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The process is the same as was used in Section 2.10 for Abelian groups,
except now there are two-dimensional irreps involved. The bottom row of the
character table is the trace of the irrep @ %' given by the cross-product
relation

DE (of Dg) =2 (of D3) 27 (of Cy). (3.6.18)

For example, using standing-wave irreps of D; one has

PE(h*) =2E(h)25(1), DE(h) =DE(h*) P (W)
L) L)
|2 2 _| 2 2
-1 5 5 s (3.6.18),
T2 2 2 2

for the z rotation by w, = 240° and w, = 60°, respectively. Note that either
one is given by the rotation matrix formula

F5(w,) =

cosw, —sinw,
( ) (3.6.19)

sin w, cos w,

for x and y components for a vector. The other two-dimensional irrep & £
is given by the cross-product relation

2E: (of Dg) =2F (of D;) 27 (of Cy). (3.6.20)

For the z rotations by w, = 240° (h*) and w, = 60° (k) one has identical
matrices:

-1/2 V3,2

i _1/2) - DE(h). (3.6.20),

DF(h*) = (
The matrix formula which gives the @52 z rotations is

(3.6.21)

GEr — cos2w, sinlw,
—sin2@, cos2w, |’

and it is appropriate for irreducible tensor rotations, as will be explained in
Chapter 6.

For now it is casier to appreciate the difference between E; and E,
irreps, and the 4 and B irreps as well, by appealing to Bloch-wave structure.
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The standing-wave solutions (sin m¢) and (cos m¢) for weak D, symmetric
potentials are drawn in Figure 3.6.5(a) for 0 < m < 6. Note that E; and E,
label the m = 1 and m = 2 waves, respectively, and these states are doubly
degenerate. E, and E, also label the m = 5 and m = 4 waves, since 5 = —1
mod 6 and 4 = —2 mod 6, respectively.

The B; and B, waves each have m = 3 waves on the ring, but are not
degenerate. A source of possible confusion concerns the question of which
has higher energy. Figure 3.6.5(a) shows the B, wave with antinodes or
maxima in potential valleys. Hence, it has lower energy than the B, wave,
which sits on the potential hills. This implies that B, is symmetric to 180°
rotations around axes centered in valleys and antisymmetric to rotations
around axes centered in hills. The B, characters from Eq. (3.6.17) for
transverse 180° rotations are

Xfl =1, Xfl = —1. (3.6.22)

This indicates an implicit assumption about how the p, rotation axes are
related to the potential: they lie in valleys. Then the local parity in each
valley determines 4 and B indices. (1) labels evenness or symmetry, and (2)
labels oddness or antisymmetry. The A; and B, characters,

xji=x2=1, (3.6.23)
are positive, while the 4, and B, characters,

Xl =xl=-1 (3.6.24)

P

are negative. Whenever possible we shall let valley operators label the
symmetry. This is particularly important for large potentials, as indicated in
Figure 3.6.5(b). Then the rapidly varying parts of the wave function are
squeezed into the valleys, and their shapes determine the energy of a whole
band. A, and B, levels are upper or lower energy bounds for a band of
waves made of locally even wave functions in valleys. A, and B, levels are
the same for locally odd wave functions.

Finally, remember that 4 and B levels refer to even or odd behavior
under axial or cyclic rotation (k or A°) from one well to the next. The A
waves are identical in each well and have unit characters:

xih=xit2=1. (3.6.25)
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The B waves change sign from well to well and have negative characters:

Xi'=xpr= 1. (3.6.26)

The correlation of D, irreps with those of subgroup C¢ = {1, h, h?, h3,
h*, h*} and with those of subgroup C, = {1, p3} can be deduced by characters.
From the preceding equations we deduce that

DML Cs=" | Cg = D" (of C;) = D%,
DB Cy =% | Cg = D? (of C;) = D%,

this is analogous to Egs. (3.6.15) for D, | C, correlation. Similarly, we deduce
from Egs. (3.6.23) and (3.6.24) that

PNLC,=9" | C,=D* (of C,) = D%,
P4 C, =95 C,=D" (of C,) = D"
is the C, = {1, p,} correlation for 4 and B irreps of Dy.

It is convenient to summarize all such correlations into CORRELATION
TABLES such as the following for Dy | Cy and Dy | C,:

D06 D16 D26 D36 D46 D56

PN Ce= | 1
o4 = | 1
£ T . (3.6.27a)
932 — . . . 1
9E1 = . 1 . . Eed 1
QEZ = . . 1 . 1
D02 Dlz
9M,C= | 1
91‘12 = . 1

95 =1 . . (3.6.27)
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The last two rows in either table indicate Zeeman splittings such as
DE | Cy = D' + D%.

Finally, note that C, or D, symmetry with odd n cannot have B waves.
Neither can D, have two classes p; and p; of valley and hill 180° rotations,
since hills are opposite valleys on the odd-n symmetric ring. You should be
able to construct diagrams like Figure 3.6.5 for the irreps A4,, 4,, E,, and E,
of D, and the irreps A4,, 4,, E;, E,, and E; of D,.

