
Lecture 25 
CN-Symmetric Wave Modes and 2-CW Algebra and Geometry  

(Ch. 5 of Unit 4   3.31.16)
Wave resonance in cyclic Cn symmetry (REVIEW)

C6 symmetric mode model:Distant neighbor coupling 
            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vphase(2-CW) and group velocity Vgroup (2-CW)

                              Example: Bohr Dispersion 2-CW made of  1-CW(m=-1) + 1-CW(m=2)
                 Find 2-CW space-time (x,t) lattice from per-space-time (κ,υ) by matrix-algebra/geometry
                     Same 1-CW(m=-1) + 1-CW(m=2) Example

Lecture 22 CN Wave Modes 
Thursday 3.31.2016
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Wave resonance in cyclic Cn symmetry (REVIEW)
C6 symmetric mode model:Distant neighbor coupling 

            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vphase(2-CW) and group velocity Vgroup (2-CW)

                              Example: Bohr Dispersion 2-CW made of  1-CW(m=-1) + 1-CW(m=2)
                 Find 2-CW space-time (x,t) lattice from per-space-time (κ,υ) by matrix-algebra/geometry
                     Same 1-CW(m=-1) + 1-CW(m=2) Example
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Two distinct types of “quantum” numbers.
 p=0,1,or 2 is power p of operator rp and defines each oscillator’s position point p. 
m=0,1,or 2 is mode momentum m of the waves or wavevector km=2π/λm=2πm/L.  (L=Na=3)

L=lattice length(=3 here)
     N=symmetry(=3 here)
          a=lattice spacing(=1 here)

Each quantum number follows modular arithmetic: sums or products are an integer-modulo-3,
that is, always 0,1,or 2, or else -1,0,or 1, or else -2,-1,or 0, etc., depending on choice of origin. 

For example, for m=2 and p=2 the number (ρm)p=(eim2π/3)p is eimp·2π/3= ei4·2π/3= ei1·2π/3 ei2π= ei2π/3=ρ1. 
That is, (2-times-2) mod 3 is not 4 but 1 (4 mod 3=1, the remainder of 4 divided by 3.) 
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(03) = 0 P(0) 3 = 3
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(13) = 0 P(1) 3 = 3
1 ( 1  e−i2π /3  e+i2π /3) 

(23) = 0 P(2) 3 = 3
1 (1  e+i2π /3  e−i2π /3)   

Easy to resolve spectral projectors P(m) and eigen-bra-vectors 〈(m)⏐

(m3) means: m-modulo-3 (Details follow)

L

a

wavelength λm=2π/km= L/m

Basic "trinary" 
wavefunction: ψ km (xp )=eikmxp=e

i2πmp
3

ρmp =
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Wave resonance in cyclic Cn symmetry (REVIEW)
C6 symmetric mode model:Distant neighbor coupling 

            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vphase(2-CW) and group velocity Vgroup (2-CW)

                              Example: Bohr Dispersion 2-CW made of  1-CW(m=-1) + 1-CW(m=2)
                 Find 2-CW space-time (x,t) lattice from per-space-time (κ,υ) by matrix-algebra/geometry
                     Same 1-CW(m=-1) + 1-CW(m=2) Example
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C6 Symmetric Mode Model: 1st neighbor coupling

Fig. 12    International Journal of Molecular Science 14, 749 (2013)

We usually assume Real r=r 
Stability only requires (r)*=r
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C6 Symmetric Mode Model: 1st and 2nd neighbor coupling

Fig. 12    International Journal of Molecular Science 14, 749 (2013)

We usually assume Real r=r 
Stability only requires (r)*=r

...same
with s
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C6 Symmetric Mode Model: 1st , 2nd and 3rd neighbor coupling

Fig. 12    International Journal of Molecular Science 14, 749 (2013)

...same
with s

...but t
has to be real
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Wave resonance in cyclic Cn symmetry (REVIEW)
C6 symmetric mode model:Distant neighbor coupling 

            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vphase(2-CW) and group velocity Vgroup (2-CW)

                              Example: Bohr Dispersion 2-CW made of  1-CW(m=-1) + 1-CW(m=2)
                 Find 2-CW space-time (x,t) lattice from per-space-time (κ,υ) by matrix-algebra/geometry
                     Same 1-CW(m=-1) + 1-CW(m=2) Example
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C6 Spectral resolution: 6th roots of unity

Fig. 13    International Journal of Molecular Science 14, 752 (2013)

χ p
m= eikmr

p

= e
2π imp
6

WaveIt C6 Character Phasors Web Simulation
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=6&clock=true&docolor=true&ImWave=true&ReWave=true&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=6&clock=true&docolor=true&ImWave=true&ReWave=true&hand=true


C6 Spectral resolution: 6th roots of unity

Fig. 13    International Journal of Molecular Science 14, 752 (2013)

