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electron-proton spin-spin interaction gives a simple example of hyperfine spectra
Ket-kets for spin-up and spin-dn states and column matrix representations..
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0 7 7 0 sinfcosZ  cos’L -sin’2  -sinZcos’ 0 5 0 3
0 0 0 1 sinfcosf  -sin*Z cos’2  -sinfcost 0 % 0 +#
0 7 % 0 sin2  sinfcosf sinfcosf  cos’Z 0 0 1 0




Spin-spin (1/2)? product states: Hydrogen hyperfine structure

electron-proton spin-spin interaction gives a simple example of hyperfine spectra
Ket-kets for spin-up and spin-dn states and column matrix representations..

1 proton 1 electron 1 proton 1 electron 1 proton 1 electron 1 proton 1 electron
|2 2 |2 2 | 2 2 | 2 2
M=) 1) ATN=) ) JNIN= ) D) W= _i>
2 2 2 2 2 2 2 2
| 0 0 0
0 1 0 0
1 ® 1 _ ’ 1 ® 0 _ , 0 ® | _ , 0 ® 0 _ .
0 0 0 0 1 0 1 0 1 1 1 0
0 0 0 1
Same spin-1/2 representation applies to either proton or electron kets. e e
1/132 12 1/132—1/2 e’ Cosg e’ Sinz
Kronecker product D* ® D> D™ (apr)= pz pr || den g e
’ 2l e 2 sinz e 2 cos—

Applies to outer product symmetry U(2)protonx (2 )electron for NO 1nteraction.

cos&cos% —cos;’gsin& —sin%cos% sin%sin% Interaction reduces Symmetry:
BB BB BoinBe cosPreosBe —inlrinBe _nProosPe
cos—t —sin—® ] cos - —sin" _ cos 5 sin 5 oS 5 oS 5 sin 5 sin 5 sin 5 cos 5 (Only ( Qle, 66; ,.ye): ( &p’ /6])’ ,yp)
BB BB B, B . B B B, B B, . B,
sm? COS? sm ) CoSs ) s1n70057 —sm751n7 COS7C057 —005751n7 is allowed'
B, B . B B B, . B B, B )
sm7sm7 sm—cos? cos—sm; cos;cos?

Spin-spin interaction reduces symmetry U(2)protonx U(2)electron tg U(2)e+tp

1 0 0 O coszg —singcosg —singcosg sinzg 1 0 0 O sin £ _f/i%ﬁ sin2 0
0 5w 5 O sinfcosZ  cos’L -sin’2  -sinZcos’ 0 5 0 3 sjl_ﬁ cos B -S\i/riﬁ 0 D,
. = 2 2 =
nBeoch _qinZ 8 2B —sinZ cosd L =L :
0 (1) ? 1 sin£ cost sin” £ cos’ L sin£ cos % 0 - 0 3 s B s
07 70 sin2  sinfcosf sinfcosf  cos’Z 0 0 1 0 V2
o 0o 0 1

...and “irreducible” becomes “reducible”...
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Spin-spin interaction reduces symmetry U(2)protonx U(2)electron o U(2)etp
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Spin-spin interaction reduces symmetry U(2)protonx U(2)electron o U(2)etp

1 0 0 0 cos’2  -sinfcosf -sinfcosf  sin*Z 1 0 0 0 sin’ 2 _f/igﬁ A
0w 5 0 sinfcos?  cos’ L -sin’2  -sin£cos? 0 - 0 + ) % cos B -S\%ﬁ 0 | Do,
B B _nl B 2B _inZ B L B : B
g (1) ? (1) sin < cos 3 sin” 3 cos” 3 sin5cos S 0 - 0 3 n2 Si?gﬁ st 0
i in2 2 in2cos8 inLcos? 2B
S, oo, WoTh, S o — o 0 0 1
11 J=1 1 1 0
5®5 M=1 0 -1 0
Clebsch-Gordan coefficients(CGC) L1 |1 0 0|0
1 1 : 1 Ll={c> 2 |V
c = 2 2 J 35 |10 \2 O:: \2 _<Cmp m, M>
m, m, M m m M 11 O 1 O:: 1
P ¢ 222 V2 k2
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232 '
1
J ) B J’ JJ J
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Spin-spin interaction reduces symmetry U(2)protonx U(2)electron o U(2)etp

