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Hougen suggested tunneling matrix approach to spectral analysis
(Columbus 2009 RJ01)

6 Benzene out-of-plane m orbitals
E W 0 0 0 W |I1:p)
W E W 0 0 O | 2:p)
H = O W E WO O 13;p,)
0 O WE W 0 | 4:p)
0 0 0O WE WHs:p)
W 0 00 W E| ;)

Tunneling matrix has three kinds of elements:
non-tunneling E, tunneling splitting W, and 0O
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Hougen suggested tunneling matrix approach to spectral analysis
(COlumbus 2009 RJOI) precessing
W_ABW

J vector

W="tunneling
parameter’

6 Benzene out-of-plane & orbitals

E WO 0 0 W |itp

W E WO 0 O 12;p,) : >
- | 0OWE WO 0 |)3;p) |
o OWE WO | §1ves “ad hoc” theory of J-level clusters
'Pa 2) 13) [4) [5) 6

0 0 O WE WHs;p)» H)|I)IS)|S)|S)|§> , ‘

W 0 00 WE|,, THTSSS T*Z_ST

— — 16:p,) L [STHTSS = '
Tunneling matrix has three kinds of elements: SSTHTS N l-as
non-tunneling E, tunneling splitting W, and 0 2 2 2 ; }: ; \ Al
Q: Are there “tunneling matrix” schemes that are less ad hoc?
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Hougen suggested tunneling matrix approach to spectral anz}lysis
(Columbus 2009 RJ01) precessing

J vector

Another ad hoc tunnellng [T

W="tunneling
parameter’

.....
,,,,,,,,,
7/ /

6 Benzene out-of-plane & orbitals

E WO 0 0 W |itp
12;p,)

E
W 2):
0

W 0 0 O
0 W 0 0 3;p.)
o E W 0 |, gives “adhoc” theory of J-level clusters
0 WE W .o 1) 12) 3 ) 5) [6) ‘
15;p,) HTSSSS “Kons
0 00 WE|g, [[HISSS i T,
Ing matrix has three kinds of elements 3 2 2 ; ? }L ? N\ l-as
nopfFtunneling E, tunneling splitting W, and 0 SSSSTH YA A
. Are there “tunneling matrix” schemes that are less ad hoc?

: Yes. Examples in this talk ry14) and following talk wri1s)...

Group Parametrization examples:
(1) C, band theory , (2) D, group theory
6 o 3 O

C (abelian) . (non-abelian)

c—
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Hougen suggested tunneling matrix approach to spectral anz}lysis
(Columbus 2009 RJ01) precessing

J vector

Another ad hoc tunnellng

W="tunneling
parameter’

"""""""""
7/ /

6 Benzene out-of-plane & orbitals

E WO 0 0 W |itp

W EWUO 0 O 12;p,) )
— oW EWUDO O 13;p,) ‘
i v ives “ad hoc” theory of J-level clusters
0 0 W E WO e @ 5wee
O 0 0OWEW 15;p,) HTSSSS 25‘
(W 0 00 WE|g,, [[HTsSS ik
Tunneling matrix has three kinds of elements: TlssTHT S \‘\ l-4s Sf;A"gu:rmonean O:therem
non-tunneling E, tunneling splitting W, and 0 2 2 2 ; }: I-II \ s SIS EpRg Smes
Q: Are there “tunneling matrix” schemes that are ess ad hoc?

A: Yes. Examples in this talk ®s14) and following talk ®i5)...

Group Parametrization examples:
(1) C. band theory  (2) D, group theory
6 o 3 O

C (abelian) . (non-abelian)
7\

3) O, “cluster bands™
SF p rank-4 tensor

1()/70/’1(1’1‘0”1}"
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prece ssmn
Jvector

W="tunneling
parameter”

6 Benzene out-of-plane n orbitals

E WO 0 0 W | ipy
12;p,)
13;p,)

o =
E 2).5
W
0

0

W . .

E ey 2lves “ad hoc” theory of J- level clusters '
. 13 12Y (3Y 14) [5) |6 six levels o ale nf P9 ¢

W 15;P,) H>|I>|S>|S> |s> |s) local (0), 2 o '

sym met ry

W 0 00 WE_ 16;p,) 2 SFs
1
X
1

\
Angular momentum
coherent state
superfine structure

Tunneling matrix has three kinds of elements:
non-tunneling E, tunneling splitting W, and 0

%

Q: Are there “tunneling matrix” schemes that are less ad hoc? —4

A: Yes. Examples in this talk 114y and following talk ®ri15)...

Group Parameltrization e\am/)/es
(1) C band theory (3) Oy, “cluster bands™ 4) “monster-clusters”

O (abelian) ﬁ\gnon abelmn) SF . rank-4 tensor @ CH, SiF, rank-4,6,8

monondromy polvad bands
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15t Step Beyond ad hoc-ery [ w o 0 o w
W E WO 0 O
. | 0OW E WO O
Expand C; symmetric H= |, © v e w o [using C, group table( fo,,,,
0O 0 OWE W
AR S Ce | 1 S A S
1 1 r5 r4 r rz r
N F— 5 4 3 2
H=r % rr+ry*. +r r"'=Xrr* SRR
1 AL T U
g S i T U A
4| 4 3 2 5
r |r r.r r 1 r
L A r2 r 1
H - t(')rn Ill'l vb r’ i r’ r _ /él'j
(7o 75 nhH RN n. .. .. (o N/ 1y (. ( . (o1
"1 r() s 3 1 . 1 . | S S I I 1 . 1 . N
R ry I s N S g1 . NI o
,,;,.",fl)rol\'#(')- R o I g i PR | P 1B .
-’:x"‘rl"o’% 1. Sl Co o .. .
re r,or n f ----- ' ' CELERER N A U S !

