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Review 1. Global vs Local symmetry and Mock-Mach principle

“Give me a place to stand...
and I will move the Earth”
Archimedes 287-212 B.C.E

Recall AMO12 p.41

Ideas Of dualltY/ I’elatIV1ty gO Way baCk (...VanVleck, Casimir..., Mach, Newton, Archimedes...)

Lab-fixed (Extrinsic-Global)R vs. Body-fixed (Intrinsic-Local)R

Lab Based Operations z-Crank docs Body Based Operations
‘: operations
S R(000) or R(00y)

R commutes J-Crank docs

operation

= | with all R

— NN\ \  (because they re independent
‘) | or “unentangled”)

x A | Mock-Mach
\ } relativity principle

\ : —D- ] Z-Crank does
-Crank does R‘ 1 >_R ‘ 1 > operations
\, d operation R(-a00) or R(00-y)
S R(0B0) ...for one state |1) only! "

...But iow do you actually make the R and R operations?
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Review 2. Global vs Local symmetry matrix duality for D;

Example of RELATIVITY-DUALITY for D ~C, &‘2& A
— v 1|r" r|i; b (iy
To represent external {..T,U,V,... }switch g :;\gT on top of group table el 1) i i
RO(1) = RO(r) = RO = RO )= RO ) = RO(i ) = r’lr 1] () i
1 1. 1 A A WA T N AR O i1@§i21rr2
R 1 . . . . . A R T | .. 1 1
A S 1 . . . . . | N
1 ’ 1] : 11 1
1 1 1 . . 1 . . . . 1 . . ..
| A T A R
RESULT: JA
Any R(T)

commute (Evenif T and U do not...)

with any R(U).
..and T U=V if & only if T U=V.

To represent internal {..T,U,V,... } switch g:;gdr on side of group table

glg-table

r r?|i; i, (4
i 0y §
i) i i
1 r r?
1 r
r r’ 1

RO(r) = RG(F2):

RO(D= RO(i) = R(i)= RO(L)= 31
o |
iy (iy
iy

i, 1

s
T ) T
Recall AMOI12 p.50
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Review 3. Global vs Local symmetry expa Tszon of D3 Hamiltonian Recall AMOI12 p.58

7

RESULT: So an [Bl-matrix
Any R(T) '

having Global symmetryD,

commute (EvenifT and U do not...)

! i2 = <12:%I >=lz>X<

|\12>
r;= (rlE)=r,* |l‘>
r, = (CH|1)=r*

)
—
@.

local-D3-deﬁned

with any R(U). | =H1%;F. 57+ i1, +05 4% Hamiltonian matrix
...andm&onlyiffﬁ\_f. lLSoszdfyZZery N H= (1) o)) i) 1) i)
(WI\H | By 1 1
_ This 1s achoDnglete set 5| H 1 l2 13 l]
coupling (r’ b H l3 l] l2
“tunr(z);ling” ( l:] 12 13 H h b
parameters! (1, 1.2 I3 11 H 4
Gillt; 11, 1,11 1 H
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Review 4. Spectral resolution of D3 Center (Class algebra)

Recall AMO12 p.93

(D, Al gebra

~

Another

ril i i i kK, =1 K =r+r’ Kk, =i +i, +i, Maximal Set
r’ir 1d, i i kK| K K, K, 4 DA -'}:/='J D3 Centel’\ of Commutin
i, L, 1 r o K, | K, | 2K+K, 2K, ~|r;,\9 i (Allcornenuting Operators
L, i, i, i’ 1 r| K| K 2K, 3K, + 3K, O Operators) r pe
E1
i, i, i T iy , I;:E
. r 22
Class-sum wi commutes with all g; Pt
Class-sum K, invariance: gK, =K. g 12
°G = order of group: (°D,=6) PE
°k, =orderof classk,:  (°kx, =1, °k =2, °k. =3) 2!
_ A] E_ i]
K, =P +1 + 1'P7=1 (Class completeness)
A
K =2-P1+2:P7— 1-P"
A
K,=3P1-3pP "+ 0-PF ~ o

D3 Class projectors:
Pl=(k +%, +%,)6=1+r+r" +i +i, +i;)/6

:(Kl+1<r—Kl.)/6:(1+r+r2—i1—i2—i3)/6
P" =(2k, -k, +0)3=(21-r-r’)/3

D3 Class characters:

X |\ xox ox
a=A| 1 1 1
o= _
o=F 2 =1 0
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Review 5. and its Cr subgroup splitting

10e2 i, i, i, (D Algebm

ril orii, i i, ki=1 Kk, =r+r° k=i, +i,+i,
2 . . - R Cad —
LS U R K, K; C LA s D; Center

Another
Maximal Set
of Commutin

IR PR P I O K. | K, 2K +K, 2 D (All-cornenutirig Operators
i, i, i3irc 1 r K| K 2K 3, + 3, o OpErEtors) r PE
: DEq >
iy, i =
r2 PE
22
Class-sum wi commutes with all g; T
Class-sum K, invariance: gK, =K. g 12
°G = order of group: (°D, =6) PE
°k, =orderofclassk,:  (°k, =1, °x =2, °k . =3) 2
) :
K, =1'P L+ 1 + 1-'PE=1 (Class completeness) ']
A
K =2-P1+2:P7— 1-P"
A
K, =3P1-3P7+ 0-P" ~ J
Subgroup C>={1,i3} relabels
D3 Class projectors: irreducible class projectors:

Pl=(k +%, +%,)6=1+r+r" +i +i, +i;)/6 ~>PA=Pd;
:(Kl+1<r—Kl.)/6:(1+r+r2—i1—i2—i3)/6

E 2
P” =@k, =k, +0)3=Q1=r=1")3 14 splits reducible projector PE=PE+PE

—> P "=P'p" =P i(1+i,)=Q21-r —r —i —i,+2i,)
+P =P ’p =P i1 -i)=21-r -1 +i +i,-2i)
C, |1 i =(21-r'-r")

D3 Class characters:
XX ox
o= 1 | 1




Review 5. or its Cz subgroup splitting
1ir2 r i, i, i, (D Algeblf'a
S ) L Another
g 1 2 =1 Kk, =r+r° k;=i;+i,+i; Maximal Set
2 C .
reer 14, iy i Lk K K, K; 4 DA -'}:‘./:'J D3 Centel"\ of Commutin
i, i, 0,01 rore K. | Kk, 2K, +K, K. DA (All-cornrmuting Operators
i, i, disir2 1 r K| K 2, 3¢+ X, 0 i operators) r PE
: PE1 >
;0 1, I r
r? PE
22

Class-sum wix commutes with all g

. PE
Class-sum K, invariance: gK, =K. g 12
°G = order of group: (°D,=6) PE
°k, =orderofclassk,:  (°k, =1, °x =2, °k . =3) 2
K, = 1P+ 1 + 1-'PE=1 (Class completeness) ']
Kr :2.PA1+2' — 1PE lef Pylf
K, =3P1-3p" 4 0P’ \ y

Subgroup C>={1,13} relabels
D3 Class projectors: ) irreducible class projectors:
Pl=(x,+x +x)6=A+r+r"+i +i,+i;)/6 > ps—p4,
0202
=(K,;+X, —1<:l.)/6:(1+r+r2 —i,—i, —1;)/6
P" =(2x,~-x,+0)3=(21-r-1)/3
: N\

...and splits reducible projector

Subgroup Cs;={1,rl,r?}
does similarly:
PA4i=P4

PE=PE+PE

0202
—> P =P’p" =P’ }1+i)=Q1-r' -r —i —i, +2i
D3 Class characters: \ g, =B PE=P L) = o L 42
) ., ., ., +P " =P =P 1+i)=21-r —r +i +i,—2i,)
Xo |\ XX x| |1 211 1) ...and splits
T3 .
o= 11 1 O, 11 1 1 N .., differently
L l1 ¢ & P "=P p'=P (I+er +er’)=;(1+er+er’)
o= - ’ Vg E.2 E1 L, oy L P PE=PE+PE
. +P, =P p =P (A+er +¢ r )=;(1+ er+£r’) 1313 2323
—E|2 -1 o 2lle @ — 3 :
o= — =(C21-r -r)
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Review 6.

