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III) Half-integral angular momentum - harter-reimer-jcp-1991


QTCA Unit 10 Ch 30 - 2013

AMOP Ch 32 Molecular Symmetry and Dynamics - 2019

AMOP Ch 0 Space-Time Symmetry - 2019
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I) QUANTUM ROTOR AND INFINITE-WELL DYNAMICS - ISMSLi2012 (Talk) https://kb.osu.edu/dspace/handle/1811/52324
II) Comparing Half-integer Spin and Integer Spin - Alva-ISMS-Ohio2013-R777 (Talks)
III) Quantum Resonant Beats and Revivals in the Morse Oscillators and Rotors - (2013-Li-Diss)

Rovibrational Spectral Fine Structure Of Icosahedral Molecules - Cpl 1986 (Alt Scan)

Gas Phase Level Structure of C60 Buckyball and Derivatives Exhibiting Broken Icosahedral Symmetry - reimer-diss-1996

Resonance and Revivals in Quantum Rotors - Comparing Half-integer Spin and Integer Spin - Alva-ISMS-Ohio2013-R777 (Talk)

Quantum Revivals of Morse Oscillators and Farey-Ford Geometry - Li-Harter-cpl-2013

Wave Node Dynamics and Revival Symmetry in Quantum Rotors - harter - jms - 2001

Web Resources - front page
2014 AMOP

2018 AMOP
UAF Physics UTube channel

2017 Group Theory for QM

https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_PapersNTalks/Frame_Transform_Relat._RMP1978.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Frame%20transformation%20relations%20and%20multipole%20transitions%20in%20symmetric%20polyatomic%20molecules%20-%20Scan%20-%20Frame_Transform_Relat._RMP1978.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotational%20energy%20surfaces%20and%20high-%20J%20eigenvalue%20structure%20of%20polyatomic%20molecules%20-%20Harter%20-%20Patterson%20-%201984.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Galloping%20waves%20and%20their%20relativistic%20properties%20-%20ajp-1985-harter.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Asymptotic%20eigensolutions%20of%20fourth%20and%20sixth%20rank%20octahedral%20tensor%20operators%20-Harter-Patterson-jmp-1979.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/CPLC60SpinWts%20HiRes%2bErrata.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Nuclear%20spin%20weights%20and%20gas%20phase%20spectral%20structure%20of%2012C6oand%2013C60%20buckminsterfullerene%20-%20Reimer%20-%20harter1992.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Nuclear%20spin%20weights%20and%20gas%20phase%20spectral%20structure%20of%2012C6oand%2013C60%20buckminsterfullerene%20-%20Erratum%20-%201-s2.0-000926149285077N-main.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20Trigonal%20and%20tetrahedral%20molecules%3a%20Elementary%20spin-1%3a2%20cases%20in%20vibronic%20ground%20states%20-%20pra%20-1979-Harter-Patterson.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/PRA%20Superhyp.I%20CF4.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20II.%20Elementary%20cases%20in%20octahedral%20hexafluoride%20molecules%20-%20Harter-PRA-1981.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/PRA%20Superhyp.II%20SF6.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation-vibration%20scalar%20coupling%20zeta%20coefficients%20and%20spectroscopic%20band%20shapes%20of%20buckminsterfullerene%20-%20weeks-harter-cpl-1991.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/CPLBzetaCoeff%20C60.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Fullerene%20symmetry%20reduction%20and%20rotational%20level%20fine%20structure%3a%20the%20Buckyball%20isotopomer%2012C%2013C59%20-%20jcp%20-%20reimer%20-%20harter%20-%201997.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/C60symmReduct%26fine%20structure12C13C59%20ReimerHarter1997hiRes.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Molecular%20Eigensolution%20Symmetry%20Analysis%20and%20Fine%20Structure%20-%20IJMS-harter-mitchell-2013.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20I.%20Icosahedral%20symmetry%20analysis%20and%20fine%20structure%20-%20harter-weeks-jcp-1989.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20II.%20Icosahedral%20symmetry%2c%20vibrational%20eigenfrequencies%2c%20and%20normal%20modes%20of%20buckminsterfullerene%20-%20weeks-harter-jcp-1989.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20III%20-%20Half-integral%20angular%20momentum%20-%20harter-reimer-jcp-1991.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_10_Ch.30_2013.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP%20Ch%2032%20MolSymm.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP%20Ch%200%20SpaceTimeSymm.pdf
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20And%20Revivals%20%20I.%20Quantum%20Rotor%20And%20Infinite-Well%20Dynamics%20-%20Harter-Li-ISMS-Columbus-2012.pdf
https://kb.osu.edu/dspace/handle/1811/52324
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Quantum%20Resonant%20Beats%20and%20Revivals%20in%20the%20Morse%20Oscillators%20and%20Rotors%20-%202013-Li-Diss.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20harter%20-%20weeks%20-%20cpl%20-%201986.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20scan%20-%20RovibeIcosCPL132p387-392%281986%29.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Gas%20Phase%20Level%20Structure%20of%20C60%20Buckyball%20and%20Derivatives%20Exhibiting%20Broken%20Icosahedral%20Symmetry%20-%20reimer-diss-1996.pdf
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Quantum%20Revivals%20of%20Morse%20Oscillators%20and%20Farey-Ford%20Geometry%20-%20Li-Harter-cpl-2013.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Wave%20Node%20Dynamics%20and%20Revival%20Symmetry%20in%20Quantum%20Rotors%20-%20harter%20-%20jms%20-%202001.pdf
https://www.uark.edu/ua/modphys/markup/Harter-SoftWebApps.html
https://www.uark.edu/ua/modphys/markup/QTCA_Info_2014.html
https://www.uark.edu/ua/modphys/markup/AMOP_Info_2018.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://www.uark.edu/ua/modphys/markup/GTQM_Info_2017.html


Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)           
=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 

Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)           
=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 

G = C2 = Cyclic (or Circle) group of order 2

G = C3 = Cyclic (or Circle) group of order 3

 

G = C6 = Cyclic (or Circle) group of order 6

Basic Projection operators GThLect.4 p.31-46      1st page     
1st page  C2 spectral resolution for group C2 GThLect.6 p.17  

C2 spectral resolution for 2D oscillator GThLect.6 p.33  
C2 beat dynamics for 2D oscillator GThLect.6 p.35-46  
U(2) beat phase dynamics for 2D oscillator GThLect.6 p.52-56  

C3Operator/State-Ortho-completeness GThLect.11 p29-38      

C3Wavefunction bra-kets GThLect.11 p40-45.     

C3 quantum number Mod-3 formulae GThLect.11 p47-52.     

C3 Basic group representation theory. GThLect.11 p6-12.     
C3 group spectral resolution. GThLect.11 p14-27      

C3 character or irrep tables  GThLect.11 p54-58.     

