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Review Coset factored splitting of projectors for O⊃D4⊃C4 into split classes and level structure        
Hamiltonian level cluster models with subgroup-defined tunneling parameters 
       Diagonal idempotent Pµm,m parameter sets for O⊃C4 and O⊃C3  case of SF6 level clusters 
       Off-diagonal nilpotent Pµm,n (m≠n) parameter sets needed for O⊃C2 clusters 
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             Comparing Oh⊃D4h⊃D2h and Oh⊃D3d⊃C2 representations (T1 vector-type) 

                 Examples of off-diagonal tunneling coefficients DE0424 

                 Comparing local C4, C3, and C2 cluster spectra of Oh-symmetric tensors T[4]+T[6]                 
                Monster clusters: When local C2 symmetry dominates 
Comparing off-diagonal O⊃C2 parameter sets to CH4 models with triple point cluster-crossings 

Discrete symmetry subgroups of  O(3)⊃(Octahedral Oh⊃O): Part II Full D(α)-matrices defined 
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Rovibrational Spectral Fine Structure Of Icosahedral Molecules - Cpl 1986 (Alt Scan)
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Review Coset factored splitting of projectors for O⊃D4⊃C4 into split classes and level structure        
Hamiltonian level cluster models with subgroup-defined tunneling parameters 
       Diagonal idempotent Pµm,m parameter sets for O⊃C4 and O⊃C3  case of SF6 level clusters 
       Off-diagonal nilpotent Pµm,n (m≠n) parameter sets needed for O⊃C2 clusters 
Deriving nilpotent projectors Pµm,n and ireps Dµm,n by fundamental g!Pµm,n  relations: 
          (a) Pµm,m gPµn,n=Dµm,n(g)Pµm,n   (b) g=ΣµΣm,nDµm,n(g)Pµm,n   (c) Pµn,n=(ℓµ/°G)ΣgDµ*m,n(g)g 
       Review of nilpotent projectors for simple D3⊃C2 ~ C3v⊃Cv chains 

          Calculating and Factoring PT11404 and PT11434  
                             
Structure and applications of coset tabulated Dµm,n irreps for various Oh subgroup chains 
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             Comparing Oh⊃D4h⊃D2h and Oh⊃D3d⊃C2 representations (T1 vector-type) 

                 Examples of off-diagonal tunneling coefficients DE0424 

                 Comparing local C4, C3, and C2 cluster spectra of Oh-symmetric tensors T[4]+T[6]                 
                Monster clusters: When local C2 symmetry dominates 
Comparing off-diagonal O⊃C2 parameter sets to CH4 models with triple point cluster-crossings 
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 P2424

E =

12
1(11+1ρz -1R z -1 !R z        +1ρx+1ρy -1i4 -1i3           -2

1r1 -2
1r4 +2

1i1+2
1R y            -2

1r2 -2
1r3+2

1i2 + 2
1 !R y           -2

1 !r1 -2
1 !r3+2

1 !R x+2
1i6          -2

1 !r2 -2
1 !r4 +2

1R x+2
1i5)

Coset-factored sum:

Split-classes-ordered sum:
  P2424

E =12
1 [(1)⋅1p 24

      + (1)⋅ρxp 24
    + (-2

1 )⋅r 1p 24
       + (-2

1 )⋅r 2p 24
      + (-2

1 )⋅ !r 1p 24
       + (-2

1 )⋅ !r 2p 24
]

  P2424

E =12
1 (1⋅1  -2

1r1-2
1r2  -2

1r3-2
1r4  -2

1 !r1-2
1 !r2   -2

1 !r3-2
1 !r4  +1ρx+1ρy +1ρz   +2

1Rx+2
1Ry −1Rz  +2

1 !Rx+2
1 !Ry −1 !Rz    +2

1i1+2
1i2   −1i3 −1i4   +2

1i5 +2
1i6 )



P0404

T1 = p04
PT1 = PT1p04

= ℓT1
*

°O
(χ g

T1
*

)·g · p24
( )

g

°O

∑

= 3
96

(χ g
T1

*

)·g ·  1⋅1+1⋅ρz +1⋅R z +1⋅ !R z( )
g

°O

∑
  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

   

O : χg
µ g=1 r1−4

p ρxyz Rxyz
p i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

pm4=
1
4

e
−2π im4⋅p

4 R z
p

p=0

3
∑ =

p04=(1+R z+ρz+
!R z)/4

p14=(1−iR z-ρz+ i
!R z)/4

p24=(1-R z + ρz - !R z)/4

p34=(1+ iR z-ρz -i
!R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

C4  characters

d
Rp
*m4 = e

−2π im4⋅p
4

O  characters

 P0404

T1 =

8
1 (1⋅1+1⋅ρz+1⋅R z+1⋅ !R z         -1⋅ρx -1⋅ρy -1⋅i4-1⋅i3         + 0⋅r1+0⋅r4+0⋅i1+0⋅R y     +0⋅r2+0⋅r3+0⋅i2+0⋅ !R y       +0⋅!r1+0⋅!r3+0⋅ !R x+0⋅i6        +0⋅!r2+0⋅!r4+0⋅R x+0⋅i5)

Calculating PT10404

 P0404

T1 =8
1 (1⋅1     + 0+ 0+ 0 + 0 + 0 + 0+ 0+ 0    +1ρz  -1ρx -1ρy    + 0+ 0+1R z    + 0+ 0 +1 !R z      + 0 + 0  -1i4 -1i3+ 0+ 0  )

Coset-factored sum:
  P0404

T1 =8
1 [(1)⋅1p 04

       + (-1)⋅ρxp 04
    + (0)⋅r 1p 04

     + (0)⋅r 2p 04
     + (0)⋅ !r 1p 04

       + (0)⋅ !r 2p 04
]

Split-classes-ordered sum:

!r2 !r4 R x i5

!r2 1 ρz R z
!R z

!r4 ρz 1 !R z R z

R x
!R z R z 1 ρz

i5 R z
!R z ρz 1

 

!r1 !r3 !R x i6

!r1 1 ρz R z
!R z

!r3 ρz 1 !R z R z

!R x
!R z R z 1 ρz

i6 R z
!R z ρz 1

  

 1 ρz  R z  !R z

1 1 ρz  R z  !R z

ρz ρz 1  !R z  R z

R z
!R z R z 1 ρz

!R z R z
!R z ρz 1

 

ρx ρy i4 i3

ρx 1 ρz R z
!R z

ρy ρz 1 !R z R z

i4 !R z R z 1 ρz

i3 R z
!R z ρz 1

 

r1 r4 i1 R y

r1 1 ρz R z
!R z

r4 ρz 1 !R z R z

i1 !R z R z 1 ρz

R y R z
!R z ρz 1

  

r2 r3 i2 !R y

r2 1 ρz R z
!R z

r3 ρz 1 !R z R z

i2 !R z R z 1 ρz

!R y R z
!R z ρz 1

1/32(+4     +4      +4       +4                  -4        -4.       -4        -4                       0         0         0        0.                        0          0         0        0                         0         0        0.         0                       0          0        0           0     )       
+3·(   +1       +1    +1      +1 )      -1· (   +1       +1     +1     +1 )      0    (   +1       +1     +1     +1 )       0    (   +1       +1     +1     +1 )       0    (   +1       +1     +1     +1 )       0    (   +1       +1     +1     +1 )  

-1·(   +1       +1    +1      +1 )      -1· (   +1       +1     +1     +1 )      0    (   +1       +1     +1     +1 )       0    (   +1       +1     +1     +1 )       0    (   +1       +1     +1     +1 )       0    (   +1       +1     +1     +1 )  

+1·(   +1       +1    +1      +1 )       -1· (   +1       +1     +1     +1 )     -1 ·  (   +1       +1     +1     +1 )      -1 · (   +1       +1     +1     +1 )     +1· (   +1       +1     +1     +1 )      +1·(   +1       +1     +1     +1 )  

+1·(   +1       +1    +1      +1 )      -1·  (   +1       +1     +1     +1 )     +1·(   +1       +1     +1     +1 )     +1· (   +1       +1     +1     +1 )      -1 · (   +1       +1     +1     +1 )      -1 · (   +1       +1     +1     +1 )  



P1414

T1 = p14
PT1 = PT1p14

= ℓT1
*

°O
(χ g

T1
*

)·g · p14
( )

g

°O

∑

= 3
96

(χ g
T1

*

)·g ·  1⋅1−i⋅ρz −1⋅R z + i⋅ !R z( )
g

°O

∑
  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

   