C. Higher D, Symmetries: D,;, and D, ,

Anyone who has resolved D,, D;, and D, symmetries and their representa-
tions can quickly understand all the other dihedral or D-type symmetries.
This includes the crystal point symmetries D,,, D, Dy, Dgy, D,,, and
D,,. (D,, is Abelian.) However, the noncrystal or molecular point symme-
tries Dsy,, D7y, Dy, ..., etc., or Dy, Dsy, Dy, ..., etc., are no more diffi-
cult.

The D,, symmetries all contain a horizontal or xy-plane reflection opera-
tion:

o, = o,, = IRZ (180°).

This operation commutes with all R, rotations and all transverse 180° p;
operations. Hence, the group D,, can be written as an outer product,

D,, =D, % C,=D, x {1,0,)}. (3.6.28)

For even n the rotation R, (180°) and the product R, o}, = I, i.e., inversion,
must be in D,,. Then one can write -

D,,=D,xC;,=D,x {1,1I} (n even). (3.6.29)

D,, symmetry can be pictured as two parallel and identical regular n
polygons placed one above the other. Some examples are shown in Figure
3.6.6(a). To have D,, symmetry each vertex of the upper polygon must lie
directly above a vertex of the lower one. If one polygon is rotated halfway by
diagonal angle 2(27/n) then the symmetry D, , results. As shown in Figure
3.6.6(b) the center of each polygonal face of the upper D,, polygon lies
above a diagonal or vertex of the lower one.

From Figure 3.6.6 one can appreciate that two types of D,, groups
emerge. For n odd (n = 3) the symmetry contains inversion and can be
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D3><Ch =
D3XC; =
D
= 2h
DXC; = Dag
h I ekl g Dg~ [ |

(a) (b)

Figure 3.6.6 Comparison of horizontial and diagonal dihedral symmetries. (a) Hori-
zontial D, symmetries. (b) Diagonal D, , symmetries.

written
D,,=D,xC;,=D,x{1,I} (n odd). (3.6.30)
For n even (n > 2) D, is isomorphic (~) to a higher D,, 0. Cy,, group:
D,, ~ D,, (n eveni. (3.6.31)
For example, D,, contains the operations

D, = {1, R%, IR, IR*, IR}, IR3, i3, i4}. (3.6.32)

D,, is the same as D, except for the extra inversion attached to the R and
Rf class elements. It is then easy to see that D,, has the same group table as
D, or C,,. Hence, one set of irreps can be used for all three of these groups.

The presence of inversion symmetry in even-n D,;, and odd-n D, ;- s"mme-
tries should be emphasized. Whenever possible the irrep labels should
indicate inversion parity by subindices X, for even and X, for odd, where
X =A,, B, or E,, labels the rest of the symmetry. For example, the D,,
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irreps are obtained quickly for those of D, and C; using Eq. (3.6.29):

D,= 1 R! R} R
A, 1 1 1 1) G= 1 [ )
B, 1 -1 1 -1|xg t
A, 1 1 -1 -1 u 1 -1
B, 1 -1 -1 1
D,,= 1 R! R) R; I IR? IR} IR
Ay, 1 1 1 1 1 1 1 1
B,, 1 -1 1 -1 1 -1 1 -1
Ay, 1 1 -1 -1 1 1 -1 -1
= B,, 1 -1 -1 1 1 -1 -1 1| (3.6.33)
Al 1 1 1 1] -1 -1 -1 -1
B, 1 -1 1 -1 -1 1 -1 1
Ay, 1 1 -1 -1} -1 -1 1 1
B,, 1 -1 -1 1] -1 1 1 -1
Similarly, the characters of D5, = D5 X C; follow:
D,= 1 2
3 (r,r%)  (p1P2p3) c= 1 I
;111 1 1 1 % 7
2 1 1 -1 " . -
E 2 -1 0
Dy, = 1 r p; I Ir.  Ip,
A, 1 1 1 1 1 1
A,, 1 1 - 1 1 -1
= E, 2 -1 0 2 -1 0 (3.6.34)
e 1 1 11 -1 -1 -1
Ay, 1 1 -1} -1 -1 1
E, 2 -1 0] —2 1 0

Now you should have no trouble producing the character table for the largest
crystallographic D group

Dy, =Dg X C; =Dy % C, X C,. (3.6.35)
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The odd-n D,, symmetries have horizontal reflection symmetry but no
inversion center. This may be shown in a prime (X’) and double-prime (X”)
notation for even and odd reflection symmetry, respectively. For example,
using Eq. (3.6.28) one has D, characters:

Dy= 1 (r,rY) (p1p2p3) 3

¢, = 1 oy,
A, 1 1 1

X A 1 1

A, 1 1 -1 Ve 1 -1
E 2 -1 0

Dy, = 1 r pi Op O Ooup;

A, 1 1 1 1

A, 1 - 1 1 -1

= F' 2 - 2 -1 0 (3.6.36)

A 1 -1 -1 -1

A 1 -1 -1 -1 1

E PARE -2 1 0

However, the actual irreps and characters of D, are the same as those of
the isomorphic group D,,; ~ D, in the previous equation (3.6.34). Only the
notation and physical action of the operations is different.

The economy of symmetry mathematics should be evident by now. Just by
learning irreps of C,, C5, C4, D5, and D, one becomes able to treat 27 of the
32 crystal point groups listed in Figure 3.1.1.