χ p
m= eikmr

p

= e
2π imp
6

WaveIt
Local Controls

WaveIt Scenarios

WaveIt C6 Character Phasors Web Simulation
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=6&clock=true&docolor=true&ImWave=true&ReWave=true&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=6&clock=true&docolor=true&ImWave=true&ReWave=true&hand=true


WaveIt Web Simulation - Galloping Wave (N=6)
WaveIt Web Simulation - Standing Wave (N=6)

WaveIt Web Simulation - Galloping Wave (N=12)
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N6GallopingWave_disp_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N6GallopingWave_disp_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N6StandingWave_disp_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N6StandingWave_disp_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N12GallopingWavek6-6_Quad_Disp_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N12GallopingWavek6-6_Quad_Disp_2016HP


Wave resonance in cyclic Cn symmetry (REVIEW)
C6 symmetric mode model:Distant neighbor coupling 

            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vphase(2-CW) and group velocity Vgroup (2-CW)

                              Example: Bohr Dispersion 2-CW made of  1-CW(m=-1) + 1-CW(m=2)
                 Find 2-CW space-time (x,t) lattice from per-space-time (κ,υ) by matrix-algebra/geometry
                     Same 1-CW(m=-1) + 1-CW(m=2) Example
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C6 Spectral resolution of nth Neighbor H: Same modes but different dispersion

1st Neighbor H

2nd Neighbor H

3rd Neighbor H

Fig. 14    International Journal of Molecular Science 14, 754 (2013)
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Wave resonance in cyclic Cn symmetry (REVIEW)
C6 symmetric mode model:Distant neighbor coupling 

            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vphase(2-CW) and group velocity Vgroup (2-CW)

                              Example: Bohr Dispersion 2-CW made of  1-CW(m=-1) + 1-CW(m=2)
                 Find 2-CW space-time (x,t) lattice from per-space-time (κ,υ) by matrix-algebra/geometry
                     Same 1-CW(m=-1) + 1-CW(m=2) Example
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C6 Spectra of 1st neighbor gauge splitting by C-type (Chiral, Coriolis,…, 

1st Neighbor H

Fig. 15    International Journal of Molecular Science 14, 755 (2013)

Standing wave combinations like coskx=(e+ikx+e-ikx)/2 
are not eigenmodes unless φ=0.
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Wave resonance in cyclic Cn symmetry (REVIEW)
C6 symmetric mode model:Distant neighbor coupling 

            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vphase(2-CW) and group velocity Vgroup (2-CW)

                              Example: Bohr Dispersion 2-CW made of  1-CW(m=-1) + 1-CW(m=2)
                 Find 2-CW space-time (x,t) lattice from per-space-time (κ,υ) by matrix-algebra/geometry
                     Same 1-CW(m=-1) + 1-CW(m=2) Example
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1st Neighbor K-matrix

Nth roots of 1  e i m·p 2π/N =〈m⏐ rp ⏐m〉 serving as e-values, eigenfunctions, transformation matrices, 
dispersion relations, Group reps. etc.   

Fig. 4.8.5
Unit 4
CMwBang

Fig. 4.8.4
Unit 4
CMwBang
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CN Symmetric Mode Models:
Nth roots of 1  e i m·p 2π/N =〈m⏐ rp ⏐m〉 serving as e-values, eigenfunctions, transformation matrices, 
dispersion relations, Group reps. etc.   

Orig. Fig. 4.8.6-7
Unit 4
CMwBang

Fourier
transformation matrices WaveIt C12 Character Phasors Web Simulation

WaveIt C12 Web Simulation
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=12&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=12&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=12&clock=false&docolor=false&ImWave=true&ReWave=true&hand=false
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=12&clock=false&docolor=false&ImWave=true&ReWave=true&hand=false
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WaveIt C16 Character Phasors 
Web Simulation
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=16&clock=true&docolor=true&ImWave=false&ReWave=true&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=16&clock=true&docolor=true&ImWave=false&ReWave=true&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=16&clock=true&docolor=true&ImWave=false&ReWave=true&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=16&clock=true&docolor=true&ImWave=false&ReWave=true&hand=true
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WaveIt C32 Character Phasors 
Web Simulation
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=32&clock=true&docolor=true&ImWave=false&ReWave=true&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=32&clock=true&docolor=true&ImWave=false&ReWave=true&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=32&clock=true&docolor=true&ImWave=false&ReWave=true&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=32&clock=true&docolor=true&ImWave=false&ReWave=true&hand=true
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“Uncertainty”
hyperbolas:
m·p=const. 
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Invariant phase
“Uncertainty”
hyperbolas:
m·p=const. 