O : χg
µ g=1 r1−4

p ρxyz Rxyz
p i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

pm4=
1
4

e
−2π im4⋅p

4 R z
p

p=0

3
∑ =

p04=(1+R z+ρz+
!R z)/4

p14=(1−iR z-ρz+ i
!R z)/4

p24=(1-R z + ρz - !R z)/4

p34=(1+ iR z-ρz -i
!R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

C4  characters

d
Rp
*m4 = e

−2π im4⋅p
4

O  characters

 P1414

T1 =

8
1 (1⋅1−1⋅ρz− i⋅R z+ i⋅ !R z         -0ρx -0ρy -0i4-0i3           - i2⋅r1+ i

2⋅r4 - 1
2⋅i1+ 1

2⋅R y         -
i
2⋅r2+

i
2⋅r3- 1

2⋅i2+1
2⋅ !R y       +

i
2⋅!r1- i2⋅!r3+1

2⋅ !R x -
1
2⋅i6        + i2⋅!r2-

i
2⋅!r4+

1
2⋅R x-

1
2⋅i5)

Calculating PT11414

Split-classes-ordered sum:

!r2 !r4 R x i5

!r2 1 ρz R z
!R z

!r4 ρz 1 !R z R z

R x
!R z R z 1 ρz

i5 R z
!R z ρz 1

 

!r1 !r3 !R x i6

!r1 1 ρz R z
!R z

!r3 ρz 1 !R z R z

!R x
!R z R z 1 ρz

i6 R z
!R z ρz 1

  

 1 ρz  R z  !R z

1 1 ρz  R z  !R z

ρz ρz 1  !R z  R z

R z
!R z R z 1 ρz

!R z R z
!R z ρz 1

 

ρx ρy i4 i3

ρx 1 ρz R z
!R z

ρy ρz 1 !R z R z

i4 !R z R z 1 ρz

i3 R z
!R z ρz 1

 

r1 r4 i1 R y

r1 1 ρz R z
!R z

r4 ρz 1 !R z R z

i1 !R z R z 1 ρz

R y R z
!R z ρz 1

  

r2 r3 i2 !R y

r2 1 ρz R z
!R z

r3 ρz 1 !R z R z

i2 !R z R z 1 ρz

!R y R z
!R z ρz 1

1/32(+4     -4       -4i      +4i                  -0        -0.       -0        -0                    -2i     +2i        -2     +2                      -2i     +2i       -2   +2                    +2i       -2i     +2         -2                 +2i       -2i     +2        -2     )       
+3·(   +1        -1        -i         +i   )  -1· (   +1       -1      -i        +i   )      0    (   +1     -1       -i         +i  )       0    (   +1      -1      -i        +i   )       0    (   +1    -1.       -i      +i   )       0    (   +1      -1       -i      +i   )  

-1·(    -1       +1     +i         -i     )    -1· (  -1      +1     +i         -i     )      0    (   -1      +1    +i        -i      )     0    (   -1     +1       +i        -i     )       0    (  -1       +1    +i        -i   )       0    (   -1      +1      +i        -i   )  

+1·(  +i        -i        +1          -1  )    -1· (    +i      -i        +1     -1    )    -1 ·  ( +i       -i        +1       -1 )       -1 · (     +i        -i       +1      -1  )     +1· (   +i       -i      +1       -1   )     +1·( +i         -i        +1     -1 )  

+1·(      -i      +i       -1       +1 )      -1·  (    -i      +i       -1       +1   )   +1· (     -i     +i        -1     +1 )     +1· (     -i         +i     -1      +1    )      -1 · (     -i      +i         -1     +1 )      -1 · (    -i      +i        -1     +1 )  

 P1414

T1 =  8
1 (1⋅1  − i

2r1 − i
2r2   + i

2 r3+ i
2 r4    + i

2 !r1+ i
2 !r2   − i

2 !r3− i
2 !r4   + 0ρx+ 0ρy -1ρz   +

1
2R x+

1
2R y -iR z+

1
2
!R x+

1
2
!R y+i !R z     -

1
2 i1- 1

2 i2 + 0 i3+ 0 i4  - 1
2 i5  - 1

2 i6 )

Coset-factored sum:
 P1414

T1 =  8
1[(1)⋅1p14

      + (0)⋅ρxp14
    + (-2

i )⋅r 1p14
       + (-2

i )⋅r 2p14
      + (2

i )⋅ !r 1p14
       + (2

i )⋅ !r 2p14
]



!r2 !r4 R x i5

!r2 1 ρz R z
!R z

!r4 ρz 1 !R z R z

R x
!R z R z 1 ρz

i5 R z
!R z ρz 1

 

!r1 !r3 !R x i6

!r1 1 ρz R z
!R z

!r3 ρz 1 !R z R z

!R x
!R z R z 1 ρz

i6 R z
!R z ρz 1

  

1 ρz R z
!R z

1 1 ρz R z
!R z

ρz ρz 1 !R z R z

R z
!R z R z 1 ρz

!R z R z
!R z ρz 1

 

ρx ρy i4 i3

ρx 1 ρz R z
!R z

ρy ρz 1 !R z R z

i4 !R z R z 1 ρz

i3 R z
!R z ρz 1

 

r1 r4 i1 R y

r1 1 ρz R z
!R z

r4 ρz 1 !R z R z

i1 !R z R z 1 ρz

R y R z
!R z ρz 1

  

r2 r3 i2 !R y

r2 1 ρz R z
!R z

r3 ρz 1 !R z R z

i2 !R z R z 1 ρz

!R y R z
!R z ρz 1

P2424

T2 = p24
PT2 = PT2p24

= ℓT2

°O
(χ g

T2
*

)·g · p24
( )

g

°O

∑

= 3
96

(χ g
T2

*

)·g ·  1⋅1+1⋅ρz−1⋅R z−1⋅ !R z( )
g

°O

∑
  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

Calculating PT22424

   

O : χg
µ g=1 r1−4

p ρxyz Rxyz
p i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

pm4=
1
4

e
−2π im4⋅p

4 R z
p

p=0

3
∑ =

p04=(1+R z+ρz+
!R z)/4

p14=(1−iR z-ρz+ i
!R z)/4

p24=(1-R z + ρz - !R z)/4

p34=(1+ iR z-ρz -i
!R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

C4  characters

d
Rp
*m4 = e

−2π im4⋅p
4

O  characters

1/32(   4        4       -4        -4                    -4        -4.     +4       +4                     0         0          0        0                         0         0         0         0                         0         0        0          0                        0         0        0           0    )       
3·(   +1       +1      -1       -1 )     -1·  (   +1       +1      -1       -1  )     -1·  (   +1       +1      -1       -1  )       -1·  (   +1       +1      -1       -1  )      -1·  (   +1       +1      -1       -1  )    -1·  (   +1       +1      -1       -1  )  

-1·(   +1       +1      -1       -1 )    -1·  (   +1       +1      -1       -1  )     -1·  (   +1       +1      -1       -1  )       -1·  (   +1       +1      -1       -1  )      -1·  (   +1       +1      -1       -1  )    -1·  (   +1       +1      -1       -1  )  

-1·(    -1       -1     +1       +1 )   +1·  (   -1       -1     +1       +1 )     +0·  (   -1       -1     +1       +1   )    +0·  (   -1       -1      +1       +1  )   +0·  (   -1       -1      +1       +1  )   +0·  (   -1       -1      +1       +1  )  

-1·(   -1       -1      +1       +1  )  +1· (   -1       -1      +1       +1  )     +0· (   -1       -1      +1       +1  )    +0· (   -1       -1      +1       +1  )   +0·  (   -1       -1      +1       +1  )   +0·  (   -1       -1      +1       +1  )  

Coset-factored sum:

Split-classes-ordered sum: 

 P2424

T2 =  8
1[(1)⋅1p 24

      + (1)⋅ρxp 24
     + (0)⋅r 1p 24

     + (0)⋅r 2p 24
     + (0)⋅ !r 1p 24

       + (0)⋅ !r 2p 24
]

P2424

T2 =8
1 (1⋅1   + 0+ 0+ 0+ 0+ 0+ 0+ 0+ 0    -1ρx-1ρy +1ρz     + 0+ 0−1R z + 0+ 0−1 !R z     + 0+ 0+1i4+1i3 + 0+ 0 )

P2424

T2 =

 8
1 (11+1ρz−1R z−1 !R z       -1ρx-1ρy+1i4 +1i3          + 0r1+ 0r4+ 0i1+ 0R y     + 0r2+ 0r3+ 0i2+ 0 !R y      + 0!r1+ 0!r3+ 0 !R x+ 0i6      + 0!r2+0!r4+0R x+0i5)



