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William G. Harter - University of Arkansas

Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)

=>AMOP wave functions Ψ(α), eigensolutions 
G = U(2) = Unitary group of dimension 2

Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955 
 Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI) 
ANALOGY: (1) Classical 2-state motion (∂/∂t)2x=-K·x      vs          (2) Quantum 2-state motion ih(∂/∂t)Ψ= H·Ψ 

Hamilton-Pauli spinor symmetry and σ-expansion of  H=ωµσµ=ωAσA+ωBσB+ωCσC+ωoσo

ABCD Time evolution operator  U(t)= e-iHt   ; its evaluation and visualization
ABCD symmetry operator {σA,σB,σC} product algebra for spinor-vector operators σa=σ· a

Spinor-vector operator products (σ· a)(σ· a)  
Crazy-Thing Theorem:  e         = cosΘ -  iσa sinΘ-iσaΘ

U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or ½ on 2D spinors or 3D vectors
2D {      } spinor space ½ as fast as 3D {ABC} spin-vectors ↑ ,↓
Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

State coordinates using Euler-angle rotations R(α,0,0), R(0,β,0),and R(0,0,γ) 
Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case

The ABC’s of U(2) dynamics-Archetypes 
          Asymmetric-Diagonal A-Type motion 
          Bilateral-Balanced    B-Type motion 
          Circular-Coriolis…  C-Type motion

…and some other stuff for next class.



AMOP reference links (Updated list given on 2nd page of each class presentation) 

Frame Transformation Relations And Multipole Transitions In Symmetric Polyatomic Molecules - RMP-1978 (Alt Scanned version)

Rotational energy surfaces and high- J eigenvalue structure of polyatomic molecules - Harter - Patterson - 1984

Galloping waves and their relativistic properties - ajp-1985-Harter

Asymptotic eigensolutions of fourth and sixth rank octahedral tensor operators - Harter-Patterson-JMP-1979

Nuclear spin weights and gas phase spectral structure of 12C60 and 13C60 buckminsterfullerene -Harter-Reimer-Cpl-1992 - (Alt1, Alt2 Erratum)


Theory of hyperfine and superfine levels in symmetric polyatomic molecules. 

I) Trigonal and tetrahedral molecules: Elementary spin-1/2 cases in vibronic ground states - PRA-1979-Harter-Patterson (Alt scan)

II) Elementary cases in octahedral hexafluoride molecules - Harter-PRA-1981 (Alt scan)


Rotation-vibration scalar coupling zeta coefficients and spectroscopic band shapes of buckminsterfullerene - Weeks-Harter-CPL-1991 (Alt scan)

Fullerene symmetry reduction and rotational level fine structure/ the Buckyball isotopomer 12C 13C59 - jcp-Reimer-Harter-1997 (HiRez)

Molecular Eigensolution Symmetry Analysis and Fine Structure - IJMS-harter-mitchell-2013


Rotation–vibration spectra of icosahedral molecules.

I) Icosahedral symmetry analysis and fine structure - harter-weeks-jcp-1989

II) Icosahedral symmetry, vibrational eigenfrequencies, and normal modes of buckminsterfullerene - weeks-harter-jcp-1989

III) Half-integral angular momentum - harter-reimer-jcp-1991


QTCA Unit 10 Ch 30 - 2013

AMOP Ch 32 Molecular Symmetry and Dynamics - 2019

AMOP Ch 0 Space-Time Symmetry - 2019


RESONANCE AND REVIVALS
I) QUANTUM ROTOR AND INFINITE-WELL DYNAMICS - ISMSLi2012 (Talk) https://kb.osu.edu/dspace/handle/1811/52324
II) Comparing Half-integer Spin and Integer Spin - Alva-ISMS-Ohio2013-R777 (Talks)
III) Quantum Resonant Beats and Revivals in the Morse Oscillators and Rotors - (2013-Li-Diss)

Rovibrational Spectral Fine Structure Of Icosahedral Molecules - Cpl 1986 (Alt Scan)

Gas Phase Level Structure of C60 Buckyball and Derivatives Exhibiting Broken Icosahedral Symmetry - reimer-diss-1996

Resonance and Revivals in Quantum Rotors - Comparing Half-integer Spin and Integer Spin - Alva-ISMS-Ohio2013-R777 (Talk)

Quantum Revivals of Morse Oscillators and Farey-Ford Geometry - Li-Harter-cpl-2013

Wave Node Dynamics and Revival Symmetry in Quantum Rotors - harter - jms - 2001

Web Resources - front page
2014 AMOP

2018 AMOP
UAF Physics UTube channel

2017 Group Theory for QM

https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_PapersNTalks/Frame_Transform_Relat._RMP1978.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Frame%20transformation%20relations%20and%20multipole%20transitions%20in%20symmetric%20polyatomic%20molecules%20-%20Scan%20-%20Frame_Transform_Relat._RMP1978.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotational%20energy%20surfaces%20and%20high-%20J%20eigenvalue%20structure%20of%20polyatomic%20molecules%20-%20Harter%20-%20Patterson%20-%201984.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Galloping%20waves%20and%20their%20relativistic%20properties%20-%20ajp-1985-harter.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Asymptotic%20eigensolutions%20of%20fourth%20and%20sixth%20rank%20octahedral%20tensor%20operators%20-Harter-Patterson-jmp-1979.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/CPLC60SpinWts%20HiRes%2bErrata.pdf
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https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20Trigonal%20and%20tetrahedral%20molecules%3a%20Elementary%20spin-1%3a2%20cases%20in%20vibronic%20ground%20states%20-%20pra%20-1979-Harter-Patterson.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/PRA%20Superhyp.I%20CF4.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20II.%20Elementary%20cases%20in%20octahedral%20hexafluoride%20molecules%20-%20Harter-PRA-1981.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/PRA%20Superhyp.II%20SF6.pdf
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https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20III%20-%20Half-integral%20angular%20momentum%20-%20harter-reimer-jcp-1991.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_10_Ch.30_2013.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP%20Ch%2032%20MolSymm.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP%20Ch%200%20SpaceTimeSymm.pdf
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20And%20Revivals%20%20I.%20Quantum%20Rotor%20And%20Infinite-Well%20Dynamics%20-%20Harter-Li-ISMS-Columbus-2012.pdf
https://kb.osu.edu/dspace/handle/1811/52324
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Quantum%20Resonant%20Beats%20and%20Revivals%20in%20the%20Morse%20Oscillators%20and%20Rotors%20-%202013-Li-Diss.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20harter%20-%20weeks%20-%20cpl%20-%201986.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20scan%20-%20RovibeIcosCPL132p387-392%281986%29.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Gas%20Phase%20Level%20Structure%20of%20C60%20Buckyball%20and%20Derivatives%20Exhibiting%20Broken%20Icosahedral%20Symmetry%20-%20reimer-diss-1996.pdf
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Quantum%20Revivals%20of%20Morse%20Oscillators%20and%20Farey-Ford%20Geometry%20-%20Li-Harter-cpl-2013.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Wave%20Node%20Dynamics%20and%20Revival%20Symmetry%20in%20Quantum%20Rotors%20-%20harter%20-%20jms%20-%202001.pdf
https://www.uark.edu/ua/modphys/markup/Harter-SoftWebApps.html
https://www.uark.edu/ua/modphys/markup/QTCA_Info_2014.html
https://www.uark.edu/ua/modphys/markup/AMOP_Info_2018.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://www.uark.edu/ua/modphys/markup/GTQM_Info_2017.html
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First start with 2-by-2 Hermitian (self-conjugate) matrix  

that operates on 2-D complex Dirac ket vector         . 

Separate real xk and imaginary pk parts of Ψk amplitudes  
to convert the complex 1st-order equation i∂tΨ=HΨ   
into pairs of real 1st-order differential equations.
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i! "Ψ t( ) = H Ψ t( )   

!!x = −K i x

Hjk matrix must 
obey: (Hjk)*= Hkj

Both have 4 parameters 
(22 = 2+2)

ANALOGY: 2-State Schrodinger: i!∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

Newton-Hooke equation
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Then start with classical Hamiltonian. (Designed to give same result.)
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QM vs. Classical 
Equations are 

identical 
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Here is an operator view of the QM-Classical connection: Take Schrodinger operator   i∂t = H (with C=0) and square it!         
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ANALOGY: 2-State Schrodinger: i!∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

Newton-Hooke equation

ABD-to- Kij or ka connection formulae  (m1=1=m2)

…for “natural” units 
             (        )!=1
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Conclusion: 2-state Schro-equation                                 is like “square-root” of Newton-Hooke. 
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Now it’s 
Complex

K11 = A
2 + B2 = k1+ k12,         K12 = AB+ BD−? = ?k12,

K21 = AB+ BD−? = ?k12,       K22 = B
2 +D2 = k2 + k12.

…for “natural” units 
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Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)

=>AMOP wave functions Ψ(α), eigensolutions 
G = U(2) = Unitary group of dimension 2

Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955 
 Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI) 

ANALOGY: (1) Classical 2-state motion (∂/∂t)2x=-K·x    vs    (2) Quantum 2-state motion ih(∂/∂t)Ψ= H·Ψ 

Hamilton-Pauli spinor symmetry and σ-expansion of  H=ωµσµ=ωAσA+ωBσB+ωCσC+ωoσo

ABCD Time evolution operator  U(t)= e-iHt   ; its evaluation and visualization
ABCD symmetry operator {σA,σB,σC} product algebra for spinor-vector operators σa=σ· a

Spinor-vector operator products (σ· a)(σ· a)  
Crazy-Thing Theorem:  e         = cosΘ -  iσa sinΘ-iσaΘ

U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or ½ on 2D spinors or 3D vectors
2D {      } spinor space ½ as fast as 3D {ABC} spin-vectors ↑ ,↓
Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

State coordinates using Euler-angle rotations R(α,0,0), R(0,β,0),and R(0,0,γ) 
Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case

The ABC’s of U(2) dynamics-Archetypes 
          Asymmetric-Diagonal A-Type motion 
          Bilateral-Balanced    B-Type motion 
          Circular-Coriolis…  C-Type motion
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Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (complex, circular, chiral, cyclotron, ...
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Motivation for coloring scheme: 
        The Traffic Signal

Moving waves
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Are there three  
C2 subgroups? 
C2(A), C2(B), C2(C), 
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Fig. 10.1.2 Potentials for (a) C2A-asymmetric-diagonal, (ab) C2AB-mixed , (b) C2B-bilateral U(2)system.

Are there three  
C2 subgroups? 
C2(A), C2(B), C2(C), 

Yes, and a LOT more! 
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Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)

=>AMOP wave functions Ψ(α), eigensolutions 
G = U(2) = Unitary group of dimension 2

Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955 
 Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI) 

ANALOGY: (1) Classical 2-state motion (∂/∂t)2x=-K·x    vs    (2) Quantum 2-state motion ih(∂/∂t)Ψ= H·Ψ 

Hamilton-Pauli spinor symmetry and σ-expansion of  H=ωµσµ=ωAσA+ωBσB+ωCσC+ωoσo

ABCD Time evolution operator  U(t)= e-iHt   ; its evaluation and visualization
ABCD symmetry operator {σA,σB,σC} product algebra for spinor-vector operators σa=σ· a

Spinor-vector operator products (σ· a)(σ· a)  
Crazy-Thing Theorem:  e         = cosΘ -  iσa sinΘ-iσaΘ

U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or ½ on 2D spinors or 3D vectors
2D {      } spinor space ½ as fast as 3D {ABC} spin-vectors ↑ ,↓
Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

State coordinates using Euler-angle rotations R(α,0,0), R(0,β,0),and R(0,0,γ) 
Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case

The ABC’s of U(2) dynamics-Archetypes 
          Asymmetric-Diagonal A-Type motion 
          Bilateral-Balanced    B-Type motion 
          Circular-Coriolis…  C-Type motion
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Symmetry relations make spinors σX =σB ,  σY =σC , and σZ =σA or quaternions  i=-iσX,  j=-iσY, and  k=-iσZ powerful.

Ψ(t) = e−iH·t Ψ(0)
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt

σA= σ Z σB= σX σC=σY

ABCD Time  
evolution  
operator e−iH·t = e

−i A B−iC
B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t

 

= e
−iσϕϕe−iω0·t = e−i

!σ•!ω·te−iω0·t  

Key pieces of mathematical bookkeeping
σϕϕ =  !σ• !ϕ  = !σ•!ω·t   where: !ϕ=

ϕA
ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω⋅t=

ωA
ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t  and: ω0=
A+D

2

Compute other products in σ-algebra:

σ Xσ Y = iσ Z = −σ Yσ X

Each     squares to one (unit matrix                                                  ). Each quaternion squares to -1 (-1=i·i=j·j=k·k) like i2=-1 for              . σ X 1 =σ X ⋅σ X =σ X
2 =σ Y

2 =σ Z
2 i = −1

 σ Z ·  σ X
1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ =

0 1
−1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ = i

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ = iσY

 σY   · σ X  

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ =

−i 0
0 +i

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ = i

−1 0
0 +1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ = −iσ Z

 σ X   · σY  

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ =

i 0
0 −i

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ = i

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ = iσ Z

 σ X · σ Z  

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ =

0 −1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ = −i

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ = −iσY

σ Zσ X = iσ Y = −σ Xσ Z

U(2) generator product table

U(t)=e−iH·t



σ X σ Y σ Z

σ X 1 iσ Z −iσ Y

σ Y −iσ Z 1 iσ X

σ Z iσ Y −iσ X 1

Symmetry relations make spinors σX =σB ,  σY =σC , and σZ =σA or quaternions  i=-iσX,  j=-iσY, and  k=-iσZ powerful.

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt

σA= σ Z σB= σX σC=σY

ABCD Time  
evolution  
operator e−iH·t = e

−i A B−iC
B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t

 

= e
−iσϕϕe−iω0·t = e−i

!σ•!ω·te−iω0·t  

Key pieces of mathematical bookkeeping
σϕϕ =  !σ• !ϕ  = !σ•!ω·t   where: !ϕ=

ϕA
ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω⋅t=

ωA
ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t  and: ω0=
A+D

2

Compute other products in σ-algebra:

σ Xσ Y = iσ Z = −σ Yσ X

Each     squares to one (unit matrix                                                  ). Each quaternion squares to -1 (-1=i·i=j·j=k·k) like i2=-1 for              . σ X 1 =σ X ⋅σ X =σ X
2 =σ Y

2 =σ Z
2 i = −1

 σ Z ·  σ X
1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ =

0 1
−1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ = i

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ = iσY

 σY   · σ X  

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ =

−i 0
0 +i

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ = i

−1 0
0 +1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ = −iσ Z

 σ X   · σY  

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ =

i 0
0 −i

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ = i

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ = iσ Z

 σ X · σ Z  

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ =

0 −1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ = −i

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ = −iσY

σ Zσ X = iσ Y = −σ Xσ Zσ Yσ Z = iσ X = −σ Zσ Y

 σY · σ Z  

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ =

0 i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ = i

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ = iσ X

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ =

0 −i
−i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ = −i

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ = −iσ X U(2) generator product table

U(t)=e−iH·t



Symmetry relations make spinors σX =σB ,  σY =σC , and σZ =σA or quaternions  i=-iσX,  j=-iσY, and  k=-iσZ powerful.

