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Unit 10 Molecular Dynamics

Classical and quantum theory of molecular spectroscopy and dynamics is developed using
the classical and quantum electrodynamics, vibrational dynamics, rotational dynamics,
electronic orbital dynamics and symmetries introduced in Units 5 thru 9. Quantum molecular
dynamics (QMD) involves the Born-Oppenheimer Approximation (BOA) and perturbations of
it. BOA based QMD attempts to debne a molecular body or BOD frame rotating more or less
freely in a laboratory or LAB frame with wave functions based on Wigner-D Jmn» waves
developed in Unit 8 (Ch. 23). QMD states and transitions are characterized by how LAB and
BOD perturbations mix BOA bases and ultimately redePne them. Much of modern classical
and quantum mechanics as well as their correspondence principles are sorely challenged by

these effects.
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Chapter 30
Molecular Rovibrational

States and Dynamics

W. G. Harter

Quantum molecular dynamics (QMD) shares with quantum electrodynamics (QED) an intrinsic
classical prerequisite framework. For QED it is Maxwell-Hamiltonian and Lorentz symmetry.
For QMD it is the Wilson-Howard-Watson (WHM) Hamiltonian and rotational symmetry. The
WHM Hamiltonian is constructed in a way that introduces a rotational-vibrational-electronic or
rovibronic hierarchy in the analysis of rovibrational effects such as Coriolis and centrifugal
dynamics. Model molecular systems include XY 3, XYe, and XYsg rotational and vibrational

structures used to develop more detailed quantum analyses in later chapters.
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Chapter 30. Molecular Rovibrational Mechanics

30.1 Classical equations of molecular motion

Some of the most complex and theoretically challenging experiments involve the rotational, vibrational,
and electronic motions of polyatomic molecules. In this chapter we will use ideas that have been given in
preceding chapters to begin describing moleawtaibronic dynamics and spectroscopy. Molecular theory
involves rotation and spin states and operators introduced in Ch. 10 and 23, vibrational modes and symmetry
Ch. 15, 20, and 21, electromagnetic transitions of Ch. 22, electronic orbital and tensor operators introduced in
23, 24 and 25. Quantum molecular dynamics (QMD) has a strong classical Lagrangian and Hamiltonian
prerequisite as does quantum electrodynamics (QED) in Ch. 22,

a. Lagrangian description of molecular motion
Elementary classical molecular Lagrangians begin with Cartesian nuclear or atomic cooxdit\ates
and their time derivatives or velocitie]s(! )= >kj ().

(30.1.1)

dx
L=TBVamx¢)x()" Vv(x), where: X :d_t':vj

Greek letters denote particle indieesv =1,2,E,N for nuclei oro=¢ =1,2,E,N. for electrons.Cartesian
components, y, orz are labeled by indicial lettersj, k, E, n that range ovet, 2, and3 . A sum over the range
of an index, such adrom 1 to 3 above, is implied if and only if it is repeated within an expressiomesside of
an equation. (We do not symabove but repeatedis summed ovex-+Ne.)

LagrangiarlL is to be transformed to a function of the body frame compoxgnysfor electrons and

xc (1) for nuclei for which the following notation of Fig. 30.1.1 is to be used.
x(N=r() (30.1.2) X (v) =&, (v)+d, (v) (30.1.3)

Theak(v) are the constant body-fixed nuclear equilibrium positionsdafgl are (usually much smaller)
vibrational displacements. These quantities are sketched in Fig. 30.1.1(a), and an example involving an XY
molecule is shown in Fig. 30.1.1(b). This example and an octahedgah®del in discussions in this unit.

Lab coordinates, transform taBOD coordinatesg; thru coordinate and velocity vectors .
X = inell + )Cneu = *ge[; + x[;ég (30.1.5)
Lab unit vectors are assumed fixed= 0, while BOD unit vectors rotate at angular velocisy.
&y = O X € = 0565 X €y = E45c W56 (30.1.6)

The antisymmetric Levi-Civita tensdﬁk ="1 ik = " !kji andl= !, ,sgives cross-product (30.1.6) that turns

(30.1.5) into a lab-t®OD velocity relation.
X=Xe = XBGB + XBQB = *BeB + XB'IQBC” aeé = (*6 + !RBH éXC)eB (30.1.7)
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(@) Molecular BOD coordinates  (b) XY, Example

BOD nuclear i | N
X3 axis displacement QA

nucleus

electron

Fig. 30.1.1 MoleculaBOD coordinate vectors for classical rovibrational models.

The velocity relation applies to each particle®the kinetic term of (30.1.1). (For typographical convenience we

delete index overlines. Until otherwise stated, all componentCapedefined.)
2T = my (1 )ix(! y=m; §, (/) +", #x (! )&%{(! )+ X (! )& (30.1.8)
=y Gh (R + 27 0, (U * " i 5, (), (1 ;&

The definitions (30.1.2) of body coordinates may be used to simplify (30.1.7). In particular, the cross-term for

nuclear coordinates reduces as follows.

2m &, @, %, (V)X (V) = 2m, ¢, , (an(v) +d, (U)) dk (v)

. (30.1.9)
=2m,¢,  @.d,(v)d, (V)

The last line uses so-calleatational Eckart conditions(Zero total rotation is seen BOD frame.)
m, [x(v) x ()], = 0= m¢,,a,(0)d, () (30.1.10a)

BOD coordinates are also constrainediaynslational Eckart conditiongZero translation iBOD frame.)

m,[x(ar)]. =0=mx,(€)+m, (a,(V)+d,(v)) (i=1273) (30.1.10b)
0=m,d (v) (i=12,3) (30.1.10c)

If electronic massn, is negligible, approximate translational Eckart conditions(30.1.10c) may be used.
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The translational conditions (30.1.10b) fix the center of total mass (nuclei and electrons) at COM origin

the body frame. Body coordinate®) andx(e) can only change in such a way that the molecule as a whole does
not translate. However, the rotational conditions (30.1.10a), like approximate translation conditions (30.1.10c)
involve only the nuclear displacements. The displacentfifsare constrained to change in such a way that no
overall rotation of the nuclei occurs in the body frame. Together the Eckart conditions provide six independent
constraints on the internal coordinates. The resulting loss of six internal degrees of freedom is supposed to be
made up by three overall translational coordinates, and three rotational coordinates such as Euler angles for t
nuclear frame. Note that the rotational conditions do not prevent the internal coordinates from having rotationg
momentum. While the mass-weighted sumsagf )" d(/ ) or a(v) x X(v) are constrained to zero, no such

constraint exists for sums &f/ )" (! ) ord(v)xd(v) presentin (30.1.8). Electrons are treated differently. We

do not restrict rotational motion and momentum of the electrons except possibly by (30.1.10b). Their spin is
modeled by add-on terms later.
Let us write the kinetic term with nuclear and electronic parts on separate lines.
2T =m,d,(")d (") +2m #,$.d (")d (") + 17$$,
+m i (B (#) +2m#,$r, (A (B +1$$.

