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From CH4 to SF6 to C60 : a study in spectacular spectral contrasts 
Compare tetrahedral/octahedral symmetry Oh⊃Th to Icosahedral Ih⊃Th 
       Famous (but rare ) molecules with Ih symmetry             Buckyballs at the U of Arkansas? 
                 Human rhinovirus 3: Rare in physics (But, all too common in public life)  
       Ih⊃I Symmetry slide rules (Dodecahedral and Icosahedral versions)  
Icosahedral rotation operation classes in subgroup I⊂Ih         I-group product table and classes 
       Icosahedral subgroup I⊂Ih isomorphic to even-permutation group A5⊂S5  
C60 Cartesian coordination at Carbon atom vertices 
.     Force vectors and matrices 
Ih characters χ(α) and irreps d(A)↑D(α) and D(α)↓d(A)correlations.               Icosahedral  irreps D(α) 
Icosahedral Ih irreps for A-orbits and B-orbits             F-matrices projected for diagonalization 
C60 Force matrix eigenfrequencies: Infrared-active and Raman-active 
       Scalar Coriolis effects of IR-active C60 PQR-bands 
       Varying parameters p=1-h makes frequency clusters            D5 modes check C60 modes 
Tensor centrifugal effects for high-J rotation of C60            Rotational-Energy-Surfaces (RES) 
Bose exclusion in 12C60 vs Fermi proliferation in 13C60  
      Comparing SF6 with 13C60 and CF4 and OsO4 with 12C60… 
      Total nuclear spin-weights of each 13C60 symmetry species 
13C60 superfine cluster structure prediction         Insight by Rotational Energy Surfaces (RES)  
13C12C59 isotopomers and their RES 
Some history of C60 discoveries 



AMOP reference links (Updated list given on 2nd and 3rd pages of each class presentation) 

Representaions Of Multidimensional Symmetries In Networks - harter-jmp-1973

Alternative Basis for the Theory of Complex Spectra 

Alternative_Basis_for_the_Theory_of_Complex_Spectra_I_-_harter-pra-1973

Alternative_Basis_for_the_Theory_of_Complex_Spectra_II_-_harter-patterson-pra-1976

Alternative_Basis_for_the_Theory_of_Complex_Spectra_III_-_patterson-harter-pra-1977


Frame Transformation Relations And Multipole Transitions In Symmetric Polyatomic Molecules - RMP-1978

Asymptotic eigensolutions of fourth and sixth rank octahedral tensor operators - Harter-Patterson-JMP-1979

Rotational energy surfaces and high- J eigenvalue structure of polyatomic molecules - Harter - Patterson - 1984

Galloping waves and their relativistic properties - ajp-1985-Harter

Rovibrational Spectral Fine Structure Of Icosahedral Molecules - Cpl 1986 (Alt Scan)

Theory of hyperfine and superfine levels in symmetric polyatomic molecules.  

I) Trigonal and tetrahedral molecules: Elementary spin-1/2 cases in vibronic ground states - PRA-1979-Harter-Patterson (Alt scan)

II) Elementary cases in octahedral hexafluoride molecules - Harter-PRA-1981 (Alt scan)


Rotation–vibration spectra of icosahedral molecules. 
I) Icosahedral symmetry analysis and fine structure - harter-weeks-jcp-1989 (Alt.)

II) Icosahedral symmetry, vibrational eigenfrequencies, and normal modes of buckminsterfullerene - weeks-harter-jcp-1989 (Alt scan)

III) Half-integral angular momentum - harter-reimer-jcp-1991


Rotation-vibration scalar coupling zeta coefficients and spectroscopic band shapes of buckminsterfullerene - Weeks-Harter-CPL-1991 (Alt scan)

Nuclear spin weights and gas phase spectral structure of 12C60 and 13C60 buckminsterfullerene -Harter-Reimer-Cpl-1992 - (Alt1, Alt2 Erratum)

Gas Phase Level Structure of C60 Buckyball and Derivatives Exhibiting Broken Icosahedral Symmetry - reimer-diss-1996

Fullerene symmetry reduction and rotational level fine structure/ the Buckyball isotopomer 12C 13C59 - jcp-Reimer-Harter-1997 (HiRez)

Wave Node Dynamics and Revival Symmetry in Quantum Rotors - harter - jms - 2001

Molecular Symmetry and Dynamics - Ch32-Springer Handbooks of Atomic, Molecular, and Optical Physics - Harter-2006

Resonance and Revivals 

I) QUANTUM ROTOR AND INFINITE-WELL DYNAMICS - ISMSLi2012 (Talk) OSU knowledge Bank
II) Comparing Half-integer Spin and Integer Spin - Alva-ISMS-Ohio2013-R777 (Talks)
III) Quantum Resonant Beats and Revivals in the Morse Oscillators and Rotors - (2013-Li-Diss)

Resonance and Revivals in Quantum Rotors - Comparing Half-integer Spin and Integer Spin - Alva-ISMS-Ohio2013-R777 (Talk)

Molecular Eigensolution Symmetry Analysis and Fine Structure - IJMS-harter-mitchell-2013

Quantum Revivals of Morse Oscillators and Farey-Ford Geometry - Li-Harter-cpl-2013

QTCA Unit 10 Ch 30 - 2013

AMOP Ch 0 Space-Time Symmetry - 2019


Web Resources - front page 2014 AMOP

2018 AMOP
UAF Physics UTube channel 2017 Group Theory for QM

Classical Mechanics with a Bang!
Principles of Symmetry, Dynamics, and Spectroscopy

Quantum Theory for the Computer Age

Modern Physics and its Classical Foundations

*In development - a web based A.M.O.P. oriented reference page, with thumbnail/previews, greater control over the information display,  
and eventually full on Apache-SOLR Index and search for nuanced, whole-site content/metadata level searching.

