
 2-Wave Interference: Phase and Group Velocity
(Ch. 0-1 of Unit 2)

1. Review of basic formulas for waves in space-time (x,t) or per-space-time (ω,k)
           1-Plane-wave phase velocity 
           2-Plane-wave phase velocity and group velocity (1/2-sum &1/2-diff.)
           2-Plane-wave real zero grid in (x,t) or (ω,k)

2. Geometric construction of wave-zero grids
          Continuous Wave (CW) grid based on Kphase=(Ka+Kb)/2 and Kgroup=(Ka-Kb)/2 vectors  
         Pulse Wave (PW) grid based on primitive Ka=Kphase+Kgroup and Kb=Kphase-Kgroup vectors  
        When this doesn’t work (When you don’t need it!)

3. Beginning wave relativity
      Dueling lasers make lab frame space-time grid
       Einstein PW Axioms versus Evenson CW Axioms (Occam at Work)
             Only CW light clearly shows Doppler shift
        Dueling lasers make lab frame space-time grid

 

Lecture  21 
Tue. 3.13-Thur 3.15.2012

Beware of the Ides of March!!
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Fundamental wave dynamics based on Euler Expo-cosine Identity

(eia + eib)/2 = ei(a+b)/2(ei(a-b)/2+e-i(a-b)/2)/2 = ei(a+b)/2 • cos(a-b)/2

Balanced (50-50) plane wave combination:

Ψ501-502(x,t) = (1/2)ψk1(x,t) + (1/2)ψk2(x,t)

(1/2)ei(k1x-ω1t) + (1/2)ei(k2x-ω2t) = ei(kpx-ωpt) • cos(kgx-ωgt)

Phase or

Carrier

velocity

Vp =
__
=
_____ω1+ ω2
k1+ k2

ωp
kp

Group or

Envelope

velocity

Vg =
__
=
_____ω1- ω2
k1- k2

ωg
kg

V1 =
__
ω1
k1

1st plane

phase

velocity

ω2
k2

V2 =
__

2nd plane

phase

velocity

ωp=(ω1+ ω2)/2
kp=(k1+ k2)/2

Overall or

Mean phase

ωg=(ω1- ω2)/2
kg=(k1- k2)/2

Relative or

Group phase

Define K-vectors in per-spacetime

K1 =(ω1, k1)
=Kp +Kg

K2 =(ω2, k2)
=Kp -Kg

Kp =(ωp, kp)
=(K1 +K2)/2

Kg =(ωg, kg)
=(K1 −K2)/2

Velocity:

meters

second

or

per-seconds

per-meter
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2. Geometric construction of wave-zero grids
          Continuous Wave (CW) grid based on Kphase=(Ka+Kb)/2 and Kgroup=(Ka-Kb)/2 vectors  
         Pulse Wave (PW) grid based on primitive Ka=Kphase+Kgroup and Kb=Kphase-Kgroup vectors  
        When this doesn’t work (When you don’t need it!)
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K4

K2

source 2

source 4

K2=(ω2,k2)
=(1, 2)

K4=(ω4,k4)
=(4, 4)

Wavevector κ

Per-spacetime (ω,k)Spacetime (x,t)

†Schrodinger matter waves

Suppose we are
given two

“mystery† sources”

Frequency ω 

Time t

Distance x

2-Wave Source: Unifying Trajectory-Space-time (x,t) and Fourier-Per-space-time (ω,k)

  

ψ + = eia + eib = e
i a+b

2 e
i a−b

2 + e
−i a−b

2
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 2e

i a+b
2 cos a − b

2
= 2(cos a + b

2
+ i sin a + b

2
)cos a − b

2

0 = Reψ + = Ree
i a+b

2 cos a − b
2

= cos a + b
2

cos a − b
2

= cos ka+kb
2

x − ωa+ωb

2
t⎛

⎝⎜
⎞
⎠⎟

cos ka−kb
2

x − ωa−ωb

2
t⎛

⎝⎜
⎞
⎠⎟

= cos    kphasex −    ω phaset  ( )cos    kgroupx −    ω groupt  ( )
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source 2

source 4

K2=(ω2,k2)
=(1, 2)

K4=(ω4,k4)
=(4, 4)

Spacetime (x,t)