e""ink gy

(30.1.11)

The last term in (30.1.7) is rewritten using the tensor idea;[ni;yjmk =88 -9 8 togive

i7" mn im> jn

Eink€ im0 Xy Xy W) = O X, X0 — 0, X X0

(30.1.12)
= I:annaij — %X; ]a),‘
The resulting nuclear and electronic inertial tensors are defined as follows:
oo =M, 8, ()%, (), %, ()%, (") (30.1.13)
Lo =M & (O ()" # 1 (D ()& (30.1.14)

1.Normal mode transformation: Genuine vibrational modes
Cartesian displacemerdgv) relate tonormal coordinate§s:, %,E sn} thru linear relations (30.1.15a) to

di(v)(summed ovek(v)) or vice-versa (30.1.15b) (summed omgrNormal XYz mode coordinates are found by

Ch. 15 symmetry projection (Appendix 30.A) and combined to satisfy Eckart conditions (30.1.10). For exampl
a Gy projection (15.3.5) shown in Fig. 15.3.2 helps to labet X@des in Fig. 30.1.2 that shows the
displacementsl(v) of a particulan®™ mode om™ column of theB-1 matrix. Onlygenuine modes: thru ss)

satisfy Eckart conditions (30.1. 10) by having no rigidtation or rigid translation. Thg!andB-matrix

relations also have non-genuirge thru ss) shown in the next Fig. 30.1.3.

d()=B% s, (30.1.15a) 5, = B, e (") (30.1.15b)

J
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E,-x Gsym-stretchO
(s,=1)mode

_ E,-y Casym-stretchO
L -M (s5=1)mode

Fig. 30.1.2 Model X¥molecule Cartesian and genuine in-plane normal mode coordinates.

X-massm, central Y-mas#, and total masg=M+3m determine relative displacementsioéndM in the stretch

modes(s, =5, =51) .
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2.Non-Genuine modes: Rotation, translation, and tunneling

Non-genuine-axialrotation modes, = s"2) and(x,y)}translationmodes ( : ) are shown in Fig. 30.1.3.
Classical Eckart-allowed motion has zero rotation and translation coordigtitesughss. Zero frequency

motions are purely quantum. A modeJgenuined it has non-zero classical frequency.

This XY3 model has so far ignored four dimensions of out-of-ptametion. One of these may be a
genuine vibration and that is the Oinverting umbrella n(%d&él) . NHsss is low frequency (24Ghz) quantum
tunneling and so, perhaps, it is non-genuine! The other modes are tixeypx@l rotations ( , yand
az-translation (s, = sy, all genuinely non-genuine. NHhaser action is due to non-genuine modes. So is most of
a genuine 1970-2000 laser renaissance of molecular physics.

(a) Non-genuine XY, in-plane modes
%3 A,-rotation >0 E,-x translation E,-y transation
(s 1)mode 3 (37: 1)mode ’k (sg=1)mode

-@ 5 3%) @ B > \\\&\
) 113
(b) XY out-of-plane modes o
A,- z-transl ation
?Q%Zl)mod% E,-xrotation E,-y rotation
CT) 4 { } (8= Dmode (s;;=1)mode T
YO = — Q— 1
a9 O 3@ 4
A,-z-QumbrellaO 7 o
(s;,=)mode v D

:5@

Fig. 30.1.3 Non-genuine XYhodes.(a) In-plane translation and rotation (b) Out-of-plane motion.

{*\ (may be genuine)

3. Kinetic terms of Lagrangian: Rovibrational Coriofiscoefficients
The first kinetic term in (30.1.11) is transformed by substituting (30.1.15b) into the following form.

m,d (") (")= Bl m(")Bl, 43, =G4 8 (30.1.16a)

k(" )a

Here theG-matrix is an inverse mass matrix definedBdftransformed mass matrix.

G'=B " xmxB™, G =Bxm™' xB" » (30.1.16b)
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The G-matrix for XYz internalss coordinates (30.1.15) is diagonal with the following values.

| |
| S, = |sl:sA1Y!szstY 53:sz s4:stY %:SEXY{SB:SAZ! !s4:sf! 34255"|
1 | 1 1 1 1 1 | 1 1
‘Gabz#abGaaz ‘ " i T _ ey 3UmM ] — i — — ‘
m | m m LM LM m | u U

The G-matrix is symmetric according to its definition (30.1.16b) but not necessarily diagonal.

G =G (30.1.17a) G,=G,  (30.1.17b)

Substituting of transformation (30.1.15b) into kinetic energy cross term (30.1.11) gives the following.

vaginkwidn (v)dk (U) = vaeinkwiBr:(lv),aBlz(lv),b sa‘*b (30 1 18)
=2 élllb s, h

This defineCoriolis &, xi-coefficientsas follows.
£ = mvginkBr;(lv),aBlz(lv),b =&, (30.1.19)

Later we see that coefficients, give them™-BOD-component of angular momentum that two maglesds

can make. X¥ modes yield two cases with non-zeror 39-BOD-component.
&233 =m= _E.,;z 5 ézz4 =0= §234 > &35 =3umM = _&534 (30.1.19}xample-a
Angular momentumsXransforms like & symmetryA.. Products (24.2.40) has contained inE! E

vibrational&,, components. Coefficients involving rotation-translational motion are as follows.

(fﬁ f1>) andA ! A, . E! E applies to genuine modes of X¥and so (30.1.1%)ample-ahas alll

&16 =m, &’48 :&.’75 - 3(M —m), &78 =u (30.1.19b}xample—b
Eckart conditions demang = 5. = s, = 0 so these do not contribute to (30.1.18). From (30.1.1) and (30.1.11) we

arrive at the following Lagrangian for an arbitrary set of mode coordinates.

— 1 [ " i 1N n
L= EGab$a$o + i#ébsaso +21 [

200 0

i (30.1.20)
+3MA (D +" MBS+ 17" V(s

PotentialV(s,r) includes electrostatic nuclear-nucl@ay), nuclear-electraivsr), and electron-electraivir)

coupling independent of velocity. TheVss matrix is diagonafor eigen-modega=tars,. Spin and orbit

interactions may include velocity and spin dependent terms that will be treated later.
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30.2 Hamiltonian description of molecular motion
A Hamiltonian is a function of coordinates and momen'gmu:rijj. Canonicaklectronicmomentunis

L
"t (1)

Note thatp(!) has the formmy wherev=r (BOD)+! "r equals lab measured velocity according to (30.1.6).

