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...and 1s easier to explain.
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Some Early History of Quantum Revivals

J.H. Eberly et. al. Phys. Rev. A 23,236 (1981) Laser QuantumCavityDynamic revivals
R.S. McDowell, WGH, C.W. Patterson LosAlmos Sci. 3, 38(1982) Symmetric-top revivals

S.I. Vetchinkin, et. al. Chem. Phys. Lett. 215,11 (1993) 1D %-Square well revivals

Aronstein, Stroud, Berry, ..., Schleich,..  (1995-1998) “ «“ “ “

WGH, J. Mol. Spectrosc. 210, 166 (2001) Bohr-rotor revivals

So we thought we’d put this revival business to bed! Then...
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Some Early History of Quantum Revivals

J.H. Eberly et. al. Phys. Rev. A 23,236 (1981) Laser QuantumCavityDynamic revivals
R.S. McDowell, WGH, C.W. Patterson LosAlmos Sci. 3, 38(1952) Symmetric-top revivals

S.I. Vetchinkin, et. al. Chem. Phys. Lett. 215,11 (1993) 1D co-Square well revivals

Aronstein, Stroud, Berry, ..., Schleich,..  (1995-1998) “ “ “ “

WGH, J. Mol. Spectrosc. 210, 166 (2001) Bohr-rotor revivals

So we thought we’d put this revival business to bed! Then this...

More recent story of Quantum Revivals
Anne B. McCoy Chem. Phys. Lett. 501, 603(2011)...reminds me that Morse potential is integer-analytic.

Leads to cool Morse revivals in:  Following Talk RJ05 by Li:
Resonance&Revivals II. MORSE OSCILLATOR AND DOUBLE MORSE WELL DYNAMICS.

So now we’re having a revival-revival!

...and, in words by Joannie Mitchell, I find:
“Ididn’t really know... revivals ...at all.”
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What do revivals look like?
(..1n space-time...)
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What do revivals look like?
(..1n space-time...)

OK,
let’s try that again...
with
quantum
revivals...
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TlIIl@ [ (umts of fundamental period T)

(Imagine "wrap-around" (-coordinate)
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Observable dynamics of N-level-system state |'¥)
Depends on Fourier spectrum of probability distribution{¥|¥)

N ...But individual eigenfrequencies @,
_ —iw,t are not directly observable...
W)=y,
n=0

W, @, O, W, w‘4
N
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Observable dynamics of N-level-system state |'¥)
Depends on Fourier spectrum of probability distribution{¥|¥)
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Observable dynamics of N-level-system state |'¥)
Depends on Fourier spectrum of probability distribution{¥|¥)

N ...But individual eigenfrequencies
~1 t directly observable...
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Observable dynamics of N-level-system state |'¥)
Depends on Fourier spectrum of probability distribution{¥|¥)

N ...But individual eigenfrequencies

_ —iw,t are not directly observable...
N —
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Observable dynamics of N-level-system state |'¥)
Depends on Fourier spectrum of probability distribution{¥|¥)

N ...But individual eigenfrequencies

_ —iw,t are not directly observable...
N —
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Observable dynamics of @—level—system state |'¥)
Fourier spectrum of <‘P‘ ‘P> has beat frequency A, =-4A;,

. —i,t
YIV)= N i(@,~®,) ‘\P> B 26 Vo A .
n=0 — l
m =0 \ \ - 5
N
_ +10,,1,, "
<\{I‘ o 2 € l/jm
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Q) SO gives: N(N-1)/2=1
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=0, -,

...thz{t is, N(N-1)/2=1 observable beat ‘Amm
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2-level-system and (> symmetry beat dynamics

0 - Coupled Optical
r =0 r ¢=mn Pendula 5(’5“ C, Character Table describes eigenstates
even  +45°
0 H) symmetric Aj 1=r" r=r
2 C g g Omod?2 . i
2 :
parity -
states odd ~ -45° +1mod?2 1 —1
180° : .
| | ° a antisymmetric A
2 <0 X

Wednesday, June 20, 2012



2-level-system and (> symmetry beat dynamics

C, Phasor-Character Table

0 (h— L rn— Coupled Optical : :
r =0 r @=m Pendula lli)'(ltja C, Character Table describes eigenstates

Phasor C, Characters describe local state beats

Initial sum

even  +45°
) W symmetric A 1=;0 ;=
C g g Omod?2 | |
2 Vs,
parity
180° states odd ~ -45° +1mod?2 1 —1

° ﬁ antisymmetric A»

=) & - 5‘3
&
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2-level-system and (> symmetry beat dynamics

C, Phasor-Character Table

0 (h— - Coupled Optical : :
r =0 r @=m Pendula g'(ltja C, Character Table describes eigenstates

even +45°

symmetric Aj 1=r" r=r'
Omod?2

+) S
), 88
2 VS.
parity
states odd — -45° +1mod?2 1 —1

B OQ antisymmetric A»
= gA
N

180°

Phasor C,; Characters describe local state beats

Initial sum

1/4-beat
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2-level-system and (> symmetry beat dynamics