WaveIt C256 Character Phasors 
Web Simulation
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=256&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=256&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=256&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=256&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true


Wave resonance in cyclic Cn symmetry (REVIEW)
C6 symmetric mode model:Distant neighbor coupling 

            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vphase(2-CW) and group velocity Vgroup (2-CW)

                              Example: Bohr Dispersion 2-CW made of  1-CW(m=-1) + 1-CW(m=2)
                 Find 2-CW space-time (x,t) lattice from per-space-time (κ,υ) by matrix-algebra/geometry
                     Same 1-CW(m=-1) + 1-CW(m=2) Example
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Wave velocities depend on
   Dispersion function 
           ω =ω (k)

(a) 1-CW phase velocity:
     Vphase

1-CW = ω (k)
k

 Vphase
1-CW8 =

ω (k8 )
k8

= 0.9
8

a = k⋅x −ω⋅ t
Given 1-CW phase of wave ei(kx-ωt):

Solve for 1-CW phase velocity
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Wave resonance in cyclic Cn symmetry (REVIEW)
C6 symmetric mode model:Distant neighbor coupling 

            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vphase(2-CW) and group velocity Vgroup (2-CW)

                              Example: Bohr Dispersion 2-CW made of  1-CW(m=-1) + 1-CW(m=2)
                 Find 2-CW space-time (x,t) lattice from per-space-time (κ,υ) by matrix-algebra/geometry
                     Same 1-CW(m=-1) + 1-CW(m=2) Example
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Velocities depend upon
   Dispersion function 
           ω =ω (k)

(a) 1-CW phase velocity:
     Vphase

1-CW = ω (k)
k

a = ka ⋅x −ω a ⋅ t b = kb ⋅x −ωb ⋅ t

The ½-Sum-½-Diff-Identity and 2-CW phase and group velocity
Given 2-CW phases:

and
...find 2-CW phase velocity           and group velocityVphase

2-CW Vgroup
2-CW
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Velocities depend upon
   Dispersion function 
           ω =ω (k)

(a) 1-CW phase velocity:
     Vphase

1-CW = ω (k)
k

eia + eib

2
= e

ia+b
2 e

ia−b
2 + e

− i a−b
2

2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
= e

ia+b
2 cos a − b

2
⎛
⎝⎜

⎞
⎠⎟

a = ka ⋅x −ω a ⋅ t b = kb ⋅x −ωb ⋅ t

The ½-Sum-½-Diff-Identity and 2-CW phase and group velocity
Given 2-CW phases:

and
...find 2-CW phase velocity           and group velocityVphase

2-CW Vgroup
2-CW
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Velocities depend upon
   Dispersion function 
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(a) 1-CW phase velocity:
     Vphase

1-CW = ω (k)
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⎜
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⎠

⎟
⎟
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2 cos a − b

2
⎛
⎝⎜

⎞
⎠⎟

a = ka ⋅x −ω a ⋅ t b = kb ⋅x −ωb ⋅ t

The ½-Sum-½-Diff-Identity and 2-CW phase and group velocity
Given two 1-CW phases:

and
...find 2-CW phase velocity           and group velocityVphase

2-CW Vgroup
2-CW

= e
i (ka+kb )

2
x− (ωa+ωb )

2
t
cos (ka − kb )

2
x − (ωa −ωb )

2
t⎛

⎝⎜
⎞
⎠⎟
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Velocities depend upon
   Dispersion function 
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(a) 1-CW phase velocity:
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The ½-Sum-½-Diff-Identity and 2-CW phase and group velocity
Given 2-CW phases:

and
...find 2-CW phase velocity           and group velocityVphase

2-CW Vgroup
2-CW

= e
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2
x− (ωa+ωb )

2
t
cos (ka − kb )

2
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2
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Vphase
2-CW = (ωa +ωb )

(ka + kb )
Vgroup
2-CW = (ωa −ωb )

(ka − kb )
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Wave resonance in cyclic Cn symmetry (REVIEW)
C6 symmetric mode model:Distant neighbor coupling 

            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vphase(2-CW) and group velocity Vgroup (2-CW)

                              Example: Bohr Dispersion 2-CW made of  1-CW(m=-1) + 1-CW(m=2)
                 Find 2-CW space-time (x,t) lattice from per-space-time (κ,υ) by matrix-algebra/geometry
                     Same 1-CW(m=-1) + 1-CW(m=2) Example
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Velocities depend upon
   Dispersion function 
           ω =ω (k)

(a) 1-CW phase velocity:
     Vphase

1-CW = ω (k)
k

(b) 2-CW phase velocity:
  Vphase

2-CW = ω (k1)+ω (k2 )
k1 + k2

(c) Pairwise group velocity:
  Vgroup

2-CW = ω (k1)−ω (k2 )
k1 − k2

eia + eib

2
= e

ia+b
2 e

ia−b
2 + e

− i a−b
2

2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
= e

ia+b
2 cos a − b

2
⎛
⎝⎜

⎞
⎠⎟

a = ka ⋅x −ω a ⋅ t b = kb ⋅x −ωb ⋅ t

The ½-Sum-½-Diff-Identity and 2-CW phase and group velocity
Given 2-CW phases:

and
...find 2-CW phase velocity           and group velocityVphase

2-CW Vgroup
2-CW

= e
i (ka+kb )

