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Review Topics & Formulas for Unit 6

Lorentz pondermotive form for Newton’s F=Ma= Mv = MR equation for a mass M of charge e.

M%ZFZe(E+VXB) (17.1.1)
Velocity is v= R. Scalar potential field D=D(R,t) and a vector potential field A=A(R,t) use Maxwell’s.
E=—VCI)—%—1?, B=VxA (17.1.2)
Canonical electromagnetic Lagrange equations.
L 1 L
%g_v = %%(EMVO Vv—(edD—ve eA)) =V(ed—-veceA)= S—R (17.1.5¢)
Here the electromagnetic Lagrangian is
L=LR,v,t)= %Mvo v—(e®(R,)— veeA(R,?)) (17.1.5d)
The canonical electromagnetic momentum is
oL 9d (1
P=—"=—|-—mvev—(e®R,t)—veeA(R,?)) |= mv +eA(R,?) (17.1.5¢)
av  av\2
Electromagnetic Hamiltonian function.
1 Formally
H:W(P—eA(R,t))O(P—eA(R,t))+e(I)(R,t) [ j (17.1.10a)
correct
PeP ¢ e?
H= ———(PeA+AeP)+—AeA +e®(R,1) (17.1.10b)
2M 2M 2M
Schrodinger’s equation is non-relativistic.
2 . 2
Loy (P-gA) (hV /i—gA)
h—=Hy=|————+V(R) y=|—+V(R) . 17.1.15
i w[m (R) |y o, (R) |y ( a)
oy —1?V? qh q2
h—=|———+i—AeV+—AeA +V(R) y. 17.1.15b
’at[zM TtV AtarVRIY ( )
Boost B(-g4)=e-9A*/ by momentum —gA.
BpBt=B(P-gA1)Bt=P=p+gA1 (17.1.16a) BTPB=BT(p+9A1)B=p=P-gA1 (17.1.16b)
New position ket [r) relates to old [R)=Bjr) as follows.
ry=BTR) , [R)=Bjr), <(r|=(RIB, (R=(r/BT. (17.1.17a)

A wavefunction Y(R) = (R|y) of any state |y) times B = e-i¢A*R/ gives wave y(r) = (r|y) in r-basis.

w(r)=(r|y)=(R| Bly)=(R| e-4AVh|y)=¢-igARyR)=yB(R) . (17.1.17b)
An electric dipole potential -gEer arises from B dy(R)/dt and Maxwell equation E =-0dA/0k.
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L op(r,r) ~h?v 2
in & =l om +V(r)—gE(t) e r jy(r,1) (17.1.20c)

Time-dependent (non-autonomous) Hamiltonian.

H(t)=Hy + V()= Hy + H; (18.1.1a)
() = () () = (o + V) () (18.1.1b)

Eigenstates of the unperturbed part Hy of the Hamiltonian.

Hyler) = exler)= hoy ex) (18.1.3)
(W(0)) = Y e g ) (1) (18.1.5)
k
oc (¢ (o —
in a]t( ) = Ze’(“’f “”‘)t<sj ‘V(t)|£k>ck(t) = > Vi (e (1) (18.1.10b)
k k
The (j,k)-coupling time dependence is a modulation by (€;|V(2)|ex) of the transition beat phasor etk
Vik(t) = €%k (g)IV (D)|eg)= e(@r W |V (1)leg) (18.1.10¢)
The time variation of the state amplitude of general state |¥/(?)) in (18.1.5) is
(EF(1)) = el O cp(t) . (18.1.10d)
Iterative solution:
ck(0)=81=cy V). (18.1.11)
c1 jdtl ) (18.1.13)
Iy
2)
C( Jdtl il tl 2 Z'[dtz k tz)'[dtlvk](ll) (18114b)
0

13 ty
(3 ( )= (f)+ E Zjd% k'(fs)jdszk'k(fz)J Vi (n)  (18.1.15)
(i) k3o 0 0

W=s ]1+—jdz1 €(t)=0 +—jdt]e (g 1VE() 1) (18.2.52)

The key quantities are the beats or (j<—1)-transition frequencies £ and(j<1)-dipole matrix elements r;y.
Q;1=0;~0]. rj1 = es(j|r|1) (18.2.5b)

It is helpful to rewrite the amplitudes ¢;(/)(2) as follows (Here: E,=2|a|w appears again.)
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e 0=0;+ L[ es(al o emos{at | 1825

using an important spectral amplitude function S(A,t) of an angular frequency detuning parameter A

"M in(1A 12)

l‘ .
S(AD) = | dr ™ = 18.2.5
(8= [ydze A2 (18259
. 2
oo o0 tA/2
Total transition probability X(t) = J. dA|S(A, ) o J. dA%. (18.2.10a)
- - A2
Fermi’s golden rule for constant transition rates.2(t) = J.io dA|S(A, ) 2 omet (18.2.10d)
Oscillator strength and dipole response
2
~ Zle‘rjl‘ M(CIEO cos@r—cos ;¢
j=1 j1—o (18.3.52a)
= Z S j1 ) Xclassical
Jj=1
Lorentz-atomic-oscillator frequency wg =£2;1=w;—®. (18.3.5b)

This is the (j<—1)-transition frequency £2;1 or quantum beat driven by stimulus frequency ws=.

2
2911 ‘rjl‘ M
7
Thomas-Reiche-Kuhn sum rule for oscillator strength. This holds for any Hy) eigenstate | 1).

(j«1)-oscillator strength fj1 fj1 = (18.3.5d)

D fin= 220 7)jlpln) £ mi = 2(1xp[1) / 7i = =2(1] px[1) / i =1 (18.3.10a)
j=1 j=1

Quantum eigenstate virial theorem that is similar to the classical viral theorem.

Pty = Bty x Pl = £
(KE) = (m| M| >_2< [V-x"|m) 2<PE> (18.3.10c)
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