3.7 AMMONIA (NH;) VIBRATIONAL MODES

A detailed C5, projection analysis of ammonia (NH;) molecular vibrational
modes will be presented in this section. A reader who is studying symmetry
analysis for the first time may want to skip ahead to Chapter 4. References
contained at the end of the chapter should be consulted after studying this
section.

This section will be devoted to a comparatively simple spring-mass model
of the NH; molecule. Only two spring constants j and k will be used for the
N-—H and H—H bonds, respectively, as shown in Figure 3.7.1. However,
all models of NH; must take account of 12 coordinates for the four masses
and acceleration or energy operators which involve the coordinates in the
Hamiltonian. Therefore, it is important to develop procedures which will use
symmetry analysis efficiently and find the easiest way to solve any modil
Hamiltonian.

For complex problems that are not nearly perfect or regular representa-
tions of the symmetry, one can usually save a lot of algebra by dealing
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Figure 3.7.1 Spring-mass model for ammonia (NH,) molecule. Dashed arrows
indicate coordinate bond angles by giving the cosine of the angle. Base (H—H)
bands have spring constants k, while the pyramidal (N—H) bands have constant .

separately with the force operator F and the inertia operator m instead of
diagonalizing directly the acceleration operator a = m~'F. In this way it is
possible to keep unpleasant algebraic factors out of the denominators. Also,
one does not have to orthogonalize or normalize the basis if so doing would
involve still more algebra. The procedures for dealing with F and m
operators were introduced in Section 1.4.

In order to construct the reduced forms of the (F) and (m) representa-
tions, one needs the irrep bases PZ|x,) obtained from C;, irreps a = 1 (or
A,), 2 (or A,), and 3 (or E). Twelve base vectors Pf|x,) are shown on the
left-hand side of Figure 3.7.2 with their representative vibrational displace-
ments. To make these vectors it is convenient to first collect coordinates or
state vectors into SYMMETRY ORBITS. Orbits are sets of vectors which
can be transformed directly into one another by symmetry operations.
For example, the three downward radially pointing hydrogen bases {|H,),
IrH,) = r|H,), |r2H,> = r?|H,) form an orbit. Operating on this orbit with
the C,, projectors P!, Pf, and Pj; gives three states which, when norma!-
ized, are the following:

P1|H1>>\/§ = (IH1> + |rH1> + |r2H1>)/\/§_,
PYIH)Y3/2 = (21H) — |rH)) — 1r*H ) /Y6,
PYIHOW3/Z = (IrHy) — FPPH)) /Y2 . (3.7.1)

Note that operators P2, P£, and P4 will annihilate the state |H,) since it is
symmetric to local plane reflection:

|H,) = a5|H) = P,|Hy), (3.7.2)
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where

P =(1+o0y)/2.
Exactly the same holds for the three upward radially pointing hydrogen bases
{|H,), |rH;), |r*H;)}. The states P|H, , ;) are shown in Figure 3.7.2, along
with the remaining states projected from the orbits {|H,), |rH,), |r?H,),

{IN}>, rIN}>}, and {IN5)}. The angular hydrogen base |H,) is locally antisym-
metric; i.e.,

|H,) = ~o0;|H,> = P,|H,), (3.7.3)
where
P,=(1-03)/2. (3.7.4)

Hence, only operators P2, P, and P}, give nonzero states:

PH)W3 = (Hy) + |rH,) + [P2H,)) /Y3,
PLIHOW3/2 = (= 1rH) + |P2H)) V2,
P3LIH, 372 = (2|H,) — |rH,) — |r2H,)) /V6 . (3.7.5)

The in-o;-plane nitrogen base |N, ) is ready-made as a type-3 base along with
partner |N,):

PLIND = IND,  P3IND = IN,); (3.7.6)
the same is true for the scalar (1)-type base
PUN,)Y = IN,). (3.1.7)

The states on the left-hand side of Figure 3.7.2.are not genuine vibration
states since they all have either translational moment or momentum, rota-
tional momentum, or both. Here we measure rotational momentu n around
the N atom so that it is easy to calculate. Seven of the states have zero
rotation, and so it is easy to combine these into genuine or constrained states
or zero linear momentum. From the three type-1 states it is possible to make
one state of pure translational motion of the rigid molecule. We are only
interested in the two remaining genuine or constrained states:

lc') = MP'|H,)V3 + V3msin D P'IN,), (3.7.8)
lc'Y = MPY|H;)V3 — V3mcos D P'|N;), (3.7.9)

shown on the right-hand side of Figure 3.7.2. Similarly, the zero-rota;i;)n
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Figure 3.7.2 Symmetry defined motions of NH;. (a). Primitive projected states —
obtained in Egs. (3.7.1)«3.7.6) are shown. (b) Genuine vibrational states are con-
strained to have zero translation and rotation. i
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type-3 states combine to give zero-translation constrained partner states
le2):

le3Y = MP3|H,)/3/2 — 3mcos DIN,)/V6, (3.7.10a)
le3Y = MP3\H,)/3/2 — 3m cos DIN,) /V6 . (3.7.10b)

