
Relawavity: Relativistic wave mechanics III. 2nd-order effects  
(Unit 3   4.12.16)

Lecture 25 Relawavity Introduction 3 
Tuesday 4.12.2016

Review: rapidity ρ=ρAB, Doppler shifts e±ρ, and SR velocity parameter Vgroup/c=βAB=uAB/c=tanhρAB

Geometric construction steps 1-4 : 1-octave Doppler (e+ρ =2, e-ρ =½ ), (βAB=uAB/c=3/5)
Reviewing wave coefficients we’ll need to know (backwards and forwards) 

Comparison of group and phase dynamics: FAST(er) (β=u/c=3/5) vs SLOW(er) (β=u/c=1/5)

Thales Mean Geometry (Thales of Miletus 624-543 BCE) and its role in Relawavity
Geometric construction steps 5,6,...: Per-space-time (ω,ck) dispersion hyperbola ω = Bcoshρ...

A quick flip to space-time (ct,x) construction: Minkowski coordinate grid 

Lorentz transformations of Phase vector P′  and Group vector G′ in per-space-time
Lorentz matrix transformation of  (x,ct) space-time coordinates 

Two Famous-Name Coefficients: Lorentz space contraction and Einsein time dilation
Heighway Paradoxes: A relativistic “He said-She-said” argument

Phase invariance…derives Lorentz transformations
Another view: phasor-invariance and proper time

Yet another view: The Epstein space-proper-time approach to SR
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Review: rapidity ρ=ρAB, Dopplers e±ρ, and velocity βAB=uAB/c=tanhρ 

We ask two questions:  
(1.) To what velocity uE must Bob accelerate so he sees beams with equal frequency ωE  ? 
(2.) What is that frequency ωE  ?
Reply to Query (1.) has a Jeopardy-style answer-by-question: 
What is the beam group velocity?

Bob:That UV burns!

  Imagine Bob sees a pair of counter-propagating laser beams with wavevectors kR=+ωR/c and kL=-ωL/c
 ωR=ωA going left-to-right (from Alice's600THzlaser)  and  ωL=ωC going right-to-left (from Carla's600THzlaser).

    
Given : ωgroup=

ωR−ωL

2
and : kgroup=

kR−kL

2
with kR=+ωR/c and kL=-ωL/c

    

Given:             ωR=eρABω600  

and: ωL=eρCBω600 =e−ρABω600

    
uE =Vgroup=

ωgroup

kgroup

=
ωR−ωL

kR−kL

=c
ωR−ωL

ωR+ωL

=c
1200−300
1200 + 300

=
3
5
c

    

uE

c
=

uAB

c
=

eρAB−e−ρAB

eρAB +e−ρAB

=
sinhρAB

coshρAB

=tanhρAB=
3
5

ω E=bω L=ω R/b    ⇒    b= ω R /ω L ⇒   ω E= ω R⋅ω L
(Geometric Mean)

= 1200⋅300 = 600THz

    

Using Rapidity:

ρAB=loge A B

   Blue-shift b=eρAB  Red-shift r=b-1=e-ρAB  
Reply to Query (2.) in similar style: 
What ωE is blue-shift bωL of ωL and red-shift ωR/b of ωR ?

Alice going uAB
relative to Bob

Carla going uCB=-uAB
relative to Bob
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Review: rapidity ρ=ρAB, Doppler shifts e±ρ, and SR velocity parameter Vgroup/c=βAB=uAB/c=tanhρAB

Geometric construction steps 1-4 : 1-octave Doppler (e+ρ =2, e-ρ =½ ), (βAB=uAB/c=3/5)
Reviewing wave coefficients we’ll need to know (backwards and forwards) 

Comparison of group and phase dynamics: FAST(er) (β=u/c=3/5) vs SLOW(er) (β=u/c=1/5)

Thales Mean Geometry (Thales of Miletus 624-543 BCE) and its role in Relawavity
Geometric construction steps 5,6,...: Per-space-time (ω,ck) dispersion hyperbola ω = Bcoshρ...

A quick flip to space-time (ct,x) construction: Minkowski coordinate grid 

Lorentz transformations of Phase vector P′  and Group vector G′ in per-space-time
Lorentz matrix transformation of  (x,ct) space-time coordinates 

Two Famous-Name Coefficients: Lorentz space contraction and Einsein time dilation
Heighway Paradoxes: A relativistic “He said-She-said” argument

Phase invariance…derives Lorentz transformations
Another view: phasor-invariance and proper time

Yet another view: The Epstein space-proper-time approach to SR
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Class geometric construction example: 1-octave (e+ρ =2, e-ρ =½ ) Doppler (βAB=uAB/c=3/5)

kgroup =2πκ group
ω group=2πυgroup

kphase=2πκ phase
ω phase=2πυ phase

kA=2πκ A
ω A=2πυA

Angular 2π-factors

P= 1
2 (R +L)

G= 1
2 (R −L)

P

G

RL
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Class geometric construction example: 1-octave (e+ρ =2, e-ρ =½ ) Doppler (βAB=uAB/c=3/5)

kgroup =2πκ group
ω group=2πυgroup

kphase=2πκ phase
ω phase=2πυ phase

kA=2πκ A
ω A=2πυA

Angular 2π-factors

P= 1
2 (R +L)

G= 1
2 (R −L)

P

G

RL

′R

′L

Blue-shift factor: b=eρ= ω R /ω L = 4/1= 2 ,        Red: r=e−ρ= ω L /ω R = 1
2  
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Class geometric construction example: 1-octave (e+ρ =2, e-ρ =½ ) Doppler (βAB=uAB/c=3/5)

kgroup =2πκ group
ω group=2πυgroup

kphase=2πκ phase
ω phase=2πυ phase

kA=2πκ A
ω A=2πυA

Angular 2π-factors

P= 1
2 (R +L)

G= 1
2 (R −L)

P

G

RL

′P = 1
2 ( ′R + ′L )

′G = 1
2 ( ′R − ′L )

′R

′L

Blue-shift factor: b=eρ= ω R /ω L = 4/1= 2 ,        Red: r=e−ρ= ω L /ω R = 1
2  
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Class geometric construction example: 1-octave (e+ρ =2, e-ρ =½ ) Doppler (βAB=uAB/c=3/5)
Blue-shift factor: b=eρ= ω R /ω L = 4/1= 2 ,        Red: r=e−ρ= ω L /ω R = 1

2  

′P = 1
2 ( ′R + ′L )

′G = 1
2 ( ′R − ′L )

kgroup =2πκ group
ω group=2πυgroup

kphase=2πκ phase
ω phase=2πυ phase

kA=2πκ A
ω A=2πυA

Angular 2π-factors

P= 1
2 (R +L)

G= 1
2 (R −L)

