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Preface

Research in quantum theory and its applications to atomic, molecular, and optical physics has grown
enormously in the past half century as have related fields involving condensed matter. A new industry known
as nanotechnology is just one of the results of a renaissance based on quantum mechanics. Such industry and
research is largely built around an information economy, that is, computers and telecommunication.

Unfortunately, the teaching of quantum theory has not advanced as quickly. Most quantum texts follow
an approach developed when slide-rules were the principle means of doing numerical computation. The notes
and texts of several of the early masters, including Born, Fermi, Oppenheimer, Landau and Schwinger, form
the basis of much of what current textbooks contain. This has set an orthodoxy from which few deviate.

Notable exceptions to conventional texts are ones based on lectures by Richard Feynman. The third
volume of The Feynman Lectures on Physics by Feynman, Leighton, and Sands (Addison Wesley 1964) is a
fresh approach to quantum theory. His unorthodox approach has survived to the present, indeed, his set of
lectures are found in popular bookstores as well as in virtually every technical outlet or library in the world.

It is the Feynman approach which motivates the present work. Mentoring by Feynman and Bill Wagner
(coauthor with Ferando Morinigo of Gravitation Feynman’s book) during my introductory graduate career at
Cal Tech influences this work immeasurably. The Feynman approach is characterized by an abundant use of
physical analogies and pictures. While he never undersold solid mathematics, he did comment once that the
disappearance of formal mathematics would “only set physics back about a week!”

One interpretation of Feynman’s comment is that mathematics ought to be designed to fit the physics,
not the other way around. In other words, physical insight ought to be prime mover and the main goal.
Appropriate mathematics is found (or invented, if necessary) to solidify details. The result of this approach, as
I hope this book shows, is better mathematics and physics with elegant theory, powerful computation, and
most important, a set of insightful tools that uncover new directions and inventions.

One new feature of this book is something that, early on, Feynman warned against, but later he adopted
fairly enthusiastically. That is the use of computer thought experiments involving both the classical
commercial machines and (as yet mythical) “quantum computers.” In 1964 Feynman warned me against then
new (classical) computers, “Watch out! I know guys that got sucked into those things. They’re so seductive;
you think you can solve anything with them!” But, by 1981 Feynman was giving lectures on computation,
something he did off and on until his untimely death in 1988.

Computers play a key role in this book and one whose time has come. For over two decades I have
been developing computer animations, graphics and simulations to help visualize classical and quantum
phenomena. The most important outcomes of this effort have been improved physical analogies of the type that
Feynman was so good at creating and did so (mostly) unaided by computers.

Times have changed, and it is difficult to say how Feynman would react to having several giga-pixel
“eyes” staring back from each room in old Bridge Lab. But, we are the ones who must decide how these things
are used. The approach of this book has been to make computers useful, not just for number crunching, but for
the conceptual and theoretical development as well, particularly with regard to visualization of physics in
space and time. Harvard educator, Howard Gardner, has noted that the human visual system has geometric
pattern processing that, while less precise, handle data more quickly than its verbal or math logic processors.

An approach to quantum physics that attempts to harness a largely untapped visual human intelligence
is still an academically unorthodox one. Indeed, a group of mathematicians known as Bourbakians essentially
rejected figures in publications. Such images were considered childish and misleading. This small group of
intellectual fundamentalists rebelled against Henri Poincare who helped create relativity and quantum theories
of great and lasting value. Now after many decades, could Bourbakian claim results of greater value?

Still, it is striking that many seminal theoretical physicists including Einstein and Schwinger wrote
reams of formulae without figures. In this, Feynman is a notable exception, but a prevailing attitude seems to
be that analysis and calculation come first and then, perhaps, a few diagrams might be allowed.
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However, if you believe as I do that physics is primarily an experimental science, then why not
experiment? Whether useful ideas come from “real” lab experiments or computer lab simulations, it only
matters how useful they are. One is cautious not to be misled by either one. Modern personal computers lend a
graphical approach to theoretical physics that is becoming a powerful research tool. Many new basic ideas and
fundamental blind spots are being exposed that might have otherwise not been found out.

Moreover, a geometric approach, such as developed in this book, should appeal to modern cyber-savvy
students and enhance learning of quantum theory at all levels. We can only hope that Feynman, a pioneer in
graphical physics visualization, would support this development.