()= =m, [ (1) + ! 0)]. (30.2.1)

Canonicalibrational momentunhas an analogous form.
oT

By =——=G,8,+&,0;s, (30.2.2)
s,
Canonicakotational momenturhas both electronic and nuclear parts to be sorted out shortly.
'T i
J==-= li]N" | HSS
P (30.2.3)

15+ M (DN (9)

a. Canonical angular momentum: Coriolis {-coefficients
Velocity needs to be expressed in terms of momentum in order to derive a canonical Hamiltonian. The electro
velocity is as follows from (30.2.1).

K =p () Im " # () (30.2.4)
The vibrational mode velocities are given from (30.2.2) by the following:
§ =PG_! " G_# S, (30.2.5a) §=PG,! "#us (30.2.5b)
Here we defineeduced Coriolis! |, zeta-coefficients (These relate t&"-kind Christoffelfactors.)
z:;b = éiachb = 8inka(};),aBn(u),b (30.2.5b)

Choice of dummy indices have been made to facilitate later substitutions. Notg that . unless thé-matrix
is orthogonal. Also, note that the reduced coefficients for theex#mple arenass-independent

1= C§z=—C§3=C§’5=—C§’4, Ozgfzzé (30.2.5¢)
Electronic and vibrational velocity expressions (30.2.4-5) goes into rotational J-momentum (30.2.3).

_ N i j
J=ll+ abs(,jl(Pgng#! j$dbsd)

(30.2.6)
1S+ MO (98 P (% M # T % (%)
Using (30.2.5b) gives another form.
J; :(Ii;\l _é;bgcjibsasd)wj +§fj1gsapg (30.2.7)

+ ( Ii? - n’geinkejnkrn(e)rm(s))wj + &1, (€) P (€)

The first two terms of the electronic contribution cancel according to (30.1.13,14). Two of the other terms
represent total angular momenta of vibratidi and electrond.®®, respectively.
L*=1lsp  (30.2.8a) L =1 _r (Hp () (30.2.8b)

Electronic angular momentum is a sum over electron kbekr ! p terms.
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Let bare-rotoR inertial tensor/ ¥ bethe first two terms of the vibrational part (30.2.7).

AN AR S
=1 (%%k n(@)am! &Bk(&)b)(/ﬂn' Bm(u)dBn,um)(Ba,p(')dp(')Bd,q(()dq(())

Generally, the sums are taken ogmode indices, b, andd including rotation and translation.
However, terms witla >5 ord >5 are zero according to Eckart conditian$ 0 for a >5. The sums simplify as

follows, where (30.1.12-13) are used again.
i = 15 M By By B a3 (90 (8)
=M HHima ()X (") A (") (")}

The equilibrium-displacement vector sym=a+d) of (30.2.6) is then inserted to give a rotor inertia tensor that

(30.2.9)

varieslinearly with displacementsl(! ) from equilibrium. The rotational Eckart condition (30.1.9) is used to
equate the sums af dm andam dn. Here 1]0 represents the equilibrium inertia wigh= 0 .
Ij = mge,.,,]a,(0)a, ) +a,()d, () +d,()a, (V)]

=1 +2m,€,.£,,.a,(0)d, (V)

v~ink

(30.2.10)

Finally, the total angular momentum follows by combining (30.2.7) through (30.2.10).
_ ib 1
J, =R +L"+L" (30.2.11a)

Here the electronic and vibrational terms are given by (30.2.8) and the rotor term.
R =I%® (30.2.11hb)

mn I’l

The rotor term varies linearly with normal mode displacemé/rﬁs)according to (30.2.10).

1. Legendre-Hamilton-Poincare form
The above relations can give the classical Hamiltonian funéfienzpg — L in Poincare form.

H=Ps, +p (4(!)+" J, #L=T+V (30.2.12)
This is a general result whose verification for this particular case is left as an exercise. Instead, we shdll deriv

directly below. First the terms a@fin (30.1.20) that are quadratic in the velocities are converted to the following
functions of momentum using (30.2.5) and (30.2.6). Vibrational terms are as follows.

1.+ i -1 J
Gabsasb - (l)cha _aﬁ'GcaO)isf k’vab gng _Cdbsd('oj)

| o (30.2.13a)
=Gy b,F, =208 s B, + 05,08 ,5,0; %
The electronic terms give the following.
A =m (P m" Lo O) (R M " L (1) (30.2.136)

= pk(,)pk(,)/me ! 2#I ,mkr (I)pk(l) +#ime,|nk jmk n(,)r (I)#
There is a similarity between the quadratlc terms above and the remaining linear velocity ferms of
0.8S:8, = 0,054S,F, ~ 0,88 0S:S10; (30.2.144)
Fim e (R (7) =1 .".nkrn(")pk(") #Lm i (I (M) (30.2.14b)
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b. Wilson-Howard-Watson Molecular Hamiltonians
All kinetic terms are collected to expréB terms of canonical rovibronic momemaP, andp.

-1 [ 1n i j " 1 N n
- 2GabPan ' i#fgsf Pg *3 i$ab#dbsasd j t3 Iij i
n i I n i ] n
+ i #;gsa Pg ) i $ab#d bSa Sd j

L ., L W 1rem m (30.2.15a)
+Emepk(%pk(%! i%%krn(%pk(%"'ime i%k%)mkrn(%rm(% j+E|ij i

+" io(krn(%pk(%! me" i%k%ﬁkrn(%rm(%” j
Cancellation simplifie§ particularly for electronic terms. Then rotor inertia matrix (30.2.10) is used.
T=t(1)0 "5 5,)8.8 +1G, PP, +tm p, (%p,(% (30.2.15b)
R
T=;ljoo, +3G, AP, +3m,p(€)p,(€) (30.2.15¢)
Finally angular velocityp is expressed in terms of nuclear rotor momenRuby inverting (30.2.11b).
The classicaWWilson-Howard-Watson molecular Hamiltoniésllows if we add a potentidf(s,r) to T.

H=T+V(sr) (30.2.16a)
= sRUR +1PG,P +imp ()p()+V(sr)  (30.2.16b)
=i(a o)Lt ) KE® + KE' +V(sr)  (30.2.160)

Here the inverse rotor inertia matni¥’ is defined in terms of the original inertia tensein (30.1.13).

'l .

R — R _ N ni 1)
(“ij) =L =1 VP Sasa (30.2.17a)
=10+2m " " a)d, () (30.2.17h)
= m! ”ink ”jmk @n (I )am (I ) + Zan (I )dm (, )% (30217C)

The form (30.2.17c) requirdm,n}xsums oveall modes including pure rotation and translation.