3rd-Stage: g=1-g-1 trick gives nilpotent projectors PE12=(PE21)T and Weyl g-expansion: g=2D%;(g)P%;

Centrum K(D4)=3 _ T CRra Rank p(Dg)=4
idempotents D3 gl e el idempotents
P(®) Pi=1 1 16 P
P=1 1 -1 Pi= P6352=P4’])02 =P (1+i)2=( 1+r'+r+ E S )/6
PE=2 -1 03 1))/3%2: Plillzfp%lzplz =PA2(1-i3)/2=( 1eri+r-i - i - )/6
BL= Ri=Pp" =PE(1+i,)0=21-r'- ¥*-1,- i,:2, )6
PL= PL=Plp/=PL1-i)2=1:r- ¥’ 4 + 1}-2i])/6
. yy= HITEP 3 E L @
3rd and Final Step:

Spectral resolution of ALL 6 of D3 : 6=% 33 DIty POy
The old ‘g-equals-1-times-g-times-1" Trick  P#=mZ Do)
_ Sy E EN o (P E E
g=1-g1=(P_ +P +P +P )g- (P +P +P +P )
g=D"(g)P +D ()P +D; (2)P +D; (e)P, +D_ (g)P +D; (g)P,

ey

Six D, projectors: _4 idempotents + 2 nilpotents (off-diag.)
1 ¥ r i i i
1 2 3

Riy=(1 1 11 1 Ds 1 v ¥ & i 1 r i

i
Y 1 2 3 1 2 3
by=(1 1 1 -1-1 -1)/s BA=(2<1 -1 -1 -1 +2)f6 |RE=(0 -1 1 -1+1 O)Ks»

BE=(0 1 -1 -1+1 O)N32 |[BL=(2 -1 -I+1+1 -2)/s




Review 6.

3rd-Stage: g=1-g-1 trick gives nilpotent projectors PE1,=(PE21)T and Weyl g-expansion.: g=2XD%;(g)P*

37d and Final Step:
Spectral resolution of ALL 6 of D3 : e=3 33 Do POy
The old ‘g-equals-1-times-g-times-1" Trick  P= womZ, D2
_ sy E EN & (P E E
g=1-g1=(P_+P +P +P )g- (P +P +P +P )
g=D"(P +D ()P +D; (e)P' +D, (e)P +D, (g)P, +D, (g)P,,

Six D s projectors:_4 idempotents + 2 nilpotents (off-diag.)

L T
RY=(1 1 1 1 1 Db 1 v i hd 1 i i i

By=(1 1 1-1-1 -Dfs BA=(2<1 -1 -1 -1 +2)fs [RE=(0 -1 1 -1+1 O)Ns»
where D, irreducible representations 1}@:(0 1 -1 -1+1 0)A3/ 1;’1;=(2 -1 -1+1+1 -2)/s

3

are: D(g)=+l. D (g)=x,
DE(1)=((1) ?),DE(I')= _f —J; D(r*)- _f [ D" (i) _f _{: a2V ’DE(i3)=((1) -01)
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»Dem’ving diagonal and off-diagonal projectors Pupt and ireps Dayt
Comparison: Global vs Local |g)-basis ~ versus Global vs Local |PW)-basis



Deriving diagonal and off-diagonal projectors Put and ireps Dyt

(r )PE r PE Pofoz with Pofoz =(21-r'—r’ —i —i,+2i,) is represented by

)
Redefining 2-index Pt and DarE
1
(Cfrle)=a(2 1 11 2
\
This gives on-diagonal irep component: DOE . (r")
( 1 A
2
Dl =42 1 a2 i
2
. 1)

\

S‘H
[\9]

L(2-2+1+1-2-2)==

2-index Pt projectors were split from class (all-commuting) PE

P’ =P'p" =P"I(1+i,)=/21-r' -r" —i —i,+2i,)=P’,
E E E1 . 1 1 2 . . .
+P" =P"p =P" (A +i,) =(1-r —r +i +i,-2i)=P"

=(21-r'-r")

=1
2



Deriving diagonal and off-diagonal projectors Put and ireps DarE

P’ rP’ =D, (r)P’ withP’ =(21-r'—r’+i +i, —2i,) is represented by

1
r

<E
0,0,

E—_
>_J;_2(2 11 -1 -1 2)

..but this fails to give off-diagonal irep D, (r')

Dl (=52 4 4 a2

2-index Pt projectors were split from class (all-commuting) PE

/

\

—1
2
-1

+1

—2

+1

...........................................................

J

L Y, )

1
-1 e
1 +1 |2
| 1 +1
1 =2 )

=%(-2-2+1-1+2+2)=0

P’ =P'p" =P"I(1+i,)=/21-r' -r" —i —i,+2i,)=P’,
E E E1 . 1 1 2 . . .
+P" =P"p =P" (A +i,) =(1-r —r +i +i,-2i)=P"

P"=(21-r'-r")

Zero!!l?
..gr-rr!
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Deriving diagonal and off-diagonal projectors Put and ireps DarE

-r r 1 —2r’ -4y 20, -1,
r’ r’ r =21 4y 20 4|7 POirlPE
i i i,  -2i, -1 2r'
i, i i -2 or° 21 1

Definition of P(f 0
2V

Definition of P(f
E INnE _pft  lpkE

2
E (. \pE _pE_ |pE
DO2 (r )P02 Pozr P



Deriving diagonal and off-diagonal projectors Put and ireps DarE

-r r 1 —2r’ -4 20, -1,
B e YR A T Py ' P” =34 (01+9r' —9r” +9i, i, + 0iy)
i i i,  -2i, -1 2r'
i, i i -2i, o~ 21 !

20| 20, —2i, 4i 2r' —4r’ 21

Definition of P(f 0
2V

Definition of P(f
E IoE _nE 1nE
Dozoz(r )P0202—P02r P02

2
E ; \pE _pE_lpE
DO2 (r )P02 Pozr P



Deriving diagonal and off-diagonal projectors Put and ireps DarE

?gnjigT 1 -t b 4 20, Hy
Ci2l =21 2 4 20 -4, 20

r! r! 1 —2r’ -4 20, -1,

r’ r’ r 221 4, 20 i, - ch

I A R A A

i, |, 0, =2y ot 21

20| -2 -2i, 4 20 -4’ 21
So PoirlPE = i(r1 —1r” +i, —i,) has transpose: PErzPOb;

Definition of P(f 0
2V

E I\ E E InE
D r )P =P-"r P
0202( )0202 05" 70,

_ 1 L
=4 (=1 +r 4+ —1)

Definition of P(f

2
E (. \pE _pE_ |pE
DO2 (r )P02 Pozr P



Deriving diagonal and off-diagonal projectors Put and ireps DarE

4 21 A,
_pE lpE _1 1 2 00 _0F 40
2 2 S | i, 20, g _PO2 P~ =3, (01+9r —9r" +91, =91, +01,)
1 2
-1 l 5 21, -1 2r -r
L : : : 2 1
-l , l, -2l r 21 -r

Product: lP(f r'pEpE 1:2_155—5 !
2 h 2,

1
|

_______________

_____

______________________________

Definition of Pob;

E IoE _nE _ IpkE
DO2 (r )P02 —Pozr P
Definition of PEO .

, Definition of PZ, :
DEoz(rl)PEozzPE rlPOb;

DE (+')PE, =pE,'pE



Deriving diagonal and off-diagonal projectors Put and ireps DarE

4 21 A,
_pE lpE _1 1 2 00 _0F 40
2 2 S | i, 20, g _PO2 P~ =3, (01+9r —9r" +91, =91, +01,)
1 2
-1 l 5 21, -1 2r -r
L : : : 2 1
-l , l, -2l r 21 -r

_________________________

_____

______________________________

Definition of P(f

2
E (. \pE _pE_ |pE
DO2 (r )P02 Pozr P



Deriving diagonal and off-diagonal projectors Put and ireps DarE

4 21 A,
_pE lpE _1 1 2 00 _0F 40
2 2 S | i, 20, g _PO2 P~ =3, (01+9r —9r" +91, =91, +01,)
1 2
-1 l 5 21, -1 2r -r
L : : : 2 1
-l , l, -2l r 21 -r

_________________________

_____

______________________________

Definition of Pob;

E IoE _nE _ IpkE
DO2 (r )P02 —Pozr P
Definition of PEO .