P

G

RL
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Class geometric construction example: 1-octave (e+ρ =2, e-ρ =½ ) Doppler (βAB=uAB/c=3/5)
Blue-shift factor: b=eρ= ω R /ω L = 4/1= 2 ,        Red: r=e−ρ= ω L /ω R = 1

2  

Frequency in rest-frame of equality:   ω E= ω R⋅ω L = 4⋅1 = 2 ≡ω A

′P = 1
2 ( ′R + ′L )

′G = 1
2 ( ′R − ′L )

kgroup =2πκ group
ω group=2πυgroup

kphase=2πκ phase
ω phase=2πυ phase

kA=2πκ A
ω A=2πυA

Angular 2π-factors

P= 1
2 (R +L)

G= 1
2 (R −L)

P

G

RL
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Class geometric construction example: 1-octave (e+ρ =2, e-ρ =½ ) Doppler (βAB=uAB/c=3/5)
Blue-shift factor: b=eρ= ω R /ω L = 4/1= 2 ,        Red: r=e−ρ= ω L /ω R = 1

2  

Frequency in rest-frame of equality:   ω E= ω R⋅ω L = 4⋅1 = 2 ≡ω A

2-CW Phase frequency ω phase = 1
2 (ω R+ω L ) = 1

2 (4 +1) = 2.5 =ω E coshρ
2-CW Group frequency ω group= 1

2 (ω R−ω L ) = 1
2 (4 −1) = 1.5 =ω E sinhρ

′P = 1
2 ( ′R + ′L )

′G = 1
2 ( ′R − ′L )

kgroup =2πκ group
ω group=2πυgroup

kphase=2πκ phase
ω phase=2πυ phase

kA=2πκ A
ω A=2πυA

Angular 2π-factors

P= 1
2 (R +L)

G= 1
2 (R −L)

P

G

RL
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Class geometric construction example: 1-octave (e+ρ =2, e-ρ =½ ) Doppler (βAB=uAB/c=3/5)
Blue-shift factor: b=eρ= ω R /ω L = 4/1= 2 ,        Red: r=e−ρ= ω L /ω R = 1

2  

Frequency in rest-frame of equality:   ω E= ω R⋅ω L = 4⋅1 = 2 ≡ω A

2-CW Phase frequency ω phase = 1
2 (ω R+ω L ) = 1

2 (4 +1) = 2.5 =ω E coshρ
2-CW Group frequency ω group= 1

2 (ω R−ω L ) = 1
2 (4 −1) = 1.5 =ω E sinhρ

′P = 1
2 ( ′R + ′L )

′G = 1
2 ( ′R − ′L )

kgroup =2πκ group
ω group=2πυgroup

kphase=2πκ phase
ω phase=2πυ phase

kA=2πκ A
ω A=2πυA

Angular 2π-factors

P= 1
2 (R +L)

G= 1
2 (R −L)

P

G

RL

 ω group= 1
2 (4 −1) = 1.5

          =ω E sinhρ

ω phase = 1
2 (4 +1) = 2.5

         =ω E coshρ
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Class geometric construction example: 1-octave (e+ρ =2, e-ρ =½ ) Doppler (βAB=uAB/c=3/5)
Blue-shift factor: b=eρ= ω R /ω L = 4/1= 2 ,        Red: r=e−ρ= ω L /ω R = 1

2  

Frequency in rest-frame of equality:   ω E= ω R⋅ω L = 4⋅1 = 2 ≡ω A

2-CW Phase frequency ω phase = 1
2 (ω R+ω L ) = 1

2 (4 +1) = 2.5 =ω E coshρ
2-CW Group frequency ω group= 1

2 (ω R−ω L ) = 1
2 (4 −1) = 1.5 =ω E sinhρ

′P = 1
2 ( ′R + ′L )

′G = 1
2 ( ′R − ′L )

kgroup =2πκ group
ω group=2πυgroup

kphase=2πκ phase
ω phase=2πυ phase

kA=2πκ A
ω A=2πυA

Angular 2π-factors

P= 1
2 (R +L)

G= 1
2 (R −L)

P

G

RL

 ω group= 1
2 (4 −1) = 1.5

          =ω E sinhρ

ω phase = 1
2 (4 +1) = 2.5

         =ω E coshρ
5
4
= coshρ = 1

2 (e
+ρ+e−ρ )

3
4
= sinhρ = 1

2 (e
+ρ−e−ρ )

κ group

κ A

= 5
4
= coshρ = e

+ρ+e−ρ

2

κ group =
5
4
2 = 2.5
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Class geometric construction example: 1-octave (e+ρ =2, e-ρ =½ ) Doppler (βAB=uAB/c=3/5)
Blue-shift factor: b=eρ= ω R /ω L = 4/1= 2 ,        Red: r=e−ρ= ω L /ω R = 1

2  

Frequency in rest-frame of equality:   ω E= ω R⋅ω L = 4⋅1 = 2 ≡ω A

2-CW Phase frequency ω phase = 1
2 (ω R+ω L ) = 1

2 (4 +1) = 2.5 =ω E coshρ
2-CW Group frequency ω group= 1

2 (ω R−ω L ) = 1
2 (4 −1) = 1.5 =ω E sinhρ

′P = 1
2 ( ′R + ′L )

′G = 1
2 ( ′R − ′L )

kgroup =2πκ group
ω group=2πυgroup

kphase=2πκ phase
ω phase=2πυ phase

kA=2πκ A
ω A=2πυA

Angular 2π-factors

P= 1
2 (R +L)

G= 1
2 (R −L)

P

G

RL

 ω group= 1
2 (4 −1) = 1.5

          =ω E sinhρ

ω phase = 1
2 (4 +1) = 2.5

         =ω E coshρ
5
4
= coshρ = 1

2 (e
+ρ+e−ρ )

3
4
= sinhρ = 1

2 (e
+ρ−e−ρ )

λgroup

λA

= 4
5
= sechρ = 2

e+ρ+e−ρ

Lorentz contraction 
of λ  in spacetime

κ group

κ A

= 5
4
= coshρ = e

+ρ+e−ρ

2

κ group =
5
4
2 = 2.5

4
5
2 = 1.6
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Review: rapidity ρ=ρAB, Doppler shifts e±ρ, and SR velocity parameter Vgroup/c=βAB=uAB/c=tanhρAB

Geometric construction steps 1-4 : 1-octave Doppler (e+ρ =2, e-ρ =½ ), (βAB=uAB/c=3/5)
Reviewing wave coefficients we’ll need to know (backwards and forwards) 

Comparison of group and phase dynamics: FAST(er) (β=u/c=3/5) vs SLOW(er) (β=u/c=1/5)

Thales Mean Geometry (Thales of Miletus 624-543 BCE) and its role in Relawavity
Geometric construction steps 5,6,...: Per-space-time (ω,ck) dispersion hyperbola ω = Bcoshρ...

