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Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra:
Rodv ecvmmetrv () of octahedral rotore H=R.124+3t,. . T .k

»RES and Multipole T/ tensor expansions

RES and matrix representation of multipole T tensor H-expansions
What tensors go in tetrahedral (7)) or octahedral (O;) free-rotor Hamiltonia H ?
4"_rank [k=4] multipole terms

Oj-symmetric function and Oy, operator T'*

RES and matrix irreps of On multipole T,4 and T 221 tensor H-expansions



RES and Multipole T tensor expansions
2%-pole expansion of an N-by-N matrix H

i 0 -i -
2-by-2 case: H= (3..."5 ) =%2(; )-2() 1)< (7 3)-22( )
=42 1 w0, +«0, 0,
U(2) generators (spin.J=1/2) A+D T (8- C)T (B C)T +A_D 1

T _ (o 1 1_(1 O)l 1 _(0 0\ rank-1 0
u+1_(0 o) W\ -1z U7\ o (vector) ( ) (0 0)

0o_f1 0\ ~

uo_(() ])f2 rank-0

(scalar)




RES and matrix representation of multipole T tensor H-expansions
2%-pole expansion of an N-by-N matrix H

2-by-2 case: H= (§+iCB-;)C) =A+TD(§ ?)*B(g é)*c (1-0 bl)“%(f) 3)

— A+D A-D
—_— + + A
2 1 BGx CGy i 2 Gz

U(2) generators (spin.J=1/2 __ A+D 0, 1 . 1 A-D 1
()g (spin ) —_— T T0+(B—ZC)T1+(B+ZC)T_I +7 0

1 (o 1_(1 0y, .1 _(0 0) rank-1

u+1_(0 o) U=\ -1z W\ o (vector) (0 1) (0 0)
0o_f1 0\ i 0 0 I 0
uo_(O 1)@ rank-0

(scalar)

Generalization of U(2) spinor analysis to U(3)CU(4)CU(S)... (Introduced in this and following lectures)

H]I H]Z H13

3-by-3 case: H=(1/n.n. y=p Ti+...+,To+...

H3I H32 H33

U(3) generators (spinJ=1)

Moo o0 Moo 2—M020 {00 o oo
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161011C00] 1(200] rank-1
=40 0 1 =0 0 0 =4/ 0 0 vector
u, 002110 0 2 U, / 2 ( )
0 C 0 0} rank-0
—Mo 1 0); (scalar)
1;0 0o )"
Mutually
commuting

diagonal operators
Tensor matrices in IJMS-2013 (p9) Ch.7 p592 Tensor matrices in PSDS Ch.7 p5&9
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RES and matrix representation of multipole T tensor H-expansions

Peeking into BLA 0OX of matrix diagonalization:

?

L ]
Hy Hy Hjzy -
O

H= Hy Hypy Hy - *
Hy Hyp Hyz -

% .

Plotting 2*-pole expansion of |2 = > .| into Fano-Racah tensors
scalar+ + vector+ + 22-tensc;r +.:.. + 2-";-tensor +..
H=aT’ +bT' +cT! +...+dT? +eT? +..=Xc" T
Dipole k=1 (odd) mixed-k

\

Monopole
k=0 (even)

anti-symmetric

to time reversal

(Not present unless
“oyros’ are on board)

nga I;L;"];gci? fa =t02r(even) lensors of higher rank-k=3,4,5,6...
P ’ describe deformable rotors

rolate, oblate, or
P . such as CFy4, SFs, CsHs, Ceo, ...
asymmeltric rotor.
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Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra:
Rodv ecvmmetrv () of octahedral rotore H=R.124+3t,. . T .k

RES and Multipole T/ tensor expansions

RES and matrix representation of multipole T tensor H-expansions
» What tensors go in tetrahedral (7)) or octahedral (O;) free-rotor Hamiltonia H ?
4"_rank [k=4] multipole terms

Oj-symmetric function and Oy, operator T'*

RES and matrix irreps of On multipole T,4 and T 221 tensor H-expansions



RES and matrix representation of multipole T tensor H-expansions

What tensors go in tetrahedral (74 or octahedral (O) free-rotor Hamiltonia H ?
H = B[+ +(2)" 1+ tP[ () + () + (1) T+ o[ (W) + () + (o) ']+

spherical rotor 2rdrank Odd k=3 is anti-symmetric 4™ rank centrifugal distortion
kinetic term with B=1/21  to time reversal (Jy=-Jx)  term for T4 or Oy symmetric rotor

*Multipole function D-definition Class 9 p93 Xk = rkDZE =



https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-9-2.12.18.pdf#page=93

RES and matrix representation of multipole T tensor H-expansions

What tensors go in tetrahedral (74 or octahedral (O) free-rotor Hamiltonia H ?
H = B[+ +(2)" 1+ tP[ () + () + (1) T+ o[ (W) + () + (o) ']+

spherical rotor 2rdrank Odd k=3 is anti-symmetric 4™ rank centrifugal distortion
kinetic term with B=1/21  to time reversal (Jy=-Jx)  term for T4 or Oy symmetric rotor

For now we reject the forbidden [k=3] term and rewrite the 4”-rank [k=4] term.

*Multipole function D-definition Class 9 p93 Xk = rkDZB =



https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-9-2.12.18.pdf#page=93
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Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra:
Rodv ecvmmetrv () of octahedral rotore H=R.124+3t,. . T .k

RES and Multipole T/ tensor expansions
RES and matrix representation of multipole T tensor H-expansions
What tensors go in tetrahedral (7)) or octahedral (O;) free-rotor Hamiltonia H ?

4"_rank [k=4] multipole terms

Oj-symmetric function and Oy, operator T'*

RES and matrix irreps of On multipole T,4 and T 221 tensor H-expansions



RES and matrix representation of multipole T tensor H-expansions

What tensors go in tetrahedral (74 or octahedral (O) free-rotor Hamiltonia H ?

H = B[(Jo)* (1) (o) T+ 6P (o) + () (=) T+ 04 () () +(J) T+

spherical rotor 2rdrank Odd k=3 is anti-symmetric 4™ rank centrifugal distortion
kinetic term with B=1/21  to time reversal (Jy=-Jx)  term for T4 or Oy symmetric rotor

For now we reject the forbidden [k=3] term and rewrite the 4”-rank [k=4] term.

4"_rank multipole* functions Xq[41(x,y,z): (listed in PSDS Apps F p793 )

{4}—\/§ (x+iy)4
X{‘”’ J_ 2 z(x+iy)’
Xg“}:\/; (72% = 1) (x+iy)’
X W= [£(72° = 3217 ) (x+iy)
X = JL (352 3023 +3r*)
)({4}—\/5(723 3z )(x—iy)

X{4} \/;(72 — ) (x—iy)
X{4}_J_

z(x— zy)

XK= iy’

*Multipole function D-definition Class 9 p93 Xé‘ = rkDé‘:B =



https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Tables.pdf#page=4
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RES and matrix representation of multipole T tensor H-expansions

What tensors go in tetrahedral (74 or octahedral (O) free-rotor Hamiltonia H ?