C, group table gives r-matrices,...
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15 Step Beyond ad hoc-ery [ wo o o w
WEWOOUO
Expand C; symmetric B= § ng VEg Vv% SEV gv using C, group table( fo,,,,
W 0 00 WE (‘blr5rrrr

H=rg% rxrrps  4r, p=Xrr S

r°|r r r o r
g Pl P or 1 P ¥
4| 4 3 2 5

0
H =pr .rlr’ re e N o ,;;rj
(T 5 B h R \ (. R AV 2SN R T SRR SRPRNS W SRR SRR SR AU S
nh s 55 1 . | 1 I 1
L r r I
y B Ty Ts 3 I EEEER SRR T IR SRR [ | EPESEPEE ) PEPRREE S N e
SRR A A AR 1 PP T L PR Y L PO B L D L O I
1‘3 ;- rl rO rS N I A ST | S P SR s s s A R |
re RN 1 1 1 |
C. 5 Sroup table gzves r-matrzces,...C(allowed H-matrices...
|1)—l|r°) N Il)—1|r°) | . .
; earest neighbor coupling : ALL neighbor coupling
W e o s { N =y (fo 15 1y By B h
S Ir)=r/%) "o . Ir'y=r!|r%) '(‘: A |
nohy f rnon Ry r.
Th 5 nonorog
Wt s > - I r, r oI
\ '; rl I') , |ll)=r- |r0) L,* I'; z l '? r;)J
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20d Step Beyond ad hoc-ery

H diagonalized by spectral resolution of r, r°,...,r°=1 n,
All x=7° satisfy x’=1 and use¢ 6™-roots-of-1 |for eigenvalues ) /\ |
v, 0} D" (r )=e-2:tim.="6 =y m _w]m* =r’|r’) lattice l—rr)"'lro)
U 1_ 26 N (gl | =270 P/6|_n, M m* points
lpl lp l_e-l i'6 D (ﬂ)=e i FX wp 2 'wll 5 2
w’ .l p=power (exponent) "”1'\ r) S I—r;)-‘|r°)
/ ;=" wl=1 =r P =
%4_%1_% ) ped 16 or po:lttzon point - | 1(;21 )
 S=gp I = W, I — 2016 m = momenium Y, Y, = =)
b or wave-number 4\,
/

‘Groups “know” their roots and will
tell you them if you ask nicely!
You efficiently get:
*invariant projectors
irreducible projectors
*irreducible representations (irreps)
o H eigenvalues
[ eigenvectors
o T matrices
edispersion functions

N

6" roots of 1
m=0,..,5
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I#,!H:I
y, | —e2mi6
W_,. 24— w:.lrze-;]‘ﬂ i
Ifi‘rszl;‘{;jr=-f
ijzw:Jr:w!'_ze-;?ﬂﬁ
W=y =y -l =g2mi6
! J !
.I”
r zx].':r
i
Ij,ﬂ | l S (1
' I.Irll . ) ' ' .
' ‘le‘— ' ' _ ﬂ
Sy Xp
T a4
Xp'
. . xj“'

2nd Step Beyond ad hoc-ery

H diagonalized by spectral resolution of r, r°,....,r
All x=r" satisfy x'’=1 and us

6=I

top-row flip
not needed...

6"-roots-of-1 |for eigenvalues P =P
(@) (1) (2 (3 (4 (35)
1 —2mim/6 m_ye Mm* sSSP P P P PP
D’ ’/r) = :;t( ] _lnuj il
1 /37 —2mim-p/6 m R
D" )=e =X, ” :_.F\ W_,;,:" U
— 3 - | I ¥ T
p=power rl/.(:‘:.tf}f}ﬂt’f.?f) \ /oo o 2
or ﬂl’?.‘!’f”l’}ﬂ ﬁ'l’”ﬂf < /}}i -Ilr’ I[-U Pr.tl
J . -
m = momentum W, / \ =l o o
or wave-number N\ & W
1 () 2 (2 3 ) 4 (D 5
- xj,"_]' P - xj,l'_]' P - I]lr_}lj P - xj’}‘ P - IJ” P
/. (0. .. [ [0 (.. .
A T Y Y A (R S . .
ooc c ¢ & © o ¢ 1 ol . =l o & o & ¢ fle o o o & ¢ & c
175 N 7 N 7% A T 7 %, |
............ | .
.................. |

P{HUP{JU= aman"m )

¢ PM= l}

4 ™
Projectors v start out as eigenvalue “placeholders”

with simple (orthogonal-idempotent) product rules
mP{m)

7

and one completeness rule: pO+P/+P+..+PO)=1 )
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21d Step Beyond ad hoc-ery
H diagonalized by spectral resolution of r, r°,...,r°

top-row flip
not needed...

All x=7r" satisfy x’=1 and 6*-roots-of-1 |for eigenvalues P =Pt
1 ! 2 3
Dm(r):ﬁ'_‘?m—m’f 5 :xfm:q,f;m N  ring lf,l PrJ Pr,l l{ﬂ PHJ lg,l
o)
y, =1 b ' .
| 2ni'6 )| —p =2 T POy M —ype M*
v, -L; . D"(r)=e =2,"=V, y N v, N BT
W;::W:-f —€ p=power (exponent ! \ ) p? e
iy =14 or position point - W ;J ” e
vy, sy et m = momentun v, y v'=1 Y, )
v, =y =y =e? ™0 or wave-number \ - o *
I k ! W{J w}f‘ P(J,J * P
o 0 _(0) 1 (D 2 (2 3 4 D 5
r :Ip P - I],r_:r P N xf? P + XFJP - XF P - xf? P
(a0
A EZ SR S A S AR S N T A -
R
X S L e Y N PR
XS - - N R F
- S /7Y SRR 1.7 PO 2.2) N ol o el Pl
Inverse C spectral resolution m-wave vy,"=p"" ) =+ v; i
P =yt Yy LAZE S A S i S A
position p (or power of ¥') S ) D e s
p=0 1 2 3 4 5 Co r v rrrr Corrorororour
_ 0 e 0 vir 0 ver 0 vir 0 are 0 *————0—0
m=0 1 W," WY W WY Reys,m Os
S T A o,
‘% m=2 wra'j W.f'j W_‘-‘j W_ij er %:- lmli'lff
% m=3 |y, v’ v, v’y oy |
E il __fl' w”'lr Ipfll.lr w:_flr w:'lr Ipflr.lr lf‘f_‘,'lr -
m j I#,”_ﬁ w_..':l wf_‘n I#,-;_ﬁ I#,Ir_ﬁ I#r_.,J
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31d Step Beyond ad hoc-ery
Display all eigensolutions for all possi