†Schrodinger matter waves

Suppose we are
given two

“mystery† sources”

K4

K2 Kphase
=(K4+K2)/2

Kgroup
=(K4-K2)/2

Wavevector k

Per-spacetime (ω,k)
Time t

Frequency ω Distance x

2-Wave Source: Unifying Trajectory-Space-time (x,t) and Fourier-Per-space-time (ω,k)

  

ψ + = eia + eib = e
i a+b

2 e
i a−b

2 + e
−i a−b

2
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 2e

i a+b
2 cos a − b

2
= 2(cos a + b

2
+ i sin a + b

2
)cos a − b

2

0 = Reψ + = Ree
i a+b

2 cos a − b
2

= cos a + b
2

cos a − b
2

= cos ka+kb
2

x − ωa+ωb

2
t⎛

⎝⎜
⎞
⎠⎟

cos ka−kb
2

x − ωa−ωb

2
t⎛

⎝⎜
⎞
⎠⎟

= cos    kphasex −    ω phaset  ( )cos    kgroupx −    ω groupt  ( )

kphasex −ω phaset = m(π / 2) m = ±1,±3,...
kgroupx −ω groupt = n(π / 2) n = ±1,±3,...

Space-time Reψ-zeros determined by:     
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source 2

source 4

K2=(ω2,k2)
=(1, 2)

K4=(ω4,k4)
=(4, 4)

Spacetime (x,t)

†Schrodinger matter waves

Suppose we are
given two

“mystery† sources”

K4

K2 Kphase
=(K4+K2)/2

Kgroup
=(K4-K2)/2

Wavevector k

Per-spacetime (ω,k)
Time t

Frequency ω Distance x

2-Wave Source: Unifying Trajectory-Space-time (x,t) and Fourier-Per-space-time (ω,k)

  

ψ + = eia + eib = e
i a+b

2 e
i a−b

2 + e
−i a−b

2
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 2e

i a+b
2 cos a − b

2
= 2(cos a + b

2
+ i sin a + b

2
)cos a − b

2

0 = Reψ + = Ree
i a+b

2 cos a − b
2

= cos a + b
2

cos a − b
2

= cos ka+kb
2

x − ωa+ωb

2
t⎛

⎝⎜
⎞
⎠⎟

cos ka−kb
2

x − ωa−ωb

2
t⎛

⎝⎜
⎞
⎠⎟

= cos    kphasex −    ω phaset  ( )cos    kgroupx −    ω groupt  ( )

kphasex −ω phaset = m(π / 2) m = ±1,±3,...
kgroupx −ω groupt = n(π / 2) n = ±1,±3,...

Space-time Reψ-zeros determined by:                Matrix equation:                               

kphase −ω phase

kgroup −ω group

⎛
⎝⎜

⎞
⎠⎟
x
t

⎛
⎝⎜

⎞
⎠⎟
=

m
n

⎛
⎝⎜

⎞
⎠⎟
π
2
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source 2

source 4

K2=(ω2,k2)
=(1, 2)

K4=(ω4,k4)
=(4, 4)

Spacetime (x,t)

†Schrodinger matter waves

Suppose we are
given two

“mystery† sources”

K4

K2 Kphase
=(K4+K2)/2

Kgroup
=(K4-K2)/2

Wavevector k

Per-spacetime (ω,k)
Time t

Frequency ω Distance x

2-Wave Source: Unifying Trajectory-Space-time (x,t) and Fourier-Per-space-time (ω,k)

  

ψ + = eia + eib = e
i a+b

2 e
i a−b

2 + e
−i a−b

2
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 2e

i a+b
2 cos a − b

2
= 2(cos a + b

2
+ i sin a + b

2
)cos a − b

2

0 = Reψ + = Ree
i a+b

2 cos a − b
2

= cos a + b
2

cos a − b
2

= cos ka+kb
2

x − ωa+ωb

2
t⎛

⎝⎜
⎞
⎠⎟

cos ka−kb
2

x − ωa−ωb

2
t⎛

⎝⎜
⎞
⎠⎟

= cos    kphasex −    ω phaset  ( )cos    kgroupx −    ω groupt  ( )

kphasex −ω phaset = m(π / 2) m = ±1,±3,...
kgroupx −ω groupt = n(π / 2) n = ±1,±3,...

