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Symmetry group & =U(2) representations, 2D HO Hamiltonian H=#w.sastas operators,
2D HO wave eigenfunctions Wy m, and coherent [o] states

*Vactoring 2D-HO Hamiltonian H= %(Plz + X12)+ (X1X; +PiP2 )+ C(X(Py —X,P )+ g(P% + x%)

2D-Oscillator basic states and operations
Commutation relations Mostly
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry Notation
Anti-commutation relations and o
. : : Bookkeeping :
Two-dimensional (or 2-particle) base states: ket-kets and bra-bras
Outer product arrays
Entangled 2-particle states
Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states and related 3D angular momentum multiplets
R(3) Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operators S;and S.

SU(2)CU(2) oscillators vs. R(3)CO(3) rotors



AMORP r ef erence links (Updated list given on 2nd page of each class presentation)

2014 AMOP
Web Resources - front page

2017 Group Theory for QM
UAF Physics UTube channel

2018 AMOP

Frame Transformation Relations And Multipole Transitions In Symmetric Polyatomic Molecules - RMP-1978 (Alt Scanned version)

Rotational energy surfaces and high- J eigenvalue structure of polyatomic molecules - Harter - Patterson - 1984

Galloping waves and their relativistic properties - ajp-1985-Harter

Asymptotic eigensolutions of fourth and sixth rank octahedral tensor operators - Harter-Patterson-JMP-1979

Nuclear spin weights and gas phase spectral structure of 12C60 and 13C60 buckminsterfullerene -Harter-Reimer-Cpl-1992 - (Alt1, Alt2 Erratum)

Theory of hyperfine and superfine levels in symmetric polyatomic molecules.

) Trigonal and tetrahedral molecules: Elementary spin-1/2 cases in vibronic ground states - PRA-1979-Harter-Patterson (Alt scan)

ll) Elementary cases in octahedral hexafluoride molecules - Harter-PRA-1981 (Alt scan)
Rotation-vibration scalar coupling zeta coefficients and spectroscopic band shapes of buckminsterfullerene - Weeks-Harter-CPL-1991 (Alt scan)
Fullerene symmetry reduction and rotational level fine structure/ the Buckyball isotopomer 12C 13C59 - jcp-Reimer-Harter-1997 (HiRez)
Molecular Eigensolution Symmetry Analysis and Fine Structure - IUMS-harter-mitchell-2013

Rotation—vibration spectra of icosahedral molecules.
l) lcosahedral symmetry analysis and fine structure - harter-weeks-jcp-1989
ll) lcosahedral symmetry, vibrational eigenfrequencies, and normal modes of buckminsterfullerene - weeks-harter-jcp-1989
Il) Half-integral angular momentum - harter-reimer-jcp-1991

QTCA Unit 10 Ch 30 - 2013

AMOP Ch 32 Molecular Symmetry and Dynamics - 2019

AMOP Ch 0 Space-Time Symmetry - 2019

RESONANCE AND REVIVALS
) QUANTUM ROTOR AND INFINITE-WELL DYNAMICS - ISMSLi2012 (Talk) OSU knowledge Bank
Il) Comparing Half-integer Spin and Integer Spin - Alva-ISMS-Ohio2013-R777 (Talks)
[ll) Quantum Resonant Beats and Revivals in the Morse Oscillators and Rotors - (2013-Li-Diss)

Rovibrational Spectral Fine Structure Of Icosahedral Molecules - Cpl 1986 (Alt Scan)

Gas Phase Level Structure of C60 Buckyball and Derivatives Exhibiting Broken Icosahedral Symmetry - reimer-diss-1996
Resonance and Revivals in Quantum Rotors - Comparing Half-integer Spin and Integer Spin - Alva-ISMS-0hio2013-R777 (Talk)
Quantum Revivals of Morse Oscillators and Farey-Ford Geometry - Li-Harter-cpl-2013

Wave Node Dynamics and Revival Symmetry in Quantum Rotors - harter - jms - 2001

*In development - a Web based AMOP Reference page, with more options/control over display


https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/QTCA_PapersNTalks/Frame_Transform_Relat._RMP1978.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/Frame%20transformation%20relations%20and%20multipole%20transitions%20in%20symmetric%20polyatomic%20molecules%20-%20Scan%20-%20Frame_Transform_Relat._RMP1978.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/Rotational%20energy%20surfaces%20and%20high-%20J%20eigenvalue%20structure%20of%20polyatomic%20molecules%20-%20Harter%20-%20Patterson%20-%201984.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Galloping%20waves%20and%20their%20relativistic%20properties%20-%20ajp-1985-harter.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/Asymptotic%20eigensolutions%20of%20fourth%20and%20sixth%20rank%20octahedral%20tensor%20operators%20-Harter-Patterson-jmp-1979.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/CPLC60SpinWts%20HiRes%2bErrata.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/Nuclear%20spin%20weights%20and%20gas%20phase%20spectral%20structure%20of%2012C6oand%2013C60%20buckminsterfullerene%20-%20Reimer%20-%20harter1992.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/Nuclear%20spin%20weights%20and%20gas%20phase%20spectral%20structure%20of%2012C6oand%2013C60%20buckminsterfullerene%20-%20Erratum%20-%201-s2.0-000926149285077N-main.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20Trigonal%20and%20tetrahedral%20molecules%3a%20Elementary%20spin-1%3a2%20cases%20in%20vibronic%20ground%20states%20-%20pra%20-1979-Harter-Patterson.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/PRA%20Superhyp.I%20CF4.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20II.%20Elementary%20cases%20in%20octahedral%20hexafluoride%20molecules%20-%20Harter-PRA-1981.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/PRA%20Superhyp.II%20SF6.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/Rotation-vibration%20scalar%20coupling%20zeta%20coefficients%20and%20spectroscopic%20band%20shapes%20of%20buckminsterfullerene%20-%20weeks-harter-cpl-1991.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/CPLBzetaCoeff%20C60.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Fullerene%20symmetry%20reduction%20and%20rotational%20level%20fine%20structure%3a%20the%20Buckyball%20isotopomer%2012C%2013C59%20-%20jcp%20-%20reimer%20-%20harter%20-%201997.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/C60symmReduct%26fine%20structure12C13C59%20ReimerHarter1997hiRes.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/Molecular%20Eigensolution%20Symmetry%20Analysis%20and%20Fine%20Structure%20-%20IJMS-harter-mitchell-2013.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/Rotation%E2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20I.%20Icosahedral%20symmetry%20analysis%20and%20fine%20structure%20-%20harter-weeks-jcp-1989.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/Rotation%E2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20II.%20Icosahedral%20symmetry%2c%20vibrational%20eigenfrequencies%2c%20and%20normal%20modes%20of%20buckminsterfullerene%20-%20weeks-harter-jcp-1989.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/Rotation%E2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20III%20-%20Half-integral%20angular%20momentum%20-%20harter-reimer-jcp-1991.pdf
https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_10_Ch.30_2013.pdf
https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP%20Ch%2032%20MolSymm.pdf
https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP%20Ch%200%20SpaceTimeSymm.pdf
https://hosted.uark.edu/~modphys/pdfs/Talk_Pdfs/Resonance%20And%20Revivals%20%20I.%20Quantum%20Rotor%20And%20Infinite-Well%20Dynamics%20-%20Harter-Li-ISMS-Columbus-2012.pdf
https://kb.osu.edu/dspace/handle/1811/52324
https://hosted.uark.edu/~modphys/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/Quantum%20Resonant%20Beats%20and%20Revivals%20in%20the%20Morse%20Oscillators%20and%20Rotors%20-%202013-Li-Diss.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20harter%20-%20weeks%20-%20cpl%20-%201986.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20scan%20-%20RovibeIcosCPL132p387-392%281986%29.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/Gas%20Phase%20Level%20Structure%20of%20C60%20Buckyball%20and%20Derivatives%20Exhibiting%20Broken%20Icosahedral%20Symmetry%20-%20reimer-diss-1996.pdf
https://hosted.uark.edu/~modphys/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/Quantum%20Revivals%20of%20Morse%20Oscillators%20and%20Farey-Ford%20Geometry%20-%20Li-Harter-cpl-2013.pdf
https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/Wave%20Node%20Dynamics%20and%20Revival%20Symmetry%20in%20Quantum%20Rotors%20-%20harter%20-%20jms%20-%202001.pdf
https://hosted.uark.edu/~modphys/markup/Harter-SoftWebApps.html
https://hosted.uark.edu/~modphys/markup/QTCA_Info_2014.html
https://hosted.uark.edu/~modphys/markup/AMOP_Info_2018.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://hosted.uark.edu/~modphys/markup/GTQM_Info_2017.html
https://hosted.uark.edu/~modphys/markup/AMOP_References.html

Symmetry group &' =U(2) representations, 2D HO Hamiltonian H=#Aw.a4tas operators,
2D HO wave eigenfunctions Wy m, and coherent [o] states

» Factoring 2D-HO Hamiltonian H= %(pf + x12 ) + (x1x2 +piP; ) + C(X1P2 - X2P1)+ %(P% + X%)

2D-Oscillator basic states and operations é
Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry
Anti-commutation relations
Two-dimensional (or 2-particle) base states: ket-kets and bra-bras
Outer product arrays
Entangled 2-particle states
Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states and related 3D angular momentum multiplets
R(3) Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operators S;and S.

SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

Mostly
Notation

and
Bookkeeping :



2D-0Oscillator basic states and operations

First rewrite a classical 2-D Hamiltonian (Class-4 p16) with a thick-tip pen! (They’re operators now!)
The ABCD matrix from Class 4]

A D .
sz(pf+x12)+ (x1x2+p1p2)+C(x1p2—x2p1)+3(p§+x§) (e ( A beiC

(Mass factors VM, spring constants Kj;, and Planck 7 constants are absorbed into 4, 2, C, and D constants used in Class 4 t0 6.)

