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Example of16µm spectra of CF4  1996 AMOP Handbook
2005 AMOP Handbook

Example of16µm spectra of SF6   2018?AMOP Handbook 
Example of ??µm spectra of C60   ?  
Units of frequency (Hz), wavelength (m), and energy (eV)
           Spectral windows in atmosphere due to molecules
Simple molecular-spectra models 
          2-well tunneling, Bohr mass-on-ring, 1D harmonic oscillator, Coulomb PE models 
More advanced molecular-spectra models (Using symmetry-group theory) 
          2-state U(2)-spin tunneling models 
          3D R(3)-rotor and D-function lab-body wave models 
          2D harmonic oscillator and U(2) 2nd quantization 

Bohr Mass-On-a-Ring (model of rotation) and related ∞-Square Well (model of quantum dots) 
           Quantum levels of ∞-Square well and Bohr rotor 
            Example of CO2 rotational (υ=0)⇔(υ=1)bands  
            Quantum dynamics of ∞-Square well and Bohr rotor: What makes that “dipole”spectra? 
            Quantum dynamics of Double-well tunneling: Cheap models of NH3 inversion doublet
Quantum “blasts” of strongly localized ∞-well or rotor waves: A lesson in quantum interference 
             Wavepacket explodes! (Then revives).  . . . .some xtra stuff on Farey-Ford wave resonance



AMOP reference links (Updated list given on 2nd page of each class presentation) 
QTCA Unit 10 Ch 30 - 2013 
Frame Transformation Relations And Multipole Transitions In Symmetric Polyatomic Molecules - RMP-1978 (Alt Scanned version) 
Rotational energy surfaces and high- J eigenvalue structure of polyatomic molecules - Harter - Patterson - 1984 
Galloping waves and their relativistic properties - ajp-1985-Harter 
Asymptotic eigensolutions of fourth and sixth rank octahedral tensor operators - Harter-Patterson-JMP-1979 
Nuclear spin weights and gas phase spectral structure of 12C60 and 13C60 buckminsterfullerene -Harter-Reimer-Cpl-1992 - (Alt1, Alt2 Erratum) 
Theory of hyperfine and superfine levels in symmetric polyatomic molecules.  

I) Trigonal and tetrahedral molecules: Elementary spin-1/2 cases in vibronic ground states - PRA-1979-Harter-Patterson (Alt scan) 
II) Elementary cases in octahedral hexafluoride molecules - Harter-PRA-1981 (Alt scan) 

Rotation-vibration scalar coupling zeta coefficients and spectroscopic band shapes of buckminsterfullerene - Weeks-Harter-CPL-1991 (Alt scan) 
Fullerene symmetry reduction and rotational level fine structure/ the Buckyball isotopomer 12C 13C59 - jcp-Reimer-Harter-1997 (HiRez) 
Molecular Eigensolution Symmetry Analysis and Fine Structure - IJMS-harter-mitchell-2013 
Rotation–vibration spectra of icosahedral molecules. 

I) Icosahedral symmetry analysis and fine structure - harter-weeks-jcp-1989 
II) Icosahedral symmetry, vibrational eigenfrequencies, and normal modes of buckminsterfullerene - weeks-harter-jcp-1989 
III) Half-integral angular momentum - harter-reimer-jcp-1991 

AMOP Ch 32 Molecular Symmetry and Dynamics - 2019 
AMOP Ch 0 Space-Time Symmetry - 2019 

Late acquisition Refs
RESONANCE AND REVIVALS
I. QUANTUM ROTOR AND INFINITE-WELL DYNAMICS - ISMSLi2012 (Talk) https://kb.osu.edu/dspace/handle/1811/52324
II. Comparing Half-integer Spin and Integer Spin - Alva-ISMS-Ohio2013-R777 (Talks)
III. Quantum Resonant Beats and Revivals in the Morse Oscillators and Rotors - (2013-Li-Diss)

Rovibrational Spectral Fine Structure Of Icosahedral Molecules - Cpl 1986 (Alt Scan) 
Gas Phase Level Structure of C60 Buckyball and Derivatives Exhibiting Broken Icosahedral Symmetry - reimer-diss-1996 
Resonance and Revivals in Quantum Rotors - Comparing Half-integer Spin and Integer Spin - Alva-ISMS-Ohio2013-R777 (Talk) 
Quantum Revivals of Morse Oscillators and Farey-Ford Geometry - Li-Harter-cpl-2013 
Wave Node Dynamics and Revival Symmetry in Quantum Rotors - harter - jms - 2001