Lastly, one can make type-3 states of rigid rotation around x and y axes. We
shall ignore this motion until Chapter 5, and consider only genuine vibra-
tional motion which includes the preceding |c) states and the following ones:

3y = (cos D P}|H,) — PLIH,) + sin D P}iIH3))Y3/2, (3.7.11a)
lc2) = (cos D PIH,) — PLIH,) + sin D P31H;))yY3/2. (3.7.11b)

All the |c) states satisfy the constraint equations

ey, + Mey =0, (3.7.12a)
Iy X €y + Mry Xcey=0, (3.7.12b)

when ¢, is the displacement from equilibrium of atom p. Note that the
translational constraint (T = 0) guarantees that any new choice of origin for
the angular constraint would still give zero A. If A = 0, then

3
Txd=m) ¢y Xd+Meyxd=0
i=1

implies that

A=mY (ry+d)Xecy +M(ry+d) Xcy=0
i=1

azy

is zero also.

The preceding constraints and C,, symmetry analysis reduce the genuine
vibration problem from NH, to the calculation and solution of two 2 X 2
matrices:
(0 = (cQlety  (MQle"> (O = (ci1Qledy  (cflQlel>
c'1Qlety  LelQle™y ) (31Qledy (10l |

representing Q = F and Q = m operators. Note that vectors |c*) and [c*)
are not orthogonal, and so we are committed to a separate treatment of the
F and m operators. One needs only the rows of these matrices that corre-
spond to the first vector of each orbit, namely, { H,|, { H,|, {H,l, {N,l, and
{Nsl, as given in Egs. (3.7.13) below: o
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The calculation of the representations of operators Q = F or Q = m in

the Ic}’) basis can be made easier by using the properties of the elementary
operators. Let us begin with the vector |¢¥) from Eq. (3.7.10):

(c}1Qlcd)
= M(3/2)"*(H,|P}Q[M(3/2)"*P}|H,) — 3m cos DIN;) /V6 |
—(3m/V6 )eos D{N,1Q[ M(3/2)"* P} |H,> — 3m cos DIN,)/V6 |.

Using the idempotent properties (P} P7, = P},), commutivity (P},Q = QP}),
and Eq. (3.7.5), the following expression results:

1
0ledy = M2 Y. @3 (r{H,|QIr"H,> — 3Mm cos D{H,|QIN,)
n=0

9m?
+Tcos2 D{N,|QIN,). (3.7.15)

Here the formula (3.4.19) for PJ is used again. Now substituting the
required F-matrix components for Eq. (3.7.13a) gives the desired component:

(c{|Fle]) = M?(j + (3k/4)cos® D) + 3jM cos®> D + jm*(9/4)cos* D
= M (3k /4)cos? D + j[(3m/2M)cos* D + 1]°).  (3.7.16)
Similarly, the m-matrix component is
(c¥Imle}y = Mm?[1 + (3m/2M )cos® D]. (3.7.17)

The off-diagonal {c}|Qlc?) is produced in the same way:

2
(31Qlc}y = (M/V8)cos D Y (H,|QIr"H )P (r™)

n=0

—(Z’;m/\/g)cos2 D{H,|QIN,>
2
_(M/\/g) > <H2|Q|r"H1>923;("”)
n=0

+(3m/V8 )cos D{H,|QIN,»
+(M/V8 )sin DY CH,IQIr"H )P (")
—(3m/V8 )sin D cos D{H;|QIN,).
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The off-diagonal F component
(c3IFle}y = (M/V2)cos D[(3k/2) +j(1 + (3m/2M )cos? D)| (3.7.18)

is the coupling between the two vibration coordinates. The off-diagonal m
component,

(c}lmlci) = (Mm/V2 )cos D, (3.7.19)

indicates that |c}) and |c¥) are not orthogonal. The type-3 calculation is
completed with the {c}|Qlc}) components since Q@ = Q for Q = F and
Q = m. The resulting F matrix is

3k/2 + (j/2)cos* D M cos D(3k/2 + jH)

= Mcos D(3k/2 +jH) M?*[(3k/4)cos®> D + jH?| |’ (3.7.20)
where
H=1+ (3m/2M)cos’ D,
while the m matrix takes the form
(m)* = ( ” (/72 )eos D (3.7.21)
(mM/V2 )cos D mM2H

The calculation for the type-1 or A; modes proceeds in the same way but
without the duplicity of the two-dimensional type-3 modes. The force opera-
tor is represented in the {|c!), |¢')} basis by the following matrix:

(FY = M?*(3kcos®’ D + jI) 3JIM?*(k — jm/M)sin D cos D -
 \3IM2(k — jm/M)sin Dcos D M%(3k + j(2m/M)* cos? D)sin? D |’
(3.7.22)
where

J=1+ (3m/M)cos* D.
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The mass operator is represented in the same basis by the following matrix

mM?*K —3(m/M)sin D cos D

(m)' = .
—3(m/M)sin D cos D J

, (3.7.23)

where
K =1+ (3m/M)sin® D.