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt

σA= σ Z σB= σX σC=σY

ABCD Time  
evolution  
operator e−iH·t = e

−i A B−iC
B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t

 

= e
−iσϕϕe−iω0·t = e−i

!σ•!ω·te−iω0·t  

Key pieces of mathematical bookkeeping
σϕϕ =  !σ• !ϕ  = !σ•!ω·t   where: !ϕ=

ϕA
ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω⋅t=

ωA
ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t  and: ω0=
A+D

2

Each     squares to one (unit matrix                                                  ). Each quaternion squares to -1 (-1=i·i=j·j=k·k) like i2=-1 for              . σ X 1 =σ X ⋅σ X =σ X
2 =σ Y

2 =σ Z
2 i = −1

σ X σ Y σ Z

σ X 1 iσ Z −iσ Y

σ Y −iσ Z 1 iσ X

σ Z iσ Y −iσ X 1

This holds for a spinor σa based on any unit vector                        if                                           . â = (aX ,aY ,aZ ) â• â =1= aX
2+ aY

2+ aZ
2

U(2) generator product table

U(t)=e−iH·t



Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)

=>AMOP wave functions Ψ(α), eigensolutions 
G = U(2) = Unitary group of dimension 2

Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955 
 Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI) 

ANALOGY: (1) Classical 2-state motion (∂/∂t)2x=-K·x    vs    (2) Quantum 2-state motion ih(∂/∂t)Ψ= H·Ψ 

Hamilton-Pauli spinor symmetry and σ-expansion of  H=ωµσµ=ωAσA+ωBσB+ωCσC+ωoσo

ABCD Time evolution operator  U(t)= e-iHt   ; its evaluation and visualization
ABCD symmetry operator {σA,σB,σC} product algebra for spinor-vector operators σa=σ· a

Spinor-vector operator products (σ· a)(σ· a)  
Crazy-Thing Theorem:  e         = cosΘ -  iσa sinΘ-iσaΘ

U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or ½ on 2D spinors or 3D vectors
2D {      } spinor space ½ as fast as 3D {ABC} spin-vectors ↑ ,↓
Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

State coordinates using Euler-angle rotations R(α,0,0), R(0,β,0),and R(0,0,γ) 
Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case

The ABC’s of U(2) dynamics-Archetypes 
          Asymmetric-Diagonal A-Type motion 
          Bilateral-Balanced    B-Type motion 
          Circular-Coriolis…  C-Type motion



Symmetry relations make spinors σX =σB ,  σY =σC , and σZ =σA or quaternions  i=-iσX,  j=-iσY, and  k=-iσZ powerful.

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt

σA= σ Z σB= σX σC=σY

ABCD Time  
evolution  
operator e−iH·t = e

−i A B−iC
B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t

 

= e
−iσϕϕe−iω0·t = e−i

!σ•!ω·te−iω0·t  

Key pieces of mathematical bookkeeping
σϕϕ =  !σ• !ϕ  = !σ•!ω·t   where: !ϕ=

ϕA
ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω⋅t=

ωA
ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t  and: ω0=
A+D

2

Each     squares to one (unit matrix                                                  ). Each quaternion squares to -1 (-1=i·i=j·j=k·k) like i2=-1 for              . σ X 1 =σ X ⋅σ X =σ X
2 =σ Y

2 =σ Z
2 i = −1

σ X σ Y σ Z

σ X 1 iσ Z −iσ Y

σ Y −iσ Z 1 iσ X

σ Z iσ Y −iσ X 1

This holds for a spinor σa based on any unit vector                        if                                           . â = (aX ,aY ,aZ ) â• â =1= aX
2+ aY

2+ aZ
2

 To see this just try it out on any     -component:                                                           .â  σ a =
!
σ • â = aXσ X + aYσ Y + aZσ Z Defining spinor-vector operator

U(2) generator product table

U(t)=e−iH·t



Symmetry relations make spinors σX =σB ,  σY =σC , and σZ =σA or quaternions  i=-iσX,  j=-iσY, and  k=-iσZ powerful.

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt

σA= σ Z σB= σX σC=σY

ABCD Time  
evolution  
operator e−iH·t = e

−i A B−iC
B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t

 

= e
−iσϕϕe−iω0·t = e−i

!σ•!ω·te−iω0·t  

Key pieces of mathematical bookkeeping
σϕϕ =  !σ• !ϕ  = !σ•!ω·t  

     

 where: !ϕ=

ϕA
ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω⋅t=

ωA
ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t =

A− D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t  and: ω0=
A+ D

2

Each     squares to one (unit matrix                                                  ). Each quaternion squares to -1 (-1=i·i=j·j=k·k) like i2=-1 for              . σ X 1 =σ X ⋅σ X =σ X
2 =σ Y

2 =σ Z
2 i = −1

σ X σ Y σ Z

σ X 1 iσ Z −iσ Y

σ Y −iσ Z 1 iσ X

σ Z iσ Y −iσ X 1

This holds for a spinor σa based on any unit vector                        if                                           . â = (aX ,aY ,aZ ) â• â =1= aX
2+ aY

2+ aZ
2

 To see this just try it out on any     -component:                                                           .â  σ a =
!
σ • â = aXσ X + aYσ Y + aZσ Z Defining spinor-vector operator

 

σ a
2 = ( !σ • â)( !σ • â) = (aXσ X + aYσ Y + aZσ Z )(aXσ X + aYσ Y + aZσ Z )

=

aXσ XaXσ X +aXσ XaYσ Y +aXσ XaZσ Z

+aYσ YaXσ X +aYσ YaYσ Y +aYσ YaZσ Z

+aZσ ZaXσ X +aZσ ZaYσ Y +aZσ ZaZσ Z

Sort aX, aY, aZ ,coefficients to right... 

U(2) generator product table

U(t)=e−iH·t

Is        just a big MESS?!            σ a
2



Symmetry relations make spinors σX =σB ,  σY =σC , and σZ =σA or quaternions  i=-iσX,  j=-iσY, and  k=-iσZ powerful.

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt

σA= σ Z σB= σX σC=σY

ABCD Time  
evolution  
operator e−iH·t = e

−i A B−iC
B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t

 

= e
−iσϕϕe−iω0·t = e−i

!σ•!ω·te−iω0·t  

Key pieces of mathematical bookkeeping
σϕϕ =  !σ• !ϕ  = !σ•!ω·t   where: !ϕ=

ϕA
ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω⋅t=

ωA
ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t  and: ω0=
A+D

2

Each     squares to one (unit matrix                                                  ). Each quaternion squares to -1 (-1=i·i=j·j=k·k) like i2=-1 for              . σ X 1 =σ X ⋅σ X =σ X
2 =σ Y

2 =σ Z
2 i = −1

σ X σ Y σ Z

σ X 1 iσ Z −iσ Y

σ Y −iσ Z 1 iσ X

σ Z iσ Y −iσ X 1

This holds for a spinor σa based on any unit vector                        if                                           . â = (aX ,aY ,aZ ) â• â =1= aX
2+ aY

2+ aZ
2

 To see this just try it out on any     -component:                                                           .â  σ a =
!
σ • â = aXσ X + aYσ Y + aZσ Z Defining spinor-vector operator

 

σ a
2 = ( !σ • â)( !σ • â) = (aXσ X + aYσ Y + aZσ Z )(aXσ X + aYσ Y + aZσ Z )

=

aXσ XaXσ X +aXσ XaYσ Y +aXσ XaZσ Z

+aYσ YaXσ X +aYσ YaYσ Y +aYσ YaZσ Z

+aZσ ZaXσ X +aZσ ZaYσ Y +aZσ ZaZσ Z

=

aXaXσ Xσ X +aXaYσ Xσ Y +aXaZσ Xσ Z

+aYaXσ Yσ X +aYaYσ Yσ Y +aYaZσ Yσ Z

+aZaXσ Zσ X +aZaYσ Zσ Y +aZaZσ Zσ Z

Sort aX, aY, aZ ,coefficients to right... 

U(2) generator product table

U(t)=e−iH·t

Is        just a big MESS?!            σ a
2



So-called anti-commutation(                       ,                       etc.  )   kills off-diagonal terms:σ Xσ Y = −σ Yσ X
σ Xσ Z = −σ Zσ X

Symmetry relations make spinors σX =σB ,  σY =σC , and σZ =σA or quaternions  i=-iσX,  j=-iσY, and  k=-iσZ powerful.

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt

σA= σ Z σB= σX σC=σY

ABCD Time  
evolution  
operator e−iH·t = e

−i A B−iC
B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t

 

= e
−iσϕϕe−iω0·t = e−i

!σ•!ω·te−iω0·t  

Key pieces of mathematical bookkeeping
σϕϕ =  !σ• !ϕ  = !σ•!ω·t   where: !ϕ=

ϕA
ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω⋅t=

ωA
ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t  and: ω0=
A+D

2

Each     squares to one (unit matrix                                                  ). Each quaternion squares to -1 (-1=i·i=j·j=k·k) like i2=-1 for              . σ X 1 =σ X ⋅σ X =σ X
2 =σ Y

2 =σ Z
2 i = −1

σ X σ Y σ Z

σ X 1 iσ Z −iσ Y

σ Y −iσ Z 1 iσ X

σ Z iσ Y −iσ X 1

This holds for a spinor σa based on any unit vector                        if                                           . â = (aX ,aY ,aZ ) â• â =1= aX
2+ aY

2+ aZ
2

 To see this just try it out on any     -component:                                                           .â  σ a =
!
σ • â = aXσ X + aYσ Y + aZσ Z Defining spinor-vector operator

 

σ a
2 = ( !σ • â)( !σ • â) = (aXσ X + aYσ Y + aZσ Z )(aXσ X + aYσ Y + aZσ Z )

=

aXσ XaXσ X +aXσ XaYσ Y +aXσ XaZσ Z

+aYσ YaXσ X +aYσ YaYσ Y +aYσ YaZσ Z

+aZσ ZaXσ X +aZσ ZaYσ Y +aZσ ZaZσ Z

=

aXaXσ Xσ X +aXaYσ Xσ Y +aXaZσ Xσ Z

+aYaXσ Yσ X +aYaYσ Yσ Y +aYaZσ Yσ Z

+aZaXσ Zσ X +aZaYσ Zσ Y +aZaZσ Zσ Z

 σ a
2 = ( !σ • â)( !σ • â) = (aXσ X + aYσ Y + aZσ Z )(aXσ X + aYσ Y + aZσ Z )

So : σ a
2 = 1

=

aX
21 +aXaYσ Xσ Y +aXaZσ Xσ Z

−aXaYσ Xσ Y +aY
21 +aYaZσ Yσ Z

−aXaZσ Xσ Z −aYaZσ Yσ Z +aZ
21

= (aX
2 + aY

2 + aZ
2 )1 = 1

U(2) generator product table

U(t)=e−iH·t

   So there are an ∞ 
number of C2(a) sub-groups 

Is        just a big MESS?! 
                           NOT!            

σ a
2



Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)

=>AMOP wave functions Ψ(α), eigensolutions 
G = U(2) = Unitary group of dimension 2

Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955 
 Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI) 

ANALOGY: (1) Classical 2-state motion (∂/∂t)2x=-K·x    vs    (2) Quantum 2-state motion ih(∂/∂t)Ψ= H·Ψ 

Hamilton-Pauli spinor symmetry and σ-expansion of  H=ωµσµ=ωAσA+ωBσB+ωCσC+ωoσo

ABCD Time evolution operator  U(t)= e-iHt   ; its evaluation and visualization
ABCD symmetry operator {σA,σB,σC} product algebra for spinor-vector operators σa=σ· a

Spinor-vector operator products (σ· a)(σ· a)  
Crazy-Thing Theorem:  e         = cosΘ -  iσa sinΘ-iσaΘ

U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or ½ on 2D spinors or 3D vectors
2D {      } spinor space ½ as fast as 3D {ABC} spin-vectors ↑ ,↓
Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

State coordinates using Euler-angle rotations R(α,0,0), R(0,β,0),and R(0,0,γ) 
Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case

The ABC’s of U(2) dynamics-Archetypes 
          Asymmetric-Diagonal A-Type motion 
          Bilateral-Balanced    B-Type motion 
          Circular-Coriolis…  C-Type motion



Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt

σA= σ Z σB= σX σC=σY

ABCD Time  
evolution  
operator e−iH·t = e

−i A B−iC
B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t

 

= e
−iσϕϕe−iω0·t = e−i

!σ•!ω·te−iω0·t  

Key pieces of mathematical bookkeeping
σϕϕ =  !σ• !ϕ  = !σ•!ω·t   where: !ϕ=

ϕA
ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω⋅t=

ωA
ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t  and: ω0=
A+D

2

σ X σ Y σ Z

σ X 1 iσ Z −iσ Y

σ Y −iσ Z 1 iσ X

σ Z iσ Y −iσ X 1

 σ aσ b = (
!
σ • a)( !σ •b) = (aXσ X + aYσ Y + aZσ Z )(bXσ X + bYσ Y + bZσ Z )

σa σb-products form a dot (•) and cross (×) U(2)-algebra that generalizes products σX σY = iσZ ,   σZ σX = i σY ,   σY σZ = i σX , etc. ... 

Symmetry relations make spinors{σX =σB , σY =σC , σZ =σA } or quaternions {i=-iσX,  j=-iσY, k=-iσZ }into a powerful U(2)-algebra.

U(2) generator product table

U(t)=e−iH·t



Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt

σA= σ Z σB= σX σC=σY

ABCD Time  
evolution  
operator e−iH·t = e

−i A B−iC
B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t

 

= e
−iσϕϕe−iω0·t = e−i

!σ•!ω·te−iω0·t  

Key pieces of mathematical bookkeeping
σϕϕ =  !σ• !ϕ  = !σ•!ω·t   where: !ϕ=

ϕA
ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω⋅t=

ωA
ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t  and: ω0=
A+D

2

σ X σ Y σ Z

σ X 1 iσ Z −iσ Y

σ Y −iσ Z 1 iσ X

σ Z iσ Y −iσ X 1

 

σ aσ b = ( !σ • a)( !σ •b) = (aXσ X + aYσ Y + aZσ Z )(bXσ X + bYσ Y + bZσ Z )

=

aXbXσ Xσ X +aXbYσ Xσ Y +aXbZσ Xσ Z

+aYbXσ Yσ X +aYbYσ Yσ Y +aYbZσ Yσ Z

+aZbXσ Zσ X +aZbYσ Z +aZbZσ Zσ Z

 

σa σb-products form a dot (•) and cross (×) U(2)-algebra that generalizes products σX σY = iσZ ,   σZ σX = i σY ,   σY σZ = i σX , etc. ... 