https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Representations_of_multidimensional_symmetries_in_networks_-_jmp-Harter-1974.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Alternative_Basis_for_the_Theory_of_Complex_Spectra_I_-_harter-pra-1973.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Alternative_Basis_for_the_Theory_of_Complex_Spectra_II_-_harter-patterson-pra-1976.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Alternative_Basis_for_the_Theory_of_Complex_Spectra_III_-_patterson-harter-pra-1977.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Frame_transformation_relations_and_multipole_transitions_in_symmetric_polyatomic_molecules_-_Harter-Patterson-Paixao-RMP-1978.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Asymptotic%20eigensolutions%20of%20fourth%20and%20sixth%20rank%20octahedral%20tensor%20operators%20-Harter-Patterson-jmp-1979.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Rotational%20energy%20surfaces%20and%20high-%20J%20eigenvalue%20structure%20of%20polyatomic%20molecules%20-%20Harter%20-%20Patterson%20-%201984.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Galloping_waves_and_their_relativistic_properties_-_ajp-1985-harter.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20harter%20-%20weeks%20-%20cpl%20-%201986.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20scan%20-%20RovibeIcosCPL132p387-392(1986).pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20Trigonal%20and%20tetrahedral%20molecules%3a%20Elementary%20spin-1%3a2%20cases%20in%20vibronic%20ground%20states%20-%20pra%20-1979-Harter-Patterson.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/PRA%20Superhyp.I%20CF4.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20II.%20Elementary%20cases%20in%20octahedral%20hexafluoride%20molecules%20-%20Harter-PRA-1981.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/PRA%20Superhyp.II%20SF6.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/JCP_C60_SuperfineHiRes.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration_spectra_of_icosahedral_molecules._I._Icosahedral_symmetry_analysis_and_fine_structure_-_harter-weeks-jcp-1989.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration_spectra_of_icosahedral_molecules._II._Icosahedral_symmetry%2c_vibrational_eigenfrequencies%2c_and_normal_modes_of_buckminsterfullerene_-_weeks-harter-jcp-1989.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/JCP_C60_VibeModesHiRes.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration_spectra_of_icosahedral_molecules._III_-_Half-integral_angular_momentum_-_harter-reimer-jcp-1991.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Rotation-vibration%20scalar%20coupling%20zeta%20coefficients%20and%20spectroscopic%20band%20shapes%20of%20buckminsterfullerene%20-%20weeks-harter-cpl-1991.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/CPLBzetaCoeff%20C60.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/CPLC60SpinWts%20HiRes%2bErrata.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Nuclear%20spin%20weights%20and%20gas%20phase%20spectral%20structure%20of%2012C6oand%2013C60%20buckminsterfullerene%20-%20Reimer%20-%20harter1992.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Nuclear%20spin%20weights%20and%20gas%20phase%20spectral%20structure%20of%2012C6oand%2013C60%20buckminsterfullerene%20-%20Erratum%20-%201-s2.0-000926149285077N-main.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Gas%20Phase%20Level%20Structure%20of%20C60%20Buckyball%20and%20Derivatives%20Exhibiting%20Broken%20Icosahedral%20Symmetry%20-%20reimer-diss-1996.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Fullerene%20symmetry%20reduction%20and%20rotational%20level%20fine%20structure:%20the%20Buckyball%20isotopomer%2012C%2013C59%20-%20jcp%20-%20reimer%20-%20harter%20-%201997.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/C60symmReduct&fine%20structure12C13C59%20ReimerHarter1997hiRes.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Wave%20Node%20Dynamics%20and%20Revival%20Symmetry%20in%20Quantum%20Rotors%20-%20harter%20-%20jms%20-%202001.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Springer_Handbooks_of_Atomic_Molecular_and_Optical_Physics_-_Harter-Ch32_-_2006.pdf
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Resonance%20And%20Revivals%20%20I.%20Quantum%20Rotor%20And%20Infinite-Well%20Dynamics%20-%20Harter-Li-ISMS-Columbus-2012.pdf
https://kb.osu.edu/dspace/handle/1811/52324
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Quantum%20Resonant%20Beats%20and%20Revivals%20in%20the%20Morse%20Oscillators%20and%20Rotors%20-%202013-Li-Diss.pdf
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Molecular_Eigensolution_Symmetry_Analysis_and_Fine_Structure_-_IJMS-harter-mitchell-2013.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Quantum%20Revivals%20of%20Morse%20Oscillators%20and%20Farey-Ford%20Geometry%20-%20Li%20-%20Harter%20-%20cpl%20-%202013%20-%201308.4470.pdf
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_10_Ch.30_2013.pdf
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP%20Ch%200%20SpaceTimeSymm.pdf
https://modphys.hosted.uark.edu/markup/AMOP_References.html


AMOP reference links (Updated list given on 2nd and 3rd pages of each class presentation) 

H atom hyperfine-B-level crossing 
Unit 8 Ch. 24 p15

Intro spin ½ coupling 
Unit 8 Ch. 24 p3

Hyperf. theory Ch. 24 p48.         

Intro 2p3p coupling 
Unit 8 Ch. 24 p17.          

Intro LS-jj coupling 
Unit 8 Ch. 24 p22.          

CG coupling derived (start) 
Unit 8 Ch. 24 p39.          

CG coupling derived (formula) 
Unit 8 Ch. 24 p44.          

Hyperf. theory Ch. 24 p48.   
Deeper theory ends p53        

Lande’ g-factor 
Unit 8 Ch. 24 p26.         

Irrep Tensor building 
Unit 8 Ch. 25 p5.          

Irrep Tensor Tables 
Unit 8 Ch. 25 p12.          

Tensors Applied to d,f-levels.    
Unit 8 Ch. 25 p21.          

Wigner-Eckart tensor Theorem.    
Unit 8 Ch. 25 p17.          

Tensors Applied to high J levels.    
Unit 8 Ch. 25 p63.          

Intro 3-particle coupling.    
Unit 8 Ch. 25 p28.          

Intro 3,4-particle Young Tableaus   
GrpThLect29 p42.          

Young Tableau Magic Formulae   
GrpThLect29 p46-48.          

