Lecture 27.

Relativity of transverse waves and 4-vectors
(Ch. 2-5 of Unit 2 4.05.12)

Introducing per-spacetime 4-vector (wo,wx,wy,w:) =(w,ckxy,cky,ck:) transformation
Reviewing the stellar aberration angle o vs. rapidity p in Epstein’s cosmic speedometer?

Reviewing “Sin-Tan Rosetta’ geometry

Reviewing relativistic quantum Lagrangian-Hamiltonian contact relations
Epstein s space-proper-time (x,ct) plots (“c-tau” plots)?

Time contraction-dilation revisited

Length contraction-dilation revisited

Twin-paradox revisited
Velocity addition revisited

Lorentz symmetry effects :
.y Yy ff See also: L. C. Epstein, Thinking Physics Press,
How it makes momentum and energy be conserved Insight Press, San Francisco, CA 94107

TLewis Carroll Epstein, Relativity Visualized
Insight Press, San Francisco, CA 94107
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Reviewing the stellar aberration angle o vs. rapidity p

logether, rapidity p=In b and stellar aberration angle o are parameters of relative velocity

The rapidity p=In b is based on The stellar aberration angle o is based on the
longitudinal wave Doppler shift b=e” transverse wave rotation R=e'°

defined by u/c=tanh(p). defined by u/c=sin(o).

At low speed.: u/c~p. At low speed: u/c~ o.

(a) Fixed Observer (b) Moving Observer

wS Y

X /
U=c/sin O

Fig. 5.6 Epstein's cosmic speedometer with aberration angle 6 and transverse Doppler shift coshvz.
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Reviewing the “Sin-Tan Rosetta’ geometry
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(a) Circlular Functions
(plane geomeiry)

_—'-'_'_'_'_ o S

_ ~

coshp

x(space)

rﬁ% COtg

Circlular arc area
¢ =(.893d=nngle
sin @ =(.7792

NOTE: Angle ¢ is now called stellar aberration angle o

cos ¢ =0.6267
tan ¢ =1.2433

cse o =1.2833

e ¢ =1.5955

col ¢ =), 80 3=

T,
tang

Hyperbolic arc area
p =104 3d=ramdity

sinh p =12433

cosh p =1.5955

tanh p =0.7792
csch p =0.8043 =

sech p =.6267

coth p=1.2833

time,

ew

1

b) Hyperbolic Functions
spacetime geometry)

Fig. C.2-3
and
Fig. 5.4
in Unit 2

https://www.uark.edu/ua/pirelli/php/hyper_constrct.php



https://www.uark.edu/ua/pirelli/php/hyper_constrct.php
https://www.uark.edu/ua/pirelli/php/hyper_constrct.php

(a) Geometry of relativistic transformation (b)/]@wk: 3/5)
and wave based mechanics | Velocity abe\rmz‘ion
H+E - apgle O
\ <Momentum-c \h o
4= e / <~ H cp=DB sinh p b
3 i - S
N / //A -
1 \ -L /-
L= N \\ - H
/ / >C . B B cosh\p %\ -/éag]gangzgn
/ ’B :MCZ .
y\ Y | Y elocity-Mc
= 0 1 B 3 ¢p 4 Mcu =B tanh
BeP =——Be'P Pr < — P
Red shift Blue shift Hamiltonian =H =B cosh p
(C) Basic construction given u/c= 45/53 (d) u/c=3/s
H=53/28
H=5/
— 1 e =3/5
/ u/c =1 // u/c =1
/ /
K -L,=4/5
/ //
/ )/
-L*28/45 /
/ //
/ /
I /
/ [
I{ ,l
e P=2/7 | ep=asps| | eP=12 cp=3/4| I
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Reviewing classical quantum Lagrangian-Hamiltonian relations
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( a) Lagrangian plot Unit 1
L(v)=vep-//(p Fig. 12.3
L(v)
+2 2
velocity
b VO +1
momentum
Lagrangian p=1 1‘
L(v) :/\].0 Zc(m)fziltaon?n 1.0
p) = 0.
\\\h#=/\-// -
-1 y-slope +1 . -1 0 - ]
intercept V@lOClZy / momentum
-H=-0.6Y | p-slope | [
~ v intercept / p
| L=-1.0 y| /
i Y
Lagrangian L(v) is -p-slope intercept
-v-slope intercept is Hamiltonian '(p)