Symmetry relations make spinors{σX =σB , σY =σC , σZ =σA } or quaternions {i=-iσX,  j=-iσY, k=-iσZ }into a powerful U(2)-algebra.

U(2) generator product table

U(t)=e−iH·t



Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt

σA= σ Z σB= σX σC=σY

ABCD Time  
evolution  
operator e−iH·t = e

−i A B−iC
B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t

 

= e
−iσϕϕe−iω0·t = e−i

!σ•!ω·te−iω0·t  

Key pieces of mathematical bookkeeping
σϕϕ =  !σ• !ϕ  = !σ•!ω·t   where: !ϕ=

ϕA
ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω⋅t=

ωA
ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t  and: ω0=
A+D

2

σ X σ Y σ Z

σ X 1 iσ Z −iσ Y

σ Y −iσ Z 1 iσ X

σ Z iσ Y −iσ X 1

 

σ aσ b = ( !σ • a)( !σ •b) = (aXσ X + aYσ Y + aZσ Z )(bXσ X + bYσ Y + bZσ Z )

=

aXbXσ Xσ X +aXbYσ Xσ Y +aXbZσ Xσ Z

+aYbXσ Yσ X +aYbYσ Yσ Y +aYbZσ Yσ Z

+aZbXσ Zσ X +aZbYσ Z +aZbZσ Zσ Z

=

aXbX1 +aXbYσ Xσ Y −aXbZσ Zσ X

−aYbXσ Xσ Y +aYbY1 +aYbZσ Yσ Z

+aZbXσ Zσ X −aZbYσ Yσ Z +aZbZ1
 

σa σb-products form a dot (•) and cross (×) U(2)-algebra that generalizes products σX σY = iσZ ,   σZ σX = i σY ,   σY σZ = i σX , etc. ... 

Symmetry relations make spinors{σX =σB , σY =σC , σZ =σA } or quaternions {i=-iσX,  j=-iσY, k=-iσZ }into a powerful U(2)-algebra.

U(2) generator product table

U(t)=e−iH·t



Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt

σA= σ Z σB= σX σC=σY

ABCD Time  
evolution  
operator e−iH·t = e

−i A B−iC
B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t

 

= e
−iσϕϕe−iω0·t = e−i

!σ•!ω·te−iω0·t  

Key pieces of mathematical bookkeeping
σϕϕ =  !σ• !ϕ  = !σ•!ω·t   where: !ϕ=

ϕA
ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω⋅t=

ωA
ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t  and: ω0=
A+D

2

σ X σ Y σ Z

σ X 1 iσ Z −iσ Y

σ Y −iσ Z 1 iσ X

σ Z iσ Y −iσ X 1

=

aXbX1 +aXbY  iσ Z −aXbZ  iσ Y

−aYbX  iσ Z +aYbY1 +aYbZ  iσ X

+aZbX  iσ Y −aZbY  iσ X +aZbZ1
 

 

σ aσ b = ( !σ • a)( !σ •b) = (aXσ X + aYσ Y + aZσ Z )(bXσ X + bYσ Y + bZσ Z )

=

aXbXσ Xσ X +aXbYσ Xσ Y +aXbZσ Xσ Z

+aYbXσ Yσ X +aYbYσ Yσ Y +aYbZσ Yσ Z

+aZbXσ Zσ X +aZbYσ Z +aZbZσ Zσ Z

=

aXbX1 +aXbYσ Xσ Y −aXbZσ Zσ X

−aYbXσ Xσ Y +aYbY1 +aYbZσ Yσ Z

+aZbXσ Zσ X −aZbYσ Yσ Z +aZbZ1
 

σa σb-products form a dot (•) and cross (×) U(2)-algebra that generalizes products σX σY = iσZ ,   σZ σX = i σY ,   σY σZ = i σX , etc. ... 

Symmetry relations make spinors{σX =σB , σY =σC , σZ =σA } or quaternions {i=-iσX,  j=-iσY, k=-iσZ }into a powerful U(2)-algebra.

U(2) generator product table

U(t)=e−iH·t



= (aXbX + aYbY + aZbZ )1

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt

σA= σ Z σB= σX σC=σY

ABCD Time  
evolution  
operator e−iH·t = e

−i A B−iC
B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t

 

= e
−iσϕϕe−iω0·t = e−i

!σ•!ω·te−iω0·t  

Key pieces of mathematical bookkeeping
σϕϕ =  !σ• !ϕ  = !σ•!ω·t   where: !ϕ=

ϕA
ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω⋅t=

ωA
ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t  and: ω0=
A+D

2

σ X σ Y σ Z

σ X 1 iσ Z −iσ Y

σ Y −iσ Z 1 iσ X

σ Z iσ Y −iσ X 1

=

aXbX1 +aXbY  iσ Z −aXbZ  iσ Y

−aYbX  iσ Z +aYbY1 +aYbZ  iσ X

+aZbX  iσ Y −aZbY  iσ X +aZbZ1
 

 

σ aσ b = ( !σ • a)( !σ •b) = (aXσ X + aYσ Y + aZσ Z )(bXσ X + bYσ Y + bZσ Z )

=

aXbXσ Xσ X +aXbYσ Xσ Y +aXbZσ Xσ Z

+aYbXσ Yσ X +aYbYσ Yσ Y +aYbZσ Yσ Z

+aZbXσ Zσ X +aZbYσ Z +aZbZσ Zσ Z

=

aXbX1 +aXbYσ Xσ Y −aXbZσ Zσ X

−aYbXσ Xσ Y +aYbY1 +aYbZσ Yσ Z

+aZbXσ Zσ X −aZbYσ Yσ Z +aZbZ1
 

σa σb-products form a dot (•) and cross (×) U(2)-algebra that generalizes products σX σY = iσZ ,   σZ σX = i σY ,   σY σZ = i σX , etc. ... 

Symmetry relations make spinors{σX =σB , σY =σC , σZ =σA } or quaternions {i=-iσX,  j=-iσY, k=-iσZ }into a powerful U(2)-algebra.

U(2) generator product table

U(t)=e−iH·t



= (aXbX + aYbY + aZbZ )1

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt

σA= σ Z σB= σX σC=σY

ABCD Time  
evolution  
operator e−iH·t = e

−i A B−iC
B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t

 

= e
−iσϕϕe−iω0·t = e−i

!σ•!ω·te−iω0·t  

Key pieces of mathematical bookkeeping
σϕϕ =  !σ• !ϕ  = !σ•!ω·t   where: !ϕ=

ϕA
ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω⋅t=

ωA
ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t =

A−D
2
B
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σa σb-products form a dot (•) and cross (×) U(2)-algebra that generalizes products σX σY = iσZ ,   σZ σX = i σY ,   σY σZ = i σX , etc. ... 

Symmetry relations make spinors{σX =σB , σY =σC , σZ =σA } or quaternions {i=-iσX,  j=-iσY, k=-iσZ }into a powerful U(2)-algebra.
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U(t)=e−iH·t



= (aXbX + aYbY + aZbZ )1

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt
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Symmetry relations make spinors{σX =σB , σY =σC , σZ =σA } or quaternions {i=-iσX,  j=-iσY, k=-iσZ }into a powerful U(2)-algebra.
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Symmetry relations make spinors{σX =σB , σY =σC , σZ =σA } or quaternions {i=-iσX,  j=-iσY, k=-iσZ }into a powerful U(2)-algebra.
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σa σb-products form a dot (•) and cross (×) U(2)-algebra that generalizes products σX σY = iσZ ,   σZ σX = i σY ,   σY σZ = i σX , etc. ... 
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Symmetry relations make spinors{σX =σB , σY =σC , σZ =σA } or quaternions {i=-iσX,  j=-iσY, k=-iσZ }into a powerful U(2)-algebra.

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt
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= (aXbX + aYbY + aZbZ )1

+i(aYbZ − aZbY )σ X

+i(aZbX − aXbZ )σ Y
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U(2) generator product table

U(t)=e−iH·t



 

σ aσ b = (
!
σ • a)( !σ •b) = (aXσ X + aYσ Y + aZσ Z )(bXσ X + bYσ Y + bZσ Z )

=
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Y
)= (A

X
− iA

Y
)(B

X
+ iB

Y
)

       = (A
X
B
X
+A
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(Recall complex variable result.)   

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt

σA= σ Z σB= σX σC=σY
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σa σb-products form a dot (•) and cross (×) U(2)-algebra that generalizes products σX σY = iσZ ,   σZ σX = i σY ,   σY σZ = i σX , etc. ... 

Symmetry relations make spinors{σX =σB , σY =σC , σZ =σA } or quaternions {i=-iσX,  j=-iσY, k=-iσZ }into a powerful U(2)-algebra.

 Write the product in Gibbs dot (•) and cross (×) notation. (Guess where Gibbs got his {i,j,k, i×j•k, etc.} notation!)

= (aXbX + aYbY + aZbZ )1

+i(aYbZ − aZbY )σ X

+i(aZbX − aXbZ )σ Y

+i(aXbY − aYbX )σ Z

U(2) generator product table

U(t)=e−iH·t

https://www.uark.edu/ua/modphys/pdfs/CMwBang_Pdfs/CMwBang_Text_2012/CMwBang_Unit_1_2016.pdf#page=148


Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)

=>AMOP wave functions Ψ(α), eigensolutions 
G = U(2) = Unitary group of dimension 2

Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955 
 Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI) 

ANALOGY: (1) Classical 2-state motion (∂/∂t)2x=-K·x    vs    (2) Quantum 2-state motion ih(∂/∂t)Ψ= H·Ψ 

Hamilton-Pauli spinor symmetry and σ-expansion of  H=ωµσµ=ωAσA+ωBσB+ωCσC+ωoσo

ABCD Time evolution operator  U(t)= e-iHt   ; its evaluation and visualization
ABCD symmetry operator {σA,σB,σC} product algebra for spinor-vector operators σa=σ· a

Spinor-vector operator products (σ· a)(σ· a)  
Crazy-Thing Theorem:  e         = cosΘ -  iσa sinΘ-iσaΘ

U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or ½ on 2D spinors or 3D vectors
2D {      } spinor space ½ as fast as 3D {ABC} spin-vectors ↑ ,↓
Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

State coordinates using Euler-angle rotations R(α,0,0), R(0,β,0),and R(0,0,γ) 
Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case

The ABC’s of U(2) dynamics-Archetypes 
          Asymmetric-Diagonal A-Type motion 
          Bilateral-Balanced    B-Type motion 
          Circular-Coriolis…  C-Type motion



Hamilton is able to generalize Euler’s complex rotation operators        and         . (Recall Euler - DeMoivre Theorem.)   e
+iϕ

   e
−iϕ

     

e−iϕ = 1+ (−iϕ)+
1
2!

(−iϕ)2 +
1
3!

(−iϕ)3 +
1
4!

(−iϕ)4!=  [1        −
1
2!
ϕ2           +

1
4!
ϕ4!] =       [ cosϕ]   

                                                                         − i(ϕ            +
1
3!
ϕ3               !)      − i(sinϕ)

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt

σA= σ Z σB= σX σC=σY

ABCD Time  
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operator e−iH·t = e
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Symmetry relations make spinors{σX =σB , σY =σC , σZ =σA } or quaternions {i=-iσX,  j=-iσY, k=-iσZ }into a powerful U(2)-algebra.

Note even powers of (-i) are ±1  
and odd powers of (-i) are ±i.:   

σ X σ Y σ Z

σ X 1 iσ Z −iσ Y

σ Y −iσ Z 1 iσ X

σ Z iσ Y −iσ X 1
U(2) generator product table

U(t)=e−iH·t
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt

σA= σ Z σB= σX σC=σY

ABCD Time  
evolution  
operator e−iH·t = e

−i A B−iC
B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t

 

= e
−iσϕϕe−iω0·t = e−i

!σ•!ω·te−iω0·t  

Key pieces of mathematical bookkeeping
σϕϕ =  !σ• !ϕ  = !σ•!ω·t   where: !ϕ=

ϕA
ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω⋅t=

ωA
ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t  and: ω0=
A+D

2

Symmetry relations make spinors{σX =σB , σY =σC , σZ =σA } or quaternions {i=-iσX,  j=-iσY, k=-iσZ }into a powerful U(2)-algebra.

σ X σ Y σ Z

σ X 1 iσ Z −iσ Y

σ Y −iσ Z 1 iσ X

σ Z iσ Y −iσ X 1
U(2) generator product table

(−i)0 = +1,   (−i)1 = −i,   (−i)2 = −1,   (−i)3 = +i,   (−i)4 = +1,   (−i)5 = −i,  etc.

U(t)=e−iH·t



Hamilton replaces  (-i)  with         in the        power series above to get a sequence of terms just like it.      

     

e−iϕ = 1+ (−iϕ)+
1
2!

(−iϕ)2 +
1
3!

(−iϕ)3 +
1
4!

(−iϕ)4!=  [1        −
1
2!
ϕ2           +

1
4!
ϕ4!] =       [ cosϕ]   

                                                                         − i(ϕ            +
1
3!
ϕ3               !)      − i(sinϕ)

−iσϕ    e
−iϕ

 (−iσϕ )0 = +1,   (−iσϕ )1 = −iσϕ ,   (−iσϕ )2 = −1,   (−iσϕ )3 = +iσϕ ,   (−iσϕ )4 = +1,   (−iσϕ )5 = −iσϕ ,  etc.

(−i)0 = +1,   (−i)1 = −i,   (−i)2 = −1,   (−i)3 = +i,   (−i)4 = +1,   (−i)5 = −i,  etc.

Note even powers of (-i) are ±1  
and odd powers of (-i) are ±i.:   

Hamilton is able to generalize Euler’s complex rotation operators        and         . (Recall Euler - DeMoivre Theorem.)   e
+iϕ

   e
−iϕ

   

σϕ =
( !σ • !ϕ)
ϕ

= ( !σ • ϕ̂)ϕ

=
ϕAσ A +ϕBσ B +ϕCσ C

ϕA
2 +ϕB

2 +ϕC
2

Unit spinor vector

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt

σA= σ Z σB= σX σC=σY

ABCD Time  
evolution  
operator e−iH·t = e

−i A B−iC
B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t

 

= e
−iσϕϕe−iω0·t = e−i

!σ•!ω·te−iω0·t  

Key pieces of mathematical bookkeeping
σϕϕ =  !σ• !ϕ  = !σ•!ω·t   where: !ϕ=

ϕA
ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω⋅t=

ωA
ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t  and: ω0=
A+D

2

Symmetry relations make spinors{σX =σB , σY =σC , σZ =σA } or quaternions {i=-iσX,  j=-iσY, k=-iσZ }into a powerful U(2)-algebra.