H21 H22 B+iC D



https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=16

2D-0Oscillator basic states and operations

First rewrite a classical 2-D Hamiltonian (Class-4 p16) with a thick-tip pen! (They’re operators now!)
The ABCD matrix from Class 4]

Al o 2 Do 2 Hy H A Beic
(Mass factors VM, spring constants Kj;, and Planck 7 constants are absorbed into 4, 2, C, and D constants used in Class 4 t0 6.)
Define a and a* operators

a; = (x;+ip)2 a’, = (x;-1p)"2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"\2

H21 H22 B+iC D

Each system dimension X; and Xz is assumed orthogonal, neither being constrained by the other.


https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=16

2D-0Oscillator basic states and operations

First rewrite a classical 2-D Hamiltonian (Class-4 p16) with a thick-tip pen! (They’re operators now!)

A D The ASCD matrix from Class 4
H=5(P1z+x12)+ (%%, +P1P2)+C(X1P2—X2P1)+E(P%+x%) @ g; zZ =( . ;C]
Define a and a* operators
a; = (X; +ip)A\2 a’; = (X, -1p))/\2 a, = (X, +1ip2)\2 a’, = (X, -1 p2)/\2
Solve for xx and pk operators
X = (an T a )/\/2 P = 1 (ai‘l -d; )/\/2 X, = (aTQ + a )/\/2 P> = 1 (ai‘z -d) )/\/2

Each system dimension X; and Xz is assumed orthogonal, neither being constrained by the other.


https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=16

Symmetry group &' =U(2) representations, 2D HO Hamiltonian H=#Aw.a4tas operators,
2D HO wave eigenfunctions Wy m, and coherent [o] states

Factoring 2D-HO Hamiltonian H= %(pf + x12 ) + (x1x2 +piP; ) + C(X1P2 - X2P1)+ %(P% + X%)

» 2D-Oscillator basic states and operations
Commutation relations é

Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Anti-commutation relations %sgtlzm
Two-dimensional (or 2-particle) base states: ket-kets and bra-bras

Outer product arrays Bookkeeping :
Entangled 2-particle states
Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states and related 3D angular momentum multiplets
R(3) Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operators S;and S.

SU(2)CU(2) oscillators vs. R(3)CO(3) rotors



2D-0Oscillator basic states and operations

First rewrite a classical 2-D Hamiltonian (Class-4 p16) with a thick-tip pen! (They’re operators now!)

A D The ASCD matrix from Class 4
H= E(rﬁ +X7 )+ 5(XX, + PP )+ C (X, —xzp1)+3(p% +X3) E . [ . ;’C]
Define a and a* operators
a; = (x;+ip)2 a’, = (x;-1p)"2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"\2
Define xx and pk operators
X = (an T a )/\/2 P = 1 (a.}‘l -d; )/\/2 X, = (aTQ + a )/\/2 P> = 1 (ai‘z -d) )/\/2

Each system dimension X; and Xz is assumed orthogonal, neither being constrained by the other.
This includes an axiom of inter-dimensional commutivity.

[ X/, P2l=0=[X>,p:], [a;,a",]=0=[a,,a'/]


https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=16

2D-0Oscillator basic states and operations

First rewrite a classical 2-D Hamiltonian (Class-4 p16) with a thick-tip pen! (They’re operators now!)

A D The ASCD matrix from Class 4
H=5(P1z+x12)+ (%%, +P1P2)+C(X1P2—X2P1)+E(P%+x%) @ g; zZ =( . ;C]
Define a and a* operators
a; = (X; +ip)A\2 a’; = (X, -1p))/\2 a, = (X, +1ip2)\2 a’, = (X, -1 p2)/\2
Solve for xx and pk operators
X = (an T a )/\/2 P = 1 (ai‘l -d; )/\/2 X, = (aTQ + a )/\/2 P> = 1 (ai‘z -d) )/\/2

Each system dimension X; and Xz is assumed orthogonal, neither being constrained by the other.
This includes an axiom of inter-dimensional commutivity.

[X;,P:]=0=[X,,p;], [a;,a";]=0=[a,,a]
Commutation relations within space-1 (x1) or space-2 (Xx2) space are those of a 1D-oscillator. Class-7

[ a,, aT]] =1, [a,, aTz] =1



https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=16

2D-0Oscillator basic states and operations

First rewrite a classical 2-D Hamiltonian (Class-4 p16) with a thick-tip pen! (They’re operators now!)

A D The ASCD matrix from Class 4
H=5(P1z+x12)+ (%%, +P1P2)+C(X1P2—X2P1)+E(P%+x%) @ Z; ZZ =( . ;C]
Define a and a* operators
a; = (X; +ip)A\2 a’; = (X, -1p))/\2 a, = (X, +1ip2)\2 a’, = (X, -1 p2)/\2
Solve for xx and pk operators
X = (an T a )/\/2 P = 1 (a.}‘l -d; )/\/2 X, = (aTQ + a )/\/2 P> = 1 (ai‘z -d) )/\/2

Each system dimension X; and Xz is assumed orthogonal, neither being constrained by the other.
This includes an axiom of inter-dimensional commutivity.

[X;,P:]=0=[X,,p;], [a;,a";]=0=[a,,a]
Commutation relations within space-1 (x1) or space-2 (X2) space are those of a 1D-oscillator.

[ a,, aTJ] =1, [a,, aTz] =1

This applies in general to N-dimensional oscillator problems.

([ ama an] = aman - anam — 0) ([ ama aTn] = amaTn - aTnam: 8mn.l) ([ aera aTn] = aTmaJrn - aTnaTm: 0)



https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=16

2D-0Oscillator basic states and operations

First rewrite a classical 2-D Hamiltonian (Class-4 p16) with a thick-tip pen! (They’re operators now!)

A D The ASCD matrix from Class 4
H=5(P1z+x12)+ (%%, +P1P2)+C(X1P2—X2P1)+E(P%+x%) @ Z; ZZ =( . ;C]
Define a and a* operators
a; = (X; +ip)A\2 a’; = (X, -1p))/\2 a, = (X, +1ip2)\2 a’, = (X, -1 p2)/\2
Solve for xx and pk operators
X = (an T a )/\/2 P = 1 (a.}‘l -d; )/\/2 X, = (aTQ + a )/\/2 P> = 1 (ai‘z -d) )/\/2

Each system dimension X; and Xz is assumed orthogonal, neither being constrained by the other.
This includes an axiom of inter-dimensional commutivity.

[X;,P:]=0=[X,,p;], [a;,a";]=0=[a,,a]
Commutation relations within space-1 (x1) or space-2 (X2) space are those of a 1D-oscillator.

[ a,, aTJ] =1, [a,, aTz] =1

This applies in general to N-dimensional oscillator problems.

([ ama an] = aman - anam — 0) ([ ama aTn] = amaTn - aTnam: an.l) ([ aera aTn] = aTmaJrn - aTnaTm: 0)

New symmetrized a',a, operators replace the old ket-bras |m)n| that define[semi-classical H matrix.
H=H11(a1fa1+1/2)+ Hala, :A(a}La1+1/2)+( ~iC)aja, ( R
| Beic D

H;, Hp
Hy Hy

+H,aa, +Ho, (aga2 +1/ 2) +(B+iC)aba, + D(aga2 +1/ 2)



https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=16

2D-0Oscillator basic states and operations

First rewrite a classical 2-D Hamiltonian (Class-4 p16) with a thick-tip pen! (They’re operators now!)

A D The ASCD matrix from Class 4
H=5(P1z+x12)+ (%%, +P1P2)+C(X1P2—X2P1)+E(P%+x%) @ Z; ZZ =( . ;C]
Define a and a* operators
a; = (X; +ip)A\2 a’; = (X, -1p))/\2 a, = (X, +1ip2)\2 a’, = (X, -1 p2)/\2
Solve for xx and pk operators
X = (an T a )/\/2 P = 1 (a.}‘l -d; )/\/2 X, = (aTQ + a )/\/2 P> = 1 (ai‘z -d) )/\/2

Each system dimension X; and Xz is assumed orthogonal, neither being constrained by the other.
This includes an axiom of inter-dimensional commutivity.

[X;,P:]=0=[X,,p;], [a;,a";]=0=[a,,a]
Commutation relations within space-1 (x1) or space-2 (X2) space are those of a 1D-oscillator.

[ a,, aTJ] =1, [a,, aTz] =1

This applies in general to N-dimensional oscillator problems.

([ ama an] = aman - anam — 0) ([ ama aTn] = amaTn - aTnam: 8mn.l) ([ aera aTn] = aTmaJrn - aTnaTm: 0)

New symmetrized a',a, operators replace the old ket-bras |m)n| that define[semi-classical H matrix.
H=H11(a1fa1+1/2)+ Hala, :A(a}La1+1/2)+( ~iC)aja, ( R
| Beic D

H;, Hp
Hy Hy

+H,aa, +Ho, (aga2 +1/ 2) +(B+iC)aba, + D(aga2 +1/ 2)

Both are elementary "place-holders" for parameters H,,, or A, 5+iC, and D.

| m){n| a(afnan +anafn)/2:afnan +8,,,1/2


https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=16

Operator arithmetic detailed:

aa, =f(x1 +ip1)f( lp1)=%( +p; —i(X,p, —P,X, )) %(Xlz +P; +%1)

a,a; %(X ‘sz)\/lg( lp2)=%(X§+p§—i(X2p2—p2 ))=%(X§+p§+%1)

_ 1 T T 1 Tal T T
X X, _T( +a )J_(a2+a2)—5(aa +a'a,+aa +aa)
T ; T Tt T T
PP, = [( al)f(az—az) (aa alaz—ala2+alaz)
T T T T
X, X, +p,p,=(a,a,+aa,)=(aa,+a,a,)
_ 1 T j _ T
lez‘T(a +a )T( )— g(alaz—aa +a,al—aa )
1 T _ =i T _
-X,p, = T( al +a, )T( )— 2’(3 a +a,a —aa, azal)

X,p, -X,p, =-ia a,+ia,a))=-ia'a,+iala,

Weird 2D HO Hamiltonian cooked up to match U(2) quagtum H-equation with classical K-equation
H= > (P1 T X )+ (%1%, +P1P2 )+ C(XP2 — X,y )+ E(Pz "‘Xz)

New symmetrized a¥,a, operators replace the old ket-bras |m)n| that define[semi-classical H matrix.
H=H,, (afa1 + 1/2)+ Hala, = A(afa1 +1/2)+( ~iC)aja,

A -iC
+iC D

Hy, Hj,
Hy, Hy

+H,aa, + H, (aga2 +1/ 2) +(B+iC)aba, + D(aga2 +1/ 2)



https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=10

Symmetry group &' =U(2) representations, 2D HO Hamiltonian H=#Aw.a4tas operators,
2D HO wave eigenfunctions Wy m, and coherent [o] states
Factoring 2D-HO Hamiltonian H= %(pf +X; ) + (X X5 +PyP2 )+ C(X,py — X,P; ) + g(p% + x%)
2D-Oscillator basic states and operations

Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry é

Anti-commutation relations yg’;ttllyo .
Two-dimensional (or 2-particle) base states: ket-kets and bra-bras and
Outer product arrays Bookkeeping

Entangled 2-particle states
Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states and related 3D angular momentum multiplets
R(3) Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operators Sy and S.

