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Review Topics & Formulas for Unit 4

Dirac-delta representation of differential operators

BZady (x| hot|y)w (v) = B4 dy b8 (v.x)w (y) = hxw (x) (11.2.14a)
dél(y, d
B dv (x| gDy (v)= [Z0dy g(x)%w(y) - g(x)% (11.2.14b)
da*s(y, d?
Ry (x| D y)w (v)= infidyf(x)#w(y):f(x)@ (112.14¢)
dy dx
. + (x y) . d5(x,y) .
Adjoint operator <x|L*| > JAe ) +g (y)d—+h (y)5(x,y) (11.2.18)
X

(s (x)w(x)) Cd[g' e ()

Hovl)- dx* dx

+h () (x) (11.2.20a)

oo 00 —ikx
Fourier transform of (x) <k|1//>=+J dx (k| x) (x|w) T

(i) T )
Momentum p-op. in x-basis <x|p|w>=?a—iy/(x) Coordinate x-op. in k-basis (k|x|y)= ;{ ()
Schrodinger's time-dependent W(x,t) ={x |¥(t)) wave equation.
5 22
e

2
ih<x|%|‘1‘>=<x|;—M+V(x)|‘P>, or: +V ()% (x.1) (11.4.5¢)

Schrodinger's time-independent e(x)={x |€) wave eigenequation.

Iy
<x|H|s>=e<x|s>, or: 2MBTS()+V()C)WS( ) Sllle(x) (11.4.5d)
Bilateral B-type hyper-Schrodinger equations have even derivatives.
M (x,t Y (x,t W (x,t W (x,¢
ih#=d0‘{’(x,t)+d2 a;fz )+d4 a)f“ )+d6 a)fﬁ )+ (11.5.10c¢)

Circulating or Complex C-type hyper-Schrodinger equations. (The odd-k di are imaginary.)
JP(x,t) 3‘I‘(x,t) 82‘}‘(x,t) PG (x,t) oty (x,t)
—_ +d +d +d +-

h
l ot Jx 2 x> 3 x> 4 ox*t

=dy¥(x,t)+d, (11.5.13)

Asymmetric or A-type Schrodinger equations have g-dependent connectivity terms dk,i,..(qm).

M 8k+1“
i (‘Jm”):2 d, ). (4,) ¥ (4,-1)

11.5.15)
at k,l e aq aqz (

Infinite square well eigensolutions <x|£n> =y, (x) = Asin(knx) = Asin(ﬂij (n=1,2,3,...oo) (12.1.1¢)

2

LTI 55 S AP 2
R Tidber=ae (12,22, 3% .orn )8MW2 (12.1.1d)
Dipole expectation (x),, = (¥|x|¥)=%5_; Tiey (¥e, ) (e, [x|e,)(e,[¥) (12.1.11)
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(#[x)=lof +[8] )% + (ei[xles) (ap+57a)

v, w12 2|a(0)ﬁ(0)|cos(wl—w2)tT % +0.18W cos(wl—wz)

2 B
2 n2(12 _22)

Delta function: 5(x— a) = <x|a> = 2‘;;’:1<x|6n><6n |a> =Ymja,sink x , ap=(2/W)sink,a(12.2.1a)

(12.1.15b)
t

Kmax i K =
Approximate delta:  ¥(x)= 2™ G sin ka sin o = S0 K 00 v =g (12.2.3)
T o ﬂ(x—d)
Heisenberg uncertainty relation Ax - |IKmax | =Ax -Ak=m or: Ax -Ap=nh="h/2 (12.2.5)

Schrodinger's integral eigen-equation. sz <k|e>+J dk V(k—k )<k |£>:e<k|5> (11.4.13a)

where 1 (k= k)= (k|V[k) =5 - [ave 65 (2) (11.4.13b)

Square potential boundary relations

b g — eikx e—ilcx R R — L —ike_ikx _e—ikx Y (13 1 82[)
DY ike™  —ike L) L 2k\ —ike™ o DY
ELementary crossing matrix relation for a single boundary point (x=a).
i) itk—k)a &) gmith+kna
I+— 1-—
k' 2 k' 2
i) gk +kDa i) gk —ka
1-— I+—
[-Ef ()

R
( . ] (13.1.10b)

2k'R'
Standing wave ratio(SWR) due to single boundary SWR = LHR_k+k' K JE (13.1.101)
L'-R' 2kR' k E-V
k+k'
1 ika k | k' k .
Double step boundary L" = ¢ Kl - chosk'a + z(p - Fjsmk'a}R (13.1.25b)
(1- %/ n)=0 or k=k", with sin k'a=0 (3.4.25c) k':«/(kk")with: cos k'a=0  (3.4.25d)
The Bound Case: E<V (13.2.5a) The Free Case: E>V (13.2.5b)
2 2
L (2e-v) U ) R
? =|cosV2€a 2\/52(T—Q sinv2&a| , 7 =1+ He-v)e sin”“ v2é&a ,

BB ]