Website front page
2014 AMOP front page

2018 AMOP front page

UAF Physics UTube channel2017 Group Theory for QM

https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_10_Ch.30_2013.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_PapersNTalks/Frame_Transform_Relat._RMP1978.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Frame%20transformation%20relations%20and%20multipole%20transitions%20in%20symmetric%20polyatomic%20molecules%20-%20Scan%20-%20Frame_Transform_Relat._RMP1978.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotational%20energy%20surfaces%20and%20high-%20J%20eigenvalue%20structure%20of%20polyatomic%20molecules%20-%20Harter%20-%20Patterson%20-%201984.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Galloping%20waves%20and%20their%20relativistic%20properties%20-%20ajp-1985-harter.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Asymptotic%20eigensolutions%20of%20fourth%20and%20sixth%20rank%20octahedral%20tensor%20operators%20-Harter-Patterson-jmp-1979.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/CPLC60SpinWts%20HiRes%2bErrata.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Nuclear%20spin%20weights%20and%20gas%20phase%20spectral%20structure%20of%2012C6oand%2013C60%20buckminsterfullerene%20-%20Reimer%20-%20harter1992.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Nuclear%20spin%20weights%20and%20gas%20phase%20spectral%20structure%20of%2012C6oand%2013C60%20buckminsterfullerene%20-%20Erratum%20-%201-s2.0-000926149285077N-main.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20Trigonal%20and%20tetrahedral%20molecules%3a%20Elementary%20spin-1%3a2%20cases%20in%20vibronic%20ground%20states%20-%20pra%20-1979-Harter-Patterson.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/PRA%20Superhyp.I%20CF4.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20II.%20Elementary%20cases%20in%20octahedral%20hexafluoride%20molecules%20-%20Harter-PRA-1981.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/PRA%20Superhyp.II%20SF6.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation-vibration%20scalar%20coupling%20zeta%20coefficients%20and%20spectroscopic%20band%20shapes%20of%20buckminsterfullerene%20-%20weeks-harter-cpl-1991.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/CPLBzetaCoeff%20C60.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Fullerene%20symmetry%20reduction%20and%20rotational%20level%20fine%20structure%3a%20the%20Buckyball%20isotopomer%2012C%2013C59%20-%20jcp%20-%20reimer%20-%20harter%20-%201997.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/C60symmReduct%26fine%20structure12C13C59%20ReimerHarter1997hiRes.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Molecular%20Eigensolution%20Symmetry%20Analysis%20and%20Fine%20Structure%20-%20IJMS-harter-mitchell-2013.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20I.%20Icosahedral%20symmetry%20analysis%20and%20fine%20structure%20-%20harter-weeks-jcp-1989.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20II.%20Icosahedral%20symmetry%2c%20vibrational%20eigenfrequencies%2c%20and%20normal%20modes%20of%20buckminsterfullerene%20-%20weeks-harter-jcp-1989.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20III%20-%20Half-integral%20angular%20momentum%20-%20harter-reimer-jcp-1991.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP%20Ch%2032%20MolSymm.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP%20Ch%200%20SpaceTimeSymm.pdf
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20And%20Revivals%20%20I.%20Quantum%20Rotor%20And%20Infinite-Well%20Dynamics%20-%20Harter-Li-ISMS-Columbus-2012.pdf
https://kb.osu.edu/dspace/handle/1811/52324
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Quantum%20Resonant%20Beats%20and%20Revivals%20in%20the%20Morse%20Oscillators%20and%20Rotors%20-%202013-Li-Diss.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20harter%20-%20weeks%20-%20cpl%20-%201986.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20scan%20-%20RovibeIcosCPL132p387-392%281986%29.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Gas%20Phase%20Level%20Structure%20of%20C60%20Buckyball%20and%20Derivatives%20Exhibiting%20Broken%20Icosahedral%20Symmetry%20-%20reimer-diss-1996.pdf
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Quantum%20Revivals%20of%20Morse%20Oscillators%20and%20Farey-Ford%20Geometry%20-%20Li-Harter-cpl-2013.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Wave%20Node%20Dynamics%20and%20Revival%20Symmetry%20in%20Quantum%20Rotors%20-%20harter%20-%20jms%20-%202001.pdf
https://www.uark.edu/ua/modphys/markup/Harter-SoftWebApps.html
https://www.uark.edu/ua/modphys/markup/QTCA_Info_2014.html
https://www.uark.edu/ua/modphys/markup/AMOP_Info_2018.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://www.uark.edu/ua/modphys/markup/GTQM_Info_2017.html
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I) Elementary cases in octahedral hexafluoride molecules - Harter-PRA-1981