About the Programs: Learnlt and Codelt

The first tier of computer programs in this book is the Learnlt series consisting of Oscilllt, Quantlt,
Wavelt, etc. listed in tables below. These are (hopefully) user-friendly applications that produced many of the
figures in this book. They also provide animated visualizations of physical phenomena or analogies thereof.
Indeed, they are like analog computers that make text figures come alive for experimentation. Such programs
were an essential aid to my ability to discover new ideas. Clearly, this needs to be made more available

The suffix “It”" attached to many of these programs is derived from the Facelt interface invented by
Dan Kampemier, founder of FaceWare in Urbana, IL. It was one of the first worldwide programming projects
to enhance the new Apple MaclIntosh graphical user/programmer interface (GUI or GPI) and allow menus,
controls, text editors, spreadsheets, movie or graphics windows to be conveniently created and used. I
participated as a developer and user in FaceWare from 1985 until around 1993.

One advantage of FaceWare was that it allowed one to learn and teach usefu/ root-level programming
simultaneously with physics course material. The disadvantage was that it worked only on an Apple CPU and
then (after Kampemier gave up) only on classic operating systems OS 7-9 or cloned OS 10.1-4. It will always
be risky for research and teaching projects to develop software that relies on one type of app, GPI, or CPU. It
also penalizes students who may be unable or unwilling to buy particular tool or platform.

Fortunately, there is a solution that involves high speed web browsers that are free and universally
capable of running applications developed using Java and HTML programming/debugging interfaces that now
exist on most of them. Dr. T. C. Reimer has pioneered in converting Learnlt apps from original object Pascal,
FORTRAN, and C++ code to the modern hypertext format. Eventually, web-based text figures and formulae
can become control panels for their underlying Learnlt applications that run seamlessly on any device.

Also, it will be possible to build a tree of programming projects for a given course that we call a Codelt
system. Students saw-off one or more branches of Codelt trees to build their own applications as homework or
lab projects. Eventually, they can build applications of sufficient complexity to aid in their thesis or dissertation
research projects. Also, select Codelt applications may be added to either Learnit or Codelt collections.

Tables below correlate the first few text chapters with some Learnlt programs.

Unit 1 Wave Amplitudes and Analyzers
Quantlt  Oscilllt  ColorU2  Wavelt  Relativit ~ Bohrlt Guidelt  Bandlt  Avoidlt  Coullt Anallt

11 X
1.2 X
1.3 X
1.A
1.B
21
22
31
3.2

LI T B
>




©2013 W. G. Harter

Unit 2 Wave Dyanmics (Spacetime and per-Spacetime)

Quantlt  Oscilllt  ColorU2  Wavelt  Relativit

Bohrlt Guidelt
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Bandlt  Avoidlt  Coullt Anallt

4.1 X
4.2
4.3
44
51
5.2
53
54
6.1
6.2
63

Unit 3 Fourier Analysis and Symmetry
Quantlt  Oscilllt  ColorU2  Wavelt  Relativit

ool PPl
>

ool Pl

|

|><>< >l

Bohrlt Guidelt

Bandlt  Avoidlt  Coullt Anallt

71
7.2
7.3
8.1
8.2
8.3
91
9.2
93
94
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X
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10.1
10.2
103
104
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Unit 4 Wave Equations

Quantlt  Oscilllt  ColorU2  Wavelt  Relativit

RN [

Bohrlt Guidelt

Bandlt Avoidlt  Coullt Anallt

11.1-2 X
11.3
114
1us
12.1
122
123 X
13.1
13.2
133

G
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Unit 5 Periodic Potentials

ISwinglt  Oscilllt  ColorU2
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Wavelt Relativit ~ Bohrlt Guidelt

Bandlt

Avoidlt

Coullt

Anallt

14.1
14.2
15.1
15.2
153
154
155
16.1 X X
162 X X X
163 |.X X

X

<> M

X
X

ol
1

< < ="

X

Unit 6 Time Dependent Perturbation

Quantlt  Oscilllt  ColorU2

Wavelt Relativlt  Bohrlt Guidelt

I Il el P

BandIt

Avoidlt

Coullt

Anallt

17.1 X
17.2 X
18.1
18.2
183 .
19.1 X

Unit 7 Quantum Harmonic Oscillators

Quantlt  Oscilllt  ColorU2

Wavelt ~ Relativit ~ Bohrlt Guidelt

Bandlt

Avoidlt

Coullt

Anallt

20.1
20.2 X
203 X
211
21.2
213
221
222

" 3 [

Unit 8 Oscillation, Spin, and Rotation (Under development)

