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2-jump Ei»; operators
Angular momentum operators (for later application)
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Complete set of Ejx matrix elements for the doublet (spin-%: ) p3 orbits
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1 12 1 1
BlEa)=r Gl

12 13\ _ [3 12 12\ _ |1

<2 E232>—\/; <2 E233>— 2
12 22 12 22

[<3 Epp|3 >:\/5j <3 Epa|3 >:\/5

i-i,i

i T>:8ﬁ%(

number
of lils

=
—

ji




Complete set of Ejx matrix elements for the doublet (spin-%> ) p3 orbits

BEEBEDENN BEREENERE
an (22)5 (12) (23) (13) (13)
2+ ] 1 1 e NE
Can 22 (23) (23) (13)
(¥ 1+2 L 2 1
(11) @35 (12) (13)
(} 241 2 1
| (1) (22) (33) (23) (12) (13)
e SN
(11) (22) (33) (23) (13)
(3 I+1+1 | (2 N
(11) (33) (12)
(¥ 1+2 1
(22) (33) (23)
(2 241 | 1
(22) (33)
(r 1+2
Sample applications of “Jawbone” formulae
(I-jump Ei.1.i)
g 12\ R LA
2 | F12(2 /= 2 | F233 /=
12 13\ [3 12 12\_ [1
<2 E232>—\/; <2 E233>_ D
12 2\ _ 12 2\ _
<3 E123>_\/5 <3 E123>—\/5
12 13\ _ [1
(<3 IONE >— 2)

(h)

T>:8ﬁ%(

i-i,i

number
of lils

11
2

2]

11
2

)=1




Complete set of Ejx matrix elements for the doublet (spin-%> ) p3 orbits

BEESEEEEED BB EEEEED
(an (22) (12) (23) (13) (13)
(2] 2+1 [ 1 1 e NE
. (11) (22) (23) (23) (13)
(¥ 1+2 L 2 1
(11) @35 (12) (13)
(} 241 2 1
| (1) (22) (33) (23) (12) (13)
(¥ 1+1+1 TN 1
(11) (22) (33) (23) (13)
(3 I+1+1 | [ N
(11 (33) (12)
(¥ 1+2 1
22) 33 | (@)
(2 241 | 1
(22) (33)
<? 1+2
Sample applications of “Jawbone” formulae
({-jump Ei.1,;)
11 E 12 —1 11 E 11 1
2 12(2 / 2 23(3 /
12 13\ _ /3 12 12\ _ |1
<2 E232>_\/; <2 E233>_\/;
12 22\ 12 22\
<3 El23>_\/5 <3 E123>_\/5
12 13\ _ |1 13 13\ _ /3
<3 E233>_ 2 (<2‘E23‘3>_ 2]

i-i,i

~ number
i T>'Sﬁ%(ofu&

ji




Complete set of Ejx matrix elements for the doublet (spin-%> ) p3 orbits

M=2 M=1 M=0 M=-1 M=-2

BEEBEDENN BEREENERE
(13) (13) 11 11\ _ 11 11\ _
<121 (;)+(212) (112) (213) _\1/3% \7% . . . <2 ‘Ell‘ ) >_ 2 <2 ‘E22‘ 5 >_ 1
b 2 (23) (23) (13)
(¥ 1+2 L 2 1
(11 (33) (12) (13) (a) {b)
<;1 . 2+1 \/5 : 1 . . <T’ . T>=8 , (number) Fle
oD @ 69 (23) (12) (13) i T.T\ of (il i
- (» 1+1+1 - N/ L (c)
(11) (22) (33) (23) (13) - n
(3 - [+1+1 | 2 NE < | !:F
(1) (33) (12)
(¥ 1+2 1 |
22) 33 | [ 23 (d}.
(2 C2+1 || 1 .
(22) (33) ,
<§3 1+2 i-|

M|

5
N
noE—|

Sample applications of “Jawbone” formulae

(]—jump Ei i)

1 12\ _ 1 1\ _ ’ (9)
Bleal)=r (e 9 :
12 13 3 12 12 1 5
<2 E232>:\/; <2 E233>=\/;

(h}( E

1]

12 22 12 22
<3 ]5123>:\/5 <3 ]5123>:\/5 T

N B
12 13\ _ |1 13 13\ _ [3 22 23
(Fleaff)-f ($lef ) | (Fleafp)-r |




AMOP 4.16.18 class 23: Symmetry Principles for
reference links 4 dvanced Atomic-Molecular-Optical-Physics

on page 2
William G. Harter - University of Arkansas

(Sn)*(U(m)) shell model of electrostatic quadrupole-quadrupole-e interactions

Complete set of Ejx matrix elements for the doublet (spin-'2 ) p3 orbits
Detailed sample applications of “Jawbone” formulae
Number operators

1-jump Ei.1; operators
»Z-jump Eii operators
Angular momentum operators (for later application)
Multipole expansions and Coulomb (e-e)-electrostatic interaction
Linear multipoles; P;-dipole, P>-quadrupole, Ps-octupole,...
Moving off-axis: On-z-axis linear multipole P/ (cos8) wave expansion:

Multipole Addition Theorem (should be called Group Multiplication Theorem)
Coulomb (e-¢)-electrostatic interaction and 1ts Hamiltonian Matrix, Slater integrals
2-particle elementary ejx operator expressions for (e-e)-interaction matrix

Tensor tables are (2¢+1)-by-(2¢+1) arrays (p%4) giving V,* in terms of E, ;.

Relating V" to E'm by (mkm) arrays

Atomic p-shell ee-interaction 1n elementary operator form
[2,1] tableau basis (from p.29) and matrices of v! dipole and vievi=LeL
[2,1] tableau basis (from p.29) and matrices of v2 and v2ev2 quadrupole

4S,2P, and 2D energy calculation of quartet and doublet (spin-'2) p3 orbits
Corrected level diagrams Nitrogen p3




Complete set of Ejx matrix elements for the doublet (spin-%> ) p3 orbits

M=2 M=1 M=0 M=-1 M=-2

11 12 11 12 13 22 23
2 2 3 3 3 3 3

an @ | a2 (23)
1 2+1 1 1

11 11 11 11
(BlEufat)=2 (¥]Eaf)=1

(1) (22)
12 1+2

(1) (33)
! : 2+1

s ~ number /
<T Bl T>'Sﬁ%(of0& ) <T

%_ l-i,i i d
’ 1+2

22 @3 {d).
- : 2+1
%
3 5

(11) (22) (33)
1+1+1

(11 (22) (33)

<
(
<
(
(3 - 1+1+1
<
<
<

(11 (33)

Sample applications of “Jawbone” formulae
Epy=lEp, Epnl= Bk -Epky, (2-jump Ei-2,)

_l"ﬂ mrn

N
=l
N

il 1]
?ﬁﬁﬁ
N

+
NG
|

(h)

8 ] TH

(]5]5)=7]




Complete set of Ejx matrix elements for the doublet (spin-%> ) p3 orbits

M=2 M=1 M=0 M=-1 M=-2

12 11 12
2 3 3

11 13 22 23
2 3 3 3

(1) (22)
Nl 2+1

11 11 11 11
(BlEufat)=2 (¥]Eaf)=1

(1) (22)
12 1+2

(11) (33)
! : 2+1

s ~ number /
<T Bl T>'Sﬁ%(of0& ) <T
E . = ||/ =
%_ 1=} i d d
(22) (33)

{d)
? . il
3 E

(1) (22) (33)
1+1+1

an (22) (33
I1+1+1

(1) (33)
3 1+2

Sample applications of “Jawbone” formulae e Eosy = 12 B2 13 &
. o (f) E ng=ﬁ§mm
Eyy=1Ey, Epnl=Ey k. -Eyky, (2-jump Ei-2,i) (g) l2
12 12 12
SHE > :E12E23‘3 >‘E23E12‘3 > ? A |

(h)

8 ] TH

(]5]5)=7]




Complete set of Ejx matrix elements for the doublet (spin-%> ) p3 orbits

M=2 M=1 M=0 M=-1 M=-2

12 11 12
2 3 3

11 13 22 23
2 3 3 3

(1) (22)
Nl 2+1

11 11 11 11
(BlEufat)=2 (¥]Eaf)=1

(1) (22)
12 1+2

(11) (33)
! : 2+1

s ~ number /
(T Bl T>'Sﬁ%(ofu& ) <T
E . = ||/ =
%_ 1=} i d d
(22) (33)

{d)
? . il
3 E

(1) (22) (33)
1+1+1

an (22) (33
I1+1+1

(1) (33)
3 1+2

Sample applications of “Jawbone” formulae e Eosy = 12 B2 13 &
. o (f) E ng=ﬁ§mm
Eyy=1Ey, Enl=EyEyy  -Eyky, (2-jump Ei-2,i) (g) l2
12 12 12
SHE > = EpE03)3 >‘E23E12‘3 > ? €, | l
’ &
— 112 11 |
—Elz\/; 2 >'E23\/5‘3 >
(h) lE
1]
B |
i-1]
R

(]5]5)=7]




Complete set of Ejx matrix elements for the doublet (spin-%> ) p3 orbits

M=2 M=1 M=0 M=-1 M=-2

11 12 13 22 23
2 P2 3 3 3
(11 (22) (12) (23)

N 2+1 1

11 11 11 11
(BlEufat)=2 (¥]Eaf)=1

(In (22)

12 1+2

(1) (33)
! : 2+1

s ~ number /
<T Bl T>'Sﬁ%(of0& ) <T
E . = /=
%_ 1=} i d d
(22) (33)

{d)
? . il
3 E

(11) (22) (33)
2 1+1+1

(11) (22) (33)
13 : 1+1+1

(11) (33)
3 1+2

Sample applications of “Jawbone” formulae e Eosy = 12 B2 13 &
. o (f) E nﬂzﬁémm
Eyy=1Ey, Epnl=Ey by -Eyky, (2jump Ei-2) (g) l2
12 12 12
IEE > = £y B33 >'E23 12‘3 > ﬁ E L e l
| m
_ 1|12 1 |
—Elz\/; > >'E23\/5‘3 >
AR ()
i- ||
1]
B |

(]5]5)=7]




Complete set of Ejx matrix elements for the doublet (spin-%> ) p3 orbits

M=2

11
2

(11) (22)
2+1

2

(1)

1+2

B

M=1 M=0

M=-2

23
3

M=-1

13 22
3 3

(22)

(11) (33)
2+1

(11) (22) (33)
1+1+1

(1) (22) (33)
1+1+1

(1) (33)
1+2

(22) (33)

2+1

Sample applications of “Jawbone” formulae

'EB

=[E

3
12
3

12>

Eys 1= EyEyy By k),
12 12
=EpE)3 >'E23612‘3 >

G
) )

11
3
11
2

(

11
2

‘ E

13‘

12
3

>=??)

(2-jump Ei-2)

(

(h)

11
2

E

11
2

T>:Sﬁ%(

i-i,i

)

m
N
o
=

)

™ S

=
N

number
of {ils

11 11
2 ‘Ezz‘z
(b)

d_+_|_ E
A
i

-1 _

: i-|
2 , 3 L
13 ¢
nn




Complete set of Ejx matrix elements for the doublet (spin-%> ) p3 orbits

M=2

11
2

(11) (22)
2+1

2

(1)

1+2

B

M=1 M=0

M=-2

23
3

M=-1

13 22
3 3

(22)

(11) (33)
2+1

(11) (22) (33)
1+1+1

(1) (22) (33)
1+1+1

(1) (33)
1+2

(22) (33)

2+1

Sample applications of “Jawbone” formulae

'EB

=[E

3
12
3

12>

Eys 1= EyEyy By k),
12 12
=EpE)3 >'E23612‘3 >

-5
) ) 0E)

11
3
11
2

(

11
2

‘ E

13‘

12
3

>=??)