ble C symmetrzc real H

7

1

H - Z N Z Tp E X"‘P("'} — Z WP phere @ WM — Z ,,X;," = w(kem) er Slon ﬁlnctlon)
p=0 J—O m=(0 =0 p=0 H () )
Elementary ; gigenvaiues Of
L 0 I 2 3 4 35
Bloch Model g H. - -\ o
H=H1-rr-m! 2, 1 \
s | T H, - - |
-r H7 - 3 WBI("](km)
-rH, - = Toxa Xy Hrax’
] o _ _ = IT) — 27 cos(27m/6)
B =r r H ! )
e --... \_r _r H]
0 ;
Ay y
21d Neighbo eigenvalues of H>2(0)
AL 7\ p0 I 2 3 4 5
coupling \, N 2 1) [H 0
H=H,I-.sr - 51 ""(" ~6 ' ) <6 16 > =5 =S - \
# S Hy - -s 2 =7Toxg +reXz T r-2X 2
| / s H, - -s 3 = Hy — 25cos(4mn6)
S - =S - H,
/ = H 4
/ , S by o
jx‘ 0('/ J ¢ \ 2 / 3
3 Neiehbo 3 _eigenvalues of HB3(0)
eighbor 0 ®irTlpo 1 2 3 4 5
coupling ’ T ’ Ll [ H -t 0
H=H.1 - - 3 ° T
. . H. - -t . 1 _
l 3 H t wB.’i(n) (_ktn)
A ' . 3 H ° - ToX0 T 7TaXE Fr-sX
-t 3 ° 3 = Hy—2t(-1)™)
— . H,
sl o _t. ;
s 0 %s Os| <6 N ) 5
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34 Step Beyond ad hoc-ery
..eigensolmions Jor all possible C; symmetric complex H
n—nzry =30, $ y i - Zuﬂ P phere : wl® ?—E-;F,x;r—w(kmj (Dispersion function)

=0 n= ri=(] =l

- |HZB (6) eigenvaliies

[ _Tf:ﬁ sz'ngef.hzﬁ
w s Ly SECHL Spizmﬂg
splif doubled

% %r

\
lit double _
| B 74 |r| wﬁ
______ % |
05 2. 1, m=0, +I, \gﬁ 3, s

Note “gauge” shift
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Abelian (Commutative) C,, C,, ...,Cs ...

H diagonalized by v’ symmetry operators that COMMUTE
with H ("H=Hr"),

and with each other (r’ri=r’"1=pir’).

Versus...

Non-Abelian (do not commute) D,, O,,...

While all H symmetry operations COMMUTE
with H (UH=HU )
most do not with each other (UV # VU ).

Q: So how do we write H in terms of non-commutative U ?
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..from PURE group theory...

A revolutionary simplification
to classify all groups and their algebras

The
SYMMETRIES

L

THINGS

iR ‘;":l'-a:ﬁ:.":':’_# sy
Al
1';-.. For ﬂ"‘;' -g‘l-ifi{i{u N

A “kaleidoscopic™
approach that uses
an “infrinsic” group

Jobn H. Conway « Heidi Burgiel « Chaim Goodman-Strauss

(2005) AK. Peters Lid. Wellesley, MA (12452

. ﬁ"‘Om AP P L] ED (to string theory). . .

A new/old approach to Clebsch-Gordon-
Racah-Yutsis invariants

Predrag Cvitanovic

GROUP THEORY

(2008) Princeton. Oxford (X200 1TW
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...fJrom PURE group theory... ...from APPLIED i suersymmeny...
A revolutionary simplification A new/old approach to Clebsch-Gordon-
to classify all groups and their algebras Racah-Yutsis invariants

The Predrag CvitanovicC

GROUP THEORY

SYMMETRIES

Main i1deas:

...Intrinsic group relativity... -
and: i

A main message:

..all groups are lattices... ...use invariant projectors...

...a generalization of the space-group g

approach to floppy molecules. E i T

(P. Gronier and S. Altman)

decomposition
M= MP + Py 4+ APy,
which associates with each distinet root A, of invariant matrix M a projection op-
erator (3.48):
Ch. 3 P ] _Iy.}_;}l |
excerpt PTERA B

| The exposition given here in sections. 3 5-3.6 is taken I"mm_ r_::i'.a. |73, 74], Who
wrote this down first T do not know, but I like Harter's exposition [155, 156, 157]
best.

A “kaleidoscopic™
approach that uses
an “intrinsic” group

Jobn H. Conway « Heidi Burgiel « Chaim Goodman-Strauss

(2008) A.K. Peters Lid. Wellesley, MA (12452 (2008) Princeton. Oxford 0X20 1TW
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“Give me a place to stand...
and I will move the Earth’
Archimedes 287-212 B.C.E

Ideas O'f duality/l'elati'ﬁ.’i‘[y go wa}) baCk (...VanVleck, Casimir.... Mach. Newton. Archimedes...)

Lab-fixed (Extrinsic-Global)R vs. Body-fixed (Intrinsic-Local)R

Lab Based Operations #-Crank docs Body Based Operations
3 operations
Ric00) or ROy}

R commiites

withall R

V-Crank does
operation

Mock-Mach

Ve relativity principle
/ -/ Z-Crank does
y-Crank does R‘ 1 >_ R ‘ 1 > = u:rpemtiu:f '
operation . Ri-00) or R(00-y)
R{OBO) ...for one state |1) only! '

...But #ow do you actually make the R and R operations?
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Example of GLOBAL vs LOCAL projector algebra
for D3~C3,,

- . o= P
i [i50(r r< 1

.>J/'

1y
D ;-detined |rv

local-wave

bases
i) 7
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Example of GLOBAL vs LOCAL projector algebra
for D3~C3,,

D 3—d efined
local-wave -
bases

Wednesday, June 23, 2010




Example of RELATIVITY-DUALITY for D ,~C,
To represent external {..'T,U,V,... }switch gﬂ__“:g"' on top of group table