https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20II.%20Elementary%20cases%20in%20octahedral%20hexafluoride%20molecules%20-%20Harter-PRA-1981.pdf
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Example of ??µm spectra of 12C60 ?  
 12C60 has on 4 allowed states

in a J=100 multiplet of 201=2J+1

Where the !#@$%
did 197 states go??!!
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Example of ??µm spectra of 12C60 ?  
 12C60 has on 4 allowed states

in a J=100 multiplet of 201=2J+1

 13C60 has over 2.317 hundred octillion 
allowed states in a J=100 multiplet of 201

260=1.5292·1018
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Frequency·Wavelength 
speed of light 
υ·λ = c 

=2.997.2458·108m/s 

Wavelength 
 λ=

Frequency  
υ= 

Units of frequency (Hz), wavelength (m), and energy (eV)

Exa: 1018

Peta: 1015

Tera: 1012

Giga: 109

Mega: 106

kilo: 103

milli: 10-3

micro: 10-6

nano: 10-9

pico: 10-12

femto: 10-15

atto: 10-18

jokey!
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Example of ??µm spectra of C60   ?  

Units of frequency (Hz), wavelength (m), and energy (eV)
           Spectral windows in atmosphere due to molecules

Simple molecular-spectra models 
          2-well tunneling, Bohr mass-on-ring, 1D harmonic oscillator, Coulomb PE models 

More advanced molecular-spectra models (Using symmetry-group theory) 
          2-state U(2)-spin tunneling models 
          3D R(3)-rotor and D-function lab-body wave models 
          2D harmonic oscillator and U(2) 2nd quantization 
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analysis of rovibronic tensor spectra
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2-well tunneling Bohr mass-on-a-ring 1D harmonic oscillator Coulomb PE models
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lab-body wave 
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multi-electron states 

(closely connected)
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Potential

Rotational Energy Surface (RES) 
analysis of rovibronic tensor spectra
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Example of ??µm spectra of C60   ?  

Units of frequency (Hz), wavelength (m), and energy (eV)
           Spectral windows in atmosphere due to molecules

Simple molecular-spectra models 
          2-well tunneling, Bohr mass-on-ring, 1D harmonic oscillator, Coulomb PE models 

More advanced molecular-spectra models (Using symmetry-group theory) 
          2-state U(2)-spin tunneling models 
          3D R(3)-rotor and D-function lab-body wave models 
          2D harmonic oscillator and U(2) 2nd quantization 
Bohr Mass-On-a-Ring (model of rotation) and related ∞-Square Well (model of quantum dots) 
           Quantum levels of ∞-Square well and Bohr rotor 
            Example of CO2 rotational (υ=0)⇔(υ=1)bands  
            Quantum dynamics of ∞-Square well and Bohr rotor: What makes that “dipole”spectra? 
            Quantum dynamics of Double-well tunneling: Cheap models of NH3 inversion doublet

Quantum “blasts” of strongly localized ∞-well or rotor waves: A lesson in quantum interference 
             Wavepacket explodes! (Then revives)
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           Spectral windows in atmosphere due to molecules

Simple molecular-spectra models 
          2-well tunneling, Bohr mass-on-ring, 1D harmonic oscillator, Coulomb PE models 

More advanced molecular-spectra models (Using symmetry-group theory) 
          2-state U(2)-spin tunneling models 
          3D R(3)-rotor and D-function lab-body wave models 
          2D harmonic oscillator and U(2) 2nd quantization 
Bohr Mass-On-a-Ring (model of rotation) and related ∞-Square Well (model of quantum dots) 
           Quantum levels of ∞-Square well and Bohr rotor 
            Example of CO2 rotational (υ=0)⇔(υ=1)bands  
            Quantum dynamics of ∞-Square well and Bohr rotor: What makes that “dipole”spectra? 
            Quantum dynamics of Double-well tunneling: Cheap models of NH3 inversion doublet

Quantum “blasts” of strongly localized ∞-well or rotor waves: A lesson in quantum interference 
             Wavepacket explodes! (Then revives)
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 Quantum dynamics of ∞-Square well and Bohr rotor 
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Fig. 12.1.2  Infinite square well eigensolution combination "sloshes" back and forth.

“Sloshing” charge acts like dipole antenna 
broadcasting* linear polarized radiation
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circularly polarized radiation

*Or receives (Depending on relative phase)

…in this case a non-quantized (½and½) state 
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"Last-in-first-out" effect. Last Kmax-value dominates and  
“inside”  K get "smothered" by interference with neighbors.