1st page     
1st page     
1st page     
1st page     

1st page     

1st page     

C3 wave dispersion functions  GThLect.11 p60-68.     1st page     Moving vs standing waves  p71-73.     
Radial vs transverse waves  p71-73.     

1st Step: Find C6 symmetric H by C6 product table of regular reps and coupling params{r0,r1…r5}GThLect12 p3-9
2nd Step: Find H eigenfunctions by spectral resolution of C6 ={1=r0,r1,r2,r3,r4,r5}GThLect12 p11-16

Character tables of C2, C3, C4, C5,…. C144  GThLect12 p18-24
3rd Step: Dispersion functions and eigenvalues for various coupling parameter sets GThLect12 p27-30

Ortho-complete eigenvalue/parameters p32-38 Gauge shifting complex coupling p40-48 

1st page     
1st page     

1st page     
1st page     

1st page     1st page     
Bohr-Schrodinger dispersion p49-51 

https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_4_1.26.17.pdf#page=46
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_4_1.26.17.pdf#page=47
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_4_1.26.17.pdf#page=31
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=6
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=17
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=33
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=46
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=52
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=38
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=45
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=52
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=12
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=27
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=58
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=6
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=14
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=29
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=40
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=47
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=54
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=68
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=60
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=71
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=73
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=9
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=16
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=24
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=30
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=38
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=48
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=3
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=11
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=18
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=27
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=32
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=40
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=51


(a) unit base state
|0〉=|x〉=|2〉 =

(b) unit base state
|1〉=|y〉=|-1〉=

MMMM

MM

xx11==11 xx11==11

xx00==00 xx11==00

xx00==00 xx11==00

11
00

00
11

(c) equilibrium zero-state 0
0

k1 k12 k1

k1 k12 k1

k1 k12 k1

C2 Symmetric two-dimensional harmonic oscillators (2DHO)

!!x1
!!x2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
= −

k1+ k12
M

−k12
M

−k12
M

k1+ k12
M

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

x1
x2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

            = −
K11 K12

K21 K22

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

x1
x2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

!!x =      − K         x

2D HO Matrix operator equations 2D HO “binary” bases and coord. {x0,x1}

More conventional  
coordinate notation  
{x0,x1}→ {x1,x2}

C2 (Bilateral σB reflection) symmetry conditions:
K11 ≡ K ≡ K22  and: K12 ≡ k ≡ K12 = −k12   ( Let: M= 1 )
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Symmetry product table gives C2 group representations in group basis{|0〉=1|0〉≡|1〉 , |1〉=σB|0〉≡|σB〉}
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  1 = P++ P−

σ B = P+− P−

Spectral decomposition of C2(σB) into {P+,P−}

with eigenvalues:  
{χ+(σB) = +1, χ−(σB) = −1}
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  1 = P++ P−

σ B = P+− P−

C2(σB) spectrally decomposed  into {P+,P−}projectors:

Eigenvalues of σB :  
{χ+(σB) = +1, χ−(σB) = −1}
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Diagonalizing transformation (D-tran) of K-matrix:

C2 Symmetric 2DHO eigensolutions
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C2 Symmetric 2DHO uncoupling
2D HO Matrix operator equations are coupled in {x1,x2}-basis ...but are  uncoupled in {+,−}-basis 

C2 Symmetric 2DHO uncoupled dynamics
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i (ω+−ω− )
2

t

e
−i (ω+−ω− )

2
t
− e

i (ω+−ω− )
2

t

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
= e

−i (ω++ω− )
2

t cos
(ω− − ω + )t

2

i sin
(ω− − ω + )t

2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

100%  AM modulation results  

Note i phase

eia + eib

2
= e

ia+b
2 e

ia−b
2 + e

−i a−b
2

2
= e

ia+b
2 cos a − b

2
⎛
⎝⎜

⎞
⎠⎟

Spectral decomposition of initial state x(0)=(x1  x2) =(1,0):  
 1 ⋅x(0)= (P+ +P− ) 1

0

⎛

⎝
⎜

⎞

⎠
⎟=

2
1

2
1

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟
⊗  2

1     2
1  ( ) 1

0

⎛

⎝
⎜

⎞

⎠
⎟+

2
1

2
−1

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟
⊗  2

1    2
−1   ( ) 1

0

⎛

⎝
⎜

⎞

⎠
⎟

                                 x(0)= 2
1

2
1

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟
( 2

1 )+ 2
1

2
−1

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟
( 2

1 )= 2
1 + + 2

1 − = 2
1

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
+

2
1

2
−1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟  

so: x(t)= e−iω+t 2
1

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
+ e−iω−t 2

1

2
−1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

(+)-mode 
axis

(−)-mode 
axis
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,           − = 2

1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
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Eigenket vectors:
M !!x++         (k1)x+
M !!x−+ (k1+2k12 )x−

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
= 0

0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Each mode runs independently 
(+)-mode at frequency ω+=√(k1/M) 
(−)-mode at frequency ω−= √(k1+2k12)/M

!!x1
!!x2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
= −

k1+ k12 −k12

−k12 k1+ k12

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

x1
x2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

!!x =        − K                   x

x1 !!x

x2 !!x

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟
= −

x1 K x1 x1 K x2

x2 K x1 x2 K x2

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

x1 x

x2 x

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

!!x+
!!x−

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
= −

k1 0

0 k1+2k12

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

x+
x−

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

 !!x =        − K                   x

+ !!x

− !!x

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟
= −

+ K + + K −

− K + − K −

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

+ x

− x

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

C2 beats of 2D osc. GThLect.6 p.35-46  

BoxIt Web Simulation 
Coupled Oscillators K11=10, K12=-1

https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=46
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.1583&BU2=-0.1583&CU2=0.0&DU2=3.1583&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&wantStokes=0&wantRationalPrint=0&wantCosinePlot=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.1583&BU2=-0.1583&CU2=0.0&DU2=3.1583&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&wantStokes=0&wantRationalPrint=0&wantCosinePlot=1


|χ〉=

χ↑

χ↓

=

x1=

Re χ1

p1=Im χ1

=

〈↑|χ〉

〈↓|χ〉

=|↑〉〈↑|Ψ〉+|↓〉〈↓|Ψ〉

(a) Electron Spin-1/2-Polarization

Spin-up

Spin-dn

|ψ〉=

ψ
x

ψ
y

= =

〈x|ψ〉

〈y|ψ〉

=|x〉〈x|ψ〉+|y〉〈y|ψ〉

(b) Photon Spin-1-Polarization

Plane-x

Plane-y

(c) Ammonia (NH3) Inversion States

N-UP

N-DN

|ν〉=

ν
UP

ν
DN

=

x
DN

p
DN=

〈UP|ν〉

〈DN|ν〉

=|UP〉〈UP|ν〉+|DN〉〈DN|ν〉

x
UP

p
UP

y

p
y

x

p
x

p2

x2

| 1 〉=|↑〉

| 2 〉=|↓〉

| 1 〉=|x 〉

| 2 〉=|y 〉

| 1 〉=|UP 〉

| 2 〉=|DN 〉

Fig. 10.5.1  
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C3 g†g-product-table
Pairs each operator g in the 1st row  
with its inverse g†=g-1 in the 1st column  
so all unit 1=g-1g elements lie on diagonal.