σ X σ Y σ Z

σ X 1 iσ Z −iσ Y

σ Y −iσ Z 1 iσ X

σ Z iσ Y −iσ X 1
U(2) generator product table

U(t)=e−iH·t



This allows Hamilton to generalize Euler’s  rotation          to                for any                                                                   . 
     
                                                                           generalizes to:   

Hamilton replaces  (-i)  with         in the        power series above to get a sequence of terms just like it.      

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

     

e−iϕ = 1+ (−iϕ)+
1
2!

(−iϕ)2 +
1
3!

(−iϕ)3 +
1
4!

(−iϕ)4!=  [1        −
1
2!
ϕ2           +

1
4!
ϕ4!] =       [ cosϕ]   

                                                                         − i(ϕ            +
1
3!
ϕ3               !)      − i(sinϕ)

−iσϕ    e
−iϕ

 (−iσϕ )0 = +1,   (−iσϕ )1 = −iσϕ ,   (−iσϕ )2 = −1,   (−iσϕ )3 = +iσϕ ,   (−iσϕ )4 = +1,   (−iσϕ )5 = −iσϕ ,  etc.

   e
−iϕ

 e
−iσϕϕ

 e
−iϕ= 1 cosϕ   −   i sinϕ

(−i)0 = +1,   (−i)1 = −i,   (−i)2 = −1,   (−i)3 = +i,   (−i)4 = +1,   (−i)5 = −i,  etc.

 
e−iσϕϕ= 1cosϕ   −   i σϕ sinϕ

Hamilton is able to generalize Euler’s complex rotation operators        and         . (Recall Euler - DeMoivre Theorem.)   e
+iϕ

   e
−iϕ

Unit spinor vector

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt

σA= σ Z σB= σX σC=σY

ABCD Time  
evolution  
operator e−iH·t = e

−i A B−iC
B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t

 

= e
−iσϕϕe−iω0·t = e−i

!σ•!ω·te−iω0·t  

Key pieces of mathematical bookkeeping
σϕϕ =  !σ• !ϕ  = !σ•!ω·t   where: !ϕ=

ϕA
ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω⋅t=

ωA
ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t  and: ω0=
A+D

2

Symmetry relations make spinors{σX =σB , σY =σC , σZ =σA } or quaternions {i=-iσX,  j=-iσY, k=-iσZ }into a powerful U(2)-algebra.

Note even powers of (-i) are ±1  
and odd powers of (-i) are ±i.:   

σϕϕ = ( !σ • !ϕ) =ϕAσ A +ϕBσ B +ϕCσ C = ( !σ • ϕ̂)ϕ

   

σϕ =
( !σ • !ϕ)
ϕ

= ( !σ • ϕ̂)ϕ

=
ϕAσ A +ϕBσ B +ϕCσ C

ϕA
2 +ϕB

2 +ϕC
2

σ X σ Y σ Z

σ X 1 iσ Z −iσ Y

σ Y −iσ Z 1 iσ X

σ Z iσ Y −iσ X 1
U(2) generator product table

U(t)=e−iH·t



Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt

σA= σ Z σB= σX σC=σY

ABCD Time  
evolution  
operator e−iH·t = e

−i A B−iC
B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t

 

= e
−iσϕϕe−iω0·t = e−i

!σ•!ω·te−iω0·t  

Key pieces of mathematical bookkeeping
σϕϕ =  !σ• !ϕ  = !σ•!ω·t   where: !ϕ=

ϕA
ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω⋅t=

ωA
ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t  and: ω0=
A+D

2

This allows Hamilton to generalize Euler’s  rotation          to                for any                                                                   . 
     
                                                                           generalizes to:   

Hamilton replaces  (-i)  with         in the        power series above to get a sequence of terms just like it.      

     

e−iϕ = 1+ (−iϕ)+
1
2!

(−iϕ)2 +
1
3!

(−iϕ)3 +
1
4!

(−iϕ)4!=  [1        −
1
2!
ϕ2           +

1
4!
ϕ4!] =       [ cosϕ]   

                                                                         − i(ϕ            +
1
3!
ϕ3               !)      − i(sinϕ)

−iσϕ    e
−iϕ

 (−iσϕ )0 = +1,   (−iσϕ )1 = −iσϕ ,   (−iσϕ )2 = −1,   (−iσϕ )3 = +iσϕ ,   (−iσϕ )4 = +1,   (−iσϕ )5 = −iσϕ ,  etc.

   e
−iϕ

 e
−iσϕϕ

 e
−iϕ= 1 cosϕ   −   i sinϕ

(−i)0 = +1,   (−i)1 = −i,   (−i)2 = −1,   (−i)3 = +i,   (−i)4 = +1,   (−i)5 = −i,  etc.

 
e−iσϕϕ= 1cosϕ   −   i σϕ sinϕ

The
Crazy Thing
Theorem:

If ( )2= -1
Then:

e( )j =1cosj+( )sinj

ϕ

ϕ ϕ ϕ

Hamilton is able to generalize Euler’s complex rotation operators        and         . (Recall Euler - DeMoivre Theorem.)   e
+iϕ

   e
−iϕ

Symmetry relations make spinors{σX =σB , σY =σC , σZ =σA } or quaternions {i=-iσX,  j=-iσY, k=-iσZ }into a powerful U(2)-algebra.

Note even powers of (-i) are ±1  
and odd powers of (-i) are ±i.:   

   σϕϕ = (
!σ • !ϕ) =ϕAσ A +ϕBσ B +ϕZσ Z = (

!σ • ϕ̂)ϕ

σ X σ Y σ Z

σ X 1 iσ Z −iσ Y

σ Y −iσ Z 1 iσ X

σ Z iσ Y −iσ X 1
U(2) generator product table

= ( 1cosϕ − iσϕ sinϕ) Ψ(0) e−iω0·t

U(t)=e−iH·t



This allows Hamilton to generalize Euler’s  rotation          to                for any                                                                   . 
     
                                                                           generalizes to:   

Hamilton replaces  (-i)  with         in the        power series above to get a sequence of terms just like it.      

     

e−iϕ = 1+ (−iϕ)+
1
2!

(−iϕ)2 +
1
3!

(−iϕ)3 +
1
4!

(−iϕ)4!=  [1        −
1
2!
ϕ2           +

1
4!
ϕ4!] =       [ cosϕ]   

                                                                         − i(ϕ            +
1
3!
ϕ3               !)      − i(sinϕ)

−iσϕ    e
−iϕ

 (−iσϕ )0 = +1,   (−iσϕ )1 = −iσϕ ,   (−iσϕ )2 = −1,   (−iσϕ )3 = +iσϕ ,   (−iσϕ )4 = +1,   (−iσϕ )5 = −iσϕ ,  etc.

   e
−iϕ

 e
−iσϕϕ σϕϕ = ( !σ • !ϕ) =ϕAσ A +ϕBσ B +ϕCσ C = ( !σ • ϕ̂)ϕ

 e
−iϕ= 1 cosϕ   −   i sinϕ

(−i)0 = +1,   (−i)1 = −i,   (−i)2 = −1,   (−i)3 = +i,   (−i)4 = +1,   (−i)5 = −i,  etc.

Here:          = -i Here:         =

 
e−iσϕϕ= 1cosϕ   −   i σϕ sinϕ

The
Crazy Thing
Theorem:

If ( )2= -1
Then:

e( )j =1cosj+( )sinj

ϕ

ϕ ϕ ϕ

   
−iσϕ = −i(

!σ • ϕ̂) = −i (
!σ • !ϕ)
ϕ

Crazy thing is  
just -√-1

Hamilton is able to generalize Euler’s complex rotation operators        and         . (Recall Euler - DeMoivre Theorem.)   e
+iϕ

   e
−iϕ

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful. e− iωt = cosωt − isinωt

σA= σ Z σB= σX σC=σY

ABCD Time  
evolution  
operator e−iH·t = e

−i A B−iC
B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t

 

= e
−iσϕϕe−iω0·t = e−i

!σ•!ω·te−iω0·t  

Key pieces of mathematical bookkeeping
σϕϕ =  !σ• !ϕ  = !σ•!ω·t   where: !ϕ=

ϕA
ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω⋅t=

ωA
ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅t  and: ω0=
A+D

2

Symmetry relations make spinors{σX =σB , σY =σC , σZ =σA } or quaternions {i=-iσX,  j=-iσY, k=-iσZ }into a powerful U(2)-algebra.

Note even powers of (-i) are ±1  
and odd powers of (-i) are ±i.:   

σ X σ Y σ Z

σ X 1 iσ Z −iσ Y

σ Y −iσ Z 1 iσ X

σ Z iσ Y −iσ X 1
U(2) generator product table

U(t)=e−iH·t

= ( 1cosϕ − iσϕ sinϕ) Ψ(0) e−iω0·t



Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)

=>AMOP wave functions Ψ(α), eigensolutions 
G = U(2) = Unitary group of dimension 2

Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955 
 Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI) 

ANALOGY: (1) Classical 2-state motion (∂/∂t)2x=-K·x    vs    (2) Quantum 2-state motion ih(∂/∂t)Ψ= H·Ψ 

Hamilton-Pauli spinor symmetry and σ-expansion of  H=ωµσµ=ωAσA+ωBσB+ωCσC+ωoσo

ABCD Time evolution operator  U(t)= e-iHt   ; its evaluation and visualization
ABCD symmetry operator {σA,σB,σC} product algebra for spinor-vector operators σa=σ· a

Spinor-vector operator products (σ· a)(σ· a)  
Crazy-Thing Theorem:  e         = cosΘ -  iσa sinΘ-iσaΘ

U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or ½ on 2D spinors or 3D vectors
2D {      } spinor space ½ as fast as 3D {ABC} spin-vectors ↑ ,↓
Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

State coordinates using Euler-angle rotations R(α,0,0), R(0,β,0),and R(0,0,γ) 
Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case

The ABC’s of U(2) dynamics-Archetypes 
          Asymmetric-Diagonal A-Type motion 
          Bilateral-Balanced    B-Type motion 
          Circular-Coriolis…  C-Type motion



Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful.e− iΩt = cosΩt − isinΩt

 e−iH·t = e
−i A B−iC

B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e−i(ω0σ0  + !ω•!σ)·t = e−iω0·t 1cosωt − iσϕ sinω·t( )

 

         where:  !ϕ=

ϕA

ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω ⋅ t=

ωA

ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅ t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅ t  and:  ω0 =
A+D

2
   

ABCD Time  
evolution  
operator

σA= σ Z σB= σX σC=σY

 e
−iϕ= 1 cosϕ   −   i sinϕ

generalizes to:

 
e−iσϕϕ= 1cosϕ   −   i σϕ sinϕ

The
Crazy Thing
Theorem:

If ( )2= -1
Then:

e( )θ =1cosθ+( )sinθ

= ( 1cosϕ − iσϕ sinϕ)e−iω0·t

σϕϕ = ( !σ • !ϕ) =ϕAσ A +ϕBσ B +ϕCσ C = ( !σ • ϕ̂)ϕ

Here:         =
   
−iσϕ = −i(

!σ • ϕ̂) = −i (
!σ • !ϕ)
ϕ

U(t)=e−iH·t



Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful.e− iΩt = cosΩt − isinΩt

 e−iH·t = e
−i A B−iC

B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e−i(ω0σ0  + !ω•!σ)·t = e−iω0·t 1cosωt − iσϕ sinω·t( )

 

         where:  !ϕ=

ϕA

ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω ⋅ t=

ωA

ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅ t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅ t  and:  ω0 =
A+D

2
   

ABCD Time  
evolution  
operator

σA= σ Z σB= σX σC=σY

 e
−iϕ= 1 cosϕ   −   i sinϕ

e
−i 1 0
0 −1
⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟
ϕA

= 1 0
0 1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
cosϕ

A
− i  1 0

0 −1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
sinϕ

A

=  
cosϕ

A
− i sinϕ

A
0

0 cosϕ
A
+ i sinϕ

A

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟
= e−iϕA 0

0 eiϕA

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟

Example 1: 
A or Z 
rotation

generalizes to:

 
e−iσϕϕ= 1cosϕ   −   i σϕ sinϕ

The
Crazy Thing
Theorem:

If ( )2= -1
Then:

e( )θ =1cosθ+( )sinθ

= ( 1cosϕ − iσϕ sinϕ)e−iω0·t

Here:         =
   
−iσϕ = −i(

!σ • ϕ̂) = −i (
!σ • !ϕ)
ϕ

σϕϕ = ( !σ • !ϕ) =ϕAσ A +ϕBσ B +ϕCσ C = ( !σ • ϕ̂)ϕ

U(t)=e−iH·t
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Example 1: 
A or Z 
rotation

Example 2: 
C or Y 
rotation

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful.e− iΩt = cosΩt − isinΩt
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σA= σ Z σB= σX σC=σY

 e
−iϕ= 1 cosϕ   −   i sinϕ

generalizes to:

 
e−iσϕϕ= 1cosϕ   −   i σϕ sinϕ

The
Crazy Thing
Theorem:

If ( )2= -1
Then:

e( )θ =1cosθ+( )sinθ
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−iσϕ = −i(

!σ • ϕ̂) = −i (
!σ • !ϕ)
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= ( 1cosϕ − iσϕ sinϕ)e−iω0·t
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Example 1: 
A or Z 
rotation

Example 2: 
C or Y 
rotation

The
Crazy Thing
Theorem:

If ( )2= -1
Then:

e( )θ =1cosθ+( )sinθ

Example 3: 
Any ϕ=ωt-axial 
rotation

   

Let:  !ϕ= !ω ⋅ t

e−i(σ •
!ϕ) = e−i(σ •ϕ̂)ϕ = e−iσϕϕ = 1cosϕ − iσϕ sinϕ= 1cosϕ − i (σ • ϕ̂)sinϕ
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⎠⎟
cosϕ − i 1 0

0 −1
⎛
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⎠⎟
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⎟

 

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful.e− iΩt = cosΩt − isinΩt
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⎛
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ABCD Time  
evolution  
operator

σA= σ Z σB= σX σC=σY

 e
−iϕ= 1 cosϕ   −   i sinϕ

generalizes to:

 
e−iσϕϕ= 1cosϕ   −   i σϕ sinϕ

Here:         =
   
−iσϕ = −i(

!σ • ϕ̂) = −i (
!σ • !ϕ)
ϕ

= ( 1cosϕ − iσϕ sinϕ)e−iω0·t

σϕϕ = ( !σ • !ϕ) =ϕAσ A +ϕBσ B +ϕCσ C = ( !σ • ϕ̂)ϕ

U(t)=e−iH·t
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⎛
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Example 1: 
A or Z 
rotation

Example 2: 
C or Y 
rotation

The
Crazy Thing
Theorem:

If ( )2= -1
Then:

e( )θ =1cosθ+( )sinθ

Example 3: 
Any ϕ=ωt-axial 
rotation

   