Reviewing relativistic quantum Lagrangian-Hamiltonian relations
Start with phase ® and set k=0 to get product of proper frequency u=Mc*/k and proper time T

d® = kdx —odt=— dt = -(Mc*/h) dr. dt = dt N(1-u?/c?)=dt sech p

Differential action: dS = Ldt = p:dx— H-dt = hk-dx — ho-dt = hd D
is Planck scale 7 times differential phase: dS = hd®

For constant u the Lagrangian is: L =—hut = -Mc?N(1-u?/c?)= -Mc?sech p = -Mc?>cos ©

...with Poincare invariant: L=px—H=pu—H

(a) Hamiltonian |H(q,p) (b) Lagrangian L(q,q.) .
SlOp@.' H” " VQZOCilJ/ u=dqg
O e radius = Mc?

\p: u H L//

H ’
\___ = // H” L

//

w | H

,Light cone u=1=c ,

40T -H

7 has infinite H
Il and zero L

/ Momentum p -H”
Fig. 5.1. Geometry of contact transformation between relativistic (a) Hamiltonian (b) Lagrangian
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Per-spacetime 4-vector (wo,wx,wy,wz) =(w,cky, cky,ck;) transformation

(Lighthouse frame) X

(a) Laser frame ,

k(T)
k(<) |* k(—)
@m —
0
()Y i

Suppose starlight in lighthouse frame 1s straight down x-axis : ((0 ¢,ckx \L’Cky ¢,cky i) = (a)o,—a)o,0,0)
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Per-spacetime 4-vector (wo,wx,wy,wz) =(w,cky, cky,ck;) transformation

(Lighthouse frame) X

(a) Laser frame ,

X-axis

“Westy ﬁ T
ck.. ck. ,ck 0-0,0,—;)

> My Ry s z<—):(w

k l/ CW Laser-pair

( ) wavevectors B N
____________ South

Suppose starlight in lighthouse frame is straight down x-axis : (a) 15Ck, i’Cky 15k, i) = (a)o,—a)O,O,O)
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Per-spacetime 4-vector (wo,wx,wy,wz) =(w,cky, cky,ck;) transformation

(Lighthouse frame) X

(a) Laser frame ,

X-axis

up +x-axis : (a’T’CkxT’CkyT’Csz) = (9 +0,0,0) “North”

- “Westy ‘0— T
0)0 0)0 along -z-axis : (a) ck k. ,ck )—(wO,O, ,—a)o)

> My Ry s CR

k l/ CW Laser-pair

( ) wavevectors B N
____________ South

Suppose starlight in lighthouse frame is straight down x-axis : (a) ~L’Ckx i’Cky i’Ckz i) = (a)o,—a)O,O,O)
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Per-spacetime 4-vector (wo,wx,wy,wz) =(w,cky, cky,ck;) transformation

(Lighthouse frame) X

(a) Laser frame ,

X-axis

up +x-axis : (a’T’CkxTaCkyT’Csz) = (9 +0,0,0) “North”

along +z-axis : (a) ck. .,ck. _,ck _)) = (a)O,O,O,+a)O)

k(<) | k( —)_)_ _ West L it

along -z-axis : (a) ck ckye,ckz(_):(a)o,o,o,—a)o)

" x>
k l/ CW Laser-pair
( ) wavevectors B N
____________ South
Suppose starlight in lighthouse frame is straight down x-axis : (a) ~L’Ckx i’Cky i’Ckz i) = ((uo,—a)o,0,0)
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Per-spacetime 4-vector (wo,wx,wy,wz) =(w,cky, cky,ck;) transformation

(Lighthouse frame) X

(a) Laser frame ,

(b) z-(— Moving) ship E

@ Apparent  -X-aXIs
position

r of KH)

source

} Ty

e P

Apparent
v position

f of K(T)
source

Suppose starlight in lighthouse frame is straight down x-axis : (a) ~L’Ckx ¢,ck ) i,ckz i) = (a)o,—a)o,0,0)

k l/ CW Laser-pair /) \L -0,
( ) wavevectors k ( )