Int.J.Mol.Sci, 14, 714(2013) p.755-774,            QTCA Unit 8 Ch. 23-25, QTCA Unit 9 Ch. 26, PSDS Ch. 5, PSDS Ch. 7

*In development - a web based A.M.O.P. oriented reference page, with thumbnail/previews, greater control over the information display,  
and eventually full on Apache-SOLR Index and search for nuanced, whole-site content/metadata level searching.

https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=15
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=15
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=3
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=15
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=48
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=48
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=17
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=17
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=22
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=22
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=39
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=39
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=44
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=44
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=53
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=53
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=26
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=26
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=5
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=5
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=12
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=12
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=21
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=21
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=17
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=17
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=63
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=63
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=28
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=28
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_29_5.04.17.pdf#page=42
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_29_5.04.17.pdf#page=42
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_29_5.04.17.pdf#page=48
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_29_5.04.17.pdf#page=48
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Molecular_Eigensolution_Symmetry_Analysis_and_Fine_Structure_-_IJMS-harter-mitchell-2013.pdf#page=42
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Molecular_Eigensolution_Symmetry_Analysis_and_Fine_Structure_-_IJMS-harter-mitchell-2013.pdf#page=42
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._23-25_2018.pdf
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._23-25_2018.pdf
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_9_Ch._26_2005.pdf
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_9_Ch._26_2005.pdf
https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.5_(4.21.10).pdf
https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.5_(4.21.10).pdf
https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.7_(4.21.10).pdf
https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.7_(4.21.10).pdf
https://modphys.hosted.uark.edu/markup/AMOP_References.html


Predrag Cvitanovic’s: Birdtrack Notation, Calculations, and Simplification
Group Theory - PUP_Lucy_Day_-_Diagrammatic_notation_-_Ch4-2008

Group Theory - Birdtracks_Lies_and_Exceptional_Groups_-_Cvitanovic-2011
Simplification_Rules_for_Birdtrack_Operators_-_Alcock-Zeilinger-Weigert-zeilinger-jmp-2017

Birdtracks for SU(N) - 2017-Keppeler
Chaos_Classical_and_Quantum_-_2018-Cvitanovic-ChaosBook

*
Frank Rioux’s: UMA method of vibrational induction

Quantum_Mechanics_Group_Theory_and_C60_-_Frank_Rioux_-_Department_of_Chemistry_Saint_Johns_U
Symmetry_Analysis_for_H20-_H20GrpTheory-_Rioux

Quantum_Mechanics-Group_Theory_and_C60_-_JChemEd-Rioux-1994
Group_Theory_Problems-_Rioux-_SymmetryProblemsX

Comment_on_the_Vibrational_Analysis_for_C60_and_Other_Fullerenes_Rioux-RSP
*

Supplemental AMOP Techniques & Experiment
Many Correlation Tables are Molien Sequences - Klee (Draft 2016)

High-resolution_spectroscopy_and_global_analysis_of_CF4_rovibrational_bands_to_model_its_atmospheric_absorption-_carlos-Boudon-jqsrt-2017
Symmetry and Chirality - Continuous_Measures_-_Avnir

*
Special Topics & Colloquial References

r-process_nucleosynthesis_from_matter_ejected_in_binary_neutron_star_mergers-PhysRevD-Bovard-2017
*

Contributions to the International Symposia on Molecular Spectroscopy
Columbus 2002
Columbus 2004
Columbus 2006

Columbus 2007(II)
*

AMOP reference links (Updated list given on 2nd and 3rd  and 4th  pages of each class presentation) 

*In development - a web based A.M.O.P. oriented reference page, with thumbnail/previews, greater control over the information display,  
and eventually full on Apache-SOLR Index and search for nuanced, whole-site content/metadata level searching.

https://modphys.hosted.uark.edu/ETC/MISC/Group_Theory-PUP_Lucy_Day_-_Diagrammatic_notation_-_Ch4.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Group_Theory-Birdtracks_Lies_and_Exceptional_Groups_-_Cvitanovic-2011.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Simplification_Rules_for_Birdtrack_Operators_-_Alcock-Zeilinger-Weigert-zeilinger-jmp-2017.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Birdtracks_for_SU-N_-_2017-Keppeler.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Chaos_Classical_and_Quantum_-_2018-Cvitanovic-ChaosBook.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Quantum_Mechanics_Group_Theory_and_C60_-_Frank_Rioux_-_Department_of_Chemistry_Saint_Johns_U.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Symmetry_Analysis_for_H20-_H20GrpTheory-_Rioux.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Quantum_Mechanics-Group_Theory_and_C60_-_JChemEd-Rioux-1994.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Group_Theory_Problems-_Rioux-_SymmetryProblemsX.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Comment_on_the_Vibrational_Analysis_for_C60_and_Other_Fullerenes_Rioux-RSP.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Molien_Sequences-1602.08774v1.pdf
https://modphys.hosted.uark.edu/ETC/MISC/High-resolution_spectroscopy_and_global_analysis_of_CF4_rovibrational_bands_to_model_its_atmospheric_absorption-_carlos-Boudon-jqsrt-2017.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Symmetry_and_Chirality_-_Continuous_Measures_-_Avnir.pdf
https://modphys.hosted.uark.edu/ETC/MISC/r-process_nucleosynthesis_from_matter_ejected_in_binary_neutron_star_mergers-PhysRevD-Bovard-2017.pdf
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Columbus_2002.pdf
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Columbus_2004.pdf
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Columbus_2006.pdf
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Columbus_2007Talk2.pdf
https://modphys.hosted.uark.edu/markup/AMOP_References.html
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Compare tetrahedral/octahedral symmetry Oh⊃Th to Icosahedral Ih⊃Th 
       Famous (but rare ) molecules with Ih symmetry             Buckyballs at the U of Arkansas? 
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Compare tetrahedral/octahedral symmetry Oh⊃Th to Icosahedral Ih⊃Th

Octahedral group O operations

Octahedral-cubic O symmetry
Order °O=6 hexahedron squares · 4 pts =24 
               =8 octahedron triangles · 3 pts =24 
               =12 lines · 2 pts =24 positions 