2
x− (ωa+ωb )

2
t
cos (ka − kb )

2
x − (ωa −ωb )

2
t⎛

⎝⎜
⎞
⎠⎟

Vphase
2-CW = (ωa +ωb )

(ka + kb )
Vgroup
2-CW = (ωa −ωb )

(ka − kb )
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P = K8 +K5
2

= 1
2

k8
ω8

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
+ 1
2

k5
ω5

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Vgroup
2-CW = (ω8 −ω5 )

(k8 − k5 )

Vphase
2-CW = (ω8 +ω5 )

(k8 + k5 )

P
K8

K5 G = K8 −K5
2

WaveIt Web Simulation - Wave Mixing (N=12; k=5, 8)
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Wave resonance in cyclic Cn symmetry (REVIEW)
C6 symmetric mode model:Distant neighbor coupling 

            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vphase(2-CW) and group velocity Vgroup (2-CW)

                              Example: Bohr Dispersion 2-CW made of  1-CW(m=-1) + 1-CW(m=2)
                 Find 2-CW space-time (x,t) lattice from per-space-time (κ,υ) by matrix-algebra/geometry
                     Same 1-CW(m=-1) + 1-CW(m=2) Example
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BohrIt Web Simulation
Bohr-Schrödinger {Quadratic dispersion} Wave Mixing
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⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

5 2
1 2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

υG
κG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= 2

1 (υR −υL )

2
1 (κ R −κ L )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

3 2
3 2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

υR

κ R

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

(υP +υG )
(κ P +κG )

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= 4

2
⎛
⎝⎜

⎞
⎠⎟

υL

κ L

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

(υP −υG )
(κ P −κG )

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= 1

−1
⎛
⎝⎜

⎞
⎠⎟

Group Phase Phase Group
per-time
per-space

υG

κG

= 3 2
3 2

υP

κ P

= 5 2
1 2

τ P
λP

= 2 5
2 1

τG
λG

= 2 3
2 3

time
space

=

= velocity =VG = 1
1

=VP =
5
1

1
VP

= 1
5

1
VG

= 1
1

velocity−1
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Wave resonance in cyclic Cn symmetry (REVIEW)
C6 symmetric mode model:Distant neighbor coupling 

            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vphase(2-CW) and group velocity Vgroup (2-CW)

                              Example: Bohr Dispersion 2-CW made of  1-CW(m=-1) + 1-CW(m=2)
                 Find 2-CW space-time (x,t) lattice from per-space-time (κ,υ) by matrix-algebra/geometry
                     Same 1-CW(m=-1) + 1-CW(m=2) Example
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2-CW space-time (x,t) lattice from per-space-time (κ,υ) by algebra 
Real wave-zeros (cosφ=0) need φ=kx-ωt=Nπ/2 for odd N.  

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=

-ωG ω P

-kG kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

=

-ωGNP +ω PNG

-kGNP + kPNG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

            =

-NP

ωG

kG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2 + NG

ω P

kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG
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2-CW space-time (x,t) lattice from per-space-time (κ,υ) by algebra 
Real wave-zeros (cosφ=0) need φ=kx-ωt=Nπ/2 for odd N.  
Real ψphase-zeros (cosφP=0) need φP= kPx-ωPt =NPπ/2 for odd NP=...±3, ±1, ±3, ±5,...  

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=

-ωG ω P

-kG kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

=

-ωGNP +ω PNG

-kGNP + kPNG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

            =

-NP

ωG

kG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2 + NG

ω P

kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG
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2-CW space-time (x,t) lattice from per-space-time (κ,υ) by algebra 
Real wave-zeros (cosφ=0) need φ=kx-ωt=Nπ/2 for odd N.  
Real ψphase-zeros (cosφP=0) need φP= kPx-ωPt =NPπ/2 for odd NP=...±3, ±1, ±3, ±5,...  
Real ψgroup-zeros (cosφG=0) need φG=kGx-ωGt=NGπ/2 for odd NG=...±3, ±1, ±3, ±5,...  

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=

-ωG ω P

-kG kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

=

-ωGNP +ω PNG

-kGNP + kPNG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

            =

-NP

ωG

kG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2 + NG

ω P

kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG
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2-CW space-time (x,t) lattice from per-space-time (κ,υ) by algebra 
Real wave-zeros (cosφ=0) need φ=kx-ωt=Nπ/2 for odd N.  
Real ψphase-zeros (cosφP=0) need φP= kPx-ωPt =NPπ/2 for odd NP=...±3, ±1, ±3, ±5,...  
Real ψgroup-zeros (cosφG=0) need φG=kGx-ωGt=NGπ/2 for odd NG=...±3, ±1, ±3, ±5,...  

