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The old “smoke and mirrors” trick http.//galileoandeinstein.physics.virginia.edu/lectures/srelwhat.html

Clock at rest Clock moving at v

Two identical light clocks: one at rest, one moving relative to us. The light
blips in both travel at the same speed refative to us, the one in the moving
clock goes further, so must take longer hetween clicks.

tis the time from one mirror to the other.

=Vt +w
(- V) =w?
time between clicks for Jill’s clock to be:
: : : 2w 1
£(1 - /e?) = wAc? time between clicks for mowing clock = —

¢ J1-v 1
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The old “smoke and mirrors” trick http.//galileoandeinstein.physics.virginia.edu/lectures/srelwhat.html

Ship Time t'= A =1A(1-v*/c?) = cosh p= 1.15
AT =t + A LY

C cA=V(c?+v2A?)

Lo

Clock at rest Clock moving at v

Two identical light clocks: one at rest, one moving relative to us. The light E——
blips in both travel at the same speed refative to us, the one in the moving
clock goes further, so must take longer hetween clicks.

tis the time from one mirror to the other.

=V +w
For u/c=1/2
A - ) = w? s A =IN(1-1/4)=2N3=1.15.
time between clicks for Jill’s clock to be:
. : . Zw 1
£(1 - /c?) = wAc? time between clicks for moving clock = —

¢ f1-viic?
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Space-time (x,ct) and per-space-time (w,ck) geometry and its physics
All of those contraction and expansion coefficients
Detailed views Einstein time dilation
The old “smoke and mirrors” trick
Detailed views Lorentz contraction

’ Heighway s paradox 1 and 2
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(a) Heighway
paradox-1

k lice: “ No Bob, you're
~ the one with short

SQUKEE

(currently part of)
Fig.§
SROMbyR&C
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(a) Heighway
paradox-1

SQUKEE

(b) Paradox-2

ce: “ No Bob, you're

he-one with short laser-). ! ” B [
Carla: “I'm outa here.
They have really lost it!”

(Doppler blue-shifts (currently)
to 0.25um for Alice) Fig. 8
SROMbyR&C
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Detailed view of
Lorentz contraction
on space-time plot
Bob's axes:(x', ct')

Alice’s 2m laser mirrors

lie at x=3 and x=35

These points trace time lines
shown at right of graph.

+5

3N
KR
A
N

Alite)

(Alice)

/
Ct (Bob)

Bob_“measures”
Alice’s.2m. wayeguide
by flash-photo
triggered at =0

between x’=3 and 5.
What does Alice see?

(Alice)
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(cT)” = (+2)" = (ct)" = (x)" = (ct’)" = (x")’

(c1)’ = (+1)" = (c1)* = (x)" = (ct')" = (xX') j /
(c)’ =(0)" =(ct)’ = (x)* = (ct’)’ = (X'} +5 4
Invariant hyperbolas appear the same
to both Bob and Alice. +4 /
* 3
Detailed view of AP TX
Lorentz contraction 7 (dlice)
on space-time plot 2
3 —|_
Bob's axes:(x', ct')
/
2 A3/ A 45
“FLASH!7
z X' How Alice sees

- 2 (Bob) Bob s flash wave:

F
L
% A
Alice’s 2m laser mirrors S
lie at x=3 and x=35 Bob “meatures” H!
These points trace time lines Alice’s. 2m. wayeguide
shown at right of graph by flash-plegto
g grapn. triggered at =0
-5 between x'=3 and 5.
What does Alice see?
She sees flash wave taking over 1 time-unit
/ . .
~Cl Cl Bobf© go from her x=5 to x=3 points so it

(Alice) lights up L mirror long after the R mirror .
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*Phase invariance used to derive (x,ct)«(x',ct’) Einstein Lorentz Transformations (ELT)
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A. Transformations and phase invariance Key points in
SROMbyR&C

LA laser phasor sketched in Fig.4 should be taken seriously as a gauge of time (clock) and

of space (metric ruler) by giving time (wave period 7) and distance (wavelength \) in Fig.7a.
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A. Transformations and phase invariance Very key point in

SROMbyR&C

LA laser phasor sketched in Fig.4 should be taken seriously as a gauge of time (clock) and

of space (metric ruler) by giving time (wave period 7) and distance (wavelength \) in Fig.7a.

-

\_

A time-stamp reading of phase ¢ at a particular space-time point{should be equallfor Alice

and Bob in spite of having unequal readings (x,¢) and (z’,¢") for that point and unequal

frequency-wavevector readings (w, k) and (w’, k') for a laser group-wave or its phase-wave.

J
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A. Transformations and phase invariance Very key point in
SROMbyR&C
LA laser phasor sketched in Fig.4 should be taken seriously as a gauge of time (clock) and
of space (metric ruler) by giving time (wave period 7) and distance (wavelength \) in Fig.7a.

-
A time-stamp reading of phase ¢ at a particular space-time point{should be equallfor Alice

and Bob in spite of having unequal readings (x,¢) and (z’,¢") for that point and unequal

frequency-wavevector readings (w, k) and (w’, k') for a laser group-wave or its phase-wave.
\ Y,

’ (1.7 / / g
¢phase _[ phase’x — phase 1=k phase'x o a)phase a= ¢phase Key point holds
for Any phase
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A. Transformations and phase invariance Very key point in

SROMbyR&C

LA laser phasor sketched in Fig.4 should be taken seriously as a gauge of time (clock) and

of space (metric ruler) by giving time (wave period 7) and distance (wavelength \) in Fig.7a.

-
A time-stamp reading of phase ¢ at a particular space-time point{should be equallfor Alice

and Bob in spite of having unequal readings (x,¢) and (z’,¢") for that point and unequal

frequency-wavevector readings (w, k) and (w’, k') for a laser group-wave or its phase-wave.