P1414

T2 = p14
PT2 = PT2p14

= ℓT2
*

°O
(χ g

T2
*

)·g · p14
( )

g

°O

∑

= 3
96

(χ g
T2

*

)·g ·  1⋅1−i⋅ρz −1⋅R z + i⋅ !R z( )
g

°O

∑
  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

   

O : χg
µ g=1 r1−4

p ρxyz Rxyz
p i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

pm4=
1
4

e
−2π im4⋅p

4 R z
p

p=0

3
∑ =

p04=(1+R z+ρz+
!R z)/4

p14=(1−iR z-ρz+ i
!R z)/4

p24=(1-R z + ρz - !R z)/4

p34=(1+ iR z-ρz -i
!R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

C4  characters

d
Rp
*m4 = e

−2π im4⋅p
4

O  characters

 P1414

T2 =
1
8 (1⋅1-1⋅ρz− i⋅R z+i⋅ !R z        -0ρx -0ρy -0i4-0i3           + i

2⋅r1- i2⋅r4 + 1
2⋅i1- 1

2⋅R y         +
i
2⋅r2-

i
2⋅r3+ 1

2⋅i2 -1
2⋅ !R y        -

i
2⋅!r1+ i

2⋅!r3-1
2⋅ !R x+

1
2⋅i6         - i2⋅!r2+

i
2⋅!r4 -1

2⋅R x+
1
2⋅i5)

Calculating PT21414

Split-classes-ordered sum:

!r2 !r4 R x i5

!r2 1 ρz R z
!R z

!r4 ρz 1 !R z R z

R x
!R z R z 1 ρz

i5 R z
!R z ρz 1

 

!r1 !r3 !R x i6

!r1 1 ρz R z
!R z

!r3 ρz 1 !R z R z

!R x
!R z R z 1 ρz

i6 R z
!R z ρz 1

  

 1 ρz  R z  !R z

1 1 ρz  R z  !R z

ρz ρz 1  !R z  R z

R z
!R z R z 1 ρz

!R z R z
!R z ρz 1

 

ρx ρy i4 i3

ρx 1 ρz R z
!R z

ρy ρz 1 !R z R z

i4 !R z R z 1 ρz

i3 R z
!R z ρz 1

 

r1 r4 i1 R y

r1 1 ρz R z
!R z

r4 ρz 1 !R z R z

i1 !R z R z 1 ρz

R y R z
!R z ρz 1

  

r2 r3 i2 !R y

r2 1 ρz R z
!R z

r3 ρz 1 !R z R z

i2 !R z R z 1 ρz

!R y R z
!R z ρz 1

1/32(+4     -4       -4i      +4i                  -0        -0.       -0        -0                    +2i      -2i       +2    -2                      +2i      -2i       +2      -2                    -2i       +2i      -2         +2                  -2i      +2i     -2        +2     )       
+3·(   +1        -1        -i         +i   )  -1· (   +1       -1      -i        +i   )      0    (   +1     -1       -i         +i  )       0    (   +1      -1      -i        +i   )       0    (   +1    -1.       -i      +i   )       0    (   +1      -1       -i      +i   )  

-1·(    -1       +1     +i         -i     )    -1· (  -1      +1     +i         -i     )      0    (   -1      +1    +i        -i      )     0    (   -1     +1       +i        -i     )       0    (  -1       +1    +i        -i   )       0    (   -1      +1      +i        -i   )  

+1·(  +i        -i        +1          -1  )  +1· (    +i      -i        +1     -1    )  +1 ·  ( +i       -i        +1       -1 )     +1 · (     +i        -i       +1      -1  )      -1· (   +i       -i      +1       -1   )      -1·  ( +i         -i        +1     -1 )  

+1·(      -i      +i       -1          +1 ) +1·  (    -i      +i       -1       +1   )    -1· (     -i     +i        -1         +1 )    -1· (     -i         +i     -1      +1    )     +1 · (     -i      +i         -1     +1 )    +1 · (   -i      +i        -1     +1 )  

 P1414

T1 =  8
1 (1⋅1  + i

2r1 + i
2r2   - i2 r3- i2 r4    - i2 !r1- i2 !r2   + i

2 !r3+ i
2 !r4   + 0ρx+ 0ρy −1ρz   -

1
2R x-

1
2R y − iR z-

1
2
!R x-

1
2
!R y+i !R z     +

1
2 i1+ 1

2 i2 + 0 i3+ 0 i4  + 1
2 i5  + 1

2 i6 )

Coset-factored sum:
 P1414

T2 =  1
8 [(1)⋅1p14

      + (0)⋅ρxp14
    + ( i2 )⋅r 1p14

       + ( i2 )⋅r 2p14
      − ( i2 )⋅ !r 1p14

       − ( i2 )⋅ !r 2p14
]



Are these “accidents” or not?

AMOP  
reference links 

 on page 2

3.12.18 class 17.0: Symmetry Principles for 
Advanced Atomic-Molecular-Optical-Physics 
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       Off-diagonal nilpotent Pµm,n (m≠n) parameter sets needed for O⊃C2 clusters 
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          Calculating and Factoring PT11404 and PT11434  
                             
Structure and applications of coset tabulated Dµm,n irreps for various Oh subgroup chains 
        Oh⊃D4h⊃C4v ,            Oh⊃D3h⊃C3v ,             Oh⊃C2v 

             Comparing Oh⊃D4h⊃D2h and Oh⊃D3d⊃C2 representations (T1 vector-type) 

                 Examples of off-diagonal tunneling coefficients DE0424 
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P1414

T2 =  8
1[(1)⋅1      + (0)⋅ρx      + (-2

i )⋅r 1     + (-2
i )⋅r 2      + (-2

i )⋅ !r 1      + (-2
i )⋅ !r 2] p14

P3434

T2 =  8
1[(1)⋅1    + (0)⋅ρx      + (+2

i )⋅r 1     + (+2
i )⋅r 2     + (+2

i )⋅ !r 1    + (+2
i )⋅ !r 2] p 34

P2424

T2 =  8
1[(1)⋅1    + (1)⋅ρx       + (0)⋅r 1      + (0)⋅r 2       + (0)⋅ !r 1        + (0)⋅ !r 2] p 24

Coset-factored E-sum:

Coset-factored T2-sum:

Coset-factored T1-sum:
P1414

T1 =  8
1[(1)⋅1      + (0)⋅ρx     + (+2

i )⋅r 1     + (+2
i )⋅r 2     + (-2

i )⋅ !r 1       + (-2
i )⋅ !r 2] p14

P3434

T1 =  8
1[(1)⋅1    + (0)⋅ρx     + (-2

i )⋅r 1     + (-2
i )⋅r 2      + (+2

i )⋅ !r 1       + (+2
i )⋅ !r 2] p 34

P0404

T1 =8
1 [(1)⋅1      + (-1)⋅ρx    + (0)⋅r 1      + (0)⋅r 2        + (0)⋅ !r 1        + (0)⋅ !r 2] p 04

P0404

E =12
1 [(1)⋅1      + (1)⋅ρx     + (-2

1 )⋅r 1       + (-2
1 )⋅r 2      + (-2

1 )⋅ !r 1       + (-2
1 )⋅ !r 2] p 04

P2424

E =12
1 [(1)⋅1      + (1)⋅ρx     + (-2

1 )⋅r 1       + (-2
1 )⋅r 2      + (-2

1 )⋅ !r 1       + (-2
1 )⋅ !r 2] p 24

Coset-factored A1-sum:

Coset-factored A2-sum:
P0404

A1 =12
1 [(1)⋅1      + (1)⋅ρx     + (1)⋅r 1       + (1)⋅r 2      + (1)⋅ !r 1       + (1)⋅ !r 2]p 04

 

P2424

A2 =12
1 [(1)⋅1      + (1)⋅ρx     + (1)⋅r 1       + (1)⋅r 2      + (1)⋅ !r 1       + (1)⋅ !r 2]p 24

    

pm4
=

e2π im⋅p/4

4
R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+

!R z)/4

p14
=(1+iR z-ρz -i !R z)/4

p24
=(1-R z + ρz - !R z)/4

p34
=(1-iR z-ρz+i !R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

 
1C4 = 1 1,ρz ,Rz , !Rz{ }    ρxC4 = ρx ,ρy , i4 , i3{ }    r1C4 = r1,r4 , i1,Ry{ }    r2C4 = r2,r3, i2, !Ry{ }    !r1C4 = !r1, !r3, !Rx , i6{ }    !r2C4 = !r2, !r4 ,Rx , i5{ }