Real (x,t) lattice zero-points need BOTH: kPx −ω Pt = NP
π
2

kGx −ωGt = NG
π
2

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=

-ωG ω P

-kG kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

=

-ωGNP +ω PNG

-kGNP + kPNG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

            =

-NP

ωG

kG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2 + NG

ω P

kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG
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2-CW space-time (x,t) lattice from per-space-time (κ,υ) by algebra 
Real wave-zeros (cosφ=0) need φ=kx-ωt=Nπ/2 for odd N.  
Real ψphase-zeros (cosφP=0) need φP= kPx-ωPt =NPπ/2 for odd NP=...±3, ±1, ±3, ±5,...  
Real ψgroup-zeros (cosφG=0) need φG=kGx-ωGt=NGπ/2 for odd NG=...±3, ±1, ±3, ±5,...  

Real (x,t) lattice zero-points need BOTH: kPx −ω Pt = NP
π
2

kGx −ωGt = NG
π
2

...becomes 
matrix equation: kP -ω P

kG -ωG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x
t

⎛
⎝⎜

⎞
⎠⎟
=

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=

-ωG ω P

-kG kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

=

-ωGNP +ω PNG

-kGNP + kPNG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

            =

-NP

ωG

kG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2 + NG

ω P

kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG
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2-CW space-time (x,t) lattice from per-space-time (κ,υ) by algebra 
Real wave-zeros (cosφ=0) need φ=kx-ωt=Nπ/2 for odd N.  
Real ψphase-zeros (cosφP=0) need φP= kPx-ωPt =NPπ/2 for odd NP=...±3, ±1, ±3, ±5,...  
Real ψgroup-zeros (cosφG=0) need φG=kGx-ωGt=NGπ/2 for odd NG=...±3, ±1, ±3, ±5,...  

Real (x,t) lattice zero-points need BOTH: kPx −ω Pt = NP
π
2

kGx −ωGt = NG
π
2

...becomes 
matrix equation: kP -ω P

kG -ωG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x
t

⎛
⎝⎜

⎞
⎠⎟
=

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

...with inverted 
matrix solution:

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=
kP -ω P

kG -ωG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

−1
NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=

-ωG ω P

-kG kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

=

-ωGNP +ω PNG

-kGNP + kPNG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

            =

-NP

ωG

kG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2 + NG

ω P

kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG
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2-CW space-time (x,t) lattice from per-space-time (κ,υ) by algebra 
Real wave-zeros (cosφ=0) need φ=kx-ωt=Nπ/2 for odd N.  
Real ψphase-zeros (cosφP=0) need φP= kPx-ωPt =NPπ/2 for odd NP=...±3, ±1, ±3, ±5,...  
Real ψgroup-zeros (cosφG=0) need φG=kGx-ωGt=NGπ/2 for odd NG=...±3, ±1, ±3, ±5,...  

Real (x,t) lattice zero-points need BOTH: kPx −ω Pt = NP
π
2

kGx −ωGt = NG
π
2

...becomes 
matrix equation: kP -ω P

kG -ωG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x
t

⎛
⎝⎜

⎞
⎠⎟
=

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

...with inverted 
matrix solution:

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=
kP -ω P

kG -ωG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

−1
NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=

-ωG ω P

-kG kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=

-ωG ω P

-kG kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

=

-ωGNP +ω PNG

-kGNP + kPNG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

            =

-NP

ωG

kG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2 + NG

ω P

kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG
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2-CW space-time (x,t) lattice from per-space-time (κ,υ) by algebra 
Real wave-zeros (cosφ=0) need φ=kx-ωt=Nπ/2 for odd N.  
Real ψphase-zeros (cosφP=0) need φP= kPx-ωPt =NPπ/2 for odd NP=...±3, ±1, ±3, ±5,...  
Real ψgroup-zeros (cosφG=0) need φG=kGx-ωGt=NGπ/2 for odd NG=...±3, ±1, ±3, ±5,...  

Real (x,t) lattice zero-points need BOTH: kPx −ω Pt = NP
π
2

kGx −ωGt = NG
π
2

...becomes 
matrix equation: kP -ω P

kG -ωG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x
t

⎛
⎝⎜

⎞
⎠⎟
=

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

...with inverted 
matrix solution:

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=
kP -ω P

kG -ωG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

−1
NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=

-ωG ω P

-kG kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

=

-ωGNP +ω PNG

-kGNP + kPNG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=

-ωG ω P

-kG kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

=

-ωGNP +ω PNG

-kGNP + kPNG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

            =

-NP

ωG

kG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2 + NG

ω P

kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG
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2-CW space-time (x,t) lattice from per-space-time (κ,υ) by algebra 
Real wave-zeros (cosφ=0) need φ=kx-ωt=Nπ/2 for odd N.  
Real ψphase-zeros (cosφP=0) need φP= kPx-ωPt =NPπ/2 for odd NP=...±3, ±1, ±3, ±5,...  
Real ψgroup-zeros (cosφG=0) need φG=kGx-ωGt=NGπ/2 for odd NG=...±3, ±1, ±3, ±5,...  