For some time the quantum versions of (30.2.16) were thought to be even more complicated. Then, Lo
and Watson showed that the quantum molecular Hamiltonian could be written in the same form as the classic
Hamiltonian (30.2.16) if one includes a tiny energy shift term.

U =1 (h?/8)Traceu®" (30.2.18)
It is difficult if not impossible to observd so we hold off discussing it. Instead we consider dynamics that arise
from Hamiltonian (30.2.16) when quantum operators replace the classical canonical variables. However, the

underlyingLAB to BOD rotational relativity behind the replacement of rotor K& by £(s! £)?in (30.2.16) is

anything but trivial. Rather it is analogous to the replacement gf Kby .1 (p! e4)* in quantum

electrodynamics where field is a momentum boost (Recall Sec. 16.)
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1. LAB andBOD quantum angular momentum operators

A most important point concerns what glues an entire molecule together to allow the concept of a
molecular frame. It is assumed that electronic bonding overcomes inter-nuclear repulsion and provides a stab
effective adiabatic potential energy that has an approximate quadratic harmonic dependence on the nuclear
coordinates, . Such aVv(s,)is called éBorn Oppenheimer ApproximatBOA) effective potential and will be
discussed at the beginning of Sec. 31.

Commutation oBOD-based momentum operatars=1! J; (23.1.20b) adds a (-)sign to thatBidD

defined generatofs of R[] =€ V"' or the standardAB defined generators ofR[! ]=¢ " .

b, J &=%&, J  (30.2.19) b, J #=+9%,J,  (30.2.19b)
R[I'] has the same group multiplication rulesR@ls] as d@ andJ yet the two groups commute. A molecular
BOD turning anti-clockwise relative toAB has positiveJ, )=m>0 but negativeJ, )=n<o sinceBOD seed.AB

turning clockwise. The (-) definition; =! J; makes signs come out the same.

The electronic momenta (30.2.8b) satisfy the usaal commutation relations as long as the electrons
are constricted by BOA to be defined in @D frame (that they are holding together!).

.!. L?I,L? gz io/ffkl‘% (30220)

However, the vibrational momenta (30.2.8a) do not necessarily satisfy standard commutation relations. As a
result the vibrational momenta can have non-quantized expectation values resulting from an incestuous
entanglement of rovibrational modes with the rotor on which the vibrations are based.
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30.3 Applications of molecular Hamiltonians

Conventional expressions for the molecular inertia matrix such as (30.2.17a) are sums over the genuin
vibrational modes, only, and give a different expansion than (30.2.17c). Choosing orthonormal mode gariables
as shown next, gives a unified definitidn=£ { ) of Coriolis constants.

a. Orthonormal mode coordinates.
An orthonormal mode coordinate system is more convenient for quantum purposes. The objective is to simplif
the vibrational kinetic terms.

I d (A =2E)¢), whee " ()=mid () (30.3.1)
Mode coordinates, in definition (30.1.15) become an orthonormalcget
L =[aie)]a, 6 = [b.k()] " () (30.3.2)
The transformation is orthogonal.
[a, j)][b.j(v)] =6, [ait)][ak)] =" ww (30.3.3)
Orthogonality (30.3.4) means the kinetic term is preserved if the transformation is time independent.
Q@ EFTAA (30.3.4)

Comparing (30.1.15) and (30.3.1) relates the two transformations and simplifies preceding quantities.

B .=[ai®)]/m, B,y =| Bok(®) ], (30.3.5)
A mass-orthogonal Eckart conditioned mode transformation susth a6(30.1.15) is easily made into

an orthonormal 4,j(v)] matrix by multiplying rowyv) of B-1 by Im, according to (30.3.5) and then normalizing
each columrs, to give columnga of [a,j(v)] as in the following example.

LOL |2 o2 0y 0 0 B 0 |q
1,(1) o 0 £ o 4 £ o fm a,
LR R 0 r o0 g
1,(2) 129 0 B E oo 2] a 3036
LE = E L 2 0 4 2 0 g
LEL "3 2 2 0o JE 2 oo 2 g
1,(4) 0 0 0 i 0o 0o % o q,
1,(4) 0 0 0 0 2 o o Ju| |q

Each row (or column) of gb,k@)] matrix like (30.3.6) has unit norm and is orthogonal to the others.
Orthonormal coordinates make equal Coriolis coefficients in (30.1.19) and (30.2.6b).

Lo = " SN &R k#H) &= (1, whee ! =) =(),, (30.3.8)
For the XY; example we have the following.
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3 " w3 3 w3 3 e
! = ="1 ! =0="1 ! =1="1
! 1 15,=0 I35=1

237 © 32! + 25 * 54 (3039)

13 =1="3 13 —0=13 13 =1="48
* 61 1 *32' " 48 0 “75 78 1 187

So far only the kinet@qaqa terms (30.3.4) have been simplified. If the electronic bonding forces can be
approximated by harmonic potengal a,q, then that also needs to be simplified by normal coordi@tesa
(a|n) that bring the harmonic part of the potential to diagonal f?rerg as follows.

KEVP + pEYP = 14,4, + 2k,,0,0, +...anhamonic g-terms (30.3.10a)

=10Q,0, + 1@, Q; +...anhamonic Q-terms (30.3.10b)

Examples foXY3 andXYe vibration modes are given in Appendix 30.A. and used below to derive centrifugal
and Coriolis effects for various models including, first of all, a simple rotating spring-mass.

b. Centrifugal and Coriolis effects

1. Elementary spring-mass model

Hamiltonians of #-powerJ,#, J,,..terms model deformable rotors that change inertia more or less due to
centrifugal force. An example in Fig. 30.3.1 is a single rotating maedd by a spring = mw?2. The rotor has

vibrational kinetic and potential energ¥, andPE, plus rotational kinetic energyg.
E=KE + PE, + RE,

2k , 12 2 , P (30.3.11)
=T+E(r! 1) +T=ﬁ+5#v(r! ) +—2
Rotational inertia=mr?=1/ , angular velocity =w,, and momentud=1/ =1" , involve radius that grows
9 J J g

from rest valueo until spring force’

_ 2 i — 2
wpring = —M®; (r —15) cancels centrifugal force,, . = mwjr .

! 2
=0=m! fr " ml vz(r "1y)  implies: r=rol 2..V, 5 (30.3.12)
v J

spring +F centrif

Centrifugal equilibriunr blows up as rotation ratg nears vibrational frequency,. 15 derivative of effective
potential PE, +RE; in (30.3.11) is zero at equilibriunadiusr or stretch distanag=r! r, .

2 2

' PE4+RE)=0=m 20 #r )+ H inplies d=r#r =—> ' (30313
W( E, ) =0=m"S(r#r,) ERT implies d=r ro—zm—”zw (30.3.13)

Vv
We assume the angular velodityvaries inversely with so that momenturdis conserved as it must be since the
central spring force exerts no torque.
The inverse inertia=1/pis approximated for small stret¢d=r!r,! 1) and (30.3.13) is inserted.