Combining Egs. (3.7.20) and (3.7.21) gives the acceleration matrix for
type-3 modes:

3k/m 3k/mV8 )M cos D
(@ =(m™'FY =| / (3k/my8) . (3.7.24)
(]/mM\/g)cos D Hj/m
The solutions to the secular equation,
A= S3A, + Py =0,
where
S;=(3k/2 + Hj)/m, (3.7.25a)
Py = (3kj/2m*)(H — (1/2)cos? D) (3.7.25b)

are squared eigenfrequencies of type-3 vibrations:

Moo= (w32)? = (S, + /ST — 4P, )/2 (3.7.26)

=

Similarly, the type-1 acceleration matrix is

L o (3k/m)cos®’ D + Ki/m  3(k/m — j/M)sin D cos D
(@)' = (m™'FY = _ P
3(k/m)sin D cos D 3(k/m)sin° D

(3.7.27)

Its eigenfrequencies are given by

(0,2)7 = (8, + /57— 4P, )/2 (3.7.28)
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where
S, =Bk +Kj)/m (3.7.29a)

P, = 3kj(1/m> + 3/mM )sin? D. (3.7.29b)

Now the physics begins as one decides what to do with these equations.
One of the most interesting applications involves determining the angle D by
“listening” to the vibrations of NH; and comparing this with what has been
found by other methods such as “looking” with x rays. To do this first note
that the last term in the secular equations are the products of the roots
P, =(0,,0,_)* and P, = (w5, w;_)% respectively. The ratio R in the fol-
lowing is a function only of the angle D and masses m = 1 amu and M =
14 amu of hydrogen and nitrogen, respectively,

R = (“’1+(‘)1—/“’3+‘1’3—)2

R=P/P, =21+ 3m/M)sin’> D/[1 + (3m/2M — 1/2)cos> D]

(3.7.30)
Solving for angle D gives
D = sin"'[R(1 + 3m/M) /[4(1 + 3m/M) — R(1 - 3m/M)]]""%.
(3.7.31)

The frequencies w,, needed to calculate R and D are obtained from
spectra such as the infrared adsorption data shown in Figure 3.7.3. The
numbers which are quoted in Herzberg’s text are as follows:

v,,=3337cm™, vy, = 3414 em},
w,,= 6.290 X 10" rad/sec,  w;,= 6.435 X 10" rad/sec,
v,_=908cm™}, : vy_= 1628 cm™?,

w,_= 1712 X 10" rad /sec,  w;_= 3.069 X 10! rad/sec.
1 3

Determination of the frequencies required careful analysis of many such
spectra and an understanding of the rotational structure which surrounds
each “line” in Figure 3.7.3. The development of laser devices has given a
more clear picture of rotational structure and led to better understanding of
it, as will be explained later in the book.
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Substituting the observed frequencies into Egs. (3.7.30) and (3.7.31), one
obtains D = 17°, which agrees fairly well with the angle 20° found by other
means. (D = 20° corresponds to an H—N—H angle of 109°.)

One may try to deduce the spring constants k and j from the spectra just
given. One procedure is to use the sums S, = (w,.)* + (w,_)?, which are
the second factors in the secular equations (3.7.25a) and (3.7.29a).

Solving these gives the following:

j/m=(28;—-S)/1 + 3(m/M)cos2D),
3k/2m = S,(1 + (3m/2M)cos* D) — Si(1 + (3m/M)sin® D)

Substitution of the experimental w‘®, D = 20%, and the H mass (m = 1.67 X
10~?7 kg) gives numerical results (j = 850 nt/m) and (k = —62 nt/m),
which indicates some inaccuracy in the k — j spring model. The negative
value for k is physically impossible.

However, this model can still be used to estimate and visualize some
things if it is approached more carefully than in the foregoing. Instead let us
plot in Figure 3.7.4 the eigenvalues o, as functions of the ratio k/j for
D = 20°. Near k/j = 0.3 we find that the ratio of the two lowest functions
becomes equal to the observed ratio w,_/w,_. From this point one may
compare the theory to the experiment for the higher levels. Notice that the
w,, prediction is 20% too high but w,_ is pretty close.
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Figure 3.7.4 Plots of k-j model eigenvalues. Experimental values are shown on the
left-hand side.
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It is possible to make a better theory by including bond-bending constants,
i.e., so-called “covalence forces,” or other parameters. Indeed, we shall prove
by symmetry product analysis in Chapter 6 that the number of parameters at
your disposal in any problem of this sort will be exactly enough to make any
eigenvalue (o™, w®,...) and eigenvector combination (al{*®) + b|“)
+ ---) that is possible. However, the use of too many parameters would give
one a rather empty victory unless one goes on to use the parameters for
analyzing spectra of other molecules having similar H—H bonds. This
approach has been carried out successfully for many cases.

Note in Figure 3.7.4 that w,, and w,, are fairly constant and close to
(;/m)'/2, This is mainly because M is larger than m, so the high modes just
amount to hydrogens vibrating more or less independently on j springs. This
gives a rough estimate for j: j = m(6.3 X 10'*)? = 660 nt/m. Incidentally,
the degeneracy at k/j = 0.035 does not, as far as we now, have anything to
do with symmetry. Such crossings are called ACCIDENTAL DEGENERA-
CIES.

APPENDIX D. MATHEMATICAL PROPERTIES OF PrgP?