(2-jump Ei-2)

(

(h)

11
2

E

11
2

T>:Sﬁ%(

i-i,i

)

m
N
o
=

)

™ S

=
N

number
of {ils

11 11
2 ‘Ezz‘z
(b)

d_+_|_ E
A
i

-1 _

: i-|
2 , 3 L
13 ¢
nn




Complete set of Ejx matrix elements for the doublet (spin-%> ) p3 orbits

M=2 M=1 M=0 M=-1 M=-2

12 12 12
SHE > = EpE03)3 >'E23612‘3 >

_ 1|12 1
=Lon2]2 >'Ez3\/5 3 >

A~ (h) -
11111 11
= 1 22 _1£2> B ' .

By ) ) ) ) )
) 11 1\ _ 11 1\ _
PG G MGH Weft)-2 (2eafy)-
a1 (22) B
(¥ 142
; (1) (33) (a) (b)
. 241
(; ' <T' . T>=sT,T(g:f;*;§') <T' 3
(1) (22) (33) ' i
(¥ 1+1+1 - c)
(1) (22) (33) [} n
(3 - I+1+1 - E =25 =
: | b | [ d ]
In (33) l
(¥ 1+2 -
o (d)
(2 .2+
- E. . = g-_—l-_-
<23 i i | ed d -
Sample applications of “Jawbone” formulae e Eosy = 12 B2 13 &
) (f) E =-/é no
— — - .5 12
E=|E,,E); 1= E,E,;  -EpE,, (2-jump Ei.2)) o <
S




Complete set of Ejk mamx elements for the doublet (spin-%> ) p3 orbits

M=2

11
2

(11) (22)
2+1

M=1

12 11
2 3/

M=-2

23
3

M=-1

13 22
3 3

(23)

1

(12)
1

(1) (22)
1+2

(11) (33)
2+1

(11) (22) (33)
1+1+1

(1) (22) (33)
1+1+1

(1) (33)
1+2

(22) (33)

2+1

Sample applications of “Jawbone” formulae

'EB

=[E

3
13
2

H’E

]:E12E23 E,.E.,

(

11
2

‘ E

13‘

13
2

>=??)

(2-jump Ei-2,i)

(

(h)

11
2

E

11
2

T>:Sﬁ%(

i-i,i

)

m
n
W
ko—

)

™ S

=
N

number
of {ils

11 11
2 ‘Ezz‘z
(b)

d_+_|_ E
A
i

-1 _

¢ i
2 , 3 L
13 ¢
nn

8 ] TH




Complete set of Ejx matrix elements for the doublet (spin-%> ) p3 orbits

M=2 M=1 M=0 M=-1 M=-2

11 12 11 12 13 13 2 23
BEREEREENE BEEESEREERE.
a1 (22) (23) (23) (13)
12
5 1+2 % % 1
(1) (33) (12) (13) {a) {b)
11 '
. 2+1 2 . 1 . .
3 V2 TIE, | T):6 ("“"’.bf") TlE..
(23) (12) (13) i T \ of {ils i
i (1) (22) (33)
! 1+1+1 - NS 1 )
(1) (22) (33) (23) (13) = i
d + |

(11) (33) (12)

(3 = =
%_ l-i,i i d d
’ 1+2 : 1

(22) (33) (23)
;2 : 2+1 1
.
3 1+2

Sample applications of “Jawbone” formulae e Eosy = 12 B2 13 &
. o (f) E =-{é no
Eyy=1Ey, Epnl=Ey k. -Eyky, (2-jump Ei-2,i) (g) l2
13 _ 13 13
EE > = EyEy30 5 >‘E23E12‘ > > ﬁ € | l
| m
_ 3|12 13 B
—Elz\/; > >‘E230‘1 >
(h)
i-|]
1]
B ' [
-1]
B

(]f5)=7 ]




Complete set of Ejx matrix elements for the doublet (spin-%> ) p3 orbits

M=2 M=1 M=0 M=-1 M=-2

BERSESEIS HENSEEE
2 2 3 3 3 3 3
)

N3
\/

(11) (22) (12) (23) (3 (13) 11 11 — 11 11 —
N2l 1 1 \E 2 <2 ‘Eu‘z 2 2 Ezz 2 1
N (1) (22) <231> (ﬁ; (13)
5 1+2 3 5 1
(11 (33) (12) (13) {a) {b)
11 i
: . 2+1 \ﬂg . 1 . . <f 3 T>=SI (mmm?r) <f £
i1 T.T \ of {ils ij
(11 (22) (33) (23) (12) (13)
5 I+ 1+1 - NS 1 )

(11) (22) (33) (23) (13)
13 3 . 3
2 - I+1+1 | 2 N
(11) (33) (12)
3 1+2 . 1

(22) (33) (23)
? : 2+1 1
S — E. . = —q-_—l-_-
; 142 i f"" v ] |

o I L

—EL g
Il
o
|

Sample applications of “Jawbone” formulae e Eosy = 12 B2 13 &
. o (f) E IIII:=-V§ no
Eyy=1Ey, Epnl=Ey k. -Eyky, (2-jump Ei-2,i) (g) l2
13 _ 13 13
EE > = EyEy30 5 >‘E23E12‘ > > N |

_ 3(12 13
_EIZ\/; 2 >‘E230‘1 >
_ 3|11
- (D3 - ¢
13
13‘2 >:??)

(h)

8 ] TH

(1]




Complete set of Ejx matrix elements for the doublet (spin-%> ) p3 orbits

M=2 M=1 M=0 M=-1 M=-2

BENSENSENS HENSEEE
2 2 3 3 3 3 3
)

N3
\/

(11) (22) (12) (23) (3 (13) 11 11 — 11 11 —
N2l 1 1 \E 2 <2 ‘Eu‘z 2 2 Ezz 2 1
N (1) (22) <231> (273) (13)
5 1+2 3 5 1
(11 (33) (12) (13) {a) {b)
11 i
: . 2+1 \ﬂg . 1 . . (f 3 T>=SI (mmm?r) <f £
i1 T.T \ of {ils ij
(11 (22) (33) (23) (12) (13)
5 I+ 1+1 - NS 1 )

(11) (22) (33) (23) (13)
13 3 . 3
2 - I+1+1 | 2 N
(11) (33) (12)
3 1+2 . 1

(22) (33) (23)
§2 - 2+1 1
- E. . = Etll-::
; 142 i f"" v ] |

o I L

—EL g
Il
o
I

Sample applications of “Jawbone” formulae e Eosy = 12 B2 13 &
. o (f) E =-{é no
Eyy=1Ey, Epnl=Ey k. -Eyky, (2-jump Ei-2,i) (g) l2
13 _ 13 13
EE > = EyEy30 5 >‘E23E12‘ > > N |

_ 3[12 13
—Elz\/; 2 >‘E230‘1 >
_ 311
- (D3 - ¢
11 13\ _ [3
GERRD

(h)

8 ] TH




Complete set of Ejx matrix elements for the doublet (spin-%> ) p3 orbits

M=2 M=1 M=0 M=-1 M=-2

11 Eo 2 11 13 22 23
2 P2 3 3 3 3

an (22) (12) (23)

N 2+1 1 1

11 11 11 11
(BlEufat)=2 (¥]Eaf)=1

(1) (22)
12 1+2

(1) (33)
! : 2+1

s ~ number /
<T Bl T>'Sﬁ%(of0& ) <T
E . = /=
%_ 1=} i d d
(22) (33)

{d)
? . il
3 E

(11) (22) (33)
1+1+1

(1) (22) (33)
1+1+1

(11) (33)
3 1+2

Sample applications of “Jawbone” formulae e Eosy = 12 B2 13 &
. o (f) E ng=ﬁ§mm
Eyy=1Ey, Epnl=Ey k. -Eyky, (2-jump Ei-2,i) (g) l2
22 22 22
SHE > :E12E23‘3 >'E23E12‘3 > ? A |

(h)

8 ] TH

(B2 7)="]




Complete set of Ejx matrix elements for the doublet (spin-%> ) p3 orbits

M=2

11
2

M=1 M=0

12 11
2 3/

M=-1

13
3

M=-2

22 23
3 3

(1) (22)
Nl 2+1

(12)
1

(23)

1

(1) (22)
1+2

(11) (33)
2+1

(11) (22) (33)
1+1+1

(1) (22) (33)
1+1+1

(1) (33)
1+2

(22) (33)

2+1

Sample applications of “Jawbone” formulae

E=lE

22
SHE >

22
e

12>

Eys 1= EyEyy By k),

_ 22
—E12E23‘3 >'E23 12|3

0 -E

23

(s

‘ E

22\ _
13‘3 >—??J

(2-jump Ei-2,i)

(h)

T>:Sﬁ%

(

number
of {ils




Complete set of Ejx matrix elements for the doublet (spin-%> ) p3 orbits

M=2 M=1 M=0 M=-1 M=-2

11 Eo 2 11 13 22 23
2 P2 3 3 3 3

an @ | a2 (23)
1 2+1 1 1

(1) (22)
12 1+2

(1) (33)
! : 2+1

s ~ number /
<T Bl T>'Sﬁ%(of0& ) <T

(11) (22) (33)
1+1+1

1+1+1

(11) (33)
3 1+2

(22) (33)
f : 2+1

<

<

<

< .

( A P
<

<

<

Sample applications of “Jawbone” formulae
Eps=1Ep, Enl= Bk -Epky, (2-jump Ei-2,)

12 22 F 22
SHE > :E12E23‘3 >'E23 123 >

£ 12> _ 0 ] @12>
132 23 )3 /) N

12 _ 1 12
E132> - 0 'ﬁ\/g‘zj

(B2 7)="]

— A




Complete set of Ejx matrix elements for the doublet (spin-%> ) p3 orbits

M=2 M=1 M=0 M=-1 M=-2

11 Eo 2 11 13 22 23
2 P2 3 3 3 3

an (22) (12) (23)

N 2+1 1 1

(1) (22)
12 1+2

(1) (33)
! : 2+1

s ~ number /
<T Bl T>'Sﬁ%(of0& ) <T

(11) (22) (33)
1+1+1

(1) (22) (33)
1+1+1

(11) (33)
3 1+2

(22) (33)
f : 2+1

Sample applications of “Jawbone” formulae
Eps=1Ep, Enl= Bk -Epky, (2-jump Ei-2,)

12 22 F 22
SHE > :E12E23‘3 >'E23 123 >

£ 12> _ 0 ] @12>
132 23 )3 /) N

12 _ 1 12
E132> - 0 'ﬁ\/g‘zj

((2]ea])=-1)

— A




AMOP 4.16.18 class 23: Symmetry Principles for
reference links 4 dvanced Atomic-Molecular-Optical-Physics

on page 2
William G. Harter - University of Arkansas

(Sn)*(U(m)) shell model of electrostatic quadrupole-quadrupole-e interactions

Complete set of Ejx matrix elements for the doublet (spin-'2 ) p3 orbits
Detailed sample applications of “Jawbone” formulae
Number operators

1-jump Ei.1; operators
2-jump Ei»; operators
Angular momentum operators (for later application)
Multipole expansions and Coulomb (e-e)-electrostatic interaction
Linear multipoles; P;-dipole, P>-quadrupole, Ps-octupole,...
Moving off-axis: On-z-axis linear multipole P/ (cos8) wave expansion:

Multipole Addition Theorem (should be called Group Multiplication Theorem)
Coulomb (e-¢)-electrostatic interaction and 1ts Hamiltonian Matrix, Slater integrals
2-particle elementary ejx operator expressions for (e-e)-interaction matrix

Tensor tables are (2¢+1)-by-(2¢+1) arrays (p%4) giving V,* in terms of E, ;.