Tetrahedral symmetry becomes Icosahedral
 
!Rx,y,z =R

3
1,2,3 =R

−1
1,2,3

ik = ik

Rx,y,z =R1,2,3

 !rk = r
2
k = r

−1
k

ρx,y,z =R
2
1,2,3

Class of 6:  
180° rotations  
on [110] diagonals

Class of 6:  
±90° rotations  
on[100] axes

Class of 3:  
180° rotations  
on [100] axes

Class of 8:  
±120° rotations  
on [111] axes

(If rectangles have 
Golden Ratio 1±√5

2

Class of 1: 1
rk = rk
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Three famous (but rare ) molecules with Ih symmetry (in 3D “wall-eye” stereo)

B12H12
(-2) 

Borohydride anion
B12H12

(-2) 

Borohydride anion
C20H20

 

Dodecahedrane
C20H20

 

Dodecahedrane

“Bucky-ball” C60
 

Buckminsterfullerene
“Bucky-ball” C60

 

Buckminsterfullerene

“single-bond” 
hexagon-pentagon

“double-bond” 
hexagon-hexagon

“single-bond” 
hexagon-pentagon

“double-bond” 
hexagon-hexagon
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Are there Buckyballs 
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University of Arkansas?



Are there Buckyballs 
 at the  
University of Arkansas? 

Yes, Two of them!

Visit the  
χω=ΧΩ

Greek Theatre



C

Three Golden rectangles
(Ratio: (√5+1)/2 : 1=1.618...)

underlie C60 
Buckminsterfullerene

“Buckyball”
60 C atoms:

one C at each
 vertex

of a
Soccerball

C C

C C C C
CC

C

C

C

C
C

C

CC
C

C

CC
C

C
C

C C C

C
C

C

(√5+1)/2 : 1=1.618...)
Golden
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Ih⊃I Symmetry : Rare in physics (But, all too common in public life)
See Virology      

A cause (one of many) of the Common Cold.

http://www.virology.wisc.edu/virusworld/images/rhi-rhinovirus-3_3fold-SCIENCE_CNN.jpg
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Ih⊃I Symmetry slide rules 
(Dodecahedral version)



Ih⊃I Symmetry slide rule 
(Icosahedral version)



Here is a link to the new scenario at: https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=OhXY6 

https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=OhXY6
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Icosahedral rotational operation classes in subgroup I⊂Ih of Ih=I×Ci=I×{1,I}

±72°  R1..R6,R1
4..R6

4 

   (15) and (45) class
±72°  R1..R6,R1

4..R6
4 

   (15) and (45) class
±144°  R1

2..R6
2,R1

3..R6
3 

   (25) and (35) class
±144°  R1

2..R6
2,R1

3..R6
3 

   (25) and (35) class

±120°  r1..r10,r1
2..r10

2 

   (13) and (23) class
±120°  r1..r10,r1

2..r10
2 

   (13) and (23) class
±180°  i1..i7,i8..i15

 

   (02) and (12) class
±180°  i1..i7,i8..i15

 

   (02) and (12) class

Weeks,Harter JCP90 pdf p.3              

https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/JCP_C60_VibeModesHiRes.pdf#page=3


±72°  R1..R6,R1
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   (15) and (45) class 
(12 members)

±144°  R1
2..R6

2,R1
3..R6

3 

   (25) and (35) class 
(12 members)

±120°  r1..r10,r1
2..r10

2 

   (13) and (23) class 
(20 members)

±180°  i1..i7,i8..i15
 

   (02) and (12) class 
(15 members)

0° Identity 1 
(05) class

Product Table 
Subgroup I⊂Ih
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List of 
Icosahedral I 
group operators 
by class
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List of 
Icosahedral I 
group operators 
by class

Complete list of 
Icosahedral Ih 
group operators 
by class
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Icosahedral subgroup I⊂Ih isomorphic to even-permutation* group A5⊂S5 
*Known as Alternating Group

S5 15 213 221 312 32 41 5

1 1 1 1 1 1 1

4 2 0 1 −1 0 −1

5 −1 1 −1 −1 1 0

6 0 −2 0 0 0 1

5 1 1 −1 1 −1 0

4 −2 0 1 1 0 −1

1 −1 1 1 −1 −1 1

                 Odd=red      Even=green

S5 Characters

W.Harter, N.DosSantos, Double-Group Theory on the Half-Shell I ,Am. J. Phys. 46, 251 (1978) pdf p.9
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The symmetry group of “Buckyball” C60

S5 15 213 221 312 32 41 5

1 1 1 1 1 1 1

4 2 0 1 −1 0 −1

5 −1 1 −1 −1 1 0

6 0 −2 0 0 0 1

5 1 1 −1 1 −1 0

4 −2 0 1 1 0 −1

1 −1 1 1 −1 −1 1

                 Odd=red      Even=green

S5 Characters
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Hamilton-turn-arcs for “Buckyball” C60

W.Harter, N.DosSantos, Double-Group Theory on the Half-Shell I and II ,Am. J. Phys. 46, 251 (1978)
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Springs of the dark-lined unit cell in Fig. 8 
involve single-bond parameters (p,π) and 
double-bond parameters (h,η).
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Ih ⊃ I
0°
11

72°
R 12

1,4
144°
R 12

2,3
120°
r20

2,3
180°
i15
1 I1

72°I
ρ12

1,4
144°I
ρ12

2,3
120°I
η20

2,3
180°I
σ 15

1

Ag 1 1 1 1 1 1 1 1 1 1

T1g 3 G+ G- ⋅ -1 3 G+ G- ⋅ -1

T3g 3 G- G+ ⋅ -1 3 G- G+ ⋅ -1

Gg 4 -1 -1 1 ⋅ 4 -1 -1 1 ⋅

Hg 5 ⋅ ⋅ -1 1 5 ⋅ ⋅ -1 1

Au 1 1 1 1 1 -1 -1 -1 -1 -1

T1u 3 G+ G- ⋅ -1 -3 -G+ -G- ⋅ 1

T3u 3 G- G+ ⋅ -1 -3 -G- -G+ ⋅ 1

Gu 4 -1 -1 1 ⋅ -4 1 1 -1 ⋅

Hu 5 ⋅ ⋅ -1 1 -5 ⋅ ⋅ 1 -1

                    G± =
1± 5

2

Icosahedral Ih characters χ(α) and irrep d(A)↑D(α) and D(α)↓d(A)correlations

S5 15 213 221 312 32 41 5

1 1 1 1 1 1 1

4 2 0 1 −1 0 −1

5 −1 1 −1 −1 1 0

6 0 −2 0 0 0 1

5 1 1 −1 1 −1 0

4 −2 0 1 1 0 −1

1 −1 1 1 −1 −1 1

                 Odd=red      Even=green

S5 Characters

I-Characters Harter,Weeks JCP90 pdf p.15              

IC3C5Correlations Harter,Weeks JCP90 pdf p.9              

Weeks,Harter JCP90 pdf p.26              

https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/JCP_C60_SuperfineHiRes.pdf#page=15
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/JCP_C60_SuperfineHiRes.pdf#page=9
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/JCP_C60_VibeModesHiRes.pdf#page=26