, Definition of PZ, :
DEoz(rl)PEozzPE rlPOb;

DE (+')PE, =pE,'pE



Deriving diagonal and off-diagonal projectors Put and ireps DarE

D gg ! . .
3 g2 2 ]
form I r I 1, I
2 ] . .
1 1 r r R O
1 1 2 . . .
r r 1 r O P 8
2 2 ] . . .
r r r 1 L, I I
i i i i, 1
i, |i, i i, r 1 r
i, |0, 0, 0 o1
E IlpEpE 2pE _ 1 1 2« .
E N E
=D r )P . D
0, ( )02

Compare to original projector: POE2 zé(21-l’1-1'2-i1'i2+2i3) = Poioz

2
o E E I oE
02(r )P Ozz‘Doz (r )‘ £

Find product of : P(grlPE = i(l‘1 —r’+ i —1,)

and transpose: PErzPOLZ = i(—r] +r’ +1, —1,)
B L . T
r! | L,
% —r? -r' 1 -1, 1
by -, 1
E R

1 1 2 . . .
= L (41-2r - 2r - 28, - 2i, + 4iy

0,0,
2

Solve for: D(})E2 (rl)‘ =




Deriving diagonal and off-diagonal projectors Put and ireps DarE
. E . E 1 . E :
Defining DEOZ(rl)PE rlPOi =P, for off-diagonal D, (r') projector P, is represented by

( 1 Y o)
1 -1
1 +1
O Y I e
E 1 ~1
\ 1 U0
()
0
E N _ -1 _ _ _ 3
Do2oz(r)—ﬁ( 2 1 -l - - 2) = (2 0+141-042)= =%
0
1)
. . E 1 o) . . rf -
Using normalized: |P; >:%(r —r +|1—|2)‘1
or transpose: <PEO2 = <1 (—r' +r +i —i)L
P, =P'p" =P" (1+i,)=21-r —r —i —i,+2i,) = (3)
+P" =P"p =P (1 +i,)=.21-r'—r +i +i,—2i,)
PSDSFig.3.4.3

=(21-r -r)



The simplest way to compute
(and visualize) D3 1irep DE(r)

r|x)

| PSDSFig.3.4.3
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Compare Global vs Local |g)-basis vs. Global vs Local |PW)-basis

D3 glObal r2 r i] i2 @
group r|1 r2® iy b
product r’lr 1| Gy

i) |1 r r?
table o el

i (3(r° 1 r

iyli, ij|r r’ 1

Change Global to Local by switching
...column-g with column-g

....and row-g with row-g T

(all others are
self-conjugate)

Just switch r with rl=y2 .

D3 local

group
table

vy

W W

£

1’1'2

i; i (0

1 r
rZ 1

i2® i]
@ i] i2

=l
;)

i (3
) i

i, I

1 r r?
1 r
r r? 1




Compare Global vs Local |g)-basis
Example of RELATIVITY-DUALITY for D ~C,

To represent external {..T,U,V,... }switch g :;_\gT on top of group table

R(D) =

RO(r) =

RO() =

G ) _
R (1])_

N

-1

RG(iZ):

-1

RG(i3):

G




Compare Global vs Local |g)-basis

Example of RELATIVITY-DUALITY for D ~C,
To represent external {..T,U,V,... }switch g :;\gT on top of group table

R(D) =

RESULT:

Any R(T)

commute (Evenif T and U do not...)

with any R(U).
\&only if

RO(r) =
S
1

A

_/

.and T U=V if

RO() =

G ) _
R (1])_

-1

RG(iZ):

-1

R O P

RG(iS):

To represent internal {..T,U,V,... } switch g\:“ng on side of group table

RO(1)=

RO(r) =

RG(fZ) —

RG(g):
A |

RG(g):

G

|
Joo o

glg-table

1'1'2

i, i (y

rZ 1

iZ@ i]
@ iI i2

i (3
OB

i, 1

1 r r?
r°1 r
r r? 1
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Compare Global vs Local |g)-basis vs. Global vs Local |PW)-basis

D, global

group
product
table

2
r

i; i (i3

r
r?

1

re|(iy i; i

i, (iy iy

i
i

W

r
1
r
5 i
i]@

i, I

1 r r
1 r
r r? 1

Change Global to Local by switching "« «

D3 global

projector
product
table

...column-P with column-PT

....and row-P with row-PT

Just switch r with ri=r2 .

(all others are
self-conjugate)

D3 local

group
table

31

1’1'2

YV hww

i, i (y

1 r
rZ 1

i2® i]
@ i] i2

=11
Sy

i (3
) i

i, I

1 r r?
1 r
r r? 1

ol 8116501 29 ) 9
i IR < IR

Pi| | PhPL
P Pl P}

PP ()= gmnﬁb |

c “ad

(Fust switch P withp: =P~ )

A &7

AP Py Pl P P,
Al Al . ] . .

D3 local P;Zl; """" - P;Iyz
projector CPh 0 P 0
product Pfy 0 Pr| 0 Pfy
table <:1>f Py 0 Py ¢
P, 0 Pl 0 P

FR =8, By




Compare Global |PW)-basis vs Local |PW)-basis
Matrix “Placeholders” e, for GLOBAL ¢ operators in D

4, o 4, ol P P
d g = D P +Q,§(g)P Q (g)PXX "Dy (g)ny pANEY Pyx + Q, e Xyy
- N AN N N s M VR

Ly e I B L1 St A P Y I v P I P .

Do BB B L B B ] ]

s P/ P/ P/ P/
E!r PH' xx Kxy iKyx Kyvy

P, 1" y| - P, 1" )

. . -

Lo
g -~ .
S .




Compare Global |PW)-basis vs Local |PW)-basis
Matrix “Placeholders”

Py...for LOCAL g operators in D,

A A E =E -
— 4, T 1 A, F» 2 E EF D E E

4 g = O,P +1%132/(ng T Dy g)PXX * Q(y(g)ny * Dy Pyx + D@ Pyy

A - RN TN AN S AU S N
AZ
Q,yDEDEAAEl ....... IE ..... ED
* * XX . Xy M . . . . . . . . . . . . . . . . . . E . B . . O I Y 2 . . . . . .
,EDXX 'Eny_QDé T +l%/}2/ N N .+Q(X o1l .+Q(y N 1+l%lx ...... +l%'y R I
_ Dyx 'Dyy ...... 1 1
'E E

B?i_rn - L-

LI S I
Po| |- 0 Pa o Py
Pyl -1 -0 Pxlo P,



Compare Global |P»
Matrix “Placeholders”

d
)ﬁ(g)/.l

A Al
g = D!P
D XX ny Ayl
D..D ) . _Q;x .
XYYy E
: DXX D Xy
DYXDYY
—=A
— 4,
g = L P
' 1
.E )
DXX . D)g/ . _ szl .
> DXX E D Xy x| .
Dy . Dy, . -
. Dy . D,

E&‘EP\'I' A XX XV iAVX VvV

>—baSlS vs Local |PW)-basis

P for GLOBAL g operators in D

A
13, eP
S N R
TRy .

Dyz(g)P
N 172 vt S

+ ch( g)PXX

......

N2 P A P 2
R .

(M)

ab ee

T Qlfx( g)PXX

......

......

.for LOCAL

......

......

GLOBAL P-matrix commutes LOCAL P-matrix

“.ml,ml* g | ¢ Z 4 A B . 4 ) B B a Z
Byl - Byl - - | S ¢ D a b
Pl | - PP cdll el b ci D ¢ d
P‘l}." P‘/‘ P‘/‘ @A bA aB BB | | A« Ab Ba Bb
Pf—_’r R Px/x Pf-j- ¢A_dAi cB_dB|_| Ac__Ad Bc _Bd
P‘lf‘ P{ P{ aC bCiaD bD Ca Cbi{ Da Db
- ' ' cC dCicD dD Cc Cdi Dc Dd

+ Dyy(g) Pyy

......

E|.