SU(2)CU(2) oscillators vs. R(3)CO(3) rotors



Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Commutivity 1s known as Bose symmetry. Bose and Einstein discovered this symmetry of light quanta.
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(a,, a',) operators called Boson operators create or destroy quanta or "particles" known as Bosons.

If a¥,, raises electromagnetic mode quantum number m to m~+1 it is said to create a photon.
If a¥,, raises crystal vibration mode quantum number m to m+1 it is said to create a phonon.

If a',, raises liquid “He rotational quantum number m to m+1 it is said to create a roton.

Anti-commutivity 1s named Fermi-Dirac symmetry or anti-symmetry. It 1s found 1n electron waves.

Fermi operators (C,,,C,) are defined to create Fermions and use anti-commutators {A,B} = AB+BA.
{e..Ci}=cC,C,+c,C,~0 {enc’ii=c,c’,+e',e,=3,,1 {c’,c’y=c’,c’+c’c’, =0

Fermi ¢, has a rigid birth-control policy; they are allowed just one Fermion or else, none at all.
Creating two Fermions of the same type 1s punished by death. This 1s because x=-x implies x=0.
¢’ch, 100=-¢c',ch [0)=0
That no two indistinguishable Fermions can be in the same state, 1s called the Pauli exclusion principle.
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Must ask a perennial modern question: "How are these structures stored in a computer program?"
The usual answer 1s 1n outer product or tensor arrays. Next pages show sketches of these objects.
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Entangled 2-particle states (Analogy with matrix array)

A matrix operator M is rarely a single nilpotent operator |1){2| or idempotent |1){1].

A two-particle state |V) is rarely a single outer product [ )|¥,) of 1-particle states |¥;) and |¥)).
(Even rarer is [¥)|¥;).)

ANALOGQGY: non
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Entangled 2-particle states (Analogy with matrix array)

A matrix operator M is rarely a single nilpotent operator |1){2| or idempotent |1){1].

A two-particle state |V) is rarely a single outer product [ )|¥,) of 1-particle states |¥;) and |¥)).
(Even rarer is [¥)|¥;).)

ANALOGY: -

A general n-by-n matrix M operator is a combination of n? terms: M= X ¥ M ik
j=lk=1 7
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So a general two-particle state [¥') is a combination of entangled products: “P>=ZZI// ik Y ]>‘ ‘Pk>
. k 5



Entangled 2-particle states (Analogy with matrix array)

A matrix operator M is rarely a single nilpotent operator |1){2| or idempotent |1){1].

A two-particle state |V) is rarely a single outer product [ )|¥,) of 1-particle states |¥;) and |¥)).
(Even rarer is [¥)|¥;).)

ANALOGQGY: non

A general n-by-n matrix M operator is a combination of n? terms: M= X ¥ M ik
j=lk=1 7

)k

n
..that might be diagonalized to a combination of n projectors: M= X ,ue‘ e><e‘
e=1

So a general two-particle state [¥') is a combination of entangled products: “P>=ZZI// ik Y ]>‘ ‘Pk>

Jjk

...that might be de-entangled to a combination of n terms: “P>=Z¢e‘(ﬂe>‘ (,De>
e



Symmetry group &' =U(2) representations, 2D HO Hamiltonian H=#Aw.a4tas operators,
2D HO wave eigenfunctions Wy m, and coherent [o] states
Factoring 2D-HO Hamiltonian H= %(pf +X; ) + (X X5 +PyP2 )+ C(X,py — X,P; ) + g(p% + x%)
2D-Oscillator basic states and operations

Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Anti-commutation relations %;Sﬁz) .
Two-dimensional (or 2-particle) base states: ket-kets and bra-bras and
Outer product arrays Bookkeeping :

Entangled 2-particle states
Two-particle (or 2-dimensional) matrix operators é
U(2) Hamiltonian and irreducible representations
2D-Oscillator states and related 3D angular momentum multiplets
R(3) Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operators Sy and S.

SU(2)CU(2) oscillators vs. R(3)CO(3) rotors



Two-particle (or 2-dimensional) matrix operators

When 2-particle operator ax acts on a 2-particle state, ax "finds" its type-k state but 1ignores the others.

aﬂnlnz :aﬂnl |n2 =\/n + |n1+1n2 a§|nln2>=|nl>a§|n2 :\/n2+ |n1 n2+1>
a1|n1n2 a1|n1 nz \/7|n1 1n2 a2|nln2>—|nl a2|n2 \/7|n1n2

ai"finds" its type-1 ax"finds" its type-2



Two-particle (or 2-dimensional) matrix operators

When 2-particle operator ax acts on a 2-particle state, ax "finds" its type-k state but 1ignores the others.

aﬂnlnz :aﬂnl |n2 =\/n + |n1+1n2 a§|nln2>=|nl>a§|n2 :\/n2+ |n1 n2+1>
a1|n1n2 a1|n1 nz \/7|n1 1n2 a2|nln2>—|nl a2|n2 \/7|n1 Ny —
a;"finds" its type-1 ax"'finds" its type-2

General definition of the 2D oscillator base state.

e,

iy ) = PP
nl.nz.




Two-particle (or 2-dimensional) matrix operators

When 2-particle operator ax acts on a 2-particle state, ax "finds" its type-k state but 1ignores the others.

af|nln2>:af|nl>|n2>:\/nl+1|n1+1n2> a§|nln2>=|nl>a§|n2>:«/n2+1|n1 ny +1> Chegncijam"frzm(iisisc“]
al|nln2>:a1|nl>|n2>:\/a|nl—1n2> a2|nln2>=|nl>a2|n2>:\/a|nl n2—1> | Hy Hy =( B+iC D
ai"finds" its type-1 ax"finds" its type-2

General definition of the 2D oscillator base state.

|nln2>:(af/)m‘(73§')nz|00> H:Hll(afa1+1/2)+ leafa2
nin,!

The a,,'a, combinations in the 42CD Hamiltonian H have fairly simple matrix elements.

+Hyaa; + Hy, (aga2 +1/ 2)

H = A(aira1 +1/2)+( —iC)aja,

+(z+iC)aba, + D(aga2 + 1/2)



Two-particle (or 2-dimensional) matrix operators
When 2-particle operator ak acts on a 2-particle state, ax "finds" its type-k state but 1ignores the others.
aﬂ”l”Z :aﬂ”ll ) na)=m +1|n +1ny) az|”1”2>—|”1 a2|n2 =4y +1 |”1 ny +1) CheA CDmatrinmmClas.M]
H

| Hu Hp _( A -iC
al|n1n2 al|n1 ”lz \/7|n1 li’lz 32|I’lln2> —|n1 a2|n2 =.\/n |n1 ny — | Hy Hy | | B4ic D
ai"finds" its type-1 ax"finds" its type-2

General definition of the 2D oscillator base state.

|nln2>:(af/)m‘(73§')nz|00> H:Hll(afa1+1/2)+ leafa2
nin,!

The a,,'a, combinations in the 42CD Hamiltonian H have fairly simple matrix elements.

+Hyaa; + Hy, (aga2 +1/ 2)

H = A(afa1 +1/2)+( —iC)aja,

a{fal |n1n2> = n1|n1 n2> aifa2|n1n2> = \/nl +1\/n2 |n1 +1n, —1>

a§a1 |n1n2> = \/nl \/nz +1|n1 —1n, +1> a§a2|nln2> = n2|n1 n2>

+(z+iC)aba, + D(aga2 + 1/2)



Two-particle (or 2-dimensional) matrix operators
When 2-particle operator ax acts on a 2-particle state, ax "finds" its type-k state but 1ignores the others.
af|nln2>:af|nl>|n2>:\/nl+1|n1+1n2> a§|nln2>=|n1>a§|n2>:«/n2+1|n1 n, +1> CheA CDmatrinmmClaSS“]

Hy Hp | | A -iC
ay ) =ay|m)|ny) = Jn |n —1ny) as|mny ) =|m)ay|ny) = Jny | my ny 1) ( He P

Hy Hy
ai"finds" its type-1 ax"finds" its type-2

General definition of the 2D oscillator base state.

(a-l{-)n1 (a; )l’lz H = Hll (a}-al + 1 / 2)+ lea}-az
|I’l1n2>: |0 0>
v ing! +H,,ata, +H22(a§a2 +1/2)

The a,,'a, combinations in the 42CD Hamiltonian H have fairly simple matrix elements.