Quantlt  Oscilllt  ColorU2

Wavelt ~ Relativit ~ Bohrlt Guidelt

Bandlt

Avoidlt

Coullt

Anallt

23.1 X
23.2 X
233 X
234
24.1
242
251
252
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About the Subject Matter: A Brief Guide
This book is a spectral approach to quantum theory. Oscillatory phenomena including wave

polarization, wave dynamics, resonance, and interference are emphasized. A student of wave optics should feel
quite at home. The quantum psi-wavefunction is related in Chapter 1 to an electromagnetic £-wave field, and
most waves treated in Chapters 1 through 4 relate to plane electromagnetic waves.

However, the plane waves of Chapter 4 through 6 are viewed in a new light that shows that quantum
theory and relativity are quite the same subject with far simpler logic than exists in previous treatments of
either one. Chapter 4 derives relativistic Doppler and Lorentz transformations by wave interference, and
Chapter 5 develops relativistic matter-wave dispersion in a few simple steps. Light and matter make their own
space-time coordinate manifolds by elementary spectral interference. This is a new result and one of several in
this book that have only recently been published. Detailed study of elementary spectral components and their
beat frequencies have shown to be a useful research tools as well as good pedagogy.

The word spectral has many connotations that need to be related as well as distinguished. Frequency
spectra from prisms and gratings are well known physical phenomena since Newton, and modern (quantum)
spectroscopy has increased accuracy to one part in 1016 or better. Mathematical spectra or eigenvalues of
matrices often relate to laboratory spectra or quanta, but one must be careful to distinguish these two uses of
the word. Chapters 1 through 3 carefully relate and distinguish physical phenomena from their mathematical
descriptions, that is, distinguish physical mysteries from mathematical ones.

A key quantum concept, the transformation matrix Tup={a’Ib), is introduced in Chapter 1 and the first
example is a 2-by-2 polarization rotation matrix. For a physicist, 7 gives outcomes of polarization experiments.
Wavefunctions (xly)=y(x) form another example of 7 as do wave-based Lorentz transformations in Chapter 4.
But, simple 2-by-2 examples in Chapters 1-3 are quite sufficient to introduce Dirac bra-ket notation for
transfer-operators describing polarization analyzers and projection-operators describing filters. “Own-states” or
eigenstates of analyzer-filters are introduced as states which analyzers make or which filters pass.

Chapter 2 develops four quantum axioms which T-matrices obey as physical objects. As mathematical
objects T-matrices relate eigenvectors of one operator to those of another. Chapter 3 connects the physical
axioms to mathematical theorems in matrix algebra and to axioms for group algebra based on the spectral
decomposition of matrices. Algebraic spectral theorems then begin to show why group algebra is powerful and
fundamental to analyzing quantum spectra.

Efficient use of group algebra motivated by physics is one of the most powerful features of this book
and it is introduced and explained as it is used throughout. This begins again in Chapters 7, 8, and 9 with the
treatment of a “quantum-dot” system consisting of a square (N=4) or hexagonal (N=6) nano-corral. By
introducing discrete versions of Bohr’s earliest problem, an electron-on-a-ring, it is easier to introduce Fourier
theory and its symmetry. Also, it corresponds to nano-devices currently being developed.

A discrete N-by-N Fourier transformation matrix made of Ntk roots of unity (x,lk,)=e™P2@/N
diagonalizes symmetry operators that satisfy r¥=1. (Such a 7-matrix is known as a Cn-group character table.)
At the same time the Fourier 7-matrix diagonalizes all matrices that have Cxy—symmetry since all such matrices
are linear combinations of r,r? r?,..., rV. This provides, in Chapter 8, all possible eigensolutions of all possible

N-dot transfer matrices. The same is done for N-dot evolution operators or Hamiltonians H= H1+Sr+Tr” +...
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in Chapter 9 and makes an elementary introduction to band theory. The approach also provides a way to
introduce Schrodinger time dynamics while showing effective ways to build and solve non-trivial examples.
Finally, it clarifies Bohr-matter-wave revivals and their space-time “fractal coordinates” in Chapter 9.