Real (x,t) lattice zero-points need BOTH: kPx −ω Pt = NP
π
2

kGx −ωGt = NG
π
2

...becomes 
matrix equation: kP -ω P

kG -ωG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x
t

⎛
⎝⎜

⎞
⎠⎟
=

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

...with inverted 
matrix solution:

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=
kP -ω P

kG -ωG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

−1
NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=

-ωG ω P

-kG kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

=

-ωGNP +ω PNG

-kGNP + kPNG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=

-ωG ω P

-kG kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

=

-ωGNP +ω PNG

-kGNP + kPNG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

            =

-NP

ωG

kG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2 + NG

ω P

kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

            =

-NP

ωG

kG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2 + NG

ω P

kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G
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2-CW space-time (x,t) lattice from per-space-time (κ,υ) by algebra 
Real wave-zeros (cosφ=0) need φ=kx-ωt=Nπ/2 for odd N.  
Real ψphase-zeros (cosφP=0) need φP= kPx-ωPt =NPπ/2 for odd NP=...±3, ±1, ±3, ±5,...  
Real ψgroup-zeros (cosφG=0) need φG=kGx-ωGt=NGπ/2 for odd NG=...±3, ±1, ±3, ±5,...  

Real (x,t) lattice zero-points need BOTH: kPx −ω Pt = NP
π
2

kGx −ωGt = NG
π
2

...becomes 
matrix equation: kP -ω P

kG -ωG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x
t

⎛
⎝⎜

⎞
⎠⎟
=

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

...with inverted 
matrix solution:

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=
kP -ω P

kG -ωG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

−1
NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=

-ωG ω P

-kG kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

=

-ωGNP +ω PNG

-kGNP + kPNG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2
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x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=

-ωG ω P

-kG kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
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NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

=

-ωGNP +ω PNG

-kGNP + kPNG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

            =

-NP

ωG

kG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2 + NG

ω P

kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

            =

-NP

ωG

kG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2 + NG

ω P

kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

ωG = 2πυG  ,  kG = 2πκG  ,  ω P = 2πυP  ,  kP = 2πκ P  ...
Replace the reduced, π-laden variables with Hertz-Kaiser wave parameters. 
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2-CW space-time (x,t) lattice from per-space-time (κ,υ) by algebra 
Real wave-zeros (cosφ=0) need φ=kx-ωt=Nπ/2 for odd N.  
Real ψphase-zeros (cosφP=0) need φP= kPx-ωPt =NPπ/2 for odd NP=...±3, ±1, ±3, ±5,...  
Real ψgroup-zeros (cosφG=0) need φG=kGx-ωGt=NGπ/2 for odd NG=...±3, ±1, ±3, ±5,...  

Real (x,t) lattice zero-points need BOTH: kPx −ω Pt = NP
π
2

kGx −ωGt = NG
π
2

...becomes 
matrix equation: kP -ω P

kG -ωG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x
t

⎛
⎝⎜

⎞
⎠⎟
=

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

...with inverted 
matrix solution:

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=
kP -ω P

kG -ωG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

−1
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NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

x
t

⎛
⎝⎜
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⎠⎟ P
G

=

-ωG ω P

-kG kP

⎛

⎝
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⎛

⎝
⎜⎜

⎞
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π
2

kGω P -kPωG

=

-ωGNP +ω PNG

-kGNP + kPNG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

x
t

⎛
⎝⎜

⎞
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=

-ωG ω P

-kG kP

⎛

⎝
⎜⎜
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⎛

⎝
⎜⎜

⎞
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⎟⎟

π
2

kGω P -kPωG

=

-ωGNP +ω PNG

-kGNP + kPNG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

            =

-NP

ωG

kG

⎛

⎝
⎜⎜

⎞
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π
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kP

⎛

⎝
⎜⎜
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π
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            =
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⎛

⎝
⎜⎜
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⎛

⎝
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π
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 =

-NP
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κG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2π π
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υP

κ P

⎛

⎝
⎜⎜

⎞
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⎟⎟

2π π
2

(κGυP -κ PυG )(2π )(2π )
x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

ωG = 2πυG  ,  kG = 2πκG  ,  ω P = 2πυP  ,  kP = 2πκ P  ...
Replace the reduced, π-laden variables with Hertz-Kaiser wave parameters. 
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2-CW space-time (x,t) lattice from per-space-time (κ,υ) by algebra 
Real wave-zeros (cosφ=0) need φ=kx-ωt=Nπ/2 for odd N.  
Real ψphase-zeros (cosφP=0) need φP= kPx-ωPt =NPπ/2 for odd NP=...±3, ±1, ±3, ±5,...  
Real ψgroup-zeros (cosφG=0) need φG=kGx-ωGt=NGπ/2 for odd NG=...±3, ±1, ±3, ±5,...  

