/2 s —(xf+x§)/2
Vio, (¥, %2) = V20q+ I()::))l/i » Vo1, (¥, %z ) = Y24 I()::))l/ez (21.2.7)

The two have identical probability distribution which is plotted in Fig. 21.2.2. (Also, recall Fig. 21.1.6.)

Fig. 21.2.2 2-D Oscillator probability distributions¥} g, (X7,%2)| or [¥gr7,(X7,%2)|2
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Notice how the probability drops to zero quickly near the origin. This is a general property of an
eigentate with non-zero momentunn ¢ -conserving systems. As a particle approaches the origin with
non-zero angular momentum, it gains speed and kinetic energy without limit, like a dust particle in a
perfect vortex. However, if energy is also conserved then particles simply must avoid the origin.

(2) 3-Vector base states<£2) or (j=1)
The preceding procedures may be used to find the eigenvectors of the excte8l, @..) H-sub-
matrices. For example, the<2) or (=1) eigenvectors of &,¢ symmetricH must be the following.

2
a (a] +ai) a2 +2iaja} #a}> 1 i 1
2.0, y=——|0) = 0) =21 152772 =—[2,0,)+—=]1,1,)-—]0,2
|! >\/5|> 22 2 ) 2|12>+\/§|12>2|12>
a'al (af +ia§)(af #iag) al2 +ai2 1 1
i l">=\/ﬁ\/ﬁ|0>= > 0) ==——-0) = 751202) +5102) (21.28)
2
al’ (ai"#ia"z') #2zaTa #a}’ 1 i 1

We verify that the resulting vectors are eigenvectors of the 3-by-3 submatrix of (21.1.15c).
(j:! /2=1) Eigenvalues: 2C , 0 , " 2C
ﬁ g vic2  # .$ 12" 31/\/5' $ 1/2
&iCN2  #  tic\2 )#gz/f & O g iz ]
§ # iz o# { % 1/2} §1/N2 | % "1/2 3

The splitting between neighboring level€is= 2C as required by (21.1.22)
The ©=2) eigenfunctiongx; x>|n; ny) in theA-basis are products of 1-D waves (20.3.40).

(21.2.9)

20, (x1.22) = (x|2){x, [0) , ! L1, (x12) = ([ 1) 5 L1, (x1,x2) = (x1[0)(x2]2)
_Ne (x? +x2)/2\/_§§2 ( =Ne'(x'2+x§)/22(x1x2) 7 (x, +x7)/2\/—¥;2 _(
(21.2.10a) (21.2.10b) (21.2.10c)
Combining them according to (21.2.8) gives the?) eigenwaves for &-type Hamiltonian.
2 2
\/E 1 +2i 2 _r X1 +iX2
V2,0, =5 V20, 4'17%111 SVou, = Ne 2 xl lf/lixz T2 _Ne 2 (T) (21.2.10d)
r? r?
1 T2+ -1 _r
Vi, = 5 V20, \/—‘/’0,11 2 %_ Ne 2 (x12+x§—1) (21.2.10e)
1 iv2 1 $* X2 +2ix X, $ X3 s_ (X1 $ix2)2
! 0.2, _2 2,0, $TI 1,1, $§I 0,1, = Ne \/5 =Ne 2 T (21210f)

TheA-type wavesy,,, andyy,;, plotted in Fig. 21.2.3 have lumps and bumps that are aligned to
Cartesiar(x; x») coordinates.
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Fig. 21.2.3 0=2) Type-A standing waves and distribution®, |y,(x;,%2)|? and W, 1,(X7,%2)|.

In contrast, th&-type wavesy,1; andy;47; plotted in Fig. 21.2.4 are waves moving around in circular
orbits with vibrational angular momentum of £2 and 0.