A general 2-by-2 Hamiltonian H:[ 4 B-iC J is analyzed in Chapter 10 using analogy with coupled
B+iC D

pendulums. H is expressed as a linear combination H=(4+D)/20,+(4-D)/20,+Bo,+Co,. Of reflection-symmetry

operators (,U:[ 10 ], (,F[ 1o ],(,H:[ 01 J 0 =( 0 ;f ] to give H archetypes Type-A (Asymmetric-diagonal)

01 0 -1 10 ¢ i

H4:[ :)1 g j , ype-B (Bilateral-balanced) Hf[ 4 B ]: a1+ 380, » and Type-C (Circular-complex-chiral-coriolis)
’ B 4
H;[ A —iC ]z a+co. - Mixed types AB, AC, BC, and ABC, lead to discussion of avoided-level-crossing.

C A c

iC
Reflection operators (c4,08,06¢), apart from our pedagogical 4BC-labels, are well-known Pauli spinors
(0z,0x,07), but, it is not so well known that (apart from an i-factor) they belong to Hamilton’s quaternion or
hyper-complex (1,i,j,k)-numbers found in 1841. Modern quantum theory owes a lot to this U(2) algebra.

Furthermore, Hamilton’s observation of mirror-reflection properties (c°=1) greatly increases their

utility so they generate both quantum rotations (with the i-factor: ¢« =1cos R+ ic, sinR) and Lorentz

transformations (without the i-factor: ¢«* =1cosh L + o, sinh L ). This motivates a logical development of

quantum theory of spin, rotation, and relativistic wave mechanics. The ABC coupled-oscillator analogy helps
make spin and quasi-spin-analogies less mysterious. In addition, there are some quite deep reasons for
pursuing the coupled oscillator analogy.

An isotropic 2D-oscillator (4A=D, B=0=C) has full U(2) symmetry and so U(2) leads to a much simpler
theory of both quantum angular momentum and relativistic quantum field theory. Both electron spins and
orbits and photon spins and orbits are simplified and unified by this in later chapters. The first U(2) examples
treated in Chapter 10 are photon-polarization and electron spin (as introduced in Chapter 1), and the NH3
maser doublet. These set the stage for more advanced 2-state and N-state symmetry analysis later on.

The oldest and most prevalent (yet least studied) 2-state or U(2) system is a pair of plane waves. A pair
of counter-propagating plane waves are used in aforementioned Chapters 4 to 6 to derive Lorentz-Einstein
relativity and quantum matter wave dispersion, two pillars of quantum theory. The U(2)-wave pair system
returns in Chapters 11 to 14 as a basis for analyzing eigenstates in potential barriers and wells. Using a 2-by-2
crossing or C-matrix and the scattering or S-matrix does this. The C-matrix is unimodular (as is a Lorentz
matrix) while the S-matrix is unitary (as is a rotation matrix) with eigenphase eigenvalues e?.

The concept of eigenchannels, which are S-matrix eigensolutions, is developed in Chapter 13. The
properties of eigenchannels and eigenphases are analyzed by ABC-U(2) symmetry particularly in resonance
situations where they are sensitive functions of energy and of interest for electronic-photonic-devices.

One result in Chapter 14 is an alternative to band theory in Chapter 9 that is more appropriate to treat
modern super-lattice nano structures and photon band-gap devices. An important distinction is shown between
resonant and non-resonant eigenchannels. The former have their largest wave amplitude inside a nano-
structure and resemble bound state waves, while the latter pile up outside and resemble scattering waves.
Generalization of this applies to related ebb-and-flow of molecular, atomic, nuclear, and sub-nuclear waves.
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Wave symmetry analysis involving general non-Abelian (non-commutative) group theory is described
in Chapter 15 using a novel approach. Again, the physical props are quantum-well or quantum-dot structures
introduced before in Chapter 13 and 14. Concepts of symmetry-relativity-duality are introduced. These require
that all transformations be defined as one wave relative to another, essentially a clarification of earlier Axioms
1-4 in Chapter 2. The result is two mutually commuting or intertwining groups: “outside” global or lab-defined
symmetry operators {g.g’....} and “inside” local or body-defined symmetry operators {g.g’....} .