+p_-rapidity ship frame sees starlight Lorentz transformed to :(wl,ck)’c ¢,ck; 1-ck; i) = (a)o cosh p_,—@,,0,—w,sinh p Z)
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Per-spacetime 4-vector (wo,wx,wy,wz) =(w,cky, cky,ck;) transformation

(Lighthouse frame) X

(a) Laser frame , (b) z-(— Moving) Shl'pi;%

X-axis

Apparent
position

r of KH)

source

} Ty

Apparent
position

f of K(T)
source

Suppose starlight in lighthouse frame is straight down x-axis : (a) ~L’Ckx ¢,ck ) i,ckz i) = (a)o,—a)o,0,0)

k i/ CW Laser-pair
( ) wavevectors

+p_-rapidity ship frame sees starlight Lorentz transformed to :(wl,ck)’c ¢,ck; 1-ck; i) = (a)O cosh p_,—@,,0,—w,sinh p Z)

]
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coshp. - - —sinhp, @) coshp, - - —sinhp, W, @, coshp_
cky| _ : 1 - : ck.| _ : 1 - —0, |_ —0),
k| . 1 : k| : 1 . 0 0
ok’ | —sinhp_ - - coshp, ck., —sinhp_ - - coshp, 0 —@gsinh p_
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Per-spacetime 4-vector (wo,wx,wy,wz) =(w,cky, cky,ck;) transformation

(Lighthouse frame) X

(a) Laser frame ,

(b) z-(— Moving) ship E

@ Apparent  -X-aXIs
position

¢ of k)
, ’  source

'}k’( )

~

)y € P

: .

o ' N Apparent
: 0« position

k(L) W Shiwerrer kel

S ~@sinhp,
Suppose starlight in lighthouse frame is straight down x-axis : (a) ~L’Ckx ¢,ck ) i,ckz i) = (a)o,—a)o,0,0)

+p_-rapidity ship frame sees starlight Lorentz transformed to :(wl,ck)’c ¢,ck; 1-ck; i) = (a)O cosh p_,—@,,0,—w,sinh p Z)

®] coshp, - - —sinhp_ @l coshp, - - —sinhp_ O Mg coshp_
cky| B : 1 - : ck,| B : 1 - : —0, |_ —0),
ok —sinhp_ - - coshp, ck., —sinhp_ - - coshp, 0 —,sinhp_
z z

After the 4-vector transformation, wy=w, is transverse Doppler shifted to wocosh p-, while ckz=0 becomes ckz' = -wq sinh p- .
(The x-component is unchanged: ckx'= -y = ckx and so is y-component: cky'= -0y = cky.)
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(Lighthouse frame) X

(a) Laser frame (b) z—(%Mo@ving) ShipEEx |
Apparent -axis
)

4
4

'}k’( )

AR

~

. s \ Apparent
k ¢ CWLaSer-palV k, ¢ T '\ position oo
\ k/ .
( ) wavevectors ( ) %’fu,ﬁ? —@,sinh p_

_________________________ =w,tano
. . . . X 0
Suppose starlight in lighthouse frame is straight down x-axis : (a) ~L’Ckx ¢,ck ) i,ckz i) = (a)o,—a)o,0,0)

+p_-rapidity ship frame sees starlight Lorentz transformed to :(wl,ck)’c ¢,ck; 1-ck; i) = (a)O cosh p_,—@,,0,—w,sinh p Z)

@l coshp, - - —sinhp_ @) coshp, - - —sinhp, W, Wy coshp,_ M, secO
cky| B : 1 - . ck.| B . 1 - . —w, |_ —0, _ —@
Ck;}\l/ : -1 : Cky\l/ : -1 : 0 0 0
ok —sinhp_ - - coshp, ck_y —sinhp_ - - coshp, 0 —@qsinh p_ ~w, tanc

z z

After the 4-vector transformation, wy=w, is transverse Doppler shifted to wocosh p-, while ckz=0 becomes ckz' = -wq sinh p- .
(The x-component is unchanged: ckx'= -y = ckx and so is y-component: cky'= -0y = cky.)
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(Lighthouse frame) X