" w32
! uo+#(r#r0)+...=uo## 2##.. (30.3.14a)
2mg 2

This with (30.3.13) is inserted into energy expression (30.3.11) to approximate the effect of modnentum
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2 2
_ P m - 2 ,u'-]
Eoomt %)
2
2 2 2 2 2
J J J J
SLLYAVLLLPAC] D B L S (30.3.14b)
LA L A R e A A
2m 8mw? | or 2 amp2\or)

This reduces to a simpler form that lends some insight into centrifugal distortion energy.

L2
:p_3+u0_\]2| J4 $#_IJ + :p_5+“0_‘12|m"
om 2 '8m"3§f#r2 “Tom 2 2

2d2+... (30.3.15)

The rigid rotor energy is perturbed by*® term that reduces total energy by just the amount of work needed to
stretch the spring by distandén (30.3.13). The spring gaiE=kd/2 the whole system loses twice that in
rotational kinetic energy by expanding to raditiso+d for a net loss okd?/2=ma2d?/2.

v v (J=0)
\ \ :
\ \ potential
V:k‘,dZ/Z

minimum

\

\
$ d>< d)ll atr,
Fo (J>0)

effective

|
| .
I i otential
| I effective p
] s drops by
I potential // Py
U minimum at r =r, td. v

Fig. 30.3.1 Spring-mass model for centrifugal stretch of a model vib-rotor showing effective PE shift.

Imagine a rotor of enerdyis held by a wire at it§)=0)-radiusro but has momentud0 tending to pull
it out to radius=r o+d. Cutting the wire changes neither eneegyor momentund but lets mass begin
vibrating around its new equilibrium ofr o+d with an amplitude:d between mir=r o andrmaer o+2d.

2. Polyatomic molecular distortion: X¥nd X examples

Multi-mass molecular Hamiltonians have vibration normal coordiggtes:xdBOD momentuny; .
-1 1,2 1
H _fpupu +§I uquq“ +§Jﬁ1umﬁJﬁ (30316)

Each normal coordinate has an equilibrium shiftlike thed in (30.3.13). Note;, (ud)=;=0=;ha+ug, .

F a
g =ty Many 1 2 %y (30.3.17)
BT a0 " o, T T g,
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. . . Y -] . . . .
Inverse inertia is represented by a 3-by-3 matrix =7 inverse to the inertia tensigr. . The resulting effective

mn

Hamiltonian analogous to (30.3.15) involveghadegreel-tensor sum over all mode& .

n 2
I A P (" /59,)

H=H !
0 " ?2 0
8"2  #, #, 2

whee Ho=3p,p, +3I450d,  (30.3.18)

Modeqy-sums are discussed below. However, for high symmetry molecules, the allbevestr forms
can be deduced by symmetry alone. For cubic, octahedral, and tetrahedral molgds)|&ssCand Ch,
respectively, there is only one linearly independé@megreel-tensor orxyz)ypolynomial. Powers* orr* are
sphericakcalarsthat expand into non-scak@nsordinearly dependent on scaldr

=22 = 0 +y? +2%)% = (P + y* + 2 + 2(x%y? + X222 + y?7?) (30.3.19)
An octahedral (S§like) molecule uses the first tensor. Cubic or tetrahedral molecules use the other.
HOahedral = g p, (J2 + T3 +J2) (30.3.208) HOPE = 4 +t,,(3232 + 3232 + 3232) (30.3.20D)

The spherical scalar teri, = BJ? +t,J* hasBs? = B(JZ +J2 +J3) of a rigid spherical topisPh but each RES has
an octahedral or cubic shape, respectively, as shown in Fig. 30.3.2(a) and Fig. 30.3.2(b).

T =J+75 + 75 T3P () = J2JZ + I3 + J2)2

(30.3.20¢)

+cos* ] =J4[00522! sin? ” +sin® ]

(30.3.20d)

4 4

=J4[cos4! sin* “ +sin* / sin

The Hamiltonians (a) and (b) of (30.3.20) and RES (a) and (b) in Fig. 30.3.2 are related in (30.3.19) by
+sign sincdzz is justD?24 if scalarto is adjusted accordingly. Nevertheless, distortion of an octahedyal SF
molecule described by is quite different from a2 distortion of cubic €Hs or tetrahedral Cf

The octahedral RES has a minimum whenitleenear one of the eight (111) axes of trigonal (3-fold)
symmetry. Whirling about (111) axes has maximum effect on octahedral molecules since they have relatively
weak bending bonds that are affected by centrifugal force due to (111) rotation that spreads the six arms of ar
molecule relatively easily. Thus (111) is in a valley in Fig. 30.3.2(a).

However, a rotation about (100), one of $ix,ty,xz)axes of tetragonal (4-fold) symmetry, only affects
radial bonds normal to these axes, and those stretch very little due to the high radial bond strength. Thus (10C

on one of six octahedral RES peaks in Fig. 30.3.2(a) wheris 8fast susceptible.

It is vice-versdor cubic GHg or tetrahedral CHmolecules that resist distortion while rotating on any of eight
(111)-axes of trigonal (3-fold) symmetry but are susceptible to rotation on any of six (x100), (0+10), or (00£1)
tetragonal axes that bend bonds and thus lie in six RES valleys of Fig. 30.3.2(b).
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(a) Hoctahedral =BJ 2+t J 4+t4(JI4+ J?4+ J§4)
bic — 2 4 212 212 212
(b) HXC =B *+1,J *+1,,(3;7 35"+ 7 J57+ J15,705°)

J(111) affects
centrifugal
bend of XY

J(100) affects
centrifugal
stretch of XY

J(111) affects@

centrifugal centrifugal
stretch of XY, bend of XY, J
or XYg '

Bend bonds compliant Radlal bond r
AJ

OL6<O/'”” @

Fig. 30.3.2 Centrifugal %-degree sphere-top RES. (a) octahedralsf$B) cubic (GHs) tetrahedral (Ch)

esistant Bend bond compllan1

3. Elementary derivation of $SEistortion parameters.
Hecht model #-rank distortion operator for the &folecule are discussed in Sec. 25.4 (Recall (25.4.18).) and
above. In HechtOs notation the operator and its parameters are written as follows.