Ih ⊃ I
0°
11

72°
R 12

1,4
144°
R 12

2,3
120°
r20

2,3
180°
i15
1 I1

72°I
ρ12

1,4
144°I
ρ12

2,3
120°I
η20

2,3
180°I
σ 15

1

Ag 1 1 1 1 1 1 1 1 1 1

T1g 3 G+ G- ⋅ -1 3 G+ G- ⋅ -1

T3g 3 G- G+ ⋅ -1 3 G- G+ ⋅ -1

Gg 4 -1 -1 1 ⋅ 4 -1 -1 1 ⋅

Hg 5 ⋅ ⋅ -1 1 5 ⋅ ⋅ -1 1

Au 1 1 1 1 1 -1 -1 -1 -1 -1

T1u 3 G+ G- ⋅ -1 -3 -G+ -G- ⋅ 1

T3u 3 G- G+ ⋅ -1 -3 -G- -G+ ⋅ 1

Gu 4 -1 -1 1 ⋅ -4 1 1 -1 ⋅

Hu 5 ⋅ ⋅ -1 1 -5 ⋅ ⋅ 1 -1

                    G± =
1± 5

2

Ih⊃C2h A1 A2 B1 B2
Ag 1 ⋅ ⋅ ⋅

T1g ⋅ 1 1 1

T3g ⋅ 1 1 1

Gg 1 1 1 1

Hg 2 1 1 1

Au ⋅ ⋅ ⋅ 1

T1u 1 1 1 ⋅

T3u 1 1 1 ⋅

Gu 1 1 1 1

Hu 1 1 1 2

Ih⊃C5v A1 A2 E1 E2
Ag 1 ⋅ ⋅ ⋅

T1g ⋅ 1 1 ⋅

T3g ⋅ 1 ⋅ 1

Gg ⋅ ⋅ 1 1

Hg 1 ⋅ 1 1

Au ⋅ 1 ⋅ ⋅

T1u 1 ⋅ 1 ⋅

T3u 1 ⋅ ⋅ 1

Gu ⋅ ⋅ 1 1

Hu ⋅ 1 1 1

Ih⊃Cv A B

Ag 1 ⋅

T1g 1 2

T3g 1 2

Gg 2 2

Hg 3 2

Au ⋅ 1

T1u 2 1

T3u 2 1

Gu 2 2

Hu 2 3

Icosahedral Ih characters χ(α) and irrep d(A)↑D(α) and D(α)↓d(A)correlations

I-Characters Harter,Weeks JCP90 pdf p.15              

IC3C5Correlations Harter,Weeks JCP90 pdf p.9              

https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/JCP_C60_SuperfineHiRes.pdf#page=15
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/JCP_C60_SuperfineHiRes.pdf#page=9


Ih ⊃ I
0°
11

72°
R 12

1,4
144°
R 12

2,3
120°
r20

2,3
180°
i15
1 I1

72°I
ρ12

1,4
144°I
ρ12

2,3
120°I
η20

2,3
180°I
σ 15

1

Ag 1 1 1 1 1 1 1 1 1 1

T1g 3 G+ G- ⋅ -1 3 G+ G- ⋅ -1

T3g 3 G- G+ ⋅ -1 3 G- G+ ⋅ -1

Gg 4 -1 -1 1 ⋅ 4 -1 -1 1 ⋅

Hg 5 ⋅ ⋅ -1 1 5 ⋅ ⋅ -1 1

Au 1 1 1 1 1 -1 -1 -1 -1 -1

T1u 3 G+ G- ⋅ -1 -3 -G+ -G- ⋅ 1

T3u 3 G- G+ ⋅ -1 -3 -G- -G+ ⋅ 1

Gu 4 -1 -1 1 ⋅ -4 1 1 -1 ⋅

Hu 5 ⋅ ⋅ -1 1 -5 ⋅ ⋅ 1 -1

 

Ih⊃C2h A1 A2 B1 B2
Ag 1 ⋅ ⋅ ⋅

T1g ⋅ 1 1 1

T3g ⋅ 1 1 1

Gg 1 1 1 1

Hg 2 1 1 1

Au ⋅ ⋅ ⋅ 1

T1u 1 1 1 ⋅

T3u 1 1 1 ⋅

Gu 1 1 1 1

Hu 1 1 1 2

Ih⊃C5v A1 A2 E1 E2
Ag 1 ⋅ ⋅ ⋅

T1g ⋅ 1 1 ⋅

T3g ⋅ 1 ⋅ 1

Gg ⋅ ⋅ 1 1

Hg 1 ⋅ 1 1

Au ⋅ 1 ⋅ ⋅

T1u 1 ⋅ 1 ⋅

T3u 1 ⋅ ⋅ 1

Gu ⋅ ⋅ 1 1

Hu ⋅ 1 1 1

Ih⊃Cv A B

Ag 1 ⋅

T1g 1 2

T3g 1 2

Gg 2 2

Hg 3 2

Au ⋅ 1

T1u 2 1

T3u 2 1

Gu 2 2

Hu 2 3

Icosahedral Ih characters χ(α) and irrep d(A)↑D(α) and D(α)↓d(A)correlations

Rotational 
correlations 
for later use:

I⊃C5 05 15 25 35 45
A 1 ⋅ ⋅ ⋅ ⋅

T1 1 1 ⋅ ⋅ 1

T3 1 ⋅ 1 1 ⋅

G ⋅ 1 1 1 1

H 1 1 1 1 1
I⊃C3 03 13 23
A 1 ⋅ ⋅

T1 1 1 1

T3 1 1 1

G 2 1 1

H 1 2 2

I⊃C2 02 12
A 1 ⋅

T1 1 2

T3 1 2

G 2 2

H 3 2

G± =
1± 5
2
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Icosahedral  irreps D(α) 

Weeks,Harter JCP90 pdf p.26              

https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/JCP_C60_VibeModesHiRes.pdf#page=26


AMOP  
reference links 
 on pages 2-4

Compare tetrahedral/octahedral symmetry Oh⊃Th to Icosahedral Ih⊃Th 
       Famous (but rare ) molecules with Ih symmetry             Buckyballs at the U of Arkansas? 
                 Human rhinovirus 3: Rare in physics (But, all too common in public life)  
       Ih⊃I Symmetry slide rules (Dodecahedral and Icosahedral versions)  
Icosahedral rotation operation classes in subgroup I⊂Ih         I-group product table and classes 
       Icosahedral subgroup I⊂Ih isomorphic to even-permutation group A5⊂S5  
C60 Cartesian coordination at Carbon atom vertices 
.     Force vectors and matrices 
Ih characters χ(α) and irreps d(A)↑D(α) and D(α)↓d(A)correlations.               Icosahedral  irreps D(α) 
Icosahedral Ih irreps for A-orbits and B-orbits             F-matrices projected for diagonalization 
C60 Force matrix eigenfrequencies: Infrared-active and Raman-active 
       Scalar Coriolis effects of IR-active C60 PQR-bands 
       Varying parameters p=1-h makes frequency clusters            D5 modes check C60 modes 
Tensor centrifugal effects for high-J rotation of C60            Rotational-Energy-Surfaces (RES) 
Bose exclusion in 12C60 vs Fermi proliferation in 13C60  
      Comparing SF6 with 13C60 and CF4 and OsO4 with 12C60… 
      Total nuclear spin-weights of each 13C60 symmetry species 
13C60 superfine cluster structure prediction         Insight by Rotational Energy Surfaces (RES)  
13C12C59 isotopomers and their RES 
Some history of C60 discoveries 

5.08.18 class 29: Symmetry Principles for 
Advanced Atomic-Molecular-Optical-Physics 

William G. Harter - University of Arkansas

From CH4 to SF6 to C60 : a study in spectacular spectral contrasts 



Icosahedral Ih irreps for A-orbits and B-orbits

Ih ↑Cv A B

Ag 1 ⋅

T1g 1 2

T3g 1 2

Gg 2 2

Hg 3 2

Au ⋅ 1

T1u 2 1

T3u 2 1

Gu 2 2

Hu 2 3

A-orbits:

(60 levels) A↑Ih = 1Ag⊕1T1g⊕1T3g⊕ 2Gg⊕3Hg⊕0Au⊕ 2T1u⊕ 2T3u⊕ 2Gu⊕ 2Hu



Icosahedral Ih irreps for A-orbits and B-orbits

Ih ↑Cv A B

Ag 1 ⋅

T1g 1 2

T3g 1 2

Gg 2 2

Hg 3 2

Au ⋅ 1

T1u 2 1

T3u 2 1

Gu 2 2

Hu 2 3

A-orbits:

 A↑Ih = 1Ag⊕1T1g⊕1T3g⊕ 2Gg⊕3Hg⊕0Au⊕ 2T1u⊕ 2T3u⊕ 2Gu⊕ 2Hu

B-orbits:
 01↑Ih = Ag⊕3T1g⊕3T3g⊕ 4Gg⊕5Hg⊕1Au⊕3T1u⊕3T3u⊕ 4Gu⊕5Hu

(60 levels)

(120 levels)

Ih ↑C1 01
Ag 1

T1g 3

T3g 3

Gg 4

Hg 5

Au 1

T1u 3

T3u 3

Gu 4

Hu 5



Icosahedral Ih irreps for A-orbits and B-orbits

Ih ↑Cv A B

Ag 1 ⋅

T1g 1 2

T3g 1 2

Gg 2 2

Hg 3 2

Au ⋅ 1

T1u 2 1

T3u 2 1

Gu 2 2

Hu 2 3

A-orbits:

B-orbits:
 01↑Ih = 1Ag⊕3T1g⊕3T3g⊕ 4Gg⊕5Hg⊕1Au⊕3T1u⊕3T3u⊕ 4Gu⊕5Hu

Total: A+ B = 2Ag⊕ 4T1g⊕ 4T3g⊕6Gg⊕8Hg⊕1Au⊕5T1u⊕5T3u⊕6Gu⊕7Hu

(60 levels)

(120 levels)

(180 levels)

 A↑Ih = 1Ag⊕1T1g⊕1T3g⊕ 2Gg⊕3Hg⊕0Au⊕ 2T1u⊕ 2T3u⊕ 2Gu⊕ 2Hu

Ih ↑C1 01
Ag 1

T1g 3

T3g 3

Gg 4

Hg 5

Au 1

T1u 3

T3u 3

Gu 4

Hu 5
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A+ B = 2Ag⊕ 4T1g⊕ 4T3g⊕6Gg⊕8Hg      ⊕           1Au⊕5T1u⊕5T3u⊕6Gu⊕7Hu

Force matrices projected to be diagonalized

Weeks,Harter JCP90 pdf p.12              

https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/JCP_C60_VibeModesHiRes.pdf#page=12


A+ B = 2Ag⊕ 4T1g⊕ 4T3g⊕6Gg⊕8Hg      ⊕           1Au⊕5T1u⊕5T3u⊕6Gu⊕7Hu

Force matrices projected to be diagonalized

A+ B = 2Ag⊕ 4T1g⊕ 4T3g⊕6Gg⊕8Hg      ⊕           1Au⊕5T1u⊕5T3u⊕6Gu⊕7Hu

1 less T1g (rotation) 1 less T1u (translation)