Space-time Reψ-zeros Xm,n determined by:                Matrix equation:                                      Inverse matrix equation:

kphase −ω phase

kgroup −ω group

⎛
⎝⎜

⎞
⎠⎟
x
t

⎛
⎝⎜

⎞
⎠⎟
=

m
n

⎛
⎝⎜

⎞
⎠⎟
π
2

xm,n
tm,n

⎛
⎝⎜

⎞
⎠⎟
=

ω group −ω phase

kgroup −kphase
⎛
⎝⎜

⎞
⎠⎟

ω groupkphase −ω phasekgroup

m
n

⎛
⎝⎜

⎞
⎠⎟
π
2

xm,n
tm,n

⎛
⎝⎜

⎞
⎠⎟
= Xm,n = mKgroup − nK phase⎡⎣ ⎤⎦ sgp
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source 2

source 4

K2=(ω2,k2)
=(1, 2)

K4=(ω4,k4)
=(4, 4)

Spacetime (x,t)

†Schrodinger matter waves

Suppose we are
given two

“mystery† sources”

K4

K2 Kphase
=(K4+K2)/2

Kgroup
=(K4-K2)/2

Wavevector k

Per-spacetime (ω,k)
Time t

Frequency ω Distance x

2-Wave Source: Unifying Trajectory-Space-time (x,t) and Fourier-Per-space-time (ω,k)

  

ψ + = eia + eib = e
i a+b

2 e
i a−b

2 + e
−i a−b

2
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 2e

i a+b
2 cos a − b

2
= 2(cos a + b

2
+ i sin a + b

2
)cos a − b

2

0 = Reψ + = Ree
i a+b

2 cos a − b
2

= cos a + b
2

cos a − b
2

= cos ka+kb
2

x − ωa+ωb

2
t⎛

⎝⎜
⎞
⎠⎟

cos ka−kb
2

x − ωa−ωb

2
t⎛

⎝⎜
⎞
⎠⎟

= cos    kphasex −    ω phaset  ( )cos    kgroupx −    ω groupt  ( )

kphasex −ω phaset = m(π / 2) m = ±1,±3,...
kgroupx −ω groupt = n(π / 2) n = ±1,±3,...

Space-time Reψ-zeros Xm,n determined by:                Matrix equation:                                      Inverse matrix equation:

kphase −ω phase

kgroup −ω group

⎛
⎝⎜

⎞
⎠⎟
x
t

⎛
⎝⎜

⎞
⎠⎟
=

m
n

⎛
⎝⎜

⎞
⎠⎟
π
2

xm,n
tm,n

⎛
⎝⎜

⎞
⎠⎟
=

ω group −ω phase

kgroup −kphase
⎛
⎝⎜

⎞
⎠⎟

ω groupkphase −ω phasekgroup

m
n

⎛
⎝⎜

⎞
⎠⎟
π
2

...and space-time scale factor: xm,n
tm,n

⎛
⎝⎜

⎞
⎠⎟
= Xm,n = mKgroup − nK phase⎡⎣ ⎤⎦ sgp

sgp=
π

2 Kgroup ×K phase

   

8Thursday, March 15, 2012



source 2

source 4

K2=(ω2,k2)
=(1, 2)

K4=(ω4,k4)
=(4, 4)

Spacetime (x,t)

†Schrodinger matter waves

Suppose we are
given two

“mystery† sources”

K4

K2 Kphase
=(K4+K2)/2

Kgroup
=(K4-K2)/2

Wavevector k

Per-spacetime (ω,k)
Time t

Frequency ω Distance x

2-Wave Source: Unifying Trajectory-Space-time (x,t) and Fourier-Per-space-time (ω,k)

  

ψ + = eia + eib = e
i a+b

2 e
i a−b

2 + e
−i a−b

2
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 2e

i a+b
2 cos a − b

2
= 2(cos a + b

2
+ i sin a + b

2
)cos a − b

2

0 = Reψ + = Ree
i a+b

2 cos a − b
2

= cos a + b
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cos a − b
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= cos ka+kb
2

x − ωa+ωb

2
t⎛

⎝⎜
⎞
⎠⎟

cos ka−kb
2

x − ωa−ωb

2
t⎛

⎝⎜
⎞
⎠⎟

= cos    kphasex −    ω phaset  ( )cos    kgroupx −    ω groupt  ( )

kphasex −ω phaset = m(π / 2) m = ±1,±3,...
kgroupx −ω groupt = n(π / 2) n = ±1,±3,...