   

C3 r0=1 r1=r−2 r2=r−1

r0=  1 1 r1 r2

r2=r−1 r2 1 r1

r1=r−2 r1 r2 1

A C3 H-matrix is then constructed directly from the g†g-table and so is each rp-matrix representation.

H =

r0 r1 r2
r2 r0 r1
r1 r2 r0

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟
= r0

1 0 0
0 1 0
0 0 1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
+ r1

0 1 0
0 0 1
1 0 0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
+ r2

0 0 1
1 0 0
0 1 0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

                                = r0 ⋅1                  + r1 ⋅ r
1                  + r2 ⋅ r

2

r0

r 0 r
0

M

M

M

Point
p=00 mod 3

Point
p=11 mod 3

Point
p=22 mod 3

equilibrium
zero-state
x0=x1=x2=0

0
0
0

r
1

r
2

r1
r2

r 1

r 2

M

M

M

xx00==11

11
00
00

Unit displacement
of mass point-0
from equilibrium

(p=0) unit base state
|0〉=r0|0〉

(p=0) unit base state
|0〉=r0|0〉

M

M

M

xx11==11

120°
rotation
r1

00
11
00

(p=1) unit base state
|1〉=r1|0〉=r-2|0〉

(p=1) unit base state
|1〉=r1|0〉=r-2|0〉

M

M
M

xx22==11

-120°=240°
rotation
r-1=r+2

00
00
11

(p=2) unit base state
|2〉=r2|0〉=r-1|0〉

(p=2) unit base state
|2〉=r2|0〉=r-1|0〉

Constants rk that are grayed-out 
may change values 

if C3 symmetry 
is broken

C3 operators {r0, r1, r2} 
also label unit  
base states: 
⏐0〉= r0 ⏐0〉
⏐1〉= r1 ⏐0〉
⏐2〉= r2 ⏐0〉
modulo-3 

C3 g†g-product-table and basic group representation theory

H-matrix coupling constants   {r0, r1, r2}  
relate to particular operators   {r0, r1, r2}  
that transmit a particular force or current.

Hermitian Hamiltonian (            )  requires          and           .r1
∗=r2r0

∗=r0H jk
∗ =Hkj

Conjugation symmetry

C3 Basic group representation theory. GThLect.11 p6-12.     1st page     

https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=12
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=6
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C3 character conjugate 

χ mp=eimp2π/3

is wave function 

ψm(rp)=eikm·rp

C3 Spectral resolution: 3rd roots of unity
We can spectrally resolve H if we resolve r since H is a combination of powers rp.

p is position

norm:
1/√3

p=0 p=1 p=2

Real axis

Imaginary
axis

*

χ0 =ei0=1,   χ1 =e-i2π/3,  χ2 =e-i4π/3.       r1-Spectral-Decomp.    r1 =   χ0    P(0)  +   χ1    P(1)  +   χ2    P(2)

(χ0)2 = 1,   (χ1)2 = χ2,   (χ2)2 = χ1.       r2-Spectral-Decomp.     r2 = (χ0)2 P(0)  + (χ1)2 P(1)  + (χ2)2 P(2)

They must be orthonormal (                          ) and sum to unit 1 by a completeness relation:   P
(m)P(n)=δmnP(m)

r·P(m)=χmP(m)     Ortho-Completeness    1  =         P(0)  +         P(1)  +         P(2)

We know there is an idempotent projector P(m) such that r·P(m)=χmP(m) for each eigenvalue χm of r,

Complex numbers z make it easy to find cube roots of z =1=e2πim. (Answer: z1/3 =e2πim/3)  χ0=e
−i0 3

2π

= 1 

χ1=e
−i1 3

2π

=ψ ∗
1

χ2=e
−i2 3

2π

=ψ ∗
2

1 = r3  implies :  0 = r3 −1 = (r − χ01)(r − χ11)(r − χ21) where :  χm = e
−im 3

2π

 r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3rd roots of unity χ*m=eim2π/3=ψm.

=ψ*m

p=0 p=1 p=2

m=0
3
χ00=1 χ01= 1 χ02= 1

m=1
3
χ10=1 χ11=e

-i2π/3
χ12=e

i2π/3

m=2
3
χ20=1 χ21=e

i2π/3
χ22=e

-i2π/3

wave-number
m=

“momentum”

C3 mode phase character table

χ2=e
-i2π/3

χ1=e
+i2π/3

χ0=1=e
+i0

Real axis

Imaginary
axis *

*

*

“Chi”(χ) refers to 
characters or 

characteristic roots

C3 group spectral resolution. GThLect.11 p14-27      1st page     

WaveIt App - N3 Wave
MolVibes App C3v N3

https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=27
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=14
https://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3MovingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3


C3 character conjugate 

χ mp=eimp2π/3

is wave function 

ψm(rp)=eikm·rp

Given unitary Ortho-Completeness operator relations:                           or ket relations:

m or p obey modular arithmetic so sums or products =0,1,or 2 (integers-modulo-3) 

p is position

norm:
1/√3

p=0 p=1 p=2

Real axis

Imaginary
axis

*

p=0 p=1 p=2

m=0
3
χ00=1 χ01= 1 χ02= 1

m=1
3
χ10=1 χ11=e

-i2π/3
χ12=e

i2π/3

m=2
3
χ20=1 χ21=e

i2π/3
χ22=e

-i2π/3

wave-number
m=

“momentum”

C3 mode phase character table

   

P(0)=3
1 (r0  +    r1+    r2 ) =3

1 (1+            r1+            r2 )

P(1)=3
1 (r0  + χ1

*r1+ χ2
*r2 ) =3

1 (1+ e+i2π /3r1+ e−i2π /3r2 )

P(2)=3
1 (r0  + χ2

*r1+ χ1
*r2 ) =3

1 (1+ e−i2π /3r1+ e+i2π /3r2 )

Inverting O-C is easy: just †-conjugate! (and norm by   )                            (or norm by   )3
1

 3
1

χ2=e
-i2π/3

χ1=e
+i2π/3

χ0=1=e
+i0

Real axis

Imaginary
axis *

*

*

                     m=0,1,or 2 that is the mode momentum m of waves

Two distinct types of modular“quantum” numbers:  
          p=0,1,or 2 is power p of operator rp labeling oscillator position point p 