O

......

operators in D,

...... E
...... 2N 0 |
1 . -1 .
1|- 1
. ' ' b. b.
Pn P.} P P [Py Py
A
Pyt ph |
.; ) ._.1‘
By PG | -
E -—) - )
XX Pn 0 Pu 0
E E | E
Py 0 Pu O Py
X -y -y
AR AN A
E E | E
Py | 0 Pl 0 Py
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General formulae for spectral decomposition (D3 examples)

Weyl g-expansion in irep Dj(2) and projectors PFj
Pty transforms right-and-left
Pl -expansion in g-operators. Inverse of Weyl form



Weyl expansion of g in irep D! i(g)PHx

“g-equals-1-g-1-trick”

[rreducible idempotent completeness 1= PIl+P "+ P)fcl +P completely expands group by g=1-g-1

(" Previous notation: )

g=1gl=3 % 2D} (o) P}, = Dyi(g)P"+ D (g)P " + D(g) P! + DL (g)P!
m n
For irreducibletlass idempotents N DE;}(g)Pil N DEl(g)PEl

sub-indices xx or ;" are optional

A,=PA
20]2 Pxx]

PE=PE

0202 ~xx

PE=PE, PE=PE
\

E,=PFE
27k Px]

J




Weyl expansion of g in irep D! i(g)PHx

“g-equals-1-g-1-trick”

[rreducible idempotent completeness 1= PIl+P "+ P)fcl +P completely expands group by g=1-g-1

(" Previous notation: )

A A E E E E
c=1gl=% 3 ZDlﬁn(g)Pn‘fn =Dxx1(g)P '+D (g)P +Dxx1(g)Pxx1 +Dx1(g)Px1 4=P4,
u m n

For z.rre.duczbl class i potents N DE;}(g)Pil N DEl(g)PEl

where: sub-indices xx or ;" are optional PL=PE PE=PEL
A A _ A A E E|_nE E PL=PL PE=PEL
Pxng.Pxxl :Dxxl(g)Pxxl ? P .g.P =D (g)P ? Pxxl'g.Pxxl :Dxxl(g)Pxxl 2 \ d J
For split idempotents E,

sub-indices «; or  are essential

PEl.g.PEl ZDEl(g)P



Weyl expansion of g in irep D! i(g)PHx

“g-equals-1-g-1-trick”

[rreducible idempotent completeness 1= PIl+P "+ P)fcl +P completely expands group by g=1-g-1

X. X

g=1gl=3 3 D! (g)PL =D(g)P + D (g)P " + DN (g)Pl1 + DII(g) P
U m n

For z.rre.duczbl class i potents N DE;}(g)Pil L phi (g)P
where: sub-indices xx or ;" are optional
A A A ! E E,_E E
Pxx1 .g.PxxI :Dxxl (g ) Pxxl ’ P 'g'P =D (g ) P ? Pxx1 'gOPxxl :Dxxl(g ) Pxxl ’

For split idempotents
sub-indices xx or , are essential

. . . A E E
Besides four idempotent projectors P LP P land P!

£

PEl.g.PEl ZDEl(g)P

(" Previous notation: )

A,=PA
20]2 Pxx]

E=PFE E=PE
1)020]2 Pxxl 2 ! PX !
PE=PE PE=PE
\_ J

£



Weyl expansion of g in irep D/ ji(g)PF “g-equals g 1-trick”

Irreducible idempotent completeness 1= P TPy Pxx1 +P" completely expands group by g=1-g-1

s=1gl=3 T XDl (o) Pl =D (¢)P" +D (e)P "+ D[e)Pl+ D/ ()P |
H m n 202 2 X

PE=PE, PE=PE

For irreducibletlass i otents E E E E
i ; eDe)P1+ D)
where: sub-indices xx or 7 are optional
A A E E, ~E E E E
PlgP =D |(g)Pl. P gP =D Y(g)P . P lgP =D \(c)P. PlgP =D ()P
For split idempotents Ei{ YoE @ o E, E,
sub-indices xx or ,, are essentzal ’ P gP DX(g)PX’ PlgP =D (g )P

. . E
Besides four idempotent projectors PP P 1 and P!

there arise two nilpotent projectors Pil , and P



Weyl expansion of g in irep D/ ji(g)PF “g-equals g 1-trick”

Irreducible idempotent completeness 1= P TPy Pxx1 +P" completely expands group by g=1-g-1

s=1gl=3 T XDl (o) Pl =D (¢)P" +D (e)P "+ D[e)Pl+ D/ ()P |
H m n 202 2 X

PE=PE, PE=PE

For irreducible€lass i otents E E E E
e ; eDe)P1+ D ()"
where: sub-indices xx or 7 are optional
A A E E E E E E
PlgP =D |(g)Pl. P gP =D Y(g)P . P lgP =D l(c)P. PlgP =D ()P
For split idempotents Ef YoF : ok E, E,
sub-indices x or ,, are essentzal ’ P gP Dx(g)PX’ Py P =D (g)P

. . E
Besides four idempotent projectors PP P 1 and P!

there arise two nilpotent projectors Pil ;and P

Idempotent projector orthogonality...@i P,=5,P =P, PD

Generalizes...



Weyl expansion of g in irep D/ ji(g)PF “g-equals g 1-trick”

Irreducible idempotent completeness 1= P TPy Pxx1 +P" completely expands group by g=1-g-1

e=lgl=X ¥ 1Dk (¢) Pl =D()P" 4D (o)p "+ D(e)Pl + Dl (e)Rl [
H m n 2 X

X 0202

For irreducible€lass i otents E E E E bY=PL BH=PL
i ; eDe)P1+ D)
where: sub-indices xx or 7 are optional
A A E E E E E E
P x & P Dxxl(g)Pxxl , P gP =D (g)P ’ Pxxl'gP '=D l(g)Pxxl ’ Pxxl 8 P _D (g)Px :
For split idempotents Ef YoF : ok E, E,
sub-indices x or ,, are essentzal ’ P L P =D x(g )P o B P =D (g )P

. . E
Besides four idempotent projectors PP P 1 and P!

there arise two nilpotent projectors Pil ;and P

Idempotent projector orthogonality...@i P=5,P, =P, PD

Generalizes to idempotent/nilpotent orthogonality

known as Simple Matrix Algebra: U pV J13% 7
PLpy =55, Ph)




Weyl expansion of g in irep D!j(g)Pt “gequals-1 g 1-rick”

[rreducible idempotent completeness 1= PIl+P "+ P)fcl +P" completely expands group by g=1-g-1

4 A E E E E Previous notation:
g=1gl=> X ZDlﬁn (g) Pn‘;n = Dxxl(g)P '+ D (g)P + Dxxl(g)Pxx1 +D. l(g)Px I PE=PE PE~=PE
u m n 202 " xx 2 X
: : : PE=PE PE=PE,
For z.rre.duczbl class i potents N DE;}(g)Pil L phi (g)PEl
where: sub-indices xx or 7 are optional
A A 4 A B E E, ~E E E E, ~E E
Pxxl.g.Pxxl _Dxxl(g)Pxxl’ P .g.P =D (g)P ? Pxxl'g.Pxxl _Dxxl(g)Pxxl’ Pxng'P 1_Dx l(g)Px :

, PEl-g-P)fCl:DEl(g):PElé PEl.g.PEIZDEl(g)P

For split idempotents
sub-indices xx or , are essential

£

PYl and PY . Group product table boils down

xx’ ....................... : to Sl’mpleprojecfgr matrix algebr‘a

i / ' £y £y
there arise two nilpotent projectors P X and P_ pil | p L ph ph L ph phi
Pl | ph
Idempotent projector orthogonality...@i P,=5;P,=P, PD . -
Generalizes to idempotent/nilpotent orthogonality Pl . . PO ph
known as Simple Matrix Algebra: UpV _ SUV U B .
ijPmn =0 5kajn Pl P! pl
P Pl ph
P’ O




Weyl expansion of g in irep D!j(g)Pt “gequals-1 g 1-rick”

[rreducible idempotent completeness 1= PIl+P "+ P)fcl +P" completely expands group by g=1-g-1

e=1gl=3 T 1D} (o) B, =D(e)P "+ D (e)p "+ DlI(g)P 4 DI()Pl [ prp
H m n 2 X

0202 ~xx

PE=PE, PE=PE

For z.rre.duczbl class i potents D E;cl (g)P lil L ph (g)P E,
where: sub-indices xx or ;" are optional
.. pi=p” A E,  oE_AE E E,  E ~E B
Pxxl-g-Pxxl :Dxxl(g)Pxxl’ P .g.P =D (g)P ” Pxxl'ngxl :Dxxl(g)Pxxl’ Pxng'P 1:Dx l(g)le
For split idempotents B _E _E/ VN E .