A quick flip to space-time (ct,x) construction: Minkowski coordinate grid 

Lorentz transformations of Phase vector P′  and Group vector G′ in per-space-time
Lorentz matrix transformation of  (x,ct) space-time coordinates 

Two Famous-Name Coefficients: Lorentz space contraction and Einsein time dilation
Heighway Paradoxes: A relativistic “He said-She-said” argument

Phase invariance…derives Lorentz transformations
Another view: phasor-invariance and proper time

Yet another view: The Epstein space-proper-time approach to SR
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4
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(-2) = -1.6

(backwards versus forwards)

Caution: uAB (linear velocity of Alice relative to Bob) equals -uBA (minus B relative to A) 
Convention: uAB is positive if Alice goes left-to-right according to Bob 
                                       while Bob goes right-to-left (negatively) according to Alice 

Rapidity ρAB requires further discussion...

RelaWavity Web Simulation 
Group and Phase Vectors

RelaWavity Web Simulation 
Ps and Qs w/Minkowski Grid

14Tuesday, April 12, 2016

http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=3%7C4
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=3%7C4
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=3%7C4
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=3%7C4
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=3%7C5
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=3%7C5
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=3%7C5
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=3%7C5


!R=

!E=

!L=

R!

P!

G!

G!

L!

ckRckL
O-1 +1 +2-2-3

+3

+2

-4

+4

+1

G

P

4
5
(-2) = -1.6phase bRED

Doppler c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

Vphase

c
bBLUE
Doppler

group 1
bBLUE
Doppler

Vgroup
c

υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ
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2
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5
=0.6 3

4
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5
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4
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3
=1.33 5

3
=1.67 2

1
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Reviewing wave coefficients we’ll need to know 
(backwards and forwards)

RelaWavity Web Simulation 
Group and Phase Vectors

RelaWavity Web Simulation 
Ps and Qs w/Minkowski Grid
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υ′phase=υAcoshρ=5/4              τ′phase=τAsechρ=4/5
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to

τ′phase
=τAsechρ
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τ′phase=0.8

  Phase wavenumber            Phase wavelength λ =1/κ 
κ′phase=κAsinhρ=3/4              λ′phase=λAcschρ=4/3

flips
to

κ′phase
=0.75

    P′=

λ′phase=1.33

P-slope=Vphase/c
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′κ phase
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sinhρ
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3
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′τ pha
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3

  =
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=
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τ′phase=0.8=4/5
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  Group wavenumber            Group wavelength λ =1/κ 
κ′group=κAcoshρ=5/4              λ′group=λAsechρ=4/5

=1.25 =0.8
λ′group
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λ′group=0.8

slowerthanlight!

G-slope=Vgroup/c
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= sinhρ
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Review: rapidity ρ=ρAB, Doppler shifts e±ρ, and SR velocity parameter Vgroup/c=βAB=uAB/c=tanhρAB

Geometric construction steps 1-4 : 1-octave Doppler (e+ρ =2, e-ρ =½ ), (βAB=uAB/c=3/5)
Reviewing wave coefficients we’ll need to know (backwards and forwards) 

Comparison of group and phase dynamics: FAST(er) (β=u/c=3/5) vs SLOW(er) (β=u/c=1/5)

Thales Mean Geometry (Thales of Miletus 624-543 BCE) and its role in Relawavity
Geometric construction steps 5,6,...: Per-space-time (ω,ck) dispersion hyperbola ω = Bcoshρ...

A quick flip to space-time (ct,x) construction: Minkowski coordinate grid 

Lorentz transformations of Phase vector P′  and Group vector G′ in per-space-time
Lorentz matrix transformation of  (x,ct) space-time coordinates 

Two Famous-Name Coefficients: Lorentz space contraction and Einsein time dilation
Heighway Paradoxes: A relativistic “He said-She-said” argument

Phase invariance…derives Lorentz transformations
Another view: phasor-invariance and proper time

Yet another view: The Epstein space-proper-time approach to SR
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SLOW(er) (β=u/c=1/5)Comparison of group and phase dynamics:

BohrIt Web Simulation - 2 CW ct vs x Plot (ck = -2, 3) Multi-panel with Zero Tracers
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FAST(er) (β=u/c=3/5)Comparison of group and phase dynamics:

BohrIt Web Simulation - 2 CW ct vs x Plot (ck = -1, 4) Multi-panel with Zero Tracers
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Review: rapidity ρ=ρAB, Doppler shifts e±ρ, and SR velocity parameter Vgroup/c=βAB=uAB/c=tanhρAB

Geometric construction steps 1-4 : 1-octave Doppler (e+ρ =2, e-ρ =½ ), (βAB=uAB/c=3/5)
Reviewing wave coefficients we’ll need to know (backwards and forwards) 

Comparison of group and phase dynamics: FAST(er) (β=u/c=3/5) vs SLOW(er) (β=u/c=1/5)

Thales Mean Geometry (Thales of Miletus 624-543 BCE) and its role in Relawavity
Geometric construction steps 5,6,...: Per-space-time (ω,ck) dispersion hyperbola ω = Bcoshρ...

A quick flip to space-time (ct,x) construction: Minkowski coordinate grid 

Lorentz transformations of Phase vector P′  and Group vector G′ in per-space-time
Lorentz matrix transformation of  (x,ct) space-time coordinates 

Two Famous-Name Coefficients: Lorentz space contraction and Einsein time dilation
Heighway Paradoxes: A relativistic “He said-She-said” argument

Phase invariance…derives Lorentz transformations
Another view: phasor-invariance and proper time

Yet another view: The Epstein space-proper-time approach to SR
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Thales Mean Geometry (600BCE) 
helps “Relawavity” 
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Thales Mean Geometry (600BCE) 
helps “Relawavity” Thales showed a circle diameter subtends a right angle with any circle point P

This leads to a convenient
construction of geometric means
and relativistic hyperbolas.
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Thales Mean Geometry (600BCE) 
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Review: rapidity ρ=ρAB, Doppler shifts e±ρ, and SR velocity parameter Vgroup/c=βAB=uAB/c=tanhρAB

Geometric construction steps 1-4 : 1-octave Doppler (e+ρ =2, e-ρ =½ ), (βAB=uAB/c=3/5)
Reviewing wave coefficients we’ll need to know (backwards and forwards) 
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Geometric construction steps 5,6,...: Per-space-time (ω,ck) dispersion hyperbola ω = Bcoshρ...