Space-time Reψ-zeros Xm,n determined by:                Matrix equation:                                      Inverse matrix equation:

kphase −ω phase

kgroup −ω group

⎛
⎝⎜

⎞
⎠⎟
x
t

⎛
⎝⎜

⎞
⎠⎟
=

m
n

⎛
⎝⎜

⎞
⎠⎟
π
2

xm,n
tm,n

⎛
⎝⎜

⎞
⎠⎟
=

ω group −ω phase

kgroup −kphase
⎛
⎝⎜

⎞
⎠⎟

ω groupkphase −ω phasekgroup

m
n

⎛
⎝⎜

⎞
⎠⎟
π
2

...and space-time scale factor: xm,n
tm,n

⎛
⎝⎜

⎞
⎠⎟
= Xm,n = mKgroup − nK phase⎡⎣ ⎤⎦ sgp

sgp=
π

2 Kgroup ×K phase

 = π
2 1.5·3.0 − 2.5·1.0

= π
4 m = ±1,±3,...

n = ±1,±3,...
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⎜
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⎠⎟
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⎞
⎠⎟
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2-Wave Source: Unifying Trajectory-Space-time (x,t) and Fourier-Per-space-time (ω,k)
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⎠⎟
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⎠⎟
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K4

K2

Wave group vectors

Kphase
=(K4+K2)/2

Wave phase zero-paths

Kphase

Kgroup

Space x

source 2

source 4

K2=(ω2,k2)
=(1, 2)

K4=(ω4,k4)
=(4, 4)

Kgroup
=(K4-K2)/2

Wavevector κ
Time t

Per-spacetime (ω,k)
Wave group zero-paths

Wave phase vectors
Spacetime (x,t)

2-Source Case: Unifying Trajectory-Spacetime (x,t) and Fourier-Per-spacetime (ω,k)

Suppose we are
given two

“mystery† sources”

†Shrodinger matter waves

Wave(“coherent”)Lattice(Bases: Kgroup and Kphase )
The wave-interference-zero paths given by
K-vectors (ωg,kg) and (ωp,kp) .
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2. Geometric construction of wave-zero grids
          Continuous Wave (CW) grid based on Kphase=(Ka+Kb)/2 and Kgroup=(Ka-Kb)/2 vectors  
         Pulse Wave (PW) grid based on primitive Ka=Kphase+Kgroup and Kb=Kphase-Kgroup vectors  
        When this doesn’t work (When you don’t need it!)

“Waves are illusory!”
Corpuscles rule!
Pa-tooey!
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K4

K2

Wave group vectors

Kphase
=(K4+K2)/2

Frequency ω

Wave phase zero-paths

Kphase

K4

Pulse(“particle”)Lattice(Bases: K2 and K4)

Kgroup

Space x

source 2

source 4

K2=(ω2,k2)
=(1, 2)

K4=(ω4,k4)
=(4, 4)

Kgroup
=(K4-K2)/2

Wavevector κ
Time t

Per-spacetime (ω,k)
Wave group zero-paths

Wave phase vectors
Spacetime (x,t)

2-Source Case: Unifying Trajectory-Spacetime (x,t) and Fourier-Per-spacetime (ω,k)

Suppose we are
given two

“mystery† sources”

†Shrodinger matter waves

The paths of packets or Newtonian “corpuscles”
“spat“ at speeds V2 and V4 and rates ω2 and ω2

Wave(“coherent”)Lattice(Bases: Kgroup and Kphase )
The wave-interference-zero paths given by
K-vectors (ωg,kg) and (ωp,kp) .

patooey!

patooey!

patooey!

patooey! patooey!

patooey!

patooey!

patooey!

patooey!

patooey!
patooey!
patooey!
patooey!
patooey!

patooey!