Real (x,t) lattice zero-points need BOTH: kPx −ω Pt = NP
π
2

kGx −ωGt = NG
π
2

...becomes 
matrix equation: kP -ω P

kG -ωG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x
t

⎛
⎝⎜

⎞
⎠⎟
=

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

...with inverted 
matrix solution:

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=
kP -ω P

kG -ωG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

−1
NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=

-ωG ω P

-kG kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

=

-ωGNP +ω PNG

-kGNP + kPNG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=

-ωG ω P

-kG kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

=

-ωGNP +ω PNG

-kGNP + kPNG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

            =

-NP

ωG

kG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2 + NG

ω P

kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

            =

-NP

ωG

kG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2 + NG

ω P

kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

 =

-NP

υG

κG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2π π
2 + NG

υP

κ P

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2π π
2

(κGυP -κ PυG )(2π )(2π )

            =

-NP

υG

κG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
+ NG

υP

κ P

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

4(κGυP -κ PυG )

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

ωG = 2πυG  ,  kG = 2πκG  ,  ω P = 2πυP  ,  kP = 2πκ P  ...
Replace the reduced, π-laden variables with Hertz-Kaiser wave parameters. 
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2-CW space-time (x,t) lattice from per-space-time (κ,υ) by algebra 
Real wave-zeros (cosφ=0) need φ=kx-ωt=Nπ/2 for odd N.  
Real ψphase-zeros (cosφP=0) need φP= kPx-ωPt =NPπ/2 for odd NP=...±3, ±1, ±3, ±5,...  
Real ψgroup-zeros (cosφG=0) need φG=kGx-ωGt=NGπ/2 for odd NG=...±3, ±1, ±3, ±5,...  

Real (x,t) lattice zero-points need BOTH: kPx −ω Pt = NP
π
2

kGx −ωGt = NG
π
2

...becomes 
matrix equation: kP -ω P

kG -ωG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x
t

⎛
⎝⎜

⎞
⎠⎟
=

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

...with inverted 
matrix solution:

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=
kP -ω P

kG -ωG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

−1
NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=

-ωG ω P

-kG kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

=

-ωGNP +ω PNG

-kGNP + kPNG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=

-ωG ω P

-kG kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

=

-ωGNP +ω PNG

-kGNP + kPNG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

            =

-NP

ωG

kG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2 + NG

ω P

kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

            =

-NP

ωG

kG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2 + NG

ω P

kP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

Replace π-laden variables with Hertz-Kaiser wave parameters. 
ωG = 2πυG  ,  kG = 2πκG  ,  ω P = 2πυP  ,  kP = 2πκ P  ...

 =

-NP

υG

κG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2π π
2 + NG

υP

κ P

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2π π
2

(κGυP -κ PυG )(2π )(2π )

            =

-NP

υG

κG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
+ NG

υP

κ P

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

4(κGυP -κ PυG )

Group Phase Phase Group
per-time
per-space

υG

κG

= 3 2
3 2

υP

κ P

= 5 2
1 2

τ P
λP

= 2 5
2 1

τG
λG

= 2 3
2 3

time
space

=

= velocity =VG = 1
1

=VP =
5
1

1
VP

= 1
5

1
VG

= 1
1

velocity−1

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G
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2-CW space-time (x,t) lattice from per-space-time (κ,υ) by algebra 
Real wave-zeros (cosφ=0) need φ=kx-ωt=Nπ/2 for odd N.  
Real ψphase-zeros (cosφP=0) need φP= kPx-ωPt =NPπ/2 for odd NP=...±3, ±1, ±3, ±5,...  
Real ψgroup-zeros (cosφG=0) need φG=kGx-ωGt=NGπ/2 for odd NG=...±3, ±1, ±3, ±5,...  

Real (x,t) lattice zero-points need BOTH: kPx −ω Pt = NP
π
2

kGx −ωGt = NG
π
2

...becomes 
matrix equation: kP -ω P

kG -ωG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x
t

⎛
⎝⎜

⎞
⎠⎟
=

NP

NG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

...with inverted 
matrix solution:

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=
kP -ω P

kG -ωG

⎛

⎝
⎜⎜

⎞
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⎟⎟
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NG

⎛

⎝
⎜⎜

⎞
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⎟⎟
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2

x
t

⎛
⎝⎜

⎞
⎠⎟ P
G

=
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-kG kP

⎛
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⎟⎟
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NG

⎛

⎝
⎜⎜
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⎟⎟

π
2

kGω P -kPωG

=

-ωGNP +ω PNG

-kGNP + kPNG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2

kGω P -kPωG

x
t

⎛
⎝⎜
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=

-ωG ω P

-kG kP

⎛

⎝
⎜⎜
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⎛

⎝
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⎛

⎝
⎜⎜
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⎛
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⎛
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⎟⎟

π
2

kGω P -kPωG

            =

-NP

ωG

kG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

π
2 + NG

ω P

kP

⎛
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Replace π-laden variables with Hertz-Kaiser wave parameters. 
ωG = 2πυG  ,  kG = 2πκG  ,  ω P = 2πυP  ,  kP = 2πκ P  ...