Fig. 21.2.4 (=2) Type-C moving waves and distribution¥>{y,(X7,%2)|? and W ;;7,(X;,%2)|?.
The angular momentum structure can be seen by rewriting the wavefunctions in polar coordinates.
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2 2 2
g +ix , L 2,028
W0, =Ne 2 (lTZ)w%,’nfz =Ne 2 % (21.2.10d)
2 2
s - s .
I'11, =Ne 2 (x12+x§$1)=! 2172 = Ne 2 (r2$1)e’(m (21.2.10d)
2 2 2
$_ (x $ix - §" .2 $i2%
/ 0.2, = Ne %:_/ %}2‘:2$2 =Ne 2 re_ (21.2.10d)

Quantum numbers fde-type vibrational states are thedial quantum numbenéE?2j) and thevibrational

angular momentum quantum numiper

v=2j=nt+tn, , u=2m=m-n] (21.2.11)
A C-type vibrational eigenstate hasangular waves arj1 angular moving wave zeros (two for each
wave). For larger angular momentum the wave tends to avoid the origin more and more as shown in Fig.

21.2.5 below in a comparison betweew=d and au=4 probability distribution.

Fig. 21.2.5 0=2) Type-C moving wave distributions¥ },9,(x7,%2)|? and W40, (X7,%2)|?.

As the azimuthal angualr momentum quantum numb@m increases, the location of the circular

orbital radius becomes more and more clearly defined.
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(b) Polar coordinates: C2€ symmetry variable separation
An alternative (and historically much older) way to obtaisymmetry eigenfunctions is to use
coordinates based on circular symmetry, namely, polar coordinabeimstead of Cartesiafx,y) or

X =X; = rcoso , y=X=rsin¢ . (21.2.12)
The Jacobian transformation between the Cartesian and polar coordinates relates their derivatives.
9 (9x 9|2 9
or | | dr or || ox| ( cos¢  sing || Ix
a7 ox oyl o _(—rsinq) I’cosq)) 2 (21.2.13a)
ap) \dp I )\ dy ady
The inverse (Kajobian) transformation lets us rewrite the Cartesian Schrodinger equation.
"o Iy I(%!% os( ) Sn(%.
$1x' Sryx 1 $/ $/
=gt ,x —$ (21.2.13b)
RER. A ( $qin
%!y& Iy I(& 3 COS( &il(&
The oscillator Schrodinger equatlon in Cartesian coordinates
FY Y 2M(Me* [,
o 3 ( . (x*+y?)-E|¥=0, (21.2.14a)
is rewritten as follows in polar coordinates.
120 11 2M&MY% , ).
TERrSTAESr ST Sra S

(21.2.14a)
Separation of coordinate variablesand¢ into a wavefunctiot'(r,0)=R(r)(¢) is similar to the
separationt' (x,y)=yx(x)y,,(y) for Cartesian coordinates and results in the following equation separation.

r’1d?R 1dR$ 2Mr2) M( 2 . 10¥ 5

r2 ' E =t =22 =cond.=m 21.2.15a
Rﬁ? rdr% 2 ( )

2 L/ 012
Equality of the two ordinary equations of independesmide implies both equal a constant. Azimuthal

symmetry and boundary conditiopg)=p(¢+2$) forcem-quantization, so the constant is the square of
azimuthal angular momentum quantum numbef,+1,+2.. .

[ 2m . .
v $m>" or " (#)=Ae™ + B (21.2.15b)
The radial equation involves the constamitin a more complicated way.
2 2 2 2
R _1dR | M 2M
IR IR (MO 2 2M p ™ IR=0 (21.2.15¢)
a2 rdr n n r

C-symmetry makes the angular moving waves inpta@ection independent of the radial wave except
through the constamt’. Such a constant is callegeparation constant

As in the 1-D case of (20.1.12) it helps to factor out a Gaussian scaling fus{ctiam® such
that the factop(r) in the radial wav&(r)=s(r)p(r) is a simpler function and preferably mpolynomial.
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R — pe—a r2
R =(p'=2arp)e®” (21.2.16)

R = (p” —darp’ + [4052 r2 - 2a]p)e“”2
Dropping the Gaussian converts (21.2.15c) to an equation of similar form.