E o pEi=pEi( YpEl i pllg.pli=pki Ey
sub-indices xx or ,, are essential » P ogP =D ( g)P _____ : P,eP,=D (g)P

Besides four idempotent projectors PAI,P ,P)fcl, and P! Group product table boils down

....................... . to Simpleprojecl‘gr matrix algebra

3 . . El El
there arise two nilpotent projectors P X and P_ pd | ph | ph phpE phi
Pl | ph
Idempotent projector orthogonality...@i P;=90,P;,=P, PD o o
Generalizes to idempotent/nilpotent orthogonality POl . . ph Pl
known as Simple Matrix Algebra: UpV _ SUV 7 P PR
ijPmn =0 5kajn Pl P! pl
P Pl ph
Coefficients D¥ ( g)] are irreducible representations (ireps) of g pi pi phi
g= 1 r r i i, i ' ' ' ' X

N — NI&I
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General formulae for spectral decomposition (D3 examples)
Weyl g-expansion in irep DFi(g) and projectors PFj

left and right

Pl -expansion in g-operators. Inverse of Weyl form

Pl transforms



X X ZD‘U ( )Pn‘lj'ln’

uw o mon

Pl transforms right-and-left [ oo

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P*,,,..

MM , uo .
gP“ _(2 2 2 D“ ( )Pnﬁn]l);ﬁn {USGP orthonormaht;j

m P4 PpH _5!1#5 PX

mn mn nm mn




s 5 50, ()R

uw o mon

Pl transforms right-and-left [ oo

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P*,,,..

MM , mo .
gP“ —|' s 2 y Dy ( )Pn‘LaLn pH Use P, -orthonormality
wom n S PL pH — SKHS  PH

m'n’" mn n'm- m'n

Vi , P
=y ¥ ZD“ ( )sguug-.;; P
u’

’ . .
m n’ e



S 3 2D (g)Ph,

uw o mon

Pl transforms right-and-left [ oo

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P*,,,..

Ve , u ) .
gP.U _[z 2 z D.U ( )Pnlj’n’]l)nlin ........ {USGP Ol’thonormaht}j

P4 PH _5!1#5 P4

: ] mn mn nm mn
R P
_ /J SHUS..: pH
=% X 3Dk, (g)8** s PE

oM
- 2 Dil?l@’m (g) P,
m



Pt transforms right-and-left

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P*,,,..

G ‘ Use P* -orthonormalit
gPh =3 X Ik, (g)Phy [Ph, | T y
m.n S ) P PH =6HH5 , PH
G L
=% % XD, (g)8""5,,Ph,

oM
- Zj Dllnl'm (g) Piial'n
m

u >:%\l>
mn

norm.

Left-action transforms irep-ket

b= & Dl (1) )
mn " mm mn

Y

|

oo ,
> X ZD,ﬁn(g) P’

‘LL, ml
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J
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Pl transforms right-and-left [ oo

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P*,,,..

2 , u .
u _ u u m Use P, -orthonormality
gP,, [z % 3D} (g )Pm,,_?,]Pm ....... o o s o
s S
_ /J SHUS..: pH
=% X 3D}, (g)8** s PE

s
- Zj Dllnl'm (g) Piial'n
m

PA 11
Lefi-action transforms irep-ket g, 1)

mn>:Wm.
oM
g gm>: %Dg’m (g)‘ ‘lnla’n>
A simple irep expression...
<lilvl¢'n 8 mn> Du (g)
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Pty transforms right-and-left g:[ ¢ ¢ ]

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P*,,,..
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uo_ I I m Use P” -orthonormality
gPl =15 X Db (g)Phy (P |
"o o) PH PH =§HHS5 P
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=5 3 DY ()6 ¥, P
< = = m'n g) wm e

oM
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mn

norm.

Left-action transforms irep-ket
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A simple irep expression...
u uo\_ pu
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...requires proper normalization. <;‘m

Y

u >: <1|P#m Piiztn|1>
mn norm. norm*.

(1[Py,

1)
| norm. |2

—SHHES S,

mm nn
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Pt transforms right-and-left

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P*,,,..
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gP“ _ Z 2 Z D“, ( )Pnlfn Pn;;n Use P, -orthonormality
P/J P4 _5!1#5 P4
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PA 11
Lefi-action transforms irep-ket g, 1)
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A simple irep expression...

(4 le] )= Dl (2)
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Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P*,,,..
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Lefi-action transforms irep-ket g, 1)
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A simple irep expression...

(4 le] )= Dl (2)

...requires proper normalization. <;‘m
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Right-action transforms irep-bra <m
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Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P*,,,..

gP“ —£Z fzu fzuDu/ ( )Pn‘lffn]l)nﬁln Use P“ -orthonormality P,f;ng:Pnl;t [Z fzu gDu ( )Pn‘lfn}
_y gzﬂ %D‘u, ,( )5W5nm1)n/fn fProjectorc?njugation ) =y Ez“ %I;D,u ( )6uu5nm i
Wl (Jm)al) =[n)(om] W
o+ i o+
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Lefi-action transforms irep-ket g, 1)
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A simple irep expression...
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Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P*,,,..
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A simple irep expression... A less-simple irep expresszan...
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Spectral decomposition defines left and right irep transformation due to
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General formulae for spectral decomposition (D3 examples)
Weyl g-expansion in irep Dj(2) and projectors PFj
Pl transforms left and right
» Pl -expansion in g-operators. Inverse of Weyl form




] . . et :
P -expansion in g-operators Need inverse of Weyl form: 8{2 2 Z,Dﬁfn'(g)Pn‘ifnf]

u m n

°G
Derive coefficients p,ﬁfm( g) of mmverse Weyl expansion: Pn‘fn =2 p,ﬁtm(g ) g
g



] . . et :
P -expansion in g-operators Need inverse of Weyl form: 8{2 2 Z,Dﬁfn'(g)Pn‘ifnf]

u m n

°G
Derive coefficients p,ﬁ‘m( g) of mmverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,.... f, g, h,...}:

°G
f'Pziz[n =2 p#an(g) f-g
g
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P -expansion in g-operators Need inverse of Weyl form: g=[2 2 Z,D,ﬁifn'(g)l’n‘inf]

u m n

°G
Derive coefficients p,ﬁfm( g) of mmverse Weyl expansion: Pn‘,fn =2 p,ﬁtm(g ) g
g

Left action by operator f in group G ={1,.... f, g, h,...}:
°G °G
fP =3 p,‘fm(g) f-g= %pl‘fm(f_lh) h , where: h="f-g, or: g =f'h,
g



Pt -expansion in 8-operators Need inverse of Weyl form:  g= [E 12# gDZ:n' (2) Pn‘ifn']
Derive coefficients p,ﬁfm( g) of inverse Weyl expansion: Pn‘,fn = ZG p,ﬁtm(g ) g
g
Left action by operator f in group G ={1,.... f, g, h,...}:
fP! = %Gp#m(g) f.g= (%;pqum(f_lh) h , where: h="f-g, or: g =f'h,

Regular representation TraceR(h) 1s zero except for TraceR(1)= "G

Regular representation of D ~C,

R(D =

RO(1P) =

1’ rli; i G5

RO (1) = RO )= RO = RO (i )= e
1 o 1 A N TR (1) r| 1oy i i
1. 1. . Co 1 . 1 (e 1 4y
1. o1 ,1 . Ik .1’. . @ i1®iglrr2
ol SRR I M T
o1 . o1 g . (3] i iplr r’1




P’ujk -expansion in g-operators Need inverse of Weyl form:  g=

°G
Derive coefficients p,ﬁfm( g) of inverse Weyl expansion: Pn‘,fn =2 p,ﬁtm(g ) g
g

Left action by operator f in group G ={1,.... f, g, h,...}:

Regular representation of D ~C,
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R(D =
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P’ujk -expansion in g-operators Need inverse of Weyl form:  g=

°G
Derive coefficients p,ﬁfm( g) of inverse Weyl expansion: Pn‘,fn =2 p,ﬁtm(g ) g
g

Left action by operator f in group G ={1,.... f, g, h,...}:

Regular representation of D ~C,
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P’ujk —expansion in g-operators Need inverse of Weyl form: g=[
°G

Derive coetficients P#m(g) of inverse Weyl expansion: P/ =3 p#m( g) o
g

Left action by operator f in group G ={1,.... f, g, h,...}:

Regular representation of D ~C,

R(D =
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P -expansion in g-operators Need inverse of Weyl form: g=[2 S XDy (2) P

u m n
°G
Derive coefficients p,ﬁfm( g) of mmverse Weyl expansion: Pn‘,fn =2 p,ﬁtm(g ) g
g
Left action by operator f in group G ={1,.... f, g, h,...}:
°G °G
fP =3 pfm(g) f-g= %pl‘fm(f_lh) h , where: h="f-g, or: g =f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= "G