\_ J
/ _( V4 V4 4 ’ __ _ = .
¢phase =k phase’x —w phase 1=k phase'x @ phase 1= phase Key point holds
r 17 PN ’r _ . - for Any phase
¢gr0up _\k groupx a)grozjtplL =k group’x 6ogmup t)_ group

Friday, February 14, 2014

38



A. Transformations and phase invariance Very key point in
SROMbyR&C

\A laser phasor sketched in Fig.4 should be taken seriously as a gauge of time (clock) and
of space (metric ruler) by giving time (wave period 7) and distance (wavelength \) in Fig.7a.

-
A time-stamp reading of phase ¢ at a particular space-time point(should be equalljfor Alice

and Bob in spite of having unequal readings (x,¢) and (z’.t") for that point and unequal

frequency-wavevector readings (w, k) and (w’, k") for a laser group-wave or its phase-wave.

\_ J
’ (1.7 ’ — — .
¢phase o IF phase’x a.) phase =k phase phase 1= phase Key point holds
"""""""""""" P ;) v u or Any phase
o =k x'—w =k tE Jf P
group — \_"group . group group gmup ) group

Bob’s (w’, k") components are in' (14) and (15). Alice’s (w, k) are the same with p=0.

An Einstein-Lorentz Transformation-(ELT) of Bob’s (2',t") to Alice’s (x,t) follows.

, .., T :
qb;hase =X _—smhp—t 'a) ,coshp=0-x—w,t = ct=ct'coshp—x'sinhp
T :
E e’ +e” -
a)phase , R,+ ! 2 cosh p
_P = = a)A =0
K pse 2 etP—e P sinh p
T = omommmm : 2 E -----
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A. Transformations and phase invariance Very key point in
SROMbyR&C

\A laser phasor sketched in Fig.4 should be taken seriously as a gauge of time (clock) and
of space (metric ruler) by giving time (wave period 7) and distance (wavelength \) in Fig.7a.

-
A time-stamp reading of phase ¢ at a particular space-time point(should be equalljfor Alice

and Bob in spite of having unequal readings (x,¢) and (z’.t") for that point and unequal
frequency-wavevector readings (w, k) and (w’, k") for a laser group-wave or its phase-wave.
\ J
’ (1.7 ’ — .
¢phase o IF phase’x w phase =k phase phase 1= phase Key point holds
o ¢ T -k' = — k ¢ = for Any phase
group _\ group group group gmup '] Tgroup

Bob’s (w', k') components are in (14) and (15). Alice’s (w, k) are the same with p=0.

An Einstein-Lorentz Transformation (ELT) of Bob’s (', t") to Alice’s (x,t) follows.

qb;hase =X ’—2.sinh p —t'w,coshp=0-x—w,t = ct=ct'coshp—x'sinhp
PLCyTTTTTT
¢’ x’&cosh —t’w , sinh Y4y 0+ = x=—ct’sinh p+x’cosh
group — ¥, T TN P p = . = o) p
€+p +e” eP—e P

a)p,hase _p— R+L/ . 2 — COShp ;r()up G- " _ wA > . Slnhp
CK pase 2 el —e P sinh p Ck, o 2 etP+e P coshp
...... 2 I===== AN > [ .
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A. Transformations and phase invariance
SROMbyR&C

\A laser phasor sketched in Fig.4 should be taken seriously as a gauge of time (clock) and

of space (metric ruler) by giving time (wave period 7) and distance (wavelength \) in Fig.7a.
-
A time-stamp reading of phase ¢ at a particular space-time point(should be equalljfor Alice

and Bob in spite of having unequal readings (x,¢) and (z’.t") for that point and unequal

frequency-wavevector readings (w, k) and (w’, k") for a laser group-wave or its phase-wave.

\_ J
’ (1.7 ’ ’ ’r A
¢phase =k phase’x —w phase 1=k phase'x — phase 1= phase Key point holds
r 17 PN ’r _ . _ for Any phase
¢gmup _\k groupx a)grouplL =k groupx wgroup t)_ group

Bob’s (w', k") components are in (14) and (15). Alice’s (w, k) are the same with p=0.
An Einstein-Lorentz Transformation (ELT) of Bob’s (', t") to Alice’s (x,t) follows.
),

O e =X —=sinhp—t'w,coshp=0-x—w,t = ct=ct'coshp—x’sinhp
C
4 _ /a)A V4 . _COA . ) . ,
¢gr0up =X COShP_t a)A Slnhp =—x—-0- = X=-—cCi Slnhp+x COShp
C C

The ELT matrixi form:and its:inverse:complete the space-time side of Fig.7.

ct coshp —sinhp ct’ ct’ coshp +sinhp ct
= = = (22)
x —sinhp  coshp x x +sinhp  coshp x

Very key point in
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A. Transformations and phase invariance Very key point in

SROMbyR&C

LA laser phasor sketched in Fig.4 should be taken seriously as a gauge of time (clock) and

of space (metric ruler) by giving time (wave period 7) and distance (wavelength \) in Fig.7a.

-

\_

A time-stamp reading of phase ¢ at a particular space-time point{should be equallfor Alice
and Bob in spite of having unequal readings (x,¢) and (z’.t") for that point and unequal

frequency-wavevector readings (w, k) and (w’, k') for a laser group-wave or its phase-wave.

J
’ (1.7 ’ ’ ’r _ N _
¢phase =k phase’x —w phase 1=k phase'x — phase 1= phase Key point holds
r 17 PN ’r _ . _ for Any phase
¢gmup _\k groupx a)grozjzplL =k group’x wgroup t)_ group

L.
- -
------------------
- - - -
--------------
------------

ct coshp —sinhp ct’ ct’ coshp +sinhp ct
= = = (22)
x —sinhp  coshp ! ' +sinh p  coshp x

Direct derivation of ELT uses base vectors P’ and G' or P’ and G’ in (14) and (15).