C, Phasor-Character Table
I'O (¢=0) l’l (db=Tm) Coupled Optical

ot

Initial sum

1/4-beat

1/2-beat

1
v
ii'

a antisymmetric A
- 88 N

Pendula  E(t) C, Character Table describes eigenstates
even  +45°
H) symmetric Aj 1=r" r=r
g g Omod?2
C 1 1
2 VS.
parity
states odd  -45° +1mod?2 1 —1

Phasor C,; Characters describe local state beats

Allwans

STv/ 2

0)0le
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y
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2-level-system and (> symmetry beat dynamics

C, Phasor-Character Table

0 (h— - Coupled Optical : :
r =0 r @=m Pendula g'(ltja C, Character Table describes eigenstates

even +45°

H) &\ symmetric Aj 1=r" r=r'
g g Omod?2
C 1 1
2 VS.
parity
states odd  -45° +1mod?2 1 —1

a antisymmetric A
-2 -
]

X

Phasor C,; Characters describe local state beats

Initial sum
L Always

3 1/4-beat =702
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0
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D

1
v
a
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2-level-system and (> symmetry beat dynamics

C, Phasor-Character Table
r (¢=m)

r’ ¢=0)

2

revivals

1 .

or bedts

Coupled Optical
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What do revivals look like?
...In per-space-time...
(... thatis:

fr‘equen(}y a) radian/sec.
m
VS

k-vector Ky radian/cm )
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N-level-system and revival-beat wave dynamics

Levels

for

Quadratic (Bohr-Rotor) Spectrum
(J)m:Bm2
ky,==+m

Bm?=B4>
m = -4 m =4

V)

Bm?=B3>

m = -3 m=3
Bm?=B2>
m=-2 m=2
Bim’=R
m = m =1

< ——  ky=xm
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N-level-system and revival-beat wave dynamics

Possible wave velocities

for

Quadratic (Bohr-Rotor) Spectrum
(J)m:Bm2
ky,=+m
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N-level-system and revival-beat wave dynamics

Possible wave velocities

for

Quadratic (Bohr-Rotor) Spectrum
(J)m:Bm2
ky,=+m

V —Om Bm? 1% —OmOn _m?-n?
phase Ty m §roup= k. - m +n

=mB =(m +n)B

B
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N-level-system and revival-beat wave dynamics

Possible wave velocities

for

Quadratic (Bohr-Rotor) Spectrum
(Joszm2
kyp==4m

_ O _Bﬂz
Vphase—% = ngup— fopky — m =

Oy ®y,  m2-pl

B
n

=mB =(m +n)B

Possible wave velocities

for

Linear (Optical) Spectrum

Wy, =Clmi1
k. —

Vphase _i_C (co-propagating) Vgroup =i_C
'o‘ ‘o' -

109 g
| % m - n o |
i % Veroup= P C o |
| * 4 i

| e o | |
: o :
R T N R A

_J__LIIIIIII||||||||||||||?I’III|I|||l||||||||||||||

15
14
13

12
11
10
9
8
7
6
5
4
3
2
1

0

=1m

Harmonic Oscillator level spectrum contains the Rotor Levels as a subset
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N-level-system and revival-beat wave dynamics

(Just 2-levels (0, £1) (and some +2) €Xxcited)

1/1

3/4

1/2

1/4

0/1

Wednesday, June 20, 2012
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N-level-system and revival-beat wave dynamics

(Just 2-levels (0, £1) (and some +2) €Xcited) (4-levels (0, 1 2 ,+3) (and some +4) €XCl1ted)

1/]

Am =3

-2-1012 34 =m

2Ax = 24%
< >
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

Time Z- """""" ]'/d& " '*']3/61] n./d, path slope is 1/d
. - —1/2/d,
R .
(n,+1)/d, .
n,/d;—
(n2—1)/d2 n/d, path slope is-1/d, o
____________________ n,/d, and n,/d, path
: 3/d, fractions
. numerator/denominator
2/d, 2/d,
1/d, 1/d,
0/] | Coordinate ¢
-2 -14 0 14 12 (ynits of 2m)

Wednesday, June 20, 2012
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

, 1/1
Time ¢

(units of Ty) -
(n,+1)/d,

(n,-1)/d,

14/d,
]3/d1 n./d, path slope is 1/d ,
-1
12/d, % = 1/d,
: M
In2/d2 El/dl -t
n/d——12-¢ — ~ld,

n ]/d ; path slope is -1/d ;

n,/d, and n,/d, path . n,/d, and n./d, path
intersection point 3/d, | intersection time
_dmynd, | . ¢ = n;+n,
® d] I d2 2/d, 2/d, | Y d] n d2
(Ford-Cross) 1/d, 1/d, (Farey-Sum)
0/] | Coordinate ¢
-2 -1/4 0 14 12 (units of 27)
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A Lesson 1n Rational Fractions N/D
(...that you can take home for your kids!)