           P(0) +       P(1)   +             P(1)   = 1  =      P(0)  +          P(1)  +          P(2)      ⏐1〉=  ⏐03〉+        ⏐13〉 +         ⏐23〉         
    χ0  P(0)  +  χ1 P(1)     +   χ2    P(2) = r1 =   1  P(0) + e-i2π/3 P(1) + ei2π/3 P(2)      ⏐ r1〉=⏐03〉+e-i2π/3 ⏐13〉+ei2π/3 ⏐23〉

(χ0)2P(0)  +(χ1)2P(1)  + (χ2)2 P(2) = r2 =    1  P(0) + e i2π/3 P(1) + e-i2π/3 P(2)     ⏐ r2〉=⏐03〉+ei2π/3 ⏐13〉+e-i2π/3 ⏐23〉

 3

 3

 3

 3

(to ⏐1〉= ⏐r0〉)

03 = P(0) 1 3 =
r0 +          r1 +          r2

3
  

13 = P(1) 1 3 =
r0 +e+i2π /3 r1 +e−i2π /3 r2

3

23 = P(2) 1 3 =
r0 +e−i2π /3 r1 +e+i2π /3 r2

3
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r p |q〉 = |q+ p〉   implies:   〈q | r p( )†= 〈q | r− p= 〈q+ p |  implies:  〈q | r p= 〈q− p |

Action of r p  on m-ket |(m)〉 =|km 〉  is inverse to action on coordinate bra 〈xq |= 〈q | .

                         
ψ km

(xq− p ⋅L) = 〈xq | r p | km 〉 = e
ikm (xq−p⋅L ) = eikm (xq−xp )

〈q − p | (m)〉 = 〈q | r p | (m)〉 = e− ikmxp 〈q | (m)〉

 This implies:                                         r p | (m)〉 = e− ikmxp | (m)〉

Comparing wave function operator algebra to bra-ket algebra

ψm(xp)=eikm·xp  

=eimp2π/3
 3  

 3  

C3 Lattice position point-p vector 
xp=L·p 

Wavevector for mode or momentum-m  
km=2πm/3L=2π/λm 

Wavelength 
λm=2π/km=3L/m

C3 Plane wave function

(Norm factors left out)

position kets position bras

mode or momentum (m) kets

C3Wavefunction bra-kets GThLect.11 p40-45.     1st page     
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That is, (2-times-2) mod 3 is not 4 but 1 (4 mod 3=1), the remainder of 4 divided by 3.

Thus, (ρ2)2=ρ1. Also, 5 mod 3=2 so (ρ1)5=ρ2, and 6 mod 3=0 so (ρ1)6=ρ0.

Other examples: -1 mod 3=2 [(ρ1)-1=(ρ-1)1=ρ2] and -2 mod 3=1.

Imagine going around ring reading off address points p=… 0,  1,  2,  0,  1,  2,  0,  1,  2,  0,  1,  2,….

…-3,-2,-1,  0,  1,  2,  3,  4,  5,  6,  7, 8,…. 

eimp2π/3 must always equal ei(mp mod 3)2π/3.

(ρm)p=(eim2π/3)p = eimp·2π/3=ρmp = ei(mp mod 3)2π/3=ρmp mod 3 

For example, for m=2 and p=2 the number (ρm)p=(eim2π/3)p is eimp·2π/3= ei4·2π/3= ei1·2π/3 ei3·2π/3= ei2π/3=ρ1.

χ2=e
-i2π/3

χ1=e
+i2π/3

χ0=1=e
+i0

Real axis

Imaginary
axis *

*

*

m or p obey modular arithmetic so sums or products =0,1,or 2 (integers-modulo-3) 
                     m=0,1,or 2 that is the mode momentum m of waves

Two distinct types of modular“quantum” numbers:  
   p=0,1,or 2 is power p of operator rp labeling oscillator position point p 

Modular quantum number arithmetic

..for regular integer points

C3 quantum number Mod-3 formulae GThLect.11 p47-52.     1st page     
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C3-group {r0, r1, r2}-table 
obeyed by{χ0 =1, χ1= e-i2π/3, χ2= e+i2π/3} 

g = r0 r1 r2

D(0)(g) χ (0)0 χ (0)1 χ (0)2
D(1)(g) χ (1)0 χ (1)1 χ (1)2
D(2)(g) χ (2)0 χ (2)1 χ (2)2

=

g = r0 r1 r2

D(0)(g) 1 1 1

D(1)(g) 1 e
−
2π i
3 e

+
2π i
3

D(2)(g) 1 e
+
2π i
3 e

−
2π i
3

   

C3 r0=1 r1=r−2 r2=r−1

r0=  1 1 r1 r2

r2=r−1 r2 1 r1

r1=r−2 r1 r2 1

  

C3 χ0=1 χ1=χ2
−2 χ2=χ1

−1

χ0=1= χ3 χ0 χ1 χ2

χ2=χ1
−1 χ2 χ0 χ1

χ1=χ2
−2 χ1 χ2 χ0

C3-group jargon and structure of various tables

In fact, all three irreps {D(0), D(1), D(2)} listed in character table obey C3-group table 

χ2=e
-i2π/3

χ1=e
+i2π/3

χ0=1=e
+i0

Real axis

Imaginary
axis *

*

*

Set {χ0, χ1, χ2} is an  
irreducible representation 

(irrep) of C3 
{D(r0)=χ0, D(r1)=χ1, D(r2)=χ2}

The identity irrep 
D(0)={1,1,1}   

obeys any group table.

Irrep D(2)={1, e+i2π/3 , e-i2π/3} is a conjugate irrep to D(1)={1, e-i2π/3 , e+i2π/3} 
D(2)= D(1)*

C3 character or irrep tables  GThLect.11 p54-58.     1st page     
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Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)           
=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 

Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)           
=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 

G = C2 = Cyclic (or Circle) group of order 2

G = C3 = Cyclic (or Circle) group of order 3
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1st page  C2 spectral resolution for group C2 GThLect.6 p.17  
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G = C6 = Cyclic (or Circle) group of order 6
1st Step: Find C6 symmetric H by C6 product table of regular reps and coupling params{r0,r1…r5}GThLect12 p3-9
2nd Step: Find H eigenfunctions by spectral resolution of C6 ={1=r0,r1,r2,r3,r4,r5}GThLect12 p11-16

Character tables of C2, C3, C4, C5,…. C144  GThLect12 p18-24
3rd Step: Dispersion functions and eigenvalues for various coupling parameter sets GThLect12 p27-30

Ortho-complete eigenvalue/parameters p32-38 Gauge shifting complex coupling p40-48 
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Eigenvalues and wave dispersion functions - Moving waves

   

m H m = m r0r0+r1r
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Quantum H-values:   

(Here we assume r1 = r2 = r )

p=0 p=1 p=2

+13 1 e+2πi/3 e−2πi/3

−13 1 e−2πi/3 e+2πi/3

C3 moving waves Quantum H-dispersion geometry Classical K-dispersion

m=−1 m=+1m=0

ωΚ=√K-2kcos2mπ3

03

c3 s3

m=−1 m=+1m=0
03

c3 s3

03 1 1 1

lleefftt--hhaanndd mmoovviinngg wwaavvee

rriigghhtt--hhaanndd mmoovviinngg wwaavvee

scalar standing wave
p is position

norm:
1/√3p=0 p=1 p=2

ωΗ= r0+2rcos
2mπ
3

needs Square-Root 
to be a frequency

K-eigenvalue...