/ w,phase cosh P WA 0 . . .
P'= = wy = cosh p + sinh p=P cosh p+G sinhp (23)
ck' phase sinh p 0 WA
, W' group sinh p WA . 0 .
G'= = WA = sinh p + cosh p=P sinh p+G cosh p (24)
ck’ group cosh p 0 WA
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*]ntmducing the stellar aberration angle o vs. rapidity p
Trigonometry: From circular to hyperbolic and back
Finish “Sin-Tan” blackboard construction
Group vs. phase velocity and tangent contacts

Epstein sTspace-proper-time (x,c7) plots (“c-tau” plots)

TLewis Carroll Epstein, Relativity Visualized
Insight Press, San Francisco, CA 94107

See also: L. C. Epstein, Thinking Physics Press,

Insight Press, San Francisco, CA 94107
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Introducing the stellar aberration angle o vs. rapidity p

logether, rapidity p=In b and stellar aberration angle o are parameters of relative velocity

The rapidity p=In b is based on The stellar aberration angle o is based on the
longitudinal wave Doppler shift b=e” transverse wave rotation R=e'°

defined by u/c=tanh(p). defined by u/c=sin(o).

At low speed.: u/c~p. At low speed: u/c~ o.

(a) Fixed Observer (b) Moving Observer

b /
%S 73 S (Star appears to

/

X // . “race ahead”)
Uu=c:/sitn O

Speed c of light is
invariant to observer u
but..

Velocity ¢ of light is not!

Fig. 5.6 Epstein’s cosmic speedometer with aberration angle 6 and transverse Doppler shift coshp. Z
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Introducing the stellar aberration angle o vs. rapidity p

logether, rapidity p=In b and stellar aberration angle o are parameters of relative velocity

The rapidity p=In b is based on

longitudinal wave Doppler shift b=e”

The stellar aberration angle o is based on the

transverse wave rotation R=e'°

defined by@/c=tanh( 0).

At low speed.: u/c~p.
(a) Fixed Observer (b) Moving Observer

defined by u/c=sin(o). )

X

At low speed: u/c~ o.

%S _,A S ! (Star appears to

/ “race ahead”)

u=c/'sin O

Speed c of light is
invariant to observer u
but..

Velocity ¢ of light is not!

Fig. 5.6 Epstein’s cosmic speedometer with aberration angle 6 and transverse Doppler shift coshp. Z
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Lighthouse ship example of stellar aberration
(Here: p=atanh(1/2)=0.549)

/ jShip v/c (Rel.to\Lthse\ .):—\0.500

Ship v/e(Rel.to Obs,)=0.000
T_thse v/c(Rel.to Obs.)=0.500

19ktho

2 Animation of Two Relativistic Lighthouses Passing Two

Happening 1: Ship[d is hit by Blink 1~ |
Happening 2: Lighfhouse emits Blink 2§

/

- Ship v/e(rel.to 1 se.):;-0.50

' "
me t'= 2.3 - Ship v/e(rel. obs.)::. 0.00
- Lthse v/c(rgl.to ob\):: S0
ge [ Morth|L
L Py
skellay7abtangle
g s
-3 1 -3 1
- )
;_ .

http://www.uark.edu/ua/modphys/testing/markup/RelativitWeb.html

an

(Here: p=atanh(]/2)=5.549...
o=asin(1/2)=0.52 or 30°)

www.uark.edu/ua/pirelli/php/lighthouse scenarios.php

and.:
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http://www.uark.edu/ua/pirelli/php/lighthouse_scenarios.php
http://www.uark.edu/ua/pirelli/php/lighthouse_scenarios.php
http://www.uark.edu/ua/modphys/testing/markup/RelativItWeb.html
http://www.uark.edu/ua/modphys/testing/markup/RelativItWeb.html

Introducing the stellar aberration angle o vs. rapidity p

Trigonometry: From circular to hyperbolic and back
Finish “Sin-Tan” blackboard construction
Group vs. phase velocity and tangent contacts

Epstein sTspace-proper-time (x,c7) plots (“c-tau” plots)

TLewis Carroll Epstein, Relativity Visualized
Insight Press, San Francisco, CA 94107

See also: L. C. Epstein, Thinking Physics Press,

Insight Press, San Francisco, CA 94107

Friday, February 14, 2014

47



Circular Functions

mzZ(o) =0.9258
Length(o) = 0.9258
Area(o) =0.9258

sin(o) =0.7991
tan(o) = 1.3292

tantg)
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Circular Functions "k

mZ(o) =0.9258
Length(o) = 0.9258
Area(o) =0.9258 B

sin(o) =0.7991
tan(o) = 1.3292

sec(0) = 1.6633 i
cos(0) =0.6012 i
///———<_F\

Lsec(o )

anto)

tan(o)
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Circular Functions

mZ(o) =0.9258
Length(o) = 0.9258
Area(o) =0.9258

sin(0) = 0.7991
tan(o) = 1.3292
sec(o) = 1.6633

cos(0) =0.6012

tan(o)

N\

tanto)

0s
. Lsec(m

an

(0)
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Circular Functions

mzZ(o)=0.9258
Length(o) = 0.9258
Area(o) =0.9258

sin(o) =0.7991
tan(o) = 1.3292
sec(o) = 1.6633

cos(0) =0.6012
cot(o) =0.7523
csc(o)=1.2514

0Os
- L—sec((n

tan(o)
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Circular Functions

mZ(o) =0.9258
Length(o) = 0.9258
Area(o) =0.9258

sin(0) = 0.7991
tan(o) = 1.3292
sec(o) = 1.6633

cos(0) =0.6012

tan(o)

N\

tanto)

0s
. Lsec(m

an

(0)
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Circular Functions
mzZ(o) =0.9258
Length(o) = 0.9258
Area(o) =0.9258
sinf(o) = 0.7991
tan(o) = 1.3292

Hyperbolic Functions
0 = 1.0961

Area(p) = 1.0961

tanh(p) = 0.7991
sinh(p) = 1.3292

an(o) = sinh(p)

(an(o) =

sinh(o)