    

C4:χg
µ g=1 R z ρz

!R z

µ=04 1 1 1 1

14 1 -i -1 i

24 1 -1 1 -1

34 1 -i -1 -i

Factoring out O⊃C4 subgroup cosets:
Irreducible idempotent projectors Pµm,m of O⊃C4~Td⊃C4i

10 split projectors in terms of 6 coset sums



 

P0404

E =12
1 (1⋅1   -2

1r1-2
1r2   -2

1r3-2
1r4    -2

1 !r1-2
1 !r2     -2

1 !r3-2
1 !r4    +1ρx+1ρy +1ρz     -2

1Rx -2
1Ry   +1Rz    -2

1 !Rx -2
1 !Ry  +1 !Rz    -2

1i1-2
1i2    +1i3 +1i4     -2

1i5 -2
1i6 )

P2424

E =12
1 (1⋅1   -2

1r1-2
1r2   -2

1r3-2
1r4    -2

1 !r1-2
1 !r2     -2

1 !r3-2
1 !r4    +1ρx+1ρy +1ρz    +2

1Rx+2
1Ry  −1Rz  +2

1 !Rx+2
1 !Ry  −1 !Rz  +2

1i1+2
1i2   −1i3 −1i4   +2

1i5 +2
1i6 )

P1414

T1 =  8
1 (1⋅1    -2

i r1-2
i r2   +2

ir3+2
ir4   +2

i !r1+2
i !r2    -2

i !r3  -2
i !r4  + 0ρx+ 0ρy -1ρz  +2

1R x +2
1R y −iR z +2

1 !R x +2
1 !R y  +i !R z    -2

1i1-2
1i2   + 0i3+ 0i4     -2

1i5  -2
1i6 )

P3434

T1 =  8
1 (1⋅1 +2

i r1 +2
i r2 −2

ir3−2
i r4   −2

i !r1−2
i !r2  +2

i !r3+2
i !r4  + 0ρx+ 0ρy -1ρz  +2

1R x +2
1R y + iR z +2

1 !R x +2
1 !R y − i !R z    -2

1i1-2
1i2  + 0i3+ 0i4     -2

1i5  -2
1i6 )

P0404

T1 =  8
1 (1⋅1    + 0+ 0    + 0 + 0   + 0 + 0   + 0+ 0    -1ρx -1ρy  +1ρz     + 0    + 0    +1R z   + 0    + 0   +1 !R z     + 0 + 0  -1i3   -1i4     + 0+ 0 )

P1414

T2 =  8
1 (1⋅1   +2

ir1+2
ir2    -2

ir3-2
ir4    -2

i !r1-2
i !r2   +2

i !r3+2
i !r4  + 0ρx+ 0ρy -1ρz   -2

1R x -2
1R y    -iR z    -2

1 !R x -2
1 !R y     +i !R z   +2

1 i1+2
1 i2  + 0i3 + 0i4+2

1 i5 + 2
1 i6 )

P3434

T2 =  8
1 (1⋅1   -2

i r1-2
i r2   +2

ir3+2
ir4  +2

i !r1+2
i !r2   -2

i !r3 -2
i !r4   + 0ρx+ 0ρy -1ρz   -2

1R x -2
1R y  + iR z    -2

1 !R x -2
1 !R y      -i !R z   +2

1 i1+2
1 i2  + 0i3 + 0i4+2

1 i5 + 2
1 i6 )

P2424

T2 =  8
1 (1⋅1   + 0+ 0   + 0+ 0    + 0+ 0    + 0+ 0      -1ρx-1ρy +1ρz    + 0+ 0    −1R z     + 0+ 0    −1 !R z     + 0+ 0    +1i4+1i3   + 0+ 0 )

Split-class-ordered E-sum:

Split-class-ordered T1-sum:

Split-class-ordered T2-sum:

 P0404

A1 =24
1 (1⋅1  +1r1+1r2+1r3+1r4+1!r1 +1!r2    +1!r3+1!r4  +1ρx+1ρy+1ρz     +1Rx+1Ry   +1Rz    +1 !Rx+1 !Ry  +1 !Rz      +1i1+1i2    +1i3+1i4    +1i5+1i6 )

Split-class-ordered A1-sum:

 P2424

A2 =24
1 (1⋅1  +1r1+1r2+1r3+1r4+1!r1 +1!r2    +1!r3+1!r4  +1ρx+1ρy+1ρz     −1Rx−1Ry   −1Rz    −1 !Rx−1 !Ry  −1 !Rz      −1i1−1i2    −1i3−1i4    −1i5−1i6 )

Split-class-ordered A2-sum:

   

O : χg
µ g=1 r1−4

p ρxyz Rxyz
p i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

    

pm4
=

1
4

e
2π i m4⋅p

4 R z
p

p=0

3
∑ =

p04
=(1+R z+ρz+

!R z)/4

p14
=(1+iR z-ρz -i !R z)/4

p24
=(1-R z + ρz - !R z)/4

p34
=(1-iR z-ρz+i !R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

C4  characters  
d

R p
m4 = e

2π i m4⋅p
4

O  characters

Irreducible idempotent projectors Pµm,m of O⊃C4~Td⊃C4i

10 split projectors in terms of 10 split class sums
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Discrete symmetry subgroups of  O(3)⊃(Octahedral Oh⊃O): Part II Full D(α)-matrices defined 
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Review Idempotent projector splits  Pµm,m of O⊃C4 PE0404  PE2424 PT10404 PT11414 PT22424 PT21414  
Review Coset factored splitting of projectors for O⊃D4⊃C4 into split classes and level structure        
Hamiltonian level cluster models with subgroup-defined tunneling parameters 
       Diagonal idempotent Pµm,m parameter sets for O⊃C4 and O⊃C3  case of SF6 level clusters 
       Off-diagonal nilpotent Pµm,n (m≠n) parameter sets needed for O⊃C2 clusters 
Deriving nilpotent projectors Pµm,n and ireps Dµm,n by fundamental g!Pµm,n  relations: 
          (a) Pµm,m gPµn,n=Dµm,n(g)Pµm,n   (b) g=ΣµΣm,nDµm,n(g)Pµm,n   (c) Pµn,n=(ℓµ/°G)ΣgDµ*m,n(g)g 
       Review of nilpotent projectors for simple D3⊃C2 ~ C3v⊃Cv chains 

          Calculating and Factoring PT11404 and PT11434  
                             
Structure and applications of coset tabulated Dµm,n irreps for various Oh subgroup chains 
        Oh⊃D4h⊃C4v ,            Oh⊃D3h⊃C3v ,             Oh⊃C2v 

             Comparing Oh⊃D4h⊃D2h and Oh⊃D3d⊃C2 representations (T1 vector-type) 

                 Examples of off-diagonal tunneling coefficients DE0424 

                 Comparing local C4, C3, and C2 cluster spectra of Oh-symmetric tensors T[4]+T[6]                 
                Monster clusters: When local C2 symmetry dominates 
Comparing off-diagonal O⊃C2 parameter sets to CH4 models with triple point cluster-crossings 
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O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1
   

1 ⋅Pα = ( p04
  +  p14

 +   p24
 +   p34

) ⋅Pα

1 ⋅P A1 = P0404

A1  +  0    +    0     +   0

1 ⋅P A2 =    0   +  0    +   P2424

A2  +  0

1 ⋅PE = P0404

E +   0    +   P2424

E  +  0

1 ⋅PT1 = P0404

T1  +  P1414

T1 +    0     + P3434

T1

1 ⋅PT2 =  0    +  P1414

T2  +  P2424

T2  + P3434

T2
    

pm4
=

p04
= (1+R z + ρz +

!R z ) / 4

p14
= (1+ iR z − ρz − i !R z ) / 4

p24
= (1−R z + ρz −

!R z ) / 4

p34
= (1− iR z − ρz + i !R z ) / 4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

    