R, SM%#2 , 2M _ m?®

RI+— r E+—)R=0
r fé% 72 72 rz}
2 2 2
p”+|:E_4ar:lp’+ 4a2_M @ r2+2ME_4a—m— p:o (212178.)
r n? 7 2

This simplifies if we use the same Gaussian parameteMw/2x from (20.1.10b) and sé& = 7ime.
2
p”+[:r—L— 4ar}p’+|:4a(g—1)—m—2}p= 0= rzp”+[r - 4ocr3]p’+[4a(e—1)r2 - szp (21.2.17b)
r

Now a polynomial analysis will work by expanding the radial wave and its derivatives=ket.

p=ag+ ar + ar’ + agr’ + art +.. = Y ark
k=0

p'=a+ 28 + 3agr? + dagrt + 5agr® +... = Y karklt (21.2.18)
k=1

p” =28y +6agr +12a5r2 +208,r* + 30a5r® +... = Y k(k—1)ar <2
k=2

Putting this into each term of the radial equation gives series whose grand sum must be zero.

Im?" = I m?a, | mPar ! mla,r? | mlagr® | m?a,r*+E =ka I m?a, rk
4$%r?" = 4$%agt? + 45%ayr3 + 48 %a,rt +E :k;:_tz 4$%ay, , r*
' = ar+ 2ar? +  3agr® + 4a,* +E =k#_tl ka, ¥
r’r& = 2a,r2 +  Bagr® + 12a,r% +E :k#—ﬁz k(k! g, r*
| 4391 3" &= | 4$ar | 8%ar? +E :k#—3-4$(k! 2)ay o r*
(21.2.19)
The sum of coefficients of each power lying in each column above must vanishcdhenn gives

nfay =0
This says that wave amplitudg must vanish for all non-zero momentamWe noted after Fig. 21.2.5

that orbiting particles avoid the origin. Consider the general column or poagelisted on the right hand
side above. Setting the sum of thecoefficients to zero leads taecursion relation

B!y #al (k#2)Rayy, = # 8 (k#1)+k# nr fay (21.2.20a)

This may be used ashattom-uprelation or else astap-downrelation.
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1A (# 1k Al
ak+2_—(k+2)2! PR % 2 e (ﬁi ! k+2)ak (21.2.20Db)

The first starts with bottom coefficieap ora; and computes the higher ones. The other works down. The
bottom-up relation leads to tlggiantization condition

e=N=ks , (21.2.20c)
for some integeprincipal quantum number M order that the polynomial order is finite and the wave is
bounded by the Gaussian. The top-down relation leadsdatafugal exclusion condition

k< =|m|, (21.2.20d)
which limits the lowest degrde-=m allowed by a given angular momentamHigh powers* are
"center-fleeing" with low radial wave neax0O. Momentum magnitude is restricted between zerd\and

OSMSN

The quantization condition agrees with the energy spectrum previously derived in (21.1.25).
hoe =ho(e-1) = hoN ,
where we us& = fiwe ande _=¢-1 from (21.2.17).
E = iwe = ho(N+1) (21.2.20e)
Note the principal quantum numh¥éis the total quantum numberdefined previously in (21.1.25).
N =v=n;+n;
TheN=2=¢ _wave form=0in (21.2.10b) follows from (21.2.20b)

4" %
(271 0?
In units such tha¥w/# =1 or o = 1/2 this agrees with (21.2.10Db).

R(r) = ap (1-1%)

a = 8p=-2" ao:-M!—$a0 (21.2.21)
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21.3 N-Dimensional Oscillator Levels

The quantum leveld,2,3,4,Ep,E) of a 1D oscillator are singlet levels (no degeneracy).
However, an isotropid{(2) symmetric) 2D oscillator has levels whose degeneftaayequals the
principal quantum numbew.=ni+n,= (1,2,3,4,Ep,E), as seen in Fig. 21.1.1.

The degeneracies of isotropld(N) symmetric)N-D oscillators increase more rapidly. For a U(3)
symmetric 3D oscillator the degeneracy numbergaf®,3,6,10,E,0(v+1)/2,E) . These are known as
triangular numbersHere we consider ways to describe oscillator levels.