 Quantum “blasts” of strongly localized ∞-well or rotor waves 
A lesson in quantum interference

π/100



Spectral hierarchy of Born-Openheimer approximations to  AMOP AMOP
Sketch of modern molecular spectroscopy
Example of16µm spectra of CF4  1996 AMOP Handbook

2005 AMOP Handbook
Example of16µm spectra of SF6   2018?AMOP Handbook 

Example of ??µm spectra of C60   ?  

Units of frequency (Hz), wavelength (m), and energy (eV)
           Spectral windows in atmosphere due to molecules

Simple molecular-spectra models 
          2-well tunneling, Bohr mass-on-ring, 1D harmonic oscillator, Coulomb PE models 

More advanced molecular-spectra models (Using symmetry-group theory) 
          2-state U(2)-spin tunneling models 
          3D R(3)-rotor and D-function lab-body wave models 
          2D harmonic oscillator and U(2) 2nd quantization 
Bohr Mass-On-a-Ring (model of rotation) and related ∞-Square Well (model of quantum dots) 
           Quantum levels of ∞-Square well and Bohr rotor 
            Example of CO2 rotational (υ=0)⇔(υ=1)bands  
            Quantum dynamics of ∞-Square well and Bohr rotor: What makes that “dipole”spectra? 
            Quantum dynamics of Double-well tunneling: Cheap models of NH3 inversion doublet

Quantum “blasts” of strongly localized ∞-well or rotor waves: A lesson in quantum interference 
             Wavepacket explodes! (Then revives)
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Spectral hierarchy of Born-Openheimer approximations to  AMOP AMOP
Sketch of modern molecular spectroscopy
Example of16µm spectra of CF4  1996 AMOP Handbook

2005 AMOP Handbook
Example of16µm spectra of SF6   2018?AMOP Handbook 

Example of ??µm spectra of C60   ?  

Units of frequency (Hz), wavelength (m), and energy (eV)
           Spectral windows in atmosphere due to molecules

Simple molecular-spectra models 
          2-well tunneling, Bohr mass-on-ring, 1D harmonic oscillator, Coulomb PE models 

More advanced molecular-spectra models (Using symmetry-group theory) 
          2-state U(2)-spin tunneling models 
          3D R(3)-rotor and D-function lab-body wave models 
          2D harmonic oscillator and U(2) 2nd quantization 
Bohr Mass-On-a-Ring (model of rotation) and related ∞-Square Well (model of quantum dots) 
           Quantum levels of ∞-Square well and Bohr rotor 
            Example of CO2 rotational (υ=0)⇔(υ=1)bands  
            Quantum dynamics of ∞-Square well and Bohr rotor: What makes that “dipole”spectra? 
            Quantum dynamics of Double-well tunneling: Cheap models of NH3 inversion doublet

Quantum “blasts” of strongly localized ∞-well or rotor waves: A lesson in quantum interference 
             Wavepacket explodes! (Then revives)
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= 1.5τbeat

t = 1.0000τ1
= 3.0τbeat

Wavepacket explodes! (Then revives)

  
τ1 = 2n Tn (2W ) = 8ML2

h

Zero-point period τ1 is just enough time for "particle" in εn-level to make 2n round trips.

In time τ1 ground ε1-level particle does 2 round trips,  
                             ε2-level particle makes 4 round trips,  
                             ε3-level particle makes 6 round trips,..,

At time τ1, M undergoes a full revival and "unexplodes" into his original spike at x=0.2W,



t = 0.5000τ1
= 1.5τbeat

t = 1.0000τ1
= 3.0τbeat

Wavepacket explodes! (Then revives)

  
τ1 = 2n Tn (2W ) = 8ML2

h

Zero-point period τ1 is just enough time for "particle" in εn-level to make 2n round trips.

In time τ1 ground ε1-level particle does 2 round trips,  
                             ε2-level particle makes 4 round trips,  
                             ε3-level particle makes 6 round trips,..,

At time τ1, M undergoes a full revival and "unexplodes" into his original spike at x=0.2W,

But, after only 50 round-trips   
M's wave does a partial revival  
as it makes an upside down-delta  
function around x=0.8W.



t = τ1/3

t = τ1/5

t = τ1/7

t = τ1/9

Fig. 12.2.5 The "Dance of the deltas." Mini-Revivals for prisoner M's wavepacket envelope function.