]
5) = tanh(Q) tap(of =sinh(0)
o Y * :
| E “1-\ A 1 L ] | :
E pemmemess o ol L R !
. e ,
y Dopp vgroup : T phase %{phase Tgroup Dopp : u/ ¢ C/ u
Sp ace K phase E ﬂ’ group K oup Z’ phase :Vgroup/ ¢ Vphase/ ¢
idity —p N 1 +p .
WP e (sinhp) sechp coshp cschpi e ftanh p) cothp
oo | ] 3 | /4 5 4 |1 2 3 5
- 2 4 5 4 3 1 5 3
stellar~ .
o \tarm' COsO  seco 0{ o \SIno ) csco
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Circular Functions
mzZ(o) =0.9258
Length(o) = 0.9258
Area(o) =0.9258
sinf(o) = 0.7991
tan(o) = 1.3292

Hyperbolic Functions
0 = 1.0961

Area(p) = 1.0961

tanh(p) = 0.7991
sinh(p) = 1.3292

sec(o)=cosh(p)

an(o) = sinh(p)

(an(o) =

sinh(o)

sipk0) = tanh(p) tap(of =sinh(0)
0 : :
B 1 : 05 e EEEEEEEE. * :
1 ; e« sec(o)=cosh(p) = o
E pEmmememes " ':' ----------------------- '
A R |V |
time y Dopp vgroup : Tphase ‘ %{phase : Tgroup bDopp : u/ ¢ C/ u
Sp ace K phase E ﬂ’ group K oup : Z’ phase :Vgroup/ ¢ Vphase/ ¢
rapidity - i \' +p | Y N\
p e sinh p} sechp (coshp) cschpi e tanh p\ cothp
oo | ! 3 | /4 5 4 | 2 3 5
s 2 4 5 4 |\ 3 1 5 3
stellar~ .
o \tan 0) COSO | seco ) \0{ o \SIno ) csco
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Circular Functions

mZ(o) =0.9258
Length(o) = 0.9258
Area(o) =0.9258

sin(o) = 0.7991
tan(o) = 1.3292
sec(o) = 1.6633

cos(0) =0.6012
csc(o) = 1.2514

Hyperbolic Functions
0 =1.0961

Area(p) = 1.0961

tanh(p) = 0.7991
sinh(p) = 1.3292
cosh(p) = 1.6633

sech(p) =0.6012
coth(p) = 1.2514

sec(o)=cosh(p)

csc(o) = coth(p)

’
’
’
s

j) = tanh(0) tap(of =

an(o) = sinh(p)

tan(o) = sinh(0)

sinh(0)

. v
............

: y Dopp vgroup : 1‘-phase ‘,"" ’kphase : Tgroup bDopp : u/ ¢ C/ u

E Sp ace K phase : /l group/'lll K Aoup : }‘ phase :Vgroup/ ¢ Vphase/ ¢

: apdiy | 0 /TN soch ' > | anh 0\ (eoth D

: s e sinh p sec}l p (cos cschp i e tanh p' (coth p

: oo | L 3| A 5 4 1 2 3 5

: > | 4 |/ 5 4 \ 3 1 5 3

: sellary tano’| coso | seco \b\ota sino || csco

: o \An9) \S¢¢9) \S1n0 J\¢5¢o,

R R A S Y P
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Circular Functions

mZ(o) =0.9258
Length(o) = 0.9258
Area(o) =0.9258

sin(o) = 0.7991
tan(o) = 1.3292
sec(o) = 1.6633

cos(0) =0.6012
csc(o)=1.2514

Hyperbolic Functions
0 =1.0961

Area(p) = 1.0961

tanh(p) = 0.7991
sinh(p) = 1.3292
cosh(p) = 1.6633

sech(p) =0.6012
coth(p) = 1.2514

sec(o)=cosh(p)

~

’
’
’
s

an(o) = sinh(0)

j) = tanh(0)

tap(of =sinh(o)

tan(o) = sinh(o)

S I |
y Dopp vgroup : 1‘-phase "" ’kphase E Tgroup bDopp E u/ ¢ C/ u
Sp ace K phase E /l group,,"'ll’ K gkoup E }‘ phase Evgroup/ ¢ Vphase/ ¢
rapidi - . ! ! + Y
vidis | ¢=" {sinh p [sech/) (cosr\@' cschp | e |{tanh p) (coth p
L34 SN 4 23 B
P=1 51 4 |V s N3 1] 5 3
stellar~ .
o \tag 0 )4 o8O )\ seco ) \B\otG \Smo J\ csco y
AR SR apapaaatupaapel W ol P \.--.--.. e
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Circular Functions

mZ(o) =0.9258
Length(o) = 0.9258
Area(o) =0.9258

sin(o) =0.7991
tan(o) = 1.3292
sec(o) = 1.6633

cos(0) =0.6012
cot(o) =0.7523

Hyperbolic Functions
0=1.0961

Area(p) = 1.0961

tanh(p) = 0.7991
sinh(p) = 1.3292
cosh(p) = 1.6633

sech(p) =0.6012
csch(p) =0.7523

csch(o)

cosh(p)

’
—— T o o Wy m m Em Em Em E W OE m W OEm W omm o mmommomomom

sinh(p)

IS |

vgroup : 1‘-phase ’."" %hase E Tgroup i bDopp E u/ ¢ C/ u
Sp ace phase E /l group, | K gkoup i }‘ phase E ivgroup/ ¢ Vphase/ ¢
a1 e P {sinh D\ (sechi p) 608&\3 (cschp) e | {fanh p\ (coth p

N R | VO A I B 1 S

P=1 51 4 |V s N3 1] 5 3

stellar~ / .

o tir}g) \ COSO )\ seco ) \O\ijj \SIno ) \csccu
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Circuls

mzZ(o) =
Length(o) =
Area(o) =0.925

Functions

9258
9258

sin(o) =0.7991
tan(o) = 1.3292
sec(o) = 1.6633

cos(0) =0.6012
cot(o) =0.7523
csc(o) =1.2514

Hyperbolic Functions
0 = 1.0961

Area(p) = 1.0961

tanh(p) = 0.7991
siy(0) = 1.3292
cosh(O»r< 1.6633

sech(p) =0.6
csch(p) =0.7523

coth(p) =1.2514 __—

cono)

sec(o)

anto)