Relating V" to E'm by (mkm) arrays

Atomic p-shell ee-interaction 1n elementary operator form
[2,1] tableau basis (from p.29) and matrices of v! dipole and vievi=LeL
[2,1] tableau basis (from p.29) and matrices of v2 and v2ev2 quadrupole

4S,2P, and 2D energy calculation of quartet and doublet (spin-'2) p3 orbits
Corrected level diagrams Nitrogen p3




Complete set of Ejx matrix elements for the doublet (spin-%> ) p3 orbits
M=2 M=I M=0 M=-1 M=-2

‘11> ‘12> ‘11> ‘12> ‘13> ‘13> ‘22> ‘23>
2 2 3 3 2 3 3 3
(11) (22) (12) (23) (13) (13)
11 g 1 3
(V[ 2+1 0 1 NG J2
(1 (22) (23) @) (13)
12 i ’ 1 3 ’
<2 142 ! L -1
(1) (3 | (12) oy
<§1 . 2411 A2 S
""""""""""""""""""" - i@ ey i @ an oay
= {7 B N I
(11) (22) (33)5 (23) (13)
13 ] ] 3 ) 3
(: - I+1+1 |3 NG
""""""""""""""""""" L ianey P oay
(¥ 12 -
@ (3 @
. 22 ; i ; i
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(Sn)*(U(m)) shell model of electrostatic quadrupole-quadrupole-e interactions

Complete set of Ejx matrix elements for the doublet (spin-'2 ) p3 orbits
Detailed sample applications of “Jawbone” formulae
Number operators

1-jump Ei.1; operators
2-jump Ei»; operators
Angular momentum operators (for later application)
Multipole expansions and Coulomb (e-e)-electrostatic interaction
Linear multipoles; P;-dipole, P>-quadrupole, Ps-octupole,...
Moving off-axis: On-z-axis linear multipole P/ (cos8) wave expansion:

Multipole Addition Theorem (should be called Group Multiplication Theorem)
Coulomb (e-¢)-electrostatic interaction and 1ts Hamiltonian Matrix, Slater integrals
2-particle elementary ejx operator expressions for (e-e)-interaction matrix

Tensor tables are (2¢+1)-by-(2¢+1) arrays (p%4) giving V,* in terms of E, ;.

Relating V" to E'm by (mkm) arrays

Atomic p-shell ee-interaction 1n elementary operator form
[2,1] tableau basis (from p.29) and matrices of v! dipole and vievi=LeL
[2,1] tableau basis (from p.29) and matrices of v2 and v2ev2 quadrupole

4S,2P, and 2D energy calculation of quartet and doublet (spin-'2) p3 orbits
Corrected level diagrams Nitrogen p3



Multipole expansions and Coulomb (e-e)-electrostatic interaction

Legendre polynomials P¢ defined by R(3) irep D": X, = /D(f’o ( 6 ) =r P (cos 0)

C : P 0
Derivatives of monopole potential J/ menopole (r) _9_To (COS )
r r



Multipole expansions and Coulomb (e-e)-electrostatic interaction

Legendre polynomials P¢ defined by R(3) irep D": X, = /D(f’o ( 6 ) =r P (cos 0)

Derivatives of monopole potential J monopole ( r) _q_9h (COSB) i(r)" = n(r)n_li\/xz vy 42 =n(r) 2
7 ” 0z Jz
monopole
O

QTCA Unit 8 Wavefunctions begins on p. 24
QTCA Unit 8 Multipole functions begins on p. 33
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Multipole expansions and Coulomb (e-e)-electrostatic interaction

Legendre polynomials P¢ defined by R(3) irep D": X, = /D(f’o ( 6 ) =r P (cos 0)

. . P n n—1 n—-2
Derivatives of monopole potential preneret (1) = 9 _ 4% (cos6) ai(,,) = n(r) 9 iy n(r) "2
” ” z dz
; ’ . ipole 8 monopole qZ QCOSH QP(COSO)
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Legendre polynomials P¢ defined by R(3) irep D": X, = /D(f’o ( 6 ) =r P (cos 0)
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Derivatives of monopole potential Jy monopole (r) _9_9% (COSB) ai(,,) = n(r) i\/xz ry 2 =n(r)" 2
7 . z dz
. . 7. . 0 qz QCOSH qP(COSO)
dipole potential: dipole (. \ — _ _ pymonopole () _ 4 _ _ 2
pole p o () L) 42 95050 _ 00 (C
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uadrupole potential: prauadrupole (. _ _ 2 9 qrdipote (N _ _ 2 9 4% _ _ 1
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Multipole expansions and Coulomb (e-e)-electrostatic interaction

Legendre polynomials P¢ defined by R(3) irep D": X, = /D(f’o ( 6 ) =r P (cos 0)
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Multipole expansions and Coulomb (e-e)-electrostatic interaction

Legendre polynomials P¢ defined by R(3) irep D": X, = /D(f’o ( 6 ) =r P (cos 0)
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potential or wave function plots.
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(Sn)*(U(m)) shell model of electrostatic quadrupole-quadrupole-e interactions

Complete set of Ejx matrix elements for the doublet (spin-'2 ) p3 orbits
Detailed sample applications of “Jawbone” formulae
Number operators

1-jump Ei.1; operators
2-jump Ei»; operators
Angular momentum operators (for later application)
Multipole expansions and Coulomb (e-e)-electrostatic interaction
Linear multipoles; P;-dipole, P>-quadrupole, Ps-octupole,...
Moving off-axis: On-z-axis linear multipole P/ (cos8) wave expansion:

Multipole Addition Theorem (should be called Group Multiplication Theorem)
Coulomb (e-¢)-electrostatic interaction and 1ts Hamiltonian Matrix, Slater integrals
2-particle elementary ejx operator expressions for (e-e)-interaction matrix

Tensor tables are (2¢+1)-by-(2¢+1) arrays (p%4) giving V,* in terms of E, ;.

Relating V" to E'm by (mkm) arrays

Atomic p-shell ee-interaction 1n elementary operator form
[2,1] tableau basis (from p.29) and matrices of v! dipole and vievi=LeL
[2,1] tableau basis (from p.29) and matrices of v2 and v2ev2 quadrupole

4S,2P, and 2D energy calculation of quartet and doublet (spin-'2) p3 orbits
Corrected level diagrams Nitrogen p3




Moving off-axis: On-z-axis linear multipole P¢ (cos0) wave expansion:
7\? 2 ’\3 3 7\’ Y,
g _a _,9d(a) N r(ay () >(a), . () (q).
|r—r’| r dz \ r 2! 9z \ r 31 927\ r Y 9z \ r
2

, 2\3 2\
%+qr—’;P1(COSO)+q(:3) PZ(COSQ)+q(r'+)P3(COSH)+--'+q’(ﬁ%l)P£(COSH)-“

QTCA Unit 8 Multipole functions begins on p. 33
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Moving off-axis: On-z-axis linear multipole P/ (cos0) wave expansion:
7\? 2 ’\3 3 r\! Y,
g _a _,9d(a) N r(ay () >(a), . () (q).
|r—r’| r dz \ r 2! 9z \ r 31 927\ r Y 9z \ r
2

, 2\3 2\
1,4 p (cos@)+ q(r ) Pz(cos0)+ q(r ) P3(cost9)+---+ q(r ) P (cos@)---

2 1 3 4 +1 1

r r r r r
Off-z-axis position state |o,,0) by Euler rotation: ~ R(e,$3,0)/0,0,0)=|e, 8,0)
Off-z-axis P,(cos9) wave by Euler rotation: ‘ §> — R(oc, ﬁ,o)‘ : o>
() / /
= 3 [10) Pol@8.0)= %

QTCA Unit 8 Multipole functions begins on p. 33
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Moving off-axis: On-z-axis linear multipole P/ (cos0) wave expansion:
7\? 2 ’\3 3 r\! Y,
g _a _,9d(a) N r(ay () >(a), . () (q).
‘r—r’| r dz \ r 2! 9z \ r 31 92\ r Y 9z \ r
2

, 2\3 2\
%+qr—’;Pl(cost9)+q(:3) Pz(cos9)+q(r’;) P3(cos9)+---+q’(;+l) PK(COSO)“-

Off-z-axis position state |o,[3,0) by Euler rotation: R(Of ,B,0
Oft-z-axis P,(cosO) wave by Euler rotation:

‘ §>(a,ﬁ)

QTCA Unit 8 Multipole functions begins on p. 33
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Moving off-axis: On-z-axis linear multipole P/ (cos0) wave expansion:

4 _q _,2(q) ()& () +...+(‘r')€ J' (z]
‘r—r’| r dz \ r 21 922 31 97° 0y 9z \ r

, , 3 , /
%+qr—’;Pl(cost9)+q(:3) Pz(cose) q(’;) P3(cos9)+---+q’(;+l) PK(COSO)“-

Off-z-axis position state |o,,0) by Euler rotation: ~ R(e,$3,0)/0,0,0)=|e, 8,0)
Off-z-axis P,(cos0) wave by Euler rotation: ‘ §>( | = H(oc, ﬁ,O)‘ f; 0>
o, ’
B 4 / / _ ¢ / )% 4r
—mzz_g m,0>Dm0(0‘nB»0) m:z_g‘m0> () 20+1
Amplitude at polar position |$,0,0) of rotated P-wave: { > .~ (9,6|R (e, ﬁ,O)‘ 50>
_ 4 / /% 4r
= % {08 AL 20+1

) o ...representing a group product R (o,3,0)R(9,0,0) = R(®,0,0).
@il0)g = (olR"(B0)R(060.0)5)=(o[R(®.0.0)3)

= S DL (0.B.0) DL (6.6.0)= DLy (.0.0) = P, (cosO)

m=—/{

QTCA Unit 8 Multipole functions begins on p. 33
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(Sn)*(U(m)) shell model of electrostatic quadrupole-quadrupole-e interactions

Complete set of Ejx matrix elements for the doublet (spin-'2 ) p3 orbits

Detailed sample applications of “Jawbone” formulae
Number operators

1-jump Ei.1; operators
2-jump Ei»; operators
Angular momentum operators (for later application)
Multipole expansions and Coulomb (e-e)-electrostatic interaction
Linear multipoles; P;-dipole, P>-quadrupole, Ps-octupole,...
Moving off-axis: On-z-axis linear multipole P/ (cos8) wave expansion:

Multipole Addition Theorem (should be called Group Multiplication Theorem)
Coulomb (e-¢)-electrostatic interaction and 1ts Hamiltonian Matrix, Slater integrals
2-particle elementary ejx operator expressions for (e-e)-interaction matrix

Tensor tables are (2¢+1)-by-(2¢+1) arrays (p%4) giving V,* in terms of E, ;.