H = B[(Jo)* (1) (o) T+ 6P (o) + () (=) T+ 04 () () +(J) T+

spherical rotor 2"rank Odd k=3 is anti-symmetric 4™ rank centrifugal distortion
kinetic term with B=1/21  to time reversal (Jy=-Jx)  term for T4 or Oy symmetric rotor

For now we reject the forbidden [k=3] term and rewrite the 4”-rank [k=4] term.

4"_rank multipole* functions Xq[41(x,y,z): (listed in PSDS Apps F p793 )
Partially inverted into monomuials:

X =3 (eriy)’ xt = (XX - r(X[4]+X[4])+;5Xg4]+f (XX =2 X2 +1
X =285 (i) V= = (X)) = (X XX - R0 D GO Tamed (I v

X=\[5(72% =) x+iy)’ 74 L X FAXPY2 4Ly
X W= [£(72° = 3217 ) (x+iy)

X = JL (352 3023 +3r*)

)({4}—\/;(723 3z )(x—iy)

X{4} \/;(72 — ) (x—iy)
X{4}—J—Z(x iy)’

X{4}_ /1325 (x— ly)

*Multipole function D-definition Class 9 p93 Xé‘ = rkDé‘E =
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RES and matrix representation of multipole T tensor H-expansions

What tensors go in tetrahedral (74 or octahedral (O) free-rotor Hamiltonia H ?

H = B[(Jo) () () T+ toPI[ (o) + () + (o) T+ oI () () () T .

spherical rotor 2"rank Odd k=3 is anti-symmetric 4™ rank centrifugal distortion
kinetic term with B=1/21  to time reversal (Jy=-Jx)  term for T4 or Oy symmetric rotor

For now we reject the forbidden [k=3] term and rewrite the 4”-rank [k=4] term.

4"_rank multipole* functions Xq[41(x,y,z): (listed in PSDS Apps F p793 )
Partially inverted into monomuials:

4 _ . N4 4 1yl yl4ly 2 (41 14y, 3 yl4 N6 ¢ yl2l yI21y,.2_2 y121,.2, 1.4
XiH= /%(x+ly) X _m(X4 +X1,) 7M(Xz +X )X (XX == X Ty

{4} _ 35 : 3 4 _ 1 (vl yl4y 2 (41 w14y, 3 141 _N6 ¢ yl21 yI21y,.2 _2 y121,.2 1.4
X, == z(x+iy) V' = e (X X)) Ao (XX )5 X = (X X ) =2 X T+

4, _ [ 5 22 . \2 4 [4] [2]..,2 4
X" =\5(7z" = r")(x+iy) z" = =X, +2 X, Or sy
XW=_[3(72° =3z )(x+iy) 4. 4. 4

1 16 — 2 [4] 41y 4.2 yl4],. 3 .4

X4y 4z == (XX ) X

X = JL (352 3023 +3r*)
Xf‘l‘}z\/%(7z3 —3zr*)(x—iy)
Xf;‘}:\/gﬂzz — ) (x—iy)
Xf?z%z(x—iyf
XY= (x-ip)’
*Multipole function D-definition Class 9 p93 X =rDyo =
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RES and Multipole T/ tensor expansions
RES and matrix representation of multipole T tensor H-expansions
What tensors go in tetrahedral (7)) or octahedral (O;) free-rotor Hamiltonia H ?
4"_rank [k=4] multipole terms

» Oj-symmetric function and Oy, operator T'*

RES and matrix irreps of On multipole T,4 and T 221 tensor H-expansions



RES and matrix representation of multipole T tensor H-expansions

What tensors go in tetrahedral (74 or octahedral (O) free-rotor Hamiltonia H ?

H = B[(Jo) () () T+ toPI[ (o) + () + (o) T+ oI () () () T .

spherical rotor 2"rank Odd k=3 is anti-symmetric 4™ rank centrifugal distortion
kinetic term with B=1/21  to time reversal (Jy=-Jx)  term for T4 or Oy symmetric rotor

For now we reject the forbidden [k=3] term and rewrite the 4”-rank [k=4] term.

4"_rank multipole* functions Xq[41(x,y,z): (listed in PSDS Apps F p793 )
Partially inverted into monomuials:

4 _ . N4 4 1yl yl4ly 2 (41 14y, 3 yl4 N6 ¢ yl2l yI21y,.2_2 y121,.2, 1.4
XiH= /%(x+ly) X _m(X4 +X1,) 7M(Xz +X )X (XX == X Ty

{4} _ 35 : 3 4 _ 1 (vl yl4y 2 (41 w14y, 3 141 _N6 ¢ yl21 yI21y,.2 _2 y121,.2 1.4
X, == z(x+iy) V' = e (X X)) Ao (XX )5 X = (X X ) =2 X T+

4, _ [ 5 22 . \2 4 [4] [2]..,2 4
X" =\5(7z" = r")(x+iy) z" = =X, +2 X, Or sy
XW=_[3(72° =3z )(x+iy) 4. 4. 4

1 16 — 2 [4] 41y 4.2 yl4],. 3 .4

X4y 4z == (XX ) X

X = JL (352 3023 +3r*)
Xf‘l‘}z\/%(7z3 —3zr*)(x—iy)
X =572 = )x-iy)’
Xf?z%z(x—iyf
X =E i)’

*Multipole function D-definition Class 9 p93 X, =r*Dyy = hi vy

Sum gives Op-symmetric function and Oy, operator T
T =J+di+d] = 2 (T, "+ T +2T M+ (- )

4



https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Tables.pdf#page=4
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-9-2.12.18.pdf#page=93
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What tensors go in tetrahedral (7)) or octahedral (O;) free-rotor Hamiltonia H ?
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RES and matrix irreps of On multipole T tensor H-expansions

Alternative 4th-rank Oy, tensors found by squaring »2:  r*=| x* y*  z°

4 2.2 2.2
X X Xy X Z

2.2 4 2 2
y o ryX Y Yz

A second rank-4 tensor (dependent on 74 and first one) > > 2 22 4
z° | z°x" zZ7y z

Xy + x4y’ =t =L (x Myt 2Y) ri=x*+ yt+ 2t 2%y + X+ 7))



RES and matrix irreps of On multipole T tensor H-expansions

Alternative 4th-rank Oy, tensors found by squaring »2:  r*=| x* y*  z°
x2 x4 x2y2 XZZZ
2 2.2 4

yviol oyt oyt Yy

A second rank-4 tensor (dependent on 74 and first one) ,? 4

2.2 2.2
zZ°x" z7y z

Xy + x4y’ =t =L (x Myt 2Y) ri=x*+ y*+ 2+ 2y xR+ y72Y)
Operator version: T2 2=(J)*(Jy)*+(J0)* (J:-)*+(J))* (J2)*
is not so simply related to: TM*=(Jy)*+(Jx)*+(J,)* since (J:)%,(J,)?, and (J.)* do not commute.

For semi-classical RES approximations commutation 1s not an 1ssue.