°G
Trace R(f-Pn‘;n): %pfm (f_lh raceR (h):p#m (f_ll)TmceR (l)zp“n (f_l)oG

m

. ‘u . . . . . ‘LL . .
Regular representation TraceR(P, , ) is irep dimension £(#/ for diagonal P/ or zero otherwise:

4, o 4, o E ot PE
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P’ujk —expansion in g-operators Need inverse of Weyl form.: g=[

°G
Derive coefficients p,ﬁfm( g) of mmverse Weyl expansion: Pn‘,fn =2 p,ﬁtm(g ) g
g

Left action by operator f in group G ={1,.... f, g, h,...}:

‘Ll,,

°G °G
fP =3 pfm(g) f-g= %plﬁn(f_lh) h , where: h="f-g, or: g =f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= "G

m

HH
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m n

°G
Trace R(f-Pn‘jn): %pfm (f_lh raceR (h):p#m (f_ll)TmceR (l)zp“n (f_l)oG
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Regular representation TraceR(P, , ) is irep dimension £(#/ for diagonal P/ or zero otherwise:
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P -expansion in g-operators Need inverse of Weyl form: 8{2 2 Z,Dﬁfn'(g)Pn‘ifnf]

u m n

°G
Derive coefficients p,ﬁfm( g) of mmverse Weyl expansion: Pn‘fn =2 p,ﬁtm(g ) g
g
Left action by operator f in group G ={1,.... f, g, h,...}:
°G °G
fP =3 pfm(g) f-g= %pl‘;n(f_lh) h , where: h="f-g, or: g =f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= "G

' Regular representation TraceR( P,f;n ) is irep dimension £(* for diagonal Pn‘f ,Or zero otherwise:
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Derive coefficients p,ﬁfm( g) of mmverse Weyl expansion: Pn‘,fn =2 p,ﬁtm(g ) g
g
Left action by operator f in group G ={1,.... f, g, h,...}:
°G °G
fP =3 pfm(g) f-g= %plﬁn(f_lh) h , where: h="f-g, or: g =f'h,
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Regular representation TraceR(h) 1s zero except for TraceR(1)= "G
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33) "
weg o«
[PW)-basis are projected by P! = iG > D ( g) g = P}fnj acting on original ket |1)
g




Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33)
[PW)-basis are projected by Pnﬁtn:

1
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norm
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis
For unitary DW: (p.33)
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[PW)-basis are projected by P! = iG > D ( g) g = P}fnj acting on original ket |1)
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis
For unitary DW: (p.33)
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33)

f(“) °G
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‘ in>: Pzﬁn‘l> _ YD H* ( )‘g> subject to normalization:

norm — °(;-porm o
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis
For unitary DW: (p.33)
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis
For unitary DW: (p.33)
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis
For unitary DW: (p.33)

(1) oy
[PW)-basis are projected by P! = iG > D“ ( )g = P,fnj acting on original ket |1)
g
u I 1 AN u* . L
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33)
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33)
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis
For unitary DW: (p.33)
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis
For unitary DW: (p.33)

(n) °o¢;
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33) »
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33) »
‘u O
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33) »
‘u O
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[PW)-basis D3 global-g matrix structure versus D3 local-g matrix structure

R"(g)=TR (g)T" =

[PW)-base
ordering to
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[PW)-basis D3 global-g matrix structure versus D3 local-g matrix structure
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concentrate Ep* Ep*
< ) . ) D . D
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[PW)-basis D3 global-g matrix structure versus D3 local-g matrix structure

R (&) =TR° (o) -

R (2) =18 (2) " =

pl) ez [e2)[RE) [ [e)
phg)| -
D™ (g)
b, (g) D,
D, (g) D,
b, (g) D,
D,.(g) D,
R"(g)=TR%(¢)T" =
pl) ez D) [e) [R) [l
D™ (g)
D™ (g)
D& - |,
Dxil Dxil
(&) - |D,(e)
D, D,

Global g-matrix component

<gfz’n g‘ gm>: Dil;fzt'm (g)

I I L I L B L) B L)
DAl*(g) .
A %k
[PW)-base D= (g) — —
ordering to ~ - |p, (s) - | D, (g)
concentrate E* Ep*
< ) . ) D . D
global-g P o (¢) o > (&)
D-matrices ' ' D, (g) ‘ D, (2)
E* E*
D, (g)  (2)
here
Local g-matrix
is not concentrated
here

global g-matrix

<«—— IS not concentrated

Local g-matrix component

_ -1 *




[PW)-basis D3 global-g matrix structure versus D3 local-g matrix structure
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D3 Hamiltonian local- H matrices in |PW)-basis

H matrixin - ( . . . i) H matrix in
. 0o o L L .

g)-basis: S [P -basis:

n T 7T 1 §H b

., L

G 12 12 4 l l l

_ » h Ty L Lo

H) — 7 —
( G %1 & . 1. I, 1, r, r, r
8= i 3 2 fo 1 "2




D3 Hamiltonian local- H matrices in |PW)-basis

H matrix in
|g)-basis:

°G
(H);= 3 g

g

H,,=(P:|H

g

Pr)

\

H matrix in
[PW)-basis:

’

A E E E E
i) [e,) (e o) [e2 e
XX yy XX xy yx Yy

A
H"
H
£y £y
Hxx Xy
HEl £y
yx Yy
E| Ey
Hxx xy
H H
yx Yy

\




D3 Hamiltonian local- H matrices in |PW)-basis

H matrixin | )
|g)-basis:

[0
(H), = 3 rg-
g=1

H,, =(P*

Pn“b>

Let: mn> P“> . 1>noim
() °G *
4 =Rl 1)L = L5 pi(g)]g)

norm OG -Norm g

subject to normalization (from p. 116-122):

,/ (thch will cancel out)
°G  So, fuggettabout it!

H matrix in
[PW)-basis:

(H), =T (H),

T

T

’

A E E E E
PL) Py [ROR) [P
XX yy XX xy yx Yy

A
H"
H
£ £y
Hxx xy
HEl £y
yx Yy
E| Ey
Hxx Xy
H H
yx Yy

\




D3 Hamiltonian local- H matrices in |PW)-basis

H matrixin | )
|g)-basis:

[0
(H), = 3 rg-
g=1

\13 L 4y nn ’”0)

H,,=(P" H

P“)=(1/P* HP" 1)

(norm)2

@’mjector con]ugatzon )22 3D

(m)nl)" <[}

mn nm /
u u 1 f(”) ,U
f ) S0 (o)

subject to normalization (from p. 116-122):

,/ (thch will cancel out)
°G  So, fuggettabout it!

H matrix in
[PW)-basis:

’

A E E E E
PL) Py [ROR) [P
XX yy XX xy yx Yy

A
H"
H
£ £y
Hxx xy
HEl £y
yx Yy
E| Ey
Hxx Xy
H H
yx Yy

\




D3 Hamiltonian local- H matrices in |PW)-basis

pr) [P} [RO)RS) (PR
Hmbatrz.'x.in ( non o g4 ) }ll)(zf;atll;ix m (g | . . . o)
|g)-basis. ) [PW)-basis. I
_OG N T C T RS B B ' ' Hx)i xyl
(H)G_gélrgg_ A N (W),=T(n), 7"= | H.W H,
l2 ll l3 72 VO 7"] Hx’z x’;
N TR T B . . . . H; H;; )
H,, = (Ps |H|P, )= (1]PL HP! [1) = (1| HP! P4 |1)
(ror Mock-Mach (rorm)
commutation
rr=rr
(0.89)
g(.u) °G %
)= PV = o = P () )

rmo (G -norm g

subject to normalization (from p. 116-122).

£ (which will cancel out)

_ “11) =
norm = \/<1‘ Pnn ‘ 1> - °G  So, fuggettabout it!



D3 Hamiltonian local- H matrices in |PW)-basis

pr) [P} [RO)RS) (PR
Hmbat”:x.in ( /S R TR A A ) I_II)(’:;WZX m ( HY | . : : : o
g)-basis. A [PW)-basis. e
°6 | onor b i | - | H, H,
H) = = — —
( ) gé g5 L Iy I, 1, 1 I (H)P:T(H)GTT: HyE; yEyl
L, Iy L 1 1y rn foj xf;]
(B2 h A
H, <P“‘H‘P“>—(n0}mP“HP“‘ >:<1\Hpﬂ%ém_2 <1‘Hl;ﬂn%>

Use P¥ -orthonormality
P4 PH =gHHs , pH

’_7 ’ ’
mn mn nm mn

(p.18)



D3 Hamiltonian local- H matrices in |PW)-basis

H matrixin | r,
|g)-basis:

"

G v

B _ | n

(H)G o z_‘ rgg - .

g= ll'

I

\ g

H' <P“‘H‘P“>— IP“HP“‘ 1)

N
o 77
n T
b I
b
Lo

(norm)?