H =10, (3¢ + 3¢ + 3412 34) +1,,,9° (30.3.21)
We now derive the parametess andtoss in terms of SEvibrational mode frequencies.
The distortion Hamiltonian (30.3.18) depends on a sum over genuine modes of the!:qﬁuafres
distortions! g, as given by (30.3.17). The key quantity in the distortion expression is the derivative with respec
to g, of the inertial tensakj or its inversaul,; . Mode tensor derivativ% are evaluated at the equilibrium

ositiongg,,=0) for the molecule and therefore must be invariant to its molecular symmetry group that is
P H

octahedraDn, for SF. Only modesy ™ , ¢/*, @,* , g, ,¢2** , andg,* that transform like components of an

irreducible symmetric 2-rank spatial tensom,; or lj may thereby give non-zer!lg .



©2013 W. G. Harter Chapter 30 Rovibrational Mechanics 30-16
Symmetry selection of non-ze%g components is the same as selection for non-zero deriv%%ivefs

Raman polarizability tensors, only Raman-active modes affect inerttaci@ér. Each component of an allowed
Ayg, Eg, andT2g mode shares its coefficieAt E, or T with others of its kind, as follows.

~A/I3 0 0 —E/6 0 0 0 o0 0
Mo Al o | X o &l o |[E-lo o T2
9 0 0 _a/W3| M 0 o 26/46/%% |o T2 o
ElIN2 0 o 0 0 7/2

Eol o vml2 o), E=l 0 0 o [(30.3.22)
Ha; 0 o of ' |7z 0 o
0 T/V2 0
Eoltiz 0 o
10 0 0o o0

CoefficientsA, E, andT are to be evaluated by considering the effect oAtlkenode component, ori&-mode

component (sayq,Eg ), and onel,g-mode component (sag[;Zg ) on inertia tenso.

One must take care to use the mass normalized mode coordinates for the poten%ialﬁkqurin
(30.3.16). The units af in (30.3.1) aren!/kg . The radial coordinate of the F-atoms with mader the ¢
mode inFig. A.2is a+q*/vem . (Here(a) is equilibrium radius.) Thq,Eg mode has;+2qu IN12m for polar

atoms and! qlEg /J12m for equatorial atoms. The tangential displacementsghodes areg29 /N4am . The

inertia tensor derivative for each mode then follows.

',, _ 8am ', _ 4am "y, _ . 4am (30.3.23)

18 Yem~  1gE Jim® 1qf Jam

Inertia is/; =8,4a’m . The relational=1gives theai-derivatives in (30.3.17) b}yq(pa):0:$§a+p$;.

oy, -1 oy, -1 oy, 1 (30.3.2
= y = ’ = . . . 4)

00" 2a3em?  oqf gada® 9a  eadVm?

The parametera, E, andT in (30.3.22) are then given.
! o1 !

Azgaam? . Esigaamg . T=aam'g (30.3.25)
Centrifugal distortion due to angular moment(kdyJ) is given in terms o, E, andT by (30.3.18).

/qA:(A/z"jﬁ)(Jj+J§+Jj) !q{:(T/"lT«E)(Jsz)

1qf =(E/2" fix@)(Jj +J§#2Jf) lql =(T /1" 242)(s,7) (30.3.26)

1qf :(E/2”]25\/5)(Ji#Ji) 1qf :(T/"iﬁ)(Jny)

Combining these yields the total distortion energy from (30.3.16b).
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pen (£ T [ L E_T° )i (303.27)
8w, Swrj 24(0A 240)E 8coT7

The anisotropic term involvds; andT2g modes only. Combining (30.3.17) and (30.3.19) gives

ot =T . EL_ 1 R U B0 SR (30.3.28)
o2 2 256m3a6$? /ZEE 4|3§? /ZEg ' o
This should be compared to the measuregr8fational constanD.091083 crd) in (mks)energy units.

|2 |2

~=(0.09108%m™)! (J lsec)e

= =1.80 **Joule (30.3.29)

The radius of S§deduced from this measurement is approximatel;l.58 x 16°m. (Fluorine atomic mass s
=19(1.6 x 1@7 kg.) The distortion constant has Ehscale factor to match.
gt # 32 2 & # 1 1 &
9 " (= : 30.3.30a
42032 2 p2 2t f )1255 ( )

This formula was given first by Berger.
The wavenumber or energy values for By@ndT2g fundamentals, as given in Appendix 30.B, &g (
644 cmt 0or 1.28416°J; Tg 524 cm! or 1.04416° J) and give the anisotropic centrifugal constant.

—_— n — ”33 —
oy =50 ’_ZE =3.7410 >> Joule= 5.65Hz (30.3.30Db)
‘E

102544 =

Thetoss values deduced from experiment &ret 0.7 Hzby Borde and.44+ 0.5 Hzby Patterson and Herlemont,
et al The tiny value of abou6 Hzfor 10 44 is multiplied byJ*. Hence, ford=100 this leads to tensor splitting on
the order of half a giga-Hertz. We leave as an exercise the calculation of the corresponding centrifugal atomic
distortions from (30.3.26).

Spherical tops require dipole, vibrational excitations to gettbrder optical transitions, and theseand
va modes around15cm! and950cm* give much greater centrifugal and Coriolis splitting parametrized by larger
and more numerous constaBts t224, and so forth that fit the spectra.

4. Elementary derivation of SEEoriolis parameters.

Molecular total angular momentuirR+! and itszcomponentg,=R;+!; has integral quantum values
m" but individual rotomR; or vibronic!; may have continuous expectation valomé$ depending on Coriolis
coefficients{ that, in turn, vary with the summed areas of classical oscillation paths. Only vetifx,or}
symmetry modess andvs of SFs can contributetorder vibration angular momentum.

Here we consider Corolis effects due to vibration angular momentwgamidvs modes of S&derived
in Appendix 30.B. Angular momentum of a Bohr circular orbit can only have integral quahtahile a 2D or
3D vibration may have a variety of elliptic polarized orbits noted in Ch. 10. These take various shapes ranging
from C-type (circular polarized) oscillation with integral quantd' 1, to A or B-type (linear polarized) oscillation
with no angular momentum at all.

It is convenient to use normalized classical mode coordigat&gtting one to unitygf =1) and the

others to zero gives atomic displacem#fit) = (d7, d“ .d}) of nucleusv by (30.3.6).
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d°() =Bl =m [ai()]
A Coriolis coefficient!!, from (30.1.19) o!r;lb from (30.2.5) depends on a pair of modgandap.
=60 = m.e,_ d3(v)d;(v)=m |d*(v)xd’(v)],
=¢,, [an@) ] b.k@)]=&
For normalized modes, tlieor  coefficients are equal to the sum over nuclegelliptic path momentum due to
z-rotationally polarized-projected vector mode combinationsiy). Mass normalized coordinates in (30.3.4) are

subject to the normalization relations.