Let:  !ϕ= !ω ⋅ t

e−i(σ •
!ϕ) = e−i(σ •ϕ̂)ϕ = e−iσϕϕ = 1cosϕ − iσϕ sinϕ= 1cosϕ − i (σ • ϕ̂)sinϕ

=         1cosϕ             − iσ Aϕ̂A sinϕ            − iσ Bϕ̂B sinϕ             − iσCϕ̂C sinϕ

= 1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
cosϕ − i 1 0

0 −1
⎛

⎝⎜
⎞

⎠⎟
ϕ̂A sinϕ − i 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
ϕ̂B sinϕ − i 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
ϕ̂C sinϕ

=
cosϕ − iϕ̂A sinϕ (−iϕ̂B − ϕ̂C )sinϕ
(−iϕ̂B + ϕ̂C )sinϕ cosϕ + iϕ̂A sinϕ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful.e− iΩt = cosΩt − isinΩt

 e−iH·t = e
−i A B−iC

B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
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⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
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⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e−i(ω0σ0  + !ω•!σ)·t = e−iω0·t 1cosωt − iσϕ sinω·t( )

 

         where:  !ϕ=
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⎛
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⎟
⎟
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2
   

ABCD Time  
evolution  
operator

σA= σ Z σB= σX σC=σY

 e
−iϕ= 1 cosϕ   −   i sinϕ

generalizes to:

 
e−iσϕϕ= 1cosϕ   −   i σϕ sinϕ

Here:         =
   
−iσϕ = −i(

!σ • ϕ̂) = −i (
!σ • !ϕ)
ϕ

= ( 1cosϕ − iσϕ sinϕ)e−iω0·t

σϕϕ = ( !σ • !ϕ) =ϕAσ A +ϕBσ B +ϕCσ C = ( !σ • ϕ̂)ϕ

U(t)=e−iH·t

ω̂X= ω̂B= cosϕ sinϑ

ω̂Y= ω̂C= sinϕ sinϑ

ω̂Z = ω̂A=       cosϑ

Polar coordinates for 
unit axis vector     ω̂ or  ϕ̂

= ϕ̂B
= ϕ̂C
= ϕ̂A
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⎟⎟⎟⎟⎟
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⎟⎟⎟⎟⎟
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Example 1: 
A or Z 
rotation

Example 2: 
C or Y 
rotation

We test these operators by making them rotate each other….

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful.e− iΩt = cosΩt − isinΩt

 e−iH·t = e
−i A B−iC

B+iC D

⎛
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⎞

⎠
⎟⎟·t
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⎝
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⎞

⎠
⎟⎟·t
= e−i(ω0σ0  + !ω•!σ)·t = e−iω0·t 1cosωt − iσϕ sinω·t( )
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ABCD Time  
evolution  
operator

σA= σ Z σB= σX σC=σY

 e
−iϕ= 1 cosϕ   −   i sinϕ

generalizes to:

 
e−iσϕϕ= 1cosϕ   −   i σϕ sinϕ

Here:         =
   
−iσϕ = −i(

!σ • ϕ̂) = −i (
!σ • !ϕ)
ϕ

= ( 1cosϕ − iσϕ sinϕ)e−iω0·t

U(t)=e−iH·t
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Example 1: 
A or Z 
rotation

Example 2: 
C or Y 
rotation

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful.e− iΩt = cosΩt − isinΩt

 e−iH·t = e
−i A B−iC

B+iC D

⎛
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⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
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⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
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⎛
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i 0

⎛
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⎟⎟·t−i
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2

1 0
0 1

⎛

⎝
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⎞

⎠
⎟⎟·t
= e−i(ω0σ0  + !ω•!σ)·t = e−iω0·t 1cosωt − iσϕ sinω·t( )
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ABCD Time  
evolution  
operator

σA= σ Z σB= σX σC=σY

 e
−iϕ= 1 cosϕ   −   i sinϕ

generalizes to:

 
e−iσϕϕ= 1cosϕ   −   i σϕ sinϕ

Here:         =
   
−iσϕ = −i(
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Example 1: 
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Example 2: 
C or Y 
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Z or A
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X

Y or C

β =
π
3
= 60°

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful.e− iΩt = cosΩt − isinΩt
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−iσϕ = −i(

!σ • ϕ̂) = −i (
!σ • !ϕ)
ϕ
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3D axis vector            corresponds to generator                                           of  rotation                                                        about axis     .  

Any 2-by-2 σµ-matrix may be rotated by any          matrix acting twice (fore-and-aft-1) to give:            
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C
− i  0 −i

i 0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
sinϕ

C

              =  
cosϕ

C
−sinϕ

C

sinϕ
C

cosϕ
C

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

Example 1: 
A or Z 
rotation

Example 2: 
C or Y 
rotation

    

               R ϕ
C( )    ⋅   σ

A
 ⋅      R−1 ϕ

C( )

=
cosϕ

C
−sinϕ

C

sinϕ
C

cosϕ
C

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟
1 0
0 −1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟

cosϕ
C

sinϕ
C

−sinϕ
C

cosϕ
C

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

=
cos2ϕ

C
− sin2ϕ

C
2sinϕ

C
cosϕ

C

2sinϕ
C

cosϕ
C

sin2ϕ
C
− cos2ϕ

C

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

= 1 0
0 −1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
cos2ϕ

C
+ 0 1

1 0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
sin 2ϕ

C

=    σ
A
  cos2ϕ

C
+   σ

B
  sin 2ϕ

C
  

Z or A

B 
or 
X

Y or C

β =
π
3
= 60°

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful.e− iΩt = cosΩt − isinΩt

 e−iH·t = e
−i A B−iC

B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e−i(ω0σ0  + !ω•!σ)·t = e−iω0·t 1cosωt − iσϕ sinω·t( )

 

         where:  !ϕ=

ϕA

ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω ⋅ t=

ωA

ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅ t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅ t  and:  ω0 =
A+D

2
   

ABCD Time  
evolution  
operator

σA= σ Z σB= σX σC=σY

 e
−iϕ= 1 cosϕ   −   i sinϕ

generalizes to:

 
e−iσϕϕ= 1cosϕ   −   i σϕ sinϕ

= ( 1cosϕ − iσϕ sinϕ)e−iω0·t

Here:         =
   
−iσϕ = −i(

!σ • ϕ̂) = −i (
!σ • !ϕ)
ϕ

  
!ϕaxis

3D axis vector            corresponds to generator                                           of  rotation                                                        about axis     .  

Any 2-by-2 σµ-matrix may be rotated by any          matrix acting twice (fore-and-aft-1) to give:            

   
!ϕ= !ω ⋅ t

 
σϕ=  σ Aϕ̂A +σ Bϕ̂B +σCϕ̂C    

e−iσϕϕ=R(!ϕ)= 1cosϕ − iσϕ sinϕ   
!ϕ

  R(
!ϕ)

   
σµ
(!ϕ-rotated)=R(!ϕ)σµR

−1(!ϕ)=R(!ϕ)σµR
†(!ϕ)

U(t)=e−iH·t

e
−i 1 0
0 −1
⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟
ϕA

= 1 0
0 1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
cosϕ

A
− i  1 0

0 −1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
sinϕ

A

=  
cosϕ

A
− i sinϕ

A
0

0 cosϕ
A
+ i sinϕ

A

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟
= e−iϕA 0

0 eiϕA

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟



    

e
−i 0 −i

i 0
⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟
ϕC

= 1 0
0 1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
cosϕ

C
− i  0 −i

i 0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
sinϕ

C

              =  
cosϕ

C
−sinϕ

C

sinϕ
C

cosϕ
C

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

Example 1: 
A or Z 
rotation

Example 2: 
C or Y 
rotation

B 
or 
X

Y or C
Y-rotation 

by ϕC =30° 

or: β=2ϕC =60°

β =
π
3
= 60°

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful.e− iΩt = cosΩt − isinΩt

 e−iH·t = e
−i A B−iC

B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e−i(ω0σ0  + !ω•!σ)·t = e−iω0·t 1cosωt − iσϕ sinω·t( )

 

         where:  !ϕ=

ϕA

ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω ⋅ t=

ωA

ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅ t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅ t  and:  ω0 =
A+D

2
   

ABCD Time  
evolution  
operator

σA= σ Z σB= σX σC=σY

 e
−iϕ= 1 cosϕ   −   i sinϕ

generalizes to:

 
e−iσϕϕ= 1cosϕ   −   i σϕ sinϕ

The 3D-rotation is by 2ϕ, twice the 2D angle ϕ.
  
!ϕ

= ( 1cosϕ − iσϕ sinϕ)e−iω0·t

  
!eCϕC

Here:         =
   
−iσϕ = −i(

!σ • ϕ̂) = −i (
!σ • !ϕ)
ϕ

    

               R ϕ
C( )    ⋅   σ

A
 ⋅      R−1 ϕ

C( )

=
cosϕ

C
−sinϕ

C

sinϕ
C

cosϕ
C

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟
1 0
0 −1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟

cosϕ
C

sinϕ
C

−sinϕ
C

cosϕ
C

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

=
cos2ϕ

C
− sin2ϕ

C
2sinϕ

C
cosϕ

C

2sinϕ
C

cosϕ
C

sin2ϕ
C
− cos2ϕ

C

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

= 1 0
0 −1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
cos2ϕ

C
+ 0 1

1 0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
sin 2ϕ

C

=    σ
A
  cos2ϕ

C
+   σ

B
  sin 2ϕ

C
  

Z or A axis    equals           here 

3D axis vector            corresponds to generator                                           of  rotation                                                        about axis     .  

Any 2-by-2 σµ-matrix may be rotated by any          matrix acting twice (fore-and-aft-1) to give:            

   
!ϕ= !ω ⋅ t

 
σϕ=  σ Aϕ̂A +σ Bϕ̂B +σCϕ̂C    

e−iσϕϕ=R(!ϕ)= 1cosϕ − iσϕ sinϕ   
!ϕ

  R(
!ϕ)

   
σµ
(!ϕ-rotated)=R(!ϕ)σµR

−1(!ϕ)=R(!ϕ)σµR
†(!ϕ)

U(t)=e−iH·t

e
−i 1 0
0 −1
⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟
ϕA

= 1 0
0 1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
cosϕ

A
− i  1 0

0 −1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
sinϕ

A

=  
cosϕ

A
− i sinϕ

A
0

0 cosϕ
A
+ i sinϕ

A

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟
= e−iϕA 0

0 eiϕA

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟



    

e
−i 0 −i

i 0
⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟
ϕC

= 1 0
0 1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
cosϕ

C
− i  0 −i

i 0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
sinϕ

C

              =  
cosϕ

C
−sinϕ

C

sinϕ
C

cosϕ
C

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

Example 1: 
A or Z 
rotation

Example 2: 
C or Y 
rotation

    

               R ϕ
C( )    ⋅   σ

A
 ⋅      R−1 ϕ

C( )

=
cosϕ

C
−sinϕ

C

sinϕ
C

cosϕ
C

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟
1 0
0 −1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟

cosϕ
C

sinϕ
C

−sinϕ
C

cosϕ
C

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

=
cos2ϕ

C
− sin2ϕ

C
2sinϕ

C
cosϕ

C

2sinϕ
C

cosϕ
C

sin2ϕ
C
− cos2ϕ

C

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

= 1 0
0 −1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
cos2ϕ

C
+ 0 1

1 0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
sin 2ϕ

C

=    σ
A
  cos2ϕ

C
+   σ

B
  sin 2ϕ

C
  

Z or A

B 
or 
X

Y or C
Y-rotation by ϕC 

=30° 
or: β=2ϕC =60°

β =
π
3
= 60°

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful.e− iΩt = cosΩt − isinΩt

 e−iH·t = e
−i A B−iC

B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e−i(ω0σ0  + !ω•!σ)·t = e−iω0·t 1cosωt − iσϕ sinω·t( )

 

         where:  !ϕ=

ϕA

ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω ⋅ t=

ωA

ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅ t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅ t  and:  ω0 =
A+D

2
   

ABCD Time  
evolution  
operator

σA= σ Z σB= σX σC=σY

 e
−iϕ= 1 cosϕ   −   i sinϕ

generalizes to:

 
e−iσϕϕ= 1cosϕ   −   i σϕ sinϕ

ϕ̂=

ϕ̂A
ϕ̂B
ϕ̂C

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

ϕA
ϕB
ϕC

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

ϕ2A+ϕ
2
B+ϕ

2
C

=

ωA
ωB
ωC

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

ω2A+ω
2
B+ω

2
C

The 3D-rotation is by 2ϕ, twice the 2D angle ϕ.
  
!ϕaxis

   
!ϕ= !ω ⋅ t  equal to !ω only at t=1 but ϕ̂=ω̂ always.

= ( 1cosϕ − iσϕ sinϕ)e−iω0·t

axis    equals           here   
!eCϕC

3D axis vector            corresponds to generator                                           of  rotation                                                        about axis     .  

Any 2-by-2 σµ-matrix may be rotated by any          matrix acting twice (fore-and-aft-1) to give:            

   
!ϕ= !ω ⋅ t

 
σϕ=  σ Aϕ̂A +σ Bϕ̂B +σCϕ̂C    

e−iσϕϕ=R(!ϕ)= 1cosϕ − iσϕ sinϕ   
!ϕ

  R(
!ϕ)

   
σµ
(!ϕ-rotated)=R(!ϕ)σµR

−1(!ϕ)=R(!ϕ)σµR
†(!ϕ)

U(t)=e−iH·t

e
−i 1 0
0 −1
⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟
ϕA

= 1 0
0 1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
cosϕ

A
− i  1 0

0 −1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
sinϕ

A

=  
cosϕ

A
− i sinϕ

A
0

0 cosϕ
A
+ i sinϕ

A

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟
= e−iϕA 0

0 eiϕA

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟



    

e
−i 0 −i

i 0
⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟
ϕC

= 1 0
0 1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
cosϕ

C
− i  0 −i

i 0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
sinϕ

C

              =  
cosϕ

C
−sinϕ

C

sinϕ
C

cosϕ
C

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

Example 1: 
A or Z 
rotation

Example 2: 
C or Y 
rotation

    

               R ϕ
C( )    ⋅   σ

A
 ⋅      R−1 ϕ

C( )

=
cosϕ

C
−sinϕ

C

sinϕ
C

cosϕ
C

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟
1 0
0 −1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟

cosϕ
C

sinϕ
C

−sinϕ
C

cosϕ
C

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

=
cos2ϕ

C
− sin2ϕ

C
2sinϕ

C
cosϕ

C

2sinϕ
C

cosϕ
C

sin2ϕ
C
− cos2ϕ

C

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

= 1 0
0 −1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
cos2ϕ

C
+ 0 1

1 0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
sin 2ϕ

C

=    σ
A
  cos2ϕ

C
+   σ

B
  sin 2ϕ

C
  

    

              R ϕ
C( )    ⋅   σ

B
 ⋅      R−1 ϕ

C( )

=
cosϕ

C
−sinϕ

C

sinϕ
C

cosϕ
C

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟
0 1
1 0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟

cosϕ
C

sinϕ
C

−sinϕ
C

cosϕ
C

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

=
−2sinϕ

C
cosϕ

C
cos2ϕ

C
− sin2ϕ

C

cos2ϕ
C
− sin2ϕ

C
2sinϕ

C
cosϕ

C

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

= −1 0
0 1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
sin 2ϕ

C
+ 0 1

1 0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
cos2ϕ

C

= − σ
A
  sin 2ϕ

C
+   σ

B
  cos2ϕ

C
  

Ψ(t) = e−iH·t Ψ(0)

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.  