RES and matrix irreps of On multipole T tensor H-expansions

Alternative 4th-rank O, tensors found by squaring 72:

A second rank-4 tensor (dependent on 74 and first one)

2 2 2
X Y z

4 2.2 2.2
X Xy X Z
2.2 4 2 2
y X Y Yz

2.2 2.2 4
zZ°x" z7y z

Xy + x4y’ =t =L (x Myt 2Y) ri=x*+ yt+ 2t 2%y + X+ 7))

Operator version: T2 ?=(J,)* (J))*+(Jx)* (J2)*+(Jy)* (J2)°

is not so simply related to: TM*=(Jy)*+(Jx)*+(J,)* since (J:)%,(J,)?, and (J.)* do not commute.

For semi-classical RES approximations commutation 1s not an issue. Instead, we simply
plug in the J-coordinates ( Jy=|J|sinp cosy, Jy,=|J|sinf} siny, J.=|J|cos]}) into Hamiltonian H(J).

For H(J) =BJ*+*(J.*+J*+d, Y

plot RES:
E=B|J|2+1*J|*(sin4B cos*y+sin*B sinty+cos4p).



RES and matrix irreps of On multipole T tensor H-expansions

Alternative 4th-rank Oy, tensors found by squaring »2:  r*=| x* y*  z°
2 2
x> | xt X%yt X’z
2 2.2 4

A S A
A second rank-4 tensor (dependent on 4 and first one) ,? 4

z°x* 2’y z
Xy + x4y’ =t =L (x Myt 2Y) rf=x*+ y*+ 227y + Xz 7z

Operator version: T2 2=(J)*-(Jy)*+(Jx)** (J2)+(J)** (J2)

is not so simply related to: T*=(J.)*+(Jx)*+(J,)* since (Jx)%,(J,)%, and (J.)* do not commute.

For semi-classical RES approximations commutation is not an issue. Instead, we simply
plug in the J-coordinates ( Jy=|J|sinf} cosy, J,=|J|sinp siny, J.=|J|cos[3) into Hamiltonian H(J).
For H(J) =BJ*+*(J.*+J*+d, Y

plot RES:
E=B|J|2+1*|J|*(sin4B cos*y+sin*B sinty+cos4p).

E(B,y) plotted
radially for

fixed |J|=J=30




RES and matrix irreps of On multipole T tensor H-expansions

Alternative 4th-rank Oy, tensors found by squaring »2:  r*=| x* y*  z°
2 2
x> | xt X%yt X’z
2 2.2 4

A second rank-4 tensor (dependent on 4 and first one) ,?

Xy + x4y’ =t =L (x Myt 2Y)

yviol oyt oyt Yy

4

2.2 2.2
zZ°x" z7y z

ri=x*+y*+ 2+ 2%y + X2+

Operator version: T2 ?=(J,)* (J))*+(Jx)* (J2)*+(Jy)* (J2)°
is not so simply related to: T*=(J.)*+(Jx)*+(J,)* since (Jx)%,(J,)%, and (J.)* do not commute.

For semi-classical RES approximations commutation is not an issue. Instead, we simply
plug in the J-coordinates ( Jy=|J|sinf} cosy, J,=|J|sinp siny, J.=|J|cos[3) into Hamiltonian H(J).

For H(J) =BJ*+*(J.*+J*+d, Y

plot RES:
E=B|J|2+1*|J|*(sin4B cos*y+sin*B sinty+cos4p).

E(B,y) plotted
radially for

fixed |J|=J=30

For H(J) =BJ*+1?2(J,2J,*+J.2J.*+J,%J2%)

plot RES: /\ \/

E=B|J]24+12%]|J|*(sin*B cos?y sinZy+sin2Pcos2P)

30
630 J-cone
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792  APPENDIX F
Here we begin to use the j=I dipole or “vector” functions of R(3)
TABLE F.1.1 R(3) Multiple Functions and SU(3) Harmonic Monomials

1
x = —=1% - 1)

1 .
Iy = - -?(l‘_”, + I{

z = 1§’

3
4 - J (x + iy)?
8
n#= - \/;z(x + iy)

1
Y = 5G2* = r%)

3

ll[,) - ‘/ 3 z2(x —1y)
3

12 ﬁlx — iy)?

1 | 1
x 6("& ) 3 h 37

| 1 1
) (P + UG - SN + o

2 1
P= — =N + =r?

3 3

xy = L(n?’ 11%L)
V6
l 4 “

xz = == = 1HZ)
V6

yz = 71_6—("?' + 113



Locate x, y, z axes of
=1
St]anding o .
+90° rotations Ry, Ry, R,

p-Waves

Finding Oy group products

*(irrep=irreducible representations)




Locate x, y, z axes of
'+90° rotations Ry, Ry, R,
‘900 rotations Ry, Ry, Ry,

OI 80° rotations px, Py, Pz

j=1
Standing
p-Waves

Finding Oy group products

*(irrep=irreducible representations)



Locate x, y, z axes of
'+90° rotations Ry, Ry, R,
‘900 rotations Ry, Ry, Ry,

OI 80° rotations px, Py, Pz

j=1
Standing
p-Waves

Finding Oy group products

Note that R, is inverse (and third power of R, )
R=R,)" = (R

*(irrep=irreducible representations)



Locate x, y, z axes of
'+90° rotations Ry, Ry, R,
‘900 rotations Ry, Ry, Ry,

j=1
Standing
p-Waves

Finding Oy group products

Note that R, is inverse (and third power of R, )
R=R,)" = (R
Note that p, is 2" power of R, (and its own inverse)

=(p)" = (R’

*(irrep=irreducible representations)



Locate x, y, z axes of
'+90° rotations Ry, Ry, R,
‘900 rotations Ry, Ry, Ry,

j=1
Standing
p-Waves

Finding Oy group products

Note that R, is inverse (and third power of R, )
R=R,)" = (R
Note that p, is 2" power of R, (and its own inverse)

=(p)" = (R’

The four operators { 1,R., p., R,} form an important C4 subgroup of O.

*(irrep=irreducible representations)
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Matrix D1, D2, D* D'2 and D!, irreducible representations (irreps) of O
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Locate x, y, z axes of
'+90° rotations Ry, Ry, R,
‘900 rotations Ry, Ry, Ry,

OI 80° rotations px, Py, Pz

j=1
Standing
p-Waves

Finding Oy group products

1o calculate O products like R:1=R. (easy) or R-is=r3 (less easy]... or isR-=T1 (even less easy)
Find R: operator axis
(line by small type R.)

*(irrep=irreducible representations)



Locate x, y, z axes of
'+90° rotations Ry, Ry, R,
‘900 rotations Ry, Ry, Ry,

j=1
Standing
p-Waves

Finding Oy group products

1o calculate O products like R:1=R. (easy) or R-is=r3 (less easy) ., or isR-=T|(even less easy)
Find R: operator axis
(line by small type R.)
Imagine 90° rotation R.
of “state triangle” 1|to the
triangle with result R.=R:1

*(irrep=irreducible representations)



\

D'1derived from standing p-wave D'= .z 3’

\\ ) //'
%
/[
/
/
/
/

Locate x, y, z axes of
/=1 'i90° rotations Rx,Ry,R;,,Rx,Ry,R;
Standing
‘ +120° rotations r1,r>,r3,r4,r,1,1r3,14

p-Waves
‘i] 80° rotations px, Py, Pz,

11,12,13,14,15,16 R,
R

/

Finding Oy group products

1o calculate O products like R:1=R. (easy) or R-is=r3 (less easy)...