3 4
Weeks,Harter JCP90 pdf p.13              

2Ag

4T1g

4T3g

6Gg

8Hg

1Au

1Au

5T1u

5T3u

6Gu

6Gu

7Hu

7Hu

https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/JCP_C60_VibeModesHiRes.pdf#page=13
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A+ B = 2Ag⊕ 4T1g⊕ 4T3g⊕6Gg⊕8Hg      ⊕           1Au⊕5T1u⊕5T3u⊕6Gu⊕7Hu

1 less T1g (rotation) 1 less T1u (translation)

3 4

43

C60 Force matrix eigenfrequencies: Infrared-active and Raman-active

10 Raman-active 
cases (A1g and Hg)

4 infrared-active 
(T1u)

8 Raman-active 
(Hg)

2 Raman-active (Ag)

rotor-like modes

Weeks,Harter JCP90 pdf p.15              

https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/JCP_C60_VibeModesHiRes.pdf#page=15


Mode frequency variation with locked force parameters π=η versus p=h 



Raman-active 
cases (A1g)

4 infrared-active 
cases (T1u)

(It is amazing how such 
a symmetric molecule  
forms polar dipoles.)

IR-active and most-Raman-active modes in 3D

Weeks,Harter JCP90 pdf p.16              

https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/JCP_C60_VibeModesHiRes.pdf#page=16
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Scalar Coriolis effects of IR-active C60 PQR-bands  
Comparing T1u-(x+iy) mode ellipticity and zeta factors ζ 

ζ γ = α i βi − βi α i( )
i=1

60

∑    Body-fixed Cartesian: x=α ,   y=β ,   z=γ . 

ζmx ,my

γ = mx βi α i my − mx α i βi my( )
i=1

60

∑   

≡ ζm
γ = Qmx ,βi

* Qmy ,α i
−Qmx ,α i

* Qmy ,βi( )
i=1

60

∑
  m=1, 2, 3, or 4 indexes the T1u  vector modes 

Coriolis zeta factors:

ζ1
T1u = −0.07613

ζ 2
T1u = −0.31933

ζ3
T1u = −0.49757

ζ 4
T1u = −0.10698

ζ i
T1u =

i=1

4

∑ −1.00001

Weeks,Harter CPL176 pdf p.6              

https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/CPLBzetaCoeff%20C60.pdf#page=6


Scalar Coriolis effects of IR-active C60 PQR-bands (Methane to Buckyball) 
Comparing vector mode rotation properties in CH4, CF4, SF6, and C60  

Weeks,Harter CPL176 pdf p.4              

https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/CPLBzetaCoeff%20C60.pdf#page=4
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Mode frequency variation with force parameters p=1-h (fixed π=0=η) shows clustering

Weeks,Harter JCP90 pdf p.21              

https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/JCP_C60_VibeModesHiRes.pdf#page=21


Simpler D5 pentagonal modes help to check C60 system

Weeks,Harter JCP90 pdf p.24              

https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/JCP_C60_VibeModesHiRes.pdf#page=24
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Tensor centrifugal tensor effects for high-J rotation of C60  
Rotational-Energy-Surfaces (RES)
Lowest rank tensor T[k]=T[6] that has 
icosahedral symmetry:

T[6] = 11
5
T0
6 + 7

5
T+5
6 −T−5

6( )

I-Tensors Harter,Weeks JCP90 pdf p.2              
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Lowest rank tensor T[k]=T[6] that has 
icosahedral symmetry:

T[6] = 11
5
T0
6 + 7

5
T+5
6 −T−5

6( )

Polar coordinate function for T[6] RES

T [6](θ ,φ) =

J 6 11
80

231cos6θ − 315cos4θ −105cos2θ −5( )− 42cosθ sin5φ cosφ 16cos4φ − 20cos2φ +5( )⎡
⎣
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Next lowest rank tensor T[k]=T[10] is:

Tensor centrifugal tensor effects for high-J rotation of C60  
Rotational-Energy-Surfaces (RES)

T[10] = 3⋅13⋅19
75

T0
10 − 11⋅19

25
T+5
10 −T−5

10( )+ 3⋅11⋅17
75

T+10
10 −T−10

10( )

I-Tensors Harter,Weeks JCP90 pdf p.2              
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Rotational 
correlations 
for J-orbits 
about RES 
hills or valleys:

I⊃C5 05 15 25 35 45
A 1 ⋅ ⋅ ⋅ ⋅

T1 1 1 ⋅ ⋅ 1

T3 1 ⋅ 1 1 ⋅

G ⋅ 1 1 1 1

H 1 1 1 1 1

I⊃C3 03 13 23
A 1 ⋅ ⋅

T1 1 1 1

T3 1 1 1

G 2 1 1

H 1 2 2

I⊃C2 02 12
A 1 ⋅

T1 1 2

T3 1 2

G 2 2

H 3 2

Eigenstates of T[6] belong to (m3 of C3)↑I and (mainly) to (m5 of C5)↑I 

C5  
quantized 
path

C3  
quantized 
path

I-Tensors Harter,Weeks JCP90 pdf p.9              

https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/JCP_C60_SuperfineHiRes.pdf#page=9


Example of ??µm spectra of 13C60 ?  
11-figure “degeneracy”

9-figure “degeneracy”

7-figure “degeneracy”

7-figure “degeneracy”

6-figure “degeneracy”

4-figure “degeneracy”

3-figure “degeneracy”

2-figure “degeneracy”

2-figure “degeneracy”

~2-figure “degeneracy”

1-figure “degeneracy”

1-figure “degeneracy”

2-figure “degeneracy”

~3-figure “degeneracy”

G+=(√5+1)/2 =1.618…
G-=(√5-1)/2 = 0.618...