Relating V" to E'm by (mkm) arrays

Atomic p-shell ee-interaction 1n elementary operator form
[2,1] tableau basis (from p.29) and matrices of v! dipole and vievi=LeL
[2,1] tableau basis (from p.29) and matrices of v2 and v2ev2 quadrupole

4S,2P, and 2D energy calculation of quartet and doublet (spin-'2) p3 orbits
Corrected level diagrams Nitrogen p3




Moving off-axis: On-z-axis linear multipole P/ (cos0) wave expansion:

4 _q _,2(q) ()& () +...+(‘r')€ J' (z]
‘r—r’| r dz \ r 21 922 31 97° 0y 9z \ r

g+q—r,P (cos@)+ q(r') Pz(cose) q(r')3 P3(cos9)+---+ q(r,)f P (cos@)---

2 1 3 4 +1 l

r r r r r
Off-z-axis position state |o,,0) by Euler rotation: ~ R(e,$3,0)/0,0,0)=|e, 8,0)
Off-z-axis P,(cos0) wave by Euler rotation: ‘ §>( | = H(oc, ﬁ,O)‘ f; o>
o, ’
B 4 / / _ ¢ / )% 4r
—mzz_g m,0>Dm0(0‘nB»0) m:z_g‘m0> () 20+1
Amplitude at polar position |$,0,0) of rotated P-wave: { > .~ (9,6|R (e, ﬁ,O)‘ 50>
_ 4 / /% 4r
= 3 (0.6 oo (.6) 20+1

) o ...representing a group product R (o,3,0)R(9,0,0) = R(®,0,0).
@il0)g = (olR"(B0)R(060.0)5)=(o[R(®.0.0)3)

= S DL (0.B.0) DL (6.6.0)= DLy (.0.0) = P, (cosO)

m=—/{

...g1ves @ultipole Addition Theorem Q(cos@) 2 Y ((b Q)Yg*((% ﬁ)% +D

...but should be called the (group) Multiplication Theorem

QTCA Unit 8 Multipole functions begins on p. 33
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(Sn)*(U(m)) shell model of electrostatic quadrupole-quadrupole-e interactions

Complete set of Ejx matrix elements for the doublet (spin-'2 ) p3 orbits
Detailed sample applications of “Jawbone” formulae
Number operators
1-jump Ei.1; operators
2-jump Ei»; operators
Angular momentum operators (for later application)
Multipole expansions and Coulomb (e-e)-electrostatic interaction
Linear multipoles; P;-dipole, P>-quadrupole, Ps-octupole,...
Moving off-axis: On-z-axis linear multipole P/ (cos8) wave expansion:

Multipole Addition Theorem (should be called Group Multiplication Theorem)
Coulomb (e-¢)-electrostatic interaction and 1ts Hamiltonian Matrix, Slater integrals
2-particle elementary ejx operator expressions for (e-e)-interaction matrix

Tensor tables are (2¢+1)-by-(2¢+1) arrays (p%4) giving V,* in terms of E, ;.

Relating V,* to E..m by (mkm) arrays
Atomic p-shell ee-interaction 1n elementary operator form
[2,1] tableau basis (from p.29) and matrices of v! dipole and vievi=LeL
[2,1] tableau basis (from p.29) and matrices of v2 and v2ev2 quadrupole
4S,2P, and 2D energy calculation of quartet and doublet (spin-'2) p3 orbits
Corrected level diagrams Nitrogen p3



Coulomb (e-e)-electrostatic interaction and its Hamiltonian Matrix elements

@ultipole Addition Theorem P,(cos©)= Z Y (¢,0)Y,) (e, 'B)M +]

2 2 /0 14

4
. _26;:? Pf(cosgl) 2 2(2?—51;“ m (¢19 )Ynf((P,Q) for: ra<r/3

r —l‘ﬁ‘ =0 T, (=0 m=—1
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Coulomb (e-e)-electrostatic interaction and its Hamiltonian Matrix elements

@ultipole Addition Theorem P,(cos©)= Z Y (¢,0)Y,) (e, 'B)M +]

e’ e’ rf L 4rxe’ I”
?}‘ﬁ‘:; Vj+1 Pf (COSQI) % n;f (2€+1) +1 m (¢1’ )Yﬂf (¢’0) for: Va<7"ﬂ
Shorthand Tensor form (/)(f (e-e)-interaction

14
LZE 2 2 C* (oc)Ck(,B) where: Ck(a)

Lol k=0 o=k Tp

4T .
2k+1Y" (¢“’9“)

QTCA Unit 8 Multipole functions begins on p. 33
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Coulomb (e-e)-electrostatic interaction and its Hamiltonian Matrix elements

@ultipole Addition Theorem P,(cos©)= Z Y (¢,0)Y,) (e, 'B)2€ +]

2 2 /0 14

4
8—‘:26 ;_'T PE(COS("DI) Z 2 (2;:_61)7' +1 " m (¢1’ )Ynf(¢>0) fOI‘I ra<rﬂ

r, —Tg =0 F, (=0 m=—1

Shorthand Tensor form (Zf (e-e)-interaction
1 14
—=y 2 < C* ()CE(B)  where: C(ar)=

Lol k=0 o=k Tp

(e-e)-interaction matrix (multi-/-shell)

4,
2k+1Yq ((p“’e“)

Given in terms of Slater radial integral(s):

L 0L I I

r,

GEOXORP)
m myy my my

= 3 e @e, (BXF AL {2(—1?*%‘2;

mlm2mlm2

ofs

>

CRVES
m m,

f (@) CH(B)

)

-

1= (_l)f’l+k+£1 _ (_1)€'2+k+£2
D= =D

where parity requires:<

e D VAT e P L FU L) = [ [, R R, () 5 R ()R, (1)



Coulomb (e-e)-electrostatic interaction and its Hamiltonian Matrix elements

@ultipole Addition Theorem P,(cos©)= Z Y (¢,0)Y,) (e, 'B)M +]

2 2 /0 14

4
8—‘:26 Z: PE(COSGI) 2 2 (2;:_61)7' +1 " m (¢1’ )Ynf(¢>0) fOI'I ra<rﬂ

r, —Tg =0 F, (=0 m=—1

Shorthand Tensor form (Zf (e-e)-interaction
1 14
—=y 2 < C* ()CE(B)  where: C(ar)=

Lol k=0 o=k Tp

(e-e)-interaction matrix (multi-/-shell)

4T .
2k+1Yq ((p“’ea)

Given in terms of Slater radial integral(s):

L 0L I I

r, B

GEOXORP)
m myy my my

= 3 e @e, (BXF AL {2(—1?*%‘2;

mlm2mlm2

ofs

>

CRVES
m m,

f (@) CH(B)

)

-

1= (_l)f’l+k+£1 _ (_1)€’2+k+£2
D= =D

where parity requires:<

Elementary operator expressions for (e-e)-interaction matrix

e D VAT e P L FU L) = [ [, R R, () 5 R ()R, (1)
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(Sn)*(U(m)) shell model of electrostatic quadrupole-quadrupole-e interactions

Complete set of Ejx matrix elements for the doublet (spin-'2 ) p3 orbits
Detailed sample applications of “Jawbone” formulae
Number operators
1-jump Ei.1; operators
2-jump Ei»; operators
Angular momentum operators (for later application)
Multipole expansions and Coulomb (e-e)-electrostatic interaction
Linear multipoles; P;-dipole, P>-quadrupole, Ps-octupole,...
Moving off-axis: On-z-axis linear multipole P/ (cos8) wave expansion:

Multipole Addition Theorem (should be called Group Multiplication Theorem)
Coulomb (e-¢)-electrostatic interaction and 1ts Hamiltonian Matrix, Slater integrals
2-particle elementary ejx operator expressions for (e-e)-interaction matrix

Tensor tables are (2¢+1)-by-(2¢+1) arrays (p%4) giving V,* in terms of E, ;.

Relating V,* to E..m by (mkm) arrays
Atomic p-shell ee-interaction 1n elementary operator form
[2,1] tableau basis (from p.29) and matrices of v! dipole and vievi=LeL
[2,1] tableau basis (from p.29) and matrices of v2 and v2ev2 quadrupole
4S,2P, and 2D energy calculation of quartet and doublet (spin-'2) p3 orbits
Corrected level diagrams Nitrogen p3



(Repeating from preceding page) (e-e)-interaction matrix (multi-/-shell)
L — 2 El 52 ><€1 62
0 >:|

Yol | s
7 n’ A f,
Z ef f] (O‘/)e/ (s (ﬁ)ZF (61626162)|:2(_1)q+ <mlf

mjmy mymy

a%>«wa 1
m, m, m n, r

ofs

CRVEZ:
m m,

-

1= (_1)£’1+k+€1 _ (_1)£’2+k+£2
DY =(D)T =D

where parity requires:+

2-particle elementary ejx operator expressions for (e-e)-interaction matrix

— =3 S A ) {2(—1)%%’2)em(a)(z’fz)eza(ﬁ)}

r 00y !
of 1240% k

my myy my nyy

kit 0y 2kc+1 Cc*’ # 2kc+1
with tensor factors: ()= Comm q,/w <L and (,,)=C gmmo—g\| 20T

) k0, 0\ [ ke, 0\ RO+ OGH20+1)(20,+1)
27\ 000 J\ooo 2k+l1

and radial integral(s): 4" (L0 )=F ¢ (el

Shorthand €k index
labeling €,, maps to
momentum quanta:

/’
7 gl gl
I'— ) , 1>
m, m,
/
’ 62 €2
2'— ) , 2
m, m,



(Repeating from preceding page) (e-e)-interaction matrix (multi-/-shell)
L — 2 El 52 ><€1 62
0 >:|

r 0010
= 3 e @e, BT FEALL) {Zm)“%ﬁ;
q

a%>«wa 1
m, m, m n, r

ofs

Ofﬂ mi m'2 mymy

CRVEZ:
m m,

Zl 62 lyly  mpmy mh ny
m1m2mlm2
)
X . . 1= (1) = (1) Shorthand €jx index
where parity requires:< -
parity req -1)° = (_l)gl_gl _ (_l)gz_gz labeling €,, maps to
L momentum quanta:
. . . . . /’
2-particle elementary e;x operator expressions for (e-e)-interaction matrix 4 £,
/ I'— -
m m
— korpr g+A  k k 1 1
)7 2 2 AN {2(—0 <m>em<a><2,2>e2,2<ﬁ>} |
005 04 0
kit 0y 2kc+1 Cc*’ # 2kc+1 r
with tensor factors: (1 D= Cqmlm q,/z E:I and (22) amms—a 3 z';h m, m,

) k0, 0\ [ ke, 0\ RO+ OGH20+1)(20,+1)
27\ 000 J\ooo 2k+l1

and radial integral(s): 4" (L0 )=F ¢ (el
n-particle elementary Ej=X.ejr(a) summed operator expressions (Using e;i(o,)€im(0)=0k€im(c) )

P2

o+p

=1 >, 2 AW L) Z(l)"ﬂ(ll)Ell(zz)En 2(1)q+A(11)(22)21 »