Find R operator axis Find R operator axis
(line by small type R.) (line by small type R.)
Imagine 90° rotation R. Imagine 90° rotation R.
of “state triangle” 1 to the of “state triangle” is[to

triangle with result R.=R.1  triangle with result r3=R.i¢
I'3 1s a 120° rotation about [+1-1-1]

*(irrep=irreducible representations)

2
4 |
// i <
// | N
i /#

//‘
v»'/
//
3
//
///
//
O
.,“)\__
2

or isR-=T1 (even less easy)




Locate x, y, z axes of
/=1 'i90° rotations Rx,Ry,R;,,Rx,Ry,R;
Standing
‘ +120° rotations ri,r>,r3,r4,r,1,1r3,14

p-Waves
‘i 180° rotations px, py, Pz, |

Finding Oy group products

1o calculate O products like R:1=R. (easy) or R-is=r3 (less easy)... or isR-=T1 (even less easy)
Find R. operator axis Find R. operator axis Find is pperator axis
(line by small type R.) (line by small type R.) (line by small type is on [011])
Imagine 90° rotation R. Imagine 90° rotation R. Imagine 180° rotation is
of “state triangle” 1 to the of “state triangle” is to of “state triangle” R. to

triangle with result R.=R.1  triangle with result r:=R.is triangle with result Fi=isR-
I'3 1s a 120° rotation about [+1-1-1] T'1 is a 120° rotation about [-1-1-1]

] 1 ; . -120° rotati 2 about [111
*(irrep=irreducible representations) or a -120° rotation (r1)? about [111]



Locate x, y, z axes of
/=1 'iQOO rotations Rx,Ry,R;,,Rx,Ry,R;
Standing
‘ +120° rotations ri,r>,r3,r4,r,1,1r3,14

p-Waves
Oi] 80° rotations pPx, Py, Pz, "

Finding Oy group products

1o calculate O products like R:1=R. (easy) or R-is=r3 (less easy)... or isR-=T1 (even less easy)
Find R. operator axis Find R. operator axis Find is pperator axis
(line by small type Rz) (line by small type Rz) (line by small type i on [011])
Imagine 90° rotation R. Imagine 90° rotation R. Imagine 180° rotation is
of “state triangle” 1 to the of “state triangle” is to of “state triangle” R:|to

triangle with result R-=R:1  triangle with result r3=R:is  triangle with result|Fi=isR:
I'3 1s a 120° rotation about [+1-1-1] 1 is a 120° rotation about [-1-1-1]
or a -120° rotation ()2 about [111]

*(irrep=irreducible representations)



Ri

e e, e e s T Yk Of X -90° XYZ +]8 ik

LLL][IT I TT)[10T) [ITT][11T)fT11][111] [ ﬁﬁ)lo 001[100 010 01][100][010][001][101][101][110? [1T0] [ou][oul
LN r r3 rs ri r3 ri s VIR BT ORE 1Ry ViR, Ry RYVR3N RS i i i3 is is i
r 8 —-r} -r} -r} -1 —-R} -R} -R}|-r, -ry -r, iy i i, —Rs =R, =Ry Ry .:lig RY: i, =i, R}
ro| =r} 3 -r} -r} R} -1 R} -R}| n, ry —ry Ry -R} i, iy —ig RY| "dg .. =R R, -i RS ",
ry | —=r? -—r} r3 -r? R} -R} -1 R} | —-r, r ry | —ig R, -R3 R} ig iy is =R} i Ry =l R4
rg | =r? -r}3 -—r} ri R} R} -R} -1 Py . =ry rn | =R} ~—is R, =i, R} i R, ig —is R3 R, iy
ré | -1 R} ./R3 .. R} .&p rs T rs r3 rd r$| R R} R -4 -—iy =ig | —Ry —-iy, -—R, is =i, —R,
r3 | =R} -1 R} -R} gy —ry r ry | =r} —rf ré i3 =iy -R, R, -R3} -—is is -R; —-R} —ig R} -i,
r3| -R3 -R} -1 R}  nr Fo —rs r r3 —r} -r}|-R, -iy —ig iy R, -R}|-i; -R} s R, -iy, -R}
r3| =R} R3 -R} -1 rs r r, =—ry | —rf r3 -r3|-iy, -Ry =-is -R3} -—i, R, | -R} iy —ig R} R, -i,
R} | —rs ry -r, r r}3  —ri r8 -r} | -1 R} -R3| R} iy, —iy -R, i, =iy | =R, -R3 R Ry, ~—ig is
R3| —-r, r re —r ri -r} -r} r3 | -R} -1 R}| —is R3 iy =—ig —R, =—iy | —i,y i, —R, R} R, R}
R}| —ry -r, r ry ri r3 -r2 -r} R} -R} -1 is iy Ry -is —-i;, -Ry;| R} -R, iy =iy R -R,
R,| iy, —-R3 -i, R, R} -i, -Ry i, R il is R} rn —=ri -1 -r r3 | —r, r r? -r} -R} R}
R,| iy R, -Rj} iq R} is =—ig —R,| —i, R3 4 | =r} R3 r r? -1  -r, R} R} —-r, =—-ry -r} ri
Ry| g i R, -R}] R} -R, -i, -—i iy iy R}| r, -r} R} -r, 3 -1 ri r3 R} —-R} -r, -r,
R} | =R, —i, R3 iy, =iy —Rj} i Ry | =R, is =—ig| -1 ~-r, r3 —R? r, =-r¥ | -r ry r3 -r} -R} -R}
R3| —R, i3 iy R} —i R, -Rj} Iy '] =l 'i SRa. ~ria r? -1 -r, =—-r} —R} ry | —R} R} -r, =-r, -r} ri
R3] -R;, R} i is =iy =i, R, —-R3| i, =iy =Rs| —ry r; -1 re —r: -—-R}| r} r3 —-R} -R} -r, -r
i R} -i, i3 Ry —Ry =—ig —is —R}| R3 i <—Ry| r} R} -r, r3 -R} -r, | -1 -R} -n, rs ri r3
iy iy R3 Ry —iy —ig R} R, -ig R, -i R3| -r3 -R} -r; -r} -R} -n, R} -1 ry -—r ri ri
iy R} R, -—is ic —-R, —-R} -i i | =Ry R} —iy | —-r, ri R} -r, r}3 —R} r3 -r} -1 R rs =7,
ig | —is ic —Ri -R, -i, i -R3 —-R,| -R} -R, iy s ri R} rs ri R} | —r3 ri ——R§ -1 ry =ra
is i, —R, i, —-R3} le —Ry iy —R3 ic —R] -R, R} ry r; R3 rs 2| -ry -r, -r}3 -r} -1 - R}
g R} i, R, i, —-Ry —-i4 —-R3} =iy | —-is —-R, R}| R} -nr, r8 —-R} -r 3| -r, -r ri ri R} -1