H = A(afa1 +1/2)+( —iC)aja,

a}La1|nln2>=nl|nl n2> aifa2|n1n2>=\/n1+1\/n2|nl+1n2—1> ) . 1
+iC)ala +D(a a,+ /2)
a§a1|n1n2>=\/nl\/n2+l|n1—1n2 +1> a§a2|nln2>=n2|nl n2> +( l ) 271 272
00) |o1) 02) | |10) 1) 12) ‘ 120) 21) 22)
(0of | 0 "Little-Endian" indexing
(01] D (..01,02,03..10,11,12,13 ...
<02| 2D 20,21,22,23,...)
(10
(11

(H)=A(1/2)+ D(1/2)+ (2]




Two-particle (or 2-dimensional) matrix operators
When 2-particle operator ak acts on a 2-particle state, ax "finds" its type-k state but 1ignores the others.
aﬂnlnz aﬂnl n2 =\/n + |n1 +1n2 a2|nln2> —|n1 a2|n2 =N, + |n1 n, +1 CheA ¢ matrix from Class 4 4]
H

| Hu Hp _( A -iC
a | ”1”2 =a; | m nz \/7|n1 1 i’lz 32|I’Lln2> —|n1 a2|n2 =.\/n |n1 ny — | Hy Hy | | B4ic D
ai"finds" its type-1 ax"finds" its type-2

General definition of the 2D oscillator base state.

(a-l{-)nl (a;)n2 H = Hll (a}-al + 1 / 2) + lea}-az
|I’l1n2> = |0 0>
v ing! +H,,ata, +H22(a§a2 +1/2)

The a,,'a, combinations in the 42CD Hamiltonian H have fairly simple matrix elements.

H = A(afa1 +1/2)+( —iC)aja,

i _ T _
aja; |mmy)=n|n ny) aja,|nyny) =\ +1yny |ny +1ny - 1) (5 +iC)al :
+ B + B +( 5 +iC a2a1+D(a2a2+1/2)
aja, |nyny ) = \Jny \Jny +1]m —1ny +1) aya,|mny) = my|ny ny)
|00) |O1) 102) | [10) 111) 12) 20) 121) 122)
(0of | 0 "Little-Endian" indexing
{01 D o | B+iC : (..01,02,03..10,11,12,13 ...
(02] 2D 2 (5+iC) . 20,21,22,23,...)
ol | - —iC A
(11 . 2(B=iC) - A+D
(H)=A(1/2)+ D(/2)+ (12 . A+2D
(20|
(21]

(22



Two-particle (or 2-dimensional) matrix operators

When 2-particle operator ak acts on a 2-particle state, ax "finds" its type-k state but 1ignores the others.
aI|n1n2> aﬂl’ll n2 1/}’Ll |n1—|—1n2 a2|n1n2>_|n1 a2|n2 /n2_|_ |n1 n2+1 CheA CDmatrixfromClass4]
H

Hy Hy =( A -iC
a1|n1n2> al|n1 n2 \/7|n1 li’lz a2|n17’l2>—|l’l1 az|7’l2 \/7|I’L1 ny, — +iC D

| Hy Hy
ai"finds" its type-1 ax"finds" its type-2

General definition of the 2D oscillator base state.

(a-l{-)nl (a;)n2 H = Hll (a}-al + 1 / 2) + lea}-az
|I’l1n2> = |0 0>
v ing! +H,,ata, +H22(a§a2 +1/2)

The a,,'a, combinations in the 42CD Hamiltonian H have fairly simple matrix elements.

H = A(afa1 +1/2)+( —iC)aja,

T _ T _
aja; |mmy)=n|n ny) aja,|nyny) =\ +1yny |ny +1ny - 1) (5 +iC)al :
+ B + B +( 5 +iC a2a1+D(a2a2+1/2)
aja, |nyny ) = \Jny \Jny +1]m —1ny +1) aya,|mny) = my|ny ny)
|00) |O1) 102) | [10) 111) 12) 20) 121) 122)
(0of | 0 "Little-Endian" indexing
(01] D oo | B+iC : (...01,02:03..10,11,12,13 ...
(02 on J2(5+iC) | 20,21,22,23,...)
<1()| . —iC A .
(11] . 2(B-ic) - A+D | V2(B+iC)
(H)=A(1/2)+ D(/2)+ (2] | AioD JA(5+iC)
(20| . 2(B=iC) 2A
(21] : Ja(B-ic) - 2A+D

(22| : 2A+2D .-



Symmetry group &' =U(2) representations, 2D HO Hamiltonian H=#Aw.a4tas operators,
2D HO wave eigenfunctions Wy m, and coherent [o] states
Factoring 2D-HO Hamiltonian H= %(pf +X; ) + (X X5 +PyP2 )+ C(X,py — X,P; ) + g(p% + x%)
2D-Oscillator basic states and operations

Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Anti-commutation relations %;Sﬁz) .
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Outer product arrays Bookkeeping :

Entangled 2-particle states
Two-particle (or 2-dimensional) matrix operators
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2D-Oscillator states and related 3D angular momentum multiplets
R(3) Angular momentum generators by U(2) analysis
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SU(2)CU(2) oscillators vs. R(3)CO(3) rotors



U(2)-2D-HO Hamiltonian and irreducible representations

H=

A(aja+172)+(1-iC)ala,

+( +iC)a§al+D(a§a2+1/2)

(H)y=A(1/2)+ D(/2)+

aIal nmny ”1‘ ”1”2>

\/7 1+l | n—1 n2+1

)=
aEal ”1”2>
)

aIaz mny \/l’l1+1 \/l’lz

a§a2| mny >:l’l2‘ n1n2>

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...

n1+1 n2—1>

20,21,22,23,...)
|00) |O1) 02) 10) 111) 12) 20) 121) 122)

(00[ | 0

(o1] D +iC :

(02 \ 2D V2(B+iC)

(1o | - —iC\ N :

(11] . 2(B-ic) - A+D | N2(B+iC) :

(12] Example A+2D Ja(B+iC)

(20| aIa2|02 _FJ_0+12—1 —J_|11 J2(5-iC) 2A

(21 aa2|n1n2 Y=fn |y ny—1) Va(r-ic) 2A+D

(22| -

Rearrangement of rows and columns brings the matrix to a block-diagonal form.

(Base states |n;)|n,) with the same total quantum number v=n; + n, define each block. )

2A+2D .-



U(2)-2D-HO Hamiltonian and irreducible representations

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...
20,21,22,23,...)

H= |00) |01) 02) |10) |11) |12) |20) |21) |22)
A(aja+172)+(1-iC)ala, 000
(o1] D +iC :
+( +iC)a§a1+D(a§a2+1/2) (02 \ 2D V2(B+iC)
<1()| . —iC\ A .
(H)=AQ1/2)+DA/2)+ (11 . 2(B-iC) A+D | N2(B+iC) -
(12| Example A+2D Ja(B+iC)
airal n1n2>:l’l1‘ n1n2> T : : :
a§a1 mmy )=\ n-nyt) 20 alazloz —F N = RS 24
2| T j=\ iy g Tl =l _ AL o
aza2|n1n2> l’lz‘l’lli’l2> . .

Group reorganized

CBase states |n)|n,) with the same total quant/m number v=n, + n, define each block )

"Little-Endian" indexing
(...01,02,03..10,11,12,13

20,21,22,23,...)
|00) | [01)  [10) 102) /|11 120) |03) 12) |21) |30)
(00 | O | Vacuum (v=0)
(01 D +iC |  Fundamental (Vv=1)
(10| —iC A vibratjonal sub-space
(02| 2D j V2(B+iC)
(H)=A1/2)+ DA+ (1] G(i-ic)  asp  a(peic)| Overtone (V=2)
vibrational sub-space
(20| V2(5-iC) 24 <
(03 3D V3(B+iC) Overtone
(12| V3(5-iC)  A+2D  J4(B+iC) (v=3)
(21] Ja(5-ic) 24+D  +3(r+ic)| Vvibrational
(30| J3(5—iC) U sub-space
H = A(afa, +1/2 ED ¥ 1/2 Y P TN =A+D(n+n +1)+——(m —m,)
= (alal + )+ (3232 + ) mn, 1 > 2 9 1 2 1 2



Symmetry group &' =U(2) representations, 2D HO Hamiltonian H=#Aw.a4tas operators,
2D HO wave eigenfunctions Wy m, and coherent [o] states
Factoring 2D-HO Hamiltonian H= %(pf +X; ) + (X X5 +PyP2 )+ C(X,py — X,P; ) + g(p% + x%)
2D-Oscillator basic states and operations

Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Anti-commutation relations %;Sﬁz) .
Two-dimensional (or 2-particle) base states: ket-kets and bra-bras and
Outer product arrays Bookkeeping :

Entangled 2-particle states
Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator Statesé related 3D angular momentum multiplets
R(3) Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operators Sy and S.

SU(2)CU(2) oscillators vs. R(3)CO(3) rotors



2D-Oscillator states

Fundamental eigenstates I G Lo) o) )
Fundamenta .
The first step is to diagonalize the fundamental 2-by-2 matrix . - B 21’0 S
0,1 +iC D

Group reorganized "Big-Endian" indexing
(...00,10,20..01,11,21,31 ...02,12,22,32...)



2D-Oscillator states

Fundamental eigenstates L Lo oy |
. . . . Fundamental _ .
The first step is to diagonalize the fundamental 2-by-2 matrix . - B 21’0: A T
0,1 +iC D
Recall decomposition of H (Class-4 p16) Oroup teorganized "Big-Endian” indexing

(...00,10,20..01,11,21,31 ...02,12,22,32...)

Pl el O =0 Loy b 0L
0 )2 i 0 )2 0 -1 )2

A. —iC +A+D1=(A+D) 10 +2
+iC D 2 0 1

—_ O


https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=16

2D-Oscillator states

Fundamental eigenstates n.my

Class.4 p71-75

v=1

The first step is to diagonalize the fundamental 2-by-2 matrix . (HYZ " = (1.0

1.0) ]0.1)
A —iC
0,1 | B+iC D

Recall decomposition of H (Class-4 p16)

A =G APy ) DO i O L b o] O L b0 L
+iC D 2 0 1 10 )2 i 0 )2 0 -1 )2

in terms of Jordan-Pauli spin operators.

