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mathematically the
same abstract group
even if physically
different action.

Showing that D3 and Cs, are isomorphic™ (D3 ~ C3, share product table)
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D3 Transforming D3 operators using D3 operators
axis Example: Rotating (3 axis crank using r! puts it down onto 1
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Non-commutative symmetry expansion: Global-Local solution

Abelian (Commutative) C,, C,, ...,Cs ...

H diagonalized by r’ symmetry operators that COMMUTE
with H ("H =H7r"),
and with each other (¥'r! =r’"1 =rir?).

What we need to learn now:

Non-Abelian (do not commute) D, O,,...

While all H symmetry operations COMMUTE
with H (UH=HU )
most do not with each other (UV # VU ).

Q: So how do we write H in terms of non-commutative U ?
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Global vs Local symmetry and Mock-Mach principle

“Give me a place to stand...
and I will move the Earth”
Archimedes 287-212 B.C.E

Ideas Of dualltY/ I’elatIV1ty gO Way baCk (...VanVleck, Casimir..., Mach, Newton, Archimedes...)

Lab-fixed (Extrinsic-Global)R vs. Body-fixed (Intrinsic-Local)R

Lab Based Operations z-Crank docs Body Based Operations
§ operations
R(000) or R(00y)

R commutes

withall R

|- AN (because they 're independent
‘ ‘) \  or “unentangled”)
\ ! = | Mock-Mach

. relativity principle

V-Crank does
operation

_D-1/ 7-Crank does
-Crank does R‘ 1 >_R ‘ 1 > operations
Y operation R(-c:00) or R(00-y)
e ——— R(0BO) ...for one state |1) only! "

...But iow do you actually make the R and R operations?
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Example of GLOBAL vs LOCAL symmetry algebra

for D3~C3y

1 |2 rl|i

r |1 r?
r°|lr 1

i i) 0,
iy i 0

i; i3 0y
iy i 13
i3 i) iy

1 r r?
I
r ré 1

D 3—deﬁned

local-wave .

bases
D3 Group p3

Here group operator
notation 1, I, r2, 11, iz, i3
matches 1,r',r’,p1,p2,p3
used previously.
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Example of GLOBAL vs LOCAL symmetry algebra
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Global vs Local symmetry matrix duality for D3

Example of RELATIVITY-DUALITY for D ~C,

To represent external {..T,U,V,... }switch g :;_\gT on top of group table

RO() =

RO(r) =

RG (7 =

G(r \_
R (1])_

-1

A

RG(iZ):

-1

RG(i3):

%0

AR

iy i (iy

1 |y i; i

i, (iy i

i i

1 r r°

1 r

r r 1

D, global




Global vs Local symmetry matrix duality for D3
Example of RELATIVITY-DUALITY for D ~C;, %}Q‘M
r

= r r i1 i2 @
To represent external {..T,U,V,... }switch g :\gT on top of group table

1 |y i; i
. . . 2 1l i
RO(1) = RO(F) = RO(F) = RO )= RO ) = RO ) = ro|r i (iy i

1. () i1®i21rr2
S I T D S B | P S i y|r° 1 r
111111@ @igilrrZI
S N I K 1 | T L I B I § O e O D3globa1

To represent internal {..T,U,V,... } switch g\:“gT on side of group table

RO(1)= RY(T) = RO (F9) = RG(_iI): RG(i2): RG(IJ):
1. | 1 1 o T
1 1 1 . 1 1 o @
1 1 1 1 1. . (). . .
1 1 1’1 1 . S
1 1 1 1 1 . @® .
1 1 1 1 1 . @ o




Global vs Local symmetry matrix duality for D3

Example of RELATIVITY-DUALITY for D ~C, %ﬁw
= 2V l/ 1 13
To represent external {..T,U,V,... }switch g :\gT on top of group table rl1 o2 i i
RO (1) = RO(r) = RO = RO )= RO )= RO ) = rllr 16 [y i
T U B S SN € BN B TAL DS 'S I B

A L T T 1 P 1 | P G il i 1 r
111@ 21@

1
1
S P 2
. I .1’1.....’..1...’.@....®1211rr1
RESULT.-JA
Any R(T)

N N I B N N I O e D3globa1
commute (EvenifT and U do not...)

with any R(U).
..and T U=V if & only if T U=V.

To represent internal {..T,U,V,... } switch g::gT on side of group table

RO(1)= RY(T) = RO (F9) = RG(_iI): RG(i2>: RG(g):
1 . . .. 1. . N/ 1 11@
11111@
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Global vs Local symmetry expansion of D3 Hamiltonian
VAT
2

ExampleofRELAT]V]TYDUALITonrD ~C;, ilir SRS
l/ 1 13
To represent external {..T,U,V,... }sw1tch g ““gJr on top of group table rl1 o2y i i
RO(1) = RO (1) = RO (1) = RO )= RO = RO ) = r/lr 106 0y i
1. | N N T A B W R ) i1®i21rr2
Sl 1 R L I O e e S e igi1®r21r
1. 1111@ @izilrrZI
S L S 1 T o S S I E)
o L R e N I e 1 N I O e Dglobal
RESULT: JA So an Bl-matrix
Any R(T) having Global symmetryD,

commute (EvenifT and U do not...)

with any R(U). H HI+rr+rr A VRES PRUA S
..and T U=V if & only if T U=V. LS madef rom .
Local symmetry matrices

To represent internal {..T,U,V,... } switch g::gT on side of group table

RO(1)= RY(T) = RO (F9) = RG(_iI): RG(i2>: RG(g):
AU IR I IS TR B I | 1 1. . (). .
1 1 1’1 1

1 1 1 1 1 . @®

1 1 1 1 1 @ o




Global vs Local symmetry expansion of D3 Hamiltonian
Example of RELATIVITY-DUALITY for D ~C,

To represent external {..T,U,V,... }switch g :;_\gJr on top of group table

RO (1) = RO (1) = RO () = RO (i )= RO ) - R ) - Dyded
Ji local¢wave e \ X
P N P N 20 ST A S T N S B Y SO O li3)
1 1 Co 1 1 1 (D). .
1 1 r. . 1 1 (D) |r2> Iy
1 e . 11 1 IO P .
1 1 . 1 1 NOn Local & matrix
1 ! 1 1 ! O parametrized by 3's
iy |V .
H= (1B 1)=H* 0 2 )
: r;= (rHEl)=r,*
RESULT: So an lEl-matrix ry = (= ,* S [1)
. . j x
Any R(T) having Global symmetryD, R TS :
commute (EvenifT and U do not...) _ _ - . : .
— — _] =2 .3 .3 3% [ = (HbH=i* |
: EZHIQFI/'I'+FI' YA PN POV PR .2 2 |11>
..and T U=V if & only if T U=V. LS madef rom _
Local symmetry matrices
T tinternal {.T,U,V,... } switch g #~g' on side of group tabl oo D, defned
o represent internal {..T,U,V,... } switc on side of group table L3 ,
p { j 558 SIEE OF Stoup Hamiltonian matrix
RO(1)= RY(T) = RO (1) = RO(i) = R(i)= RO(i)= He= 1) 1)) i) i) 1i)
1 | Co o N AT QI\Hn Bl I 1
1 1 1 . 1 1. . (). . B oH I
1 1 R R 1 (- Gli; i, iy H I K
1 | 1 . 1 1 @ .o (iz|i2 i3 l]I/éHI/I'
1 1 1 1 1 OB AEArEN:




Global vs Local symmetry expansion of D3 Hamiltonian

Example of RELATIVITY-DUALITY for D ~C, . Y
To represent external {..T,U,V,... }switch g :\gT on top of group table
RG(1) = RO(r) = RO(?) = RO( )= RO(L) = RO ) = ?\;im—d R X
P N P N 20 ST A S T N S B Y SO O li3)
1 1 Coo 1 1 (D). ’
1 1 1 . 1 1 SN OR |r2> Ly
1 1. 1’| 1 1 IO P .
1 1 1 1 1 NI Local m matrix
1 ! 1 1 ! J. parametrized by
H= (1]H| 1)=H* N
. = (r[H|1)=r,* ~
RESULT: So an [Bl-matrix :; _ <<;2:E1:1§=2*
Any R(T) having Global symmetryD ; “\ _ )=
commute (EvenifT and U do not...) _ _ P N I
= 0 =1 =2 .3 .3 .3 | JIAI 1)=1
with any R(U)... H =HIE 5 i b5l 17 0 e
3 3 |r2> ll

is made from
Local symmetry matrices

..and T U=V if & only if T U=V. All the globa o commute

with general local B matrix.
local D3 defined

Hamiltonian matrix

To represent internal {..T,U,V,... } switch g::gT on side of group table
RO(1)=

RO(r) =

RG(fZ):

RG(i2):
A

RG(_ij):

Q-
o

o

()
(1)

H= 1) o)A i) i) i)

(1]
(r |
(r?)
(i, |
(i, |
(i,

hon

IR

H 7
h H

Lol

I, I3
I3 1
[ 1




RESULT: So an Bl-matrix
Any R(T) having Global symmetryD, local-D -defined
commute (Evenif T and U do not...) . 3 .
with any R(U). H =% 55201, .00L 451, Hamiltonian matrix
...andm&only if T U=V. ZLS maldefrom H=s 1) Ir )[r?) il) | iz) |i3 )
ocal symmetry matrices . . -
S (WN\Hn Bl 1 I

(rFZHIjl2Z3 l]

B H I

G 2; |1, I3|H I B

Gy, |13 1; b H K
h

I
Gll; 1L, L1 K H
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Class algebra {Ki1, K2, K3,} of D3 Center