OCtahedral 0 and Spin’OC U(Z) T‘Otation DFOduCt Table Fz. 1ﬁ‘0m Principles ofSymmetry, DynamicsandSpectroscopy



https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_19_3.30.17.pdf#page=19

2.19.18 class 11.0: Symmetry Principles for
Advanced Atomic-Molecular-Optical-Physics

William G. Harter - University of Arkansas

Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra:
Rodyv ecvmmetrv ) of octahedral rotore H=R.124+>'t,, . T .k
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& i3,,,,,:
D' demved from Standmg p-wave D! o @ @

Locate x, y, z axes of

j=1 'iQOO rotations RX,Ry,Rz,RX,Ry,Rz

Standing

p-Waves 5 . e
‘ +120° rotations r1,r2,r3,rs,F1,0,55,F4

Oi] 80° rotations px, Py, Pz,

11,12,13,14,15,16 R,
—jo sin xX—i R’
Xll(a,ﬁ)z—re ¢ \/Eﬁ:_ ﬁy
X(l)(a,ﬁ): rcosff=z
X_ll (OC,,B) _ ot Sjlgﬁ _ x\-}—éy
1’1 derived visually using unit vectors{X,y,z}
X y Z
rlx = | e y

rly —_ ° ° Z

MZ=1X

*(irrep=irreducible representations)




X Y Z
FX=|* Yy
ry=|-
'zZ=|X

irrep notation is transpose

DT](I‘1)=

D1 derzved from Stcmdmg p-wave D' 5z @ @

Locate x, y, z axes of
'iQOO rotations RX,Ry,RZ,RX,Ry,RZ

‘ +120° rotations ri,r>,r3,r4,r1,1>,13,14

+180° rotations px, Py, Pz,

i1,i2,13,14.15.16

Standing

=TT h TR

rcosff=z

_ +iosinfi_ x+i
° ° ° ° \/5 B \/5

1’1 derived visually using unit vectors{X,y,z}

Xy )=
1

*(irrep=irreducible representations)

i3




X Y Z
FX=|* Yy
ry=|-
'zZ=|X

irrep notation is transpose.

D1 derzved from Stcmdmg p-wave D' 5z @ @

Locate x, y, z axes of
'iQOO rotations RX,Ry,RZ,RX,Ry,RZ

‘ +120° rotations ri,r>,r3,r4,r1,1>,13,14

+180° rotations px, Py, Pz,

i1,i2,13,14.15.16

Standing

=TT h TR

rcosff=z

_ +iosinfi_ x+i
° ° ° ° \/5 B \/5

1’1 derived visually using unit vectors{X,y,z}

Xy )=
1

i3

DTi(r)= [es - J/ Here product v1X =y means unit yx element yr X =1

1

*(irrep=irreducible representations)

(Perhaps, better to make array with r1X at top of its column.)



D'iderived from standing p-wave D'™! .z @@;

Locate x, y, z axes of
/=1 'i90° rotations Rx,Ry,R;,,Rx,Ry,R;
Standing :
‘ +120° rotations r1,r,r3,r4,r,1,1r3,14

p-Waves
Oi] 80° rotations px, Py, Pz,

11,12,13,14,15,16 R =
1 _ . —iosinfi _ x-iy R.3
X(l)(a,ﬁ): rcosff=z
1 __ +iosinfS_ x+iy
X_l(a,,B)—re hh

1’1 derived visually using unit vectors{X,y,z}

' [z-axis
X Y Z The vector transforms are operator similarity transform S <

nx=py IRy = Ry ...that work on operator a).ces
l‘1y —2 . 7 I’lRyfl — Rz and not on the state trlangles,
MZ=1X riR.f1 = Rg
irrep notation is transpose
/
D'I(r)=| 1

*(irrep=irreducible representations)



D' derzved from Standmg p-wave D! o @ l@c

Locate x, y, z axes of

j=1 'iQOO rotations RX,Ry,Rz,Rx,Ry,Rz

Standing
‘ +120° rotations r1,r,r3,r4,r,1,1r3,14

p-Waves
Oi] 80° rotations px, Py, Pz,

11,12,13,14,15,16 Rv_f
—ior Sin X—I R 3
Xll(a,ﬁ)z—re “ \/Eﬁ:- ﬁy |
X(l)(a,ﬁ): rcosff=z
X-ll (OC,,B) — petic Sjlgﬁ _ x\-}—éy
1’1 derived visually using unit vectors{X,y,z}
X y Z X y Z

rx=- vy - ||[Rx=|x

ry=l- - z |[Ry=|" - z

rz=|x - - ||[Rxz=|- -y -
irrep notation is transpose

1 1
D! I(r)=1 - - T](RX)= Y
I - -

*(irrep=irreducible representations)



| i3
D' derzved from Stcmdmg p-wave D! . @ @

Locate x, y, z axes of

j=1 'iQOO rotations RX,Ry,Rz,Rx,Ry,Rz

Standing
p-Waves 5 . e

‘ +120° rotations r1,r2,r3,rs,F1,0,55,F4
Oi] 80° rotations px, Py, Pz,

11,12,13,14,15,16 R,
—io sin xX—1i R’
Xll(a,ﬁ)z—re ¢ ﬁﬁ:_ﬁy
X(l)(a,ﬁ): rcosff=z
X_II(O(,,B)ZI”B—HO( Sjlgﬁ :x\-}—éy
1’1 derived visually using unit vectors{X,y,z}
X y Z X y Z X Yy z

rx=l-y - | Rx=x - - |pXFX"
ry=|- -z |Ry=|- - z [PxYI " -y

l‘lZ =X . . RXZ — _y . pXZ = o =7 ,pX :(RX)2
irrep notation is transpose

/ l - - /
DT](r1)= ] . . DT](RX)z o« e _] T](px)z
] . . ] . .« e _]

*(irrep=irreducible representations)



| i3
D' derzved from Stcmdmg p-wave D! . @ @

Locate x, y, z axes of

j=1 ' +90° rotations Rx,Ry,RZ,RX,Ry,RZ
‘ +120° rotations ri,r>,r3,ra,r1,1,13,

Standing
p-Waves

+180° rotations px, Py, Pz,

i1,i2,13,14.15.16

Xll(a,ﬁ) _ _re—i(x sin _ Xy

V2 2
X(l)(a,ﬁ): rcosff=z
X_ll (OC,,B) _ I’€+ia Sjlgﬁ _ x\-}—éy
1’1 derived visually using unit vectors{X,y,z}
X y Z X y Z X Yy z

rx=|- y . RxX=X . . pxX=X° . ilX='
r1y= . . 7 RXy= . . / prz . _y . i1y= . _y

riz=\x - - | Raz=|- -y |PxZ=" * -Z |i1z=|X

irrep notation is transpose
] 7 .. 7 - . .. ]