1 0 0 0 cos’2  -sinfcosf -sinfcosf  sin*Z 1 0 0 0 sin” 2 _f/igﬁ
0w 5 0 sinfcos?  cos’ L -sin’2  -sin£cos? | 0 - 0 + ) % cos 3
BB .2 p 2 BB 1 |
0 0 0 1 sinscoss  -sin” 5 cos” 5  -sinfcoss 0 - 0 3 L sinp
1o | | . 2
O—.E—.E—O sin’ ﬁa smﬁ2 cosﬁ2 smﬁz cosﬁz coszﬁL 0O 0 1 O 0 \f
l@l J=1 1 1 0
272 =t 00 a1 o
Clebsch-Gordan coefficients(CGC) L1 |1 0 0|0
1 1 ] 1 1 o |V
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p " o m | M L300 0%
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Hydrogen hyperfine structure: Fermi-contact interaction
Racah's trick for energy eigenvalues

roton
a J"" e
ep

J (2@ py
M
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Wll ,I’I/l2

Jelectron — aep ( J proton 4+ Jelectron )2 . ( J proton )2 . ( Jelectron )2
2 L
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2 I .
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contact M
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Hydrogen hyperfine structure: Fermi-contact interaction + B-field

_ proton electron proton electron
H =—a B.J +a B.J +a J o)
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Hydrogen hyperfine structure: Fermi-contact interaction + B-field

_ proton electron \ __
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Hydrogen hyperfine structure: Fermi-contact interaction + B-field
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ls—B— field
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Hydrogen hyperfine structure: Fermi-contact interaction + B-field
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Anatomy of electric dipole vs magnetic dipole of Fermi-contact interaction + B-field

H

e— p—spin 47T
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\\__
e S Nl
7 Electric\\\\§
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Higher-J product states

(J=1)®(JJ=1)=20 180 case @evy| (b) Mixed Configuration
2 2 2 2 2 1 1 1
1 ® 1/2 1 0 -1 2| 1 0 -11] 0 -8_
1 11
1 0 1 ) ) 1 ) ) ) IS
J2 J2 /
1 —1 1 . . ) 1 . 1 -9_ // 1
J6 J2 J3 / P
cl 1 AL4>: V2 2 |/ ID
my m, _10 (2 3 ) //
0 0 B - 0] pop f——
0 -l L L v 39
V2 V2 NN
1 1 1 _1 . 1 11 \“
V6 V2 v3 — \\\ 3P
-1 -1 . 1 . 1 1 3D
Intro 2p3p coupling

Unit 8§ Ch. 24 pl7.

Figure 24.1.3 Atomic S*IL multiplet levels for two (1 = 1) p electrons.
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Fig. 23.3.2 Spin-1/2 and U(2) Tableau branching diagrams GrpThLect29 p46-48.
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Based Operators

(a) Original state
Il):l]a '2/.7 '3(." )

(b) Lab-fixed

particle-3-cycle (120°rotation r)
[r)=r{1)

=(abc)|1,,2p,3.)

=1.,2,,3, 2,.3.1,)
=F|1)=[132]11,,,2;, .3,.)
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(¢c) Particle-fixed
lab-120°rotation v
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=(ac)=i,
(f) Apply to (¢c) (g) Apply to (c)
particle-2-cycle lab-2-cycle
i;=[12
=1 (a)Fundamental
(D=2

P-triplet [10]

(b) Body or Particle

Intro 3-particle coupling.
Unit 8 Ch. 25 p28.

Intro 3,4-particle Young Tableaus
GrpThlLect29 p42.

.‘.
(b)Symmetric  (c)Anti-symmetric
D,S sextet [20]  P-triplet [11]

P octet [2]]

2l [111]

==

2[3]| (d)Para-symmetric

! 212)(e) Anit-
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U(2) and U(3) tensor expansions of Hamiltonian
2%-pole expansion of an N-by-N matrix H

2-by-2 case: H= (... ) ="

G )G o) a)G )

U(2) generators (spin.J=1/2)
1 (1 0 L (0 o0
uo_(o 1) ll_1—(, 0)
0_f1 0\I
uo_(O 1 }2

u1=(0 I rank-1
+1 0 0 (vector)
rank-0
(scalar)

A+ A-
7 1 +0, 0, +4 O,
A : : .
% T0+( -zC)T1+( +1C)T_1 +A} T0

(o) €0

H, H H

3-by-3 case: H—(H”H”H”)

Irrep Tensor building
Unit 8 Ch. 25 p).