(D3 Algebra

D3 class algebra

ro 1o orii i i k=1 Kk =r+r’ Kk =i +i +i, - : o
e 10 i i | x| K K K a5 D3 Center

A B 1 D)y (All-cornmnuting
iii, iL,bi1 r r K | K 2K, +K, 2K, PAz operators)

i i iirr 1 r K | K 2K 3, +3k, | | DE;q

ot

w
[

[

e
-
-

S}
[a—y

K.=1;+1I; f\
/ fT LT Z Koy St
Cl

ass-sum K commutes with all g; N )
Class-sum K, invariance: gK =K g




Review:Spectral resolution of D3 Center (Class algebra)

(D3 Algebra

2 o

1ir roii i, i I _ b

ro1oP i i e =1l =r+r? | =i +i +i, g Ds class algebra .
. . . T K =]

rir 100, i i K| K K K, A1 = ] D3 Center

- : (All-cornrnutiric

. . . 2 L)y . A C LT :J

ifi, L1 r r K | K 2K, +K, 2K, PAz operators)

. 3 LJ 2 ’r

i1, i,ir 1 r K. K. 2K 3K + 3K r)E1,

2 1 3 1 1 i 1 E :’ T

. . . 2 - 4/4

L i 1 / -JI\:—/‘ = / £ 1y -r J:j\

Cl

ass-sum wi commutes with all g;

: : N\ Y
Class-sum K, invariance: gK =K g
°G = order of group: (°D, =6)
°k, = order of classk: (°x, =1, °x =2, °k,=3)




Spectral resolution of D3 Center (Class algebra)

(D3 Algebra

Pl i i e =1]x =r+r | & =i +i, +i, g D3 class algebra .

Plr 100, i i| x| & X X A iz=l D3 Center
— - (All-cornrnutine

. . . 2 L) A, \ g

iy L, 1 oror k.| K 2K, T K, . | P Operators)

i,ii i, rr 1 r K. | K, 2K, 3k, +3x, | | PEi

\

"]
. . . 2 - - -
Cl

ass-sum wi commutes with all g;

, , . o . B " y
Class-sum x invariance: g K, g =K, or: gK, =K, g
°G = order of group: (°D,=06)
°x, = order of classk °k, =1 °k =2, °k,=3)
j:OKk

gthgt_l =K, where: K, = Z g L
j=1
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Review:Spectral resolution of D3 Center (Class algebra)

(D3 Algebra

ril i i i k=1 &k =r+r’ | Kk =i +i,+i, - D; class algebm ~N
Plr 100, i i| x| & X X A iz=l D3 Center
— : (All-corrirnutine
. . . L) A, \ g
R o B 2K, e OpErEtors)
. . . 3 T
i, i, i,irr 1 r K. | K, 2K, 3k, +3k, | PE1
. . . - ../..
i,ii, iir r’ 1 / 2=yl -H':)/ 7
—— . - =t
Class-sum wix commutes with all g; 9 )
Class-sum k, invariance: gK =K g
°G = order of group: (°D,=6)
°k, = order of classk °k, =1 °k =2, °k,=3)
j:OKk 1 =G
-1 . _ _ -1
gx,g =%, whereik, = > g =:—>ggg
=1 S. =1 N

°s =order of g -self-symmetry:(°s, =6, s =3, %5 =2)



Group theory of D3 Center (Class algebra)

1ir’ r i, i ( 3 Algebra —
ri 1 r? i, k,=1 Kk =r+r’ | Kk =i +i,+i, - Ds class algebra N
rz r 1 '3 il Kl Kl Kr Ki _PA1 '}\:‘/=J D3 Center
A I Yy (All-cornrniting
i i r r ; ; 2K, +K, 2K, Az OOerators)
ili i 1T K | K, 2K, 3, +3k, | PEi ——
1 i2 L ir r’ 1 / J:/:J/ .r']7 'J"']j)\ _r'7 -
L e 2=
/ . /
Class-sum wix commutes with all g; 9 )
Class-sum K, invariance: gK =K g
°G = order of group: (°D,=6)
(e} _ . o — (e} _ O —
K, = order of classk (°k, =1 °k =2, °k,=3)
J=K, 1 =G
-1 . _ _ -1
gX,g =K, where:x, = 2 8 =73 2 88,8,
=1 S, =1 N\

°s =order of g -self-symmetry:(°s, =6, °s =3, %5 =2)

O _ 0 O
s, = G/ K,

°sk is an integer count of D3 operators g, that commute with gy.
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Review:Spectral resolution of D3 Center (Class algebra)

(D3 Algebra

L Class-sum ¥

ass-sum wi commutes with all g;

Class-sum K, invariance: gK, =K, 8

°G = order of group: (°D; =6)

°k, =order of classk,:  (°k, =1, °x, =2, °k, =3)
J="K; 1 t="G

2 : _ _ 2 _ 0 .9 .g
ri 1 r i i i K=1{K =r+r | K =i +i, +i,
2 . o
r r 1 i, i, 1 LS : K K,
I P TR | 1 r r? 2K + K 2K
1 3 2 r r 1 r i
Ll L1 or K K 2K 3k, + 3K

k t=1

gthgr_l =K, Wwhere: K, = E g =3 288,
=1

°s,=order of g,-self-symmetry:(°s, =6, s =3, s, =2)

o o o
s,="G/°Kk,

...now a few pages to prove
and apply this key integer ratio
related to Laggrange s theorems.

-

D3 class algebra

-

| D; Center )

(All-corrirnuting
operators)

PA L=
PAz
PEi -

°sk is an integer count of D3 operators g, that commute with gy.




Review:Spectral resolution of D3 Center (Class algebra)

T (D 3 Algebra - W
Pl i i e =1]x =r+r | & =i +i, +i, g D3 class algebra .
SR I 2 U T A T T K K A i=l D Center
A R . T (Allcornenutirig
il i, 1 r o K | K, 2K, +K, 2K, A2 aneratars
Jp:‘f:JEOFD>
. . . 3 T
i, i, i,irr 1 r K K, 2K, 3k, + 3Kk o _[)E1/
. - ../..
L, 17T r’ 1 / 'Jf_"_/o = J/ £ 1y -rla 9 |
— . S e
Class-sum ki commutes with all g; L )
Class-sum K, invariance: gK =K g
°G = order of group: (°D,=6)
°k, = order of classk (°k, =1 °k =2, °k,=3)

_ J= K 1 =G B
gszgzl =K, where:k, = 2 8 =73 2 gtgkgtl
=1 S, =1 \ J

°s =order of g -self-symmetry:(°s, =6, °s =3, %5 =2)

75, =°G /%K, °sk is an integer count of D3 operators gs that commute with gj.

These operators g form the gi-self-symmetry group si . Each g transforms g into itself: g:8:8s1=g;



Review:Spectral resolution of D3 Center (Class algebra)

1ir' rii i, i (D.g A l/ge bra s | W
ro1 r i, i 1 K =1 K'r=l'+l'2 K, =i +i,+1, e D3 class algebra ~

e 1L 0 0| k| K K K rar =0 Ds Center

A R . Py (Allcornenutirig

i i, 1 r r K, K 2K, +K, 2K, Az sperators)

ifioiirr 1 or K. | K, 2K, 3, +3k, | PEi

/ R .'*-r‘fz'j“r
Cl

ass-sum wi commutes with all g;

: : _ J
Class-sum K, invariance: gK =K g
°G = order of group: (°D,=6)
°k, = order of classk (°k, =1 °k =2, °k,=3)

_ J= Ky 1 =G B
gszgzl =K, where:k, = 2 8 =73 2 gtgkgtl
=1 S, =1 \ J

°s =order of g -self-symmetry:(°s, =6, °s =3, %5 =2)

75, =°G /%K, °sk is an integer count of D3 operators gs that commute with gj.

These operators g form the gi-self-symmetry group si . Each g transforms g into itself: g:8:8s1=g;

If an operator g; transforms gi into a different element g'i of its class: g8 g '=g'x, then so does gg; .
that is: g2.81(ggs) 1 =gggigs g =g g 1=g¢'s,




Review:Spectral resolution of D3 Center (Class algebra)

1ir' rii i, i (D.g Al/gebra B | W
ril i i i k=1 &k =r+r’ | Kk =i +i,+i, e D; class algebra ~
Plr 100, i i| x| & X ” A iz=l D3 Center
— D (All-corrienutirie
i i1 or o B 2K, P  operators) :
. . . 3 T
i, i, i,irr 1 r K. | K, 2K, 3k, +3k, | PE1
. . . 2 - ../..
o hr o1 =11 Flg .
! L Z J AN gLy
N, == I
/ . r
Class-sum wix commutes with all g; 9 )
Class-sum K, invariance: gK =K g
°G = order of group: (°D,=6)
@) _ . o — (©) _ O —
K, = order of classk (°k, =1 °k =2, °k,=3)
J="K, 1 =G
-1 . _ _ -1
gK,g =K, where: K, = 2 8, = thgkgt
j=1

A - J
°s =order of g -self-symmetry:(°s, =6, °s =3, %5 =2)

75, =°G /%K, °sk is an integer count of D3 operators gs that commute with gj.

These operators g form the gi-self-symmetry group si . Each g transforms g into itself: g;8:8,1=gy

If an operator g; transforms gi into a different element g'i of its class: g8 g 1=g'x, then so does gg; .