Bound case: Sine-line square well solution
ka+d=nm-9,0r: kal2=nm/2-3 n=1,2,3,..) (13.2.9d)

ka2 = al2vV(2V) sin & (13.2.9d)
C-matrix and S-matrix for single boundary and General C-to-S relations
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c c Ee—i Aa ée—iZa Z:kz +k1
Cl ! Cl 2 = 11 l; , Where: A=k, -k,
i % i A
o ¢ gt =2k k
2=A24+112
o ie—i(Z—A)a EeiA“ je—iZa I
11 2 |_ z — il z py
Sy Sy I iaa A i(z+a)a I A iza
2 2 > 2
C C
Si= et SlzzcL soos, V| ST Slg:cL s s
11 C11 ’ S11 12 _ 2 sz _ 1*1 il (13.3.5)
S5 = L Sy = e o S;Ll = 1 S§2 =1 272
Ch 11 Cp Cy
S 1 S 1 S
C L C,=—1"1 -1 Cp == C12:A -2
11 S 12 S S S * *
12 12 ¢, G, _ 12 12 _ S5 Stz
c 5o o 1 C,, C, o 5 _ 1 ST s
a7 2= 1 =y . 5
12 12 Si, 12 S, 21

Pauli-Hamilton expansion of S-Matrix (Single boundary)

S=ie' |1 ésinZla -i GXE—GZécosZa
> > >

Kinematic parameters X, A, and I tand rotation axis polar angle ¥ and angle © of rotation.

— J

A (C] Im o~ . .
—sinXa=cos—, —S=0O,sin—, —-cosXa = O, sin—
by 2 py

@2 z é (13.3.9)
=sin ¥ sin— , =cost} sinz.
Eigenvector : | Eigenvalue of R[Oﬁ@]: Eigenvalue of S :
0 1 =@ ags ™
cosvt/2 e 2 S :e[ A +2]
sin®/2 (13.3.11b)
0 { @ inasT
sin® /2 Y Stz :e(z+A +2]
—cost/2

Eigenchannel waves WV each with an individual eigenchannel phase shift |Ly/2.

v _(liny, ;R —ikyx R ikyx v (L —ikgx iw, L ikx
lP(LEFT)_(e Vhye P A1, e )/ ky LP(R]GHT)_(]IV e etV e )/\/E

:IZRV (e‘i(kzx_“v) +eik2x)/\/g :IlLv (eiklx +ei(k1x+uv)j/\/k71

= 1R ™22 cos (kyx —p1, /1 2) 1k, =1L ™ 2cos(kx+p, 12)/ \Jk,
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. Eigenchannel Eigenchannel
Eigenchannel
Amplitudes Phase Shifts
L [
1/ /kl (1/ kl)coszS‘/Z e -
= U=—+Aa+
2 2 (13.3.15¢)

v=1 =
% 1k, (17l Jsino /2

L .
11 & (1/,/k1)sm0/2 o -
v=2 = Hy=—+Aa+—

21k, ~(17{k, Jeos v /2 2 2

The angles are found using (3.4.45) with (3.4.38c).

®=2cos‘1(“mz"j, sind=—1_ | cosp= TR (133 15q)
X sin— X sin—
2 2
. © . ©
9 1+ cosd EsmE—AcosZa 9 1— cosd EsmE+AcosZa
cos— = = , sin—= = (13.3.15¢)
2 2 O] 2 2 . 0O
ZEsmE

23X sin—
2

The C-matrix for a square well from x=>b and to x=a as sketched in Fig. 13.3.6(a) is as follows.

o |:cos (L —icosh2a sin EL:| —ie”™(“*?) sinh 20 sin (L

C= . .
ie™(@*P) sinh 2¢r sin (L o i [cos (L +icosh2¢ sin EL]
(13.3.33a)
2m(E-V 2m(E+|V
k= 22E - 2m(E-7) g ) [ [prlE) g | |)for:V<0 (13.3.33)
h /] /]
A notation using hyperbolic functions
2, 2 2 2
cosh2a= L[ Lo BN EER T Ghaa = L[ LK 2R (133330)
20k 7 2kt 2k 7 2kt
coshazuzg, sinhocZuzé (13.3.33d)
ke T Wk 1
2 2 2 2
coshda= - K| ginhaa=1| £ (13.3.33¢)
20 52 2 202 2
(a)
R AR L [ iR

Re¥+ [ it
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. . et [cosh kL + isinh 2 sinh K’L:| ie”™a*D) ¢osh 2 B sinhk L
If E is below a square barrier V: C= ' '
—ie™@™®) cosh 2B sinh k' L e kL [cosh kL —isinh2f sinh K'L:I

(13.3.34a)

fz V-E
where: k= 2’”—2E Q=K = M (for:vV>E>0) (13.3.34b)
h h

Again, L=a-b and a convenient notation uses hyperbolic functions.

2 2 2 2
cosh2ﬂ=%(%+§]=’( LLa sinh2/3=l(f-fj=" —K (133.34¢)

2kx 20k « 2kx
k+x o© K-k 6
cosh = =—, sinhf3 = =— (13.3.34d)
2Nk P 2Nk P
2 2 2 2
(:osh4ﬁ=l K—+k— , sinh4ﬁ=l L (13.3.34e)
2 k2 K2 2{ k2 k2
. lcosk(a+b)sinh2a sinZL—i[O' +0 sink(a+b)sinh2a sin(Lﬂ
S-matrix: S =¢*0 [ Y _Z
\/1 +sinh? 2a sin® /L
it ie kL [cos (L +icosh2a sin ZL]
e =
\/1 +sinh? 2a sin® /L
cos k(a+ b)sinh 2 sin /L 1 sin k(@ + b)sinh 2¢ sin (L
\/ 1+ sinh? 2¢ sin® /L \/ 1+ sinh? 2¢ sin® /L \/ 1+ sinh? 2¢ sin® /L
(C]

= cosz ) :sim?sin% s :cosﬂsing.