/1’2/1”2 k

r
of3
RLE mz m, m2



(Repeating from preceding page) (e-e)-interaction matrix (multi-/-shell)
L — 2 El 52 ><€1 62
0 >:|

r 0010
Z €, 10 (O‘/)e/ I (ﬁ)ZF (g,lf,zglg2 |:Z(_1)q+A<i;lf
q

a%>«wa 1
m, m, m n, r

ofs

Ofﬂ mi m'2 mymy

CRVEZ:
m m,

Zl 62 lyly  mpmy mh ny
)
. . . 1= (-1 = (-1)" Shorthand €jx index
where parity requires:+ -
parity req (—I)A _ (_l)gl_gl _ (_l)gz_gz labeling €,, maps to
L momentum quanta:
2-particle elementary ejx operator expressions for (e-e)-interaction matrix N l I 2
k +A [k k ml’ | "
— 4 q
)7 2 2 AN DD en (0 )er(B)
TN 4
O(ﬂ ml'mz’mlm2 k 1 g g
o N Ot 2= 2/’2% 2
2k+1 2k+1
with tensor factors: (,,)=C gmm—g |4 5051 and (,,,)=C gmymog\| 20T m, ,
. . . kv o2 s =k opr o2 ko ¢ k.0 \/(2€’1+1)(2£’2+1)(2€1+1)(2£2+1)
and radial itegral(s): A" (£ 020 0 )=F (61626162)(00101)(00202) T

n-particle elementary Ej=X.ejx(a) summed operator expressions (Using e;i(c)exm(0)=0jk€im(c) )

P2

o+p

=1 >, 2 AW L) Z(l)"ﬂ(ll)Ell(zz)En Z(l)“hxmwm »

Nhlity  k

r
b my, m2 B

RLE mz

=3 2 DAL D (0, Ve 0, V)~ S A1, 0,08 ;ﬁgZEH

f v f V4
1926162k q 51[2 k
m,,n,
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William G. Harter - University of Arkansas

(Sn)*(U(m)) shell model of electrostatic quadrupole-quadrupole-e interactions

Complete set of Ejx matrix elements for the doublet (spin-'2 ) p3 orbits
Detailed sample applications of “Jawbone” formulae
Number operators
1-jump Ei.1; operators
2-jump Ei»; operators
Angular momentum operators (for later application)
Multipole expansions and Coulomb (e-e)-electrostatic interaction
Linear multipoles; P;-dipole, P>-quadrupole, Ps-octupole,...
Moving off-axis: On-z-axis linear multipole P/ (cos8) wave expansion:

Multipole Addition Theorem (should be called Group Multiplication Theorem)
Coulomb (e-¢)-electrostatic interaction and 1ts Hamiltonian Matrix, Slater integrals
2-particle elementary ejx operator expressions for (e-e)-interaction matrix

»Tensor tables are (20+1)-by-(2¢+1) arrays (,%;) giving V" in terms of E,,;.

Relating V,* to E..m by (mkm) arrays
Atomic p-shell ee-interaction 1n elementary operator form
[2,1] tableau basis (from p.29) and matrices of v! dipole and vievi=LeL
[2,1] tableau basis (from p.29) and matrices of v2 and v2ev2 quadrupole
4S,2P, and 2D energy calculation of quartet and doublet (spin-'2) p3 orbits
Corrected level diagrams Nitrogen p3



Single-¢ atomic shells p», dn, fr, ...

n-particle pure shell ee-interaction reduces to:

1 k ko y
2 — )= 2 A (0)(V*V*)+ const. where: Vk-szz (—l)qV_"qVé‘zz qu‘quc (V;means transpose oquk)

r k=0 g=—k g=—k
of (evenk)

o+p



Single-{ atomic shells p», dn, fr, ...
n-particle pure shell ee-interaction reduces to:

Z 1 2 A (D(V*V*) + const. where: VeV’ = Z( l)qVk Vk 2 V Vk (V means franspose ofV )
aﬁ (kevgnk) g="k
=(Vi) + Z(V Vi+VIVE)

q_

o+p

Tensor tables are (2¢+1)-by-(2¢+1) arrays (p%) giving V.~ in terms of elementary operators E,,,.

(=1 p=shell example:

QTCA Unit 8 Ch.25 Tensor tables begins on p. 9



https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=9

Single-{ atomic shells p», dn, fr, ...

n-particle pure shell ee-interaction reduces to:

o+p

Z< : > 2 A (D(V*V*) + const. where: VeV’ = Z( l)qVk Vk Z V Vk (V means franspose ofV )

k=0 qg=—k
Otﬂ (evenk)

(V") + Z(V Vi+VIVE)

—
Tensor tables are (2¢+1)-by-(2¢+1) arrays (p%) giving V.~ in terms of elementary operators E,,,.
(=1 p=shell example: A compact format helps display.

# vi)=| 1

{11} S —

1
—_— DN =
e

sk Sk J

[
ok
sk sk

QTCA Unit 8 Ch.25 Tensor tables begins on p. 9



https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=9

Single-{ atomic shells p, d», f,

n-particle pure shell ee-interaction reduces to:

ZLZ

Of¢ﬁ raﬁ

k=0
(evenk)

2 A (O(V* V) + const. where: V"-V":Z

k

q==k

_ A% < ~ k7 k ek
(Vi) + Z(VqVq +VqVq)

q=—k

q==k

k
(-l)qV_quqkzz V;V; (\7; means transpose of V; )

Tensor tables are (2¢+1)-by-(2¢+1) arrays (p%) giving V.~ in terms of elementary operators E,,,.

(=1 p=shell example:

A compact format helps display.

QTCA Unit 8 Ch.25 Tensor tables begins on p. 9

A normalizing factor !/va
sits below each 45° linef

f [ N
<V§>= 1'2
-
1 -1
= 1o g
1 -1
N
1
(vi)=| -1 o
\_ 5
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Single-{ atomic shells p», dn, fr, ...
n-particle pure shell ee-interaction reduces to:

B
2 2 A (O)(V*sV*) + const. where: V* V' = Z( l)qVk Vk Z V Vk (Vkmeans transpose ofV )

k=0 qg=—k
Otﬂ (evenk)

o+p
=(Vi) + Z(V Vi+VIVE)
—
Tensor tables are (2¢+1)-by-(2¢+1) arrays (p%) giving V.~ in terms of elementary operators E,,,.

(=1 p=shell example: A compact format helps display.

SR SR R R S A normalizing factor /v
<V22>:[i } v )= | : ]ﬁ <V§>:[ 21 ﬁ <V§1>:[: 1}& <Vi2>:[: ] sits below each 45° line;‘1
)= 1 ] (%) [ O [ } vo)=| 12
<V0> [1 1 ]1
0 . NER Lol
: 1 . :
L )| 10 |5
)

QTCA Unit 8 Ch.25 Tensor tables begins on p. 9


https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=9

Single-{ atomic shells p», dn, fr, ...
n-particle pure shell ee-interaction reduces to:

B
2 2 A (O)(V*sV*) + const. where: V* V' = Z( l)qVk Vk Z V Vk (Vkmeans transpose ofV )

k=0 qg=—k
Otﬂ (evenk)

o+p
=(Vi) + Z(V Vi+VIVE)
—
Tensor tables are (2¢+1)-by-(2¢+1) arrays (p%) giving V.~ in terms of elementary operators E,,,.

(=1 p=shell example: A compact format helps display.

2 S 2 Lo R R D -1 A normalizing factor !/yn
<V2>:[i } (V)= 1 B ]JE <Vo>=[ 21 ﬁ <V+1>:[: 1}& <V+z>:[: ] sits below each 45° linef
T ([rat

O R e I = A )= 1

N
(=] e |
L) (vi)=| 10l | F
) E
N
f=|

T Lines drawn for g>0 only
Norms for -g same as for +g.

QTCA Unit 8 Ch.25 Tensor tables begins on p. 9
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(Sn)*(U(m)) shell model of electrostatic quadrupole-quadrupole-e interactions

Complete set of Ejx matrix elements for the doublet (spin-'2 ) p3 orbits
Detailed sample applications of “Jawbone” formulae
Number operators
1-jump Ei.1; operators
2-jump Ei»; operators
Angular momentum operators (for later application)
Multipole expansions and Coulomb (e-e)-electrostatic interaction
Linear multipoles; P;-dipole, P>-quadrupole, Ps-octupole,...
Moving off-axis: On-z-axis linear multipole P/ (cos8) wave expansion:

Multipole Addition Theorem (should be called Group Multiplication Theorem)
Coulomb (e-¢)-electrostatic interaction and 1ts Hamiltonian Matrix, Slater integrals
2-particle elementary ejx operator expressions for (e-e)-interaction matrix

Tensor tables are (2¢+1)-by-(2¢+1) arrays (p%4) giving V,* in terms of E, ;.

» Relating V,* to E..m by (mkm) arrays
Atomic p-shell ee-interaction 1n elementary operator form
[2,1] tableau basis (from p.29) and matrices of v! dipole and vievi=LeL
[2,1] tableau basis (from p.29) and matrices of v2 and v2ev2 quadrupole
4S,2P, and 2D energy calculation of quartet and doublet (spin-'2) p3 orbits
Corrected level diagrams Nitrogen p3




Single-{ atomic shells p», dn, fr, ...
n-particle pure shell ee-interaction reduces to:

Z 1 2 A (O(V V") + const. where: V*eV*= Z( l)qVk Vk Z V Vk (V means transpose ofV )
Otﬂ (kevgnk) g="k
=(Vi) + Z(V Vi+VIVE)

q_

o+p

Tensor tables are (2¢+1)-by-(2¢+1) arrays (p%) giving V.~ in terms of elementary operators E,,,.

(=1 p=shell example: A compact format helps display.
2 Coe 2 SR I e R N S I -] A normalizing factor !/va
<V2>:[i } <V—1>: 1 _’1 ]ﬁ <Vo>:[ 21 ﬁ <V+1>:[: lJﬁ <V+2>=[: ] sits below each 45° linef
Lo a0 el 5 5 5 r ‘1 ‘ -
(=] 1 ] <vz>—[-*~o., i <v;>—[- } o o ) T
-1 - . ,1 e <Vq>: (21) (22) (23) 1
RO I G G G
| a8 L)
L W G )= e |
(p%4) arrays are phased Clebsch-Gordan coefficients (V)= G) G G o lﬁ
G Gy
()= DTNk 8 )= DR L TR
R N
¢ - N U )T

*) T Lines drawn for ¢>0 only

33
QTCA Unit 8 Ch.25 Tensor tables begins on p. 9 Norms for -¢ same as for +g.
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Single-{ atomic shells p», dn, fr, ...

n-particle pure shell ee-interaction reduces to:

B
Z 2 A (O)(V*sV*) + const. where: V* V' = Z( l)qVk Vk 2 V Vk (V means transpose ofV )

k=0
(evenk)

o+p

Fop

qg=—k

(V") + Z(V Vi+VIVE)

q_

Tensor tables are (2¢+1)-by-(2¢+1) arrays (p%) giving V.~ in terms of elementary operators E,,,.

(=1 p=shell example:

A compact format helps display.

(p%4) arrays are phased Clebsch-Gordan coefficients

() =D 2k+1(

)=

Relating V,* to En'm by (mkm) arrays:

S ERLIRES 5 S

2k+1
2/0+1

ko ¢
C

q m m'=m+q

JE

m m+q

(1)
G)
)
(111)
()

(1)

(1)
(222)
()

(1)
()
(52)

(;2)

(123)
(53)
(53)

(53)
(313)

(53)

A normalizing factor !/va
sits below each 45° linef

2 . x‘.‘
<v >= [0
q
1 -1~
|l
R N R
<Vq> 0 S V2!
-1 o
SN2

T Lines drawn for g>0 only
Norms for -g same as for +g.