This is a  
 phonon-like 

dispersion function 
ωK(m)=√2k-2kcos    

      =2√k sin

This is an  
 exciton-like 

dispersion function 
ωH(m) = r0(1-cos      )

with:K=2k

with:r0=-2r 
and: r<0

2mπ
3

mπ
3

ωH(m) ~2r0(     )2mπ
3 ωK(m) ~2√k(     )1mπ

3
ωH(m) is quadratic for low m  

(long wavelength λ)
ωK(m) is linear for low m  

(long wavelength λ)

(all-real)

2mπ
3

C3 wave dispersion functions  GThLect.11 p60-68.     1st page     

WaveIt App - N3 Wave
MolVibes App C3v N3

https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=68
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=54
https://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3MovingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3


   

Moving  eigenwave Standing  eigenwaves H − eigenfrequencies K − eigenfrequencies
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3

   1

1

e+i2π /3
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⎛

⎝

⎜
⎜
⎜
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⎞

⎠

⎟
⎟
⎟
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c3 =
(+1)3 + (−1)3

2
=

6
   1

2
−1
−1

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
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ω (+1)3 = r0 + 2r cos(   3
+2mπ )

= r0− r

k0 − 2k cos(   3
+2mπ )

= k0 + k

(−1)3 =
3
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e+i2π /3

⎛

⎝

⎜
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⎞

⎠

⎟
⎟
⎟
⎟

s3 =
(+1)3 − (−1)3

i 2
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2
   1

0
+1
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⎛

⎝

⎜
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⎞

⎠

⎟
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ω (−1)3 = r0 + 2r cos(   3
−2mπ )

= r0− r

k0 − 2k cos(   3
−2mπ )

= k0 + k

(0)3 =
3
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1
1
1

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

ω (0)3 = r0+2r k0 − 2k

Eigenvalues and wave dispersion functions - Standing waves

   

m H m = m r0r0+r1r
1+r2r2 m = r0e

i0(m)3
2π
+r1e

i1(m)3
2π
+r2e

i2(m)3
2π

                                                       = r0e
i0(m)3

2π
+r(e

i   3
2mπ

+e
−i   3

2mπ
) = r0 + 2r cos(   3

2mπ ) =
r0+2r  (for m= 0)

r0− r   (for m= ±1)
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Classical K-values:
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Quantum H-values:   

(Here we assume r1 = r2 = r )

States ⏐(+)〉 and ⏐(−)〉 in any mixtures are still stationary due to (±)-degeneracy (cos(+x)=cos(-x)) 

(all-real)

Standing waves possible if H is all-real (No curly C-stuff allowed!)

Moving vs standing waves  p71-73.     1st page     

https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=71
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=70


M
M

MMMM

M
M
M

M

M MM

MM M
M03 c3
s3

( 1/√3, 1/√3, 1/√3 )
( 2/√6, -1/√6, -1/√6 ) ( 0 ,+1/√2, -1/√2 )

p=0 p=1 p=2

c3 2/√6 -1/√6 -1/√6

s3 0 1/√2 -1/√2

C3 standing waves Quantum H-dispersion geometry Classical K-dispersion

03 1/√3 1/√3 1/√3

sine standing wave

cosine standing wave

scalar standing wave
m=−1 m=+1m=0

ωΚ=√K-2kcos2mπ3

03

c3 s3

m=−1 m=+1m=0
03

c3 s3

ωΗ= r0+2rcos
2mπ
3

Eigenvalues and wave dispersion functions - Standing waves

Radial standing waves (all-real)

(Possible if H is all-real)

Moving vs standing waves  p71-73.     
Radial vs transverse waves  p71-73.     

WaveIt App - N3 Wave
MolVibes App C3v N3

https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=71
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=73
https://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3MovingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3


M
M

MMMM

M
M
M

M

M MM

MM M
M03 c3
s3

( 1/√3, 1/√3, 1/√3 )
( 2/√6, -1/√6, -1/√6 ) ( 0 ,+1/√2, -1/√2 )

M

M

M

M

M

M

M

M

M

03 c3 s3

( 1/√3, 1/√3, 1/√3 ) ( 2/√6, -1/√6, -1/√6 ) ( 0 ,+1/√2, -1/√2 )

p=0 p=1 p=2

c3 2/√6 -1/√6 -1/√6

s3 0 1/√2 -1/√2

C3 standing waves Quantum H-dispersion geometry Classical K-dispersion

03 1/√3 1/√3 1/√3

sine standing wave

cosine standing wave

scalar standing wave
m=−1 m=+1m=0

ωΚ=√K-2kcos2mπ3

03

c3 s3

m=−1 m=+1m=0
03

c3 s3

ωΗ= r0+2rcos
2mπ
3

Eigenvalues and wave dispersion functions - Standing waves

Radial standing waves (all-real)

(Possible if H is all-real)

Angular standing waves (all-real)
Moving vs standing waves  p71-73.     
Radial vs transverse waves  p71-73.     

WaveIt App - N3 Wave
MolVibes App C3v N3

https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=71
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=73
https://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3MovingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3


Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)           
=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 

Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)           
=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 

G = C2 = Cyclic (or Circle) group of order 2

G = C3 = Cyclic (or Circle) group of order 3

Basic Projection operators GThLect.4 p.31-46      1st page     
1st page  C2 spectral resolution for group C2 GThLect.6 p.17  

C2 spectral resolution for 2D oscillator GThLect.6 p.33  
C2 beat dynamics for 2D oscillator GThLect.6 p.35-46  
U(2) beat phase dynamics for 2D oscillator GThLect.6 p.52-56  

C3Operator/State-Ortho-completeness GThLect.11 p29-38      

C3Wavefunction bra-kets GThLect.11 p40-45.     

C3 quantum number Mod-3 formulae GThLect.11 p47-52.     

C3 Basic group representation theory. GThLect.11 p6-12.     
C3 group spectral resolution. GThLect.11 p14-27      

C3 character or irrep tables  GThLect.11 p54-58.     

1st page     
1st page     
1st page     
1st page     

1st page     

1st page     

C3 wave dispersion functions  GThLect.11 p60-68.     1st page     Moving vs standing waves  p71-73.     
Radial vs transverse waves  p71-73.     