(a) Pascal triangle and U(N) degeneracy

There are some geometric ways to organize and label oscillator degeneracy. The first uses Pascal(
triangle of binomial coefficients as shown in Fig. 21.3.1. Each Pascal number is the sum of the two
numbers directly above it as shown in Fig. 21.3.1(a). Numbers along a\giegonal are the
degeneracy for each quantum numberlisted along the opposin(@)-diagonal. ItOs a binomial
coefficientc = () that means the number of combinations tfings takerv at a time.

CNTH #N 1+/& (N"1+!) _#N"1+!&
-’ N T T R

(a) N-D Oscillator Degeneracy ! of quamtum level ! (b) Sacking numbers

/= (23.1.1)

Principal Quantum Number Dimension of oscillator
P triangular

=0

|21 \ K ° ® '/ numbers
1=2 1 () .‘3 @ tetrahedral
|23 ® 000 b yonmies

1=4 o oooe SR ‘B &

1 3 31 6 10 10
| = 1 46 41 o 00000 &
=7 1 510105 1
1 61520156 1 o
1 7213535217 1 (Y
1 8 28 56 70 56 28 8 1 2\\0,2\(1,,

(c) Binomial coefficients 3‘ \ ( ' (3\' 2 .3‘
(N-1+1)! — N-1+! N-1 (4 (07N XV (ANXY l‘b‘\@ :4\
(N1 W G W

Fig. 21.3.1 Pascal binomial numbers related to oscillator level degeneracy.

The plot in Fig. 21.1.2 of the principal quantum numbeni+n; versus individuaU(2)
oscillator quantum numbers andn, shows why PascalOs triangular numbers are relevant to oscillator
degeneracy. An analogous plotwni+nz+ns for aU(3) oscillator produces equilateral triangles stacked
a diagonal distance =ni+nz+ns from the corner of three Cartesian planes defining:, andns axes.
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(a) N-particle 2-level states: (vacuum) = |o 0) or spln 1/2 states

|
1= [10)=2,T [00) & |1 I
N=1fs. Spin z-component
2 =101)=a,00) :|T>:j:1/2
m=+1/2
1= 20y =a;Ta;T|00) [1[1] N=2  [12] s = L) =iz 22y

112]= |11 al’ra;r |oo>
N=3 50 [1]2[2]

N n
LM N=4[T]1]12]  [111202]s [12[2[2]  [2121212] N\g 2

Al el [aaafaf - 1ii2(2[2) [1]2]2[2[2] [2[2]2]2]2]

2124%1> a2T\ /T \ /alTaZ

Total |Sp| ns

(b) N-particle 3-level states ...or spin-1 states 1) = )

_| m_+1

1] =1100)=a,T|000) 2] =|e)=]171)
21=1010y=a,71000) Aulan 3= {y=]i=1)
— 1001y =31 |000) T\S i

/Z e ™

e .
/-1 303

I
.
N

+4

Fig. 21.3.2 N-quanta (Oparticle®) multiplets (a) 2-Levels (OstatesO) : Spin-1/2. (b) 3-Levels : Spin-1
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Fig. 21.1.3(a) displays the 2D oscillator states in a way that is similar but upside down to Fig.
23.1.2(a). Each level has the same total nurNbar=n1+n: of quanta. We may think of each level as an
N-particle state where by OparticleO we mean a photon, vibron, libron, or any of a number of excitons that
occupy our attention in modern physics. It is only important that each OX-onO or OEnr-onO may be create
in arbitrary order, that is, has Bose symmetry as stated in (21.1.5) or again below.

[ am ay) =ama, -asay, [ama=and,-ajay,, [amax=aya,-amny,

=0 = Oy l! ! ! =0.

This is indicated by &oung Tableaurotation of boxes holding numbers that indicated the state or X-on

numbers. Numbers may be permuted with in the rows without changing their meaning. Only the sum
N=S/2=v=n1+n: (21.3.2)

or difference
C=S/2=n1-n> (21.3.3)

Has physical significance. In the following Chapter 22, these numbers will define the photon OspinO that

characterizes the intensityandoneof the polarizatior, B, or C components in a quantum light beam.