Pn4n4

(α ) (O ⊃C4 ) 1 r1r2 !r3!r4 !r1!r2r3r4 ρxρ y ρz Rx
!Rx Ry

!Ry Rz
!Rz i1i2i5i6 i3i4

24 ⋅P0404

A1 1 1 1 1 1 1 1 1 +1 +1

24 ⋅P2424

A2 1 1 1 1 1 −1 −1 −1 −1 −1

12 ⋅P0404

E 1 −2
1 −2

1 1 1 −2
1 1 1 −2

1 +1

12 ⋅P2424

E 1 −2
1 −2

1 1 1 +2
1 −1 −1 +2

1 −1

8 ⋅P1414

T1 1 −2
i +2

i 0 −1 +2
1 −i +i −2

1 0

8 ⋅P3434

T1 1 +2
i −2

i 0 −1 +2
1 +i −i −2

1 0

8 ⋅P0404

T1 1 0 0 −1 1 0 1 1 0 −1

8 ⋅P1414

T2 1 +2
i −2

i 0 −1 −2
1 −i +i +2

1 0

8 ⋅P3434

T2 1 −2
i +2

i 0 −1 −2
1 +i −i +2

1 0

8 ⋅P2424

T2 1 0 0 −1 1 0 −1 −1 0 1

   
where : pm4

=
1
4

eim⋅p/4R z
p

p=0

3
∑

Summary of 
O⊃C4 

diagonal 
(idempotent) 

projectors 
Pµjj

The 04↑cluster
i16 

split
i34 

split

   

P0404

A1 +1

P0404

T1   0

P0404

E −1/2

   

+1P0404

A1 P0404

E +1

  −1 P0404

T1
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pm4
=

p04
= (1+R z + ρz +

!R z ) / 4

p14
= (1+ iR z − ρz − i !R z ) / 4

p24
= (1−R z + ρz −

!R z ) / 4

p34
= (1− iR z − ρz + i !R z ) / 4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

    

Pn4n4

(α ) (O ⊃C4 ) 1 r1r2 !r3!r4 !r1!r2r3r4 ρxρ y ρz Rx
!Rx Ry

!Ry Rz
!Rz i1i2i5i6 i3i4

24 ⋅P0404

A1 1 1 1 1 1 1 1 1 +1 +1

24 ⋅P2424

A2 1 1 1 1 1 −1 −1 −1 −1 −1

12 ⋅P0404

E 1 −2
1 −2

1 1 1 −2
1 1 1 −2

1 +1

12 ⋅P2424

E 1 −2
1 −2

1 1 1 +2
1 −1 −1 +2

1 −1

8 ⋅P1414

T1 1 −2
i +2

i 0 −1 +2
1 −i +i −2

1 0

8 ⋅P3434

T1 1 +2
i −2

i 0 −1 +2
1 +i −i −2

1 0

8 ⋅P0404

T1 1 0 0 −1 1 0 1 1 0 −1

8 ⋅P1414

T2 1 +2
i −2

i 0 −1 −2
1 −i +i +2

1 0

8 ⋅P3434

T2 1 −2
i +2

i 0 −1 −2
1 +i −i +2

1 0

8 ⋅P2424

T2 1 0 0 −1 1 0 −1 −1 0 1

   
where : pm4

=
1
4

eim⋅p/4R z
p

p=0

3
∑

The 04↑cluster
i16 

split
i34 

split

   

P0404

A1 +1

P0404

T1   0

P0404

E −1/2

   

+1P0404

A1 P0404

E +1

  −1 P0404

T1

    

O: χg
µ g=1

r1−4

!r1−4
ρxyz

Rxyz
!Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

O  characters

5 class sums (Each commutes with all 24 operators in O)

10 split-class sums (Each commutes only with all 4 operators in C4)

5 
Pµ

 p
ro

je
ct

or
s

10
 P
µ k

k p
ro

je
ct

or
s

1

2 3 4 5 6 7 8 9 10

2

3

4

5

6

7

8

9

10



    

pm4
=

p04
= (1+R z + ρz +

!R z ) / 4

p14
= (1+ iR z − ρz − i !R z ) / 4

p24
= (1−R z + ρz −

!R z ) / 4

p34
= (1− iR z − ρz + i !R z ) / 4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

    

Pn4n4

(α ) (O ⊃C4 ) 1 r1r2 !r3!r4 !r1!r2r3r4 ρxρ y ρz Rx
!Rx Ry

!Ry Rz
!Rz i1i2i5i6 i3i4

24 ⋅P0404

A1 1 1 1 1 1 1 1 1 +1 +1

24 ⋅P2424

A2 1 1 1 1 1 −1 −1 −1 −1 −1

12 ⋅P0404

E 1 −2
1 −2

1 1 1 −2
1 1 1 −2

1 +1

12 ⋅P2424

E 1 −2
1 −2

1 1 1 +2
1 −1 −1 +2

1 −1

8 ⋅P1414

T1 1 −2
i +2

i 0 −1 +2
1 −i +i −2

1 0

8 ⋅P3434

T1 1 +2
i −2

i 0 −1 +2
1 +i −i −2

1 0

8 ⋅P0404

T1 1 0 0 −1 1 0 1 1 0 −1

8 ⋅P1414

T2 1 +2
i −2

i 0 −1 −2
1 −i +i +2

1 0

8 ⋅P3434

T2 1 −2
i +2

i 0 −1 −2
1 +i −i +2

1 0

8 ⋅P2424

T2 1 0 0 −1 1 0 −1 −1 0 1

   
where : pm4

=
1
4

eim⋅p/4R z
p

p=0

3
∑

Adding rows of  
eigenvalue table 
collapses it back 
to O-characters

    

O: χg
µ g=1

r1−4

!r1−4
ρxyz

Rxyz
!Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

10
 P
µ k

k p
ro

je
ct

or
s

1

2 3 4 5 6 7 8 9 10

2

3

4

5

6

7

8

9

10

1 1 1 11
1 1 1 11
-1 2 0 02

0 -1 1 -13

0 -1 -1 13

O  characters

5 class sums (Each commutes with all 24 operators in O)

10 split-class sums (Each commutes only with all 4 operators in C4)

5 
Pµ

 p
ro

je
ct

or
s
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Pm4m4
µ ≡ pm4P

µ = P µpm4      …uses left-coset combinations…                                            …and projector “factoring”...  
1C4 = 1 1,ρz ,R z , !R z{ }  ,  ρxC4 = ρx ,ρy ,i4 ,i3{ }  ,  r1C4 = r1,r4 ,i1,R y{ }  ,  r2C4 = r2 ,r3,i2 , !R y{ }  ,  !r1C4 = !r1, !r3, !R x ,i6{ }  ,  !r2C4 = !r2 , !r4 ,R x ,i5{ }  .  

Preceding development of irreducible C4-projectors and split sub-classes: 



Preceding development of irreducible C4-projectors and split sub-classes: 
Pm4m4

µ ≡ pm4P
µ = P µpm4

1C4 = 1 1,ρz ,R z , !R z{ }  ,  ρxC4 = ρx ,ρy ,i4 ,i3{ }  ,  r1C4 = r1,r4 ,i1,R y{ }  ,  r2C4 = r2 ,r3,i2 , !R y{ }  ,  !r1C4 = !r1, !r3, !R x ,i6{ }  ,  !r2C4 = !r2 , !r4 ,R x ,i5{ }  .  

O-subgroup operators 

C4 = 1,ρz ,R z , !R z{ }
    = 1,R z

2 ,R z ,R z
3{ }

  

      …uses left-coset combinations…                                            …and projector “factoring”...  

C4-Split subclasses : 1⎡⎣ ⎤⎦ , {r1,r2 , !r3, !r4},{!r1, !r2 ,r3,r4}⎡⎣ ⎤⎦ , {ρx ,ρy},{ρz}⎡⎣ ⎤⎦ , {R x , !R x ,R y , !R y},{R z},{ !R z}⎡⎣ ⎤⎦ , {i1,i2 ,i5,i6}{i3,i4}⎡⎣ ⎤⎦



Preceding development of irreducible C4-projectors and split sub-classes: 
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Oh⊃C4v ′A ′B ′′A ′′B E