Relating V,* to Emm by (mkm) arrays:

(DY FR NN VD Y (R | S AR 3 o |

m

Dirac notational derivation of V,* to Ep:n, relation by () arrays:

Vo= 2 o Jm [V m)Cml= D ol [V ') | = 3, (| V[ m)E = 10D € B

m, m’ m, m’ m, m’

=1 Z (m,k JE . with proportionality constant: (= D'y 22’;: ...that won’t vary with (m’, m)
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(Sn)*(U(m)) shell model of electrostatic quadrupole-quadrupole-e interactions

Complete set of Ejx matrix elements for the doublet (spin-'2 ) p3 orbits
Detailed sample applications of “Jawbone” formulae
Number operators

1-jump Ei.1; operators
2-jump Ei»; operators
Angular momentum operators (for later application)
Multipole expansions and Coulomb (e-e)-electrostatic interaction
Linear multipoles; P;-dipole, P>-quadrupole, Ps-octupole,...
Moving off-axis: On-z-axis linear multipole P/ (cos8) wave expansion:

Multipole Addition Theorem (should be called Group Multiplication Theorem)
Coulomb (e-¢)-electrostatic interaction and 1ts Hamiltonian Matrix, Slater integrals
2-particle elementary ejx operator expressions for (e-e)-interaction matrix

Tensor tables are (2¢+1)-by-(2¢+1) arrays (p%4) giving V,* in terms of E, ;.

Relating V" to E'm by (mkm) arrays
? Atomic p-shell ee-interaction 1n elementary operator form

[2,1] tableau basis (from p.29) and matrices of v! dipole and vievi=LeL
[2,1] tableau basis (from p.29) and matrices of v2 and v2ev2 quadrupole

4S,2P, and 2D energy calculation of quartet and doublet (spin-'2) p3 orbits
Corrected level diagrams Nitrogen p3




Atomic p-shell ee-interaction in elementary operator form

1 k k y »
Z — )= 2 A*(0)(V*V*)+ const. where: Vk-Vk=Z(-1)qV_quqk=Z quV; (qumeans transpose ofV:)
a#f l'aﬁ (k=0 o g=—k g=—k
2 - -
=(V§) + X (VivE+ vivE
E11 _2E22 +E33 —t
(Vz )2 1 E11 E11E11 _2E11E22 +E11E33
0) 6
_2E22 _2E22E11 +4E22E22 _2E22E33
+E33 +E33E11 _2E33E22 +E33E33
_E12 +E23 _Ezl +E32
= 0572 2x72
V1 Vl :% _EZI +E21E12 _E21E23 V1 Vl :% _El2 +E12E21 _E12E32
+E32 _E32E12 +E32E23 +E23 _E23E12 +E23E32
70 72 272
Vz Vz = E31E13 Vz Vz = E13E31

(=1 p=shell V¥;: <vg>={ L ]}3
|

QTCA Unit 8 Ch.25 Tensor tables begins on p. 9
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AMOP 4.16.18 class 23: Symmetry Principles for
reference links 4 dvanced Atomic-Molecular-Optical-Physics

on page 2
William G. Harter - University of Arkansas

(Sn)*(U(m)) shell model of electrostatic quadrupole-quadrupole-e interactions

Complete set of Ejx matrix elements for the doublet (spin-'2 ) p3 orbits
Detailed sample applications of “Jawbone” formulae
Number operators

1-jump Ei.1; operators
2-jump Ei»; operators
Angular momentum operators (for later application)
Multipole expansions and Coulomb (e-e)-electrostatic interaction
Linear multipoles; P;-dipole, P>-quadrupole, Ps-octupole,...
Moving off-axis: On-z-axis linear multipole P/ (cos8) wave expansion:

Multipole Addition Theorem (should be called Group Multiplication Theorem)
Coulomb (e-¢)-electrostatic interaction and 1ts Hamiltonian Matrix, Slater integrals
2-particle elementary ejx operator expressions for (e-e)-interaction matrix

Tensor tables are (2¢+1)-by-(2¢+1) arrays (p%4) giving V,* in terms of E, ;.

Relating V" to E'm by (mkm) arrays
Atomic p-shell ee-interaction 1n elementary operator form
»[2,1] tableau basis (from p.29) and matrices of v! dipole and vlevi=LeL
[2,1] tableau basis (from p.29) and matrices of v2 and v2ev2 quadrupole

4S,2P, and 2D energy calculation of quartet and doublet (spin-'2) p3 orbits
Corrected level diagrams Nitrogen p3



0-[2,1] tableau basis and U(3) irep (from p. 29)
] M=1 M=0 M=-1

M=2 M=-2
11> 12> 11> 12> 13> 13> 22> 23>
2 P2 3 3 2 3 3 3
a1 (22) (12) (13) (13)
]2+ ) 1
(21 a1 (22)
Fll v 1+2
(32) (11) (33)
G 1 .2+
2 2 2
31 32 21
N ( )1 ( 1) i/_) (11) (22) (33) (11) (12) (13)
= L L 2 i 1+1+1
DR (vi)=| G G G
(3D (32) (11) (22) (33) 1
13 3 \/E 2 2 2
<2 \/: 2 I+1+1 (31) (32) (33)
§ (31) (32) (32) (11) (33)
1 3 1 1
¢ 1 ! NE 142 My ()
31) (21 (22) (33) 1\ _ 1 1 1
<§2 -1 o) 2+1 Vo)~ (21) (22) (23)
i 1 1
(D G (21) (32) | (22) (33) ' (32) (33)
( 1 NE 1 1 1+2

()
vi)=| - @

(53)

sk ook —

sk s

s




1-[2,1] tableau basis and matrices of v! dipole
[ M=2 M=1 M=0 M=-1 M=-2

13
2

23
3

(11) (22)
12 1 1+2

(32) (11) (33)
! | : 2+1

(31 (32) (2D (11) (22) (33)
= (2] -4 TN I I
(3D (32) (11) (22) (33) .
(3 NERE N Y 1+ 1+1 dipole (k=1) angular momentum L-operators
N (31) (32) (32) (1) (33)
1 3 1 1
<3 1 2 2 1+2 (11) (12) ) 1 -1 -
(31) (2D (22) (33) 1\ _ 1 1 1 < 1>= - L
<§2 -1 2 24+1 I <Vq> — (21) (22) (23) V‘I 1 (1) 1 \/5
: 1 1 ' ) 4
N (311) (313) (21) (32) (22) (33) ) (32) (33) 2
2 1 NE 1 I 1+2




1-[2,1] tableau basis and matrices of v! dipole
[ M=2 M=1 M=0 M=-1 M=-2

13
2

2) R

() (22)
. 1 1+2

(32) an 33
: 1 : 2+1

(31 (32) (2D (11) (22) (33)
JE I+1+1

N =

(32) (11) (22) (33)

1+1+1 dipole (k=1) angular momentum L-operators

P B B e e
RS
=

§ (31) (32) (32) (1) (33)
1 3

; : z ;| 1+2 ) () 1 -1 -

(31) (2D (22) (33) 1\ | 1 1 < 1>= - L
22 -1 2 2+ 1 <Vq> - (21) (22) (23) V‘I 1 O 1 \/5
; ’ 1 1 S S O
N (€1)) 3D (21) (32) (22) (33) ) (32) (33) V2
: 1 NE 1 1142




E& [2,1] tableau basis and matrices of v! dipole

i\ i
3/ i

M=2

A
2/

an (22)
2+1

M=1]

12
2

(12)

1

M=0

12
3

13
2

M=-1 M=-2

13 22 23
3 3 3

(21 (11) (22)
Fll v 1+2
(32) (11) (33)
G 1 2+1
(31 (32) (2D (11) (22) (33)
(® 1 TN I I
(3D (32) (11) (22) (33)
13 3 3
HIERENE I+1+1
(31) (32) (32) (11) (33)
13 1 3
() 1 L : 1+2
(31) (2D (22) (33)
<§2 -1 2 2+1
(3D (31 (21) (32) (22) (33)
23 1 3
<3 1 > 1 1 1+2

= (Ell'E33) :\/EV(I)
-1

1.
L=\2| - - 1 |=N2(E+E,)=L+iL =2V

+

dipole (k=1) angular momentum L-operators

(111) (112) ' 1 -1
G G Q) | (V)= Rk
() () 1)k




E& [2,1] tableau basis and matrices of v! dipole

M=2 M=1 M=0 M=-1 M=-2 b \/_ 1
‘11> ‘12> ‘11> ’12> ‘13> ‘13> ‘22> ‘23> Lz = - 0 - o (Ell'E33) - 2Vo
2 P2 3 3 2 3 3 3 - |
<11 (11 (22) (12) (13) (13)
2+1 1 1 -
2
@y | an @) L+E\/5 - 1 :\/E(E12+E23):Lx+il‘y:'\/5vi
Fll v 1+2 S
<11 (32) (1 (33)
1 . 2+1 ..
3
31) (32) 1) ay (22) (33) L_E\/E 1 - - =\/5(E21 +E32)=Lx— iLy=\/5V11
= (2] -5 0 B 2 e 1
G (32) (1) (22) (33)
<;3 \E \E 1+1+1 dipole (k=1) angular momentum L-operators
(31) (32) (32) (1) (33)
(v 1 ! VRS OO R
(31) (21 (22) (33) 1\ | 1 | < 1>= - 1
<§2 -1 2 24+1 , <Vq> — (21) (22) (23) V‘I 1 (1) 1 \/5
; 1 1 ) - L
N (311) (313) (21) (32) (22) (33) ) (32) (33) 2
(: 1 NE 1 1142




E& [2,1] tableau basis and matrices of v! dipole

i\ i
3/

M=2

A
2/

an (22)
2+1

(21

M=1]

12
2

(12)

1

(11) (22)

M=0

12
3

13
2

M=-1

13 22
3 3

M=-2

23
3

Fll v 1+2
(32) (11) (33)
G 1 2+1
(31 (32) (2D (11) (22) (33)
o e L N O N N I B AR
(3D (32) (11) (22) (33)
123 \/% \/% 1+1+1
§ (31) (32) (32) (11 (33)
<3 1 1 3 1+2
(31) (21 (22) (33)
<§2 -1 2 2+1 |
(3D (31 (21) (32) (22) (33)
<§s . \g 2 1 1 1+2
2
1y 1 7/ 11\ __ 1 1 1 \2 1 \2 1 \2
<2 ‘V 4 ‘ 2 >_(2(11)+(22)) +(21) +(23) +2(13)
2
—1(n.1— 1\ (L) 9(L)2 —
LH2:1-0)+ (H)+ (E)+2) =3

= (Ell'E33) :\/EV(I)
-1

1

L+ E\/E . .