Rl = R (r) = RS (1) = R )= RO )= f-:*ff{i;:

t
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N0
Example of RELATIVITY-DUALITY for D ~C, %;ﬁ’ﬁ—#—‘#—
L ] r- rlip (3
To represent external {..T,U,V,... }switch g “~g" on top of group table S
Ri(l) = RS (1) = R (%) = R (i )= R (i) = R(i ) = lr 1] @ i
/ Y, 3 e . |5 = ?
| ! | | |
| I . | I . |
| ! L. . ! !
| 1 . L[| 1 |
! ! | ! |
| | -1 | |
RESULT:
Any R(T)

commute (Evenif T and U do not...)
with any R(U). .-

.and T-U=V if

only if T-U=V. . 2 1
r) D, local
TU.V g'g-table

To represent internal {..T,U,V,... } switch g:g"“ on side of group table
X1 |r i i [

G G G Ge ¥ G - & e =
R 1= R (r)= Bro= R {1ﬂ,}= Iy “j’= I {§}= | 714 T
| l | T O A T N S .:jf_l)qr ) riL iy
| 1 | . . .1 . ... (1. rir< 1|0 § i
| | | . | | O =iy | @1 r r?

| 1 . 1] 1 | N N e I
| ! | ! ! oM G =
ll"..._..l'l ' 3 - L] j‘

| l | | | (1) . Jly b rore 1
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Example of RELATIVITY-DUALITY for D ,~C,
To represent external {..T,U,V,... }switch g ::g'

i

. -y oy 2 PE P ]
R = RE (1) = R = R )= R )=
[ A P A D U S L 1 SO

So an [H-matrix

RESULT: _
Any R(T) having Global symmetryD ,
commiile o exl) =l =2 % T
~ H=HT%rr.nr 41, +51, . L
with any R(U). .- - 1™ 2 1% T272 77

is made from
Local symmetry matrices

To represent internal {..T,U,V,... } switch g::g" Bl= 1) e i) i) i)

; ; 9 ) ; . \H 5B a
(D)= RY(F) = ()= RO(i)= K (i)= RO(i= «ls [H 115, 1,
B | N | PO | A | I | N B VAU AU R
O | I T | I P 1 S T I I 1 U G2y |1 13 H 55
[ R P i I B D | I R | I (|12 |13 12| H K
O 1 1 S T O e T O e I |V PO PO PR A
! ! ! ! ! !
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Example of RELATIVITY-DUALIT) — (l |L| 1 >_H*
To represent external {..T.U,V.... L sk
SCESIGERL ¢ . j ;I,—(rz?ﬁll)—; :
RE(1) = RE(r) = RE(r°) = P . ok
(1 oo AW ‘NN ) ’12 <r Eﬂll) ‘F
I 1 I = (TN V=7 ke —
| - s i, = (g |H1)=;, i3
]1 o ll I | Ly = <i3H:->:fg] )
L . ] - . s R AR l
k AR i = (i D)=i* M
So an H-matrix
RESULT: j .
having Global symmetryD,, local-D -defined
Any R(1) ° [ L .
.ﬂf”m"”;fi_, ) B =H1 58 801, b, i Hamiltonian matrix
WA E N i made from B= 1) eI i) i)
Local symmetry matrices (11| H hoh l; l;; lj
To represent internal {..T,U,V,... } sy (rl|p | H K 12 lj L
E’ ' A : ’ '
RS(1)= RO(F) = ()= Ny B H Ly L 1
Gliy |1 i H 1 o5
1 . l . 1 ey [£2 L3 ] 12
1 l : : 1 . . .
I . - I (LIl 13 1 |l H T
1] 1 [ N O B
\ AR SRR AN ! (13‘ ‘ES ‘Ef IE }f }3 H
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)= . RYUT -

Q: How do you reduce/diagonalize all these matrices? l | H |

AI(]) Divide & Conquer (Use subgroup chains and sub-classes) tocal-D, defined
iamilionien met
(2) Find commuting invariants (Using character projection algebra) mi ol ”f’ W 1) 1’
H o '
B H
i
i
i

(3) Assemble

e o, e, | .
- a ’ L o ~-

S ~—
ros t S 3 e Dl PN
t S S S~ ~

(

(
(i,
(i
(

. r ¥
'N. . S ,7:
,o L) S —~a

~ N

S ,o o
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R ) - RYUT -

Q: How do you reduce/diagonalize all these matrices? l : | “ l

AI(]) Divide & Conquer (Use subgroup chains and sub-classes) 10“1_],3@
. . . . . . . HBs= 1) .r )r;) in)]ait.r)ixi:)
(2) Find commuting invariants (Using character projection algebra) o e T e
s JH 1 li, 45
(3) Assemble 5|\ H 1 1 I
Glli; |6, i;|H r x
(i, I i5 i: K HFE
Gli; [, I, B H
. . y . D, rc-irl :'r’+r-" i+
Important invariant numbers or “characters P=[ 1 |

10} — - - - ) ) 1>— 1y
(%= Irreducible representation (irrep) dimension or level degeneracy P =T -Tye
For symmetry group or algebra G PE=2 -1 0|3

Centrum: ¥(G)=LX,,. ep(cl) (f OC)” =Number of classes, invariants, irrep types, all-commuting ops

Rank:  p(G)=X

) (€ Oc)/ =Number of irrep idempotents P\%), murually-commuting ops

irrep(o

Order:  AG)=Z,, 0 (L% =Total number of irrep projectors P(%) or symmetry ops

mn
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B - BT Jm

I I
‘ | |

Q: How do you reduce/diagonalize all these matrices?

A:(l) Divide & Conquer (Use subgroup chains and sub-classes) local-D ~defined
3

(2) Find commuting invariants (Using character projection algebra) e P
(3) Assemble H= 1) l-.]l-.fl i) i) i)
NH|\F B I; 15 1;
(el |H 1|1, 1; I
\n\m HI|I; 1, 1
G |1, i3 H B K
G,08: |I; 1>k H K
Gl |1 15 “'_.-' noH

G =r
D_? k=1 rAr i
Pi=1 1 16
— . . . . . 2 _

( 0= [rreducible representation (irrep) dimension or level degeneracy P10 | {6

For symmetry group or algebra (s PJJ =2 -1 0V

~
'

Important invariant numbers or “characters”

Centrum. K(G):mep[ %) (f {I)” =Number of classes, invariants, irrep types, all-commuting ops

Rank:  p(G)=X,.. ep(ct) (f (I) " =Number of irrep idempotents P\, mutually-commyting ops

1

Order: “(G)=meﬁ[ o) (f (1)3 =Total number of irrep projectors P'% or symmetry op

T, 1
Centrum: k(D g=Z, (60 =10+1420=3 (A=
. gA2= 1
— . — pON] 17011 I —,
Example: G=D;  Rank:  p(D =2, (1) =1/+1!+2!=4 .