Il\l‘? a, 2 _
m, [dj M =1
I j=1
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Appendix 30.A Symmetry debned vibrational normal coordinates
A.1 C3y defined coordinates of Y3 and XY3 molecules

The D-Jfk -matrices andDj'fk -projectors of trigonal symmetrysCare given in Ch. 15 of Unit 5 and applied to
molecular orbitals of a ¥structure. The same projections help to analyze of molecular vibrations.
Two sets oDjEk -matrices are given. One set (15.1.8) has diagonal 120; rotatem3).

- 2 ; ;

g= 1 r r i iy I3

A(g)=
D™ (g) 1 1 1 1 1 1 22
DAQ(g): 1 1 1 (1 (1 (1 Where:i:e 3

E 12 04! o !, 0%!0 ", $'!'0 ''$ !0 1%

g)= ( + + ( (15.1.8)epeat

o, (9) o b o § o o G of T, of 1 ob

Another set (15.1.12) has diagomgllane reflectiorCx(is). (They share the same 1-byeftandp™ .)
2 . .

g= 1 r r iy iy is
D" (g)= 1 1 1
p2(g)=| 1 1 1 1 "1 1

(15.1.12)
1108 vy v3728 ! 172 3128 ! ray2

# # & # & #
0 1%t

"1/2% " 3/2 11/2% " 3/2
The standard projection formulgl, = (¢ /°G) £4D (g) g repeats the following from (15.1.15).

'@/23 L' 1/2 \/5/23 ;#1 0$
1/2 % "J3/2 1/2% O " 2k

PAL = PAL1PAL = =(QL+r+r2+ip+ip+i3)/6 (15.2.15a)peat
pA2 = pA21PA2 = =@Q+r+r2 -iq -ip-i3)/6 (15.2.15b}peat
PE = PEy1PEy = =(A-r-r2-ip -ip+ 23)/6 (15.2.15C)peat
PEy = PEy1PEy = =(A-r-r2+ip+ip-2i3)/6 (15.2.15d}peat

PEyy
PEy

PExi2 I:)Eyy = DExy(iZ) I:)Exy
PEyin PEx = Dny(iZ) Pny

=(QL-r +r2-ip+ip-0i3)/4
=(Q+r - r2-ip+ip-0i3)/4

(15.2 . 156(}3peat
(15.2.15fpeat

This gives modes for s ring of XYz in Fig. A.1.1. (Thex-atom adds another vector E-doublet.)

<A1‘:<1|PA1I=(1 S B R U B TV ‘A1>= ‘A1>= ‘E>= ‘E>= ‘E>: ‘E>=
<A2‘_<1|PA2‘[:(1 A RS PRV P2 |16 PE[E PE[DVz PE|DVa PE[1)V-
<XEX =(PEVs =(2 -1 a1 1 2)ie 1 1 2 0 0 2
(E|-PE =(0 1 1 o) A P A e e R
(S|=QPEs =(0 -1 1 11 0 1%' ix@’ i Vi -112 -112’ i Vi’
(S|=PES =(2 -1 o1 1 1 2)ie 1 1 5 0 0 P

Model Pj'k -symmetry configurations in Fig. A.1.1 haveB-C> syrrlm?try(jz_x or y) that is evergx) or odd(y) to
LAB x-planeis-reflection, and3OD-C. symmetrytk=x or y)to locali;, i;, ori; BOD planes.
There aret=22 projectors for two-dimension&symmetry and one each far andA> symmetry, making

six P in all, and that is the total number of symmetry operators needed Qe ={Cs=6.)
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/7 (@) XY, Symmetry-defined
3

"r |Y!“ ]
coordinates
"2|X1=d,(4)
b "1|Y E(d(1)-d(D))/ 2
=di(4) g YE(d(D)+dy (1)1 2
"#.Y!
d r2 |Y!

5 (b) %/mrﬁt(fy-proj ected XY, modes
2 !

/-1\ "r Y1

=F g -1 |2y

1287 v
-1 "Y1
#]V!

A
scalar
base
116 X-Vector
( bases
{ —
A,
pseudo-scalar
base
3
)

Fig. 30.A.1. Vibration coordinates forssymmetric X¥molecular model.
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Vibration matrix and normal mode eigen-solutions

Spring-mass models of symmetric molecular vibration involvds@ke matrix Kthat is reduced in stages. From
the following F'stage primitive energy form, we seek its analytic eigen-solution using symmetry.

E=5myd; W, (W) 43k, , x,(1)x, (V) (A.1.1a)
The Bt stageku_,k for a coordinate pairj(u) andx, (! )of massm, andmy, is a sum of each spring constany
.

hookingm, to m, times direction cosi@viijj (1) andl@u_, %, (1) of unit I@H_, with %, () andi (/) .

Kyr, =" [Qu! PRI [@u! % (1] AL1b) K =H# (R 1) (K)]K,- (R 18, ()] AL10
A 1.1c
—n k k — - k k —
="k, cos! " cos! | = k_,kyj =!# k. cos! " cos! |, = kuku,-

(A.1.1b) assumesnespring&w hooksm, to m.. Self-energyKuj“k for my sums oveall kyy hooked tam.

The 29 stage energy forikim, uses mass-orthonormalizédlisplacements, =/ =X (u)mllfz.

WV,
=— K (A.1.2b)
m 2,1/ nm

milzm‘l,2

Next we begin transforming hook matkn to diagonal form while leaving kinetic for@ﬁ.. 4. invariant. For

E=; LA o+K, 10 where!, =1, =x(wm,? (A.1.2a) K

that, each stage needs to have only orthonormal bases and orthogonal or unitary transformation.
The 39 stage uses symmetry-operator-labelingiafbases. X¥ coordinate bases of Fig. A.1.2 are used

for Kmnin (A.1.3). Y-atom base$8

;’1> are radial but"

;1> are transvers&mn of (A.1.2b) hook up Y-atom bases

h

I > andn‘\; >to each other and to central X-atom b:{agésand‘ ;<> using radial spring constajpkxy and

peripheral spring constaktkyy divided bym2 and/orM¥2 according to Fig. A.1.2.

) e ) e )
Cllans o 5n Jo Tovfifrzlo
|
<A‘KY‘B>=<Y] 0 R S N ST N S 0 (A.1.3)
X 4 om 4 m 2 m 4 m "4 m
<jj L LY NI o [ 10

The 4" stage uses symmetpy, projection to reduciase=(4|Kr|B) in (A.1.3) above to block diagonal
projected formpkap: B=<Pi,kA‘K ‘Pj'! B> that are derived below in (A.1.4) thru (A.1.10).

Only select rows of matrikae=(4|Kr|B) are given in (A.1.3). IK hasr-symmetry then a matrix row

for a base | B) that is a rotatiom of baqu) is redundant. Also, this choice of basis sepamtEas-symmetric-

(k:x)-radia' v > from BOD-antisymmetric(kzy)-transversm so that onlyP!, have non-zero projection 4§> or



X
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X> and onlyr; have non-zero projection (ﬁj> or ‘f> . BOD labelk of P} has to match the primitive stﬁ@% it

projects to get a nonzero projection as shown below.