This appendix is devoted to closing mathematical loopholes in order to
zssure that the techniques developed in Chapter 3 are applicable to any finite
sroup G ={--- g -} of unitary operators. Sections D.1 and D.2 contain
~roofs that the operators {P2gP?, Pfg'P?, ...} for all elements {g, g’,...} in
G are simply proportional to each other if the idempotents P and P
cannot be split. Section D.3 contains a proof that each PfgP* # 0 exists for
wome g if the P =P + P§ + --- are complete sets of all-commuting

idempotents.

D.1 LINEAR DEPENDENCE OF P gP, Prg'Py,...

Consider the set { D, = PgP?, Dy = PZg'P?,---} of all group elements
“guarded” by a Hermitian irreducible idempotent P* = PfP® = P*T. The
assumption that P* is an idempotent implies that this set is a closed
subalgebra. since anyv product DgD, must be a linear combination of some
p,. Furthermore. P~ acts as the identity or unit element ( p P = pg) for all
P, The assumption that P is Hermitian implies that the algebra contains a
conjugate,

p; - PiaTgTI)l_aT - })iagTPia’ (D.l)

for each p,. Hence, the p, basis can be replaced by a Hermitian basis of
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operators
— i —_— .
hg = (pg+pg)/2, h,-= (pg—pg,)/2z.
= . —hi-. (D.2)

-4 8

Each £ satisfies some minimal equation

(h = mP)(h —myP) -+ (h —m,P7) =0, (D.3)
which contains no repeated eigenvalues (n; # n; if i # j). Note that P® is
serving here as the unit element.

Finally, the assumption that P is irreducible implies that a minimal
equation (D.3) must have just one factor

(h = P) =0, (D.4)
or that
h =n, P~
If two or more factors were present in Eq. (D.3) then P# could be split into
two or more orthogonal idempotents (P* = P + P’ + ---), contrary to the
assumption. Equation (D.4) holds for all #, all D, and all combinations of
Dg> as well. One has
py = PfgP® = pPf, (D.5)
where the eigenvalue p is given the notation
p=9;(8) (D.6)

in Section 2.3.

D.2 LINEAR DEPENDENCE OF {P,-"‘ng", Prg'P?,. .o}

Suppose a “guarded” operator N = PgP is nonzero. Then so is its conju-
gate N = P?gP; and their products:

NN' = PegPrg'P* = AP?, (D.7a)

NN = Pg'PgP® = XP¥. (D.7b)
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'Y

The AP form of each product follows from Eq. (D.5), where A and X' must
be real and positive definite. For any other group operators g’ one has

Piaglf)jagTPia — VPia, (DS)

’

according to Eq. (D.5). Combining the preceding two equations gives
0= AvP* — vAP?
= ,\Pi“g'l)jagTP.a . VPl_ag[)jagTI)ia’

14

0 = (AP7g'B — vP7gP) P8 Py, (D.9)
Attaching gP; on the right and using Eq. (D.7b) gives
0= (AP,-ag’Pj“ _ VPiagI)ja)[)jagTPiagI)ja’
0 = (AP%g'PF — vPrgP)X. (D.10)
Assuming A and X are nonzero gives
Pfg'P* = v/APfgP", (D.11)

Therefore, the irreducible “guards” convert all {g,g’,...} to the same
operator to within a proportionality factor v /A. Next we prove that P7gP* is
nonzero for some g; i.e., A # 0. Of course, if all {P*gP?", P g'P?,...} were
zero one would not have needed to prove that they are proportional.

D.3 EXISTENCE PROOF OF PrgP;
Suppose P*gPs = 0 for all group operators g. Then we have
PIGP5 =0, (D.12)

where

G=1Yvzs
g
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is any combination of operators. In other words we suppose that P{* and Py
cannot serve together as bodyguards for any operator g without annihilation.

Let the set {P{, P*, P, ...} of irreducible idempotents contain those
which still may serve as bodyguards with Py, i.e., let

P® = \PFhPEhTPS (D.13)
for some h. Let the second set {P5, P*, P{, - -} contain those which may
serve with P§; i.e., let

P® = pPrkPSk'PS (D.14)

for some k. Combining Egs. (D.12)-(D.14) implies annihilation,
PegP® = AuPehPIHPIgPkPSk'PY = 0, (D.15)

for all g, due to the factor P*GP§. In other words, any idempotent P;* in the
P} subset annihilates any operator containing a member of the Py subset,
and vice versa. This implies that the (a) part of the decomposition

g=1g1=) ) PneP;

a m,n

splits into (at least) two separate parts
g~ X (Trrare + Torers+ |
a Vi, i i

= Y (P8PE) + PG)8Po + = )s

[23

involving idempotents
Py =P +P*+PF+ -,
PG =P§ +Pr+Bf+ o,

which are sums of the separate sets. These new idempotents satisfy commu-
tation relations

[24

Piy8 = PoygPey = PG,

with all group elements g.
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However, this leads to a contradiction. The original all-commuting idem-
potent

P =Pf+P§+ - P&

p— o a ..
= P(l) +P(2) +

should not produce any new all-commuting Pj7, when splitting into irre-
ducible idempotents. (The dimension of the class algebra is fixed.) Hence,
any two irreducible idempotents P and Ps' from the same family must give

some nonzero Py'gP;.