Order:  °(D)=X, ({7’ =1"+17+2%=6

(ot)
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Spectral analysis of non-commutative “Group-table Hamiltonian™
Examp le Ist Step: Spectral resolution of Center (Class algebra of D;)
rl 2

r i iy i Each class-sum x, commues with all of D,

|

K,1=1 K2=I'I-|-I'2 K,3=i1+i2+i3
D K9 2K1 + Ko 2K3
K3 2&3 3&1 + 3!‘62

Class products give spectral polynomial and
all-commuting projectors P(“/=P1:, P! and P~
I‘Bg—gﬁg — (53—3' 1)(/‘&3+31)(h’,3—01)

A Igebra Center like cell nucleus;
everything's made here.
echaracters (invariant)
oH eigenmlu_es (depend on local sym.)
o H eigenvectors (depend on local sym.)

]
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Spectral analysis of non-commutative “Group-table Hamiltonian”

D. Exam ple Ist Step: Spectral resolution of Center (Class algebra of D,;)
1 rt I; 1y 13 Each class-sum x, commues with all of D,.
2 T . . .
1"1 12 r }2 B3I K1 = 1 Ko = 1"1 + 1"2 g = i1 + ig + i3
r r‘ 1 13 11 1y
ip | iy 13 1 of 2| A2 261 + K2 23
. A - 2
12 I3 1 rr 1 r! fi3 f3 3K1 + 3k
is iy 19 rl 2 1 Class products give spectral polynomial and

all-commuting projectors P'*=P!!, P!>, and P*
0=r3—9na = (ra—3-D(ka+3-1(ra—0-1)
_ — _|
|

0= (k3 —3-1)PA 0= (kg+3-1)PA 0= (kg —0-1)PF
ksPA = 43.- P4 kP4 = _3.P% ksP¥ = +0 - P
Class resolution into sum of cigenvalue - Projector pi (K3 1)(i5-0°1)
k1 =1-P4 +1.P4241.PF (+3+3) (+3-0)
i =2 PA -2 PR - 1.P7 P 0
k3 =3-P4 —3.P%2 40.P” piz (K3-3-D(K;+3:1)

(+0-3) (+0+3)
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Spectral analysis of non-commutative “Group-table Hamiltonian”

D. Exam p[e Ist Step: Spectral resolution of Center (Class algebra of D,;)
1 rlort | i By g Each class-sum x, commues with all of D,
2 T . . r
r1 12 r }z I3 1 ki = 1 Ky = 1t 12 Ka = 1y 4 1y + 1
r r‘ 1 13 11 1y
i ip i3 1 o 2| e 2K1 1 K2 23
. A - 2
12 I3 1 rr 1 r! fi3 f3 3K1 + 3k
is iy 19 rl 2 1 Class products give spectral polynomial and

all-commuting projectors P'*=P!!, P!>, and P*
0=kr3 —9ka = (ka — 3" 1}(H3|+3-1)(ﬁ:3—[}.1)
_ — _|
|

0= (k3 —3-1)PA 0= (kg+3-1)PA 0= (kg —0-1)PF
kgP4 = +3. PN kgPA? = —3 . P42 ksP” = +0-P*
Class resafutiag into sum aﬁ eigenval a.wE- Projector pAi— (1, +3-1)(Kk,4-0-1)
kn=1-P""+4+1-P"2+1-P (+3+3) (+3-0)
4 (K=3'1)(K,-0-1)
Ko = 2 - ].:Nr:ll —2- ].:)AlE —1- PE prio= {_31_3) {_j:_{})
k3 =3-PA4 —3.P42 4 0.PF pi— (K33 1)(K3+3-1)
Inverse resolution gives Dy Character Tuble (+0-3) (+0+3)

PAIZ(Hl--R2+Hg)fﬁ:( 1 rl——r2+i1+i2+i3)/6
PAEZ(H1——HQ—H3)/6:( 1 rl——rg—i1—i2—i3)/6

PP = (2k; — K2)/3 = (21 —rt —r?)/3
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Spectral reduction of non-commutative “Group-table Hamiltonian™
2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(1) or ELSE Cyt) (C,and C;don’t commute)

D, Example

_' ! B ' '
Ds 1::—_1 ‘_r +r‘1‘,+1_1,+1j

Pi=1 1 1 e
Pf'ﬂ: I I -1V6
PE=2 -1 03
Ay 0,
level Ay 1,
splitting - Ay
—'-.\J_’)_

Cz K= ]. i_i
p” =1 1]n
p Al -2
D,oC, 0, I,
.;.T"!.":
ni= |
nf=11 1
A4
E E
level
un-splitting
or
clustering

CSE=1 r' r

pl=11 1 1|3

pli= |1 & g*|3

p= 2 €* g |13

D,5C, 04 15 24

nli= |

nl= |1 -

HE — ] l
AEE
A,
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Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Example 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D4 characters with its subgoup(s) C,(i} or ELSE Cy(xr) (C,and C,;don’t commute)
Dy x-d rerlipisd) ooy Cyx=1r r
PU=l 1 1k p” = 1o =1 1 1]s
Pl | | -1le P'FJ a1 -1l L |1 & e e=plMi/3
PE=2 -1 03 ' . P
- ' p= 1|2 €€ |3
D,SC,0, 1, D,5C,0, 1,2,
nli=1 1 nli= |1
H.-J':: : | H“'f — |
nE=| 1 1 pt = 1
Correlation shows products of P'“ by the C,-unit or by the Cj-unit make IRREDUCIBLE P,/
I=pﬂ':+ P.'?: I=PH} +PI_:_- +P3_::
Rank p(Dg)=4 Pi= Py, - 4 different pPi= | Pl
idempotent Pl= . plfl idempotent Pi— HJ}TJ L
o . - Lo (o) , 33 .
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Spectral reduction of non-commutative “Group-table Hamiltonian™

D, Example

2nd Step: Spectral resolution of Class Projector(s) of D,

Carrelate D, characters with its subgoup(s) C,(i} or ELSE C;) (C,and C,don’t commute)