Golden Ratios

I-Tensors Harter,Weeks JCP90 pdf p.5              I-Tensors Harter,Weeks JCP90 pdf p.11              
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Example of ??µm spectra of 12C60 ?  
 12C60 has on 4 allowed states

in a J=100 multiplet of 201=2J+1

 13C60 has over 2.317 hundred octillion 
allowed states in a J=100 multiplet of 201

260=1.5292·1018

13C60 with spin-½ nuclei has 
Extreme Fermi Proliferation!The good news… 

13C60 has only 
N=10 times as many 

nuclei as SF6

The bad news… 
that number N=10 

is in the EXPONENT!!

Bose exclusion in 12C60 
versus 
Fermi proliferation in 13C60
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Without nuclear spin: Forget all this stuff!

Goodbye clusters! (Goodbye Columbus)

Spin-0 nuclei give extreme Bose Exclusion

left in P(88)



Question: Where did those 200 levels go?

Example of extreme symmetry exclusion

... (and partial recovery)

Better Question: Where did those 1.15 octillion levels go?

Only 1 hyperfine state: I=0

24=16 hyperfine

states: I=0-2
26=64 hyperfine

states: I=0-3
260=1.15x1018

hyperfine

states: I=0-30

Some examples of Bose Exclusion

Some examples of Fermi (non) Exclusion

Spin-0 nuclei give extreme Bose Exclusion
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Fine Structure
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Structure
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H
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H

GT3H

G T1H

T3HT1A
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GT3T1 HH

J=50 
Fine structure 
comparing 
 13C60 (260 Hyperfine levels) 

with  
12C60 (160 Hyperfine level)

W.G.Harter, D.E.Weeks, 
Chem. Phys. Letters 194,3(1992)pdf p.4
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Total nuclear spin-weight of each 13C60 
Ih symmetry species: 

Ag 

T1g 

T3g 

Gg 

Hg

Ag 

T1g 

T3g 

Gg 

Hg

Ag         T1g T3g Gg Hg   u          u   u u u

Approximate species ratio: 1:3:3:4:5

W.G.Harter, D.E.Weeks, 
Chem. Phys. Letters 194,3(1992)pdf p.14

https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/CPLC60SpinWts%20HiRes+Errata.pdf#page=14


AMOP  
reference links 
 on pages 2-4

Compare tetrahedral/octahedral symmetry Oh⊃Th to Icosahedral Ih⊃Th 
       Famous (but rare ) molecules with Ih symmetry             Buckyballs at the U of Arkansas? 
                 Human rhinovirus 3: Rare in physics (But, all too common in public life)  
       Ih⊃I Symmetry slide rules (Dodecahedral and Icosahedral versions)  
Icosahedral rotation operation classes in subgroup I⊂Ih         I-group product table and classes 
       Icosahedral subgroup I⊂Ih isomorphic to even-permutation group A5⊂S5  
C60 Cartesian coordination at Carbon atom vertices 
.     Force vectors and matrices 
Ih characters χ(α) and irreps d(A)↑D(α) and D(α)↓d(A)correlations.               Icosahedral  irreps D(α) 
Icosahedral Ih irreps for A-orbits and B-orbits             F-matrices projected for diagonalization 
C60 Force matrix eigenfrequencies: Infrared-active and Raman-active 
       Scalar Coriolis effects of IR-active C60 PQR-bands 
       Varying parameters p=1-h makes frequency clusters            D5 modes check C60 modes 
Tensor centrifugal effects for high-J rotation of C60            Rotational-Energy-Surfaces (RES) 
Bose exclusion in 12C60 vs Fermi proliferation in 13C60  
      Comparing SF6 with 13C60 and CF4 and OsO4 with 12C60… 
      Total nuclear spin-weights of each 13C60 symmetry species 
13C60 superfine cluster structure prediction         Insight by Rotational Energy Surfaces (RES)  
13C12C59 isotopomers and their RES 
Some history of C60 discoveries 

5.08.18 class 29: Symmetry Principles for 
Advanced Atomic-Molecular-Optical-Physics 

William G. Harter - University of Arkansas

From CH4 to SF6 to C60 : a study in spectacular spectral contrasts 



13C60 superfine cluster structure predictions

G+=(√5+1)/2 =1.618…
G-=(√5-1)/2 = 0.618...

Golden Ratios

I-Tensors Harter,Weeks JCP90 pdf p.11              
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T[6,10]=T[6]cosυ+T[10]sinυ gives strange eigen-clusters 

MostlyC2

MostlyC5

MostlyC3

C5

C5

C5

C3 C3
C3

C3
C3

C3
C3

C3

C3

C3C3

C5

C5

MostlyC2
MostlyC2

MostlyC2

C2

C2

C2

C2

MostlyC5

MostlyC3

I-Tensors Harter,Weeks JCP90 pdf p.11              
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MostlyC3

T[6,10]=T[6]cosυ+T[10]sinυ eigen-levels 

I-Tensors Harter,Weeks JCP90 pdf p.13              
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13C12C59 isotopomers

Reimer, Harter J.Chem.Phys 106(1997) pdf p.5
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13C12C59 isotopomers

Reimer, Harter J.Chem.Phys 106(1997) pdf p.7
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A brief history of C60 spectroscopy
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Buckyballs “Seen” in Space
A brief history of C60 spectroscopy

18.9µm17.27µm
8.45µm7.00µm



1st Try at “Seeing” in Lab
Mass spectroscopy gives something

with atomic weight 720

Richard Smalley, Bob Curl, and Harry Kroto (1985)
Guess structure is C60 “soccer ball”



2nd Try at “Seeing” in Lab
Rotational spectroscopy predicted

(but still too hard to see)



3·60=180 coordinates of C60 
“Buckyball” vibrational coordinates

3rd Try at “Seeing” in Lab
Vibrational spectroscopy predicted

(Should be easier to see... but not at first)



3rd Try(contd)
Vibration spectra predicted (Easy to see... just 2 pairs of lines)



3rd Try(contd)
Just 2 pairs of lines 18.9µm 

=528cm-1

17.27µm 
=578cm-1

8.45µm 
=1183cm-1

7.00µm 
=1430cm-1



18.9µm
17.27µm

8.45µm

7.00µm





Two (or Three) forms of Carbon on one license plate!



Here is a link to the new scenario at: https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=OhXY6 

May Buckylamp light  
your way always!

https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=OhXY6
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