A1g↓C4v 1 ⋅ ⋅ ⋅ ⋅

A2g↓C4v ⋅ 1 ⋅ ⋅ ⋅

Eg↓C4v 1 1 ⋅ ⋅ ⋅

T1g↓C4v ⋅ ⋅ 1 ⋅ 1

T2g↓C4v ⋅ ⋅ ⋅ 1 1

A1u↓C4v ⋅ ⋅ 1 ⋅ ⋅

A2u↓C4v ⋅ ⋅ ⋅ 1 ⋅

Eu↓C4v ⋅ ⋅ 1 1 ⋅

T1u↓C4v 1 ⋅ ⋅ ⋅ 1

T2u↓C4v ⋅ 1 ⋅ ⋅ 1

,

Oh⊃C3v ′A ′′A E

A1g↓C3v 1 ⋅ ⋅

A2g↓C3v ⋅ 1 ⋅

Eg↓C3v ⋅ ⋅ 1

T1g↓C3v ⋅ 1 1

T2g↓C3v 1 ⋅ 1

A1u↓C3v ⋅ 1 ⋅

A2u↓C3v 1 ⋅ ⋅

Eu↓C3v ⋅ ⋅ 1

T1u↓C3v 1 ⋅ 1

T2u↓C3v ⋅ 1 1

,

Oh⊃C2v
i ′A ′B ′′A ′′B

A1g↓C2v
i 1 ⋅ ⋅ ⋅

A2g↓C2v
i ⋅ 1 ⋅ ⋅

Eg↓C2v
i 1 1 ⋅ ⋅

T1g↓C2v
i ⋅ 1 1 1

T2g↓C2v
i 1 ⋅ 1 1

A1u↓C2v
i ⋅ ⋅ 1 ⋅

A2u↓C2v
i ⋅ ⋅ ⋅ 1

Eu↓C2v
i ⋅ ⋅ 1 1

T1u↓C2v
i 1 1 ⋅ 1

T2u↓C2v
i 1 1 1 ⋅

,

Oh⊃C2v
z ′A ′B ′′A ′′B

A1g↓C2v
z 1 ⋅ ⋅ ⋅

A2g↓C2v
z 1 ⋅ ⋅ ⋅

Eg↓C2v
z 2 ⋅ ⋅ ⋅

T1g↓C2v
z ⋅ 1 1 1

T2g↓C2v
z ⋅ 1 1 1

A1u↓C2v
z ⋅ ⋅ 1 ⋅

A2u↓C2v
z ⋅ ⋅ 1 ⋅

Eu↓C2v
z ⋅ ⋅ 2 ⋅

T1u↓C2v
z 1 1 ⋅ 1

T2u↓C2v
z 1 1 ⋅ 1

   

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

O⊃C3 03 13 23

A1↓C3 1 ⋅ ⋅

A2↓C3 1 ⋅ ⋅

E↓C3 ⋅ 1 1

T1↓C3 1 1 1

T2↓C3 1 1 1

O⊃C2(i1) 02 12

A1↓C2 1 ⋅

A2↓C2 ⋅ 1

E↓C2 1 1

T1↓C2 1 2

T2↓C2 2 1

O⊃C2(ρz ) 02 12

A1↓C2 1 ⋅

A2↓C2 1 ⋅

E↓C2 2 ⋅

T1↓C2 1 2

T2↓C2 1 2

Oh⊃C4v 
correlation 
predicts the 
parity of 
the A1T1E 
cluster is not 
uniformly 
even (g) or  
odd (u):  
A1gT1uEg

Correlations for local Oh⊃C4v symmetry

Int.J.Mol.Sci, 14, 714(2013)pdf p64        
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Oh⊃C4v ′A ′B ′′A ′′B E

A1g↓C4v 1 ⋅ ⋅ ⋅ ⋅

A2g↓C4v ⋅ 1 ⋅ ⋅ ⋅

Eg↓C4v 1 1 ⋅ ⋅ ⋅

T1g↓C4v ⋅ ⋅ 1 ⋅ 1

T2g↓C4v ⋅ ⋅ ⋅ 1 1

A1u↓C4v ⋅ ⋅ 1 ⋅ ⋅

A2u↓C4v ⋅ ⋅ ⋅ 1 ⋅

Eu↓C4v ⋅ ⋅ 1 1 ⋅

T1u↓C4v 1 ⋅ ⋅ ⋅ 1

T2u↓C4v ⋅ 1 ⋅ ⋅ 1

,

Oh⊃C3v ′A ′′A E

A1g↓C3v 1 ⋅ ⋅

A2g↓C3v ⋅ 1 ⋅

Eg↓C3v ⋅ ⋅ 1

T1g↓C3v ⋅ 1 1

T2g↓C3v 1 ⋅ 1

A1u↓C3v ⋅ 1 ⋅

A2u↓C3v 1 ⋅ ⋅

Eu↓C3v ⋅ ⋅ 1

T1u↓C3v 1 ⋅ 1

T2u↓C3v ⋅ 1 1

,

Oh⊃C2v
i ′A ′B ′′A ′′B

A1g↓C2v
i 1 ⋅ ⋅ ⋅

A2g↓C2v
i ⋅ 1 ⋅ ⋅

Eg↓C2v
i 1 1 ⋅ ⋅

T1g↓C2v
i ⋅ 1 1 1

T2g↓C2v
i 1 ⋅ 1 1

A1u↓C2v
i ⋅ ⋅ 1 ⋅

A2u↓C2v
i ⋅ ⋅ ⋅ 1

Eu↓C2v
i ⋅ ⋅ 1 1

T1u↓C2v
i 1 1 ⋅ 1

T2u↓C2v
i 1 1 1 ⋅

,

Oh⊃C2v
z ′A ′B ′′A ′′B

A1g↓C2v
z 1 ⋅ ⋅ ⋅

A2g↓C2v
z 1 ⋅ ⋅ ⋅

Eg↓C2v
z 2 ⋅ ⋅ ⋅

T1g↓C2v
z ⋅ 1 1 1

T2g↓C2v
z ⋅ 1 1 1

A1u↓C2v
z ⋅ ⋅ 1 ⋅

A2u↓C2v
z ⋅ ⋅ 1 ⋅

Eu↓C2v
z ⋅ ⋅ 2 ⋅

T1u↓C2v
z 1 1 ⋅ 1

T2u↓C2v
z 1 1 ⋅ 1

   

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

O⊃C3 03 13 23

A1↓C3 1 ⋅ ⋅

A2↓C3 1 ⋅ ⋅

E↓C3 ⋅ 1 1

T1↓C3 1 1 1

T2↓C3 1 1 1

O⊃C2(i1) 02 12

A1↓C2 1 ⋅

A2↓C2 ⋅ 1

E↓C2 1 1

T1↓C2 1 2

T2↓C2 2 1

O⊃C2(ρz ) 02 12

A1↓C2 1 ⋅

A2↓C2 1 ⋅

E↓C2 2 ⋅

T1↓C2 1 2

T2↓C2 1 2

Correlations for local Oh⊃C3v symmetry
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O⊃C2(i1) 02 12

A1↓C2 1 ⋅

A2↓C2 ⋅ 1

E↓C2 1 1

T1↓C2 1 2

T2↓C2 2 1

O⊃C2(ρz ) 02 12

A1↓C2 1 ⋅

A2↓C2 1 ⋅

E↓C2 2 ⋅

T1↓C2 1 2

T2↓C2 1 2

Oh⊃C2v
i ′A ′B ′′A ′′B

A1g↓C2v
i 1 ⋅ ⋅ ⋅

A2g↓C2v
i ⋅ 1 ⋅ ⋅

Eg↓C2v
i 1 1 ⋅ ⋅

T1g↓C2v
i ⋅ 1 1 1

T2g↓C2v
i 1 ⋅ 1 1

A1u↓C2v
i ⋅ ⋅ 1 ⋅

A2u↓C2v
i ⋅ ⋅ ⋅ 1

Eu↓C2v
i ⋅ ⋅ 1 1

T1u↓C2v
i 1 1 ⋅ 1

T2u↓C2v
i 1 1 1 ⋅

,

Oh⊃C2v
z ′A ′B ′′A ′′B

A1g↓C2v
z 1 ⋅ ⋅ ⋅

A2g↓C2v
z 1 ⋅ ⋅ ⋅

Eg↓C2v
z 2 ⋅ ⋅ ⋅

T1g↓C2v
z ⋅ 1 1 1

T2g↓C2v
z ⋅ 1 1 1

A1u↓C2v
z ⋅ ⋅ 1 ⋅

A2u↓C2v
z ⋅ ⋅ 1 ⋅

Eu↓C2v
z ⋅ ⋅ 2 ⋅

T1u↓C2v
z 1 1 ⋅ 1

T2u↓C2v
z 1 1 ⋅ 1

O⊃C2 parameter sets require  
off-diagonal nilpotent Pµm,n (m≠n)

Correlations for local Oh⊃C2v symmetry
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Local C4

Why O⊃C2 parameter sets require  
off-diagonal nilpotent Pµm,n (m≠n)
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T1 r 1P0404

T1 = D1404

T1 (r 1)P1404

T1 = PT1p 14
r 1p 04

 

 

= (r1 + r4 + i1 +Ry )− (r2 + r3 + i2 + !Ry )− i(!r1 + !r3 + !Rx + i6 )+ i(!r2 + !r4 +Rx + i5 )

= r1p 04− r2p 04− i !r1p 04+ i !r2p 04

 

p 14
r 1p 04
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1 r1 r4 i1 Ry
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Consistent with standard:Pm4m4