H=0Q,1+QeS=Q,1+Q,S,+Q S +Q,S, (ABC Optical vector notation)
=Qy1+Q. S, +Q,S, +Q,S, (XYZ Electron spin notation)

_|_

A+D
2

1

Group reorganized "Big-Endian" indexing
(...00,10,20..01,11,21,31 ...02,12,22,32...)


https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=16
https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=72

2D-Oscillator states

Fundamental eigenstates L Lo oy |
. . . . Fundamental _ .
The first step is to diagonalize the fundamental 2-by-2 matrix . - B 21’0: A T
0,1 +iC D
Recall decomposition of H (Class-4 p16) Oroup teorganized "Big-Endian” indexing

(...00,10,20..01,11,21,31 ...02,12,22,32...)

[ A Bl )+A+D1= (A+D)( Lo ]+2 L 01 jl +2C[ 0 - jl+(A—D)( Lo ]1
+iC D 2 0 1 I 0 )2 i 0 )2 0 -1 )2
in terms of Jordan-Pauli spin operators.

H=0Q,1+QeS=Q,1+Q,S,+Q S +Q,S, (ABC Optical vector notation)
=Qy1+Q. S, +Q,S, +Q,S, (XYZ Electron spin notation)

Frequency eigenvalues w. of H-Qy1/2 and fundamental transition frequency {2 = m; - ®_ :

L QuEQ  A+DE(28P+(20) +(A= DY _A+D+\/(A—Dj2+ 2, 2
B 2

. =
+ 2 2 2

Polar angles (¢,9) of +£2-vector (or polar angles (¢,9%m) of —{2-vector) gives H eigenvectors.

_; _; ), A-D ..
97 cos 2 —e™" "% sin— cos=—— Finding
2 2 Q .
o, )= | 9 lo_)= | 9 where: - - eigenvectors
92 sina 92 cos— tangQ = — Class 5 p72


https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=16
https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-5-1.29.18.pdf#page=72

2D-Oscillator states

Fundamental eigenstates L Lo oy |
. . . . Fundamental _ .
The first step is to diagonalize the fundamental 2-by-2 matrix . - B 21’0: A T
0,1 +iC D
Recall decomposition of H (Class-4 p16) Oroup teorganized "Big-Endian” indexing

(...00,10,20..01,11,21,31 ...02,12,22,32...)

[ A Bl )+A+D1= (A+D)( Lo ]+2 L 01 jl +2C[ 0 - jl+(A—D)( Lo ]1
+iC D 2 0 1 I 0 )2 i 0 )2 0 -1 )2
in terms of Jordan-Pauli spin operators.

H=0Q,1+QeS=Q,1+Q,S,+Q S +Q,S, (ABC Optical vector notation)
=Qy1+Q. S, +Q,S, +Q,S, (XYZ Electron spin notation)

Frequency eigenvalues w. of H-Qy1/2 and fundamental transition frequency {2 = m; - ®_ :

_QOiQ_A+Di\/(2 ) +(2C)* +(A-DY _A+D+\/(A_Dj2+ 2 o2
B 2

a)_
+ 2 2 2

Polar angles (¢,9) of +£2-vector (or polar angles (¢,9%m) of —{2-vector) gives H eigenvectors.

i i : A-D Ny
e P2 cosg —e T s1n§ cosz‘/‘:? Finding
|, )= )= where: 1 eigenvectors
ipr2 . U g2 U _C
e sin e cos— tang = Class 5 p72

More important for the general solution, are the eigen-creation operators aT+ and aT- defined by

_ (% 0 . U i .U : %
al =e 02 (cosgaf+e’¢ smgag) . a =92 (—smaair+e’q’ cosaag)


https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=16
https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-5-1.29.18.pdf#page=72

2D-Oscillator states

Fundamental eigenstates L Lo oy |
. . . . Fundamental _ .
The first step is to diagonalize the fundamental 2-by-2 matrix . - B 21’0: A T
0,1 +iC D
Recall decomposition of H (Class-4 p16) Oroup teorganized "Big-Endian” indexing

(...00,10,20..01,11,21,31 ...02,12,22,32...)

[ A Bl )+A+D1= (A+D)( Lo ]+2 L 01 jl +2C[ 0 - jl+(A—D)( Lo ]1
+iC D 2 0 1 I 0 )2 i 0 )2 0 -1 )2
in terms of Jordan-Pauli spin operators.

H=0Q,1+QeS=Q,1+Q,S,+Q S +Q,S, (ABC Optical vector notation)
=Qy1+Q. S, +Q,S, +Q,S, (XYZ Electron spin notation)

Frequency eigenvalues w. of H-Qy1/2 and fundamental transition frequency {2 = m; - ®_ :

_QOiQ_A+Di\/(2 ) +(2C)* +(A-DY _A+D+\/(A_Dj2+ 2 o2
B 2

a)_
+ 2 2 2

Polar angles (¢,9) of +£2-vector (or polar angles (¢,9%m) of —{2-vector) gives H eigenvectors.

i i : A-D Ny
e P2 cosg —e T s1n§ cosz‘/‘:? Finding
|, )= )= where: 1 eigenvectors
ipr2 . U g2 U _C
e sin e cos— tang = Class 5 p72

More important for the general solution, are the eigen-creation operators aT+ and aT- defined by
_ (% 0 . U _- .U : %
al =e 02 (cosgaf +e'? smgag) . a =92 (—smaair +e'? cosaag)

create H eigenstates directly from the ground state.
al[0)=l,) . a’[0)=]w)


https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=16
https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-5-1.29.18.pdf#page=72

2D-Oscillator states Group it
Setting (#=0=C) and (4=, ) and (D=w_) gives diagonal block matrices. Lite-Endian" indexing

(..01,02,03..10,11,12,13 ...
|00) | |01) [10)|]02)  |11)  |20) | |03) 12) 21)  [30) ] --- 20,21,22,23,...)
(00| | 0

{
(10 o. (28 +(20) +(A-D)
<02| 20 b

11| O, +0

(H)=A1/2)+ D(1/2)+ <
20| 20
03| 3w

<
<
(12| o, +20_
<
<

21| 20, +@_
30| 30

H" = A(afa1 +1/2)+D(a§a2 +1/2)



2D-Oscillator states

Setting (7=0=C) and (A=, ) and (D=w_) gives diagonal block matrices.

00)

o1) [10)

02)

1)

120)

03)

12)

21)

|30>

(00| 0

<H>:A(1/2)+D(1/2)+<11|

20

()]

+ 0

20

Group reorganized
"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...
20,21,22,23,...)

(28 +(20) +(A-D)

=A-D

RI0N

o, +20_

20, +o_

3w

H" = A(afa1 +1/2)+D(a§a2 +1/2)

nn,

2 2

1

_A+D

(n1+n2+1)+A_D

(”1—”2)



2D-Oscillator states

Setting (7=0=C) and (A=, ) and (D=w_) gives diagonal block matrices.

00)

o1) [10)

02)

1)

120)

03)

12)

21)

|30>

(00| 0

<H>:A(1/2)+D(1/2)+<11|

20

()]

+ 0

20

Group reorganized
"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...
20,21,22,23,...)

(28 +(20) +(A-D)

=A-D

RI0N

o, +20_

20, +o_

3w

H" = A(afa1 +1/2)+D(a§a2 +1/2)

A
nn,

1

1

)

_A+D

(n1+n2+1)+A_D

(”1—”2)



2D-Oscillator states Group it
Setting (#=0=C) and (4=, ) and (D=w_) gives diagonal block matrices. Lite-Endian" indexing

(...01,02,03..10,11,12,13 ...

|00) | [01) [10)[]02) |11}  |20)||03)  |12) 21)  [30) ] - 20,21,22,23,.)
v =n; +n,=0 block {00 0
<01| 60_‘ a)+—a)_:Q
U=ty block (o o, e+ r(am D)
<O2| 20)_ < =A-D
<H>:A(1/2)+D(1/2)+ <11| 0, +0_ U=n1+n2=2block
(20| 20,
(03 3w_
<12| o, +20_ «
(21] YW 4+ v =n, +n,=3block
(30] 3w,
1 1y A+D A-D
H” = A(afa1 +1/2)+D(a§a2 +1/2) g;‘lnz =A(n1 +5)+D(n2 +5): : () +1y +1)+ . () —my)

:Qo(nl+n2+1)+%(n1—n2)=§20(v+1)+§2m

Define fotal quantum number v=2j and half-difference or asymmetry quantum number m
n —n
1 2

_ ._n1+n2_1) m =



ZD_OSCillatOI/. StateS Group reorganized

Setting (5=0=C) and (A=, ) and (D=w_) gives diagonal block matrices. ey
=0 00) [[01) |10){]02)  [11)  [20) [|03)  |12) 21)  [30) ] - 20,21,22,23,..)
v =n; +n,=0block {00 0
j=% (01] o w,-0_=Q
U=n;+n,=1 block (10| , _ \/(2 )2 +(2C)2 +(A— D)2
(02| 20 : j=1 =A-D
H)=A/2)+ DA+ @O v=n +my=2block
(20| 20,
(12 0, +20. 2
(21 0. +0. U =ny +ny=3block
(30] 3w,
1 1 A+D A—-D
HA:A(afa1+1/2)+l)(a£az+1/2) 82n2=A(n1+5)+D(n2+5)= 5 (n1+n2+1)+ 5 (nl—nz)

Define fotal quantum number v=2j and half-difference or asymmetry quantum number m

L omtn, v m:nl_nZ
m=+1/2

L w+:Qo+Q(+é)
v+1=2j+1 multiplies base frequency w=, V=1

m multiplies beat frequency )

W= — w-= o +Q(—§)




2D-Oscillator states

Fundamental eigenstates L Lo oy |
. . . . Fundamental _ .
The first step is to diagonalize the fundamental 2-by-2 matrix . - B 21’0: A T
0,1 +iC D
Recall decomposition of H (Class-4 p16) Oroup teorganized "Big-Endian” indexing

(...00,10,20..01,11,21,31 ...02,12,22,32...)

[ A Bl )+A+D1= (A+D)( Lo ]+2 L 01 jl +2C[ 0 - jl+(A—D)( Lo ]1
+iC D 2 0 1 I 0 )2 i 0 )2 0 -1 )2
in terms of Jordan-Pauli spin operators.