ADDITIONAL READING

An introduction to Hamilton’s turns is given by Biedenharn and Louck.

L. C. Biedenharn and J. D. Louck, in G. C. Rota, Ed., Angular Momentum in
Quantum Mechanics, Encyclopedia of Mathematics and Its Applications, (Addison-
Wesley, Reading, MA, 1981).

The original text by Hamilton (not readily available) is a little difficult for most
modern readers.

W. R. Hamilton, Lectures on Quaternions, (Dublin, 1853).
The slide rule basadupon the turns is described in the author’s American Journal of
Physics article

W. G Harter and N. dog Santos, “Double group theory on the half shell and the
two-level systems,” am. J. Phys., 46, 251 (1978).

A complete description of group algebra is found in a mathematics text by Curtis
and Reiner.

C. W. Curtis and I. Reiner, Representation Theory of finite Groups and Associative
Algebras, (Wiley, New York, 1965). =

The discussion and bibliography for the NH, vibrational spectra found in
Herzberg’s classic texts is still probably the most complete discussion of molecular
spectroscopy.

G. Herzberg, Molecular Spectra and Molecular Structure: 1. Spectra of Diatomic
Molecules, II. Infrared and Raman Spectra of Polyatomic Molecules, III. Electronic
Structure of Polyatomic Molecules (Van Nostrand-Reinhold, New York, 1950).

The XY, analysis starson p. 155 of Vol. IL

The standard reference for molecular normal coordinate analysis is

F. B. Wilson, V. C. Decius, and P. C. Cross; Molecular Vibrations (McGraw-Hill,
New York, 1955).
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Two more modern references are
S. Califano Vibrational States (Wiley, New York, 1976).

D. Papousek and M. R. Alier, Molecular Vibrational-Rotational Spectra, 1982
Studies in Physical and Theoretical Chemistry, Vol. 17 (Elsevier Amsterdam, New
York, 1982).

PROBLEMS

Section 3.1

3.1.1 The subsets (%, Zg,, #8,,...) or (¥, &, %, g,#,...) of group
g={Lg,8,-- .} are called RIGHT or LEFT COSETS, respectively,
of subgroup #Z = {L,h,...1C . The subsets (7, #, %872,
#g, %', ...)are called DOUBLE COSETS of subgroups # and Z".
(a) Construct right cosets for subgroup C, = {1, 03} of C;,.

(b) Construct left cosets for subgroup C, = {1, a3} of C;,.

(¢) Construct right cosets for subgroup C; = {1,r,r% of C,,.

(d) Construct left cosets for subgroup C; = {1, 7, r2} of C,,.

(e) Construct double cosets for subgroup C,={l,0} and C' =
{1, 0,} of Cs,.

() Construct double cosets for subgroup C, = {1, o) and C; =
{1,r,r?3 of Cs,.

3.12 A subgroup .# of & 1s called a NORMAL or INVARIANT subgroup
of group  if g#g™! =.# forany g in &.
(@) Is C, = {1, 05} a normal subgroup of Cs,?
®) Is C, = {1,r,r? anormal subgroup of C,,?
(¢) Prove that if the left and right cosets of a subgroup # are equal,

then # is a normal subgroup. Check this: using the results of
Problem 3.1.1.

Section 3.2

32.1 Use Hamilton’s turns or nomograms to derive a multiplication table
for each of the following symmetries which includes the =+signs that
would be needed to describe rotations of electrons. Do any of the
resulting tables give mutually commuting operators? /

(a) D,.
®) D,
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3.2.2 Let °#(g) be the number of elements of a group that commute with
element g. Let °C . be the order of the class of g in group &. What is
the product of these two numbers?

Evaluate these numbers for the groups D,, D,, and D,.

Section 3.3

3.3.1 The four flat-bladed fan of arbitrary pitch has D, symmetry.

(a)
(b)

()
(@

(e)
®

(g)

(h)

Name or label all the rotations in D, and tell what they do.
Draw a sketch of something with C,, symmetry and relate C,,
symmetry to D,.

Construct a Hamilton-turn nomogram for D,. Could it be used
for C,, as well?

Construct a group multiplication table for D,. Arrange it accord-
ing to classes.

Construct a class algebra table using part (d).

Spectrally decompose the class algebra. Find P* = Y djc; and
¢; = L¢P

Split the all-commuting idempotents found in part (f) into irre-
ducible idempotents of the D, algebra with the help of the
idempotents from the subgroup D, = {1,R,(180°), R (180°),
R ,(180°)}.

Split the all-commuting idempotents found in part (f) into irre-
ducible idempotents of the D, algebra with the help of the
idempotents from the subgroup C, = {1, R,(90°),R (180°),
R,(270°)}.

3.3.2 The quaternion group Q = {1,1,i,1,1j,j, k, k) is defined by Hamilton’s
hypercomplex relations: ij = k, ji = k (and cyclically); ii = jj = kk
=ii=ji=kk=1 il=1i=1i (aind cyclically); 11 =1; and 1 is
identity. » .