µ =
ℓµ

°G
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(Now find nilpotent projectors       and off-diagonal Djk
T1*(g)Pjk
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2
p 14r 1p 04=

1
2
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Irreducible nilpotent projectors Pµm,n 

Then find nilpotent proportional to:

Coset-factored T1-sum:
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T1 =  8
1[(1)⋅1p14

      + (0)⋅ρxp 14
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i )⋅r 1p 14
       + (+2

i )⋅r 2p 14
      + (-2
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]
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1,ρz ,Rz , !Rz{ }  

ρx ,ρy , i4 , i3{ }  

r1,r4 , i1,Ry{ }  

r2,r3, i2, !Ry{ }  

!r1, !r3, !Rx , i6{ }  

!r2, !r4 ,Rx , i5{ }

O⊃C4 
left cosets

P1404
T1

 1 
16

[ ]/16

[ ]/4

    

pm4
=

1
4

e
-2π i m4⋅p

4 R z
p

p=0

3
∑ =

p04
=(1+R z+ρz+
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Irreducible nilpotent projectors Pµm,n 

Then find nilpotent proportional to:

Coset-factored T1-sum:
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Rz
!Ry −i2 −ir2 +ir3

!Rz i1 −Ry −ir4 +ir 1

 

1,ρz ,Rz , !Rz{ }  

ρx ,ρy , i4 , i3{ }  

r1,r4 , i1,Ry{ }  

r2,r3, i2, !Ry{ }  

!r1, !r3, !Rx , i6{ }  

!r2, !r4 ,Rx , i5{ }

O⊃C4 
left cosets

    

pm4
=

1
4

e
-2π i m4⋅p

4 R z
p

p=0

3
∑ =

p04
=(1+R z+ρz+
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Irreducible nilpotent projectors Pµm,n 

Then find nilpotent proportional to:

Coset-factored T1-sum:
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]
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T1 = PT1p 04
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1
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e
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3
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⎨

⎪
⎪
⎪

⎩

⎪
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Consistent with standard:Pm4m4
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Dm4m4
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= (!r 1+ !r 4+ !Ry + i1)− (!r 3+ !r2 + i2 +Ry )− i( !Rx + i5 + r2 + r4 )+ i(i6 +Rx + r3 + r 1)

= p 04 !r 1− p 04 !r 3− ip 04 !Rx + ip 04 i6



Irreducible nilpotent projectors Pµm,n 

Then find nilpotent proportional to:

Coset-factored T1-sum:

 

P1414

T1 =  8
1[(1)⋅1p14

      + (0)⋅ρxp 14
    + (+2

i )⋅r 1p 14
       + (+2

i )⋅r 2p 14
      + (-2

i )⋅ !r 1p 14
       + (-2

i )⋅ !r 2p 14
]

P3434

T1 =  8
1[(1)⋅1p 34

    + (0)⋅ρxp 34
    + (-2

i )⋅r 1p 34
     + (-2

i )⋅r 2p 34
      + (+2

i )⋅ !r 1p 34
       + (+2

i )⋅ !r 2p 34
]

P0404

T1 =8
1 [(1)⋅1p 04

      + (-1)⋅ρxp 04
    + (0)⋅r 1p 04

      + (0)⋅r 2p 04
     + (0)⋅ !r 1p 04

        + (0)⋅ !r 2p 04
]

Calculating: P1414

T1 r 1P3434

T1 = D1434

T1 (r 1)P1434

T1 = PT1p 14
r 1p 34

 

 

= (r1 − r4 − ii1 + iRy )+ (r2 − r3 − ii2 + i !Ry )+ (!r1 − !r3 − i !Rx + ii6 )+ (!r2 − !r4 − iRx + ii5 )

= r1p 34+ r2p 34+ !r1p 34+ !r2p 34

 ~ (?)·(r1p 34+ r2p 34+ !r1p 34+ !r2p 34 )P1434

T1 = PT1p 14
r 1p 34

 
Result is nicely factored quite like      :

 

p 14
r 1p 34
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r1 −r4 −ii1 +iRy

1 r1 −r4 −ii1 +iRy
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+iRz +ii6 −i !Rx + !r1 − !r3

−i !Rz −iRx +ii5 − !r4 + !r2

 

1,ρz ,Rz , !Rz{ }  

ρx ,ρy , i4 , i3{ }  
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!r1, !r3, !Rx , i6{ }  

!r2, !r4 ,Rx , i5{ }

O⊃C4 
left cosets

P1404
T1

 ~ (?)·(r1p 34+ r2p 34+ !r1p 34+ !r2p 34 )P1434

T1 = PT1p 14
r 1p 34
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=

1
4

e
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4 R z
p
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3
∑ =
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!R z)/4

p14
=(1-iR z-ρz + i !R z)/4

p24
=(1-R z + ρz - !R z)/4

p34
=(1+ iR z-ρz -i !R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
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Consistent with standard:Pm4m4

µ =
ℓµ

°G
Dm4m4

µ* (g)g
g
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3.12.18 class 17.0: Symmetry Principles for 
Advanced Atomic-Molecular-Optical-Physics 

William G. Harter - University of Arkansas

Discrete symmetry subgroups of  O(3)⊃(Octahedral Oh⊃O): Part II Full D(α)-matrices defined 
by subgroup-chains O⊃D4⊃C4, D2, or C3 applied to eigensolutions of Oh-tensors T[4]+T[6]

Review Idempotent projector splits  Pµm,m of O⊃C4 PE0404  PE2424 PT10404 PT11414 PT22424 PT21414  
Review Coset factored splitting of projectors for O⊃D4⊃C4 into split classes and level structure        
Hamiltonian level cluster models with subgroup-defined tunneling parameters 
       Diagonal idempotent Pµm,m parameter sets for O⊃C4 and O⊃C3  case of SF6 level clusters 
       Off-diagonal nilpotent Pµm,n (m≠n) parameter sets needed for O⊃C2 clusters 
Deriving nilpotent projectors Pµm,n and ireps Dµm,n by fundamental g!Pµm,n  relations: 
          (a) Pµm,m gPµn,n=Dµm,n(g)Pµm,n   (b) g=ΣµΣm,nDµm,n(g)Pµm,n   (c) Pµn,n=(ℓµ/°G)ΣgDµ*m,n(g)g 
       Review of nilpotent projectors for simple D3⊃C2 ~ C3v⊃Cv chains 

          Calculating and Factoring PT11404 and PT11434  
                             
Structure and applications of coset tabulated Dµm,n irreps for various Oh subgroup chains 
        Oh⊃D4h⊃C4v ,            Oh⊃D3h⊃C3v ,             Oh⊃C2v 

             Comparing Oh⊃D4h⊃D2h and Oh⊃D3d⊃C2 representations (T1 vector-type) 

                 Examples of off-diagonal tunneling coefficients DE0424 

                 Comparing local C4, C3, and C2 cluster spectra of Oh-symmetric tensors T[4]+T[6]                 
                Monster clusters: When local C2 symmetry dominates 
Comparing off-diagonal O⊃C2 parameter sets to CH4 models with triple point cluster-crossings 

(Lect13p95    )

Are these “accidents” or not?

https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-13-2.26.18.pdf#page=95
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Ireps for O⊃D4⊃C4 subgroup chain
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E
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z
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O: χg
µ g=1

r1−4

!r1−4
ρxyz

Rxyz
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µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1
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Ireps for O⊃D3⊃C2 subgroup chain (Also permutation group Young Tableau chain S4⊃S3⊃S2⊃S1 )
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O
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E
E
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E
E
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Ireps for O⊃D3⊃C2 subgroup chain (contd)

1 2
3 4

  1 3
2 4

  

(Also permutation group Young Tableau chain S4⊃S3⊃S2⊃S1)
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3.12.18 class 17.0: Symmetry Principles for 
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Local C4  symmetry 
conditions 

i1256 = i1 = i2 = i5 = i6 
and 

i34 = i3 = i4  
make all off-diagonal 
coefficients identically 

ZERO. 
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       Off-diagonal nilpotent Pµm,n (m≠n) parameter sets needed for O⊃C2 clusters 
Deriving nilpotent projectors Pµm,n and ireps Dµm,n by fundamental g!Pµm,n  relations: 
          (a) Pµm,m gPµn,n=Dµm,n(g)Pµm,n   (b) g=ΣµΣm,nDµm,n(g)Pµm,n   (c) Pµn,n=(ℓµ/°G)ΣgDµ*m,n(g)g 
       Review of nilpotent projectors for simple D3⊃C2 ~ C3v⊃Cv chains 

          Calculating and Factoring PT11404 and PT11434  
                             
Structure and applications of coset tabulated Dµm,n irreps for various Oh subgroup chains 
        Oh⊃D4h⊃C4v ,            Oh⊃D3h⊃C3v ,             Oh⊃C2v 

             Comparing Oh⊃D4h⊃D2h and Oh⊃D3d⊃C2 representations (T1 vector-type) 

                 Examples of off-diagonal tunneling coefficients DE0424 

                 Comparing local C4, C3, and C2 cluster spectra of Oh-symmetric tensors T[4]+T[6]                 
                Monster clusters: When local C2 symmetry dominates 
Comparing off-diagonal O⊃C2 parameter sets to CH4 models with triple point cluster-crossings 

(Lect13p95    )

Are these “accidents” or not?   NOT!

https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-13-2.26.18.pdf#page=95


“It’s no “accident!” 