Subgroup si={go=1, g1=8r, 82,...} has (=(°ki-1) Left Cosets (one coset for each member of class Kx).
g sk = gr{go=1, g1=gr, g,...},



Review:Spectral resolution of D3 Center (Class algebra)

(D 3 Algebra  _ - W

1ir' rii i, i —
ril i i i k=1 &k =r+r’ | Kk =i +i,+i, e D; class algebra ~
Plr 100, i i| x| & X ” A iz=l D3 Center
— D (All-corrienutirie
i i1 or o B 2K, P  operators) :
. . . 3 T
i, i, i,irr 1 r K. | K, 2K, 3k, +3k, | PE1
. . . 2 - ../..
o hr o1 =11 Flg .
! L Z J AN gLy
N, == I
/ . r
Class-sum wix commutes with all g; 9 )
Class-sum K, invariance: gK =K g
°G = order of group: (°D,=6)
°k, = order of classk (°k, =1 °k =2, °k,=3)
J=K, 1 =G
-1 . _ _ -1
gx,g =k, where:x, = 2 8= Z 88,8,
j=1

A - J
°s =order of g -self-symmetry:(°s, =6, °s =3, %5 =2)

75, =°G /%K, °sk is an integer count of D3 operators gs that commute with gj.

These operators g form the gi-self-symmetry group si . Each g transforms g into itself: g;8:8,1=gy

If an operator g; transforms gi into a different element g'i of its class: g8 g '=g'x, then so does gg; .

Subgroup si={go=1, g1=8r, 82,...} has (=(°ki-1) Left Cosets (one coset for each member of class Kx).

g sk = gi{go=1, g1=g 2,...},
g5k = g2{g=1, gi1=g, G2},

g5k = grigo=1, g1=8r, 2,...}



Review:Spectral resolution of D3 Center (Class algebra)

(D3 Algebra

.

L Class-sum ¥

ass-sum wi commutes with all g;
Class-sum K, invariance: gK =K g

(°D, =6)

(°k, =1, °x =2, °k,=3)

°G = order of group:

OK'k = order of ClaSSKk:

24 i _ _ 2 e s s
ri 1 r i i i K=1{K =r+r | K =i +i, +i,
2 . .
r'ir 100, i i L | K K,
i, 1 1 r r’ 2K, +K 2K

1 3 2 r r 1 r i
iii Lirr 1 r K| K 2K, 3k, + 3K

_ J=K, 1 =°G B
gszgzl =k, where: x, = 2 8= Z gtgkgtl
=1

o
Sk =1

°s =order of g -self-symmetry:(°s, =6, °s =3, %5 =2)

O _ 0 O
s, = G/ K,

-

D3 class algebra

a2 T )
a5 D3 Center
DA, (All-cornmnuting
» _r)r\z 0gerdtors)
PEi
=1y -rly -rlo 5
T 2= I
\_ J

°sk is an integer count of D3 operators g, that commute with gy.

These operators g form the gi-self-symmetry group si . Each g transforms g into itself: g;8:8,1=gy

If an operator g; transforms gi into a different element g'i of its class: g8 g '=g'x, then so does gg; .

Subgroup si={go=1, g1=8r, 82,...} has (=(°ki-1) Left Cosets (one coset for each member of class Kx).

g/ sk = g11go=1, 21=gr, g,...},
g5k = g2{80=1, 81=8k, 82,...},...

They will divide the group of ordern °Ds= %Ki °sk

evenly into °kx subsets each of order °sy.



Review:Spectral resolution of D3 Center (Class algebra)

(D 3 Algebra  _ - W

1ir' rii i, i —
ril i i i k=1 &k =r+r’ | Kk =i +i,+i, e D; class algebra ~
r’ir 10i, i i K | K K K, A1 K;/:J D3 Center
— : All-cornrnutire
L 1 iz 1 r 1‘2 Kr Kr 2K1+Kr 2Ki —IDAZ ( OO:M"FOF“) °
i i 1o K | K, 2K, 3K, + 3k PEi
i iir o1 / . =1 /\
3 i J\_Z‘—'J‘/ -rJZ -riz ~ __r:/,_' ’
N, == I
/ . r
Class-sum wix commutes with all g; L )
Class-sum K, invariance: gK =K g
°G = order of group: (°D,=6)
@) _ . o — (©) _ O] —
K, = order of classk (°k, =1 °k =2, °k,=3)
J=K, 1 =G
-1 . _ _ -1
gX,g =K, where:x, = 2 8 =73 2 88,8,
j=1 Se =1 \ J
°s =order of g -self-symmetry:(°s, =6, °s =3, %5 =2)
75, =°G/°k, °si is an integer count of D3 operators gs that commute with gy.

These operators g form the gi-self-symmetry group si . Each g transforms g into itself: g;8:8,1=gy

If an operator g; transforms gi into a different element g'i of its class: g8 g '=g'x, then so does gg; .

Subgroup si={go=1, g1=8k, ©2,...} has (=(%i-1) Left Cosets (one coset for each member of class kx).

g/ sk = giigo=1, gi=gr, £2,...},
g5 = g2{80=1, 21=8r, 2,...},...

These results are known as Lagrange’s Coset Theorem(s)

They will divide the group of ordern °Ds= %Ki °sk

evenly into °kx subsets each of order °sy.
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Spectral analysis of non-commutative “Group-table Hamiltonian™
Ist Step: Spectral resolution of D;-Center (Class algebra of D; )

I'2 1 : i2 13 11
rt | 1 | i3 i iy
iy | iy i 1 r! r?




Spectral analysis of non-commutative “Group-table Hamiltonian™
Ist Step: Spectral resolution of D;-Center (Class algebra of D; )

T .2 : :
1 r- r 1] I 13 Each class-sum K, commutes with all of D,.
2 1 . [ .
r 1 gy 13 1 SR
1 9 ,2 3 ,1 K,1=1 fi',gzl'l-l-l‘2 K,3=ll-|-12-|-13
r r“ 1 13 1; 1y
: J T ol 12 > K9 2K1 + Ko 2K3
: 2 .3 9 1 K3 2K,3 3!‘1’,1 + 3&2
19 13 13 1 r

K,'s are mutually commuting with respect to themselves
and all-commuting with respect to the whole group.

l'l‘c',ir_]:ig""i_g"'i]:ﬁ'/i or: rrR, —KR;r
o

°G

-1
hgh = here: v_=
hél g VK, where: v, o

= integer
g

°kg 1s order of class kg and must evenly divide group order °G.



Spectral analysis of non-commutative “Group-table Hamiltonian™

Ist Step: Spectra
1 | ' | i iy s
I'2 1 I‘1 i2 i3 il
1‘1 1‘2 1 i3 il i2 \
i1 ig i3 1 1'1 1‘2 ,
i2 i3 i1 I'2 1 I‘1
i3 i1 i2 I'1 I‘2 1

Note also:
K22 -K, -21=0

[ resolution of D;-Center (Class algebra of D; )

Each class-sum K, commutes with all of D,.

K,1=1 K,2=I'1-|-I‘2 K,3=i1+i2+i3
K9 2k1 + Ko 2K3
K3 2K,3 3!"1',1 + 3K,2

5 v
K™y = 3‘K2 + 31
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Spectral analysis of non-commutative “Group-table Hamiltonian™
Ist Step: Spectral resolution of D;-Center (Class algebra of D; )

T .2 : :
1 r- r 1] I 13 Each class-sum K, commutes with all of D,.
i 5 A ki=1 | Kg=r"4Tr K3 =11 + 13 +13
r r“ 1 13 1; 1y
: J T ol 12 » K9 2K1 + Ko 2K3
19 13 13 1 r

r
o2 1 Class products give spectral polynomial and
J

all-commuting projectors P(%/ -
0=x3 —9kg = (kg —3-1)(kg +3-1)(kg —0-1) «K7;=3%K,+31

]Xote also:
K —K, - 21=0

0=(k,-21)(k,+1)
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Spectral analysis of non-commutative “Group-table Hamiltonian™
Ist Step: Spectral resolution of D;-Center (Class algebra of D; )

T .2 : :
1 I’ r 1] I 13 Each class-sum K, commutes with all of D,.
1 5 L ki=1 | Kg=r"+r Kg =11 + 1 +13
r r‘ 1 13 1; 1y
19 1o 13 1l r r
. 9 1 K3 2K,3 3!"{,1 + 3K,2
19 13 13 1 r

r

rl 2 1 Class products give spectral polynomial and
all-commuting projectors P(“= P4/ P12 and PF
0=x3 —9kg = (kg —3-1)(kg +3-1)(kg —0-1)




Spectral analysis of non-commutative “Group-table Hamiltonian™

Ist Step: Spectral resolution of D;-Center (Class algebra of D; )

T .2 : .

1 rr 1] 12 13 Each class-sum K, commutes with all of D,.