(a)

Using Hamilton’s turns show that this corresponds to the spin-
version of the D, groupwithi=R_,i= —R_,j=R , etc.

x? EERE

(b) Redo parts (d), (e), and (f) in Problem 3.3.1 for the quaternion
group.
(¢) Use the subgroup {1k, 1k} in Q to split any all-commuting
idempotents in the Q algebra that might still need splitting.
Section 3.4

3.4.1 The D, symmetric spring-mass model consists of four mass-m parti-
cles held by diagonal, external, and side springs of constants d, e, and
s, respectively, as shown in the diagram.
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(a)

(b)

(c)

@
(e)
®

(g

(h)

Label the eight x-y-plane coordinates using group operators
“named” in Problem 3.3.1.

Write the first row ({1]a{1) --- (1]a|8) - - - ) of the acceleration
matrix in terms of the mass and spring constants.

Use the irreducible D, € D, defined idempotents of Problem
3.3.1 to obtain the irreducible operators P*gP®. Find all the
linearly independent vectors P;|1) and Pl-"‘ng"‘I 1) for the system.
Draw pictures of the normalized displacements or distortions
which they represent. Use these results to find a complete set of
irreducible projection operators PJj.

Write a table of all the D, < D, defined irreducible representa-
tions D?. [Use part (c) of this problem if necessary.]

Derive a table of all the C, C D, defined irreducible representa-
tions D*<,

Obtain the block-diagram reduced forms of the acceleration
matrix {a) using symmetry projectors from parts (c) or (d).
Solve any residual block matrices obtained in part (f). Sketch the
vibrational normal mode distortions and corresponding fre-
quency levels for constants e =0, s = 5,d =3, m = 1.

Draw pictures which differ from part (g) of the normal modes for
e=1,s=5d=3 m=1.

3.4.2 Obtain a set of irreducible representations for the quaternion group,
following results you obtained in Problem 3.3.2. Is Q isomorphic
to D,?

Section 3.5

3.5.1 Given an n-dimensional class algebra (c,¢c; = ¢;¢; = L;_,Cfc,) one
may construct a “regular” representation; R(c,)R(c;) = R(c;c;) of the
algebra using the structure constants C,’j (This is not to be confused

with group regular representation.)
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(a) Show how to do this. Make and test such a 3 X 3 representation

for C;, classes.

(b) The eigenvalues (cf, cf, c},...) of each matrix R(c;) can be used
to derive characters (x7', xf,...). Give formulas for x{ in terms
of ¢; (and other quantities) and test them using Cj,.

The irreducible representation-orthogonality relation is

Z 25(8) 26(¢g) =Og/la8aﬁsik8n~
all ge%

(a) Prove this by considering 2(Pf) = ?

(b) Discuss the form of the completeness relation that would compli-
ment this orthogonality relation, and derive it, too.

(¢) Derive an irreducible character completeness relation.
Tax{xg =2

(d) Derive an irreducible character orthogonality relation.
Ej"CjX;'*Xf = ? Here °C; is the order of the (j)th class.

(Schur’s lemmas)

Suppose an [* X [* matrix % commutes with all matrices {Z*(g) - --

2%(g’) ---}, where 2¢ is an irreducible representation; i.e.,

Z9g) =2%(g).Z for all g.

(a) What special properties must % have? [Hint: Consider 2 “(P).]

(b) What special properties should an /% X I# matrix .# have in
order to satisfy #2P(g) =2*(g).# for all g, where a and B
label inequivalent irreducible representations. [Consider D*(P*).]

An element g is called a COMMUTATOR element of a group # if it
can be written g = a~ ‘b~ 'ab for some a and b in £. The COMMU-
TATOR SUBGROUP (#,) of & is the smallest subgroup which
contains all the commutator elements of Z.

(a) If g is a commutator, is g~ ! also one? Is 1 one?
(b) If g is a commutator, is every member of its class one, too?

() prove that class sum ¢; contains commutator elements if and
only if there is at least one other class sum ¢, such that
c;c, = - +nc, + -+, where n # 0.

(d) Find the commutator subgroup of Cj,.

A representation R is said to be FAITHFUL to a group if R(g) = R(g’)
for all g and g’ that are group elements. A representation R is said to
be FAITHFUL to a GROUP ALGEBRA if R(x) = R(y) implies
x =y for all possible linear combinations x and y of group elements.
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3.5.6
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Note: In the second case we are talking about the whole group algebra

and require that R(a) = 0 if and only if a = 0.

(a) What is the lowest possible dimension of a representation that -
is faithful to the group C,,? To the group C,,?

(b) What is the lowest possible dimension of a representation that is
faithful to the algebra of group C,;,? To the algebra of
group C,,?

(c) What is the maximum number of mutually commuting group
elements in C;,? In group C,,?

(d) What is the maximum number of mutually commuting operators
in the group algebra of C,,? In the group algebra of Cy?

(e) Are either of the answers to (c) or (d) related to those of either
(a) or (b)? Which and why?

Prove the order °% of a group must be evenly divisible by each of the
following numbers. [Part (c) is the hardest to prove.]

(a) The order °# of any of its subgroups.
(b) The order °C, of any of its classes.
(¢) The dimension /* of any of its irreducible representations.