D, r:—l‘r+r‘1+1+1 C,x=1 i C,x=1 r ¢
4 .
P f‘r ] 1 | p”_" =] 1 12 pﬂ'_;: l | 1 |13 .
- ) 2T
P,r:_fl, [ -.fa p.f‘: 4 -1l pf_:,-: | ¢ g*|5 E£7C
D,oC, 0, I, D,oC, 04 15 2,
H"! f= 1 FI.."! f— 1
nta= I nt= | 1
nf=11 1 nk = 11
Correlation shows products of P'“ by the C,-unit or by the Cj-unit make IRREDUCIBLE P,/
= 02, pl2 ;.
I_P4'+P ) I—P”3 +p +p-
Rank p(Dg)=4 Pi= Py, - 4 different Pi= [P .
idempotent Pi= - P idempotent pl— 1-131‘ 2
p(©) pi= |pE. pE p() | 0505
15,1, = 0,0,01, 1, * nyhy P:’: — : PI{LL ij ).

P, =Plp" =PU(1+i)0=( T+ r'+ r+i +i+i)6
P =P lp" =P (1 )0=( T+ rl+ri-i - i,-i,)6

Bh=Pp’ = P11+ )2=(21-r’- ¥’ i - i,22i, )6
P =P'p" =PI (1-)2=21- -+ + i2i, )6

Pl=Plips =PU(1+ v+ r?)5=( l+r+r-+1+1+13)ﬁ

l-|'|J1| |-l=P ! -'p“_; =Pf'ﬁ(l+ r'+ r')'l

Rfi=P’p's = PI(1+e*r'+er?)3=
RS = P‘F"-p“j":' = PL(1+ er'+ e*r?)/3

=( I+r'+r-i-i,-i,)6

(1+ er'+ err? )6
=(1+ el e )/6
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50 ALSO DO some classes «,
Rank p(Dg)=4
idempotents

* plo
P/ =P fp” =P/(1+i )2=( 1+ r'+ v+ i +if i)
r'.f =P p" =P (1-i)2=( 1+ r'+ -1~ i-1))6
Ri=Pp” = Pr(1+i )0=21-r'- - i, - i 21} )6 | 1
H—Fp~<Wahy1ﬂJ-rﬂ+1 2i])/6

P~ splits into PE=P" +P" f *
class 15 " splits into 5 and K,

4 different
Idempotent

* B

P:Lr:P*!{pﬂ'j
...—Pf p

2nd Step: (contd.)While some class projectors P'% split in two, D, « 1 ‘rfﬂ-? ‘i + o+

' ] I=
Centrum (D=3 F; L1 1V
idempotents P o I 1 -1}s6
P PE=(2 -1 03

=PU(1+ r'+ r)s=( 1+r +r51+1 +i,+1,)/6
=PU(14 s r)n=( l+|r*'+ -0 - d,-1,)/6

{

|__ __= P’F"“!?f":' = PE(1+ i+ er?) =1+ er'+ e r )6
I_"F_ = Pip’s = PE(1+er'+ er?)a=(1+ e r'sEr])e

A

PZ splits into PE=P", +BS,

class K sph.ﬁs* into K, and K,
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2nd Step: (contd.)While some class projectors P'* split in two, D, -1 ‘r +r- ‘1 + +

50 ALSO DO some classes «, . D pli—[]
_ ) Centrum
Rank p(Dg=4 4 different : 3_ | = | —| /6
. _ . idempotents
idempotents idempotent :

LS VL P
PA I=P4; P =P(14 D2=( T i i El)ﬁ P‘“! ‘=I"“1 o’ =P (1+ r'+ )= 1+ ririvi AL )6
P |—Pf Pl =P )0=( e - 1) .f..— Cp =Pl (L )= Ll e - - )

Pf - P; l=p" (l+lj) 2=(21- r'-r- F +@ )/6 H’F|= P’Fipj'; = P‘F"-(l+ e+ El‘?).-"_“w:(l+ 1l E*l‘z| )6
*u =Ppl=Pr(1) =L rl- v 3]0 | BE=Plp’ = PH(L+er'+ eor?)s=(1+ )6

. A
P~ splits into PE=P! . P, f * PE splits into PE=P", +PE,
class «, .sphzs‘ into 5 and 5, class splits into K., and K,

.-
=i
|l
-2
|
=
i

"r'_"r'j I._I.j.
must mst Ir_f'!, _; ]_!_3
equal  equal -
F i
For Local For Local
D oC,(iy) D Cy(T)
symme
symmeiry Rank p(D4)=4 7y |
1318 free parameter parameters in r,andr, are free
either case
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i = ' - Rank p(D,)=4
{E:Zt:i}i:ii 3 D3 E%l ‘r‘rﬂij i"+i3+i3 [L‘lmn[}iﬂj:is
Pl Pi=1 1 16 PO |
P11 -1)6 Pi= B =Plp =PU(14i )o=( 1+ r+ i+ ipi)e
PA=2 -1 0} By= RE=Plp =P )o=( ter's Pef- - e
BA= Bi=P'p’ =PI+ )n=21-r-r'-,- i2, )/6
_ Rh= Pi=Ppl=Pi(1i)o=(21-r-r’ +E,)_.--c,
3rd and Final Step: " j

g= Z Z }: Dr’m}m Pn”n}

Spectral resolution of ALL 6 of D3 .
b~ eb
The old ‘g-equals-1-times-g-times-1° Trick  P%=womZ,D00g

g=1-g 1= (P}, + Py + Py, +Py ) g (P2 + Py + P + P .
_ pA A A A E E E Order °(D3)=6
S A B o Bl L }%M projectors

B E E"
+P yy 8 P +P Y,y g Py,y pY

Six D, projectors: _{ﬁidemporents + 2 nilpotents (off-diag.)