1 5 S ki=1 | Kg=r"+r Kg =11 + 1 +13
r r° 1 13 11 Iy
: ? K2 2K1 + Ko 2K3
i | iy i3 1 rl r?
. 9 1 K3 2K,3 3!’61 + 3K,2
12 13 13 r- 1 r
is i, i rl 2 1 Class products give spectral polynomial and

all-commuting projectors P(“= P4/ P12 and PF
0= kK3 — 9Kkg = (n3—3-1)(n3|—|—3-1)(n3—0-1)
|

0=(k,—31)P"

4 _

i P 1 =43P

pii _ (K, +31)(k, -01)
(+3+3)(+3-0)




Spectral analysis of non-commutative “Group-table Hamiltonian™

Ist Step: Spectral resolution of D;-Center (Class algebra of D; )
1 r'ort | i By i Each class-sum K, commutes with all of D,.
D) 1 1 . . .
I'l 9 r }2 }3 }1 K,1=1 K,2:I'1-|-I‘2 K,3=i1-|-i2-|-i3
r r“ 1 13 1; 1y X
3 T 1 ol » K9 2K1 + K9 2K3
i2 i3 i1 1'2 1 I‘l K3 2/63 3K,1 + 3K,2
is i i rl 2 1 Class products give spectral polynomial and

0=(k,-31)P"

K3P

A= 43p

K, - =-3

‘ 0=(k;+31)"

all-commuting projectors P(“= P4/ P12 and PF
0= kK3 — 9Kkg = (n3—3-1)(n3|—|—3-1)(m3—0-1)
|

pAl _ (K, +31)(xy—01)

(+3+3)(+3-0)
(K, —31)(x;—01)
(=3-3)(=3-0)
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Spectral analysis of non-commutative “Group-table Hamiltonian™

Ist Step: Spectral resolution of D;-Center (Class algebra of D; )
1 r'ort | i By i Each class-sum K, commutes with all of D,.
D) 1 1 . . .
I‘l 9 r }2 }3 }1 K,1=1 H2:r1+l‘2 K,3=i1+i2-|-i3
r r“ 1 13 1; 1y
3 T 1 ol » K9 2K1 + K9 2K3
i2 i3 i1 1'2 1 I‘l K3 2/63 3K,1 + 3K,2
is i i rl 2 1 Class products give spectral polynomial and

0=(k,-31)P"

A
1 _
K3P =

+3- P

all-commuting projectors P(“= P4/ P12 and PF
0= kK3 — 9kg = (kg — 3 - 1)(k3 +3 1)(kg —0-1)

‘ 0=(k;+31)"

K, - =-3

0=(x;-01)P"

K,P" =+0-P"

pii _ (K, +31)(k;—01)
(+3+3)(+3-0)
(k;—31)(x;—01)
(=3-3)(=3-0)
pE _ (k;—31)(x;+31)
(+0—-3)(+0+3)
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Spectral analysis of non-commutative “Group-table Hamiltonian™
Ist Step: Spectral resolution of D;-Center (Class algebra of D; )

T .2 : .
1 rr 1] 1 13 Each class-sum K, commutes with all of D,.
2 i B —
r 1 1p, 13 1 EEEErE—
1 9 ,2 3 ,1 K,1=1 K,221'1-|-I‘2 K,3=ll+12-|-13
r rv 1 13 11 Iy
- 5 » K9 2K1 + Ko 2K3
1] 19 13 1 r r
. 9 1 K3 2K,3 3!%1 + 3/4,2
12 13 13 r- 1 r
is i, i rl 2 1 Class products give spectral polynomial and

all-commuting projectors P(“= P4/ P12 and PF
0= kK3 — 9kg = (kg — 3 - 1)(k3 +3 1)(kg —0-1)

0=(k,-31)P" 0= (K, +31)F 0= (i,-01)P"

K,P" =+0-P"
pii _ (K, +31)(k;—01)

K3PA1 - 43P K ==3
Class resolution into sum of eigenvalue - Projector

. _1.p4 . pkE (+3+3)(+3-0)
K=K, =1P"1+1 + 1P (1, = 31)(c, - 01)
K=K, = 2.PA1+2. _ 1°PE <—K2r =K, +2-1:>(Kr —2-1)(1(,, +1)=0 (=3—3)(=3-0)

pE _ (k;—31)(x;+31)
(+0—-3)(+0+3)

A : - ]
K=K, =3P 1 _3. + 0-Pt So: K. has an eigenvalue 2 and -1
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Spectral analysis of non-commutative “Group-table Hamiltonian™
Ist Step: Spectral resolution of D;-Center (Class algebra of D; )

T .2 : :

1 r- r 1] I 13 Each class-sum K, commutes with all of D,.

2 1 . [ .
r 1 gy 13 1 SR

1 9 ,2 3 1 K,1=1 K,221'1-|-1‘2 K,3=ll-|-12-|-13
r r“ 1 13 1; 1y
3 L1, T ol 12 > K9 2K1 + Ko 2K3

. 9 1 K3 2K,3 3!‘61 + 3&2

19 13 11 1 r

r

rl 2 1 Class products give spectral polynomial and
all-commuting projectors P(“= P4/ P12 and PF
0= kK3 — 9kg = (kg — 3 - 1)(k3 +3 1)(kg —0-1)

I l

0=(k,-31)P"

K,P" =+0-P"
pii _ (K, +31)(k;—01)

0=(K3+3'1) 1z O=(K3—01)PE

K3PA1 - 43P K ==3
Class resolution into sum of eigenvalue - Projector

. _1.p4 . pkE (+3+3)(+3-0)
K=%x,=1P I+1 + 1P : (%, — 31)(k, — 01)
iK,= K :2.PA1+2. _ 1°PE —K r=Kr+2-1:>(l(r—2-1)(l(r+l)=0 (=3—3)(=3-0)

) 4 E So: K . has an eigenvalue 2 and -1 pE = (5 —31)(k5 +31)
K=K, =3P -3 + 0-P r (+0—3)(+0 + 3)

Inverse resolution gives Dy Character Table
A o [ [ J A — —
Pl =(x,+%x,+%x;)/6=(1+r+ r + i, +i, +1,)/6 P —%(Ksz +3K3)—$(3K1 +3K, +3K;) <




Spectral analysis of non-commutative “Group-table Hamiltonian™
Ist Step: Spectral resolution of D;-Center (Class algebra of D; )

T .2 : :
1 r- r 1] I 13 Each class-sum K, commutes with all of D,.
2 1 . [ .
r 1 gy 13 1 SR
1 9 ,2 3 1 K,1=1 fi',gzl'l-l-l‘2 K,3=ll-|-12-|-13
r r“ 1 13 1; 1y
: J T ol 12 > K9 2K1 + Ko 2K3
: 2 .3 9 1 K3 2K,3 3!‘1’,1 + 3&2
19 13 13 1 r

r

rl 2 1 Class products give spectral polynomial and
all-commuting projectors P(“= P4/ P12 and PF
0 = k3 — 9kg = (K3 — 3|- 1)(k3 + 3-1)(k3 —0-1)

I l

0=(k,-31)P"

K,P" =+0-P"
pAl _ (K, +31)(k;—01)

0=(K3+3°1) ‘F O=(K3—01)PE

K3PA1 - 43P K ==3
Class resolution into sum of eigenvalue - Projector

_ _1.p4 ) .pk (+3+3)(+3-0)
K=K, =1P"1+1 + 1P (1, = 31)(c, - 01)
iK,= K :2.PA1+2. _ I'PE <—K2r=Kr+2-1:>(Kr—2-1)(Kr+l)=0 (=3—3)(=3-0)

) 4 E So: K . has an eigenvalue 2 and -1 pE = (5 —31)(k5 +31)
K=K, =3P -3 + 0-P r (+0—3)(+0 + 3)

Inverse resolution gives Dy Character Table
P =(ic,+%, +K,)6=(1+r+r> +i +i, +1,)/6
2
= (K, +%, —K,)6=(+r+r>—i, —i, —i,)/6 (5" =30 )= (3w, + 3, -3

p

= %(Kﬁ +31<3) = L3k, +3x, +3K;)



Spectral analysis of non-commutative “Group-table Hamiltonian™
Ist Step: Spectral resolution of D;-Center (Class algebra of D; )

1 2 . ] . .
1 rr 1] 12 13 Each class-sum K, commutes with all of D,.
2 i B —
r 1 1p, 13 1 EEEErE—
1 9 ,2 3 ,1 R1=1 fi',gzl'l-l-l‘2 K,3=ll-|-12-|-13
r rv 1 13 11 Iy
. ? K2 261 + Ko 2K3
11 1o 13 1 rl r?
. 9 1 K3 2K,3 3!‘61 + 3K,2
19 13 14 r- 1 r
is i, i rl 2 1 Class products give spectral polynomial and

all-commuting projectors P(“= P4/ P12 and PF
0= kK3 — 9kg = (kg — 3 - 1)(k3 +3 1)(kg —0-1)

I l .
0= (k,+31)P 0= (1;-0-1)P"

0=(k,-31)P"

i P 1 =43P K, =3 k,P" =+0-P”
Class resolution into sum of ezgenvalue Projector p — (K 3D ~01)
K=k, =P+ 1077+ 1-P* (34 3)(+3-0)
I ™1 (k5 —31)(x;—01)
K=k =2P142p " o PP K, =K, 421 (K, - 21)(k, +1) =0 (k0,131
, : K, —31)(K, +3
K=K, = 3'PA1 _3 n O'PE So: K. has an eigenvalue 2 and -1 pt = (10_3)(+(3)+3) —

Inverse resolution gives Dy Character Table
P 1—(1<1+1<2+1<3)/6 (1+r+r? +i, +1i, +1,)/6 P = %(Ks +3‘<3) s
= (, +K, — ;)6 =(1+r+r> =i —i,—i,)/6 io{es” =3 ) = 5 (3 3k, - 3w
P =2k, -k, +0)3=(21-r—r?)/3 P =57 =91 =53k 3k, -0k ) <

(3%, +3K, +3Kk;)
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Spectral analysis of non-commutative “Group-table Hamiltonian™
Ist Step: Spectral resolution of D;-Center (Class algebra of D; )

T .2 : .
1 rr 1] 12 13 Each class-sum K, commutes with all of D,.
2 i B —
r 1 1p, 13 1 EEEErE—
1 9 ,2 3 ,1 K,1=1 fi',gzl'l-l-l‘2 K,3=ll-|-12-|-13
r rv 1 13 11 Iy
: ? K2 2K1 + Ko 2K3
11 19 13 1 I‘1 1‘2
. 9 1 K3 2K,3 3!‘61 + 3&2
19 13 1y r- 1 r
is i, i rl 2 1 Class products give spectral polynomial and

all-commuting projectors P(“= P4/ P12 and PF
0= kK3 — 9kg = (kg — 3 - 1)(k3 +3 1)(kg —0-1)

0=(1c;—31)P" 0=(x,+31)P 0= (1,-01)P”