Hamilton generalized Euler’s expansion                                          so matrix exponential becomes powerful.e− iΩt = cosΩt − isinΩt

 e−iH·t = e
−i A B−iC

B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e

−i A−D
2

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iB

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−iC

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t−i

A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e−i(ω0σ0  + !ω•!σ)·t = e−iω0·t 1cosωt − iσϕ sinω·t( )

 

         where:  !ϕ=

ϕA

ϕB
ϕC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= !ω ⋅ t=

ωA

ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅ t =

A−D
2
B
C

⎛

⎝

⎜
⎜
⎜
⎜
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⎠

⎟
⎟
⎟
⎟

⋅ t  and:  ω0 =
A+D

2
   

ABCD Time  
evolution  
operator

σA= σ Z σB= σX σC=σY

 e
−iϕ= 1 cosϕ   −   i sinϕ

generalizes to:

 
e−iσϕϕ= 1cosϕ   −   i σϕ sinϕ

The 3D-rotation is by 2ϕ, twice the 2D angle ϕ.

B 
or 
X

Y or C

β =
π
3
= 60°

Z or A

= ( 1cosϕ − iσϕ sinϕ)e−iω0·t

  
!ϕaxis

3D axis vector            corresponds to generator                                           of  rotation                                                        about axis     .  

Any 2-by-2 σµ-matrix may be rotated by any          matrix acting twice (fore-and-aft-1) to give:            

   
!ϕ= !ω ⋅ t

 
σϕ=  σ Aϕ̂A +σ Bϕ̂B +σCϕ̂C    

e−iσϕϕ=R(!ϕ)= 1cosϕ − iσϕ sinϕ   
!ϕ

  R(
!ϕ)

   
σµ
(!ϕ-rotated)=R(!ϕ)σµR

−1(!ϕ)=R(!ϕ)σµR
†(!ϕ)

U(t)=e−iH·t

Y-rotation by ϕC 

=30° 
or: β=2ϕC =60°

e
−i 1 0
0 −1
⎛

⎝

⎜⎜⎜⎜⎜
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⎠
⎟⎟⎟⎟⎟
cosϕ

A
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⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
sinϕ

A

=  
cosϕ

A
− i sinϕ

A
0

0 cosϕ
A
+ i sinϕ

A

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟
= e−iϕA 0

0 eiϕA

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟



Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)

=>AMOP wave functions Ψ(α), eigensolutions 
G = U(2) = Unitary group of dimension 2

Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955 
 Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI) 

ANALOGY: (1) Classical 2-state motion (∂/∂t)2x=-K·x    vs    (2) Quantum 2-state motion ih(∂/∂t)Ψ= H·Ψ 

Hamilton-Pauli spinor symmetry and σ-expansion of  H=ωµσµ=ωAσA+ωBσB+ωCσC+ωoσo

ABCD Time evolution operator  U(t)= e-iHt   ; its evaluation and visualization
ABCD symmetry operator {σA,σB,σC} product algebra for spinor-vector operators σa=σ· a

Spinor-vector operator products (σ· a)(σ· a)  
Crazy-Thing Theorem:  e         = cosΘ -  iσa sinΘ-iσaΘ

U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or ½ on 2D spinors or 3D vectors
2D {      } spinor space ½ as fast as 3D {ABC} spin-vectors ↑ ,↓
Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

State coordinates using Euler-angle rotations R(α,0,0), R(0,β,0),and R(0,0,γ) 
Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case

The ABC’s of U(2) dynamics-Archetypes 
          Asymmetric-Diagonal A-Type motion 
          Bilateral-Balanced    B-Type motion 
          Circular-Coriolis…  C-Type motion



H = A B− iC
B+ iC D
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⎠
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0 1
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⎜⎜
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⎠
⎟⎟+
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1 0
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⎟⎟  + B 0 1

1 0

⎛
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⎠
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⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

                                      =      ω0      σ 0        +        ωA     σ A       +ωB   σ B         +ωC     σC    =ω0σ 0+
!
ω•
!
σ =ω01+ωσω        

                                   

The { σ1, σA , σB , σC } are the well known Pauli-spin operators { σ1= σ0 , σB= σX , σC=σY , σA= σ Z }

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The “mysterious” factors of 2 (or 1/2):  2D Spinor vs 3D Spin Vector space

Notation for  
2D Spinor space



H = A B− iC
B+ iC D
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                                      =      Ω0        1        +        ΩA     SA       +ΩB   SB          +ΩC     SC    =Ω01+  
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Ω•
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                                      = A+D
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1 0
0 1
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⎜⎜

⎞

⎠
⎟⎟+ (A−D)
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⎛
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⎟
⎟
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1 0
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⎟
⎟
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⎟
⎟
   

components A, B, C switch 1/2-factor from ω-velocity to S-momentum

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The { σ1, σA , σB , σC } are the well known Pauli-spin operators { σ1= σ0 , σB= σX , σC=σY , σA= σ Z }

The “mysterious” factors of 2 (or 1/2):  2D Spinor vs 3D Spin Vector space

Notation for  
2D Spinor space

Notation for  
3D Vector space

0th component 
unchanged



The { 1, SA , SB , SC } are the Jordan-Angular-Momentum operators { 1= σ0 , SB= SX , SC=SY , SA= S Z } 
                                             (Often labeled { JX , JY , J Z })

The “mysterious” factors of 2 (or 1/2):  2D Spinor vs 3D Spin Vector space

Notation for  
2D Spinor space

Notation for  
3D Vector space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The { σ1, σA , σB , σC } are the well known Pauli-spin operators { σ1= σ0 , σB= σX , σC=σY , σA= σ Z }

H = A B− iC
B+ iC D
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⎜⎜

⎞

⎠
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                                      = A+D
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⎟
⎟
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1 0
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⎟
⎟
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⎟
⎟
   

components A, B, C switch 1/2-factor from ω-velocity to S-momentum
0th component 
unchanged



The { 1, SA , SB , SC } are the Jordan-Angular-Momentum operators { 1= σ0 , SB= SX , SC=SY , SA= S Z } 
                                             (Often labeled { JX , JY , J Z })

The “mysterious” factors of 2 (or 1/2):  2D Spinor vs 3D Spin Vector space

Notation for  
2D Spinor space

Notation for  
3D Vector space

 e−iH·t = e
−i A B−iC

B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e−i(ω0σ0  + 

!
ω•
!
σ)·t = e−iω0·te−i 

!
ω•
!
σ·t = e−iω0·te−iσωω·t = e−iω0·t 1cosω·t − iσω sinω·t( )

where:  !ϕ= !ω⋅ t=

ωA
ωB
ωC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅ t =
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2
B
C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅ t  and:  ω0 =
A+D

2
   

Notation for  
2D Spinor space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The { σ1, σA , σB , σC } are the well known Pauli-spin operators { σ1= σ0 , σB= σX , σC=σY , σA= σ Z }

H = A B− iC
B+ iC D
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⎟⎟  +C 0 −i

i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
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!
ω•
!
σ =ω01+ωσω        

                                      =      Ω0        1        +        ΩA     SA       +ΩB   SB          +ΩC     SC    =Ω01+  
!
Ω•
!
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                                      = A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟+ (A−D)
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1 0

0 −2
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⎛

⎝

⎜
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⎟
⎟
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1 0
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⎟
⎟
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⎟
⎟
   

components A, B, C switch 1/2-factor from ω-velocity to S-momentum
0th component 
unchanged



The { 1, SA , SB , SC } are the Jordan-Angular-Momentum operators { 1= σ0 , SB= SX , SC=SY , SA= S Z } 
                                             (Often labeled { JX , JY , J Z })

The “mysterious” factors of 2 (or 1/2):  2D Spinor vs 3D Spin Vector space

Notation for  
2D Spinor space

Notation for  
3D Vector space

 e−iH·t = e
−i A B−iC

B+iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟·t
= e−i(ω0σ0  + 

!
ω•
!
σ)·t = e−iω0·te−i 

!
ω•
!
σ·t = e−iω0·te−iσωω·t = e−iω0·t 1cosω·t − iσω sinω·t( )

                                               = e−i(Ω01 + 
!
Ω•
!
S)·t   = e−iΩ0·te−i 

!
Ω·t•S                              =e−iΩ0·t 1cosΩ·t
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− iσω sinΩ·t
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⎝
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⎠
⎟

   

where:  
!
Θ=
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Ω⋅ t=
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⎜
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⎟
⎟
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⎠
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⎟
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where:  !ϕ= !ω⋅ t=

ωA
ωB
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⎟
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⎟
⎟
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2
   

Notation for  
2D Spinor space

Notation for  
3D Vector space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The { σ1, σA , σB , σC } are the well known Pauli-spin operators { σ1= σ0 , σB= σX , σC=σY , σA= σ Z }

H = A B− iC
B+ iC D
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components A, B, C switch 1/2-factor from ω-velocity to S-momentum
0th component 
unchanged



The { 1, SA , SB , SC } are the Jordan-Angular-Momentum operators { 1= σ0 , SB= SX , SC=SY , SA= S Z } 
                                             (Often labeled { JX , JY , J Z })

The “mysterious” factors of 2 (or 1/2):  2D Spinor vs 3D Spin Vector space

Notation for  
2D Spinor space

Notation for  
3D Vector space

 e−iH·t = e
−i A B−iC
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where:  
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where:  
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Notation for  
2D Spinor space

Notation for  
3D Vector space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The { σ1, σA , σB , σC } are the well known Pauli-spin operators { σ1= σ0 , σB= σX , σC=σY , σA= σ Z }
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“Crank” 
vector

“Crank” 
vector

(2D-Spinor)

(3D-Vector)

H = A B− iC
B+ iC D

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟=
A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟+
A−D

2
1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟  + B 0 1

1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟  +C 0 −i

i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

                                      =      ω0      σ 0        +        ωA     σ A       +ωB   σ B         +ωC     σC    =ω0σ 0+
!
ω•
!
σ =ω01+ωσω        

                                      =      Ω0        1        +        ΩA     SA       +ΩB   SB          +ΩC     SC    =Ω01+  
!
Ω•
!
S    

                                      = A+D
2

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟+ (A−D)

2
1 0

0 −2
1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
+2B

0 2
1

2
1 0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
+2C

0 −2
i

2
i 0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
   

components A, B, C switch 1/2-factor from ω-velocity to S-momentum
0th component 
unchanged



Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)

=>AMOP wave functions Ψ(α), eigensolutions 
G = U(2) = Unitary group of dimension 2

Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955 
 Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI) 

ANALOGY: (1) Classical 2-state motion (∂/∂t)2x=-K·x    vs    (2) Quantum 2-state motion ih(∂/∂t)Ψ= H·Ψ 

Hamilton-Pauli spinor symmetry and σ-expansion of  H=ωµσµ=ωAσA+ωBσB+ωCσC+ωoσo

ABCD Time evolution operator  U(t)= e-iHt   ; its evaluation and visualization
ABCD symmetry operator {σA,σB,σC} product algebra for spinor-vector operators σa=σ· a

Spinor-vector operator products (σ· a)(σ· a)  
Crazy-Thing Theorem:  e         = cosΘ -  iσa sinΘ-iσaΘ

U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or ½ on 2D spinors or 3D vectors
2D {      } spinor space ½ as fast as 3D {ABC} spin-vectors ↑ ,↓
Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

State coordinates using Euler-angle rotations R(α,0,0), R(0,β,0),and R(0,0,γ) 
Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case

The ABC’s of U(2) dynamics-Archetypes 
          Asymmetric-Diagonal A-Type motion 
          Bilateral-Balanced    B-Type motion 
          Circular-Coriolis…  C-Type motion



The “mysterious” factors of 2 (or 1/2):  2D Spinor vs 3D Spin Vector space
U(2):2D Spinor          -space (complex) R(3):3D Spin Vector {SX, SY, SZ}-space (real)↑ , ↓{ }

↓

↑ spin “up”

spin “dn” Z=A

X=B
Y=C

SX
SY
SZ

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟
=

0
0
1

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

Ψ↑

Ψ↓

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
= 1

0

⎛

⎝
⎜

⎞

⎠
⎟

↓

↑ spin “up”

spin “dn”
Z

X
Y

SX
SY
SZ

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟
=

sinβ
0

cosβ

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

3 / 2
0
1/ 2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

Ψ↑

Ψ↓

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
=

cos β
2

sin β
2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=

3
2
1
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

β
2
=
π
6

↓

↑ spin “up”

spin “dn”
Z

X
Y

SX
SY
SZ

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟
=

sinβ
0

cosβ

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

1
0
0

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

Ψ↑

Ψ↓

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
=

cos β
2

sin β
2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=

1
2
1
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

↓

↑ spin “up”

spin “dn”
Z

X
Y

SX
SY
SZ

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟
=

sinβ
0

cosβ

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

0
0
−1

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

Ψ↑

Ψ↓

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
=

cos β
2

sin β
2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= 0
1

⎛

⎝
⎜

⎞

⎠
⎟

β = π

Y-rotation 
by Θ=β=60°

Y-rotation 
by Θ=β=90°

Y-rotation 
by Θ=β=180°

β
2
=
π
4

β
2
=
π
2

Life in 2D Spinor space is “Half-Fast”