 

G = C6 = Cyclic (or Circle) group of order 6
1st Step: Find C6 symmetric H by C6 product table of regular reps and coupling params{r0,r1…r5}GThLect12 p3-9
2nd Step: Find H eigenfunctions by spectral resolution of C6 ={1=r0,r1,r2,r3,r4,r5}GThLect12 p11-16

Character tables of C2, C3, C4, C5,…. C144  GThLect12 p18-24
3rd Step: Dispersion functions and eigenvalues for various coupling parameter sets GThLect12 p27-30

Ortho-complete eigenvalue/parameters p32-38 Gauge shifting complex coupling p40-48 

1st page     
1st page     

1st page     
1st page     

1st page     1st page     

https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_4_1.26.17.pdf#page=47
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_4_1.26.17.pdf#page=31
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=6
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=17
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=33
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=46
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=52
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=38
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=45
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=52
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=12
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=27
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=58
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=6
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=14
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=29
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=40
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=47
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=54
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=68
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=60
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=71
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=73
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_4_1.26.17.pdf#page=46
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=9
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=16
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=24
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=30
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=38
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=48
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=3
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=11
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=18
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=27
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=32
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=40


Expand C6 symmetric H matrix using C6 group table( )

C6 group table gives r-matrices,...

1st Step in Abelian symmetry analysis

H= r0r
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0 5 4 3 2 1

1 0 5 4 3 2

2 1 0 5 4 3

3 2 1 0 5 4

4 3 2 1 0 5

5 4 3 2 1 0



























H = r r r r r rr r r r r r0 1 2 3 4 5
0 1 2 3 4 5

+ + + + +

= r r r r r r0 1 2 3 4 5

1 ⋅ ⋅ ⋅ ⋅ ⋅

⋅ 1 ⋅ ⋅ ⋅ ⋅

⋅ ⋅ 1 ⋅ ⋅ ⋅

⋅ ⋅ ⋅ 1 ⋅ ⋅

⋅ ⋅ ⋅ ⋅ 1 ⋅
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(known as a regular representation of the group )



EExxppaanndd CC66 ssyymmmmeettrriicc HH mmaattrriixx uussiinngg CC66 ggrroouupp ttaabbllee(( ))

CC66 ggrroouupp ttaabbllee ggiivveess rr--mmaattrriicceess,,......

1st Step in Abelian symmetry analysis
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(known as a regular representation of the group )
Put “1” wherever r3 appears in product-table
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Hermitian Hamiltonian (            )  requires          and           .r1=r5
∗r0

∗=r0H jk
∗ =Hkj

Conjugation symmetry

   

Elementary - Bloch - Model : Nearest neighbor coupling:

HB1(6)=r01+ r1r
1 + r5r

5        = 2r1− rr1 + −rr−1
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r1  equals conjugate of r5: ( r1=r5
∗)

Elementary Bloch model 
assumes both are real

( r1=-r=r5
∗)
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(            )   
requires          and           .r2=r4
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r1  equals conjugate of r5: ( r1=r5
∗ = -r)

                    

(r3=r3
∗ = t)  must  be real
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Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)           
=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 
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=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 

G = C2 = Cyclic (or Circle) group of order 2

G = C3 = Cyclic (or Circle) group of order 3

Basic Projection operators GThLect.4 p.31-46      1st page     
1st page  C2 spectral resolution for group C2 GThLect.6 p.17  

C2 spectral resolution for 2D oscillator GThLect.6 p.33  
C2 beat dynamics for 2D oscillator GThLect.6 p.35-46  
U(2) beat phase dynamics for 2D oscillator GThLect.6 p.52-56  

C3Operator/State-Ortho-completeness GThLect.11 p29-38      

C3Wavefunction bra-kets GThLect.11 p40-45.     

C3 quantum number Mod-3 formulae GThLect.11 p47-52.     
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C3 wave dispersion functions  GThLect.11 p60-68.     1st page     Moving vs standing waves  p71-73.     
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N

−φp )

p=0
∑

giving 4 ωm-levels:

Complete sets of C6 coupling parameters and Fourier dispersion
Setting gauge  
to zero (φp =0)



Real C6 Bloch H GB(N) eigenvalues are Fourier series with 4 (for N=6) Fourier parameters  
{ r0 =H,    r1 =r =r-1  , r2 =s =r-2,   r3 =t =r-3 }

ωm (Hreal
GB(6)) = r0 + r1(e

iπ m⋅1
3 + e

−iπ m⋅1
3 )    + r2(e

iπ m⋅2
3 + e

−iπ m⋅2
3 )   + r3(e

iπ m⋅3
3 )      (for real: rp = r− p = rp

*)

                    = H  +   2r cosπ m ⋅1
3

        +      2scosπ m ⋅2
3

        +   t(−1)m

ωm =

ω0   = H +  2r +  2s + t
ω±1 = H +   r −   s − t
ω±2  = H −   r −   s + t
ω3    = H − 2r + 2s − t

⎧

⎨

⎪
⎪

⎩

⎪
⎪

rp =

H =4
1 (ω0 +  ω1 +  ω2  +  ω3)

r  =6
1 (ω0 +  ω1 −  ω2  −  ω3) 

s =6
1 (ω0 −  ω1 −  ω2  +  ω3)

t  =6
1 (ω0 − 2ω1 + 2ω2 −  ω3)  

 

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

ωm (H
GB(N ) ) = m rpr

p

p=0
∑ m = rp m r p m

p=0
∑ = rpe

−i2π m⋅p
N

p=0
∑ = rp e

−i(2π m⋅p
N

−φp )

p=0
∑

giving 4 ωm-levels: ...in terms of 4 solvable rp-parameters:

Complete sets of C6 coupling parameters and Fourier dispersion
Setting gauge  
to zero (φp =0)



Real C6 Bloch H GB(N) eigenvalues are Fourier series with 4 (for N=6) Fourier parameters  
{ r0 =H,    r1 =r =r-1  , r2 =s =r-2,   r3 =t =r-3 }

ωm (Hreal
GB(6)) = r0 + r1(e

iπ m⋅1
3 + e

−iπ m⋅1
3 )    + r2(e

iπ m⋅2
3 + e

−iπ m⋅2
3 )   + r3(e

iπ m⋅3
3 )      (for real: rp = r− p = rp

*)

                    = H  +   2r cosπ m ⋅1
3

        +      2scosπ m ⋅2
3

        +   t(−1)m

General Bloch H GB(N) eigenvalues are Fourier series with six (for N=6) Fourier parameters  
{ r0 =H,     r1=reiφ1,    r-1 =re-iφ1,   r2 =seiφ2,    r-2=se-iφ2,   r3=t =r-3 }

ωm (Hcomplex
GZB(6)) = H + 2r cos π

m ⋅1
3

−φ1
⎛
⎝⎜

⎞
⎠⎟

 + 2scos π
m ⋅2

3
−φ2

⎛
⎝⎜

⎞
⎠⎟

 +   t(−1)m       or complex: r− p = rp
*

ωm =

ω0   = H +  2r +  2s + t
ω±1 = H +   r −   s − t
ω±2  = H −   r −   s + t
ω3    = H − 2r + 2s − t