K,P" =+0-P"
pAl _ (K, +31)(k;—01)

K3PA1 =+3'PA1 K3 =3
Class resolution into sum of eigenvalue - Projector

A E (+3+3)(+3-0)
K=k, =1P71+1 + 1P (1, = 31)(c, - 01)
K=k =2P42:p 7 - 1P~ (-3-3(-3-0)
4 E pE _ (K;—31)(k;+31)

K=K, =3P -3 + 0-P (+0—3)(+0 + 3)
Inverse resolution gives Dy Character Table x5\ xt oxy oxt
PAI=(K1+K2+K3)/6=(1+l‘-|—r2+i1+i2+i3)/6 o = 1 1 1
= (K, +%, K6 =(+r+r"—i —i,—i,)/6 o= -
P’ =(2x,-%,+0)3=(21-r-r")/3 a=E |2 -1 0




Spectral analysis of non-commutative “Group-table Hamiltonian™
Ist Step: Spectral resolution of D;-Center (Class algebra of D; )

T .2 : :
1 rr 1] 1 13 Each class-sum K, commutes with all of D,
1 9 . . K,1=1 Kg =TI =T kg =11 +19 +13

r rv 1 13 11 Iy

: ? K2 2K1 + K2 2K3
11 19 13 1 I‘1 1‘2

. 9 1 K3 2K,3 3!‘61 + 3&2
12 13 13 r° 1 r
is i, i rl 2 1 Class products give spectral polynomial and

all-commuting projectors P(“= P4/ P12 and P£
0= kK3 — 9kg = (kg — 3 - 1)(k3 +3 1)(kg —0-1)

O _ (K3 _ 31)PA1 0 _ (K3 + 31) | /4 O = (K3 — OI)PE

K,P" =+0-P"
pAl _ (K, +31)(k;—01)

K3PA1 - 43P K ==3
Class resolution into sum of eigenvalue - Projector

—1.P 4 1. pE (+3+3)(+3-0)
K, =1P A+ | + 1-P (6, - 31)(K, — 01)
K, =2P1+2:0 - 1-P" Irreducible (K(‘33_13;z$<‘3+_301))
A E E_ Ry 7R3 T
K. =3P1-3 + 0P characters P (0-3)(1013)
are traces
Invirse resolution gives D, Character Table HO=Tr DO(r,) X0 | X x5 X5
Pl=(k, +%, +K,)/6=(+r+r’+i +i, +i;)/6 o a=4] 1 1 1
— (K, +%K, — Kk, )6 = (1+r+1° —i, —i, —iy)/6|  [rreducible -
r ) representations
P™ =2k, -x,+0)3=21-r—r")/3 D©)(ry) ca=F | 2 -1 0




Review: [s:-Stage Spectral resolution of D3 Center (All-commuting class projectors)

(D3 Algebra

J\_;/-—J‘/ -r JZ -rJg ~o

ri 1 or’ii i i k=1 Kk =r+r’ | kK =i +i, - N Maximal Set
cle 1 6 i e " car == D3 Center ) [of Commuin
] 5 ] 1 . : - - - Operators
A 2 D (All-corrirnuting
i i, L1 r r K. | K, 2K, +K, 2K, P Az .
= OQEretors) r E

Another

2 E
r I'22

Class-sum K, invariance: gK =K g
°G = order of group: (°D, =6)
°k, = order of classk °k, =1 °k = .=3) i]
Cfass minimal equatton 2 ~3x +31
= 3 KK +3K =9k, — )
O K - 9 K;= (K -3 1)(K +31)(x ;-0 1) Class ortho-complete PX relations
K, = 1°PA1 + 1 + 1-PY =1 (Completeness) K=Y k%l(ca)l)(a)\ Xe |4 X X
Kk =2P1 420" - I-PF : @) /) a=Ad b
A E ¥ “=Trace D'“(g,) irrep characters: X" o = _
K.=3P1-3P + 0P ‘ '
i (a)_ (@ and dimensions.: ('*
*’<Trace D"'(1) ) g(a) o oa=F 2 —1 0
P = (K, +K, +K)6 =LA +r+r° +i +i, +i;) PPi=g 220 % | Find g *" =0
| .. using i, coefficient
=(K,+K,—K)6=-(+r+r"—i —i,—i,) (@) Ofx(“)* " (12
E _ _(2q_1._1.2 ~ o g 8 | P'¥= K. +..
_(2K1—Kr+0)/3—(§1—§r—§r _ G o=1 ) °G |1
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~

.
D; Algebra

4 DA D3 Center\ of Commutinlg
Ao Operators

c]=1

(All-commuting
operators) r PE
11

(Fig. 15.2.1 QTCA)

2 PE
r I’.22

PE
E
Y
- J

: . g k=1 K i HH
Important invariant numbers or “characters” Pl T 1l

%= Trreducible representation (irrep) dimension or level degeneracy Pj;: L1 -1y

P~=2 -1 03

For symmetry group or algebra G
Centrum: K(G)=X, ep(c) (f 06)0 =Number of classes, invariants, irrep types, all-commuting ops

Rank:  p(G)=X ) (f OC)I =Number of irrep idempotents Pn(%), mutually-commuting ops

irrep(o

Order:  °(G)=X, ., () (f 06)2 =Total number of irrep projectors Pg% or symmetry ops


https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_5_Ch._15_2013.pdf#page=17

~

.
D; Algebra

4 DA D3 Center\ of Commutinlg
Ao Operators

c]=1

(All-commuting
operators) r PE
11

2 PE
r I’.22

PE
PE
)
\ J

. . y " g k=l r+rl i+,

Important invariant numbers or “characters PU=[T 1 1 le

%= Trreducible representation (irrep) dimension or level degeneracy P11 -1

For symmetry group or algebra G PE =2 -1 03

Centrum: K(G)=X, ep(c) (f 06)0 =Number of classes, invariants, irrep types, all-commuting ops
Rank:  p(G)=Zx,,, ep(1) (f OC)I =Number of irrep idempotents Pn(%), mutually-commuting ops

Order:  °(G)=X, ., () (f OC)2 =Total number of irrep projectors Pf,,‘j% or symmetry ops

w(Ds)=(1)%+ (1)0+ (2)°= 3
p(D3)=(1)'+ (1)'+ (2)'= 4
°(Ds)=(1)+ (1)+ (2)’=6
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Spectral reduction of non-commutative “Group-table Hamiltonian™

D Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D
3 3
Correlate D, characters with its subgoup(s) C,(i)

D3DCx(p3)




Spectral reduction of non-commutative “Group-table Hamiltonian™

D Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D
3 3
Correlate D, characters with its subgoup(s) C,(i)

Dy «=1 r'+r’ i +i+, C,x-1 i

Pi=1 1 16 2 =[1 1]n
Pi=1 1 -1y pl2=l1 -1|n
PE=2 -1 03




Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i)
Dy «=1 r'+r’ i +i+

2 C,x=1 i,
Pi=[1 1 1/s 2 =1 1]
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D;,oC, 0, 1,
shows which products of ndi=| 1
class projector P(® with nd=1| - 1
C,-unit 1 =p"2+ p'> will nfF=11 1

make IRREDUCIBLE P/%)




Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i)
Dy «=1 r'+r’ i +i+

127 C2 k=1 1,
PU=1 1 16
p”? =1 1|n
Po=1 1 -1 pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D;,oC, 0, 1,
shows which products of nii=1 1
class projector P(® with nd=1| - 1
C,-unit 1 =p"2+ p'> will nfF=11 1
make IRREDUCIBLE P,{ o)
R :
Rank p(D3)=4 implies ank
there will be exactly 4 p(G)= 2 (''=Maximum number of mutually commuting operators
“C,-friendly” irep projectors irrep (@)

p@] =P(0c)(p02+ plz )

R




Spectral reduction of non-commutative “Group-table Hamiltonian™

D, Example

Correlate D, characters with its subgoup(s) C,(i)

D3 k=1 rl+rii +i_+

l "2 73
Pl=1 1 11s
P=1 1 -1)s
PE=2 -1 03

D,>C, Correlation table
shows which products of
class projector P(® with
C,-unit 1 =p"2+ p'> will
make IRREDUCIBLE P}%)

Rank p(D3)=4 implies
there will be exactly 4
“C,-friendly” irep projectors
P@] =p@(p’2 4+ pl?)

R

2nd Step: Spectral resolution of Class Projector(s) of D,

C2 k=1 1,
p”? =1 1|r
pl2=|1 -1|»2
D;,oC, 0, 1,
ndi=| 1
nAa= 1
nf=11 1
1 =p02+ p12
Pi= P'Ao]zo2
Pi=| - 1252
PE= P(fo2 11512

Rank :

p(G)= 2 (''=Maximum number of mutually commuting operators

irrep(a)



Spectral reduction of non-commutative “Group-table Hamiltonian™
D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,

Correlate D, characters with its subgoup(s) C,(i)
Dy =1 r'+r’ i +i+, C,x-1 i,
Pi=1 1 16 2 =[1 1]n
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03

D,>C, Correlation table D;,oC, 0, 1,

shows which products of ndi=| 1

class projector P(® with nd=1| - 1

C,-unit 1 =p"2+ p'> will nf=11 1

make IRREDUCIBLE P/%)

Rank p(D,)=4 implies
ok 1 =pY2 12
there will be exactly 4 P+ P
“C,-friendly” irep projectors Pli= PAOJO :
2¥2
p@] P(Oc)(p +p ) P/j? Péfz
=1%)(2%1+ Pl(zog P = P() ,0, 1)1212

PL=Plip02 =PU(1+i,)2=( 1+ '+ r2+i+i+i, )6
pL=Plpl> =PL(14,)2=( 1+r'+r’-i - i,-i,)6
Poo=PLp®2 = PE(14 )2=(21-r'- ¥’-i - i +2i )6
Pl =Pipl = PE(L4 )o=(21-r-r?+i + i 2i )6

Rank :

p(G)= 2 (''=Maximum number of mutually commuting operators
irrep(a)
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2nd-Stage
Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C,don’t commute)

Standing-wave Ce Y
Subroup chain Q/‘O{\

D3DCx(p3) @\\\

2

Moving-wave I .