In Chapter 23, these quantum numbers will define total spin angular mom®&aftuhits z-componeis

in the Schwinger development of rotational quanta.

Fig. 21.1.3(b) displays the 3D oscillator states in an analogous but 3-dimensional way with the 2D
oscillatorni-axis andn-axis lying on the floor of a Cartesian octant or OroomO whose vestiods is
the number of quanta or OparticlesO inthes8illator state. Again any kind of OX-onO may use this
geometry and the total numiérv=n1+n,+ns of these OparticlesO would be marked off(dnlal yaxis
coming straight out of this Fig. 21.3.2(b). With three dimensions or qngntg andns there are lots
more ways that they can sum to a gilermhat number is one of the triangular numtiess6,10.. listed
in PascalOs triangle on te3 diagonal of Fig. 21.3.1(a) and indicated in Fig. 21.3.1(b). The triangles for
N=v=0, 1, 2 and3 are OstackedO in Fig. 21.3.2(b) with their Young tableaux state labeling.

These stacks make larger and larger tetrahedrons. Such tetrahedrons are just what are needed to
make the next higher 4D-oscillator states whose degeneracy (for an isotropic oscillator) will be the
tetrahedral number4,4,10,15. listed in Fig. 21.3.1(b). These are the number of cannonballsNn an
sided stack seen sitting dissolutely in Civil War monuments throughout the educationally miasmic
Southern states of a United States so tortured by its apparent need for that and other wars.

In contrast, there is much to learn about the quantum states by considering the geometry and
algebra of these curious stacks and considering how it is that the idea of gpartial®s on one hand
and quantunstates on the other, can be clearly defined in some cases and quite mixed up in others.
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Problems for Chapter 21
From Ato B
21.1.1. Consider B-type 2D oscillator Hamiltonian:

B_Al 2, 2., 2.2
H =5 pl+x1+p2+x2)+B(p1p2+xlx2)

(a) Express it in terms @-basis creation-destruction operatays (x; + i p;)/&2(j=1,2).
(b) Compute it#-basis representation for the first five levéls:0, 1, 2, 3, 4,.
(c) Plot theH? eigenvalues for fixed=1 and varying betweeB=-1 andB=+1.

(d) Diagonalize the representation for the th¥e® levels and display the 3-by-3 trans-formation matrix
T4 Which effectively transforms from th&basis to thd-basis. DoedJ depend o\ or B?

Lines of degeneracy
21.1.2. The eigenvalues in Fig. 21.1.1 exhibit quite a number of degeneracy points as the splitting or beat

frequencyQ varies relative to static oscillator frequengyGive a sketch of the algebra, geometry, or
arithmetic that might shed some light on tfike revival crossings described in Ch. 9 might be relevant

FromBto C
21.1.3. Consider @-type 2D oscillator Hamiltonian:

A
HC = E(pl2 + xf + p% +x§)+ C(x1p2 —X2p1)
(a) The(N=2)-transformationl g4 from anA-basis to @-basis derived in Exercise 21.1.1(d) might also

be capable of continuing on fronBabasis to &-basis DoesTg. 4=Tcp ? Check this. How i$c 4
related to these two?

(b) (For Ch. 23) How are these matrices related to the irreducible represeridatitps),0)?

From 2 to 3
21.3.1. Using a ruler and a compass plot out the N-exciton states of a 3D isotropic harmonic oscillator for
N=3 and forN=4 (as in Fig. 21.3.2(b). Label each plot with tableaux state labels.

(a) Show how the energy levels would splitifer 1, 2, 3 and4 if oscillator-3 shifted up by 0.0.
(b) Plot the 2D oscillator states (as in Fig. 21.3.2(a) that belong to each level that splits out.

To 4

21.3.2. How would you plot the states and their tableaux flmuradimensional (4D) oscillator?
(a) Do it for principal quantum number or OX-onO numbet, 2,and3.

(b) Show how the energy levels would split if oscillator-4 shifted up bw0.1
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