\

J

(e 1) =

H matrix in
[PW)-basis:

(P = (1] 1), (¢)

(norm)-

) o) Jece) Jeole)
(g
H
h,
= 0.,
h o,
| 0.,

g=1

Coefficients D (g) are irreducible representations (ireps) of g
g = 1 r' r’ i i i
) 1 1 1
'(g)= ! 1 -1 -1 1
)= | R b o4 I: B
1 - 2 T2 2 2 2 2 2 2 1 0
D, (g)= ( 1] B Bl B B [0 —IJ
i 2 2 2 2 2 2 2 2

\




D3 Hamiltonian local- H matrices in |PW)-basis

H matrix in

|g)-basis:
n T 7T 1 §H b
(H)-fr_— r, oty b iy
G —J‘gg I I In ¥V V7, T
8= 3 Y fo 1 "2

H,,=(P" H|P!) = 1P HP[1)= <1‘HP“M

\13 L 4 n R

(norm)?

J

H matrix in
[PW)-basis:

----------------

°G-

<1\H1;L> 2

s

(norm)-

’

\

g = 1 i i
. 1 1 1
'(g)= I 1 -1 -1
1
(g)= L b 1o Lo
1 - 2 2 2 2 2 2 2 2
D = -1 3 1 3 3 1 3001
" (g B RO 3 N
Y 2 2 2 2 2 2 2

Coefficients Dﬁn (g) are irreducible representations (ireps) of g
1
1

A E E E E
P1> ‘P > P1>P1> P’ P1>
XX yy XX xy yx Yy

A
H"
H
£y £y
XX xy
HEl £y
yx Yy
E| Ey
Hxx Xy
H' H
.................... yx Yy

\
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D3 Hamiltonian local- H matrices in |PW)-basis

A E E E E
P [P [PL)RL) (PP
XX yy XX xy yx Yy
H matric in / r ..... r ..... rl ..... l ..... l\ H matrix in [ 774 | | | . . \
_ o T hoh L Ly :
|g)-basis: ' CL [P -basis: 1y
I"l I"O l/'] l3 ll 12
£y Ey
0 G rz I/'l rO i2 i3 il “.’ ) ) Hxx ny
(H),= X r,g= 7(H) T
g: l- l- i 7 7 7 ‘0" (H)P — T(H)G T = HEI £y
i B Ty o
l2 ll l3 7"2 VO 7"] HEI E|
. . . ., XX Xy
l l l I8 V- 7, *e
3 b h i nn . 5 ;
\ J . : : : : H H
................ \ Y. Yy Y,
OG.

H' <P“‘H‘P“>— IP“HP“H <1\HP“1;1J_>

norm norm

H"




D3 Hamiltonian local- H matrices in |PW)-basis

v (o) [eoles) [eoles)
XX yy XX xy yx Yy
H matric in / r ..... r ..... rl ..... l ..... l\ H matrix in [ 774 | | | . . \
_ o 4 L I :
|g)-basis: ' CL [P -basis: 1y
noty i L
. E E
0 G rz I/'l rO i2 i3 il “.’ ) ) Hxx ny
(H),=% 8= 7(H) T
o= i, I, I, 1, r, T ‘ (H)p - T(H)G I = H' :
i B ok Ty 1 w1,
l2 ll l3 7"2 VO 7"1 HEI Ey
. . . . xx Xy
l l l g v 7 K
3 L 4 B . 5 ;
\ J . : : : . |H_ H 1
................ \ y. W)
°G- °G:

HO!
ab

H"
H




D3 Hamiltonian local- H matrices in |PW)-basis

H mal‘]/ix l-n ( ................... EERERD REEEEY : \
|g)-basis: '

0 . . .
G V. 7, v, l l l
— 2 1 2 1
(H) =Y rg= 0 3
g:

' = (o [ ) =P e 1) = e e 1) 5,
(norm)?

(norm)?

H matrix in (
[PW)-basis:
(H),=T(H) T'=
................ \
°G-

H"=r, D" (D)+r D" (r)+r D (r*)+i D (i)+i,D"(i,)+ z3D (13) =7 7 i

H =r D ()+rD (rY+r' D (r+iD ()+i, D (i)+iD (i)

XX

—r+r+r -1 -1_-1

1 2 73

H Jl = rODxx (1) + rlex (]/'1) + rl*Dxx (]/'2) + ilex (Zl) + i2Dxx (l2) + i3Dxx (13) :@FO -7"1 _rl _il -i2 @13 )/2

A E E E E
PL) Py [ROR) [P
XX yy XX xy yx Yy

A
H"
H
£y £y
Hxx xy
HEl £y
yx Yy
E| Ey
Hxx Xy
H H
.................... yx Yy

\




D3 Hamiltonian local- H matrices in |PW)-basis

H maz_rix l-n ( ................... EERERD REEEEY : \
|g)-basis: '

0 . . .
G V. 7, v, l l l
— 2 1 2 1
(H) =Y rg= 0 3
g:

H,, = (P, [H|P;) = ([P WP [1) = (I HP, PE[1) = 5,

4 _ A* A1 *yATe 2 - A ;
H"=r D" ()+rD" (r)t+r, D" (r')+i D" (i)+ zzD (12)+ 13D (13)
s * . * ) . * ., . * . . * .
H =rD ()+nD (r)+r D (¢ )+iD (i)+i,D (i,)+i,D (i)

H matrix in (
[PW)-basis:
(H),=T(H) T'=
................ \
°G-

=, +'a 1y,
=7yt +7’1* _il 'iz 'i3
E¥ E¥ « _ E¥ E¥ E¥ E¥ %
H_ =rD ()+rD_ (r)+ r D (r*)+ (D _(i)+i,D_(i)+iD_(i,) =Qr-r-r -i-i,%2i)/2
E¥ E¥ « _ E¥ E¥ E¥ E¥ " «
=D, (1)+rD, () +r' D, () +iD, (i) +i,D., (i,) +i,D,, (i) =N3(-r,+r"-i+i,)/2 =H"

PY) [P) [PO)Rl) PO
XX yy xx xy VX yy
A
H"
H
Ey £y
Hxx xy
HEl £y
yx Yy
E| Ey
Hxx Xy
H' H
.................... yx Yy

\




D3 Hamiltonian local- H matrices in |PW)-basis

H matrix in | :
|g)-basis:

[0
(H), = 3 rg-
g=1

=(P* |H|P* )= (1| P* HP*|1)= (1| HP* P“|1)=5
(norm)?

N
o 77
n T
b I
b
Lo

(norm)?

PR H matrix in
1 b b ,
. [PW)-basis:
L h b
b B h B _.
H) = T(H) T
ro 7"] rz ( P G
Bh Ty 71
n n hH )

orm)

-
.
-
0
................ \

=3 e ()3

A¥ A¥ 1 AR N s AT N
=1, D" ()+rD" (r)+r D" (r")+i D" (i)+ lzD (12)-I— 13D (13)
=r.D"()+rD "(r"+r D ()i D U (i)+i,D (G,) +i,D (i)

PY) [P) [PO)Rl) PO
XX yy xx Xy VX yy
( H*
H
Ey £y
H
xx xy
H
yx Yy
E| Ey
H
xx Xy
Ey Ey
H
.................... yx Yy

:rO +7"1 +7"1 +ll +l2 +l3

1 +r1 +r1 LR

= iDL () +rD. ("Y1 D, () +i D, (i)+i,D., (i) +,D. (i) =N3(-r+r" i+, Y2 =H"

—rD (1)+rD (r)—l—rD (r )-I-zD (z)+zD (z)+zD (z —@ -r-r l‘|‘l@l)/2

/]

Dk (o)

are irreducible representati ireps) of g
1 r’ i iy

H
H"
H

£* E* 1 * E* o) . E* . . E* . . E* . . * ., .
H =rD_(1)+rD_(r)+r D_(r)+iD_(Qi)+i,D_(i)+iD_ (i) =Q2r-r-r -i-i,+2i,)/2
H
H