Sub hai X Ny
iy s &/




2nd-Stage
Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C,don’t commute)

Dy «=1 r'+r’ i +i+, C,x-1 i, Let: Cyx=1 1" r’
Pi=1 1 16 p02 -1 1ln» g=¢ 2T/ p03= 1 1 1|3
P21 1 -1 pl2=1 -1|n pli=11 e ¢£*|
PE=2 -1 03 p=12 &% e |3

D,>C, Correlation table D;,oC, 0, 1,
shows which products of ndi=| 1
class projector P(® with nd=1| - 1
C,-unit 1 =p"2+ p'> will nfF=11 1

make IRREDUCIBLE P/%
Rank p(D3)=4 implies

— 0 1
there will be exactly 4 1 =p”+p-
“C,-friendly” irep projectors Pli= PAOJO :
272
Pl =popls pl) Pl Ry
R+ R P" = P, B,

PL=Plip02 =PU(1+i,)2=( 1+ '+ r2+i+i+i, )6
pA=pip! =P42(1-ij,)/2=( L+ri+ri-i - i,-i, )6
Poo= PEp¥2 = PE(14 )n=(21- F-r-i - i42i, )6

P12E12= Pipl> = PE(I-i3)/2=(21- r-r’+H + 121, )/6




2nd-Stage
Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C,don’t commute)

D3 k=1 rl+rii +i_+

_ I 42
2 C,x=1 i, Le_t: i3 Cg k=l ror
PU=[1 1 1 s 0, _ £=e pP=|1 1 13
p”? =1 1r ;

P11 1 -1)6 pl2={1 -1 pi= 11 ¢ ¢&*3

PE=2 -1 03 p=11 €* ¢ |3
D;>5C, Correlation table D;o5C, 0, 1, | Same for Correlation table: D35 Cy 05 15 2,
shows which products of ndi=| 1 A= [
class projector P(® with nA2= -1 = |1 -
C,-unit 1 =p"2+ p'> will nf=11 1 nk = 1 1
make IRREDUCIBLE P/%

Rank p(D3)=4 implies ) ;
there will be exactly 4 1 =p”+p-
“C,-friendly” irep projectors Pli= PAOI 0
p@] =P(0c)(p02+ plz ) pi=| . Péfz
=K+ B e P, P

pAi=pip0> =PA’(1+i3)/2=( I+ ri+ri+i+i+i, )6
pA=pip! =P42(1-ij,)/2=( L+ri+ri-i - i,-i, )6
Poo= PEp¥2 = PE(14 )n=(21- F-r-i - i42i, )6
P12E12= Pipl> = PE(I-i3)/2=(21- r-r’+H + 121, )/6




2nd-Stage
Spectral reduction of non-commutative “Group-table Hamiltonian™

D, Example

2nd Step: Spectral resolution of Class Projector(s) of D,

Correlate D, characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C,don’t commute)

Dy «=1 r'+r’ i +i+, C,x-1 i
Pi=[1 1 1/s 2 =1 1]
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D;,oC, 0, 1,
shows which products of ndi=| 1
class projector P(® with nd=1| - 1
C,-unit 1 =p"2+ p'> will nfF=11 1
make IRREDUCIBLE P,{ o)
Rank p(D3)=4 implies ) ;
there will be exactly 4 1 =p”+p-
“C,-friendly” irep projectors Pli= PAOI 0
p@] =P(0c)(p02+ plz ) pi=| . 47

= E_| pE E
B® + P P==| Pro, P\,

PL=Plip02 =PU(1+i,)2=( 1+ '+ r2+i+i+i, )6
pA=pip! =P42(1-ij,)/2=( L+ri+ri-i - i,-i, )6
Poo= PEp¥2 = PE(14 )n=(21- F-r-i - i42i, )6

P12E12= Pipl> = PE(I-i3)/2=(21- r-r’+H + 121, )/6

Let: C3 k=1 r! r?
g=e 2/ pl=11 1 1|3
pi=11 & &*
p= 11 ¢e*¢e |3
Same for Correlation table: D35 Cy 05 15 2,
ndi= |1
nd= |1
nt = 1 1

Rank p(D3)=4 implies

there will be exactly 4
“Cj-friendly” irreducible projectors

p@] =P(0c)(p03 n pl 34 p23)
Bo,* B+ B

373



2nd-Stage

Spectral reduction of non-commutative “Group-table Hamiltonian’

D, Example

2nd Step: Spectral resolution of Class Projector(s) of D,

Correlate D, characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C,don’t commute)

Dy «=1 r'+r’ i +i+, C,x-1 i
Pi=[1 1 1/s 2 =1 1]
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D;,oC, 0, 1,
shows which products of ndi=| 1
class projector P(® with nd=1| - 1
C,-unit 1 =p"2+ p'> will nfF=11 1

make IRREDUCIBLE P/%
Rank p(D3)=4 implies

— 0 1
there will be exactly 4 1 =p”+p-
“C,-friendly” irep projectors Pli= PAOJO :
272
Pl =popls pl) Pl Ry
R+ R P" = P, B,

PL=Plip02 =PU(1+i,)2=( 1+ '+ r2+i+i+i, )6
pA=pip! =P42(1-ij,)/2=( L+ri+ri-i - i,-i, )6
Poo= PEp¥2 = PE(14 )n=(21- F-r-i - i42i, )6

P12E12= Pipl> = PE(I-i3)/2=(21- r-r’+H + 121, )/6

Let:

826-2751'/3

/3
/3
/3

Same for Correlation table: D35 Cy 05 15 2,

Rank p(D3)=4 implies
there will be exactly 4

“Cj-friendly” irreducible projectors

P@] =P(0<)(p03 n p13 n p23 )

Y

Bo,* B+ B

373

Cyx=1 1" r’
p=11 1 1
ph=11 ¢ &g*
p23: 1 e* ¢

ndi= |1

nA2= 1 -

nt = 1 1

_I =p03 _|_p]3 _|_p23

Pii=
Pi=
Pf =

9

1 . .
B,
B, -
- R

E
1, B

3

3




2nd-Stage
Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C,don’t commute)

e o o _ 1 2
5 k=1 ri+r’ 1+ H, C,x=1 i Let: L Cg k=1 1" r
—a-<TU —
Pi=1 1 1/s 20 =1 1]p e=c p=11 1 1|3
P21 1 -1 pl2=1 -1|n pli=11 e ¢£*|
PE=2 -1 03 p= 11 €* £ |3
D;,> C, Correlation table D;o5C, 0, 1, | Same for Correlation table: D35 Cy 05 15 2,
shows which products of ndi=| 1 pdi= [
class projector P(® with nA2= -1 nd= |1
C,-unit 1 =p"2+ p'> will nf= |1 1 WE= 11
make IRREDUCIBLE P/%
Rank p(D4)=4 implies Rank p(D3)=4 implies 0 _1: 2
there will be exactly 4 1 =p02 + pl 2 there will be exactly 4 1 =p”+p"+p~
“C,-friendly” irep projectors Pli= PAO]O “C;-friendly” irreducible projectors ~ Ppdi= ]8/16 .
p@] =P(°‘)(p02 + p] ) pi=| . 272 PlAf p@] =P(oc)(p03 n p13 n p23) Pio= P()%f)z .
272
— _ = () () () E_| . E E
=K@+ B P"=| P, B, * botELTEL PR By By
PA=P1ip02 =PA(1+i,)2=( 1+r+r¥+i+iq+i, )6 PA=P1pls =P(1+ r'+ r?)3=( 1+r+r¥+i+i+ i, )6
3¥3
PL=Plp!t =PL(14)o=( I+r+r-i-i,-i)6 | B=Pipl =PU(l+ r+ )= T+r+ i - i,-1, )6
E . e s s
I:’oEoz= Pipl> = PE(1+13)/2=(21- ri-r’-i - i+2i,)/6 R§3= Pipls = PE(1+ er'+ er?)3=(1+ er’+ 1 )3
P1212= Pipl> = PE(I-i3)/2=(21- r-r’+H + 121, )/6 133E23= Pip?s = PE(1+ evr!+ er?)3=(1+ exrl+er? )3




AMOP 2.21.18 class 12.0: Symmetry Principles for
reference links — 4 1, anced Atomic-Molecular-Optical-Physics

on following page
f & pag William G. Harter - University of Arkansas

Discrete symmetry subgroups of O(3) and application to tunneling and vibrational dynamics:
D3 and Csy group products, classes, and 1rrep projection operators

2nd-Stage spectral LCIIQCOWlPOSl.tiOII;S of global/local D3
Subgroup chains@33 Crand D3O Cafplit class projectors ...and classes «




2nd-Stage

2nd Step: (contd.)While some class projectors P(® split in two,

so ALSO DO some classes K,

Rank p(D3)=4

idempotents
P

P5‘2152=P41pO2 =P (1+i,)2=( 1+ ri+ri+ E i )/6
PlflszA?p]? =P42(1-i3)/2=( I+r'+ri-0 - i- )/6

Bf: PLpl2 = PE(14,)2=(21- /-1’ E;- i}#ﬂ)%
£ =Plp> = PE(14,)2=(21- -1 H,+ ip21)6 | B

A

class K, szlzts into K; 4 and K,

r'+r’ i +i +

4 different
idempotent

Centrum K(D3)=3
idempotents

P

l "2 73
1 116
1 -1ye
-1 03

* P{7

P(f({3=l’4’p03 =PV (1+r’+ r?)3=( 1+
PA2=P‘12 U =P(1+ v+ r?)n=( 1+

1313 PEp]3 =PE(1+er’+ exr?)n=(1+
=PI+ exrl+ e r?)3=(1+

PE splits into PE = —Pf +PE 0 % *

PE splits into PE=P", + B,

+i+i+1,)/6

-, -1,)6

1

+ e*r

2

)/3 e—p—2mi/3

+er< )/3

class Kr splzts into K, and X,

Compare ahead to Lect. 17 p. 12



2nd-Stage

2nd Step: (contd.)While some class projectors P* split in two,

so ALSO DO some classes «,

Rank p(Dg)=4

idempotents
P

P(f({2=l’41p02 =P(1+,)2=( 1+ri+ri+ E i
PA=Pip!? =P1(14,)2=( 1+r'+r’-i,- i]

1352— Pip2 = PE(14,)2=(21-r'-r?- ﬁ -i
E=Ppl =PE(1-i,)2=(21: 1! 1’ H, 1

.