Int.J.Mol.Sci, 14, 714(2013)         

https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Molecular_Eigensolution_Symmetry_Analysis_and_Fine_Structure_-_IJMS-harter-mitchell-2013.pdf#page=79


Oh⊃C4v ′A ′B ′′A ′′B E

A1g↓C4v 1 ⋅ ⋅ ⋅ ⋅

A2g↓C4v ⋅ 1 ⋅ ⋅ ⋅

Eg↓C4v 1 1 ⋅ ⋅ ⋅

T1g↓C4v ⋅ ⋅ 1 ⋅ 1

T2g↓C4v ⋅ ⋅ ⋅ 1 1

A1u↓C4v ⋅ ⋅ 1 ⋅ ⋅

A2u↓C4v ⋅ ⋅ ⋅ 1 ⋅

Eu↓C4v ⋅ ⋅ 1 1 ⋅

T1u↓C4v 1 ⋅ ⋅ ⋅ 1

T2u↓C4v ⋅ 1 ⋅ ⋅ 1

,

Oh⊃C3v ′A ′′A E

A1g↓C3v 1 ⋅ ⋅

A2g↓C3v ⋅ 1 ⋅

Eg↓C3v ⋅ ⋅ 1

T1g↓C3v ⋅ 1 1

T2g↓C3v 1 ⋅ 1

A1u↓C3v ⋅ 1 ⋅

A2u↓C3v 1 ⋅ ⋅

Eu↓C3v ⋅ ⋅ 1

T1u↓C3v 1 ⋅ 1

T2u↓C3v ⋅ 1 1

,

Oh⊃C2v
i ′A ′B ′′A ′′B

A1g↓C2v
i 1 ⋅ ⋅ ⋅

A2g↓C2v
i ⋅ 1 ⋅ ⋅

Eg↓C2v
i 1 1 ⋅ ⋅

T1g↓C2v
i ⋅ 1 1 1

T2g↓C2v
i 1 ⋅ 1 1

A1u↓C2v
i ⋅ ⋅ 1 ⋅

A2u↓C2v
i ⋅ ⋅ ⋅ 1

Eu↓C2v
i ⋅ ⋅ 1 1

T1u↓C2v
i 1 1 ⋅ 1

T2u↓C2v
i 1 1 1 ⋅

,

Oh⊃C2v
z ′A ′B ′′A ′′B

A1g↓C2v
z 1 ⋅ ⋅ ⋅

A2g↓C2v
z 1 ⋅ ⋅ ⋅

Eg↓C2v
z 2 ⋅ ⋅ ⋅

T1g↓C2v
z ⋅ 1 1 1

T2g↓C2v
z ⋅ 1 1 1

A1u↓C2v
z ⋅ ⋅ 1 ⋅

A2u↓C2v
z ⋅ ⋅ 1 ⋅

Eu↓C2v
z ⋅ ⋅ 2 ⋅

T1u↓C2v
z 1 1 ⋅ 1

T2u↓C2v
z 1 1 ⋅ 1

   

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

O⊃C3 03 13 23

A1↓C3 1 ⋅ ⋅

A2↓C3 1 ⋅ ⋅

E↓C3 ⋅ 1 1

T1↓C3 1 1 1

T2↓C3 1 1 1

O⊃C2(i1) 02 12

A1↓C2 1 ⋅

A2↓C2 ⋅ 1

E↓C2 1 1

T1↓C2 1 2

T2↓C2 2 1

O⊃C2(ρz ) 02 12

A1↓C2 1 ⋅

A2↓C2 1 ⋅

E↓C2 2 ⋅

T1↓C2 1 2

T2↓C2 1 2

End of Lecture 17.  Following are Oh-related tables some given previously



    1,ρz ,R z , !R z⎡⎣ ⎤⎦        ρx ,ρy ,i4 ,i3⎡⎣ ⎤⎦          r1,r4 ,i1,R y
⎡⎣ ⎤⎦          r2 ,r3,i2 , !R y

⎡⎣ ⎤⎦          !r1, !r3, !R x ,i6⎡⎣ ⎤⎦         !r2 , !r4 ,R x ,i5⎡⎣ ⎤⎦  Cosets of C4

1  1,ρz ,R z , !R z( ),  ρx 1,ρz ,R z , !R z( ),     r1 1,ρz ,R z , !R z( ),     r2 1,ρz ,R z , !R z( ),     !r1 1,ρz ,R z , !R z( ),     !r2 1,ρz ,R z , !R z( )
ρz ρz ,1, !R z ,R z( ),   ρy ρz ,1, !R z ,R z( ),     r4 ρz ,1, !R z ,R z( ),    r3 ρz ,1, !R z ,R z( ),     !r3 ρz ,1, !R z ,R z( ),     !r4 ρz ,1, !R z ,R z( )
R z
!R z ,R z ,1,ρz( ),   i4 !R z ,R z ,1,ρz( ),      i1 !R z ,R z ,1,ρz( ),    i2 !R z ,R z ,1,ρz( ),     !R x

!R z ,R z ,1,ρz( ),   R x
!R z ,R z ,1,ρz( )

!R z R z , !R z ,ρz ,1( ),   i3 R z , !R z ,ρz ,1( ),   R y R z , !R z ,ρz ,1( ),  !R y R z , !R z ,ρz ,1( ),      i6 R z , !R z ,ρz ,1( ),      i5 R z , !R z ,ρz ,1( )   

!r2 !r4 R x i5

!r2 1 ρz R z
!R z

!r4 ρz 1 !R z R z

R x
!R z R z 1 ρz

i5 R z
!R z ρz 1

 

!r1 !r3 !R x i6

!r1 1 ρz R z
!R z

!r3 ρz 1 !R z R z

!R x
!R z R z 1 ρz

i6 R z
!R z ρz 1

  

1 ρz R z
!R z

1 1 ρz R z
!R z

ρz ρz 1 !R z R z

R z
!R z R z 1 ρz

!R z R z
!R z ρz 1

 

ρx ρy i4 i3

ρx 1 ρz R z
!R z

ρy ρz 1 !R z R z

i4 !R z R z 1 ρz

i3 R z
!R z ρz 1

 

r1 r4 i1 R y

r1 1 ρz R z
!R z

r4 ρz 1 !R z R z

i1 !R z R z 1 ρz

R y R z
!R z ρz 1

  

r2 r3 i2 !R y

r2 1 ρz R z
!R z

r3 ρz 1 !R z R z

i2 !R z R z 1 ρz

!R y R z
!R z ρz 1

!r2 !r4 R x i5

!r2 1 ρz R z
!R z

!r4 ρz 1 !R z R z

R x
!R z R z 1 ρz

i5 R z
!R z ρz 1

 

!r1 !r3 !R x i6

!r1 1 ρz R z
!R z

!r3 ρz 1 !R z R z

!R x
!R z R z 1 ρz

i6 R z
!R z ρz 1

  

1 ρz R z
!R z

1 1 ρz R z
!R z

ρz ρz 1 !R z R z

R z
!R z R z 1 ρz

!R z R z
!R z ρz 1

 

ρx ρy i4 i3

ρx 1 ρz R z
!R z

ρy ρz 1 !R z R z

i4 !R z R z 1 ρz

i3 R z
!R z ρz 1

 

r1 r4 i1 R y

r1 1 ρz R z
!R z

r4 ρz 1 !R z R z

i1 !R z R z 1 ρz

R y R z
!R z ρz 1

  

r2 r3 i2 !R y

r2 1 ρz R z
!R z

r3 ρz 1 !R z R z

i2 !R z R z 1 ρz

!R y R z
!R z ρz 1