1 :
= | e |
time y Dopp group : 1‘-phase 'V' \thase E Tgroup i bDopp E u/ ¢ C/ u
Sp ace K phase : /l group“," ’é&oup E }‘ phase E Evgroup/ ¢ Vphase/ ¢
iy | o sinh pY (sech p\ (Cosh P\ (cschp e | {fanh p) (Coth P
; P| (sechp P P p P
I I I A | | I I I | R |
P 2 | 4 5 4 301 5 3
stellar~ . .
o  tano )|\ coso )| seco )\ coto \sino )\ csco,
"""""""" Vs \ '
........................ = mmmmmmmmssmsEssm e ‘..--.--.. EEEmmEmsssssm===
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Circubagr Functions Hyperbolic Functions

mZ(o) =89258 0 =1.0961
Length(o) =0
Area(o) =0.925

sin(o) = 0.7991

()
A
oC

Area(p) = 1.0961 B
tanh(p) = 0.7991

cosh(p)

tan(o) = 1.3292 sy(0) = 1.3292 .
sec(0) = 1.6633 cosh(O»< 1.6633 ;
cos(0) = 0.6012 sech(0) = 0.6012 i
cot(o) =0.7523 csch(p) =0.7523 ¢sC! o
cse(0) = 1.2514 coth(Q) = 1.2514 _— - "-~'~f«:?fff“‘~‘-’ """" Df;" """""""" "
2\ "
sechfo) :
sinh(p) sinh(o)
| l fanh(o) E :
E 0.5 pmEEEEEEEEEEE- : :
) L Sl [ :
! [ I S R :
1 1 | 1 '
S demenes 1§ U R R ,
time h Dopp vgroup E 1‘-phase "' &phase E Tgroup E bDopp E u/ ¢ C/ u
Sp ace Kphase : 2’group Ks{oup E )‘phase E Evgroup/ ¢ Vphase/ ¢
rapidity -p . ! i : ( \' +p :
" e ? {‘sinh p) [seﬁh/) (cosh P\ (cschp e ftanh p (coth p)
e fe | s\ e 2] s
PPlol aWsHla N3 1]ls 3
stellar~ i .
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Hyperbolic Functions -
mZ(o) = 0 = 1.0961 N
Length(o) =tHh9258
Area(o) =0.925 Area(p) = 1.0961 B () hp)
< sec(o)=cos —
sin(o) = 0.7991 tanh(0) = 0.7991 . A .
tan(o) = 1.3292 sivh(0) = 1.3292 cot{o) =csch(o) / -
sec(0) = 1.6633 cosh(O»< 1.6633 , -
cos(0) =0.6012 sech(0) = 0.6012 - N
cot(o) =0.7523 csch(p) =0.7523 sch(Q L
csc(o)=1.2514 coth(p) = 1.2514 _— o h w“—%}f"’”"‘”""% """"""""" o
// < costo) = sech(o)
// e Gk :
: 4n(0) = sinh(p tan(o) = sinh(p)
/ ¢sc(o) = coth(Q) . ( 0 ;
/ il Sl ' il iy 2t mommmsmemmee Sl
. [ Si = tanh(p) tap(of =sinh(o) .
0 ; / : E 0.5 === E ;
| | | | : : 1: 3 1 : | : - l 1 : :
5 et XS VS AU SO
E tlme y Dopp vgroup E Tphase “Y &phase E Tgroup E bDopp E u/ c C/ u
: Sp ace Kphase : 2’group K oup E )‘phase E EVgroup/ ¢ Vphase/ ¢
: S I (sinh DI [sec/H/) (cosh p\ (cschp N ¢ |{fanh p) (coth p\
O B 2 | O | A | B2 | I |
N R 5 s N 31 11 5 3
1 stellar~N' .
:- ------ o | S 29.(_6_ -:\cos O )\ seco ) \§oto ) \Smo J\ csco y
........................ /../..--.--.--.--.--.--.--.\..--.--.. mmmmmmmm—————
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Circular Functions

Area(o) =0.925

sin(o) =0.7991
tan(o) = 1.3292
sec(o) = 1.6633

cos(0) =0.6012
cot(0) =0.7523
csc(o)=1.2514

Hyperbolic Functions
0 = 1.0961

Area(p) = 1.0961
tanh(p) = 0.7991

sech(p) =0.6
csch(p) =0.7523

coth(p) = 1.2514 _—

Draw phase circle
(p-circle)

cot{)=—csch(o)

< costu) = sech(o)

sec(o)=cosh(p)

= cotf)-=-csehip)- —D/?; e
T \“‘_\‘ "/ ’
u \ l’l /4

4n(o) = sinh(0)

tan(o) = sinh(p)

cse(0) 2 coth(e) ! I Ny A S
: 1 sig0) = tanh(0) tap(of =sinh(o) :
: ) ; A LR :
: TR Y R E :
: - : - e ] ] : ] :

T 2 \ ....... T

E y Dopp vgr()up : Tphase .""“ &phase E Tgroup i bDopp E u/ ¢ C/ u
E E Kphase : ﬂ’grou‘p K oup E Z’ phase E EVgroup/ q Vphase/ ¢
1 : rapidi - . ! 7 : ( \I + 1
: : e’ (sinh pY [se?ﬁ P\ (cosh p\ (cschp} ¢ | {tanh p}\ (coth p)
S A O 1 0 | A | A
Lt PPl ol a sl a N3l 3
! : stellar~ .
E : ------ o | S 39-(-6- -:\cos O )\ seco ) \?\t\ o) \SIno 1 \ CSCO
e e N T I T .
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Circu

Area(o) =0.925

sin(o) =0.7991
tan(o) = 1.3292
sec(o) = 1.6633

cos(0) =0.6012
cot(0) =0.7523
csc(o)=1.2514

Functions

Hyperbolic Functions
0 = 1.0961

Area(p) = 1.0961

tanh(o) = 0.7991
sim(0) = 1.3292
cosh(O»< 1.6633

—_

sech(p) =0.6
csch(p) =0.7523

coth(g) = 1.2514 _—

Draw phase circle

= ‘\\_

\‘-

< costu) = sech(o)

cot()=-—cschfo)