⎧

⎨

⎪
⎪

⎩

⎪
⎪

rp =

H =4
1 (ω0 +  ω1 +  ω2  +  ω3)

r  =6
1 (ω0 +  ω1 −  ω2  −  ω3) 

s =6
1 (ω0 −  ω1 −  ω2  +  ω3)

t  =6
1 (ω0 − 2ω1 + 2ω2 −  ω3)  

 

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

ωm (H
GB(N ) ) = m rpr

p

p=0
∑ m = rp m r p m

p=0
∑ = rpe

−i2π m⋅p
N

p=0
∑ = rp e

−i(2π m⋅p
N

−φp )

p=0
∑

giving 4 ωm-levels: ...in terms of 4 solvable rp-parameters:

Complete sets of C6 coupling parameters and Fourier dispersion
Setting gauge  
to zero (φp =0)

Nonzero gauge φp ,



Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)           
=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 

Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)           
=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 

G = C2 = Cyclic (or Circle) group of order 2

G = C3 = Cyclic (or Circle) group of order 3

Basic Projection operators GThLect.4 p.31-46      1st page     
1st page  C2 spectral resolution for group C2 GThLect.6 p.17  

C2 spectral resolution for 2D oscillator GThLect.6 p.33  
C2 beat dynamics for 2D oscillator GThLect.6 p.35-46  
U(2) beat phase dynamics for 2D oscillator GThLect.6 p.52-56  

C3Operator/State-Ortho-completeness GThLect.11 p29-38      

C3Wavefunction bra-kets GThLect.11 p40-45.     

C3 quantum number Mod-3 formulae GThLect.11 p47-52.     

C3 Basic group representation theory. GThLect.11 p6-12.     
C3 group spectral resolution. GThLect.11 p14-27      

C3 character or irrep tables  GThLect.11 p54-58.     

1st page     
1st page     
1st page     
1st page     

1st page     

1st page     

C3 wave dispersion functions  GThLect.11 p60-68.     1st page     Moving vs standing waves  p71-73.     
Radial vs transverse waves  p71-73.     

 

G = C6 = Cyclic (or Circle) group of order 6
1st Step: Find C6 symmetric H by C6 product table of regular reps and coupling params{r0,r1…r5}GThLect12 p3-9
2nd Step: Find H eigenfunctions by spectral resolution of C6 ={1=r0,r1,r2,r3,r4,r5}GThLect12 p11-16

Character tables of C2, C3, C4, C5,…. C144  GThLect12 p18-24
3rd Step: Dispersion functions and eigenvalues for various coupling parameter sets GThLect12 p27-30

Ortho-complete eigenvalue/parameters p32-38 Gauge shifting complex coupling p40-48 

1st page     
1st page     

1st page     
1st page     

1st page     1st page     
Bohr-Schrodinger dispersion p49-51 
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Complex Bloch matrix H GB(N) eigenvalues are Fourier series with 6 (for N=6) Fourier parameters  
{ r0 =H,     r1=reiφ1,    r-1 =re-iφ1,   r2 =seiφ2,    r-2=se-iφ2,   r3=t =r-3 }

ωm (H
GB(N ) ) = m rpr

p

p=0
∑ m = rp m r p m

p=0
∑ = rpe

−i2π m⋅p
N

p=0
∑ = rp e

−i(2π m⋅p
N

−φp )

p=0
∑

Complex sets of C6 coupling parameters and gauge shifts 

ωm (Hcomplex
GZB(6) ) = r0 + r1e

iπ m⋅1
3 + r−1e

−iπ m⋅1
3 + r2e

iπ m⋅2
3 + r−2e

−iπ m⋅2
3 + r3e

iπ m⋅3
3                   or complex: r− p = rp

*.

Nonzero gauge φp ,



Complex Bloch matrix H GB(N) eigenvalues are Fourier series with 6 (for N=6) Fourier parameters  
{ r0 =H,     r1=reiφ1,    r-1 =re-iφ1,   r2 =seiφ2,    r-2=se-iφ2,   r3=t =r-3 }

ωm (H
GB(N ) ) = m rpr

p

p=0
∑ m = rp m r p m

p=0
∑ = rpe

−i2π m⋅p
N

p=0
∑ = rp e

−i(2π m⋅p
N

−φp )

p=0
∑

Complex sets of C6 coupling parameters and gauge shifts 

ωm (Hcomplex
GZB(6) ) = r0 + r1e

iπ m⋅1
3 + r−1e

−iπ m⋅1
3 + r2e

iπ m⋅2
3 + r−2e

−iπ m⋅2
3 + r3e

iπ m⋅3
3                   or complex: r− p = rp

*.

ωm (Hcomplex
GZB(6) ) = H + 2r cos π

m ⋅1
3

−φ1
⎛
⎝⎜

⎞
⎠⎟

 + 2scos π
m ⋅2

3
−φ2

⎛
⎝⎜

⎞
⎠⎟

 +   t(−1)m              or complex: r− p = rp
*

Nonzero gauge φp ,



Complex Bloch matrix H GB(N) eigenvalues are Fourier series with 6 (for N=6) Fourier parameters  
{ r0 =H,     r1=reiφ1,    r-1 =re-iφ1,   r2 =seiφ2,    r-2=se-iφ2,   r3=t =r-3 }

ωm =

ω0  =   r0   +   r1  +   r−1  +   r2 +   r−2   +   r3  

ω+1 = r0+ r1e
iπ
3 +r−1e

-iπ
3 +r2e

i2π
3 +r−2e

-i2π
3 −r3

ω−1 = r0+ r1e
-iπ
3 +r−1e

iπ
3 +r2e

-i2π
3 +r−2e

i2π
3 −r3

ω+2 = r0+ r1e
i2π

3 +r−1e
-i2π

3 −r2e
iπ
3 −r−2e

-iπ
3 +r3

ω−2 = r0+ r1e
-i2π

3 +r−1e
i2π

3 −r2e
-iπ
3 −r−2e

iπ
3 +r3

ω3  =   r0 −  r1  − r−1  +   r2   +   r−2   − r3

⎧

⎨

⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪

ωm (H
GB(N ) ) = m rpr

p

p=0
∑ m = rp m r p m

p=0
∑ = rpe

−i2π m⋅p
N

p=0
∑ = rp e

−i(2π m⋅p
N

−φp )

p=0
∑

giving 6 ωm-levels:

Complex sets of C6 coupling parameters and gauge shifts 

ωm (Hcomplex
GZB(6) ) = r0 + r1e

iπ m⋅1
3 + r−1e

−iπ m⋅1
3 + r2e

iπ m⋅2
3 + r−2e

−iπ m⋅2
3 + r3e

iπ m⋅3
3                   or complex: r− p = rp

*.