PE splits into PE= —Pf +PE

1,0,

7‘ $

class K, Sp?lts into K 4 and K,

I/':7/'2 i:iZ
must must
equal  equal
v i]
For Local
D,oC,(,)
symmetry

i, is free parameter

i,)/6
-i))/6

4 different
idempotent

* P

Bg3= PEp23 =

PE splits into PE=P", + B,

Rank p(D3)= 4

parameters in
either case

7‘

Dy «=1 r'+r’ i +i+,
1=
Centrum K(D4)=3 Pi=1 1 L's
idempotents P=1 1 -lje
P PE=2 -1 03
P(f({3=PA1p03 =P(1+ r’+ r?)n=( 1+r+ri+ i+i+i)e
Pof(i=l‘42p03 =P+ r’+r?)n=( 1+r+r’- i-i,-i,)/6
E — Pl — DE 1 2\ q— I 2
Bi=Pp" =P (1+er'+er’)3=(1+er +e*r? )/3 -
PE(1+ e*r'+ e r2)3=(14 e*rl+er? )3

class x_ splits into x_, and K,

l:l]:lzzlj,

For Local
DoCy(1)
symmetry

r,andr, are free




Centrum K(D4)=3 T LR Rank p(Dg)=4
. g k=1 r'+r i+, .
idempotents idempotents
P Pi=1 1 1}s P
_ Ai— PAi= 0, — . — 1, 2,/ | 2
Pj;— 1 1 -1 PA= Pl PYip02 =PY(1+i)2=( 1+r+r¥+i+ipri])e
Pr=52 -1 0)s b= Ple=Plopl> PL(14,)o=( L'+ r-d,- i)-1))6

BL= Bi=P'pl2 =PI+ )2=1-r'-r*-|,- i,2i})6
By= Bi=P'p/>=PI1i,)2=21-r'-r’ H,+ 126
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Centrum K(D4)=3

idempotents

P(O(‘) PAI:

r’+r?

l]+l2+l3

|
DO — T e

1
1
-1

1 /6

-1 /6
03

3rd and Final Step:
Spectral resolution of ALL 6 of D3 :

The old ‘g-equals-1-times-g-times-1’ Trick

Rank p(Dg)=4
idempotents
P{%)
Pdi= P=PUpl? =PU(14i ) 2=( 1+ 1+ r+ i+ ;)6
];}:’322: ]?1124122=P’42‘p12 =P42(1_i3)/2:( 1+ l’1+ r2_ i] _ iz _ )/6

BL= Bi=P'pl2 =PI+ )2=1-r'-r*-|,- i,2i})6
By= Ri=Ppl=Pi1i)n=2L r-r’ 4 + i)

—1.0-1=(P" LA PE +PE Yo (P L pE 4 pt
g=1.g-1= (Px,x + Py,y + Px,x + Py,y) Y (Px,x + Py,y + Px,x + Py,y)

Compare ‘ahead’ to Lect.17 p.14



https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_17_3.16.17.pdf#page=14

e Dyt i emponts
P(®) Pi=[1 1 116 P(®)
Pi={1 1 -1le PA= P6;452=P41p02 =PY/(1+i,)2=( L+r+ri+i+ipri])e
P°=2 -1 03 b= Pl=Plpl =Pl )o=( 1+ri+r’-i - i]-i])s
BL= Bi=P'pl2 =PI+ )2=1-r'-r*-|,- i,2i})6
PL= Ri=Pp/?=P:1-i,)2=21: - ¥’ 4 + il-2i] )6
3rd and Final Step: b e TR R

Spectral resolution of ALL 6 of D3 :

The old ‘g-equals-1-times-g-times-1’ Trick
g=1g-1=(P" +P +P’ +P").g-(P" +P +P’ +P)

g=1-g-1=P".g-P'+ 0 + 0 + 0
+ 0 +P -g-P" + 0 + 0
V) Yy
+0 + 0 +P .gP +P .g-P
+0 + 0 +P'.g-P" +P".g-P’
V) XX V) V)

Pl g-expansion in Lect. 17 p. 35-51 Compare ‘ahead’ to Lect.17 p.14



https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_17_3.16.17.pdf#page=35
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_17_3.16.17.pdf#page=14

/

Centrum K(D4)=3 I T LR Rank p(Dg)=4
idempotents D3 gl jirr 1, idempotents
P Pi=1 1 1}s P
P=1 1 -1)e Pii= Pli=Plip" =PU(1+i)2=( 1+r'+ 1+ i+igi)e
PE=2 -1 0ys Bi= B=Pp! =PU(14))o=( 1+ e - - i)-1,)
BL= Rh=Pp’ = PE(1+i,)2=(21-r- r’-i,- i,+2i, )6
PL= PL=Pp/ =PI-i.)2=(21-1'- X+ 1-))/6
° y’y 1212 p 3 ] 2 @
3rd and Final Step:

Spectral resolution of ALL 6 of D3 :
The old ‘g-equals-1-times-g-times-1’ Trick
_ _ 4, E EN . A E E
g=1-g1=(P_ +P +P +P )g-(P +P +P +P )

where:

P'.g-P’ =D"(g)P"
Py,y.g.Py,y =D (g)P
PXEX. g . PXEX — Dfx (g)PXEX

E E E E
Py’y' g . Px,x o Dy,x (g)Py,x

+ 0 + P .g-P  + 0
N4 NEN 4

+ 0
+ 0

+ 0 + 0 +PxEx-g-PxEx+PxEx.g.Pfy

+0 + 0 +P -.g-P°" +P".g-P"
VoV XX Y.y VoY

E E _ NE E
P g°Py’y—Dx,y(g)Px,y

X, X

E E _ NE E
Py,y. 8 Py,y - Dy,y (g)Py,y

Need to Define
6 Irreducible

Projectors P'*
m,n

Order °(D,) =6



Centrum K(D4)=3 AT e Rank p(Dg)=4
idempotents D3 gl jirr 1, idempotents
P Pi=1 1 1}s P
P=1 1 -1)e Pii= Pli=Plip" =PU(1+i)2=( 1+r'+ 1+ i+igi)e
PE=2 -1 03 1));’/)1/2= Pffflﬂzp]? =P42(1-i3)/2=( lerier-i - il - )/6
BL= Rh=Pp’ = PE(1+i,)2=(21-r- r’-i,- i,+2i, )6
PL= PL=Pp/ =PL1-i.)2=(21-1'- ¥ H,+ 1126
° y’y 1212 p 3 ] 2 @
3rd and Final Step:

Spectral resolution of ALL 6 of D3 :

The old ‘g-equals-1-times-g-times-1’ Trick
g=1-g-1= (Pj; +P " + P’ + Pjy).g - (Pj; +P " + P’ + Py’fy)

g=1.g-1=D"(g)P" +

where:
Pi-g-P!=D"gP
Py,y.g.Py,y =D (g)P
PXEX. g . PXEX — Dfx (g)PxEx
E E _ NE E
Py’y' g . Px,x o Dy,x (g)Py,x

0 + 0 + 0
+0 +D (P + 0 + 0
E E £ E
+ 0 + 0 + Dy,x(g)Py,x T Dy,y(g)PJ/»y

E E E E
Px,x. g . Py,y o Dx,y (g)Px,y

E E _ NE E
Py,y° 8 Py,y - Dy,y (g)Py,y Ondor

Need to Define
6 Irreducible

Projectors P
m,n

°(D,)=6



Centrum K(D4)=3 AT e Rank p(Dg)=4
idempotents D3 gl jirr 1, idempotents
P Pi=1 1 1}s P
P=1 1 -1)e Pii= Pli=Plip" =PU(1+i)2=( 1+r'+ 1+ i+igi)e
PE=2 -1 03 1));’/)1/2= Pffflﬂzp]? =P42(1-i3)/2=( lerier-i - il - )/6
BL= Rh=Pp’ = PE(1+i,)2=(21-r- r’-i,- i,+2i, )6
PL= PL=Pp/ =PL1-i.)2=(21-1'- ¥ H,+ 1126
° y’y 1212 p 3 ] 2 @
3rd and Final Step:

Spectral resolution of ALL 6 of D3 :
The old ‘g-equals-1-times-g-times-1’ Trick
g=1-g-1=P+P_+P_+P ) g (P +P +P +P)