I |[=N2(E, +E,)=L +iL =2V

L_E\/E 1

- EN2(E, + E)=L ~iL =2V,
1 -

dipole (k=1) angular momentum L-operators

(111) (112) ' I -1
1q>= G) () () <Vi1>= 10 -1 |4
(L) () L)y

Squared angular momentum LeL-operators



ED: [2,1] tableau basis and matrices of v! dipole

i\ i
3/ i

M=2

A
2/

M=1]

12
2

(11) (22)

(12)

M=0

12 13
3 2

M=-1

13 22
3 3

M=-2

23
3

]2+ ) 1
(21 a1 (22)
Fll v 1+2
(32) (11) (33)
G 1 2+1
(31 (32) (2D (11) (22) (33)
— 12 1 1
= 2 N R
(3D (32) (11) (22) (33)
13 3 3
NEENE : I+1+1
(31) (32) (32) (11) (33)
13 1 3
() 1 L : 142
31) (2D (22) (33)
<§2 -1 2 2+1
(3D 3D (21) (32)
23 1 3
<3 \/; 2 1 1

(22) (33)

1+2

n

e

(20 )+()) +C )+ (P +2(LY
L(2-1-0) + (£)*+ () +2(L)°
(C+20)) +C 420, )P +()°
(1-1 +2- 0)2+ (ﬁ)% 2(%)%0

1 1
2 T 2 T

1
2

1 +0 =2

=3

L+E\/5 :

L_E\/E 1

1

1

= (Ell'E33) :\/EV(I)

-1

I |[=N2(E, +E,)=L +iL =2V

. 1
- EN2(E, + E)=L ~iL =2V,

dipole (k=1) angular momentum L-operators
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Squared angular momentum LeL-operators



ED: [2,1] tableau basis and matrices of v! dipole

i\ i
3/

M=2

A
2/

M=1]

12
2

an (22)
2+1

(12)
1

(1)
12
S

(32)

]

(1) (22)
1+2

(11) (33)
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M=0

12
3

13
2

M=-1

13 22
3 3

M=-2

23
3

(3D

(32)

(2D

an (22) (33)

— 12 1 1
= 2 N R
(3D (32) (11) (22) (33)
13 3 3
NEENE : I+1+1
31 (32) (32)
13 1 1 3
3 2 2
(31) (2D
(2 1 2

(1) (33)
1+2

(22) (33)

2+1 |

(31

/l_ 3
2 2

—
~
W
—
—

(21) (32)

1 1

(22) (33)

1+2

n

e

1
2

1

2

(20)+()) +C) ™+ ()20,
H21-0) () (e 2y = 3
(C+20)) +C 420, )P +()°
(1-1 +2- 0)2+ (ﬁ)% 2(%)%0

1 +0=2

+ 1

5 +

(I =20 )+ +20 )+ ()P4
=1(21-1-1) + 2(£)*+()*+ 0

1
2

+ 1

+ 1 >

+0=2

L+E\/5 :

L_E\/E 1

1

1

= (Ell'E33) :\/EV(I)

-1

I |[=N2(E, +E,)=L +iL =2V

. 1
- EN2(E, + E)=L ~iL =2V,

dipole (k=1) angular momentum L-operators

() ()

G) ) ()
() ()

1 -
0 -1
1 -1

sk s

Squared angular momentum LeL-operators



1-[2,1] tableau basis and matrices of v! dipole
[ M=2 M=1 M=0 M=-1 M=-2

i\ i
3 |

L=| -0 - |=(Eq-E,)=V2v!

BN ) 2

(11) (22)
(4] 2+1

12>
2

(12)
1

12 13 13 22
3 2 3 3

1.
L=\2| - - 1 |=N2(E+E,)=L+iL =2V

(21) (11 (22)
CZ 1 142

(32) (11) (33)
G 1 L 241

(31 (32) (2D (11) (22) (33)
JE I+1+1

L_E\/E - :\/5(E21+E32)=Lx—iLy=\/5V11
L1 .

~
bl
Il
—
w e
[\
— N|>—‘
N =

3

—_—

(32) (11) (22) (33)
I+1+1

D
e
N |wo

dipole (k=1) angular momentum L-operators

32

~
~

(32)

(31 (11) (33)

13 1 3
(; 1 z 142 SO R
(31) (2D (22) (33) 1\ _ | 1 1 < 1 > — - L
1 I A NN 9T vo)=| G @ @ | )= 0
: 1 1 ) - 1
(€1) 3D (1) (32) (22) (33) ) (32) (33) 2
<§3 . . . \g 2 ] 1 142

Squared angular momentum LeL-operators

(20 )+()) +C )+ (P +2(LY
L(2-1-0)+ () + (1) + 2(%)* = 3 (27 D=+0))+0)()
((111)_'_ 2(212))2_'_(211)2_'_2(213)2 +(113)2 (1-1+ 1 1) =—1

n

=1
2

e

:%(1-1+ 2- 0)2+ (ﬁ)% 2(%)%0
= I +1 + 1 +0=2

(I =20 )+ +20 )+ ()P4
=1(21-1-1) + 2(£)*+()*+ 0

+1 + 1 +0=2

1
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ED: [2,1] tableau basis and matrices of v! dipole
M=1

i\ i
3/ i

M=-1

13
3

M=2

A
2/

M=0

12 12 13 22
2 3 2 3

M=-2

23
3

an (22)
2+1

(12)
1

(21

(In (22)

Fll v 1+2
(32) (11 (33)
G 1 2+1
(31) (32) (21 (1) (22) (33)
— [12 1 1
= 2 N R
(3D (32) (11) (22) (33)

=
=

1+1+1

~
W
N
~

(32)

(31 (11) (33)

(¥ 1 1 2 142
E)) (1) (22) (33)
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<2 ‘V 4 ‘ 2 >:(2(11)+(22)) +(21) +(23) +2(13)
_ 2 2 2 2 _
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2=+ 20)) +C )20 +()°

:%(1-1+ 2- 0)2+ (ﬁ)% 2(%)%0
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(I =20 )+ +20 )+ ()P4
L(21=1-1) + 2(F) +()*+ 0

+1 + 1 +0=2

1
2

1 -
L = 0 =(E,-E,;) :\/EV:)
.-l
1.
L=\2| - - 1 |=N2(E+E,)=L+iL =2V
L=\2| 1 - - |=V2(E, +E)=L~iL =2V,

1

dipole (k=1) angular momentum L-operators

(111) (112) ' I -1
b=l @) G G | sl o
(L) () L)y

Squared angular momentum LeL-operators

(27 D=+0))+0)()
(1.1+1-1)=—1
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1-[2,1] tableau basis and matrices of v! dipole
[ M=2 M=1 M=0 M=-1 M=-2

i\ i
3/ i

‘23> L= -0 °1 :(Ell-E33):\/5V:)
3 . . -

A
2/

(11) (22)
(4] 2+1
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2

(12)
1

12 13 13 22
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(21) (11 (22)
CZ 1 142

(32) (11) (33)

<11 1 . 2 + 1 . . .
3
31) (32) 1) ay (22) (33) L_E\/E 1 - - =\/§(E21 +E32)=Lx— iLy=\/5V11
PR IS NI RS 1
1 (3D (32) (11) (22) (33) .
Bl 1+1+1 dipole (k=1) angular momentum L-operators
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(: 1 : 3 142 SO -l
(31) (2D (22) (33) 1\ _ | 1 1 < 1>= - L
1 I A NN 9T vo)=| G @ @ | )= 0
: 1 1 - 1L
N (311) (313) (21) (32) (22) (33) ) (32) (33) V2
(: - : : Ji 3 1 1 1+2

Squared angular momentum LeL-operators

(=20 () +C )2+ ()P+2()°

2
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2 = 11+1-1)=-1
(P2 )=+ 20)) +C0P+20,)° () H )
2 5 ) eigenvalues
:%(1.1+12.o)+(¢) +2(%)*+0 3g
= Lo+l 4+ 1 +0=2 3o o
2 2
,
G ARG +26)+ G+ (L) 2
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ED: [2,1] tableau basis and matrices of v! dipole
M=1

i\ i
3/ i

M=2

A
2/

an (22)
2+1

(1)
12
S

(32)

]

12
2
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(1) (22)
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M=0

12
3
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13 22
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23
3

(11) (33)
2+1

(3D

(32)
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an (22) (33)
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(3D (32) (11) (22) (33)
13 3 3
Bl I+1+1
(31) (32) (32) (1) (33)
13 1 3
() 1 L : 142
31) (2D (22) (33)
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(3D (3D (21) (32) (22) (33)
23 1 3
2 Ji ; 1 I

n

e

1
2

1

2

1
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(20 )+()) +C )+ (P +2(LY
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+ 1
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1
2

+ 1

1
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2
L21-1-1) + 2 +(H)*+ 0

+0=2

1 -
L = 0 =(E,-E,;) :\/EV(I)
.-l
1.
L=\2| - - 1 |=N2(E+E,)=L+iL =2V
L=\2| 1 - - |=V2(E, +E)=L~iL =2V,

1

dipole (k=1) angular momentum L-operators

(111) (112) ' I -1
lq>= G) () () <Vi1>= 10 -1 |4
() () R

Squared angular momentum LeL-operators

(27 D=+0))+0)()
=2(11+1-1)=-1
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AMOP 4.16.18 class 23: Symmetry Principles for
reference links 4 dvanced Atomic-Molecular-Optical-Physics

on page 2
William G. Harter - University of Arkansas

(Sn)*(U(m)) shell model of electrostatic quadrupole-quadrupole-e interactions

Complete set of Ejx matrix elements for the doublet (spin-'2 ) p3 orbits
Detailed sample applications of “Jawbone” formulae
Number operators

1-jump Ei.1; operators
2-jump Ei»; operators
Angular momentum operators (for later application)
Multipole expansions and Coulomb (e-e)-electrostatic interaction
Linear multipoles; P;-dipole, P>-quadrupole, Ps-octupole,...
Moving off-axis: On-z-axis linear multipole P/ (cos8) wave expansion:

Multipole Addition Theorem (should be called Group Multiplication Theorem)
Coulomb (e-¢)-electrostatic interaction and 1ts Hamiltonian Matrix, Slater integrals
2-particle elementary ejx operator expressions for (e-e)-interaction matrix

Tensor tables are (2¢+1)-by-(2¢+1) arrays (p%4) giving V,* in terms of E, ;.