A quick flip to space-time (ct,x) construction: Minkowski coordinate grid 
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Lorentz matrix transformation of  (x,ct) space-time coordinates 
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Review: rapidity ρ=ρAB, Doppler shifts e±ρ, and SR velocity parameter Vgroup/c=βAB=uAB/c=tanhρAB

Geometric construction steps 1-4 : 1-octave Doppler (e+ρ =2, e-ρ =½ ), (βAB=uAB/c=3/5)
Reviewing wave coefficients we’ll need to know (backwards and forwards) 

Comparison of group and phase dynamics: FAST(er) (β=u/c=3/5) vs SLOW(er) (β=u/c=1/5)

Thales Mean Geometry (Thales of Miletus 624-543 BCE) and its role in Relawavity
Geometric construction steps 5,6,...: Per-space-time (ω,ck) dispersion hyperbola ω = Bcoshρ...

A quick flip to space-time (ct,x) construction: Minkowski coordinate grid 

Lorentz transformations of Phase vector P′  and Group vector G′ in per-space-time
Lorentz matrix transformation of  (x,ct) space-time coordinates 

Two Famous-Name Coefficients: Lorentz space contraction and Einsein time dilation
Heighway Paradoxes: A relativistic “He said-She-said” argument

Phase invariance…derives Lorentz transformations
Another view: phasor-invariance and proper time

Yet another view: The Epstein space-proper-time approach to SR
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Review: rapidity ρ=ρAB, Doppler shifts e±ρ, and SR velocity parameter Vgroup/c=βAB=uAB/c=tanhρAB

Geometric construction steps 1-4 : 1-octave Doppler (e+ρ =2, e-ρ =½ ), (βAB=uAB/c=3/5)
Reviewing wave coefficients we’ll need to know (backwards and forwards) 

Comparison of group and phase dynamics: FAST(er) (β=u/c=3/5) vs SLOW(er) (β=u/c=1/5)

Thales Mean Geometry (Thales of Miletus 624-543 BCE) and its role in Relawavity
Geometric construction steps 5,6,...: Per-space-time (ω,ck) dispersion hyperbola ω = Bcoshρ...

A quick flip to space-time (ct,x) construction: Minkowski coordinate grid 

Lorentz transformations of Phase vector P′  and Group vector G′ in per-space-time
Lorentz matrix transformation of  (x,ct) space-time coordinates 

Two Famous-Name Coefficients: Lorentz space contraction and Einsein time dilation
Heighway Paradoxes: A relativistic “He said-She-said” argument

Phase invariance…derives Lorentz transformations
Another view: phasor-invariance and proper time

Yet another view: The Epstein space-proper-time approach to SR
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⎜
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⎟
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⎞
⎠⎟
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    P′=

Lorentz transformations...
write G′ and P′ in terms of  G and P using coshρ and sinhρ
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⎜
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⎟
⎟
=υA

sinhρ
coshρ

⎛

⎝
⎜⎜
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⎛

⎝
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⎞

⎠
⎟⎟

Lorentz transform
matrix
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Review: rapidity ρ=ρAB, Doppler shifts e±ρ, and SR velocity parameter Vgroup/c=βAB=uAB/c=tanhρAB

Geometric construction steps 1-4 : 1-octave Doppler (e+ρ =2, e-ρ =½ ), (βAB=uAB/c=3/5)
Reviewing wave coefficients we’ll need to know (backwards and forwards) 

Comparison of group and phase dynamics: FAST(er) (β=u/c=3/5) vs SLOW(er) (β=u/c=1/5)

Thales Mean Geometry (Thales of Miletus 624-543 BCE) and its role in Relawavity
Geometric construction steps 5,6,...: Per-space-time (ω,ck) dispersion hyperbola ω = Bcoshρ...

A quick flip to space-time (ct,x) construction: Minkowski coordinate grid 

Lorentz transformations of Phase vector P′  and Group vector G′ in per-space-time
Lorentz matrix transformation of  (x,ct) space-time coordinates 

Two Famous-Name Coefficients: Lorentz space contraction and Einsein time dilation
Heighway Paradoxes: A relativistic “He said-She-said” argument

Phase invariance…derives Lorentz transformations
Another view: phasor-invariance and proper time

Yet another view: The Epstein space-proper-time approach to SR
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Space x′
(units of

λA=1/2µm)

Time ct′
(units of

λA=1/2µm)
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    G     P
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    G     P    P′=
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    P

    G′=

Space-time position vectorX in Bob’s coordinates 

X= xP + ctG = x
ct

⎛
⎝⎜

⎞
⎠⎟
= 1.9

2.5
⎛
⎝⎜

⎞
⎠⎟

X

Same vector X in Alice’s coordinates 

X= x′P′ + ct′G′= ′x
c ′t

⎛
⎝⎜

⎞
⎠⎟

sinhρ
coshρ

coshρ
sinhρ( ) = 3

4

5
4

5
4

3
4( )

Lorentz transform
matrix for u/c=3/5

ct=2.5

x=1.9

x=1.9
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X= x′P′ + ct′G′= ′x
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Find Alice’s coordinates from Bob’s
X= x′(Pcoshρ+Gsinhρ) 
  + ct′(Psinhρ+Gcoshρ)

sinhρ
coshρ

coshρ
sinhρ( ) = 3

4

5
4

5
4

3
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Lorentz transform
matrix for u/c=3/5

ct=2.5

x=1.9

x=1.9
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Rearrange:
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x=1.9

x=1.9
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Rearrange:

 = xP
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Put this in
matrix form:
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x=1.9

x=1.9
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⎛
⎝⎜
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⎠⎟
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⎛
⎝⎜

⎞
⎠⎟
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⎛
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⎜
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matrix for u/c=3/5

Rearrange:
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⎛
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Find Alice’s coordinates from Bob’s
X= x′(Pcoshρ+Gsinhρ) 
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⎛
⎝⎜

⎞
⎠⎟
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ct
⎛
⎝⎜

⎞
⎠⎟
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coshρ sinhρ
sinhρ coshρ

⎛

⎝
⎜
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⎠
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c ′t

⎛
⎝⎜

⎞
⎠⎟

′x
c ′t

⎛
⎝⎜

⎞
⎠⎟
=

coshρ -sinhρ
-sinhρ coshρ

⎛

⎝
⎜

⎞

⎠
⎟

1.9
2.5

⎛
⎝⎜

⎞
⎠⎟

sinhρ
coshρ

coshρ
sinhρ( ) = 3

4

5
4

5
4

3
4( )

Lorentz transform
matrix for u/c=3/5

Matrix inverse:
 Set ρ to -ρ

Rearrange:

 = xP
+ctG

Put this in
matrix form:

ct=2.5

x=1.9

x=1.9
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X= x′(Pcoshρ+Gsinhρ) 
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Lorentz transform
matrix for u/c=3/5

c ′t =1
.7

′x =0
.5

Matrix inverse:
 Set ρ to -ρ

Rearrange:

 = xP
+ctG

Put this in
matrix form:

ct=2.5

x=1.9

x=1.9
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Review: rapidity ρ=ρAB, Doppler shifts e±ρ, and SR velocity parameter Vgroup/c=βAB=uAB/c=tanhρAB

Geometric construction steps 1-4 : 1-octave Doppler (e+ρ =2, e-ρ =½ ), (βAB=uAB/c=3/5)
Reviewing wave coefficients we’ll need to know (backwards and forwards) 

Comparison of group and phase dynamics: FAST(er) (β=u/c=3/5) vs SLOW(er) (β=u/c=1/5)

Thales Mean Geometry (Thales of Miletus 624-543 BCE) and its role in Relawavity
Geometric construction steps 5,6,...: Per-space-time (ω,ck) dispersion hyperbola ω = Bcoshρ...