 =

-NP

υG

κG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2π π
2 + NG
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κ P

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
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2

(κGυP -κ PυG )(2π )(2π )

            =

-NP

υG

κG
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4(κGυP -κ PυG )

Group Phase Phase Group
per-time
per-space

υG

κG
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3 2

υP

κ P
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1 2

τ P
λP

= 2 5
2 1
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= 2 3
2 3

time
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=
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=VP =
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= 1
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5
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3
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2-CW space-time (x,t) lattice from per-space-time (κ,υ) by algebra 
Real wave-zeros (cosφ=0) need φ=kx-ωt=Nπ/2 for odd N.  
Real ψphase-zeros (cosφP=0) need φP= kPx-ωPt =NPπ/2 for odd NP=...±3, ±1, ±3, ±5,...  
Real ψgroup-zeros (cosφG=0) need φG=kGx-ωGt=NGπ/2 for odd NG=...±3, ±1, ±3, ±5,...  

Real (x,t) lattice zero-points need BOTH: kPx −ω Pt = NP
π
2

kGx −ωGt = NG
π
2

...becomes 
matrix equation: kP -ω P

kG -ωG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x
t

⎛
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⎠⎟
=
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NG

⎛
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⎜⎜
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⎠
⎟⎟

π
2

...with inverted 
matrix solution:
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=
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⎛
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⎛

⎝
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⎜⎜

⎞

⎠
⎟⎟

π
2 + NG

ω P

kP

⎛
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Replace π-laden variables with Hertz-Kaiser wave parameters. 
ωG = 2πυG  ,  kG = 2πκG  ,  ω P = 2πυP  ,  kP = 2πκ P  ...
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Wave resonance in cyclic Cn symmetry (REVIEW)
C6 symmetric mode model:Distant neighbor coupling 

            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vphase(2-CW) and group velocity Vgroup (2-CW)

                              Example: Bohr Dispersion 2-CW made of  1-CW(m=-1) + 1-CW(m=2)
                 Find 2-CW space-time (x,t) lattice from per-space-time (κ,υ) by matrix-algebra/geometry
                     Same 1-CW(m=-1) + 1-CW(m=2) Example
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BohrIt Web Simulation
Bohr-Schrödinger {Quadratic dispersion} Wave Mixing for k=-1, 2
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BohrIt Web Simulation
Bohr-Schrödinger {Quadratic dispersion} Wave Mixing for k=-1, 2

75Thursday, March 31, 2016

http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-612
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-612
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-612
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-612


Time
 t sec.

Space
x meters

10

10

-10

-10

-20

-20 20

5

5

-5

-5

15

-15

-15

-25

-25 30-30 40-40 25 35-35 45

20

15

30

40

25

35

45

-45

x
t

⎛
⎝⎜

⎞
⎠⎟

= 1
24

5NG -3NP

1NG -3NP

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

1
24

NG =
−5 −3 −1 +1 +3 +5 +7

NP = −5 +12
  0( ) 14

10( ) 16
20( ) 18

30( )
−3 +6

−6( ) −1+9
=+8

−5+9
=+4

+1+9
=+10

+5+9
=+14

12
24( )

−1 +0
−12( ) −1+3

=+2

−5+3
=−2

+1+3
=+4

+5+3
=+8

+6
18( )

+1 −6
−18( ) −1−3

=−4

−5−3
=−8

+1−3
=−2

+5−3
=+2

0
12( )

+3 −12
−24( ) −10

−14( ) −8
−4( ) −6

+6( )
+5 −18

−30( ) −16
−20( ) −14

−10( ) −12
  0( )

+7

  

 0
36( )

KR

KL

Frequency
   ! sec.-1

Wavenumber
   " meter -11.0

1.0

2.0

2.0

0.5

0.5

-1.0-2.0 -0.5-1.5 1.5

1.5

3.0

4.0

2.5

3.5

(k =2! ")

(! =2! !)

PG

space-time (x,t) lattice 
is just a x↔y reflection of

 per-space-time (κ,υ)

BohrIt Web Simulation
Bohr-Schrödinger {Quadratic dispersion} Wave Mixing for k=-1, 2

76Thursday, March 31, 2016

http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-612
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-612
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-612
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-612


BohrIt Web Simulation
Bohr-Schrödinger {Quadratic dispersion} Wave Mixing for k=-1, 2

per-space-time (κ,υ)
is just a x↔y reflection 

of

77Thursday, March 31, 2016

http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-612
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-612
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-612
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-612


  

Δ = 1
2

 
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