X "coz_(__.g).:.'c:x‘due-).

sec(o)=cosh(p)

’

'

v
Y ’
' ’
’
- - -
g
’

/
’

tan(o) = sinh(p)

. I [sinG6) = tanh(p) ta :
(p-circle) ; ] SRR TrE \ ;
Draw group circle ! : :
(g-circle) : 5 5
0.5 ; : 105 fmm - ;
) | | | : 1 : 1 1 : : - 1 1 1 1 :
: -\ e
E i : % Dopp vgroup : Tphase / : &phase E Tgroup i bDopp E u/ ¢ C/ u
E E Sp ac& K phase E /l grmfp | K oup : )‘ phase E EVgroup/ q Vphase/ ¢
E E rapli)dity o\ . \ om a
A 5
: I : p= 3
: : stellar~
: :- ------ P a 4[ \CSCG)
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Introducing the stellar aberration angle o vs. rapidity p
Trigonometry: From circular to hyperbolic and back

* Finish “Sin-Tan” blackboard construction

Group vs. phase velocity and tangent contacts
Epstein sTspace-proper-time (x,c7) plots (“c-tau” plots)

TLewis Carroll Epstein, Relativity Visualized
Insight Press, San Francisco, CA 94107

See also: L. C. Epstein, Thinking Physics Press,
Insight Press, San Francisco, CA 94107

Friday, February 14, 2014

63



Per-lime Transformed/Per-Time
W -| axis w' /- axis

docometudMoar

Draw-base circl A,\ R
(B-circle)

Draw phase circle
(p-circle)

Arithmetic Mean
coshp = (1+4)/2

1 =35/2
Difference Mean
sinhp = (4-1)/2
=3/2 Per-Space
2 - 1(_Br P 1 C - 2 Betp 3 4 CK- axits
= —-
Red shift =1 Blue shift =4
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Per-Time () 7

Transtermed/Per-Time /
W' £ axis

% /
3
0
, S
" ¢
.'l OY. O:‘ﬁ/
| \\ d VOX\SS Q\L\ p
Draw lg’bse circle 1 ' Draw P.h@’f;’e ciycle
(B-¢ircle) .. S} (p-circle)
L : .
meti¢ Mean
‘4 oshp # (1+4)/2
, = 5/2
Ssinkp = (4-1)12 /
=3/2 ¢ Pen-Space (ck)
-2 -1 0 1 % 3
s ) e B BbH ~
Red shift =1 Blue shift =4
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Per-Time (v) 7

Transtermed/Per-Time /
W’ £ axis
/ R /

Draw group circle %
(g-circle)
3
. e
: * S
1 0¢
s
; / Draw phase ciyel
Draw base ol raw phase ciycle
(B czrcle) (/ | G’ (p-circle)
xithmeti¢c Mean
\shp £ (144)/2
, L 5/
p = (4-1)/2 /
= 3/2 ¢ Pen-Space (ck)
-2 -1 0 1 C 3
~FBr—1> BbH -
Red shift =1 Blue shift =4
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Per-Time (v) 7 |

Transtormed/Per-Time /
W’ £ axis
‘ Stellar berrgfo/n R /

Draw group circle Axis 7

(g-circle) /
A0
1392

.
v
’
.
’
.
s
’
’
’

¢
1(‘(“ «QS
\\ , - VOX\SSO C\L‘ 7 o
Draw l?'élse irele 7 | Draw p.ha’!;*e circle
(B-¢ircle) ,. ; (3 (p-circle)
{xithmeti¢c Mean
‘4 oshp # (1+4)/2
, = 5/2
v = (4-1)12 /
= 3/2 ¢ Pern-Space (ck)
-2 -1 0 1 c 3
—F+Br— 1= BB ~
Red shift =1 Blue shift =4
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Per-Time (w)

Transtermed/Per-Time
axis

Stellar berrgfo/n R /

w/

Dr

Draw group circle Axis
(g-circle) /
3
\ e
| ; S0
/ &Ye}f
, W14
o of
\\ Yox\gg 0\4‘ -
awbiase Nrcl Draw phase circle
(B-é/ircle G (p-circle)
and l eS) 20 ML T’ /v'/
L - Axithmeti¢ Mean
coshipp # (1+4)/2
Difference Mean =52
gz ||\
=3/2 B Pen-Space (ck)
2 -1 0 1 c
<F—Br—T><J Bb —~
Red shift =1 Blue shift =4
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Per-Time (v) 7 |

Transtermed/Per-Time /
w’' £ axis
Stellar berrglo/n R /

Draw group circle Axis
(g-circle)
3
\ ¢
v | *' S
~_ i
\
Driaw base Nrcl | F;e ciycle
(B-éircle ¢)
and lires ) — b
L y . / )
cosh
Difjerence Mean
inhp = (4-1)/2
=3/2 | angent Pen-Space (ck)
-2 -1 0 1 C 3
<F—Br—T><J Bb —~
Red shift =1 Blue shift =4
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Per-Time (v) 7 |

Transtermed/Per-Time /
w’' £ axis
Stellar berrglo/n R /

Draw group circle Axis
(g-circle)
3
\ ¢
v | *' S
~_ i
\
Driaw base Nrcl | F;e ciycle
(B-éircle ¢)
and lires ) — b
L y . / )
cosh
Difjerence Mean
inhp = (4-1)/2
=3/2 | angent Pen-Space (ck)
-2 -1 0 1 C 3
<F—Br—T><J Bb —~
Red shift =1 Blue shift =4
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Per-Time (v) 7 |