Wednesday, June 20, 2012
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Unit Real Interval % Farey Sum

"N\
&
— S

RS T U 2N ST ST S SR ST S L S L
R related to
ol ¥ vector sum
= 18
3 and
=g Ford Circles
gé B 1/1-circle has
S Sl i diameter /
S
S o
T~ 2l 12
S
Q -1
N -
SE=
Qo
'q:_
= 8
g
= 6
=] 4
3
=P
VOZ(O,I)_ .
AR R oy Numerator Axis N
-3 -2 -1 1 2 3 4 6 7 8 9 11 12 13 14 16 17 18 19
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Unit Real Interval
S0P P7 P8 PO

— O

1
1
1.0

(b)

T L N L

|

-?\
|

19

18

17

16

14

13

12

11

Denominator Axis D

|1||p'|2||p'%||p'fl||p'§|||O'?—||p'|7|||0'|8|||0

=3
v,=(0,1)
=

Numerator Axis N

30020 -1 1 2 3 4 6 7 8 9 I 12 13 14 16 17 18 19

Farey Sum
related to
vector sum

and
Ford Circles

1/1-circle has
diameter /

1/2-circle has
diameter 1/2?=1/4
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(¢)

— 1O

% Unit Real Interval

1
1
_L-J'llli _LIP'F_LJP'%_LIP' Ip'ﬂ-iJHO']S_LIP'?_LIP'7LJP'§lIP'?l L

19

Denominator Axis D \‘
| ||0'|2| | IO%| | pf“ | p§| | p|6| | |0|7| | |0|8| | |09| |

=V Numerator Axis N

30020 -1 0 1 2 3 4 5 6 7 8 9 w1 12 13 14 15 16 17 18 19 20

Farey Sum
related to
vector sum

and
Ford Circles

1/2-circle has
diameter 1/2?=1/4

1/3-circles have
diameter 1/3°=1/9
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(d) % 3 % Unit'Real Interval %
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S o
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iy 8 8
z
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30020 -] 0 1 2 3 - 5 6 7 8 9 w1 12 13 14 15 16 17 18 19 20

Farey Sum
related to
vector sum

and
Ford Circles

1/2-circle has
diameter 1/2?=1/4

1/3-circles have
diameter 1/3°=1/9

n/d-circles have
diameter 1/d?
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(d) Y Hsii 12l igoss 5 UnitReal Interval = 1
1 11'%*7611?% 4117| 311* 5 7%11 fb 1
1 Y v . . . . . I
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related to
vector sum
and

Ford Circles

1/2-circle has
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1/3-circles have
diameter 1/3°=1/9

n/d-circles have
diameter 1/d?
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C, algebra of revival-phase dynamics

Quantum rotor fractional take turns at Cn symmery

5 il
; _5 O %
!1 Il

il"‘:l

AC3 7

/ 3-<cloned revival ’peaks
pop up at t=T/3
(Using €3 character tables)

0/1
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Cn algebra of revival-phase dynamics
Discrete 3-State or Trigonal System  Discrete 6-State or Hexagonal System

(1lesla’s 3-Phase AC) (6-Phase AC)
Cg Eigenstate Characters
C3 Eigenstate Characters m._ p=0 1 2 3 4 5
2 N

. p=0 1
N

- g |Note 2-phase
Note 3-phase - |sub-symmetry
sub-symmetry =The “Mother

of all symme-
try”is Cy)
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Summary

Quantum rotor revivals obey wonderfully simple
geometry, number, and group theoretical analysis
and
as the next talk will show...

Wednesday, June 20, 2012
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Summary

Quantum rotor revivals obey wonderfully simple
geometry, number, and group theoretical analysis
and
as the next talk will show...

“I still don’t really know... revivals ... at all.”
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Simulation of revival-intensity dynamics

P ——

—F-:_h

Wait |ladd

5o ]

lllllllllllllllllll

E”‘ % Period Start=0 —% Ccflor LCD |
E“ % Period End=60 ~E:f$i°°1;:
HH el -x width ®=4F b sk color
EHT Excitation=100 H %2— l:fn Lsa.l’el

: - ont Size

A x Left®@=0 12
E v rindhtE =100 E:Multipole
EB“ X rightZ=100 ~EO_ on T
HH n-Mean®=0 ED;:‘B‘OW;
%H Peak 1 :Z'I:':: 0 :I =050 MDFOWI’ Control
B}“ Peak2 x(0)=0 | B Draw m-Bars
— EDraw Ring

HH Peakz ¥{0y=0 K
E Jop(wh_ JGn_ J(Tm _ Jf0]

Dm=159 Dx=40
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[wvait Jladd JGo |
| |
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