Coefficients
g= 1
D™ (g)=
D (g)=
D, (g)=

\




D3 Hamiltonian local- H matrices in |PW)-basis

H matrixin | 5

H matrix in

pi) [P, [Po)R0) [R)RD)
( 74
H
H, H,
= 0.,
H, H,
________________ S IR S A
°G: : *
211 )0 (2)= 21,0, (¢)

v, ¥y 1y L 1, Iy:
|g)-basis: o b b [PW)-basis:
n T 7 B 4 b
G o onor Iy Lo
H| =X>Xrg= 7 =
( )G g=1% L L I, I, 1T (H)p _T(H)GT
Lo 3 o
L5 L o4 N
1 = (e e )= o e )= o e 2] <1\HP 1)
H" =1, D" (O)+rDV(r+r DY (r*)y+i D (i)+i, D" (i,)+i,D" (i)
H =rD"()+rD "("N+r' D" (H+iD "(i)+i,D (i) +i,D (i)
H' =rD ()+rD_(r"+r'D_(r)+iD_(i)+iD._(i)+iD._ (i) =(2r-r-r -i-i+2i)/2
H. _rz)Ea)+rLf(f5+¢iDE(f5+izij)+icf(iy+a05(ﬁ)=v§or+rii+iy2:41“
H —rD (1)+rD (r)+rD (r )-I-zD (z)+zD (z)+zD (z) (2r-r-r +i +i,-2i,)/2

Ey

H

XX

£

H

rx

1

2

2r, o hh 4L +2 L

V37 i+,

\/g(_rl i) 28 -nn =20

\




D3 Hamiltonian local- H matrices in |PW)-basis

v (o) [eoles) [eoles)
XX yy XX xy yx Yy
|g)-basis: ' , o [PW)-basis: 7
n T T B 4 b - -
P EE R . .
G ¢ i, iy L, r, 1o (H)P:T(H)GT - Hyi yEyl
i2 i1 L 1, Ty I HE] By
. . xx xy
L L h " n . 2 B
/ H
................ \ yx Yy )
°G: °G: *
1 = (o e = e )= (o e )= <1\H1;¢)> 3 1ule)0 (¢) 3,0 )
norm 2 norm 2 orm)? o qrrrreemaees g:1
4 _ A A¥, 1 * AT N AT N _ C e — —
H"=r D" (1)+rD" (r)tr D" (r")+iD" (i)+ 12D (12)+ z3D (13) =1, tr,+r, +zl+12+l3 =r +2r+2i ,+i,
* * 0 * ) . * o, . * . . *ooN ... . .
H =rD ()+rD (r)tr D (¢)+iD (Q)+i,D  (i,)+iD (i) =r,tr+r, -i -i,-i, =r +2r 20 -
Hxx = rODxx (1)+rlix (’”1)_'_7”1 Dxx (rz)_l_ ilex (i1)+ iZDxx (i2)+i3Dxx (i3) :(2’”0"/1"/1 _il_i2+2i3)/2 —1 N 'ilz +i3
E, E¥ E* 1 «  EF o) C o= . g* . e, _ * . . _ o
H, =nD, ()+rD, (F)+r D, (r)+iD, (i)+i,D, (i) +i,D, (i) =N3(-r+r -i+i,)2 =H"| =0
H =rD ()+nrD, (r)+r, D, (r2)+ilDyy(i1)+iszy(i2)+i3Dyy (i) =Qr,-r-r, +i+i,-2i)2 | =r -1, +i, -,
Hxi H)zvl 1 2”0"’1"’1*'1.1'1.2—'_21.3 \/5(—7”1+I’1*—i1+i2)
HyE; [{yEy1 2 \/g(—rl*Jrrl-ilJriz) 2’"0'7”1"”1*+i1+i2'21'3

|

Vo h=h, +l3

0

Choosing local C,={1,i3} symmetry with

0
7 -i,, i local constraints ri=ri*=
OIS i

o and ij=i>




D3 Hamiltonian local- H matrices in |PW)-basis

H matrix in
|g)-basis:

(H),

H,,=(P" H|P!) = IP“HP“H <1\HP“1;1J_>

ZG _
= ]/'g:
g=1 ¢

norm

bl
hooh
o)
11
o 77
T

H matrix in
[PW)-basis:

------------

norm

H" = rD ()+ rD o )+r1 D (r)+ D & (ll)-l- 12D (12)-I— z3D (13)
H =r, D" (O)+rD (r)+r' D (r)+iD (i)+i,D (i)+iD (i)

(CZZ{I,E}

N\

Local symmetry
determines all levels
and eigenvectors with
just 4 real parameters

~

J

£

H

XX

£y

H

yx

* .. .
wo |1 21,11 ==l T2,

7 0+r1+r1 RN

-1, ti)

E* E* 1 « ¥ 2 . E* . . E* . . E* . . * .. .
H =rD ()+rD_(r)+r D_(r)+iD_(Q)+i,D_(1)+iD_(i) =Q2r-r-r -i-i,+2i,)/2

H =rD ()+nD (rY+r D (r)+iD ()+i,D (,)+iD, (i) =Qr-r-r +i+i,-2i)/2

V3t

2 L .. ., .
\/g( h +r1'l1+lz) 2’/0'7”1"”1 +ll+12_2l3

H_ =D (D)+rD_ (r"Y+r'D (*)+iD,_ ()+i,D, (i)+iD_ (i) =3 (147, +, )2 =H"

w~

z[

Vo h=h, —Hs

) [r,) [eoes) (e
XX yy XX xy yx Yy
( 74 )
H
£ Ey
H
XX Xy
= E, E
H
I »w
Ey Ey
Hxx Xy
Ey Ey
G OGE oF
D, (2)=2r,0., (g)
............ o=l
:ro +7"1 +r1 +ll —HZ +l3 :7"0 +27"1 +2 112 +l3

=r0+2r1 -2112 )
—Ty I Tl +13
=()

:I"O -I/'1 +112 ol

Choosing local C,={1,i3} symmetry with
r2 and i1=iz

0
7 -i,, i local constraints ri=ri*=
OIS i




RY="2E, D
Spectral Efficiency: Same D(a),  projectors give a lot!

1 r r i i i
RiY=(1 1 1 1 1 D 1 i i i 1 i i i
By=(1 1 1-1-1 -D)s 1pe=3 1 1 1 1+2005 |BE=(0 -1 1 -1+1 0N
RL=(0 1 -1 -1+1 A3z |Bh=(2 T -I+1+1 -2)/s

*Eigenstates (shawn before)
cCompnlete Hamiltonia
(e iy )
A]-block H+ ]i'+ ]ﬁ_ l'l_'b_

_ 1, 1 I \ c 7
Ablock i3t shthrh ) 36he i)
\/3 . . o _l _l l. 1 .
S-B-ivh)  H--is e by
A

\ J
°Local symmetery eigenvalue formulae (1.s=> of-diagonal zero.)

FEr,=r =1 T L=

A-level: H +2r +2i+i3
gives: A-level: H +2r —21'—%
E-level: H - 1 - i+i3
E-level: H - 1 + i—i3




Local vs global x-symmetry and y-antisymmetry D3 tunneling band theory
Global (LAB) symmetry D3> CZ i pVOjQCfOV states  Local (BOD) symmetry

i) =1L,PGI|)

(m)y =p(m|1) 100 =1P{|1)=RY|1)

= P4, T 1)=c10 )

P,
N
L
N
£
Q g

anti-symmetry /@

i 3 local

° > i
1; global 3
(x) symmetry




Local vs global x-symmetry and y-antisymmetry D3 tunneling band theory

When there is no there, there...

Nobody Home
where LOCAL

and GLOBAL

—
@\
U

i; global ()
anti-symmetry

XX
o > 1
1; global 3

(x) symmetry
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Classical analog for bands of vibration modes



Classical analog for bands of vibration modes

(a) Local D DCZ(z ;) model  (b) Mixed local symmetry D , model
/a% i, \ /\\l,,\l> cos| 5°=v[(1+cos 30°)/2]

/‘ =(1/2)V(2+V3)=sin75°




Psuedo-scalar mode

Classical analog for vibration modes

(a) Local D oC 2(1 ) model

0 \\\\‘
1 % .\
r '3
| > k, /// ks

L

/—ﬂHHHH‘

200000008

Vector mode
L /
yx

Scalar mode /
A, \'6[’ ]1 -'—‘

XX \ 1 |‘|