Vo Fig. 30A.1.2 Symmetry labeled radial and angular base vectors

A K-matrix<1:’kx ‘K ‘ !','nY> hasp¢, -projected bréj’kx‘ andr,. -projected ke(t!/fnY>with normsN,‘ andn? .
(=N PLT =N (X Py (ALda) [ =RE[Y)NY = 1iG) ¢ D(adg| ") NY,  (A.1.4b)

ScalarA; ObreathingO ket and pseudo-s@al@rotationO ket are shown in Fig. A(left).

::1>\/§:(‘Il>+rl ;{1>+r2‘::1>)/x/§(A.1.5a) PyAf‘;1>\/§:(‘§1>+rl Yl>+r2 :,1>)/«f3 (A.1.5b)

P ;
Then come2?=4 vectorE-kets involving peripheral Y-atoms of X¥hown in Fig. A.1.(enter)

PEl NS =) ) e[ adea)  RE[E)E=C )G (A-1.6b)
PE Il>\/§:( rl‘;(l>! r2‘§1>)\/g (A.1.6c) P)',Ey‘;l>\/§:(2w>! rl‘;l>! r2‘§1>)\/g (A.1.6d)

Included also is another pair of vecEkets for the central X-atom shown in Fig. A.{bbttom)

PLL)=[Y) (A.1.6¢) PEX)=1%) (A.1.60)

Symmetry Kg=gK) andpP-rules (PP, =# "# P, ) give<ﬁ‘(x ‘K

l”> in terms of<x ‘Kg‘Y> in (A.1.3).

/m

X "Y\ — X/X ! "Y Y _ A X /X ! "1Y Y _ XarY 4" X I |y
<jk ‘K‘!m >_Nk< ‘PngP'm‘ >Nm_Nk< ‘KPk/P'm‘ >Nm_Nk Nm# #j!< ‘KPkm‘ >

= NXNYI 71 1iG)s Dk',:(g)<x ‘Kg‘Y> (A.1.7)
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Mismatch ofCa, symmetry ¢#p) or LAB index ('l ) blocks off aK matrix (A.1.7) into twal-by-1blocks for

symmetry irrep species andAz and a pair 08-by-3blocks for vector specids
(:\xY ‘K ‘ QXY> ! ! ! ! ! ! !

! <3Y\K\3Y> ! ! ! ! ! !

<)I<EXY|K ;EXY> <>I<ExY|K|ny> <::><Y|K|ix> | ) !

k=| C TR GTREED) GIREED] | !
| C R K]S (IR !
. . ! | C KR GOk <5;|K
. . ! | CETRE) IR (5K
. . ! | I KA A I [N I [

x

x

|E
¥
|E
¥
|EX
yx

)
)
)

(A.1.8)

BOD(k.m}labeled matrix for equal-atom (X=Y) is simple since nokjiscancel groug-sum terms.

I [P Y\ ! F e /Y Y
(K i) =, Dm0 ren[ )

Also, we sum only aoset @, or coordinate-labeling-subset©.. For Y it is:@y={ h=1,rr2}.

<QY‘K‘QY>:DX§’*(1)<Y Y>+DX§1*(r)<I I>+Dxﬁi*(r2)<;{ 21> (A1.10a)
= HIGHRDT 1GH f UIGRH —a*h
(FI)-o£ o) o U)o M) s
- 1gebe FGh - F-@h el
(R[50 @(xfkafy)+0 <r>< <[5 OGKER) at10g
- 00O € I L
(5 [k [ 57 =g oy ki)« o5 oy [kr )+ 050" (ke ) (A.1.10d)
R RV NG - A A F
Central atom X has ket') that is already the irreducibi base) =P~ | ¥} in (A.1.6a).
(R =(ca ) 5 4 (A.1.10e)

The remaining two components coupling X and Y-atomic coordinates use (A.1.7).
EY EX
(R [0) = v (el ) FSFOEIMUHIS

=\E!1! ("Jm—M):&Jrj%M :@!1!(0):0
TheseCs,-projectedk matrix elements are collected in the form of 8hg/-8 matrix (A.1.8).

NYNX

X X

K

) (A.1.10f)

(A.1.9)
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e i R
-3 k 3k
Y . im im 0
<ijA K1|Py B>: V3 0 3] (A.1.109)
V2t 2m
i,3k 3k B j
mTam  Im oy
ARt
i O iw
DiagonalA; andA: values aréj+3k)/m and0, but E-type 3-by-3matrixK has to be diagonalized. Due to #en
(A.1.7) the first3-by-3matrix for {="=x) is identical to the secorgdby-3 Ematrix for (="=y). Thus, alle-
eigenvalues must comelimB 2-fold-degenerate pairskf hasCsy Symmetry.
EY EY E X
)15 [
i3k 3k 4B ] #1 11 0&
(K)E=| mAm o Aam a2V Lo k%1 1 of. (A.1.10h)
PN R i o o
| Vv3 0 3]
V2mm 2M

E-type eigensolutions for no radial sprirgd() are( ’ ' ’) combination of Y-bases with eigen-valgig2m

(! £=+3k/2m ) and are genuing or s modes in Fig. 11.1.2 (top). Orthogor(lg%,j%)Y—base translations f¢r0
have zero frequency as dpor s in Fig. 11.1.2 (bottom) o7 or ss in Fig. 11.1.3 (top).

The 3" and final stage of eigensolution is to diagonalize%tbg—3<K>E in (A.1.10q). Its secular equation

is of 39-degree but a translation mode gives a zero ro(JK)(E)and makesie |<K>E EO.

al” Ib c
0=tde|tb bl" 0 |wheeia=h+3k  b=3K o=t Il q=3)
c 0o d!”
=71 arb+d ]2+ [E+ LG+ Bl ¢ Epld! el gl
— 3 $J(2M+3m)+2ml +§63;$(Mj3m) 1 !
Two remaining roots are found bydzlegree solution. Special cases lend consistency checks.
" 03 for: j=0
I(i) :4%n| J(ZM'\*/"3m)+3ki\/;J(ZM’\;3m)+3k$2 8L:|_2]|((|\/|+3IT'I)&$ )F( or J (A.l.llb)
i %+(o‘+ Ly for: k=0
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E-x Y base(1), ( E-x+iy Circular
base(1)

x+iy

E-x+iy Circular
base(2)

x+iy

E-x+iy Circular

base(+)

x+iy

-x+iy Circular

base(-)

x+iy
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! Problems for Chapter 30
Zeno Redux

23.1.1.