Transtermed/Per-Time /
w’' £ axis
Stellar berrglo/n R /

Draw group circle Axis
(g-circle) /
3
\ ¢
v | *' S
~_ W
\
Driaw base Nrcl | F;e ciycle
(B-éircle ¢)
and lires ) ’ :
i OHLEe 20K
cosh
Difjerence Mean
inhp = (4-1)/2
=3/2 | angent Pen-Space (ck)
-2 -1 0 1 C| 3
Draw Lorentz contraction circle
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Energy (E)

ift factor = b = 2.000 /
t factor = r = 0.500
)64°
70° ] ~——Coordinate angle v=atan(u/c)
P / -~ \'“\_\.
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‘ b ///
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Energy (E)

fime rDopp . ’ vgroup Tphase vphase Tgr()up Dopp u/ ¢ C/ u
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Introducing the stellar aberration angle o vs. rapidity p

Trigonometry: From circular to hyperbolic and back
Finish “Sin-Tan” blackboard construction
Group vs. phase velocity and tangent contacts

Epstein sTspace-proper-time (x,c7) plots (“c-tau” plots)

TLewis Carroll Epstein, Relativity Visualized
Insight Press, San Francisco, CA 94107

See also: L. C. Epstein, Thinking Physics Press,
Insight Press, San Francisco, CA 94107
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Energy (E)

vic = =0.600

Doppler blue shift factor = b = 2.000
Doppler red shift factor = r = 0.500
v =0.540 = 30.964°
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0 =0.644 = 36.870° _—
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[_aser frequency

All colors go c:
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Hamiltonian
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Introducing the stellar aberration angle o vs. rapidity p

Trigonometry: From circular to hyperbolic and back
Finish “Sin-Tan” blackboard construction
Group vs. phase velocity and tangent contacts

’Epstein STspace-proper-time (x,c7) plots (“c-tau” plots)

TLewis Carroll Epstein, Relativity Visualized
Insight Press, San Francisco, CA 94107

See also: L. C. Epstein, Thinking Physics Press,
Insight Press, San Francisco, CA 94107
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Epstein's space-proper-time (x,ct) plots (“c-tau” plots)

Time contraction-dilation revisited

(Age) | Coordinate
Particle going u in (x,ct)
¢ Ct/ is going speed c in (x, cT)

R
Cb@inate time

o~ (Distance)

Fig. 5.8 Space-proper-time plot makes all objects move at speed c in their “cosmic speedometer.””

Fig. 5.8 from

TLewis Carroll Epstein, Relativity Visualized Insight Press, San Francisco, CA 94107 CMwB ang 4
Ch. 5 of Unit 8.

Epstein, views stellar aberration angle O as speedometer reading.
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Epstein's space-proper-time (x,ct) plots (“c-tau” plots)

Time contraction-dilation revisited

This is also proportional (Age) Coordinal‘e

to Lagrangian
L= -McN(1-u?/c?)

Particle going u in (x,ct)
¢ Ct/ is going speed c in (x, cT)

R
Cb@inate time

o~ (Distance)

Fig. 5.8 Space-proper-time plot makes all objects move at speed c in their “cosmic speedometer.””

Fig. 5.8 from
CMwBang!
Ch. 5 of Unit 8.

TLewis Carroll Epstein, Relativity Visualized Insight Press, San Francisco, CA 94107

Epstein, views stellar aberration angle O as speedometer reading.
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Epstein's space-proper-time (x,ct) plots (“c-tau” plots)
Time contraction-dilation revisited

Observed coordinate length:

ct =cT secT =cT coshp

C T (Einstein time dilation)
This is also proportional ’ T
(Age) | Coordinate ct= /i

to Lagrangian
L= -McN(1-u?/c?)

Particle going u in (x,ct)
¢ Ct/ is going speed c in (x, cT)

R
Cb@inate time

o~ (Distance)

Fig. 5.8 Space-proper-time plot makes all objects move at speed c in their “cosmic speedometer.””

Fig. 5.8 from
CMwBang!
Ch. 5 of Unit 8.

TLewis Carroll Epstein, Relativity Visualized Insight Press, San Francisco, CA 94107

Epstein, views stellar aberration angle O as speedometer reading.
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Epstein's space-proper-time (x,ct) plots (“c-tau” plots)
Length contraction-dilation revisited

A cute Epstein feature is that Lorentz-Fitzgerald contraction of a proper length L to L’'=LNI-u?/c?

1s simply rotational projection onto the x-axis of a length L rotated by ©.

CT

Coordinate
Particle P going u in (x,ct)

C Ct/ is going speed c in (x, cT)

L Comoving particle P’

V'

P

ontracted length
L =IN1-u?/c?

Proper length L

Fig. 5.9 from
CMwBang!
Ch. 5 of Unit 8.
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Epstein's space-proper-time (x,ct) plots (“c-tau” plots)
Length contraction-dilation revisited

A cute Epstein feature is that Lorentz-Fitzgerald contraction of a proper length L to L’'=LNI-u?/c?

1s simply rotational projection onto the x-axis of a length L rotated by ©.

CT

Coordinate
Particle P going u in (x,ct)

C Ct/ is going speed c in (x, cT)

L Comoving particle P’

V'

P

ontracted length
L =IN1-u?/c?

Proper length L

Observed coordinate length: L'=L cos@ =L sechp

(Lorentz contraction)

Fig. 5.9 from
CMwBang!
Ch. 5 of Unit 8.
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Epstein's space-proper-time (x,ct) plots (“c-tau” plots)
Length contraction-dilation revisited

A cute Epstein feature is that Lorentz-Fitzgerald contraction of a proper length L to L’'=LNI-u?/c?
1s simply rotational projection onto the x-axis of a length L rotated by ©.

CT

Coordinate
Particle P going u in (x,ct)
¢ Ct/ is going speed c in (x, cT)

L Comoving particle P’

V'

P

ontracted length
L =IN1-u?/c?

x Proper time retardation:
ct cAT= L' sinhp

Proper length L =L cosa sinhp

Y =L cosO tanO
Observed coordinate length: L'=L cos@ =L sechp ,
=L sin0o
(Lorentz contraction)
Fig. 5.9 from
CMwBang!