Y
g=1-g-1=D"(g)P" +D " (g)P " +D, (2P, +D;, (2P,
where: +D; (2)P,, +D; ()P,
P'-g-P'=D"gP"
Py,y.g.Py,y =D (g)P
PxEx.g : PxEx — DF (g)PE P” g PyEy = DEy(g)PEy Need to Define
’ ’ oA o ’ " " 6 Trreducible
E E _ RE E E E _ RE E =
Py,y° g Px,x — Dy,x (g)Pyx Py,y° g Py,y — Dy,y (g)Pyy Projectors P}fq“;

Order °(D,) =6



Centrum K(D4)=3 AT e Rank p(Dg)=4
idempotents D3 gl jirr 1, idempotents
P Pi=1 1 1}s P
P=1 1 -1)e Pii= Pli=Plip" =PU(1+i)2=( 1+r'+ 1+ i+igi)e
PE=2 -1 03 1));’/)1/2= Bfé=P42}?12 =P42(1-i3)/2=( 1eri+r-i - i - )/6
BL= Rh=Pp’ = PE(1+i,)2=(21-r- r’-i,- i,+2i, )6
PL= PL=Pp/ =PL1-i.)2=(21-1'- ¥ H,+ 1126
° y’y 1212 p 3 ] 2 %E
3rd and Final Step:

Spectral resolution of ALL 6 of D3 :

The old ‘g-equals-1-times-g-times-1’ Trick
g=1-g-1=(P"  +P  +P  +P )-g-(P' +P +P’ +P )
g=D"(g)P"+D (g)P +D. (2P +D, (g)P +D. (g)P’ + D, (g)P

S

Six D, projectors: _4 idempotents + 2 nilpotents (off-diag.)
1 r r i i i
RU=(1 1 1 1 1 1)/s 1 v i i i 1 i i i
Ao
by=(1 1 1 -1-1 -1))s BA=(2<1 -1 -1 -1 +2)fs [RE=(0 -1 1 -1+1 0N3>

BES(0 1 -1 -1 +1 O)A32 |By=(2 -1 -I+1+1 -2)/s

Compare ‘ahead’ to Lect.17 p.18-21



https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_17_3.16.17.pdf#page=18

Centrum K(D4)=3 AT e Rank p(Dg)=4
idempotents D3 gl jirr 1, idempotents
P Pi=1 1 1}s P
P=1 1 -1)e Pii= Pli=Plip" =PU(1+i)2=( 1+r'+ 1+ i+igi)e
PE=2 -1 03 1));’/)1/2= Bfé=P42}?12 =P42(1-i3)/2=( 1eri+r-i - i - )/6
BL= Rh=Pp’ = PE(1+i,)2=(21-r- r’-i,- i,+2i, )6
PL= PL=Pp/ =PL1-i.)2=(21-1'- ¥ H,+ 1126
° y’y 1212 p 3 ] 2 %E
3rd and Final Step:

Spectral resolution of ALL 6 of D3 : 6=3 33 Do POy
The old ‘g-equals-1-times-g-times-1" Trick  P@=wmZ, Do
_ ey E EN o (D4 E E
g=1-g1=(P_+P +P +P )g- (P +P +P +P )
g=D"(g)P +D (g)P +D, (g)P +D, (2P +D; (8P, +D, ()P

S

Six D, projectors: _4 idempotents + 2 nilpotents (off-diag.)
1 r r i i i
RU=(1 1 1 1 1 1)/s 1 v i i i 1 i i i
Ao
by=(1 1 1 -1-1 -1))s BA=(2<1 -1 -1 -1 +2)fs [RE=(0 -1 1 -1+1 0N3>

BES(0 1 -1 -1 +1 O)A32 |By=(2 -1 -I+1+1 -2)/s

Compare ‘ahead’ to Lect.17 p.18-21



https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_17_3.16.17.pdf#page=18

Centrum K(D4)=3 AT e Rank p(Dg)=4
idempotents D3 gl jirr 1, idempotents
P Pi=1 1 1}s P
P=1 1 -1)e Pii= Pli=Plip" =PU(1+i)2=( 1+r'+ 1+ i+igi)e
PE=2 -1 03 1));’/)1/2= Pffflﬂ?pb =P42(1-i3)/2=( 1eri+r-i - i - )/6
BL= Rh=Pp’ = PE(1+i,)2=(21-r- r’-i,- i,+2i, )6
PL= PL=Pp/ =PL1-i.)2=(21-1'- ¥ H,+ 1126
° y’y 1212 p 3 ] 2 @
3rd and Final Step:

Spectral resolution of ALL 6 of D3 : 6=3 33 Do POy
The old ‘g-equals-1-times-g-times-1" Trick  P@=wmZ, Do
_ ey E EN o (D4 E E
g=1-g1=(P_+P +P +P )g- (P +P +P +P )
g=D"(g)P +D (g)P +D, (g)P +D, (2P +D; (8P, +D, ()P

S

Six D, projectors: _4 idempotents + 2 nilpotents (off-diag.)
1 r r i i i
Ru=(1 1 1 1 1 1) 1 v it i 1 v i i i

PU="(T 1 1 -1 -1 -I)Js —5 —
VY

Bgig/f-z 1 -1 +2 BE=(0 -1 1 -1+1 O3z
where D, irreducible representations  |PE=(0 ] -1 -1 +1 O)N32 |BE=(2 -1 -1+1 +1 -2)/s

: D'(g)=+I, D"(g)==/, » »y
are:

-+ i -+ i - -\ 5 i (10
3 3 1 1 D,)- 0 -1
_\/; 2 - ) 2

1
4 2

I 0O

D (r*)=
0 1 (r°)

DE(1)=( ) ,D*(r)= D" (i))= ,D"(i,)=

4 2
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Global (LAB) symmetry D3> C2 i, pro jecl‘or states  Local (BOD) symmetry
L) = LR 3

T)) ~TR011)- B
= P T|=c1)" | )

05 =PGPI1)

Local @ commute through
to the “inside” to be a g'

12000
1 v r i i, i,

BL=(T T I -1-1 -1)s

Here the “Mock-Mach™
is being applied!

i3global )
anti-symmetry  RE=(Q -1 1 -1+1 O)N32
E
> PL=(2 -1 -I+1+1 -2)/s

Ket norm factors detailed
in Lect.17 p.23-30

BE=(2 -1 -1 -1 -1+2)/s
BL=(0 1 -1 -1+1 O)N3»

i, global ()

anti-symmetry

o > 1
1; global 3

RU=(1 1 1 1 1 1)/s

| (x) symmetry . D*(=  D(r)= Di(r*)= D (i,)= D(i,)= D'(i,)=
DA‘(g)=+},D ") =+/, D"(i )=- ( 10 ) - o R 5 3 4 i ( 1 0 )
q LA IV N O i Lol



https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_17_3.16.17.pdf#page=23

4><

external LAB internal BOD

symmety label-e  symmety label-b
GLOBAL LOCAL

LOCAL

(i) =0,
| X-symmelry
i, OK

GLOBAL

GLOBAL LOCAL
(iy) =0, (i3) =0,
x-symmetry |y X-Symmetry
i, OK
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PW-L5 DWig
Spectral Efficiency: Same D(a),  projectors give a lot!
1 i i

Rl=(1 1T 1 1 1 Dfs
BL=(T 1 1-1-1 -Ds

i i i 1r’12111213

1 ¢ ri
E=(2 -1 -1 -1 -1+2)/s |BE=(0 -1 1 -1+ O)N32
0 1 -1 -1+ OAs2 |By=(2 {1 -1+ + -2)/s

E
IJ),E
*Figenstates (shown before)
Complete Hamiltoni .
H 1+t L iy
Apblock — [H¥ 1 1507l L&

TR M_MWT
;

chr ) el g 124l -
5 h'h I IS URE UML)

J

\
*Local symmetery eigenvalue formulae (Local Symmetry=> off-diagonal=0)

NELERSE LSS TS

A plevel: F 27 +2i 41, Rigorous Global vs Local

. .3 | Calculus begins on p.90 of
. A yrlevel: H *2p = 2i -

Sves. E2_ l:jil: Z _2’; _ 211. +L5 Lecture 17. Matrix forms on

Plyy g-expansion E;-level.- H- 7+ l-_l-l; p. 125-129 and p. 130-146.

in Lect. 17 p. 35-51
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Global (LAB) symmetry D3> C2 i, pro jector states  Local (BOD) symmetry
1) =RGII)

1,00y = L,PGI1)

e

=(-1)¢ |07

1

00) =LPU|1)= Py,
= PR T| 1=¢1)" |™)

. Q™
anti-symmetry /@

i 3 local

A
| %1)

o > 1
1; global 3
(x) symmetry
il
D(g)=+I,D"(x")=+/, D"(i,)=- (

anti-symmetry

D'(l)=  D'(r)= Di(r*)= D"(i))= D'(i,)= D'(i,)=




When there is no there, there...

Nobody Home
where LOCAL

and GLOBAL

—
@\
U

XX
o > 1
1; global 3

(x) symmetry




(a) Local D DCZ(z 3 model  (b) Mixed local symmetry D ; model
Il > \\l,,‘l> cos!5°=V[(1+cos 30°)/2]
,’%” ) , ,’\ /‘ =(1/2)N(2+V3)=sin75°

sinl 5°=V[(1-cos 30°)/2]
r~| > =(1/2)\(2-V3)=c0s75°

See p. 10-41 of

Lecture 18
MolVibes Web Simulation
3 Atom with C3v symmetry

MolVibes Web Application: https://modphys.hosted.uark.edu/markup/MolVibesWeb.html
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https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3
https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3

Scalar mode
A,
XX

Vector mode

(a) Local D ;oC 2(1 ;) model

i

L

ALULAR L] g 2
/

r

i3>

See p. 10-41 of
Lecture 18

MolVibes Web Simulation
3 Atom with C3v symmetry
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