A quick flip to space-time (ct,x) construction: Minkowski coordinate grid 

Lorentz transformations of Phase vector P′  and Group vector G′ in per-space-time
Lorentz matrix transformation of  (x,ct) space-time coordinates 

Two Famous-Name Coefficients: Lorentz space contraction and Einsein time dilation
Heighway Paradoxes: A relativistic “He said-She-said” argument

Phase invariance…derives Lorentz transformations
Another view: phasor-invariance and proper time

Yet another view: The Epstein space-proper-time approach to SR
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This number 
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Two Famous-Name Coefficients

Old-Fashioned Notation

(contracted by 20% here)

(dilated by 25% here)

Hendrik A. 
Lorentz
1853-1928

Herman
Minkowski
1864-1909

Albert
Einstein
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Review: rapidity ρ=ρAB, Doppler shifts e±ρ, and SR velocity parameter Vgroup/c=βAB=uAB/c=tanhρAB

Geometric construction steps 1-4 : 1-octave Doppler (e+ρ =2, e-ρ =½ ), (βAB=uAB/c=3/5)
Reviewing wave coefficients we’ll need to know (backwards and forwards) 

Comparison of group and phase dynamics: FAST(er) (β=u/c=3/5) vs SLOW(er) (β=u/c=1/5)

Thales Mean Geometry (Thales of Miletus 624-543 BCE) and its role in Relawavity
Geometric construction steps 5,6,...: Per-space-time (ω,ck) dispersion hyperbola ω = Bcoshρ...

A quick flip to space-time (ct,x) construction: Minkowski coordinate grid 

Lorentz transformations of Phase vector P′  and Group vector G′ in per-space-time
Lorentz matrix transformation of  (x,ct) space-time coordinates 

Two Famous-Name Coefficients: Lorentz space contraction and Einsein time dilation
Heighway Paradoxes: A relativistic “He said-She-said” argument

Phase invariance…derives Lorentz transformations
Another view: phasor-invariance and proper time

Yet another view: The Epstein space-proper-time approach to SR
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SOURCESOURCE

b=2
SOURCESOURCE

b=1/2

b=1=r
SOURCESOURCE

Alice: “ No Bob, you’re
the one with short

group-λ ! ”
Carla: “I agree with Alice!”

Bob: “ Alice! Your group-λ is short! ”

SOURCESOURCE

λ′=0.4µm
λ=0.5µm

(a) Heighway

paradox-1

(b) Paradox-2

SOURCESOURCE

b=2

SOURCESOURCE

Alice: “ No Bob, you’re
the one with short laser-λ ! ”

Bob: “ Alice! Your laser-λ is short! ”λ′=0.25µm
λ=0.5µm

Carla: “I don’t care.
They’ve really lost it!”

(Doppler blue-shifts

to 0.25µm for Alice)

Heighway Paradoxes: A relativistic “He said-She-said” argument
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Heighway Paradoxes: A relativistic “He said-She-said” argument
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Alice: “ No Bob, you’re
the one with short laser-λ ! ”
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λ=0.5µm

Carla: “I don’t care.
They’ve really lost it!”

(Doppler blue-shifts

to 0.25µm for Alice)

Heighway Paradoxes: A relativistic “He said-She-said” argument

Most would agree
Paradox-2 is not
really paradoxical! 
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Alice: “ No Bob, you’re
the one with short

group-λ ! ”
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Alice: “ No Bob, you’re
the one with short laser-λ ! ”

Bob: “ Alice! Your laser-λ is short! ”λ′=0.25µm
λ=0.5µm

Carla: “I don’t care.
They’ve really lost it!”

(Doppler blue-shifts

to 0.25µm for Alice)

Heighway Paradoxes: A relativistic “He said-She-said” argument

Most would agree
Paradox-2 is not
really paradoxical. 

Well, neither is Paradox-1!
Both are just what waves do!
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Review: rapidity ρ=ρAB, Doppler shifts e±ρ, and SR velocity parameter Vgroup/c=βAB=uAB/c=tanhρAB

Geometric construction steps 1-4 : 1-octave Doppler (e+ρ =2, e-ρ =½ ), (βAB=uAB/c=3/5)
Reviewing wave coefficients we’ll need to know (backwards and forwards) 

Comparison of group and phase dynamics: FAST(er) (β=u/c=3/5) vs SLOW(er) (β=u/c=1/5)

Thales Mean Geometry (Thales of Miletus 624-543 BCE) and its role in Relawavity
Geometric construction steps 5,6,...: Per-space-time (ω,ck) dispersion hyperbola ω = Bcoshρ...

A quick flip to space-time (ct,x) construction: Minkowski coordinate grid 

Lorentz transformations of Phase vector P′  and Group vector G′ in per-space-time
Lorentz matrix transformation of  (x,ct) space-time coordinates 

Two Famous-Name Coefficients: Lorentz space contraction and Einsein time dilation
Heighway Paradoxes: A relativistic “He said-She-said” argument

Phase invariance…derives Lorentz transformations
Another view: phasor-invariance and proper time

Yet another view: The Epstein space-proper-time approach to SR
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Phase invariance...
Each laser phasor sketched in Fig. 4 should be taken seriously as a gauge of time (clock) 
and of space (metric ruler) by giving time (wave period τ ) and distance (wavelength λ). 
A reading of a phase φ by Alice at a space-time point must equal reading φ′ by Bob 
in spite of unequal readings (x,t) and (x′,t′)for that point and unequal readings (ω,ck) and (ω′,ck′) 
for either a laser group-wave or its phase-wave.

′φphase ≡ ′kphase ′x − ′ω phase ′t = kphasex −ω phase t ≡φphase

′φgroup ≡ ′kgroup ′x − ′ω group ′t = kgroupx −ω group t ≡φgroup
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Phase invariance...