(a) Laser frame ,

(b) z-(— Moving) ship gi

@ Apparent  -X-aXIs
position

¢ of k)
, ’  source

'}k’( )

~

f e P
. \\ Apparent
k ¢ CWLaSer-palV k, ¢ =% ' position oo
( ) wavevectors ( ) %’{;ﬁg) —@,sinh p_

_________________________ =w,tano
. .. . . X 0
Suppose starlight in lighthouse frame is straight down x-axis : (a) ~L’Ckx ¢,ck ) i,ckz i) = (a)o,—a)o,0,0)

+p_-rapidity ship frame sees starlight Lorentz transformed to :(wl,ck)’c ¢,ck; 1-ck; i) = (a)o cosh p_,—@,,0,—w,sinh p Z)

@l coshp, - - —sinhp_ @) coshp, - - —sinhp, W, Wy coshp,_ M, secO
cky| B : 1 - . ck.| B . 1 - . —w, |_ —0, _ —@
Ck;;i : -1 : Cky\l/ : -1 : 0 0 0
ok —sinhp_ - - coshp, ck_y —sinhp_ - - coshp, 0 —@qsinh p_ ~w, tanc

z z

After the 4-vector transformation, wy=w, is transverse Doppler shifted to wocosh p-, while ckz=0 becomes ckz' = -wq sinh p- .

(The x-component is unchanged: ckx'= -y = ckx and so is y-component: cky'= -0y = cky.)

Recall hyperbolic invariant to Lorentz transform: w’-c’k’=w'?-c’k’? (=0 for 1-CW light)
The 4-vector form of this is: w’-c’kek=w"?-c’K'k’ (=0 " )

Thursday, April 5, 2012
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g
—————
”

B

Fig. 5.10 CW cosmic speedometer.

Geometry of Lorentz boost of counter-propagating waves

-—

l
I
I

k,

< ">l sinh p . \«—cosh p —>
<— cosh p——>

<« eP=sinh p+coshp __5

k(¢ ) mm—

Thursday, April 5, 2012
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- =~ ~..
-

_ -~ >~ Fig. 5.10 CW cosmic speedometer.

Geometry of Lorentz boost of counter-propagating waves.

> sinh p/ |<«<— cosh Hh —>
(—cosh ) —— > |

<__eP=sinh p+cosh ¢ >

(¢ ) —

If starlight is horizontal right-moving k— wave then ship going u along z-axis sees :

w’, coshp. - - —sinhp_ @, coshp_—sinhp_ a)oe_pz

S I I T 0 |_, 0 I
ok, . S - 0 0 0 0

ok’ —sinhp_ - - coshp. +0, —sinh p_+cosh p_ o o Pz

If starlight is horizontal left-moving k«— wave then ship going u along z-axis sees :

w_ coshp. - - —sinhp_ @ coshp_+sinhp_ a)Oe+p z
ckie _ : 1 - : 0 o 0 _ 0
¢kl : -1 : 0 0 0 0
ok, —sinhp_ - - coshp. —0, —sinh p_—coshp._ —a)oe+pz

The usual longitudinal Doppler blue shifts e*?z or Doppler red shifts ez appear on both k-vector and frequency wo.
Thursday, April 5, 2012 17



Epstein's space-proper-time (x,ct) plots (“c-tau” plots)

Time contraction-dilation revisited

This is also proportional (Age) Coordinal‘e

to Lagrangian
L= -McN(1-u?/c?)

Particle going u in (x,ct)
X = ¢ Ct/ is going speed c in (x, cT)

mate lime

ct= \/(CTSX
O = (Dzstance)

Fig. 5.8 Space-proper-time plot makes all objects move at speed c along their cosmic speedometer.

Thursday, April 5, 2012
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Epstein's space-proper-time (x,ct) plots (“c-tau” plots)

Length contraction-dilation revisited

A cute Epstein feature is that Lorentz-Fitzgerald contraction of a proper length L to L’ =L\ 1-u%/c?