DTi(r))= 1 - - |[DT(RY)H - - -1 D"(p)=|+ -1 - |DM@)=]| " -I




| i3
D' derzved from Stcmdmg p-wave D! . @ @

Locate x, y, z axes of

j=1 ' +90° rotations Rx,Ry,RZ,RX,Ry,RZ
‘ +120° rotations ri,r>,r3,ra,r1,1,13,

Standing
p-Waves

+180° rotations px, Py, Pz,

i1,i2,13,14.15.16

Xll(a,ﬁ) _ _re—i(x sin _ Xy

V2 2
X(l)(a,ﬁ): rcosff=z
X_ll (OC,,B) _ I’€+ia Sjlgﬁ _ x\-}—éy
1’1 derived visually using unit vectors{X,y,z}
X y Z X y Z X Yy z

rx=|- y . RxX=X . . pxX=X° . ilX='
r1y= . . 7 RXy= . . / prz . _y . i1y= . _y

riz=\x - - | Raz=|- -y |PxZ=" * -Z |i1z=|X
irrep notation is transpose

Dli(r)= 1 - - |DTR)H + = -1 DT(p)=|- -1 - |DT(i)y=] - -I
] . . ] . o e _] ]

X' =TrD"I(r1)=0 ¥ R=+1 X o= X i =-



2.19.18 class 11.0: Symmetry Principles for
Advanced Atomic-Molecular-Optical-Physics

William G. Harter - University of Arkansas

Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra:
Rodyv ecvmmetrv ) of octahedral rotore H=R.124+>'t,, . T .k

Matrix D', D2, D* D'2 and D!, irreducible representations (irreps) of O
Finding Oy group products. Examples: R-1=R. or R.ig=r3 or isR-=r|

D' jrreps derived visually using unit vectors{x,y,z}of p-wave D'~ xyz)
»DTZ irreps derived from standing d-wave D'~ x .z} D* irrep tensor basis

Summary of irvep characters y'1, v'2, v*, v'2, and y'1 of O
R(3)DO0 character analysis. ODD4DD> and ODOD4DCy level correlations s




792 APPENDIX F

First are the j=1 dipole or “vector” functions of R(3)

TABLE F.1.1 R(3) Multiple Functions and SU(3) Harmonic Monomials

1
““ - —Jz_—(x + iv)
1
19 = e (x = iy)
Iy = 2

1
_(l(_l )l . l‘)' M

X = fZ_
1 .
Iy = - -?(l‘_”, + I{

z = 1"

3
m) - J— (x + iy)?
8
3
n#= - \/;z(x + iy)

1
1§ - 5-(322 - r)

3

e - \/ 7 2z —iy)
3

II‘_zz"- ﬁ(x — iy)®

1 ! 1
xt= ) + M2 — S N

| 1 1
) (P + UG - SN + o

2 1
2 -1+ =12
‘ FIE+ 3

: (@ - 113L)

TV
1
Xz = 76:(11?’ - 112))

vz = Vf_g(u?' + 113) J

Here we use the j=2 quadrupole or “tensor” functions of R(3)



D2, D irreps* derived from standing d-wave D'=fx,yz)

J =2 Moving d-Waves (all real)

. %Xz O‘IB"‘XzOC,B = yz
D2 irrep j( (eh) 21( )
basis H@B)- G (@) =
(12 () =
. L(x? XE ’ (22| L
Standin D* rrep ﬁ( e IB)+2 o ﬁ)) ( ) ' Zﬁ 2
] = 1
d‘WdV@i baSlS %XO (O!,ﬁ) —(22 —Xx"—y )E

Jj =2 Moving d-Waves (mostly complex)
X5 (a.B)= r*e**sin®f =(x+ iy)2 =x?— % +2ixy
X (o, B)==r"“sinfeos f =—(x+iy)z=—xz—iyz
X;(a.B)= r*(Bcos’f-1) = 3277 =22"—x"—)"
X2 (“’ﬂ)
x2 ()

r2e @ sinfeos B = (x—iy)z = xz—iyz

i . 2
rle?%sin? = (x — iy) =x%>— % —2ixy

*(irrep=irreducible representations)
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using unit
rensors

{Xy,XZ,yZ}

Vector-tran gives tensor-tran!

X Y Z
rX=|*y
ry=\- - z
'z =|X

Xy XZ yZ
rixXxy=s *© * yz
' XZ= Xy °
ryz= © Xz -

irrep notatim} IS franspose

DTZ(I‘1)= o« e ]

7 - -
)(T2r1=TmceDT1(r1)=0




using unit
rensors

{Xy,XZ,yZ}

Vector-tran gives tensor-tran!

X YV Z X yV Z
rxX=(* Yy Rx=|x
ry=|- z | Ry = //
rz=|X Rz = -y -

XYy XZ yZ XY XZ yZ
rixXys © -+ yz | RXys * xz
' XZ= Xy * R.xz=-xy -
riyz= ©- xz - | Ryyz= - - yz
irrep notat.im} lls: ranspose ;
DTZ(r1)= e ] DTZ(RX)= ] - -
)(T2r1=TmceDT1(r1)=0 y2R=+1



using unit

tensors

XY, XZ,yZ;
Vector-tran gives tensor-tran!

X yV Zz X yV Z X Yy Z
rxX=(* Yy Rx=|x PX= X -
ry=l- - z | Ry= Z |(PxY= " -y
rz=|Xx Rz = -y - [ PZ= 0t -Z

XY XZ yZ XY XZ yZ XYy XZ yz
rixXys © -+ yz | RXys * xz PxXyTF-Xy -
rixzsxy - - | Rxz=-xy - PXZ= * -XZ -
ryz= *- xz - | Ryyz= - - yz |PpxYZ7F © - YZ
irrep notat.im} lls: ranspose N I
D2(r))=| - - 1 |D2(Ry)=|1 - - |D2(px)=" -1 -
)(T 2y =T raceD"!(r1)=0 )(T 2px=+1 X 12 P -



D2derived from standing d-wave D'=xy.z;

Vector-tran gives tensor-tran!

X Y Z
rX=|*y
ry=\- - z
'z =|X

Xy XZ yZ
riXy=s *© * yz
Xz Xxy *© -
ryz= * XZ -

irrep notatim} LS

DTZ(r1)= ..

]..

X y Z

X

_yo

Xy XZ yZ

R.xz=

Ryyz= -

* XZ

_Xy o

- yz

ranspose

DT2(RX)= ] - -

)(T2r1=TmceDT1(r1)=0

._1.