β =
π
2

β =
π
3

State vector |Ψ〉=⏐↑〉〈↑⏐Ψ〉+⏐↓〉〈↓⏐Ψ〉

|Ψ〉

|Ψ〉

|Ψ〉

|Ψ〉

Spin vector S=⏐X〉〈X⏐S〉+⏐Y〉〈Y⏐S〉 +⏐Z〉〈Z⏐S〉

S

S

S

S

Ψ↑

Ψ↓

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
=

cos β
2

−sin β
2

sin β
2

cos β
2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

1
0

⎛

⎝
⎜

⎞

⎠
⎟

SX
SY
SZ

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟
=

cosβ 0 sinβ
0 1 0

−sinβ 0 cosβ

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

0
0
1

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟



The “mysterious” factors of 2 (or 1/2):  2D Spinor vs 3D Spin Vector space

↓

↑ spin “up”

spin “dn” Z

X
Y

SX
SY
SZ

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟
=

sinβ
0

cosβ

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

−1
0
0

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

Ψ↑

Ψ↓

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
=

cos β
2

sin β
2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=

−1
2
1
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

↓

↑ spin “up”

spin “dn”
Z

X
Y

SX
SY
SZ

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟
=

sinβ
0

cosβ

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

−1/ 2
0
3 / 2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

Ψ↑

Ψ↓

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
=

cos β
2

sin β
2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=

− 3
2
1
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

β
2
=
11π
12

β =
11π
6

↓

↑

-spin “up” 
with π-phase

spin “dn”
Z

X
Y

SX
SY
SZ

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟
=

1
0
0

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

Ψ↑

Ψ↓

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
=

cos β
2

sin β
2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= −1
0

⎛

⎝
⎜

⎞

⎠
⎟

β = 2π

↓

↑ spin “up”

spin “dn”
SX
SY
SZ

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟
=

sinβ
0

cosβ

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

0
0
−1

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

Ψ↑

Ψ↓

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
=

cos β
2

sin β
2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= 0
1

⎛

⎝
⎜

⎞

⎠
⎟

β = π

Y-rotation 
by Θ=β=330°

Y-rotation 
by Θ=β=360°

Y-rotation 
by Θ=β=180°

β
2
= π

β
2
=
π
2

Life in 2D Spinor space is “Half-Fast” and needs Θ=4π=720° to return to original state 

β =
3π
2

β
2
=
3π
4

Y-rotation 
by Θ=β=270°

U(2):2D Spinor          -space (complex) R(3):3D Spin Vector {SX, SY, SZ}-space (real)↑ , ↓{ }

State vector |Ψ〉=⏐↑〉〈↑⏐Ψ〉+⏐↓〉〈↓⏐Ψ〉 Spin vector S=⏐X〉〈X⏐S〉+⏐Y〉〈Y⏐S〉 +⏐Z〉〈Z⏐S〉

|Ψ〉

S

S

S

S

|Ψ〉

|Ψ〉

|Ψ〉

(Only “half-way” home after 2π =360° rotation)

Z=A

X=B
Y=C



Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)

=>AMOP wave functions Ψ(α), eigensolutions 
G = U(2) = Unitary group of dimension 2

Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955 
 Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI) 

ANALOGY: (1) Classical 2-state motion (∂/∂t)2x=-K·x    vs    (2) Quantum 2-state motion ih(∂/∂t)Ψ= H·Ψ 

Hamilton-Pauli spinor symmetry and σ-expansion of  H=ωµσµ=ωAσA+ωBσB+ωCσC+ωoσo

ABCD Time evolution operator  U(t)= e-iHt   ; its evaluation and visualization
ABCD symmetry operator {σA,σB,σC} product algebra for spinor-vector operators σa=σ· a

Spinor-vector operator products (σ· a)(σ· a)  
Crazy-Thing Theorem:  e         = cosΘ -  iσa sinΘ-iσaΘ

U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or ½ on 2D spinors or 3D vectors
2D {      } spinor space ½ as fast as 3D {ABC} spin-vectors ↑ ,↓
Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

State coordinates using Euler-angle rotations R(α,0,0), R(0,β,0),and R(0,0,γ) 
Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case

The ABC’s of U(2) dynamics-Archetypes 
          Asymmetric-Diagonal A-Type motion 
          Bilateral-Balanced    B-Type motion 
          Circular-Coriolis…  C-Type motion



gBZ gBX − igBY
gBX + igBY −gBZ

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
= gBZ

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟  + gBX

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟  + gBY

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

                                                =  gBZ     σ A          +     gBX   σ X      + gBY     σY    = !ω•
!
σ =ωσω        

                                   

The { σ1, σA , σB , σC } are the well known Pauli-spin operators { σ1= σ0 , σB= σX , σC=σY , σA= σ Z }

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

Notation for  
2D Spinor space

H=m•B=g σ•B=



gBZ gBX − igBY
gBX + igBY −gBZ

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
= gBZ

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟  + gBX

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟  + gBY

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

                                                =  gBZ     σ A          +     gBX   σ X      + gBY     σY    = !ω•
!
σ =ωσω        

                                   

The { σ1, σA , σB , σC } are the well known Pauli-spin operators { σ1= σ0 , σB= σX , σC=σY , σA= σ Z }

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

Notation for  
2D Spinor space

A

C

B

ΩΩ
SSSS

A

CB

Ω

ϑ=60°
Θ=Ω t

ϕ=45°

The driving  Θ=Ωt crank vector defined by ABCD of Hamiltonian H .

H=m•B=g σ•B=

Notation for  
3D Vector space

  
!
Θ=

ΘA
ΘB
ΘC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=
!
Ω ⋅ t=

ΩA
ΩB
ΩC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅ t =
A−D
2B
2C

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⋅ t

Two views of Hamilton crank vector Ω(ϕ,ϑ)  
whirling Stokes state vector S in ABC-space.



gBZ gBX − igBY
gBX + igBY −gBZ

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
= gBZ

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟  + gBX

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟  + gBY

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

                                                =  gBZ     σ A          +     gBX   σ X      + gBY     σY    = !ω•
!
σ =ωσω        

                                   

The { σ1, σA , σB , σC } are the well known Pauli-spin operators { σ1= σ0 , σB= σX , σC=σY , σA= σ Z }

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

Notation for  
2D Spinor space

A

C

B

ΩΩ
SSSS

A

CB

Ω

ϑ=60°
Θ=Ω t

ϕ=45°

The driving  Θ=Ωt crank vector defined by ABCD of Hamiltonian H .

H=m•B=g σ•B=

Notation for  
3D Vector space

  
!
Θ=

ΘA
ΘB
ΘC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=
!
Ω ⋅ t=

ΩA
ΩB
ΩC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅ t =
A−D
2B
2C

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⋅ t = g

BZ
BX
BY

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅ t

For fermion spin that Ω is the gB-field!

Two views of Hamilton crank vector Ω(ϕ,ϑ)  
whirling Stokes state vector S in ABC-space.



gBZ gBX − igBY
gBX + igBY −gBZ

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
= gBZ

1 0
0 −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟  + gBX

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟  + gBY

0 −i
i 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

                                                =  gBZ     σ A          +     gBX   σ X      + gBY     σY    = !ω•
!
σ =ωσω        

                                   

The { σ1, σA , σB , σC } are the well known Pauli-spin operators { σ1= σ0 , σB= σX , σC=σY , σA= σ Z }

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

Notation for  
2D Spinor space

A

C

B

ΩΩ
SSSS

A

CB

Ω

ϑ=60°
Θ=Ω t

ϕ=45°

The driving  Θ=Ωt crank vector defined by ABCD of Hamiltonian H .

H=m•B=g σ•B=

Notation for  
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For fermion spin that Ω is the gB-field!
Q: But, how is a spin state-⏐ψ〉 or spin vector-S defined? 

Two views of Hamilton crank vector Ω(ϕ,ϑ)  
whirling Stokes state vector S in ABC-space.
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The { σ1, σA , σB , σC } are the well known Pauli-spin operators { σ1= σ0 , σB= σX , σC=σY , σA= σ Z }

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

Notation for  
2D Spinor space
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For fermion spin the crank vector Θ=Ωt is the gB-field!

Q: But, how is a spin state-⏐ψ〉 or spin vector-S defined? 

A: By U(2) group operator ⏐ψ(t)〉 =R[Θ]⏐ψ(0)〉, 
       …or better, by Euler angles        =R(α,β,γ)⏐ψ(0)〉

spin vector 
S

crank 
Ω



Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)

=>AMOP wave functions Ψ(α), eigensolutions 
G = U(2) = Unitary group of dimension 2

Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955 
 Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI) 

ANALOGY: (1) Classical 2-state motion (∂/∂t)2x=-K·x    vs    (2) Quantum 2-state motion ih(∂/∂t)Ψ= H·Ψ 

Hamilton-Pauli spinor symmetry and σ-expansion of  H=ωµσµ=ωAσA+ωBσB+ωCσC+ωoσo

ABCD Time evolution operator  U(t)= e-iHt   ; its evaluation and visualization
ABCD symmetry operator {σA,σB,σC} product algebra for spinor-vector operators σa=σ· a

Spinor-vector operator products (σ· a)(σ· a)  
Crazy-Thing Theorem:  e         = cosΘ -  iσa sinΘ-iσaΘ

U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or ½ on 2D spinors or 3D vectors
2D {      } spinor space ½ as fast as 3D {ABC} spin-vectors ↑ ,↓
Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

State coordinates using Euler-angle rotations R(α,0,0), R(0,β,0),and R(0,0,γ) 
Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case

The ABC’s of U(2) dynamics-Archetypes 
          Asymmetric-Diagonal A-Type motion 
          Bilateral-Balanced    B-Type motion 
          Circular-Coriolis…  C-Type motion



Euler’s state definition using rotations R(α,0,0), R(0,β,0),and R(0,0,γ)  
                                  Spin-1 (3D-real vector) case 
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R αβγ( ) = R α00( )                  R 0β0( )                   R 00γ( )

Euler’s rotation state definition using rotations R(α,0,0), R(0,β,0),and R(0,0,γ)  
                                  Spin-1 (3D-real vector) case 
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Euler’s rotation state definition using rotations R(α,0,0), R(0,β,0),and R(0,0,γ)  
                                  Spin-1 (3D-real vector) case 
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Euler’s rotation state definition using rotations R(α,0,0), R(0,β,0),and R(0,0,γ)  
                                  Spin-1 (3D-real vector) case 
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Note lab-frame polar coordinates of Z(body)
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Euler’s rotation state definition using rotations R(α,0,0), R(0,β,0),and R(0,0,γ)  
                                  Spin-1 (3D-real vector) case 
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...and body-frame polar coordinates of Z(lab)
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Euler’s rotation state definition using rotations R(α,0,0), R(0,β,0),and R(0,0,γ)  
                                  Spin-1 (3D-real vector) case 
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Euler’s rotation state definition using rotations R(α,0,0), R(0,β,0),and R(0,0,γ)  
                                  Spin-1 (3D-real vector) case 
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Euler’s rotation state definition using rotations R(α,0,0), R(0,β,0),and R(0,0,γ)  
                                  Spin-1 (3D-real vector) case 
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Fig. 10.A.3-4 Mechanical device demonstrating Euler angles (α,β,γ)

Euler’s rotation state definition using rotations R(α,0,0), R(0,β,0),and R(0,0,γ)  
                                  Spin-1 (3D-real vector) case 

ω̂X= ω̂B= cosϕ sinϑ

ω̂Y= ω̂C= sinϕ sinϑ

ω̂Z = ω̂A=       cosϑ

Polar crank coordinates for 
unit axis vector     ω̂ or  ϕ̂

= ϕ̂B
= ϕ̂C
= ϕ̂A

Crank turn angle:  Θ=Ωt=2ωt 



Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)

=>AMOP wave functions Ψ(α), eigensolutions 
G = U(2) = Unitary group of dimension 2

Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955 
 Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI) 

ANALOGY: (1) Classical 2-state motion (∂/∂t)2x=-K·x    vs    (2) Quantum 2-state motion ih(∂/∂t)Ψ= H·Ψ 

Hamilton-Pauli spinor symmetry and σ-expansion of  H=ωµσµ=ωAσA+ωBσB+ωCσC+ωoσo

ABCD Time evolution operator  U(t)= e-iHt   ; its evaluation and visualization
ABCD symmetry operator {σA,σB,σC} product algebra for spinor-vector operators σa=σ· a

Spinor-vector operator products (σ· a)(σ· a)  
Crazy-Thing Theorem:  e         = cosΘ -  iσa sinΘ-iσaΘ

U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or ½ on 2D spinors or 3D vectors
2D {      } spinor space ½ as fast as 3D {ABC} spin-vectors ↑ ,↓
Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

State coordinates using Euler-angle rotations R(α,0,0), R(0,β,0),and R(0,0,γ) 
Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case

The ABC’s of U(2) dynamics-Archetypes 
          Asymmetric-Diagonal A-Type motion 
          Bilateral-Balanced    B-Type motion 
          Circular-Coriolis…  C-Type motion
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Euler’s rotation state definition using rotations R(α,0,0), R(0,β,0),and R(0,0,γ)  
                                  Spin-1/2 (2D-complex spinor) case 
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Euler’s rotation state definition using rotations R(α,0,0), R(0,β,0),and R(0,0,γ)  
                                  Spin-1/2 (2D-complex spinor) case 



Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)

=>AMOP wave functions Ψ(α), eigensolutions 
G = U(2) = Unitary group of dimension 2

Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955 
 Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI) 

ANALOGY: (1) Classical 2-state motion (∂/∂t)2x=-K·x    vs    (2) Quantum 2-state motion ih(∂/∂t)Ψ= H·Ψ 

Hamilton-Pauli spinor symmetry and σ-expansion of  H=ωµσµ=ωAσA+ωBσB+ωCσC+ωoσo

ABCD Time evolution operator  U(t)= e-iHt   ; its evaluation and visualization
ABCD symmetry operator {σA,σB,σC} product algebra for spinor-vector operators σa=σ· a

Spinor-vector operator products (σ· a)(σ· a)  
Crazy-Thing Theorem:  e         = cosΘ -  iσa sinΘ-iσaΘ

U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or ½ on 2D spinors or 3D vectors
2D {      } spinor space ½ as fast as 3D {ABC} spin-vectors ↑ ,↓
Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

State coordinates using Euler-angle rotations R(α,0,0), R(0,β,0),and R(0,0,γ) 
Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case

The ABC’s of U(2) dynamics-Archetypes 
          Asymmetric-Diagonal A-Type motion 
          Bilateral-Balanced    B-Type motion 
          Circular-Coriolis…  C-Type motion

(related)



Each point {E1,E2} defines 2D-HO phase space or analogous Ψ-space given by 2D amplitude array:  
This defines real 3D spin vector (SA, SB, SC) “pointing” to a polarization ellipse or state.    
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states   
Asymmetry SA =SZ, Balance SB =SX, and Chirality SC =SY 



Asymmetry SA =
1
2
a σ A( a) = 1

2 a1
* a2

*( ) 1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
a1

a2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

 = 1
2
a1

*a1 − a2
*a2⎡

⎣
⎤
⎦  = 1

2
x1

2 + p1
2 − x2

2 − p2
2⎡

⎣
⎤
⎦=            I

2
[cos2 β

2
− sin2 β

2
]                                        = I

2
cosβ

Balance      SB =
1
2
a σ B( a) = 1

2 a1
* a2

*( ) 0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
a1

a2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

  = 1
2
a1

*a2 + a2
*a1⎡

⎣
⎤
⎦   = p1 p2 + x1x2⎡

⎣
⎤
⎦   =I −sinα + γ

2
sinα −γ

2
+ cosα + γ

2
 cosα −γ

2
⎡
⎣⎢

⎤
⎦⎥
cos β

2
sin β

2
 = I

2
cosα sinβ

Chirality   SC =
1
2
a σC( a) = 1

2 a1
* a2

*( ) 0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟
a1

a2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

 = −i
2

a1
*a2 − a2

*a1⎡
⎣

⎤
⎦= x1 p2 − x2p1⎡
⎣

⎤
⎦   =I cosα + γ

2
sinα −γ

2
− cosα −γ

2
⋅−sinα + γ

2
⎡
⎣⎢

⎤
⎦⎥
cos β

2
sin β

2
  = I

2
sinα sinβ

SGeneral Spin State
|Ψ〉=R(αβγ) |↑〉

β

α

SY=Ssinα sinβ

S Z
=S
co
sβ

SX=

Scosα si
nβ

γ

polar  
angle β

azimuth  
angle α

    

a
1

a
2

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟
=

x
1

+ ip
1

x
2

+ ip
2

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟
=A

e
−i
α
2 cos

β
2

e
i
α
2 sin

β
2

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

e
−i
γ
2Each point {E1,E2} defines 2D-HO phase space or analogous Ψ-space given by 2D amplitude array:  

This defines real 3D spin vector (SA, SB, SC) “pointing” to a polarization ellipse or state. 