H=0Q,1+QeS=Q,1+Q,S,+Q S +Q,S, (ABC Optical vector notation)
=Qy1+Q. S, +Q,S, +Q,S, (XYZ Electron spin notation)

Frequency eigenvalues w. of H-Qy1/2 and fundamental transition frequency {2 = m; - ®_ :

_QOiQ_A+Di\/(2 ) +(2C)* +(A-DY _A+D+\/(A_Dj2+ 2 o2
B 2

a)_
+ 2 2 2

Polar angles (¢,9) of +£2-vector (or polar angles (¢,9%m) of —{2-vector) gives H eigenvectors.

_ Y _iop2 . U A-D
¢ "% cos— —¢ 9" gin— costy=——
0,)= 21, Jo)= 2 | where: | «Q
ip2 . U o U
e’ sin— e COSE tangp = —

More important for the general solution, are the eigen-creation operators aT+ and aT- defined by
_ (% 0 . U _- .U : %
al =e 02 (cosgaf +e'? smgag) . a =92 (—smaair +e'? cosaag)

create H eigenstates directly from the ground state.
al[0)=l,) . a’[0)=]w)


https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=16

Symmetry group &' =U(2) representations, 2D HO Hamiltonian H=#Aw.a4tas operators,
2D HO wave eigenfunctions Wy m, and coherent [o] states
Factoring 2D-HO Hamiltonian H= %(pf +X; ) + (X X5 +PyP2 )+ C(X,py — X,P; ) + g(p% + x%)
2D-Oscillator basic states and operations

Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Anti-commutation relations %;Sﬁz) .
Two-dimensional (or 2-particle) base states: ket-kets and bra-bras and
Outer product arrays Bookkeeping :

Entangled 2-particle states
Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states related 3D angular momentum multiplets é
R(3) Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operators Sy and S.

SU(2)CU(2) oscillators vs. R(3)CO(3) rotors




2D-Oscillator states and related 3D angular momentum multiplets

Setting (7=0=C) and (4=wm. ) and (D=w_ ) gives diagonal block matrices.

|00) | |01) [10)|]02)  |11)  |20) | |03) 12) 121)  [30) | -
(00| o
(01] o
(10| o,
(02| 20
H)= A1/2)+ DA+ DT O
(20| 20,
(03] 30
(12| O, +20_
(21] 20, +@_
(30] 3w,
SU(2) Multiplets R(3) Multzplet’% .
e < 0
- m=+3/2 _]
j=3/2 +1/2 "tensor" )
:gg Zji<<::::::%ji+]
0
J=172 m=+1/2 "vector" -1
"spinor" 172 :
P J=0" scalar” 4 =0

@, —0_=Q

Group reorganized

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...
20,21,22,23,...)

= J(28P +(20P +(A-DY

=A-D



(...01,02,03..10,11,12,13 ...

"Little-Endian" indexing
20,21,22,23,...)

Group reorganized

®_ ) gives diagonal block matrices.

®; ) and (D=

C) and (A=

()=

2D-Oscillator states and related 3D angular momentum multiplets
Setting (

30)

21)

12)

3w

20, +o_

0, +20

3w,

20) | 03)

1)

20

O, +0

20,

@

00} | Jo1) [10) ] 02)

0

(00|

(01]

(10]

(02|

AA/2)+DA/2)+ <11|

(H)=

(20]

\

;

\

I

/..,(.M (R
W

o)

;

|
Wi
!

|

fitier
Y
,...e.\&\%.;‘xx.‘

XX ‘ 4

g

Y o .....‘
I

e
il
....Aiw\\w.\&
it
iy

bl H
‘}é

i
i
\g\.‘
\

:

W

/\

|
’”

i
/i

f
|

|

s
.

W
i
“%

\
‘
%

\

| L] =
— O o\
o —

j=2

+/
0

~
c~

-1
-2

"tensor”

m

j:

"vector"”

"scalar"

R(3) Multiplets _

+3/2
+1/2
-1/2
-3/2
+1/2

m:

3/2

j:

m:

1/2

j:

-1/2

"spinor"

SU(2) Multiplets




2D-Oscillator states and related 3D angular momentum multiplets

Structure of U(2)

m

r j=0 |8>=|OO> "scalar"
j_l “g>:|10>:|T "spinor”
2 |152>:|01>:|‘L
1)=120)
Jj=1 |3)>=|11> "3-vector"
|}1>:|02>
[12)=130)
> - | n1n2> ) j= é | ?//22> - | 21> "4-SpiIlOI’"
2 |3h)=N2)
| 32)=103)
>)=40)
-J31)
j=2 §>= 22)  "tensor"
-21>:|13>
‘-22>:|O4>
r .V _n+n
J=5 =7 n=j+m=2v+m
e n,=j—m=20-—m

(a) N-particle 2-level states (vacuum) =100) ...or spin-1/2 states
L, i ' T I I ~
—110=aTlooy RS
¥ 1| N=1Fk,, [2 Spin z-component
= 101)=a,!100 _ L j=172
| > 2 | > - |T> _|Jm=+1/2
11=|20) =alTalT 00y [1[1] N=2 12] s 22 = 1) :|j=:£§2/2>
102= |1 Iy =a,Ta,T |0 0) "
1101 N=3 [11]2] . 1]2]2 202]2
n, n,
L1 N=4[1[1]1]2 1/1]2]2]s2 [1]2]2]2 21212]2]
A1l (a2l (111212 ;5/211222 1/2212[2] [2][2/2/2]2]
a
2"y ' SU 1 a;Ta,
Total|Spin S -



Symmetry group &' =U(2) representations, 2D HO Hamiltonian H=#Aw.a4tas operators,
2D HO wave eigenfunctions Wy m, and coherent [o] states
Factoring 2D-HO Hamiltonian H= %(pf +X; ) + (X X5 +PyP2 )+ C(X,py — X,P; ) + g(p% + x%)
2D-Oscillator basic states and operations

Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Anti-commutation relations %;Sﬁz) .
Two-dimensional (or 2-particle) base states: ket-kets and bra-bras and
Outer product arrays Bookkeeping :

Entangled 2-particle states
Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states related 3D angular momentum multiplets
R(3) Angular momentum generators by U(2) analysis é
Angular momentum raise-n-lower operators Sy and S.

SU(2)CU(2) oscillators vs. R(3)CO(3) rotors




ND-Oscillator eigensolutions

Introducing U(N)

(a) N-D Oscillator Degeneracy ( of quamtum levelv (b) Stacking numbers
Principal Quantum Number Dimension of oscillator
V=0 N=] PY triangular
=] \ ‘ N=> Py ° ’/ numbers
V=2 1 N=3 ‘ o0 3 @ ‘etrahedral
3 N=4 )/O numbers
D= —
: Sy N P
v=5 1331 _ "
4 1 4 6 4 1 &
o7 1 510105 1 L

1 6 1520 15 6 1
1 7213535217 1
1 8 28 56 70 56 28 8 1

(c) Binomial coefficients ( £ AL ) R 3\‘\é/ /3\
(N-1+v)! _ fN-1+v +0 \0)/ (J/, (\2/’ (d
(4\ ( A\ /4\ (4\’ / (4\
(N-1)!v! \0 \1/ \2/ S/ X4




ND-Oscillator eigensolutions

(b) N—partzcle 3 level states

W o) =

]00> al

0 10)=a,t
00 1y=ayt

Introducing U(3)

10 0 0)
00 0)
00 0)

A
"UE;

I

3
N
R\

Ym
\L

...or spin-1 states

=1
L= |T> =t
2 =|e)=1/"7)
3= W)y=1=1")
’/ﬁas 3 a3T:2\
a3 a1 al3
(vacuum)
|00m
1
T
929




2 2

2 —(x12+x§) €
€

\/Exle—ia)lot +\/§X1€_iw‘

) = %‘%o (%1, ) €70 + 4y, (%, ’xz)e_iwmt

27
? 0

X1 +X or. =

2. .2 5, ‘ 1 2‘ f
Aivd) ) | 17
= (Xl + X9 + 2XIX2 COS(CUIO — C()Ol)t) = 1 X + X9 fO”': t=Tbeat /4

JU JU 5

‘xl —xz‘ Jor: t=Tyu /2




Symmetry group &' =U(2) representations, 2D HO Hamiltonian H=#Aw.a4tas operators,
2D HO wave eigenfunctions Wy m, and coherent [o] states
Factoring 2D-HO Hamiltonian H= %(pf +X; ) + (X X5 +PyP2 )+ C(X,py — X,P; ) + g(p% + x%)
2D-Oscillator basic states and operations

Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Anti-commutation relations %;Sﬁz) .
Two-dimensional (or 2-particle) base states: ket-kets and bra-bras and
Outer product arrays Bookkeeping :

Entangled 2-particle states
Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states related 3D angular momentum multiplets
R(3) Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operators Sy and S.