1s simply rotational projection onto the x-axis of a length L rotated by o.

CT

Coordinate
Particle P going u in (x,ct)

C Ct/ is going speed c in (x, cT)

L Comoving particle P’

V'

P

ontracted length
L =IN1-u?/c?

Proper length L

Thursday, April 5, 2012 19



Epstein s space-proper-time (x,c7) plots (“c-tau’ plots)

Twin-paradox revisited

T
way @fger/tm /

A inbound

A outbound B A outbound
Stationary

)CB XB
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Epstein s space-proper-time (x,cT) plots (“c-tau” plots)

Twin-paradox revisited

T B .. T =
way older than way older than
A | AN A
B
stationa
Y inbound
BN
A . Olderthan A\ B
A younger than
A
A outbound B A outhound
stationary
*B *p
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Epstein’s space-proper-time (x,ct) plots (“c-tau” plots)
Velocity §ddition revisitd

CT-axis Geometry of relativistic velocity addition

tanh(p,+p,)= tanhp,+tanhp, where:tanhp=sinG
I +tanhp tanhp,

€« u/c=1/2=tanhp =sinG, —— |

<« u/c=1/2=tanhp =sinc,

(€ v/c=2/3=tanhp =sinG,
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Epstein’s space-proper-time (x,ct) plots (“c-tau” plots)

inc

Velocity dddition revisitdd
CT-axis Geometry of relativistic velocity addition
tanh(p,,+p,)= tanhp,+tanhp., where:tanhp=s
' I+tanhp tanhp,
ship2
shipl shipl
2A5=sinhp =tanc-
3/\/5=c0shp‘,=seccv
(T\[é/?:sinhpuztancu
\\\\\ Gu 2/\/3=c0shpu=secc5“ GV Shlp 2
& we=12=anhp =sinc, L
1 |
|
|
\/é u/c=1/2=tanhp =sinG, } \
o 4 |
|
v/c=2/3=tanhp =sinG, / 7 } /
|
unit |
circle |
V3/2=sechp =1/coshp,, |
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
1
0 \4 A4 X-dXLS

In ships’ frame:

Bullet going u= ¢
from ship1 passes ship2

t ship2-timet=1 and
1me ‘EZ\/ZS/2=se:chpu

In frame where ships go v=2¢/3:
Bullet going Vueyv= ??

from ship1 passes ship2

at ship2-time t=1 and

at bullet-time TZ\/3/2=sechpu
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Epstein’s space-proper-time (x,ct) plots (“c-tau” plots)

Thursday, April 5, 2012

Velocity ¢

1ddition revisite

CcT-axis

d

Geometry of relativistic velocity addition
tanh(p,+p,,)= tanhp ttanhp

2/N5=sinhp =tanc,

anhp tanhp,,

3/\d=coshp =seco,

where:tanhp=sinG

tanhp, sinhp,, tanhp,,
L =sinc
@« IN3=sinhp ~tano, _ /=singtanc, NN e
— Ou Ouy
1 f€&—— we=1/2=tanhp =sinG, —— P tanhp, coshp,
1 \ =sing,seco,,
I
|
|
u/c=1/2=tanhp =sinc \
2 ‘ pu u |
|
/ |
|
v/c=2/3=tanhp =sinG, > [
I
unit }
circle |
sechp =1/coshp, |
I
V/e=7/8=tanh(p,, )=sinG,, }
=tanh(p,+p,) |
|
|
|
|
I
|
I
|
|
I
|
Y 1 X-axis

In ships’ frame:
ullet going u= ¢/2

In frame where ships go

v=2c/3:

Bullet going Vueywv=7c/8
from ship1 passes ship2
at ship2-time t=1 and

at bullet-time ‘c=\/3/2=sechpu

24
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Ve

»locity addition

\

CcT-axis

revi

Geometry of relativistic velocity addition
tanh(p,+p,, )= tanhp ttanhp
tanhp tanhp

sinh(p,+p,) 4’T

cosh(p,+p,)

where:tanhp=sinG

tanhp, sinhp,, tanhp,,
L i =sinc
(T%J;/:/stinhp“:tanq)“ =sinG, tanc, u
U 2A3=coshp =sect) GMV
~__ u u
~
< u/c=1/2=tanhp =sinG, —— tanhp, coshp,
I =sinG,seco,,
V3 L tanhp —i
5 \ u/c=1/2=tanhp =sinG,