The result of this extra care is an increase in computational and analytic capability with a lot simpler
logic. A general Hamiltonian-matrix or S-matrix is constructed and classified in Chapter 15, as in Cy analysis
of Chapter 9 or ABC-U(2) analysis of Chapter 10, by its combination of symmetry operators. However, unlike
Chapter 9, this symmetry is non-commutative, and so the matrix must be built from “inside” local operators in
order to commute with all “outside” global operators. A spectral decomposition of either group leads to a
related decomposition of the intertwining dual and a desired reduction of the H or S-matrix. The final result
tells how much “insider” wave (like a resonant eigenchannel) and “outsider” wave (like a non-resonant
eigenchannel) is present in each spectral component. The physical insight provided is considerable.

Chapter 16 rounds out the discussion of band symmetry and wave mechanics using the Fourier analysis
introduced in Chapters 7 and 8. Also reintroduced are coupled pendulum models of Chapters 10 and 11 that
relate Schrodinger waves in a variable potential V(x) to waves along a “shower curtain” (coupled pendulums)
of variable height /(x). Momentum or k-basis representations (k’IHIk) of Hamiltonian are compared to the
standard position or x-basis representation (x’[HIx). Resulting computational advantages (as well as
disadvantages) are shown using an analogy between a space-periodic potential V(x) and a time-periodic force
F(¢) on a single pendulum. Linear resonance response is compared to multiplicative resonance or parametric
resonance, the latter being relevant since a potential V(x) acts by multiplying y(x).

This sets up the discussion of time dependent perturbations in Chapters 17 through 19. Classical
electromagnetic perturbations are described using full vector-scalar potentials (A(x,t),d)(x,t)) needed to build a
relativistic quantum field theory. However, the non-relativistic Schrodinger approach is developed first to
satisfy prevailing electronic-photonic customs. Time is a parameter rather than a part of space-time and
perturbing fields and operators are explicit functions of time governed by outside input.

Chapter 18 derives first-order perturbation theory of elementary Eer dipole resonance and Fermi-
Golden-Rule constant-transition-rate theory and compares it to linear resonance of classical Lorentz theory.
Chapter 19 goes beyond perturbation theory for a two-state system where the U(2)-parameters A(t), B(t), C
(t),and D(t) are explicit functions of time and discusses parametric resonance and Rabi NMR oscillation.

Chapters 20 to 22 develop the quantum theory of harmonic oscillation and quantum electromagnetic
fields. Two-dimensional oscillator theory of Chapter 18 exploits the U(2)-4BC-parameterization of Chapter 10
to begin relating U(2) spin-up-spin-dn to three-dimensional 4BC-rotation and R(3) quantum angular
momentum. It also leads to super-symmetry since it applies to a single particle oscillating in 2D or to two
particles (coupled pendulums) each oscillating in 1D. Odd oscillator quanta n=1, 3, 5,... correspond to half-
integer spin j=1/2, 3/2, 5/2,.. with odd-particle-permutation parity. Even oscillator quanta n=0, 2, 4, ...
correspond to integer angular quanta /=0, /, 2,.. with even-permutation parity. One is Bose-like the other is
Fermi-like.
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Chapters 23 to 25 develop the quantum theory of real R(3) rotation symmetry and angular momentum

using the U(2) oscillator basis and Hamilton reflection symmetry. The development also uses Schwinger a-a’

operator algebra and Casimir invariants. The physical props are molecular or quantum rotors that carry an
intrinsic Cartesian reference frame. The full symmetry is an intertwining dual R, ,,(3)* Ry, (3) group with
global-local properties introduced in Chapter 15. As before, it leads easily to eigensolutions which here are the

J*
MpapNBody

Orbital harmonics Y* are special cases of D-functions for integer J=/: D!, , =Y, where the intrinsic

Wigner transformation matrices D of both half-integer-J (spinor) and integer-J (vector, tensor,...).
momentum Ny, is set to zero and ignored. Group algebra reduces difficult issues of phase and normalization.

Group algebra also simplifies problems of coupled rotors. The most famous of these are spin-orbit
(fine-structure) and spin-spin (hyperfine-structure) problems introduced in Chapter 25. Visualizing and
deriving coupling transformation matrices (Clebsch-Gordan coefficients) is aided considerably by a dual-
symmetry approach. This is particularly helpful for building and analyzing molecular states whose respect for
various local symmetries may ebb-and-flow enormously with excitation energy.