SU(2)CU(2) oscillators vs. R(3)CO(3) rotors




R(3) Angular momentum generators by U(2) analysis
(v=1) or (j=1/2) block H matrices of U(2) oscillator

Use irreps of unit operator S, =1 and spin operators { S, Sy, S, }.

|

A
+iC

—iC
D

|

_ 4D
2

|

1 0
0 1

]+2

0

1
2

1
2
0

+2C

+(4-D)

() N | —

Class.4 p71-75

(also known as: { $;,5¢,5, })

0

DN | —


https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=72

R(3) Angular momentum generators by U(2) analysis Class.4 p71-75

(v=1) or (j=1/2) block H matrices of U(2) oscillator
Use irreps of unit operator Sy =1 and spin operators { S, /Sy S,}. (alsoknownas: {S,,8.,8,})

1 i 1
0 = 0 —= -~ 0
PO D EE I B I b R
~ 0 ~ 0 0 —
2 2 2
(v=2) or (j=1) 3-by-3 block uses|their vectorirreps. \4 \
V2 i
24 2(5-iC) - . o2 T .
V2(5+iC)  a+D  N2(B-ic) |=(4+D) . 1 .}rz % . g +2C i% . _ig +(AD)[. 0o - ]
. \/5( +ic) 2D oo 1 ﬁ iﬁ - =1
2 2



https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=72

R(3) Angular momentum generators by U(2) analysis Class.4 p71-75

(v=1) or (j=1/2) block H matrices of U(2) oscillator
Use irreps of unit operator Sy =1 and spin operators { S, /Sy S\Zy }. (also known as: { S;,9.,5,})

1 i 1
0 = 0 —= -~ 0
B P B M N L
=0 20 0 -=
2 2 2
(v=2) or (j=1) 3-by-3 block uses|their vectorirreps. \4 \
V2 V2
24 N2(-iC) - L 2 2 L
V2(5+iC)  a+D  N2(B-ic) |=(4+D) . 1 .}rz % . g +2C i% . _ig +(AD)[. 0o - }
. \/5( +ic) 2D oo 1 Q lﬁ - =1
2 2
(V=3) or (j=3/2) 4-by-4 block usesJDirac SpINor irreps. \ \
T R 3
34 B(p-ic) 2 2 2
B(s+ic) 244D Ja(5-iC) 3(4+D) 11 o % % e ’g ' -’% +(4-1) % '
Va(peic) ax2p B(s-ic) |21 R C G A L
|
V3(z+ic) 3D 2 5 2 2 iﬁ 2 | ? 3
2 2



https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=72

R(3) Angular momentum generators by U(2) analysis Class.4 p71-75

(v=1) or (j=1/2) block H matrices of U(2) oscillator
Use irreps of unit operator Sy =1 and spin operators { S, /Sy S\Zy }. (also known as: { S;,9.,5,})

1 1
( A-p=ic ]:ﬂ[l 0)+2 ’ 2 +2C (.) 2 +(4-D) 2 "
+iC D 2 L o1 1, i, o 1
2 2 2
(v=2) or (j=1) 3-by-3 block uses Jtheir vectorirreps. \4 \
2 2
24 2(5-iC) - . o2 T o
V2(5+iC)  a+D  N2(B-ic) |=(4+D) . 1 .}rz % . g +2C i% . _ig +(AD)[. 0o - }
. \/5( +ic) 2D oo 1 Q lﬁ - =1
2 2
(V=3) or (j=3/2) 4-by-4 block usesJDirac SpINor irreps. \ \
T R 3
34 B(p-ic) 2 2 2
(z+iC) 244D a(5-iC) 3(4+D) : L ) % ' % e ’% ' -’% ' i % '
Aovic) avan o) |2 | [T w s a e
V3(z+ic) 3D 1 2 5 2 2 5 2 o ‘2 3
| 5 Sl -
(v=2j) or (2j+1)-by-(2j+1) blockfuses DV)(s,) irreps of U(2) or Ri3). 1

(H)™" =2j0, (1) Q. (s.) +Q, (5, ) +Q,(s,)’


https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=72

R(3) Angular momentum generators by U(2) analysis Class.4 p71-75

(v=1) or (j=1/2) block H matrices of U(2) oscillator
Use irreps of unit operator Sy =1 and spin operators { S, /Sy S\Zy }. (also known as: { S;,9.,5,})

1 i 1
A BiC ) AEDE T 0 ’ 2 +2C " +(4-D) 2 "
iC D 2 L o1 1, i, o 1
2 2 2
(v=2) or (j=1) 3-by-3 block uses Jtheir vectorirreps. \4 \
J2 2
24 2(5-iC) - . o2 T o
V2(5+iC)  a+D  N2(B-ic) |=(4+D) . 1 .}rz % . g +2C i% . _ig +(AD)[. 0o - }
- V2(5+ic) 2D S 5 5 L
-2 2
(V=3) or (j=3/2) 4-by-4 block usesJDirac SpINor irreps. \ \
T R 3
34 B(p-ic) 2 2 2
o 5 N N
V(B+iC)  24+D  Ja(5-iC) 3(A+D){% - .}2 73 ' 74 e ’73 ' "74 ' +(4-1) % '
Va(peic) av2p N3(p-ic) |2 L R C G A -
Bloeic) 3 | T 5 5 A
| S T -
(v=2j) or (2j+1)-by-(2j+1) blockfuses DV)(s,) irreps of U(2) or Ri3). 1
(HY ™ =20, (1) + Q (s, ) +Q, (s, )’ +Q, (s,

All j-block matrix operators factor into raisé-n-lower /Per{ + = 8 +iSy plus the diagonal S~

/

<H>j"’l“"=2jgo<1>j+[(g ~i,)(s, +s, )Y +(Q, +iQ,)(s —iSY>J}/2+QZ<SZ>j


https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=72

Symmetry group &' =U(2) representations, 2D HO Hamiltonian H=#Aw.a4tas operators,
2D HO wave eigenfunctions Wy m, and coherent [o] states
Factoring 2D-HO Hamiltonian H= %(pf +X; ) + (X X5 +PyP2 )+ C(X,py — X,P; ) + g(p% + x%)
2D-Oscillator basic states and operations

Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Anti-commutation relations %;Sﬁz) .
Two-dimensional (or 2-particle) base states: ket-kets and bra-bras and
Outer product arrays Bookkeeping :

Entangled 2-particle states
Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states related 3D angular momentum multiplets
R(3) Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operators Sy and S.

SU(2)CU(2) oscillators vs. R(3)CO(3) rotors




Angular momentum mise—n—lower OPQVCIfOVS S+ and S_
Class.8 p&2-85 (this class)

(s+=s ‘|‘iSy) and ( S.=s -iSY:S+T)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2]| = Py,

1 0 % 0 _é 0 1
0 0O O

Loy
Such operators can be upgraded to creation-destruction operator combinations a'a

2 2

—nfa —af —(ata \ —afa —af
s,=aa,=ala, , s_=(aja,) =aja =aa,



Angular momentum mise—n—lower OPQVCIfOVS S+ and S_
Class.8 p&2-85 (this class)

(s+=s ‘|‘iSy) and ( S.=s -iSY:S+T)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2]| = Py,

l

% 0 =3 0 1

i =[OO}=P12
0 Loy
2 2

Such operators can be upgraded to creation-destruction operator combinations a'a

s,=aa,=ala, , s =(aja,) =aja, =ala, [ \
1 — 0
. . . . 4_ 5 2
Hamilton-Pauli-Jordan representation of S 1s: (s,)?)=D"*(s,)= |
O _
- i ity 2 ?J I(nt i
This suggests an a'a form for S;. S,= g(ala1 = azaz) = g(aTaT —-aja ¢)



Angular momentum raise-n-lower operators S.and S.

(s+=s +i$y) and ( S.=s -iSY:S+T)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2]| = Py,

; 0 % 0 _é 0 1
0 0O O

Loy
Such operators can be upgraded to creation-destruction operator combinations a'a

2 2

s,=aa,=ala, , s =(aja,) =aja, =ala, [ \
1 — 0
. . . . 4_ 5 2
Hamilton-Pauli-Jordan representation of S 1s: (s,)?)=D"*(s,)= |
O _
- i ity 2 ?J I(nt i
This suggests an a'a form for S;. S,= g(ala1 = azaz) = g(aTaT —-aja ¢)

Let aj=a’ create up-spin T

1/2
=a'|l0)=a’|0
+1/2> 1| > T| >




Angular momentum raise-n-lower operators S.and S.

(s+=s +i$y) and ( S.=s -iSY:S+T)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2]| = Py,

l

% 0 =3 0 1

i =[OO}:P12
0 Loy
2 2

Such operators can be upgraded to creation-destruction operator combinations a'a

—nfa —af —(ata \ —afa —af
s,=aa,=ala, , s_=(aja,) =aja =aa,

1 1
Hamilton-Pauli-Jordan representation of S 1s: <Sz>(2j = D@ (s,)=

This suggests an a'a form for s,.

Let aj=a’ create up-spin T

1/2
2 at-aio 2114

g

1/2
-1/2

1
2

\
0

1

02
s~(ala, “a!

a.)-\aja,-ala,)

Let aj=a] create dn-spin |

>=aZ|0>=310>



Angular momentum raise-n-lower operators S.and S.

(s+=s +i$y) and ( S.=s -iSY:S+T)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2]| = Py,

l

% 0 =3 0 1

i =[OO}=P12
0 Loy
2 2

Such operators can be upgraded to creation-destruction operator combinations a'a

s,=aa,=ala, , s =(aja,) =aja, =ala, [ \
| | | | 0 _ 3 2
Hamilton-Pauli-Jordan representation of S 1s: (s,)\2)=D"*(s,)= 1
O _—
- T NS _2 ?J _1ata _af
This suggests an a'a form for S;. S,= 2(ala1 azaz) = 2(aTaT aa ¢)
Let aj=a’ create up-spin T Let aj=a] create dn-spin |
12 172 , .
=M= ., >=ajo>=a;o> 2)=Y)=| |, >=a2|0>=a¢0>

destroys dn-spin |
creates up-spin T
to raise angular momentum by one 7 unit

aja [L)=|T) or: aja,|2)=]1)



Angular momentum raise-n-lower operators S.and S.

(s+=s ‘|‘iSy) and ( S.=s -iSY:S+T)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2]| = Py,

l

i 0 0 O

2 2

% ' 72 0 1
0

Such operators can be upgraded to creation-destruction operator combinations a'a

—nfa —af —(ata \ —afa —af
s,=aa,=ala, , s_=(aja,) =aja =aa,

1

Hamilton-Pauli-Jordan representation of S 1s: <Sz>(2

This suggests an a'a form for s,.