ωm (Hcomplex
GZB(6) ) = H + 2r cos π

m ⋅1
3

−φ1
⎛
⎝⎜

⎞
⎠⎟

 + 2scos π
m ⋅2

3
−φ2

⎛
⎝⎜

⎞
⎠⎟

 +   t(−1)m              or complex: r− p = rp
*

Nonzero gauge φp ,



Complex Bloch matrix H GB(N) eigenvalues are Fourier series with 6 (for N=6) Fourier parameters  
{ r0 =H,     r1=reiφ1,    r-1 =re-iφ1,   r2 =seiφ2,    r-2=se-iφ2,   r3=t =r-3 }

ωm =

ω0  =   r0   +   r1  +   r−1  +   r2 +   r−2   +   r3  

ω+1 = r0+ r1e
iπ
3 +r−1e

-iπ
3 +r2e

i2π
3 +r−2e

-i2π
3 −r3

ω−1 = r0+ r1e
-iπ
3 +r−1e

iπ
3 +r2e

-i2π
3 +r−2e

i2π
3 −r3

ω+2 = r0+ r1e
i2π

3 +r−1e
-i2π

3 −r2e
iπ
3 −r−2e

-iπ
3 +r3

ω−2 = r0+ r1e
-i2π

3 +r−1e
i2π

3 −r2e
-iπ
3 −r−2e

iπ
3 +r3

ω3  =   r0 −  r1  − r−1  +   r2   +   r−2   − r3

⎧

⎨

⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪

rp =

r0 = ?
r1 = ?
r−1 = ?
r2 = ?
r−2 = ?
r3 = ?

⎧

⎨

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

ωm (H
GB(N ) ) = m rpr

p

p=0
∑ m = rp m r p m

p=0
∑ = rpe

−i2π m⋅p
N

p=0
∑ = rp e

−i(2π m⋅p
N

−φp )

p=0
∑

giving 6 ωm-levels: ...in terms of 6 solvable rp-parameters:

Complex sets of C6 coupling parameters and gauge shifts 

ωm (Hcomplex
GZB(6) ) = r0 + r1e

iπ m⋅1
3 + r−1e

−iπ m⋅1
3 + r2e

iπ m⋅2
3 + r−2e

−iπ m⋅2
3 + r3e

iπ m⋅3
3                   or complex: r− p = rp

*.

Left as an 
exercise...

Geometric solution shown next...

ωm (Hcomplex
GZB(6) ) = H + 2r cos π

m ⋅1
3

−φ1
⎛
⎝⎜

⎞
⎠⎟

 + 2scos π
m ⋅2

3
−φ2

⎛
⎝⎜

⎞
⎠⎟

 +   t(−1)m              or complex: r− p = rp
*

Nonzero gauge φp ,



3rd Step (contd.)
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For Hermitian HB1(6)=(HB1(6))†

complex components

r
1
=−reiφ imply

conjugate components

r*
1
=r
-1
=−re-iφ



3rd Step (contd.)
......eeiiggeennssoolluuttiioonnss ffoorr aallll ppoossssiibbllee CC

66
ssyymmmmeettrriicc ccoommpplleexx HH

((DDiissppeerrssiioonn ffuunnccttiioonn))

+1
6

-1
6

-2
6 +2

6

3
6

±1
6

±2
6

0
6

3
6

singlet

doublet

doublet

singletω
m

2r
1
=2r=2r

-1

2r
1
=2r=2r

-1

eigenvalues ofH
B1(6)

H
1
r
-1
· · · r

1

r
1
H
1
r
-1

· · ·
· r

1
H
1
r
-1

· ·
· · r

1
H
1
r
-1

·
· · · r

1
H
1
r
-1

r
-1
· · · r

1
H
1

p=0 1 2 3 4 5

0

1

2

3

4

5

Elementary
Bloch Model

r

r

rr

r

r

p=0

p=1

p=2

p=3

p=4

p=5

r=r*

H= H
1
1 - rr - rr

-1

Nearest neighbor coupling

r r-1 r

r r r

r r r

r r r

r r r

r r r

0 1

1 0

1 0

1 0

1 0

1 0



























-1

-1

-1

-1

-1

H
B1(6)=

For Hermitian HB1(6)=(HB1(6))†

complex components

r
1
=−reiφ imply

conjugate components

r*
1
=r
-1
=−re-iφ

ωB1(6)(km) =  r0 χm
0  +     r1 χm

1     +   r-1 χm
-1 

                =     r0    - r eiφei2πm/6
  - r e-iφe-i2πm/6 

               =     r0    - 2r cos(2πm/6 +φ)



3rd Step (contd.)
......eeiiggeennssoolluuttiioonnss ffoorr aallll ppoossssiibbllee CC

66
ssyymmmmeettrriicc ccoommpplleexx HH

((DDiissppeerrssiioonn ffuunnccttiioonn))

+1
6

-1
6

-2
6 +2

6

3
6

±1
6

±2
6

0
6

3
6

singlet

doublet

doublet

singletω
m

2r
1
=2r=2r

-1

2r
1
=2r=2r

-1

eigenvalues ofH
B1(6)

H
1
r
-1
· · · r

1

r
1
H
1
r
-1

· · ·
· r

1
H
1
r
-1

· ·
· · r

1
H
1
r
-1

·
· · · r

1
H
1
r
-1

r
-1
· · · r

1
H
1

p=0 1 2 3 4 5

0

1

2

3

4

5

Elementary
Bloch Model

r

r

rr

r

r

p=0

p=1

p=2

p=3

p=4

p=5

r=r*

H= H
1
1 - rr - rr

-1

Nearest neighbor coupling

r r-1 r

r r r

r r r

r r r

r r r

r r r

0 1

1 0

1 0

1 0

1 0

1 0



























-1

-1

-1

-1

-1

H
B1(6)=

For Hermitian HB1(6)=(HB1(6))†

complex components

r
1
=−reiφ imply

conjugate components

r*
1
=r
-1
=−re-iφ

ωB1(6)(km) =  r0 χm
0  +     r1 χm

1     +   r-1 χm
-1 

                =     r0    - r eiφei2πm/6
  - r e-iφe-i2πm/6 

               =     r0    - 2r cos(2πm/6 +φ)

m=06 +16 +26 36-26 -1606

+16
-16

-26

+26
+36

+16

+26

06

36

singlet shift

split doublet

split doublet

singlet shift
H
ZB(6) eigenvalues

ωm Zeeman splitting

ωm

r

rr

r

p=0

p=1

p=2

p=3

p=4

p=5

r=|r|eiφ
φ=π/12

-26

-16

φ=π/12

rr



3rd Step (contd.)
......eeiiggeennssoolluuttiioonnss ffoorr aallll ppoossssiibbllee CC

66
ssyymmmmeettrriicc ccoommpplleexx HH

((DDiissppeerrssiioonn ffuunnccttiioonn))
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