Ch. 5 of Unit 8.
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Epstein s space-proper-time (x,c7) plots (“c-tau’ plots)

Twin-paradox revisited

A inbound

A outbound B
Stationary

A outbound

Xp

Anthropomorphic Analog:

“Active-Alice”
does not age as
much as

“Be-at-home Bob”
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Twin-paradox revisited

stationary

B
older than

A outbound B

Stationary

A inbound

A outbound

Xp

Xp

Bob stationary
viewpoint

Alice outbound to right

Epstein s space-proper-time (x,c7) plots (“c-tau” plots)

Viewed from Alice's outbound frame

T =&

way older than

Alice gains age
over Bob at first ...
but then makes up
and ends up exactly
as much younger.

B

\ younger than

A
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(a) Laser frame (b) z-(— Moving) ship

CW Laser-pair
wavevectors

Fig. 5.7 from
CMwBang!
Ch. 5 of Unit 8.
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Geometry of Lorentz boost of counter-propagating waves. (a) Laser frame

CW Laser-pair
wavevectors

— e —
’——' -_— -

-
/’.

S sinh p “sinh p=tan
tanh p=sin

sinh P

<P > <— cosh p >
<—cosh p >
»k_e“’ =sinh p+coshp >

K (=) [ | () — Fig.5.10 o

CMwBang!
Ch. 5 of Unit 8.
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Geometry of Lorentz boost of counter-propagating waves.

k()

wavevectors

kx i

TSI P\ \anhp =tan
S1 tanh p=sin

c=
k
.' sinh P L
<—€'p > <— cosh P >
<—cosh p >

) £p— -
» <« € P=cosh p+sinhp >

K'(—)

(o — [/ () m—

(a) Laser frame , (b) z-(— Moving) Shlp
@

CW Laser-pair

arent ~ X-axis
\T /pocition

,’f fk(i)

osition

Fig. 5.10 from
CMwBang!
Ch. 5 of Unit 8.
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Introducing the stellar aberration angle o vs. rapidity p
Trigonometry: From circular to hyperbolic and back
Finish “Sin-Tan” blackboard construction
Group vs. phase velocity and tangent contacts
Epstein sTspace-proper-time (x,c7) plots (“c-tau” plots)
Extrastuff

TLewis Carroll Epstein, Relativity Visualized
Insight Press, San Francisco, CA 94107

See also: L. C. Epstein, Thinking Physics Press,
Insight Press, San Francisco, CA 94107
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Circular Functions

m«(0) = 0.6435
Length(o) = 0.6435
Area(o) = 0.6435

sin(o) = 0.6000
tan(o) = 0.7500
sec(0) = 1.2500

Irigonometry: From circular

05 s00(6)! v

\t (0)

lume vgroup T phase v phase T group bDopp u /C C/I/l
Sp ace K phase )' group ’q;g:roup 2‘ ‘phase Vgroup / ¢ Vphase/c
T sinhp sechp coshp cschp | ¢ | tanhp cothp
e 3 4 5 4 2 3 5
4 5 4 3 1 5 37
srellary tanc CcosG _ secO  coto sino_csco
p L H Aes
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Circular Functions

m<(0) =0.6435
Length(o) = 0.6435
Area(o) = 0.6435

sin(o) = 0.6000
tan(o) = 0.7500
sec(0) = 1.2500

Irigonometry: From circular

/ tan(o) = sinh(Q)
sin(0) = ta:tan(o) = sinh(Q)

< o)
sec(0) = cosh(p) - : l
|

tlm € rDopp vgroup T phase | v phase T group bDopp u /C C/I/l
Sp ace K phase )' group [ m';g;'roup 2‘ ‘phase Vgroup / ¢ Vphase/c

rapidity -p . +p

, e sinhp sechp coshp cschpi e tanhp cothp
T 4 5 4 | 2 3 5
P=1 5 1 4 5 4 3 01| s 3/
srellary tanc  CcoSO . SeCO  COto sino_csco
p L H Apes |
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Circular Functions
sin(0) = 0.6000
tan(o) = 0.7500
sec(0) = 1.2500

cos(o) = 0.8000
cot(o) = 1.3333

csc(o) = 1.6667

Hyperbolic Functions )
tanh(Q) =0.6000 1
sinh(g) = 0.7500
cosh(g) = 1.2500 3
) csc(0) = coth(Q)

_sech(g) = 0.8000
csch(p) = 1.3333
coth(p) = 1.6667

05

VUV ) =DV Y )

IR PSPV A B

Kigonometry: From circular to hyperbolic

/ tan(0) = sinh(Q)
sin(0) = ta:tan(o) = sinh(Q)

A

tlm € rDopp vgroup T phase v phase T group bDopp u /C C/u
Sp ace K phase 2’ group B r%;g?roup 2‘ ‘phase Vgroup / ¢ Vphase/c

i e” sinhp sechp coshp cschp| e” | tanhp cothp

oo | L3 4 5 4 | 2 3 5

2 4 5 4 3 1 5 3
seellary tanoc  CcosO - secO  Coto sino " csco
p L H Apes ,
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Fig. 5.10 CW cosmic speedometer.

Geometry of Lorentz boost of counter-propagating waves.

~sinh p=tan

Sin tanh p=sin
c=1
k
.' sinh p e
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[ Physical Terms ) LA -3) ( Controls )
Energy (E)
factor= b = 2.000 = . -d).(-)'rdmate angle v=atan(u/c)

t factor = = 0.500 e N
64° )

- Stellar aberration angle o-asm(u/c)
= > | Momentum ¥

[ Show ) J - * e DR - o ) ST <
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y Below axis ¢ '\ \'a.\ ,
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dth= 2 BN .
M . ¢ amiltonian
pns: [ Rapidity & Sigma 3 ) | N ’ H( ) = Beo Q)
o Rest Energy ~ - B
[ Auto :) B = TJ / D . )
, -Lagrangian
 Angles (A1 3) -L(u) = Bsech(p)
lircle @ p-Circle ¥ L-Circle @ Y, '
lircle ¥ B-Arc ¥ o-Arc @
Crewrn ) '.
\/ i Group Velocity
. p-circle u/c = Btanh(Q)
b-circle
DeBroglie Wavelength Phase Velocity
/e = Besch(p) : c/u = Beoth(p)
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