\

\/

v/c=2/3=tanhp =sinG,

sechp, =1/coshp,,

circle

V/c=7/8=tanh(p,, )=sinG,,,,
:tanh(p“+pv)

124283

1+(1/2)(2/3) =7/8

‘ coshp sinhp +sinhp coshp =sinh(p, +p )=7/ V15

4

vy X-axis

(coshp +tanhp, sinhp)

(coshpv+tanhpusinhpv)coshpu:coshpucoshpV+sinhpvsinhpV:cosh(p”+pv):8/\/15

\In ships’ frame:

In frame where ships go v=2¢/3:
Bullet going Vueywv=7c/8

from ship1 passes ship2

at ship2-time t=1 and

at bullet-time t="/ 3/2=sechp

\J

\J
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lcT-axis

tanhp =u/c=
tanhp =v/c=2/3=sin¢,
tanhp  =u/c=7/8=sin¢

\

u

p,=tanh™(1/2)=0.54930

_\ ~tanh(2/3)= 0.80472

P Tank(7/8)= 1.35402=p +p,

p”:sin(p” —>

2/sighp, ~tan

v

\ =£0s hpv:se co ;

/N3=sinhp,~tang,— |

2/ 3=coshp,=secq v

0, =sin"!(tanhp )=0.5236=30°
=sin"! (tanhp)=0.7297=41.8°
0, =Sm<l(tanhp, )=1.06543=61.04° coshi(p, +p,

Si nh(pUer L) %

tanhp sinhp, tanhp,,
Ssing tang, Jn¢

d)uv

tanhp,coshp, /

u

1 l€————u/c=
Vi . »
<€ u/c=1/2=tanhp,=sing,,
2
\:/,f < Vv/c=2/3=tanhp =sing

o

ki f;,

o
Il,2

/3

\3/2=sechp =1/coshp,,

/

8=tanh(p,, )=sing

~\

=tanh(p,+p,)

\

coshp,sinhp +sinhp coshp, =sinh p,,+pv):7/\/ 15

L
0 y Y X-dXLS v
< /I (coshp V+tanhpu5}nhp‘) : : >
<7 (coshp ;+tanhp,sinhp )coshp,=coshp,coshp ;+sinhp sinhp,=cosh(p,+p,)=815
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In ships’ frame:

ip2-tipe T=1 and

fime =V 3E:sechpu

In frame where ships go v=2¢/3:
Bullet going Vusyv=7c/8

from shipl passes ship2

at ship2-time T=1 and

at bullet-time 1=\3/2=sechp _

26



Lorentz symmetry effects

How it makes momentum and energy be conserved

A strength (and also, weakness) of CW axioms (1.1-2) is that they are symmetry principles

due to the Lorentz-Poincare isotropy of space-time (invariance to space-time translation T(8,7) in the vacuum).

Operator T' has plane wave eigenfunctions ¥ , = A" D ith roots-of-unity eigenvalues

Vio| T = (Wil ™77 (5180 Ty )= 07"

ei(k-é—w-r)

Vi) (5.18b)

This also applies to 2-part or “2-particle” product states Yio =V, » Vi », Where exponents add (k,m)-values of

each constituent to K=k;+k> and Q=m;+2, and T(8,7)-eigenvalues also have that form ¢"* %7

Matrix <‘P;m, ‘U“PK,Q> of T-symmetric evolution U is zero unless kK’ =k/+k, =K and Q' =0+, =Q

(Wi o |U|¥ga)= (Wi o | T8, DUTS,7)|Wy)  (fUT=TU forall § and 7)
=g (KDL (g L |U|W ) =0 unless: K'=K and: Q' =0

That's momentum (P=hK) and energy (E=hW) conservation!

Thursday, April 5, 2012

27