)= pl:

g

1 A
)(sz): 5

0
1

O —_—
2
s,=(aja, - agaz) =;(aja,-ala, )

Let aj=a’ create up-spin T Let aj=a] create dn-spin |
1/2 172
_|1\ = ot —a' ||\ = —atl0V=a’
=M= ., >_a10)_aTO) 2)=Y)=| |, >—a2|0>—a¢0>
destroys dn-spin | s_=a)a=aa, destroys up-spin T

creates up-spin T
to raise angular momentum by one 7 unit

aja [L)=|T) or: aja,|2)=]1)

creates dn-spin |

to lower angular momentum by one 7 unit
aja,|T)=|{) or aja,|1)=|2)



Symmetry group &' =U(2) representations, 2D HO Hamiltonian H=#Aw.a4tas operators,
2D HO wave eigenfunctions Wy m, and coherent [o] states
Factoring 2D-HO Hamiltonian H= %(pf +X; ) + (X X5 +PyP2 )+ C(X,py — X,P; ) + g(p% + x%)
2D-Oscillator basic states and operations

Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Anti-commutation relations %;Sﬁz) .
Two-dimensional (or 2-particle) base states: ket-kets and bra-bras and
Outer product arrays Bookkeeping :

Entangled 2-particle states
Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states related 3D angular momentum multiplets
R(3) Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operators Sy and S.

SU(2)CU(2) oscillators vs. R(3)CO(3) rotors é




SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

Class 8 p49-54 (this class)
U(2) boson oscillator states |n;,n,)

Oscillator total quanta: v=(n;+n,)

al) (o)
|n1n2> N \1/n1 ! n22!

00)



SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

_ Class 8 p49-54 (this class)
U(2) boson oscillator states |n;,n,) = R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n,) Rotor total momenta: j=v/2

)= O o) Lo




SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

_ Class 8 p49-54 (this class)
U(2) boson oscillator states |n;,n,) = R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n,) Rotor total momenta: j=v/2and z-momenta: m=(n;-n,)/2

(@)@, o (@) (@)™" j =012 =(ny+n;)/2 (nz Jﬂn}
= O GG m =(n-n2)/2 12 =Jm




SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

. Class 8 p49-54 (this class)
U(2) boson oscillator states |n;,n,) = R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n,) Rotor total momenta: j=v/2and z-momenta: m=(n;-n,)/2

(@) (@) ) oy _(al) "(a) " j =012 =(n+ny)/2 [ Jﬂn}
= et O e m =(n1-n2)/2 12 =Jm

U(2) boson oscillator states = U(2) spinor states

) (e e
N T  Fre TR




SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

. Class 8 p49-54 (this class)
U(2) boson oscillator states |n;,n,) = R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n,) Rotor total momenta: j=v/2and z-momenta: m=(n;-n,)/2

@) @), (a) () j=o2=utng2 (m =
|n . a a |() 0 a1) a, |O O _‘ > :
N PAPN JG+m)(j—m) m =(n-n)/2 R

U(2) boson oscillator states = U(2) spinor states

) (e e
N T  Fre TR

Oscillator a'a...

aa, | nn, >=\/ n+l \/Z | n,+l n2—1>
ala, |nln2 >=\/n71\/n2+1| n,-1 n2+1>




SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

. Class 8 p49-54 (this class)
U(2) boson oscillator states |n;,n,) = R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n,) Rotor total momenta: j=v/2and z-momenta: m=(n;-n,)/2

(@) (@) (@) (@)™ J =012 =(n+n)/2 {nz Jﬂfj
N T T R e Ty m =(n-n2)/2 12 =Jm

U(2) boson oscillator states = U(2) spinor states

_(@)'@)" @) @)
)= S o0y fE—joo)-1.)
Oscillator.@’a give S, matrices.

NN
afa2|n1n2 >=\/n1+1\/g| n+l n2—1> =S, ,’;1>=\/j+m+1 \/j—m

ala, | nn, >=\/n_1 \ /n2+1| n.-1 n2+1>

J
m+1



SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

. Class 8 p49-54 (this class)
U(2) boson oscillator states |n;,n,) = R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n,) Rotor total momenta: j=v/2and z-momenta: m=(n;-n,)/2

P\ (At )™ P\ ) J =V/2 =(n;+n,)/2 n;=j+tm
|nln2>=(a1) (az) |OO>: (31) (az) |OO>:‘L> [ . }
Jm!n,! JGi+m)(j—m)! m =(n;-ns)/2 ny = j-m
U(2) boson oscillator states = U(2) spinor states

(21)" ()" gy (@1 " (@)

) = Jn !
n..n .

Oscillator ata give S, matrices.

N
afaz|n1n2>=«/nl+1\/5| n,+l n2—1> =S, il>=\/j+m+1\/j—m ;];1+1>
aja, |nn,)=n JnH|n-1n+)y=ls |1 )=/ j+mfj-m+]] |

J00)=1)

\/(j+m)!(j—m).




SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

. Class 8 p49-54 (this class)
U(2) boson oscillator states |n;,n,) = R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n,) Rotor total momenta: j=v/2and z-momenta: m=(n;-n,)/2

P\ (At )™ P\ ) J =V/2 =(n;+n,)/2 n;=j+tm
|n1n2>:(a1) (a2) |OO> (al) (a2) |OO>:‘;> [ . }
Ny JGi+m)(j-m)! m =(n;-n)/2 ny = j-m
U(2) boson oscillator states = U(2) spinor states

(@) (@) )y (a) (@) "

nanm, )= |O O =
| T ¢> W \/(]+m) (] m) | >
Oscillator.afa give S, matrices. 1/2-difference of number-ops 1S S

Z{géenvalue

aIaz|n1n2>=\/nl+l\/Z| n+1 n2—1> =S, il>=\/j+m+l\/j—m £1+1> Ta |n nz n1|n1n2 ‘ *a _al ‘a )‘ j >_n1 —7, | j >_m‘ J ]
2\ m /™ m/

a;al|n1n2>=\/n7“/n2+1|nl—l n2+l> = S_| i,l>=\/j+m\/j—m+l / a az| n1n2 n2|n1n2 2

m—1




SU(2)CU(2) oscillators vs. R(3)CO(3) rotors Class 8 04954 (this class)

U(2) boson oscillator states |n;,n,) = R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n,) Rotor total momenta: j=v/2and z-momenta: m=(n;-n,)/2

~ (af)m (a;)”z ) (aj)ﬁm (a;)f—m N J=V/2 =(n;+ny)/2 [nl ]—l—m}
|nn,) = PN 00) = \/(j+m)!(j—m)!|0 0)=|7) = (1)) 0y = jom

U(2) boson oscillator states = U(2) spinor states

B N N e
N A N o A

Oscillator.afa give S, matrices. 1/2-difference of number-ops is szigéenvalue

\
aIaz|n1n2>=\/nl+l\/Z|nl+l n2—1> SEJF i,l>=\/j+m+l\/j—m ’JHHJ a,a |n1n2 nllnan }[ ‘ *a —a’a )‘ j >_n1 n2|1> m‘ J ]
' 2)lm /™ » m

a;al|n1n2 >=\/n7“/n2+1|nl—l n2+1> = S_| i,l>=\/]+m\/] —m+l|7 a a2| n1n2 n2|n1n2

N
j=1 vector Sy : % - - —i% . 5 .and $; T
N L T
/2 & S0 o
i B e )




SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

. Class 8 p49-54 (this class)
U(2) boson oscillator states |n;,n,) = R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n,) Rotor total momenta: j=v/2and z-momenta: m=(n;-n,)/2

~ (af)m (a;)”z ) (aj)ﬁm (a;)f—m N J=V/2 =(n;+ny)/2 [nl ]—l—m}
|nyny )= TR 00)= \/(j+m)!(j—m)!|0 0)=|7) = ()2 ny = jom

U(2) boson oscillator states = U(2) spinor states

e e e
N A N o A

Oscillator.afa give S, matrices. 1/2-difference of number-ops is szigéenvalue

\
afa2|n1n2>:«/nl+l\/5|nl+l n,-1) :f+ il>=\/j+m+l\/j—m ’Jnﬂj a,a|nn,)=n|nn,) }[ ‘ *a _a’a )‘] >=”l1 n2|] >=m‘ )
. 2/l m 2 m

a;al|n1n2>=\/n7“/n2+1|nl—l n2+1> = S_| i,l>=\/j+m\/j—m+l - a, ,a |n1n2 n2|n1n2

N
j=1 vector S, - % - - —i% . 5 -.and Sz o
Y o
2 2 I I
8 -2 2 )
(j=3/2 spinor Sy and Sy | 3 )
B T |
ds)o| 0 - VA - | g s )o| 2
O R S S S
N 2 .




SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

_ Class 8 p49-54 (this class)
U(2) boson oscillator states |n;,n,) = R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n,) Rotor total momenta: j=v/2and z-momenta: m=(n;-n,)/2

~ (af)m (a;)”z ) (aj)ﬁm (a;)f—m N J=V/2 =(n;+ny)/2 {nl ]—I—m}
|nyny )= TR 00)= \/(j+m)!(j—m)!|0 0)=|7) = ()2 ny = jom

U(2) boson oscillator states = U(2) spinor states

(@) @) o (@) @) g

|nTn¢>— NSE |OO>:\/(]+m) 1(j—m)!

Oscillator.afa give S, matrices. 1/2-difference of number-ops is szgienvalue

\
a'a, |nn, )=n+./n,|n+ ny-1) :f+ 2=y jHml [ j—m jnﬂj a,a,|nn,)=n|nn,) }[ 1) Ta _aja, )|’ >=”1 n2|] Ve )
. 2 )l m 2 m

a;al|n1n2 >=\/n7“/n2+1|nl—l n2+1> = S_| i,l>=\/]+m\/] —m+l|7 a az| n1n2 n2|n1n2

~
j=1 vector S, - % - - —i% - 5 --and Sz Lo
Y o
J2 2 R SRR
s SR L )
(j=3/2 spinor Sy ..and S| 3 1\ (" j=2 tensor Sy and Sy )
3 ' \/5 . . 3 i 3 R . ) ‘/Z ) ' ’ 2 .. i
p(s,)=| © - i —[Dz(s)], D(s,)= 2 o - 3 - . i ; X S :
0 - 4B . _% . D(s,)=| . o . B . z(D (s_)) , D(s,)=| . . o0 .
B _3 0 - 4 N )
- 2) ) 0o - ’




Properties of 1D-HO coherent state 0
2277
Coherent wave packet uncertainty relation: An-A¢ > s/n |
uncertainty

o
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