′φphase ≡ ′kphase ′x − ′ω phase ′t = kphasex −ω phase t ≡φphase

′φgroup ≡ ′kgroup ′x − ′ω group ′t = kgroupx −ω group t ≡φgroup

...derives Lorentz transformations...
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5
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4
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3
=1.33 5

3
=1.67 2

1
=2.0

using:  ω A /kA=c=υA/κ A

Each laser phasor sketched in Fig. 4 should be taken seriously as a gauge of time (clock) 
and of space (metric ruler) by giving time (wave period τ ) and distance (wavelength λ). 
A reading of a phase φ by Alice at a space-time point must equal reading φ′ by Bob 
in spite of unequal readings (x,t) and (x′,t′)for that point and unequal readings (ω,ck) and (ω′,ck′) 
for either a laser group-wave or its phase-wave.
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Phase invariance...

′φphase ≡ ′kphase ′x − ′ω phase ′t = kphasex −ω phase t ≡φphase

′φgroup ≡ ′kgroup ′x − ′ω group ′t = kgroupx −ω group t ≡φgroup

...derives Lorentz transformations...
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using:  ω A /kA=c=υA/κ A

kphase=2πκ phase
ω phase=2πυ phase

kA=2πκ A
ω A=2πυA

Angular 2-factors

Each laser phasor sketched in Fig. 4 should be taken seriously as a gauge of time (clock) 
and of space (metric ruler) by giving time (wave period τ ) and distance (wavelength λ). 
A reading of a phase φ by Alice at a space-time point must equal reading φ′ by Bob 
in spite of unequal readings (x,t) and (x′,t′)for that point and unequal readings (ω,ck) and (ω′,ck′) 
for either a laser group-wave or its phase-wave.
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Phase invariance...

′φphase ≡ ′kphase ′x − ′ω phase ′t = kphasex −ω phase t ≡φphase

′φgroup ≡ ′kgroup ′x − ′ω group ′t = kgroupx −ω group t ≡φgroup

...derives Lorentz transformations...
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′kphase=kAsinhρAB     ′ω phase=ω AcoshρAB      kphase= 0      ω phase=ω A

kA ′x sinhρAB −ω A ′t coshρAB = 0 ⋅ x −ω A t       or:     ct= c ′t coshρAB − ′x sinhρAB
using:  ω A /kA=c=υA/κ A

kphase=2πκ phase
ω phase=2πυ phase

kA=2πκ A
ω A=2πυA

Angular 2-factors

Each laser phasor sketched in Fig. 4 should be taken seriously as a gauge of time (clock) 
and of space (metric ruler) by giving time (wave period τ ) and distance (wavelength λ). 
A reading of a phase φ by Alice at a space-time point must equal reading φ′ by Bob 
in spite of unequal readings (x,t) and (x′,t′)for that point and unequal readings (ω,ck) and (ω′,ck′) 
for either a laser group-wave or its phase-wave.
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Phase invariance...

′φphase ≡ ′kphase ′x − ′ω phase ′t = kphasex −ω phase t ≡φphase

′φgroup ≡ ′kgroup ′x − ′ω group ′t = kgroupx −ω group t ≡φgroup

...derives Lorentz transformations...
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Doppler c
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′kphase=kAsinhρAB     ′ω phase=ω AcoshρAB      kphase= 0      ω phase=ω A

kA ′x sinhρAB −ω A ′t coshρAB = 0 ⋅ x −ω A t       or:     ct= c ′t coshρAB − ′x sinhρAB
using:  ω A /kA=c=υA/κ A

kphase=2πκ phase
ω phase=2πυ phase

kA=2πκ A
ω A=2πυA

Angular 2π-factors

Each laser phasor sketched in Fig. 4 should be taken seriously as a gauge of time (clock) 
and of space (metric ruler) by giving time (wave period τ ) and distance (wavelength λ). 
A reading of a phase φ by Alice at a space-time point must equal reading φ′ by Bob 
in spite of unequal readings (x,t) and (x′,t′)for that point and unequal readings (ω,ck) and (ω′,ck′) 
for either a laser group-wave or its phase-wave.

63Tuesday, April 12, 2016



Phase invariance...

′φphase ≡ ′kphase ′x − ′ω phase ′t = kphasex −ω phase t ≡φphase

′φgroup ≡ ′kgroup ′x − ′ω group ′t = kgroupx −ω group t ≡φgroup

...derives Lorentz transformations...
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′kphase=kAsinhρAB     ′ω phase=ω AcoshρAB      kphase= 0      ω phase=ω A

′kgroup=kAcoshρAB     ′ω group=ω AsinhρAB      kgroup= kA      ω group=0

kA ′x sinhρAB −ω A ′t coshρAB = 0 ⋅ x −ω A t       or:     ct= c ′t coshρAB − ′x sinhρAB

kA ′x coshρAB −ω A ′t sinhρAB = kAx − 0⋅t         or:       x= ′x coshρAB − c ′t sinhρAB

using:  ω A /kA=c=υA/κ A

kgroup=2πκ group
ω group=2πυgroup

kphase=2πκ phase
ω phase=2πυ phase

kA=2πκ A
ω A=2πυA

Each laser phasor sketched in Fig. 4 should be taken seriously as a gauge of time (clock) 
and of space (metric ruler) by giving time (wave period τ ) and distance (wavelength λ). 
A reading of a phase φ by Alice at a space-time point must equal reading φ′ by Bob 
in spite of unequal readings (x,t) and (x′,t′)for that point and unequal readings (ω,ck) and (ω′,ck′) 
for either a laser group-wave or its phase-wave.

Angular 2π-factors
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Phase invariance...

′φphase ≡ ′kphase ′x − ′ω phase ′t = kphasex −ω phase t ≡φphase

′φgroup ≡ ′kgroup ′x − ′ω group ′t = kgroupx −ω group t ≡φgroup

...derives Lorentz transformations...
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′kphase=kAsinhρAB     ′ω phase=ω AcoshρAB      kphase= 0      ω phase=ω A

′kgroup=kAcoshρAB     ′ω group=ω AsinhρAB      kgroup= kA      ω group=0

kA ′x sinhρAB −ω A ′t coshρAB = 0 ⋅ x −ω A t       or:     ct= c ′t coshρAB − ′x sinhρAB

kA ′x coshρAB −ω A ′t sinhρAB = kAx − 0⋅t         or:       x= ′x coshρAB − c ′t sinhρAB

using:  ω A /kA=c=υA/κ A

kgroup=2πκ group
ω group=2πυgroup

kphase=2πκ phase
ω phase=2πυ phase

kA=2πκ A
ω A=2πυA

Each laser phasor sketched in Fig. 4 should be taken seriously as a gauge of time (clock) 
and of space (metric ruler) by giving time (wave period τ ) and distance (wavelength λ). 
A reading of a phase φ by Alice at a space-time point must equal reading φ′ by Bob 
in spite of unequal readings (x,t) and (x′,t′)for that point and unequal readings (ω,ck) and (ω′,ck′) 
for either a laser group-wave or its phase-wave.