“Waves are illusory!”
Corpuscles rule!
Pa-tooey!
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K4

K2

source 2

source 4

K2=(ω2,k2)
=(1, 2)

K4=(ω4,k4)
=(4, 4)

Wavevector κ

Per-spacetime (ω,k)Spacetime (x,t)

†Schrodinger matter waves

Suppose we are
given two

“mystery† sources”

Frequency ω 

Time t

Distance x

2-Wave Source: Unifying Trajectory-Space-time (x,t) and Fourier-Per-space-time (ω,k)

  

ψ + = eia + eib = e
i a+b

2 e
i a−b

2 + e
−i a−b

2
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 2e

i a+b
2 cos a − b

2
= 2(cos a + b

2
+ i sin a + b

2
)cos a − b

2

0 = Reψ + = Ree
i a+b

2 cos a − b
2

= cos a + b
2

cos a − b
2

= cos ka+kb
2

x − ωa+ωb

2
t⎛

⎝⎜
⎞
⎠⎟

cos ka−kb
2

x − ωa−ωb

2
t⎛

⎝⎜
⎞
⎠⎟

= cos    kphasex −    ω phaset  ( )cos    kgroupx −    ω groupt  ( )

“Waves are illusory!”
Corpuscles rule!
Pa-tooey!
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K4

K2

source 2

source 4

K2=(ω2,k2)
=(1, 2)

K4=(ω4,k4)
=(4, 4)

Wavevector κ

Per-spacetime (ω,k)Spacetime (x,t)

†Schrodinger matter waves

Suppose we are
given two

“mystery† sources”

Frequency ω 

Time t

Distance x

2-Wave Source: Unifying Trajectory-Space-time (x,t) and Fourier-Per-space-time (ω,k)

  

ψ + = eia + eib = e
i a+b

2 e
i a−b

2 + e
−i a−b

2
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 2e

i a+b
2 cos a − b

2
= 2(cos a + b

2
+ i sin a + b

2
)cos a − b

2

0 = Reψ + = Ree
i a+b

2 cos a − b
2

= cos a + b
2

cos a − b
2

= cos ka+kb
2

x − ωa+ωb

2
t⎛

⎝⎜
⎞
⎠⎟

cos ka−kb
2

x − ωa−ωb

2
t⎛

⎝⎜
⎞
⎠⎟

= cos    kphasex −    ω phaset  ( )cos    kgroupx −    ω groupt  ( )

“Waves are illusory!”
Corpuscles rule!
Pa-tooey!
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K4

Space x

(d)Spacetime (x,t)

Space x

Time t

(b) Spacetime (x,t)

Kgroup =(K4-K2)/2

(K4+K2)/2=Kphase

(Kgroup, Kphase) lattice (K4, K2) lattice

(ω4=4,k4=4)

(ω2=1,k2=2)

π/4 π/2 3π/4 ππ/2 π 3π/2 2π
(ωg=1.5,kg=1)

π/4

π/2

3π/4

π

5π/4
Time t

π/2

π

3π/2

2π

5π/2

(ωp=2.5,kp=3)

π/4=λ4 /2=π/k4 π/2=λ2/2=π/k2

τ4/2
=π/ω4
=π/4

π=
τ2 /2
=π /ω2

τgroup /2
=π/ωgroup
=2π/3

π/3=λphase/2=π/kphase π=λgroup /2=π/kgroup

τphase /2
=π/ωphase
=2π/5

17Thursday, March 15, 2012



2. Geometric construction of wave-zero grids
          Continuous Wave (CW) grid based on Kphase=(Ka+Kb)/2 and Kgroup=(Ka-Kb)/2 vectors  
         Pulse Wave (PW) grid based on primitive Ka=Kphase+Kgroup and Kb=Kphase-Kgroup vectors  
        When this doesn’t work (When you don’t need it!)

“Waves are illusory!”
Corpuscles rule!
Pa-tooey!
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What happens when the
grid area Kgroup×Kphase

is ZERO:

sgp=
π

2 Kgroup ×K phase

= ∞ 

...But, if you collide the beams Head-On...
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3. Beginning wave relativity
      Dueling lasers make lab frame space-time grid (CW or PW)
       Einstein PW Axioms versus Evenson CW Axioms (Occam at Work)
               Only CW light clearly shows Doppler shift
        Dueling lasers make lab frame space-time grid
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