Chapter 26 to 28 introduces atomic orbital and shell structure beginning with Coulomb orbitals that
have the angular Y’—wave (derived in Chapter 23) and a radial R ,-wave. The coulomb field has an important
symmetry R(4) = R(3)x R(3) that is related to the rotor symmetry of Chapter 23 and aids in calculations of
eigenvalues and energy matrices. Rydberg orbitals discussed in Chapter 28 represent a large area of research in
atomic spectroscopy. They are also relevant for understanding excitons in condensed matter. They should be
featured as important general phenomena.

The final chapters are devoted to multiparticle systems, an enormous and ever-increasing field. Topics
chosen are a tiny sampling but ones that exhibit symmetry and correlation (entanglement) effects and tools for
dealing with them. The underlying symmetry of ~ -identical particles (molecules, nucleons, electrons,
photons,..) that may occupy M quantum states is generally taken to be U(M)x S, where Sy is the permutation
symmetry of N particles. Nuclear, atomic, and molecular orbital shell theory are historically the first areas to
develop this analysis. Chapter 30 and 31 introduce unitary analysis of atomic and molecular shell structure.

UM)x S, is part of a larger dual intertwining symmetry U(M)x U(N) which is a most important
example of the “inside*outside” quantum duality treated in Chapters 16 and 24. The UM) redefines the M-
states of whichever particles they may occupy while U(N) redefines the N -particles between whatever states
they may be in. The ideas of particles and states are put onto more equal and general “quasi-particle” footing.
Examples are given of nuclear spins having resonantly enhanced effects on whole polyatomic molecular
wavefunctions. Similar correlative effects in solids and BEC ensembles are possible.

The insight and computational power provided by these types of symmetry analyses is enormous and
still largely unexplored. As quantum theory advances into the computer age, and particularly if there is to be a
quantum-computer age, this kind of analysis is likely to advance from relative obscurity to serve its time as a

methodology of quite some utility.
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Optical Views of Quantum Mechanics

The origins of quantum theory and relativity are deeply connected with light and wave optics. Planck’s
axiom E=hv was, at first, a shot in the dark, so to speak, that clarified the statistical properties of low
temperature electromagnetic radiation. The history of this incredible result is found at the beginning of most
texts on quantum mechanics and modern physics.

This text also uses light to develop quantum theory, but in a simpler and more direct way that avoids at
first the complexity of quantum statistical mechanics. The first two units focus instead on the oscillatory wave
and resonance properties of light but treat the quantum counter as a black box.

The elementary objects of thought will, for the first two units, be coherent and mostly spectrally pure
laser light beams. Unit 1 concerns optical polarization, that is, light beams veiwed head-on. Unit 2 concerns
wave propagation, that is, light beams viewed (as best we can) from the side. In either view, (See figure below)
much can be learned by modeling it as a two-state or coupled-oscillator system.

From such simple elements we develop the concept and properties of quantum matter waves by
appealing to spacetime symmetry required for optical waves. It is a minimalist approach based upon analogies.
It seeks to develop as much physics as possible with the simplest and least number of axioms. William Occam
(1285-1349) put forth ideas known as Occam’s razors to cut axioms to a minimum in order to explain the most

phenomena. We hope we can use his ideas effectively in this introduction to quantum phenomena.

End view (Chapters 1-3, 10, ...) Side view (Chapters 4-9,...)
i i
| |
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Basic quantum amplitudes, analysis, and Dirac notation is introduced by thought

experiments involving optical beams with polarization devices. Concepts such as state

vectors, matrix operators, and eigensolutions are introduced via physics of beam splitters,

analyzers, and counters. Operator spectral decomposition is related to state filtering and

projection operators. Symmetry group operators, matrix spectral decomposition, and

perturbation theory are introduced.

x-photon
counter

counter . .
y-polarized light

’i J\_A | A_A_ ;x-counts~| G2 = cos? 6
—»é éy-counts~| G2 = sin2 0

Chapter 1

Amplitudes, Analyzers and Matrices

The Dirac bra-ket transformation matrix (alb) or amplitude array is introduced as the main

object of study in quantum theory and related to experiments with beam sorters and

analyzers. Quantum counting with and without “peeking” or dephasing is simulated and

analyzed from several points of view.
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