Angular 2π-factors
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Phase invariance...

′φphase ≡ ′kphase ′x − ′ω phase ′t = kphasex −ω phase t ≡φphase

′φgroup ≡ ′kgroup ′x − ′ω group ′t = kgroupx −ω group t ≡φgroup

...derives Lorentz transformations...

phase bRED
Doppler c

Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

Vphase

c
bBLUE
Doppler

group 1
bBLUE
Doppler

Vgroup
c

υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

c
Vgroup

1
bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

′kphase=kAsinhρAB     ′ω phase=ω AcoshρAB      kphase= 0      ω phase=ω A

′kgroup=kAcoshρAB     ′ω group=ω AsinhρAB      kgroup= kA      ω group=0

kA ′x sinhρAB −ω A ′t coshρAB = 0 ⋅ x −ω A t       or:     ct= c ′t coshρAB − ′x sinhρAB

kA ′x coshρAB −ω A ′t sinhρAB = kAx − 0⋅t         or:       x= ′x coshρAB − c ′t sinhρAB

using:  ω A /kA=c=υA/κ A

kgroup=2πκ group
ω group=2πυgroup

kphase=2πκ phase
ω phase=2πυ phase

ct
x( ) = −sinhρ

coshρ
coshρ
−sinhρ( ) c ′t

′x( )

kA=2πκ A
ω A=2πυA

Each laser phasor sketched in Fig. 4 should be taken seriously as a gauge of time (clock) 
and of space (metric ruler) by giving time (wave period τ ) and distance (wavelength λ). 
A reading of a phase φ by Alice at a space-time point must equal reading φ′ by Bob 
in spite of unequal readings (x,t) and (x′,t′)for that point and unequal readings (ω,ck) and (ω′,ck′) 
for either a laser group-wave or its phase-wave.

Angular 2π-factors
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Phase invariance...

′φphase ≡ ′kphase ′x − ′ω phase ′t = kphasex −ω phase t ≡φphase

′φgroup ≡ ′kgroup ′x − ′ω group ′t = kgroupx −ω group t ≡φgroup

...derives Lorentz transformations...
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′kphase=kAsinhρAB     ′ω phase=ω AcoshρAB      kphase= 0      ω phase=ω A

′kgroup=kAcoshρAB     ′ω group=ω AsinhρAB      kgroup= kA      ω group=0

kA ′x sinhρAB −ω A ′t coshρAB = 0 ⋅ x −ω A t       or:     ct= c ′t coshρAB − ′x sinhρAB

kA ′x coshρAB −ω A ′t sinhρAB = kAx − 0⋅t         or:       x= ′x coshρAB − c ′t sinhρAB

using:  ω A /kA=c=υA/κ A

kgroup=2πκ group
ω group=2πυgroup

kphase=2πκ phase
ω phase=2πυ phase
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Each laser phasor sketched in Fig. 4 should be taken seriously as a gauge of time (clock) 
and of space (metric ruler) by giving time (wave period τ ) and distance (wavelength λ). 
A reading of a phase φ by Alice at a space-time point must equal reading φ′ by Bob 
in spite of unequal readings (x,t) and (x′,t′)for that point and unequal readings (ω,ck) and (ω′,ck′) 
for either a laser group-wave or its phase-wave.

Angular 2π-factors
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Review: rapidity ρ=ρAB, Doppler shifts e±ρ, and SR velocity parameter Vgroup/c=βAB=uAB/c=tanhρAB

Geometric construction steps 1-4 : 1-octave Doppler (e+ρ =2, e-ρ =½ ), (βAB=uAB/c=3/5)
Reviewing wave coefficients we’ll need to know (backwards and forwards) 

Comparison of group and phase dynamics: FAST(er) (β=u/c=3/5) vs SLOW(er) (β=u/c=1/5)

Thales Mean Geometry (Thales of Miletus 624-543 BCE) and its role in Relawavity
Geometric construction steps 5,6,...: Per-space-time (ω,ck) dispersion hyperbola ω = Bcoshρ...

A quick flip to space-time (ct,x) construction: Minkowski coordinate grid 

Lorentz transformations of Phase vector P′  and Group vector G′ in per-space-time
Lorentz matrix transformation of  (x,ct) space-time coordinates 

Two Famous-Name Coefficients: Lorentz space contraction and Einsein time dilation
Heighway Paradoxes: A relativistic “He said-She-said” argument

Phase invariance…derives Lorentz transformations
Another view: phasor-invariance and proper time

Yet another view: The Epstein space-proper-time approach to SR
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3.33·10
-15
s)

+1

m)
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p
a
th
(p
h
a
se
=
+
3
π
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)

ImψReψReψ

Wavelength λ=2π/k=1/κ

Time

ct

Re
al

ax
isangular 

units

1CW Laser-phasor wave function
ψ = A⋅ei(kx−ωt ) = A⋅cos(kx −ωt)+ iA⋅sin(kx −ωt)

(kx−ωt )
phase-angle

Imaginary
axis

phase-angle

Amplitude
A

Amplitude
A

π

π

π

π

Clock velocity u=0
 frequency 300THz

Clock velocity u~c
frequency~0.0 THz

Two extremes give
identical phasor
clock (x,ct) array

Other Doppler versions
 λ′/τ′=c=υ′/κ′ 

must match this phasor
clock-(x,ct)-array, too.

That’s gauge invariance!
κx-υt = κ′x′-υ′t′

Vlight
c

= λ
cτ

= υ
cκ

= 1= ω
ck

Dimensionless Light wave-velocity c/c=1
angular 

units
     angular frequency :ω = 2πυ
angular wavenumber : k = 2πκ

“winks”
‘n

“kinks”
k =wavevector
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Review: rapidity ρ=ρAB, Doppler shifts e±ρ, and SR velocity parameter Vgroup/c=βAB=uAB/c=tanhρAB

Geometric construction steps 1-4 : 1-octave Doppler (e+ρ =2, e-ρ =½ ), (βAB=uAB/c=3/5)
Reviewing wave coefficients we’ll need to know (backwards and forwards) 

Comparison of group and phase dynamics: FAST(er) (β=u/c=3/5) vs SLOW(er) (β=u/c=1/5)

Thales Mean Geometry (Thales of Miletus 624-543 BCE) and its role in Relawavity
Geometric construction steps 5,6,...: Per-space-time (ω,ck) dispersion hyperbola ω = Bcoshρ...