! 2 3

1 r r i, i, 1 ;o ,.ff,
_ - e S~ '.
Ry=(1 1 I 1 I Db, 1 @ ii i, | 1o @i i
Ri=(T 1 1 -1-1 -I)s

P~ = (2,@ o1 -1 f+2)m 1?;’1,—(0 -1 1 -1+1 O0)N32
1},@—(0 [ -1 -1+1 Wm r;,ﬂ,—(z -1 -1+1+1 -2)/6
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C=RE )

external LAB internal BOD

symmety label-e  symmety label-b
GLOBAL LOCAL

(GLOBAL
(i3) =0,
X-symmetry

LOCAL
(i,) =0,

Eymm®gy |V - X-symmelry
(broken i I

GLOBAL LOCAL

il f'f'_;,‘ _(’}_" H.j) _“3
_Xx-symmetry
13 OK

xX-symmetry

13 OK
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{thm’ (LAB) symmetry D3> Czi p?‘O]‘E?CIOF states Local (BOD) symmetry

‘(H’}' > (m)‘ 1> i) =1L,PY)[1)=PY

e fr? e f? . P[m]l |1> - “.ﬁ |[m}>

Local g Tommute through
o the “inside” to be a g'
1 r ri i i

:{, (I}}J’I-J’)/ﬁ

i:.' elobal (v}

anti-symmetry

_,;‘{,. (0 -1 1 -1+1 ON32
E> =(2 -1 -I+1+1 -2)/s

RE=(2 -1 -1 -1 -1 +2)/s
dyclobal ) | PE=CQ T -1 -1+1 O)N32

anti-symmeitry

i Rl=¢1 1 1 1 1 1)s

(X) Symmetry

o lobal
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B(Y=5, Dl

JH?

Spectral Efficiency: Same D(a)mn projectors give a lot!

1 r ri i i
RYys(1 1 1 1 1 Dk S T N ] 1 i i
SyS\(L L LD -Dfs pt=r3 T p o1 1)/ [RhL=(0 -1 1 -1+1 0)A32
| II;;’_;'E%\((J -1 -1+1 O~z [Bh=(2 T -IFT+1 -2/s
| 1‘«.5 \ ;’! 7
 Eigenstates (previous slide) /.-/
»Compete Hamzﬁtoman [
HT o o f — ! x""f H‘
oc T Ay !
W-flrfi”“i - ﬁ ——,fl—,f\ bl : "%P’F"ﬁ_"‘ﬁﬁ}
\. H-B-i+h)  H-3-35+ ik
A

/

«Local symmetery eigenvalue formulae (1.s.-> oft-diagonal zero.)

— . ok — -
e S Sl A PR el Pl |

Ap-level: H +2p + 21 +%

] - A -level: I _ |
gives: leve H +21 20 -1
:’LII_—e"r_”L-'r_Je"_' H-r - I+L

' -

.!:L.]_-EIII':”L"L"E_' H - r + I -1y
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When there is no there, there...
Nobody Home

where LOCAL
and GLOBAL

ij global (v)

anti-symmeiry

i 3 local (y)

anti-symmetry

i 3 local

ij. global (y)

anti-symmeitry

- =

ij olohal 13

(X SyRimeltry
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OBAL vs LOCAL projector algebra

Example of GL

\for Opo0>Cy
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ti=1  Example: G=0 Centrum: x(0)=2,,, (¢*)" =10+17+20+3%+30=5

f‘.-]‘_ﬁ: I . |
E=2 gﬁ:{;ﬂmw‘ﬂ Rank: — p(O)=Zq, (€)' =1"+11+21+31+3=10
¢Ti= 3 Order:  A(0)=X, (1™ =12+12422+37+32=24
f'f'_ﬂ: 3 7
O group . r1 4 Ray» N
— TYz ~ 11
X2, g o Pzy Ry 16
o= A 1 1 1 1 1
A 1 1 1 —1 —1
E 2 —1 2 0 0
T 3 0 —1 1 —1
15 3 0 —1 —1 1
0oC, | 0o (C,; .
(0)4 (g )y B)g=(-1)4 (0)3 (1)3(2)
A]_ l . . ™ A]_ l .
k-‘; . . l . \2 l .
Ell e 1 e E [« 1
Tl | | | Tl 1 |
TE . ] ] l TZ I l
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0, operator slide rule nd subgroup / coset-space structure

i I

— Local C,
TrO054

'L_!I'
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0oC, C, Projectors to .s;piit octahedral P”

1 3),=(-1) = (1+R, +pz+R)/4
_# ( p4 :iﬂhimﬁﬂﬂp: P (1+iR, — —1R :‘/4
Al 1 . . . TTq 4 z _(1 R _|_ﬁ3

p=I0
Asl e o 1 @

1-P*= (po, +p1, +p2, +ps.)-P*
1- P4 = Py +0 +u +0
J. P‘Jh_ U +[.] EE‘?E-* +[.]'
1.PE= PE,  +0 +P242_,_ +0

T T T
1-P" = Py.o. Pllh +0 Pi;h
1-PE= 0 P] 4Py, Py

largest local symmetry C ,=> smallest level-clusters (6-levels)
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C, subgroup correlation to O

0-C I 3),=(-1
: ] [‘}4 - [1}4 a C, Projectors to split octahedral P”
-xl o o ] e 3 9 /4 " 2(1+R3+pf+R;z)/4
S I Pmi = Z S Ry ={ Pla ™ (1 +iR, —p, —iR,)/4
T. 1 1 . 1 | p=0 4 P2, = (1 - Rz TP, — B‘Hz)f;4
I.I . | | | . P3; = (I_J?’Rz _pz+1Rz)/4
2
L-P*= (po, +P1,  +Pz,  +ps)-P°
1-PY = Pgy, 40 40 +0
1-P2= 0 40 +Py3 40 _
1.PY= Pf, 40 +P£ .40 10 split o c, octahedral P*
‘P = Pgl, +P§j14 +0 +P§ia4 related to 10 split sub-classes
1-P= 0 4P}, 4Py, P,

Pin(02Cy) | 1 | rirafsfa #afarsra | popy po | ReBaRyRy R. R. | ivisisic isis
24 - Pﬂ.ﬂ,ﬂg 1 1 1 1 1 1 1 1 1 1
24 - Pafﬂa 1 1 1 11 ~1 -1 -1 -1 -1
12- Py 1 —3 —3 11 —3 11 -3 1
12 - Pid 1 —a —3 11 +5 -1 -1 +, -1
8-P %ﬁlq 1 -5 +3 0 -1 +5 —i 4i —3 0
8 - P.liﬂ,{l 1 0 0 -1 1 0 11 0 -1
8- PE14 1 +4 -3 0 -1 —1 —i i +1 0
8- Pdddﬂ 1 - +1 0 -1 —3 +i —i +l 0
8- P12, 1 0 0 -1 1 0 -1 -1 0 1
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A 1 10 sphit 0-C, octahedral e-vak €%versus 10 sub-class parameters