XT 2 RX=—|— 1

using unit
tensors
XY, XZ,yZ|

X Yy z X Y Z
DX = X hx=|- - z
Pxy=| -y ny=|--y -
PpxZ2=* * =Z |LhZ=1|X -

Xy XZ yZ Xy XZ YZ
PXYTF=Xy ° * |[LIXy=| © -2y
PxXZ= *© -XZ " |i|XZ=| * ZX -
PxYZ5 * ° YZJi)YyZ=tXy

] o o
2p=- -1 - D2(i)=[- 1 -
-]
72 =-1 X% =1

7 - -



basis
J=2
Standing
d-Waves
Vector-tran gives tensor-tran!
X Yy Z
X=|"Yy
y —_— ° ° Z
Z=|X - 1 1
(-Xx-yy+2zz) - (Xx-yy)
(+2xx-yy-zz) - (+2xx-yy-zz) -

r (-xx-yy+2zz)+
‘ Bl (2+1-2)L=2=2 | Q+1+0)7=2
1 (0+yy-zz) f (0+yy-zz) ﬁ
r, (XX-yy) 5 1
(0_1_2)ﬁ27 (O 1+O)2:7
(L 5
2 2
D (r)=
D=1 5
2 2 )

X. =TraceD (r)=—



1 Xé(“aﬁ) =( ¥ -y +222)ﬁ
X VYV Zz
=1 X
Y= Z
Z — _y °

(-xx-yy+2zz) ﬁ

(Xx-yy)ﬁ

basis
j=2
Standing
d-Waves
tran/
X Yy z
X=|" Yy
y = Z
Z = X ) 1 1
(-Xx-yy+2zz) - (XX-yy) 55
+2XX-yy-zz)-L (+2XX-yy-zz)-F
r,(-xx-yy+2zz) - ( YY) v A
"l (241-2) =2 =3 | 2+1+0)F==2
1 (0+ yy-zz)ﬁ (0+ yy-zz)ﬁ
r, (XX-yy) 7 5 1
(0_1_2)ﬁ27 (O 1+O)2:7
(L 5
DY (r) = 2 2
D=1 5
2 2 )
X. =TraceD (r)=—
1

(-xx+2yy-zz) ﬁ

(-xx+2yy-zz) %

(—1- 2+0)2[

JS

)L
(XX-yy) e Goc+0-z2) 5
P crro-ne==E | a-0+0)i=1
(1 B
2 2
D —
(R)) 5
\ 2 2 ),
X =TraceD (R _)=0




X °

Y /

(-XX-yy+27z) ﬁ

j=2
Standing
d-Waves

(XX-yy) 7

(-xx-yy+2zz)

(-xx-yy+2zz)

(-1-1+2)L=6=

(-xx-yy+2zz)

1| (-1+1+0)5;57=0

Xy +0)

(xx-yy+0)4-

(xy¥) 35 (-1+140);%=0 | (1+1+0)L=2=
1 0
D =
(0%) (O 1]
x. =TraceD" (px)=-1

Hx=\- - z

i1y= *
1Z =

(-xx-yy+2zz) ﬁ

(XX-yy)ﬁ

i, (-xx-yy+2zz) ﬁ

_vv-7z7)-L
(+2xxyyzz)\/g
— _nl_=3_
(2+1=-2)=72=

N|L

(+2xX-yy-zz) %

(+2+1+0)i=—*/_

"

(0-yy+22)4-

(O—yy+zz)$

i, (XX-yy) =

I V2 (0+1+2)%:# (0+1+0)7 =
(1 B
L2 2

Xi; =TraceD (i;)=0
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Summary of irrep characters y'1, y'2, y*, )(AZ and y'1 of O

1) 1 £ ) (1 B
_ 2 2 1 0 _ 2 = % ?
D" (r)) = i D (pX):[ 0 j D" (R )= R ") i
2 2 . 2 2 ) . 2 2 )
%, =TraceD" (r,) =1 X, =TrD"(Px)=2 g/ =TraceD" (R )=0  yx; =TraceD"(i,)=0
/ 7 . . 7 .. .o ]
DTI(F1)= ] - - DT](pX)= S B DTI(RX)— .. ] DTI(i1)= . -] -
N A .. ] . ] - [ -
XT1r1=TrDT1(r1)=O XT]pX='1 ¥ prx=+1 )(T]H:'l
7 - 7 - - . _] - .. ]
DT2(r1)= c o] DTZ(pX)=' -] - DTZ(RX)= ] - - D2(i)=- 1 -
] - - coe ] co. ] ] - -
X2 =TrD"I(r1)=0 X 0= X 2R=1 %=t
r R
. T4 vz
O Xg 8= f’l_4 pxyz nyz 1-6
u=A | 11 1 1
4 |1 1 1 A -l A> singlet based
Eop2zo-bo2 000 on rank-3 tensor
T |3 0 -1 1 -
, | 310 -1 -1 1 Xyz
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R(3)D0 character analysis (Principles of Symmetry Dynamics & Spectroscopy)

Frequency of O Irreps

—
— Il
SN W= O

—
BN

e I e el
RNl SIS B ARRA N IRV

Trace 2 (w00) Single Electron Orbital
O= 27” O=r O= %Tﬂ O=r Spectroscopic
0° w=120° w=180° w =90° w = 180° Labeling
1 1 1 1 1 5
3 0 -1 1 -1 P,
5 -1 1 -1 1 d,
7 1 -1 ~1 -1 f.
9 0 1 1 1 g,
11 -1 ~1 1 ~1 h,
13 1 1 -1 1 i
15 0 ~1 —1 -1 k,
17 -1 1 1 1 !
19 1 -1 1 —1 m,
21 0 1 -1 1 n,g
23 -1 -1 -1 —1 0,
25 1 1 1 1 qy
27 0 ~1 1 -1 r,
29 -1 1 ~1 1 t,
31 1 -1 ~1 -1 .
33 0 1 1 1
35 -1 ~1 1 -1
37 1 1 ~1 1
39 0 -1 -1 -1
41 —1 1 | 1](5.6.52)
0|1 r R R i
Agp bbb R(3) characters X ‘@)=
A1 1 1 -1
E |2 -1 2 0O O
T30 1 1 - O characters
T,|3 0 -1 -1 1

fA, ng fE le fT2

NaToIEN B WP A VS S ™

sin(/ +3)0©

1

S

B =t R =t DD b ek e

S

Sin—
2

b

e I e

i S 2 T W

B B B b DD b et b b b e o

0 L Lo W o W N

. [p— .