Relating V" to E'm by (mkm) arrays
Atomic p-shell ee-interaction 1n elementary operator form
[2,1] tableau basis (from p.29) and matrices of v! dipole and vievi=LeL
»[2,1] tableau basis (from p.29) and matrices of v2 and v2ev2 quadrupole

4S,2P, and 2D energy calculation of quartet and doublet (spin-'2) p3 orbits
Corrected level diagrams Nitrogen p3



L-[2,1]

M=2

A
2/

12
2

an (22)
2+1

(12)

1

12
3

13
2

13 22
3 3

tableau basis and U(3) irep (from
M=I M=0 M=-1

i\ i
3/ i
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23
3

(21 (11) (22)
Fll v 1+2
(32) (11) (33)
G 1 2+1
(31 (32) (2D (11) (22) (33)
(® 1 TN I I
(3D (32) (11) (22) (33)
13 3 3
HIERENE I+1+1
(31) (32) (32) (11) (33)
13 1 3
() 1 L : 1+2
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<3 1 > 1 1 1+2

p. 29)
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1-[2,1] tableau basis and matrices of v quadrupole
[ M=2 M=1 M=0 M=-1 M=-2

BRI
. (1) (22)
(4] 2+1
(21) (1) (22)
Fll v 1+2 (=1
(32) (11) (33) (cona’ensed
<;1 1 L2+ format)
GG ey ) o) G @) ()
Ejk: <132 % % \/E I+1+1 <V2>: (121) (122) (123) ) b }
(31) (32) an @ G3) g 21/ ) a3 <Vq>= 1 2 1 5
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(222 0=(20)+C)) +CIE)HEIC)H2C)E) wel ey e
_1(9.1_9Y L.l 1. 1L19.1.1 = 0 N R B+
H2:1-2) + £+ £ L4211 = 3 O 3




1-[2,1] tableau basis and matrices of v quadrupole
M=1
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0-[2,1] tableau basis and matrices of v? quadrupole
M=1
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0-[2,1] tableau basis and matrices of v? quadrupole

M=2 M=1I M=0 M=-1 M=-2
Dl Bl B B
(1) (22) (12)
(4] 2+1
(2D (11) (22)
Fll v 1+2 (=1
(32) (11) (33) (COndensed
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0-[2,1] tableau basis and matrices of v? quadrupole

G @) )
Q) G Q)
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M=2 M=1 M=0 M=-1 M=-2
BEREEREENE, 2) 2) ¥)
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(31) (32) (32) (11) (33)
(¥ 1 1 2 142
31) (2D
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1-[2,1] tableau basis and matrices of v quadrupole

2 +1 + + 1 =4

1
2

M=2 M=] M=0 M=-1 M=-2
BEREEREENE BEEEDEE SRR,
(1) (22) (12)
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AMOP 4.16.18 class 23: Symmetry Principles for
reference links 4 dvanced Atomic-Molecular-Optical-Physics

on page 2
William G. Harter - University of Arkansas

(Sn)*(U(m)) shell model of electrostatic quadrupole-quadrupole-e interactions

Complete set of Ejx matrix elements for the doublet (spin-'2 ) p3 orbits
Detailed sample applications of “Jawbone” formulae
Number operators

1-jump Ei.1; operators
2-jump Ei»; operators
Angular momentum operators (for later application)
Multipole expansions and Coulomb (e-e)-electrostatic interaction
Linear multipoles; P;-dipole, P>-quadrupole, Ps-octupole,...
Moving off-axis: On-z-axis linear multipole P/ (cos8) wave expansion:

Multipole Addition Theorem (should be called Group Multiplication Theorem)
Coulomb (e-¢)-electrostatic interaction and 1ts Hamiltonian Matrix, Slater integrals
2-particle elementary ejx operator expressions for (e-e)-interaction matrix

Tensor tables are (2¢+1)-by-(2¢+1) arrays (p%4) giving V,* in terms of E, ;.

Relating V" to E'm by (mkm) arrays
Atomic p-shell ee-interaction 1n elementary operator form
[2,1] tableau basis (from p.29) and matrices of v! dipole and vievi=LeL
I [2,1] tableau basis (from p.29) and matrices of v2 and v2ev2 quadrupole

4S,2P, and 2D energy calculation of quartet and doublet (spin-'2) p3 orbits
Corrected level diagrams Nitrogen p3



1-[2,1] tableau matrices of v? quadrupole: 4S,?P, and °D energy calculation
M=2 M=1I M=0 M=-1 M=-2

BRI
(1) (22) (12)
(4] 2+1
<;2 (211) (111)+(222)
<11 (312) (121) (313)
3 ) +
T N N AN B G GG 1 -1 )1
C L R S V)=l G G @) | (=121 |4
; (31) (32) an (22) (33) q 21 22 23 q 7
5 \E 3 1+1+1 (321) (322) (323) I -1 1 %
<13 <311) (32) (32) (111) (323) °
| : RS
(31) (21 (22) (33)
<§2 1 2 : 2+1 |
<§3 . (3; 7% (211) (312) (212)+(323)
(V)= (z< y+( )) HOEHOIE)H2C)R)
2 11 22 217\12 32/7\23 31/7\13
12 2 20 11\ __ 2 2 2 2
—4(2:1-2) + ot gLl =3 4 -VL>—1+(<21><32>+)<23><12>
=1(11+1-1)=-1
(s (<n>+2<22>) +GDEF2G)G+CIE) :
1)1 .
—1 1.1_2.2) F L. lgyod .14 1.1 Q°Q cigenvalues "
R o TR f
- 5+5+1+1:433 !
2 2 2D
G2 73)=(260+GO) +HEEF2EICHCEE) s 3 0 T prediead
171011V 4o L. L4 L. . | *PDlevels
_6(21+31 1) +24 4+ \/51\/54— 1-1 41 4 0 5 1.



Each tableau is located at point (x1 X5 x3) in a cartesian

+ Fig.8 Weight or Moment Diagrams of Atomic (p)® States

15 | 2 co-ordinate system for which Xn is the number of n's in the
‘§3 -/‘\ 33 .._?_ tableau. An alternative co-ordinate system is (vg, v%, vg)

defined by Eq.16 which gives the zz-quadrupole moment, :
z-magnetic dipole moment, and number of particles, respectively.
% The last axis (vg) would be pointing straight out of the

figure, and each family of states lies in a plane perpen-

(p)

(ol —

dicular to it.
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. A Unitary Calculus for Electronic Orbitals
\ William G. Harter and Christopher W. Patterson

o o 22 Springer-Verlag Lectures in Physics 49 1976
! e
3 Z 3
S , —e’—’- Alternative basis for the theory of complex spectra I
el 13 William G. Harter
5] EN Physical Review A 8 3 p2819 (1973)
, !J T Alternative basis for the theory of complex spectra Il
\2| N3 . op William G. Harter and Christopher W. Patterson
\ = 4 Physical Review A 13 3 p1076-1082 (1976)
2l [Eiple 3] T
2 2153 3] 2D
e . o Alternative basis for the theory of complex spectra I11
(p)® - 5 o ] Predicated William G. Harter and Christopher W. Patterson
@2 Ems] 1 °P2D levels Physical Review A ??
4g 1S
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Alternative basis for the theory of complex spectra Il
William G. Harter and Christopher W. Patterson

Physical Review A 13 3 p1076-1082 (1976)
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FIG. 6. Example of unitary tableau notation for multi-
The calculation of the dipole operator

ple-shell states.
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using the jawbone formula between states of definite
spin and orbit as shown is given in Eq. (48).
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The Aufbau Principal (cont.)
* Carbon ('5:6) - D
e
2p

25
Hund's Rule: Lowest encrgy configuration is

L
1825 2p*

hund's rule subset for nitrogen

Maps News Shop

Hund’s Rule

Within a sublevel, place one electron per
orbital before pairing them.

“Empty Bus Seat Rule”

&wpwhbhuﬂmmﬁadwcbﬂm

ey T TLT A [THT [T,
] ] e 4
Is 2s 2p

e — s — |
| Hund's rule of maximum multiplicity

* The three rules are:

* For a given cloctron configuration, the term with maximum
multiplicity has the lowest encrgy. The multiplicity is equal 1o,
where is the 1otal spin angular momentum for all electrons.

* For a given multiplicity, the term with the largest value of the
1otal orbital angukr momentum quantum number has the
lowest energy.
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Yay! (for the Googley internet)
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Hund’'s Rule of maximum

The above rules: not give idea abt filling the
in to degenerate orbitals.
For e.g., p-orbitals

“ when more than one orbitals of equal energies
are available, then the e- will first occupy these

orbitals separately with parallel spins.the

je

| My saves
Elex
first

* Aufbau principle - when flling orbeals, start with the lowest
energy and proceed 10 the next highest energy level.

* Hund's rule - within a subshell, electrons occupy the
maximum number of orbitals possible.

* Electron configurations are sometimes depicted using boxes
to represent orbals. This depiction shows paired and
unpaired electrons exphatly.

ls 25 2p

§| Hund’s Rule

In a set of orbitals, the electrons will fill the
orbitals in a way that would give the
maximum number of parallel spins
(maximum number of unpaired electrons;

e-

pairing of e- will start only after all the orbitals

of a given sub-level are singly occupied.”

Analogy: Students could fill each seat of a
school bus, one person at a time, before

Analogy: Students could fill each seat of a
school bus, one person at a time, before

doubling up. coubling up.
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*.» Hund's rule of maximum multiplicity ‘_1
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Complete set of Ejx matrix elements for the doublet (spin-% ) p3 orbits

3

FR R H B 32 13 2 3% 3% 3%
M=2 M=1 M=0 M=-1 M==2
2(11) +1@2) 112) 1(23) e (13) ﬁ(lS)
2 2
101 o(22) J I @3) JTe) 103)
2 2 -
2(11) 4 1(33) V2t 103)
101 4162 4 169) VSR L
- 2 2
notation: 100 L 1@ 169 /5eI /3 (3)
(jk) numbers tell . )2 - "; )
] 1 33 12)
which Ejx gave that entry 177 +2 :
9(22) , 1(33) 1@3)

Diagonal examples in n-particle notation:
BV'=E +E_+E,
Bvi=E  -E,=L
J6V =E —2E, +E,

Off-Diagonal examples in n-particle notation:
sz =Lk '2V12 = \/E(EIZ —E£,), 2V—21 = \/E(EZI —£,) 2V—zz =Ly,

2V =N2(E, +E)=L, 2V' =vV2(E, +E)=L .

1@2) 4 9(83)

'=<Eij>



lableau calculation of 3-electron (=1 orbital p3-states and their Vk, matrices

o
Start with highest angular momentum (L=2) p3 state: ‘ 2 1y L=2 >_ 2| (Fermi spin-mate ¥ )
PM=2
Then apply lowering operator L =+2(E, +E,) ‘ 2ijj> =17 ‘ *D/” > LJ2(E,
Here this 1s done using Tableau “Jawbone” formula. L [ >+ >]
(@ (b) T

/ . number / _
<T £ T>'ST.'T(of {iI's) <T i T>'<T

E..
: Orthogonal to this is a 2P (M=1) state
3 — —;—I__.. E

T il T T i1, I
2 pI=1\ _
§ I PN—%[ >—|
E 5\ E

Next we calculate 2"-pole moments the pair:

2PL 1‘Vk‘2Df4:21>_

£ \(F] (P eomotestere ] [F)F)

|
N |—
I
I~
—_—
[S=—Y
7
N
l\) P
(\&)
__
=
I
I
(0'%)
(0'%)
N—
Il
)
b
I
[a—

E“+ 2

— l—(o E11+20\E22—(0) =0 for: k=0




1.2.3)=[1) 1,12),13),

2) pariete-s3)
particle—a | particle=b! ! particle—c



Single particle p!-orbitals: U(3) triplet  |»'[]) erzezr=err [1N2[2){11=[1]

erexz=erz  [1)(2|2)(2|=[1)(2
b B o - - Elementary matrix algebra :
er=| - - lhep=| - - - lhea=| - - |hey=| 1 - |een=| o - |- 8 | |
L S S L L. ejkepg=Opiejg  |J)(k| pXa|=8 4l iXd]

General elementary operator commutation [k, Lpg]= OkpEjq - OgiEpk Elementary-elementary
has same form as 1-particle commutation: [ej, epq]= Orpejq - Ogiepi operator commutation algebra

This applies to all of multi-particle representations of £jx and to momentum operators Ly, Ly, and L.

Single particle p-orbit (/=1) representation of Ly, L,, and L:

1 . .1 1 -
D (L)===| 1 - 1| D ()=E <1 - | DL(n)=| - o

R A7) B S

Elementary operator form of L,, L,, and L.

L =(Ey,+Eyy+Ey + Ey)/2, Ly:—i(E12+E23—E21—E32)/\/5, L =E, —E,

z

...and of raise-lower operators L+ and L-

Lo=L +iL, =~N2(E,+Ey), L =L —iL =~N2(Ey+E,)=L], L =[L,L]