At fractional times τ1/n M undergoes a number of fractional revivals

Magnitude |ψ|
Real |ψ|
Im |ψ|



A sketch of modern molecular spectroscopy
           The frequency hierarchy   Example of16µm spectra of CF4

           Units of frequency (Hz), wavelength (m), and energy (eV)
           Spectral windows in atmosphere due to molecules
Simple molecular-spectra models 
          2-well tunneling, Bohr mass-on-ring, 1D harmonic oscillator, Coulomb PE models 

More advanced molecular-spectra models (Using symmetry-group theory) 
          2-state U(2)-spin tunneling models 
          3D R(3)-rotor and D-function lab-body wave models 
          2D harmonic oscillator and U(2) 2nd quantization 

Bohr Mass-On-a-Ring (model of rotation) and related ∞-Square Well (model of quantum dots) 
           Quantum levels of ∞-Square well and Bohr rotor 
            Example of CO2 rotational (υ=0)⇔(υ=1)bands  
            Quantum dynamics of ∞-Square well and Bohr rotor: What makes that “dipole”spectra? 
            Quantum dynamics of Double-well tunneling: Cheap models of NH3 inversion doublet 

Quantum “blasts” of strongly localized ∞-well or rotor waves: A lesson in quantum interference 
             Wavepacket explodes! (Then revives) 

Quantum “revivals” of gently localized rotor waves:  A lesson in quantum number theory 
             Farey-Sums and Ford-products 
            Ford Circles and Farey-Trees



 Quantum “revivals” of gently*localized rotor waves 
A lesson in quantum number theory

*gently means gently-truncated Gaussian distributions
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WaveIt Web simulation

Click here….

..then here….

https://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=Quantum%20Carpet

Starts with Gaussian Ψ(φ,t) 
at  φ=0 on Bohr wave ring 
that expands and “beats”

φ=0

φ=0

φ=0

φ=±π

φ=+πφ=-π

φ=+πφ=-π

https://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=Quantum%20Carpet


Click here….

..then here….

time 
t=0.29Tmax

t=0.25Tmax

t=0.20Tmax

t=0.10Tmax

φ=0

φ=0

φ=±π

φ=+πφ=-π

WaveIt Web simulation https://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=Quantum%20Carpet

https://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=Quantum%20Carpet




Set this and then click here….
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

Time t
(units of τ1)
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n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

•
•
•

•
•
•

n1/d1 and n2/d2 path
fractions

numerator/denominator



Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

Coordinate φ
(units of 2π)

1/1

0/1
-1/2 -1/4

1/d2

2/d2

3/d2

n2/d2

14/d1
13/d1
12/d1

n1/d1
(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

•
•
•

•
•
•

n1/d1 and n2/d2 path
fractions

numerator/denominator



Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  
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n1+n2
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Time t
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

 [John Farey, Phil. Mag.(1816)] 
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

[Lester. R. Ford, Am. Math. Monthly 45,586(1938)  [John Farey, Phil. Mag.(1816)] 

http://www.cimat.mx/~gil/docencia/2008/elementales/circulos_ford.pdf
http://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_PapersNTalks/MorseRevivals5.31.pdf


“Monster Mash”classical segue to Heisenberg action relations
Example of very very large M1 ball-walls crushing a poor little m2  

How m2 keeps its action  
An interesting wave analogy: The “Tiny-Big-Bang” [Harter, J. Mol. Spec. 210, 166-182 (2001)],[Harter, Li IMSS (2012)*] 
A lesson in geometry of fractions and fractals: Ford Circles and Farey Sums  

[Lester. R. Ford, Am. Math. Monthly 45,586(1938)          [John Farey, Phil. Mag.(1816)]       

I. QUANTUM ROTOR AND INFINITE-WELL DYNAMICS - ISMSLi2012 (Talk) https://kb.osu.edu/dspace/handle/1811/52324
II. Comparing Half-integer Spin and Integer Spin - Alva-ISMS-Ohio2013-R777 (Talks)
III. Quantum Resonant Beats and Revivals in the Morse Oscillators and Rotors - (2013-Li-Diss)

http://www.sciencedirect.com/science/article/pii/S0022285201984498
http://www.cimat.mx/~gil/docencia/2008/elementales/circulos_ford.pdf
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20And%20Revivals%20%20I.%20Quantum%20Rotor%20And%20Infinite-Well%20Dynamics%20-%20Harter-Li-ISMS-Columbus-2012.pdf
https://kb.osu.edu/dspace/handle/1811/52324
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
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