W W N WN N =N -

b n s bbb

W L W B B BN B e e ek e

nhhhn & & & W

(Ch.5 p.384 )
A,
Tlu
E,+ Ty,

Ay, + Eg + Tlg + ng

(5.6.5b)
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Applications of GroupDSub-group correlation
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. D 11 R N . D)"{ 1, R, R, R’}
ODDsDOD; correlation [ 2X e R . k. 0) ODD4DOCy correlation I
Tetragonal Standing Wave Chain At ol Tetragonal Moving Wave Chain : > Ne el
NOrmal g (1|1 -1 1 -1 All 111 1
Octahedral ~ Tetragonal  Dihedral | A |1 [1 1 [ -1 - Octahedral ~ Tetragonal ~ Cyclic-4 . |, ',
O D4 D2 B |1 |1 -1]-1 1 0 i g Al 1 1i-1 -1
A1 A1 Al CEEEEE— Al A1 04 Bl1 -1i-1 1
s sie NOrmal D,={1,R3,R},R3} AR e -1, =
D,\D,| A, B A, B, D,C,|0, 1, 2, 3,
A2 B e A4 | A2 B1 2% A1
- - B |1 R, Rl o e B, 1
A, 1 A |1
A1 Al B, Al 04 B, 1
E o i E e i
o E 1 1 s E 1 1
~ A1 A, e P 2
UnOrmalD2= {I,Rg,i3,i4} ( r’fi pxyz R’nyz
Bi 14 .
TI _,,-,_————I?_::’ B2 D4\l/D2 Al Bl Az Bz TI ’gg__E____,:’ 34 O|1 r R* R’ 1,
-4 5 A |1 g % Al 1 1 1 1
TS A2 A2 1 ke 04 1
N e B, e Al 1 -l
B1 A 14 E|2 -1 2 0 O
Smmoeesc | - 13 B, 1 S e T|3 0 -1 1 -1
it A2 A E |- 1 1 e T|3 0 -1 -1 1
UnOrmal \
2 o o
NOrmal D, = {1,R;,R’ R} UnOrmal D,= {1,R},i,,i,} -1, =
O|D,| A, B, A, B, O|D,| A, B, A, B, O|D,| A B A, B, E OlC, |0, 1, 2, 3,
Al 1 Al 1 Al 1 A] 1
A, |1 A, 1 A, 1 A, 1
E 2 E 1 1 E I 1 E | 1
T 11 1 T 1 1 1 T, 1 1 T |1 1 1
T, 11 1 Tl 1 T, 1 1 T, 1 1 1
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VISUALIZING THE J=10 - D,[1 R [R, R
K (z)210] ROTATION AXES
LEVELS OF AN A NEAR Z AXIS Al 11
ASYMMETRIC TOP NG A1 a1 -
" RN 1 1] -1 -1
J N B, |1 1|1 1
ROTATION JX ,A,—"\\ / N 3| R 2
,‘-}"ii,';"i““ Ko, C IR /- Examples of GroupDSub-group correlation
AT Ay o rew oo
/ - J: RN . K1 / |
"6 ’ \‘77 ~S==<1-\
\ %9' : 1’ T ON-
\ '\\ ‘ " \J—Z // Jy
O 7/ ,"/
eSS /|
Jy \\\ L / \\\\\ /l /
N /,// c, |0, 1, G, |0, 1, 1o,
\\\ I’l/ Al 1 Al | Al |
\ /
\\\ ','/ A2 1 A2 1 A2 1
\Sepgratrix/ . | .
\‘\ Region / / |7 |8 |9 02K,
K, (x)%I0 9| 8\ 7 \\\\ / /’ v vV
ey - N T T N O OO GO GO B

\ AN AB Az Ba A

Y /oy P p
Superfine H | :
Structure — \ L2 : C,(z)-Type Clusters

8.6xI0em 7.7x08m 2.8xI08nS. XIOFF  *
=26 kHz =230kHz =8B4MH:z =1.5GH:

after QTforCA Unit 8. Ch. 25 Fig. 25.4.2

Fig. 25.4.2 J = 10 asymmetric top energy levels and related RE surface paths

CZ(X):rype Clusters (A=10.2, B =04, C=0.6). Clustered pairs of levels are indicated in magnifying
LA | rl LI r_l P l L I LI I LER B LI ] L l T . o
] 20 20 a0 &0 EOrr! circles that show superfine splittings.


https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=49

Finding Hamiltonian Eigensolutions by Geometry

.using T K J cone
Uncertainty Cone Angles COS (@) K= intersects J=88
\/J (J T 1) RE surface
fo give approx.
K=J, J-1, J-2...

Oy, or T ; Spherical Top: (Hecht Ro-vib Hamiltonian 1960)

3 energy levels
2 2 2 4 4 4 4 o o o
H=B(Jx+Jy+JZ)+t44O[Jx+Jy+JZ—SJ j+

RE Surface jtopo-lines track

5 : : .
= BJ? vt TH q/— - [T“ 4+ T } g precessing’[\semi-classical
0 [ NPT _4 J vector | K4=88

g T T R S

=86

et
(7 K3 =88

G - I,' f Fy — _ N
A '.I'Jr-'-'l 1y e =87

b ol - '- W E@
- ~ -. ._ .. X .--‘ o :-I._ ':_l' .II_' :II' II.' .II. - eﬁ@o



—'4| |-3I 3 "2' :l -ll

VISUALIZING THE J=30 Examples of GroupDSub-group correlation

LEVELS OF A 3 ODC3[111] 0D C,[110] ODC4[001]
SPHERICAL TOP 1

j 4 > il ’.r“\ -
3 : "o,gé‘b T '\\
_ e ) )
SRR S bgf/ AN
, b K283 ,'\ ;
/ NS = '*!Q %
N/
// ""..ﬁ' ' ’ Jy
7 S ————
- //
------ J
v
' v
1 Separatrix ~ /
\ Region ~
r // /
L oGl s.Oxi0ui 5.7xi0w'  9.2xi0m  38xi0em  1.6xi0gm-48Hz

7
o w
: @
:.
o
@O

v
\
\

\ .ii: / .i q \.=ii ( ,:: \.ﬁi (]
\ / \. / \ / \ / ‘. ’
\ / \ 7 \ ’ \ / /
\ / v ! W

=)
-,
A
& N ( |
Y ,,'l. Py ot
l J'lg TZH 'F'ﬁ ﬁ T =5.3 MHz |
Moo e | | L
:' ." . u }&“
o BRE B OE OB P é
- il & N ™ 5] — |
1Ox10em 8.1 xi0em' :1& 1= = t L & =

C. Clusters

AT 2 s . la . s

A Relative Units of 10 %m '=3.0MHz
84.ng?’|9

C, Clusters




This refers: QTforCA Unit 8. Ch. 25 Fig. 25.4.9

Fig. 25.4.9 Infrared spectra showing fine structure clusters. Tetrafluorosilane (SiF;) spectrum from a vs R(30) transition

[After C. W. Patterson, R. S. McDowell, N. G. Nereson, B. J. Krohn, J. S. Wells, and F. R. Peterson, J. Mol. Spectrosc. 91, 416 (1982).

[ Cubane (CsHs) spectrum from vi; P(30), P(31), and P(32), transitions, cubane (CsHs) spectrum from vi2 R(36), transition.
[After A. S. Pine, A. G. Maki, A. G. Robiette, B. J. Krohn, J. K. G. Watson, and Th Urbanek, J. Am. Chem. Soc., 106, 891 (1984).]

b

0, 14 24 34
Al L e
A, |
E || |
T 01 |
T, Lo

Fig. 25.4.7 Different choices of rotation axes for octahedral rotor corresponding to local symmetry Cs, Ca, and Cj.
Tables correlate global octahedral symmetry species with the local ones.

QTforCA Unit 8. Ch. 25 Fig. 25.4.7

ODOD/OCy correlation

(b) Tetragonal Moving Wave Chain

Octahedral Tetragonal  Cyclic-4
0) D4 C4

Al A1 04

A1l 04
R L 2o
g e B1 24
14
.\\\\ v 2
E e |, G
TZ _-=""——’:: 34
\\\\ B2 %
1, =
ol|c, |0, 1, 2, 3,
N
A, 1

S
[
ok
[
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Appendix: ODD4DD: irrep table very similar to our irreps on p.48

QOTCALect.21p.77

See link for there types, choices, and approaches.
This is a “Bottom-up” development


https://vanityname.hosted.uark.edu/~modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_21_4.13.17.pdf#page=77
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