3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states   
Asymmetry SA =SZ, Balance SB =SX, and Chirality SC =SY 



Asymmetry SA =
1
2
a σ A( a) = 1

2 a1
* a2

*( ) 1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
a1

a2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

 = 1
2
a1

*a1 − a2
*a2⎡

⎣
⎤
⎦  = 1

2
x1

2 + p1
2 − x2

2 − p2
2⎡

⎣
⎤
⎦=            I

2
[cos2 β

2
− sin2 β

2
]                                        = I

2
cosβ

Balance      SB =
1
2
a σ B( a) = 1

2 a1
* a2

*( ) 0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
a1

a2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

  = 1
2
a1

*a2 + a2
*a1⎡

⎣
⎤
⎦   = p1 p2 + x1x2⎡

⎣
⎤
⎦   =I −sinα + γ

2
sinα −γ

2
+ cosα + γ

2
 cosα −γ

2
⎡
⎣⎢

⎤
⎦⎥
cos β

2
sin β

2
 = I

2
cosα sinβ

Chirality   SC =
1
2
a σC( a) = 1

2 a1
* a2

*( ) 0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟
a1

a2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

 = −i
2

a1
*a2 − a2

*a1⎡
⎣

⎤
⎦= x1 p2 − x2p1⎡
⎣

⎤
⎦   =I cosα + γ

2
sinα −γ

2
− cosα −γ

2
⋅−sinα + γ

2
⎡
⎣⎢

⎤
⎦⎥
cos β

2
sin β

2
  = I

2
sinα sinβ

SGeneral Spin State
|Ψ〉=R(αβγ) |↑〉

β

α

SY=Ssinα sinβ

S Z
=S
co
sβ

SX=

Scosα si
nβ

γ

polar  
angle β

azimuth  
angle α

    

a
1

a
2

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟
=

x
1

+ ip
1

x
2

+ ip
2

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟
=A

e
−i
α
2 cos

β
2

e
i
α
2 sin

β
2

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

e
−i
γ
2Each point {E1,E2} defines 2D-HO phase space or analogous Ψ-space given by 2D amplitude array:  

This defines real 3D spin vector (SA, SB, SC) “pointing” to a polarization ellipse or state. 

3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states   
Asymmetry SA =SZ, Balance SB =SX, and Chirality SC =SY 

x1=ReΨ1

p1=ImΨ1

x2=ReΨ2

p2=ImΨ2

Ψ1 = x1+ip1 = |Ψ1| eiφ1

(b) 2-Phasor

U(2) SpinorPicture

φ1

φ2

Ψ2 = x2+ip2 = |Ψ2| eiφ2

(c) 3-Dimensional Real

R(3)-SU(2)Vector Picture

SAor
SZ SCor

SY
SBor
SX
SA = (Ψ1* Ψ1 - Ψ2* Ψ2)/2
SB = (Ψ1* Ψ2 + Ψ2* Ψ1)/2
SC = (Ψ1* Ψ2 - Ψ2* Ψ1)/2i

S
x1

x2

(a) Real Spinor

Space Picture

x1=ReΨ1
x2=ReΨ2

(2D-Oscillator Orbit)

Fig. 10.5.2 Spinor, phasor, and vector descriptions of 2-state systems .



Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)

=>AMOP wave functions Ψ(α), eigensolutions 
G = U(2) = Unitary group of dimension 2

Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955 
 Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI) 

ANALOGY: (1) Classical 2-state motion (∂/∂t)2x=-K·x    vs    (2) Quantum 2-state motion ih(∂/∂t)Ψ= H·Ψ 

Hamilton-Pauli spinor symmetry and σ-expansion of  H=ωµσµ=ωAσA+ωBσB+ωCσC+ωoσo

ABCD Time evolution operator  U(t)= e-iHt   ; its evaluation and visualization
ABCD symmetry operator {σA,σB,σC} product algebra for spinor-vector operators σa=σ· a

Spinor-vector operator products (σ· a)(σ· a)  
Crazy-Thing Theorem:  e         = cosΘ -  iσa sinΘ-iσaΘ

U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or ½ on 2D spinors or 3D vectors
2D {      } spinor space ½ as fast as 3D {ABC} spin-vectors ↑ ,↓
Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

State coordinates using Euler-angle rotations R(α,0,0), R(0,β,0),and R(0,0,γ) 
Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case

The ABC’s of U(2) dynamics-Archetypes 
          Asymmetric-Diagonal A-Type motion 
          Bilateral-Balanced    B-Type motion 
          Circular-Coriolis…  C-Type motion

(related)
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Web Simulation

http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.9&BU2=-0.0&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=1.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.9&BU2=-0.0&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=1.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
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A-Type elliptical polarized motion

BoxIt Web Simulation: A-
Type with A=2.1, D=3.4

http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=2.1&BU2=-0.0&CU2=0.0&DU2=3.4&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.5&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=2.1&BU2=-0.0&CU2=0.0&DU2=3.4&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.5&wantBoxLines=0


Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)

=>AMOP wave functions Ψ(α), eigensolutions 
G = U(2) = Unitary group of dimension 2

Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955 
 Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI) 

ANALOGY: (1) Classical 2-state motion (∂/∂t)2x=-K·x    vs    (2) Quantum 2-state motion ih(∂/∂t)Ψ= H·Ψ 

Hamilton-Pauli spinor symmetry and σ-expansion of  H=ωµσµ=ωAσA+ωBσB+ωCσC+ωoσo

ABCD Time evolution operator  U(t)= e-iHt   ; its evaluation and visualization
ABCD symmetry operator {σA,σB,σC} product algebra for spinor-vector operators σa=σ· a

Spinor-vector operator products (σ· a)(σ· a)  
Crazy-Thing Theorem:  e         = cosΘ -  iσa sinΘ-iσaΘ

U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or ½ on 2D spinors or 3D vectors
2D {      } spinor space ½ as fast as 3D {ABC} spin-vectors ↑ ,↓
Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

State coordinates using Euler-angle rotations R(α,0,0), R(0,β,0),and R(0,0,γ) 
Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case

The ABC’s of U(2) dynamics-Archetypes 
          Asymmetric-Diagonal A-Type motion 
          Bilateral-Balanced    B-Type motion 
          Circular-Coriolis…  C-Type motion

(related)
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http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0


   

1 H 1 1 H 2

2 H 1 2 H 2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
= A B − iC

B + iC D
⎛

⎝
⎜

⎞

⎠
⎟ = A+ D

2
1 0
0 1

⎛

⎝
⎜

⎞

⎠
⎟  + B 0 1

1 0
⎛

⎝
⎜

⎞

⎠
⎟  + C 0 −i

i 0
⎛

⎝
⎜

⎞

⎠
⎟  + A− D

2
1 0
0 −1

⎛

⎝
⎜

⎞

⎠
⎟

                                                                         =   A+ D
2

     1        +    B   σ B     +    C    σC       +   A− D
2

 σA         

                                                                         =   A+ D
2

    σ0       + 
ΩB
2

  σ B     +  
ΩC
2

 σC      +      
ΩA
2

   σA        

   
H =Ω01+

!
Ω
2
•σ

     
   ρ =     

1
2

N1+ 
!
Siσ  The ABC’s of U(2) dynamics

Bilateral-Balanced B-Type motion

  

1 HB 1 1 HB 2

2 HB 1 2 HB 2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
=

Ω0 B

B Ω0

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

=Ω0
1 0
0 1

⎛

⎝
⎜

⎞

⎠
⎟  +B 0 1

1 0
⎛

⎝
⎜

⎞

⎠
⎟ =   Ω0σ0  + 

ΩB
2
σ B

   

!
Ω =

ΩA
ΩB
ΩC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=
A− D
2B
2C

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

    

Crank :  
!
Ω =

ΩA
ΩB
ΩC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=
0

2B
0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

     Eigen− Spin :
!
S =

SA
SB
SC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=
0
±S
0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

Beat dynamics:

A

-A

C

-C

B

-B

H crank-Ω vector
for negative B=-S

|(+)〉

|(−)〉

|R〉

|L〉

|x〉

|y〉

Ω

x1

x2

x1(t)

x2(t)

 Mixed
(|+〉 +  |−〉)

mode

Beat
period

Ψ1

Ψ2

(a)
Quarter Wave

( Right-Circular
Polarization)

Ψ1

Ψ2

(b)
Half Wave

( Y Polarization)

Beat
period

Ψ1∼0

Ψ2

Ω0

Total beat 
frequency 

 ΩB

ΩB
2
ΩB
2

BoxIt (B-Type) 
Web Simulation

http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0


B-Type elliptical polarized motion

BoxIt Web Simulation: 
B-Type with A, D=2.1; B=-0.21
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Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)

=>AMOP wave functions Ψ(α), eigensolutions 
G = U(2) = Unitary group of dimension 2

Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955 
 Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI) 

ANALOGY: (1) Classical 2-state motion (∂/∂t)2x=-K·x    vs    (2) Quantum 2-state motion ih(∂/∂t)Ψ= H·Ψ 

Hamilton-Pauli spinor symmetry and σ-expansion of  H=ωµσµ=ωAσA+ωBσB+ωCσC+ωoσo

ABCD Time evolution operator  U(t)= e-iHt   ; its evaluation and visualization
ABCD symmetry operator {σA,σB,σC} product algebra for spinor-vector operators σa=σ· a

Spinor-vector operator products (σ· a)(σ· a)  
Crazy-Thing Theorem:  e         = cosΘ -  iσa sinΘ-iσaΘ

U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or ½ on 2D spinors or 3D vectors
2D {      } spinor space ½ as fast as 3D {ABC} spin-vectors ↑ ,↓
Hamiltonian for NMR:  3D Spin Moment Vector m=(mx, my, mz,) in field B=(Bx, By, Bz)

State coordinates using Euler-angle rotations R(α,0,0), R(0,β,0),and R(0,0,γ) 
Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case

The ABC’s of U(2) dynamics-Archetypes 
          Asymmetric-Diagonal A-Type motion 
          Bilateral-Balanced    B-Type motion 
          Circular-Coriolis…  C-Type motion

(related)
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Circular-Coriolis... C-Type motion
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Circular-Coriolis... C-Type motion
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Circular-Coriolis... C-Type motion
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C-Type elliptical polarized motion (BoxIt Web Simulation)

BoxIt Web Simulation: 
C-Type with A, D=2.1; C=-0.21
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Review: Fundamental Euler R(αβγ) and Darboux R[ϕϑΘ] representations of U(2) and R(3) 
          Euler R(αβγ) derived from Darboux R[ϕϑΘ] and vice versa 
          Euler R(αβγ) rotation Θ =0-4π-sequence [ϕϑ] fixed 
          R(3)-U(2) slide rule  for converting R(αβγ) ↔ R[ϕϑΘ] and Sundial 

U(2) density operator approach to symmetry dynamics 
          Bloch equation for density operator 

The ABC’s of U(2) dynamics-Archetypes 
          Asymmetric-Diagonal A-Type motion 
          Bilateral-Balanced    B-Type motion 
          Circular-Coriolis…  C-Type motion 

The ABC’s of U(2) dynamics-Mixed modes 
          AB-Type motion and Wigner’s Avoided-Symmetry-Crossings 
          ABC-Type elliptical polarized motion 

Ellipsometry using U(2) symmetry coordinates 
          Conventional amp-phase ellipse coordinates 
          Euler Angle (αβγ) ellipse coordinates
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Tilted-plane polarization AB-Type motion
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AB-Type elliptical polarized motion

BoxIt Web Simulation: 
AB-Type with A=2.1; B=-0.21; D=3.4
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Fig. 10.3.1 (b) Wigner avoided level crossing. (Fixed tunneling B=-S and variable A-D=pE field.)
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Review of Lecture 6:  C2  symmetry is 2D oscillators and three famous 2-state systems 
Review of Lecture 6: 2-State Schrodinger: i!∂t|Ψ(t)〉=H|Ψ(t)〉 vs. Classical 2D-HO: ∂2tx=-K•x  
Review of Lecture 6: Hamilton-Pauli spinor symmetry ( σ-expansion in ABCD-Types) H=ωµσµ 

Deriving σ-exponential time evolution (or revolution) operator U=e-iHt=e-iσµωµt  
Spinor arithmetic          like      complex arithmetic 
Spinor vector algebra   like      complex vector algebra  
Spinor exponentials      like      complex exponentials (“Crazy-Thing”-Theorem) 

Geometry of U(2) evolution (or R(3) revolution) operator U=e-iHt=e-iσµωµt 

The “mysterious” factors of 2 (or 1/2):  2D Spinor vs 3D Spin Vector space 
2D Spinor vs 3D vector rotation 
NMR Hamiltonian: 3D Spin Moment m in B field  

          Euler’s state definition using rotations R(α,0,0), R(0,β,0),and R(0,0,γ)  
                                  Spin-1 (3D-real vector) case 
                                  Spin-1/2 (2D-complex spinor) case 
          3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states 
                   Asymmetry SA =SZ, Balance SB =SX, and Chirality SC =SY  
                   Polarization ellipse and spinor state dynamics 
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Polarization ellipse and spinor state dynamics
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Fig. 10.B.3 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).

Fig. 10.5.5 Time evolution of a B-type beat. S-vector rotates from A to C to -A to -C and back to A.
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Fig. 10.5.6 Time evolution of a C-type beat. S-vector rotates from A to B to -A to -B and back to A.

Fig. 10.5.5 Time evolution of a B-type beat. S-vector rotates from A to C to -A to -C and back to A.

Fig. 10.B.3 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).
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U(2) World : Complex 2D Spinors
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