E—_1, Ny L L1
i=1] i-0.5 i-0 — \ A A, —
i =0 i =05 i~ f . 2 ,r

‘Sequenca if i[=1),5, ondy non-zero parameter: A 1T £ 1,1, ET5A, TETII'

O D Cy 0° ral120° pn 180° R,,90° i, 180°
04 rp = Reryasg R, =ReR, .r[ = ?111255
my = Imryg34 I, =ImR, !11 = 134
el = | go a7y 200y + ps | +4Roy+ 2R, | [dir I 2im
;[j}ﬂl do 0 —2ppy + P2 +2K. — 2911
| g ~2ry 1205 +p. | —2Rpy — R, | |20 [ 2y
14 . . ' . i
£, 90 +2my —p. —Ray — 21, 121
L] g —omy o, | Ry -2 || -2
24 - : : )
Egﬁ do — 277 +205y + P2 +2H.y — R +2i1 + 2in
€2, 9o 0 —2pzy + P2 —2R, 2411
5‘2? [y +dry +205y + P2 —4R., — 2R, —4i1 F 2in
34 . . : . )
Egz qn —2my — 0 — Ry + 21, +2i1
Eil Yo +2myq — Pz ‘|‘R:ﬁ; + 21, — 211
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(a) SF, ¥, Rotational Structure

FT IR and Loser Diode Spectra
K.C. Kim W B. Person, D. Seitz, and B.J. Krobn

. J.Mol. Spectrosc. T6, 322 (1979).
R20) I Primary AET species mixing
e bt dtead SR i Hcreases Tl_‘fl{h distagce from
2oem BlSem B0 ot — * sepegralrix
SE6 v, P(58)~16m
.--"'_.-"".--"'.-"" Y - 1
o /| K3=.81 82 83 84 85 86 87 88
(c) Supurflnﬁ’ﬂiruciura (Rotational axis tunneling) / // ;‘r 3 —t e 0
e ] b o | i
83 87 86 85 34 83 82 81 80 79 78 77 76 75 74 73 7271.7 K[ “‘E@ - :m:m‘
Ll e 1500% O72Hz 7 WHz 12 M ol @ P
s Eﬂﬁ' : " z-ﬁ'uaﬂ me = mg g 11} E I
'—-...mﬂt B'IJHI-EF am:T;A . EH'IITE—‘[:l]F e HFL a H
'mnm@ s_-ﬁu %N abz [y 7 kHz [T 1] LU s2mHiz [Tz | || :I I |
5 i ] m;l i = Y i
P A ~ —— N I Three-Fold | | | |

Observed repeating sequence(s)..

.AITIE TETI ETEAE TETI
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Effecss of broken or transidion local symmetry for i-class

ﬂihd (igix) =1 + 4o + ig + 14 + 95 + ig
Am re o . _ , ) , _
ﬂﬁfﬁa (irix) = —(i1 + 2 + i3 + 14 + @5 + ig)

0 2, |
D (ixiy) = 04 —%(114‘13 + i5 +ig) + i3 + 1y "‘f{il—l—i;—i-—iﬁ}
24 h.c. %{11 + iy + iy + i) — iy — iy
D7 (dxix) 14 34 04
14 —5(i + iy +d5 +dg) —5(6 + dp — i5 — 1) — i(ds — 14) ——(1 }"‘%Ha—’iﬂ]
34 h.c. —g{h + i + 15 + ig) +.,,E("’1 — iz )+ f}i[ia — 1g)
04 h.c. h.c. — (i3 + i4)
DTz (i) 14 34 24
14 +5(81 + iy +d5 + dg) +5(01 4+ i2 — @5 — 1) — i(13 — 14) +v;-(" iz}*%(ia—iﬂ]
34 h.c. +5(i1 + ip + 15 + 1g) 2{ i, — iy )+ %[ia — 1g)
04 h.c. h.c. +(i3 + i4)
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Conclusion: H-matrix 4a-hoc-ery greatly reduced

Group space tunneling matrix defined nicely by group table.

Each tunneling path matched to group element (complete set of
Feynman paths!)

Spectral algebra yields closed-form eigenvalues and eigenvectors
(in same table!) when local symmetry conditions apply.

Expressions easily deconvoluted (essentially same table , again!).

Transitions to and from various local symmetries are shown.

Hougen could have done a D, example
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Seven-Deadly-Sin Tunneling Theory

Dq D g lill CalCUIatOl'...(not recommended)
A B

A-B = Edible Undies C_f: s AJVfrh'sinﬁ
A-C - Pros“l'\'\!'h.m C-.—G - S{'G\'\JS S\lmbo\s
AD = Qu(c.kie. Sé = Fadbive Asa)rtSSion
K€ = Domestic. Abuse S.F = Welfare
AF = Mull’erq ?_-6= Slackers
AG = Trophy Wife EF= Cattiness
B¢ = Last Donut E—C-,:-Bcfxl'no)
8D * Sa&wcfa’ GFs Z'\O’ Place_
BE = Bulimia
2¢ - High Metabolism
BG = Fat Men in SpeeJos
D = Get Rich Quick Scams
Cg= Mu%inas
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D3 glﬂbal 1 1'2 ri; iz (13 D3 jglﬂbal
group rl1 2@ i i projector
product rflr 1] i) i product
table i) i1 r table

i i () 1
il iyl r rd 1

Change Global to Local by switching

...column-g with column-g

...and row-g with row-g'

Just switch r with r’=r2.

fall others are

- - self-conjugate)

YV o, o

X1 |r i i (iy 0
D, local 5T L, @ | 3_ o

group Cr r- 1) i i proje
table <3 | @)|1 r 12 product

i |6 i [rf 1 table

2@ i, i, r r2 1

by (pIPL

1 [
o [Py

<%,

T ¥,
BB
P{m)P(H)_ ‘Srm?'%f Pgrﬂ)
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local-wave
bases
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1 1
Body-fixed (Intrinsic-Local) operations appear
to move their rotation axes (relative to lab)
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