U(3) generators (spinJ=1)

=(50) o C’W
—fo o0 o —fo
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1 0 ;
u+1 0012

(3w
) -
i)

G (O) @ﬁ ) (g g g) rank-2
2 11_2— 0 0 (tensor)
0 ] rank-1
I 0 0 (vector)
rank-0
(scalar)

Mutually
commuting
diagonal operators

Wigner-Clebsch-Gordan expressions for Tensor <qu>

Gl )= 5 )@l = € (1)
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lensor operators for spin-1/2 states: Outer products give Hamilton-Pauli-spinors

CG-Products of spin-1/> ket-bras{‘iﬂ,@f ‘} give scalar/vector operators analogous to:

2C1/2 1/2 k

q mm, q| m
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0 1
0 0
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1(1/201/2)\ _|1/2\| 12
1 2/ 12
1/2
—1/2 [ , 1(1/2®1/2) 172\ 1/2 1| 12\|1/2
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5 ‘ 0 > \f‘ 1/2> -1/2>+\5‘ -1/2>‘ 1/2>
1(1/201/2)\ _| 1/2\| 172
-1 a2/ -2
analogous to: 0(1/2®1/2) 1| 1/2\| 1/2 _l_-l 1/2\| 1/2
0 f 2/l -1v2) | -u2 /2

1st three operators are a vector set with following Cartesian combinations:

T =-— _11 _—zT +T1 T =-T!
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Spherical vs. Cartesian operators
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ket-Kkets

(Some old friends!)

1
) o, —

T =J,/2=(J,+i,) )2

O—i,O_ZQIO)
i 0 0 -1



lensor operators for spin-1/2 states: Outer products give Hamilton-Pauli-spinors
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lensor operators for spin-1 states: U(1) generalization of Pauli spinors
CGC definition: Wigner 3jm definition:
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Octahedral 4h-rank Aiq tensor operator TI4: Application to splitting d-orbital (I=j=2)

T[4](A ) D[x +y +z4—ir
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lensors Applied to d,f-levels.
Unit 8 Ch. 25 p21.
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o tensor operator T8 Application to splitting d-orbital (I=j=2)
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Octahedral 4"-rank Aig tensor operator TI4: Application to splitting d-orbital (I=j=2)
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Octahedral 4"-rank Aig tensor operator TI4: Application to splitting d-orbital (I=j=2)
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Octahedral 4"-rank Aig tensor operator TI4: Application to splitting d-orbital (I=j=2)
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AMOP 3.26.18 class 18.0: Symmetry Principles for
reference links 4 dvanced Atomic-Molecular-Optical-Physics

on page 2
William G. Harter - University of Arkansas
U(2)~0(3)20n Clebsch-Gordan irep product analysis, spin-orbit multiplets, and Wigner tensor

matrices giving exact orbital splitting for O(3)>0n symmetry breaking
Spin-spin (1/2)% product states: Hydrogen hypertine structure
Kronecker product states and operators
Spin-spin interaction reduces symmetry U(2)proton x (2 )electron tg [J(2)etp
Elementary 7> X % Clebsch-Gordan coefficients

Hydrogen hyperfine levels: Fermi-contact interaction, Racah's trick for energy eigenvalues
B-field gives avoided crossing
Higher-J product states: (J=1)Q(J=1)=28 160 case
Effect of Pauli-Fermi-Dirac symmetry
General U(2) Clebsch-Gordan-Wigner-3j coupling coefficient formula
LS to jj Level corralations
Angular momentum uncertainty cones related to 3j coefficients
Multi-spin (1/2)N product states Magic squares
Intro to U(2) Young Tableaus
Intro to U(3) and higher Young 1ableaus and Lab-Bod or Particle-State summitry
U(2) and U(3) tensor expansion of H operator
lensor operators for spin-1/2 states: Quter products give Hamilton-Pauli-spinors
lensor operators for spin-1 states: U(3) generalization of Pauli spinors
4th rank tensor example with exact splitting of d-orbital
6 rank tensor example with exact splitting of f-orbital




Octahedral 4™-rank Aiq tensor operator TI4: Application to splitting t-orbital (I=j=3)
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Octahedral 4™-rank Aiq tensor operator TI4: Application to splitting t-orbital (I=j=3)
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Octahedral 4™-rank Aiq tensor operator TI4: Application to splitting t-orbital (I=j=3)
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Octahedral 6™-rank Aiq tensor operator TIl: Application to splitting f-orbital (I=j=3)
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A g tensor operators T4 and TI46] split 7-fold degeneracy of a (J=3) f-orbital level
(a) T® Splitting (b) T® Splitting
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Iensors Applied to d,f-levels.
Unit 8 Ch. 25 p21.

lensors Applied to high J levels.
Unit 8 Ch. 25 p63.
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On following page:
Ao tensor operators T4 + TI46] split 61-fold degeneracy of a (J=30) f-orbital level

Compare the preceding J=3 levels to the following pages showing curves of
J=30 levels split by combinations of 4th and 6th rank Oy symmetric tensors

J=30 TI+TI6] levels
AMO Lect.17p 102

In either case the number of linearly dependent Oy operators
matches the number of parameters needed to define both the
eigenvectors and the eigenvalues belonging to the symmetry.
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Int.J.Mol.Sci, 14, 714(2013)

Splitting Fnergy (arbitrary units)

“Its no “accident!”
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