A quick flip to space-time (ct,x) construction: Minkowski coordinate grid 

Lorentz transformations of Phase vector P′  and Group vector G′ in per-space-time
Lorentz matrix transformation of  (x,ct) space-time coordinates 

Two Famous-Name Coefficients: Lorentz space contraction and Einsein time dilation
Heighway Paradoxes: A relativistic “He said-She-said” argument

Phase invariance…derives Lorentz transformations
Another view: phasor-invariance and proper time

Yet another view: The Epstein space-proper-time approach to SR
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Review of Doppler-shift and Rapidity ρAB calculation:Galileo’s Revenge Part I Lect. 23 p.64-75
Relating rapidity ρAB and relativity velocity parameter βAB=uAB/c

Review of ½-sum-½-difference Phase and Group factors giving relativistic space-axes and time-axes
Colliding-CW space-time (x,ct)-graph vs Colliding PW space-time (R,L)-baseball diamond

Review of ½-sum-½-difference of phasor angular velocity:Galileo’s Revenge Part II (Pirelli site)
Elementary models: 2-comb Moire′ patterns and cosine-law constructions 

Bob, Alice, and Carla combine Doppler shifted ½-sum-½-difference Phase and Group factors
Doppler shifted Phase vector P′  and Group vector G′ in per-space-time
Minkowski coordinate grid in space-time 

Animations that compare Doppler shifted colliding CW with colliding PW
The 16 parameters of Doppler-shifted 2-CW Minkowski geometry

Doppler shifted Phase parameters
Doppler shifted Group parameters

Lorentz transformation matrix and Two Famous-Name Coefficients
Thales Mean Geometry (Thales of Miletus 624-543 BCE) and its role in Relawavity

Detailed geometric construction of relawavity plot for 1-octave Doppler (βAB=uAB/c=3/5)

Stellar aberration and the Epstein approach to SR
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Comparing Longitudinal relativity parameter:Rapidity ρ = loge(Doppler Shift)

           to a    Transverse*relativity parameter: Stellar aberration angle σ
*Lewis Carroll Epstein, Relativitätstheorie, Birkhäuser, (2004) Earlier English version (1985)-

Comparing Longitudinal relativity parameter:Rapidity ρ = loge(Doppler Shift)

           to a    Transverse*relativity parameter: Stellar aberration angle σ
*Lewis Carroll Epstein, Relativitätstheorie, Birkhäuser, (2004) Earlier English version (1985)-

   We used notion σ 
for stellar-ab-angle,
(a “flipped-out” ρ ).
Epstein not interested 
in ρ analysis or in
relation of σ and ρ.
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cτ=√(ct′)2-(x′)2
Coordinate

ο

PP

Particles and have speed u in (x′,ct′) and speed c in (x, cτ)

P′′P′

Proper length

Contracted L′
Lorentz-

L′=L√1-u2/c2

Lct′

Comoving particles

P and P′

σσ

σσ

cτ

x′

Proper time cτ vs. coordinate space x - (L. C. Epstein’s “Cosmic Speedometer”)

Einstein time dilation:
ct′=cτ secσ=cτ coshρ = cτ /

Proper Time asimultaneity:

Lorentz length contraction:
L′= L sechρ = Lcosσ = L·

c Δτ= L′ sinhρ = L cosσ sinhρ
= L cosσ tanσ
= L sinσ = L / ~ L u/c

√1-u2/c2

√c2/u2-1

√1-u2/c2

x′=(u/c)ct′=ut′

cτ ′

L

PP P′′P′
Proper time

Comparing Longitudinal relativity parameter:Rapidity ρ = loge(Doppler Shift)

           to a    Transverse*relativity parameter: Stellar aberration angle σ
*Lewis Carroll Epstein, Relativitätstheorie, Birkhäuser, (2004) Earlier English version (1985)-
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Comparing Longitudinal relativity parameter:Rapidity ρ = loge(Doppler Shift)

           to a    Transverse*relativity parameter: Stellar aberration angle σ
*Lewis Carroll Epstein, Relativitätstheorie, Birkhäuser, (2004) Earlier English version (1985)-

cτ=√(ct′)2-(x′)2
Coordinate

ο

PP

Particles and have speed u in (x′,ct′) and speed c in (x, cτ)

P′′P′

Proper length

Contracted L′
Lorentz-

L′=L√1-u2/c2

Lct′

Comoving particles

P and P′

σσ

σσ

cτ

x′

Proper time cτ vs. coordinate space x - (L. C. Epstein’s “Cosmic Speedometer”)

Einstein time dilation:
ct′=cτ secσ=cτ coshρ = cτ /

Proper Time asimultaneity:

Lorentz length contraction:
L′= L sechρ = Lcosσ = L·

c Δτ= L′ sinhρ = L cosσ sinhρ
= L cosσ tanσ
= L sinσ = L / ~ L u/c

√1-u2/c2

√c2/u2-1

√1-u2/c2

x′=(u/c)ct′=ut′

cτ ′

L

PP P′′P′
Proper time

Epstein’s trick is to
turn a hyperbolic form
into a circular form:

(cτ )2 + ( ′x )2 = (c ′t )

cτ = (c ′t )2 − ( ′x )2

Then everything (and everybody) always goes speed c through (x′,cτ) space!
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Comparing Longitudinal relativity parameter:Rapidity ρ = loge(Doppler Shift)

           to a    Transverse  relativity parameter: Stellar aberration angle σ

RelaWavity Web Simulation 
Geometry of Stellar Aberation Angle
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Comparing Longitudinal relativity parameter:Rapidity ρ = loge(Doppler Shift)

           to a    Transverse  relativity parameter: Stellar aberration angle σ

RelaWavity Web Simulation 
Geometry of Rapidity Relations
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RelaWavity Web Simulation 
Relating Rapidity and Stellar Abberation
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Summary of optical wave parameters for relativity and QM
...and their geometry
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An aid to
pattern recognition:

RelaWavity Web Simulation 
{perSpace - perTime All}
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An aid to
pattern recognition:

Table of 12 wave parameters 
(includes inverses) for relativity

...and values for u/c=3/5
RelaWavity Web Simulation

Relativistic Terms (Dual plot w/expanded table)

group bRED
Doppler Vgroup

c
υgroup

υA

λgroup

λA

κ group

κ A

τ group
τ A

c
Vgroup

bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

κ phase

κ A

τ phase

τ A

υ phase

υA

λphase

λA

Vphase

c
1

bRED
Doppler

     ρ
rapidity e−ρ tanhρ sinhρ sechρ coshρ cschρ cothρ e+ρ

 angle   σ
stellar   ∀ 1/e+ρ sinσ tanσ cosσ secσ cotσ cscσ 1/e−ρ

β≡u
c

1−β
1+β

β
1

1
β−2−1

1−β 2

1
1

1−β 2

β−2−1
1

1
β

1+β
1−β

β=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0
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