Cn-Symmetric Wave Modes and 2-CW Algebra and Geometry

(Ch. 5 of Unit4 3.31.16)

Wave resonance in cyclic C, symmetry (REVIEW)
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

Ci2 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"2-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vpnase>W) and group velocity V gy (2-CW)
Example: Bohr Dispersion 2-CW made of 1-CW(m=-1) + 1-CW(m=2)
Find 2-CW space-time (x,t) lattice from per-space-time (k,v) by matrix-algebra/geometry
Same 1-CW(m=-1) + I-CW(m=2) Example
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Easy to resolve spectral projectors P and eigen-bra-vectors ()|
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Two distinct types of “quantum” numbers.
=(0,1,0r 2 1s of operator r” and defines each oscillator’s '

m=0,1,or 2 1s mode momentum m of the waves or wavevector k,=2m/ \n=27m/L. (L—Na 3)
wavelength \,=27/k,= L/m

Each quantum number follows modular arithmetic: sums or products are an integer-modulo-3,
that 1s, always 0,1,or 2, or else -1,0,or 1, or else -2,-1,0r 0, etc., depending on choice of origin.

For example, for m=2 and p=2 the number (p)P’=(e™?73) is eimp2r3= gi42n3= il 2m3 giln= ei2r3=p;,
That 1s, (2-times-2) mod 3 is not 4 but / (4 mod 3=1, the remainder of 4 divided by 3.)
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Ces Symmetric Mode Model: 1st neighbor coupling We usually assume Real =7

L Stability only requires ()*=7
(a) I*" Neighbor C,

HBI(6)= ' -FHI -r

Fig. 12 International Journal of Molecular Science 14, 749 (2013)
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Ce Symmetric Mode Model: 1st and 2nd neighbor couplmg We usually assume Real r=7

L , il Stability only requires (#)*=7
(a) I*" Neighbor C, (b) 2" Neighbor C,

HB!1(6)=| - THy-r - - |© HYB2A6)=| S - H,- -5 -

=H]1 -rr-7r!

Fig. 12 International Journal of Molecular Science 14, 749 (2013)
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Ces Symmetric Mode Model: 1st, 2nd and 3rd nelghbor coupllng

(a) I*' Neighbor C, ( b) 2" Neighbor C, (c) 3" Neighbor C; but ¢

has to be real

f*
HB!1©)=| - TH-r - - |- HB26)=| 5 - H,- -s - | HB3O)=| - - Hy- - -t
-FH] -r 3 . . . 3 -t . H3 T

-FHT =f E \ _t . H3 . 4

. H,)

=H]1 -rr-7r! =H3l - -

Fig. 12 International Journal of Molecular Science 14, 749 (2013)
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Wave resonance in cyclic C, symmetry (REVIEW)
Cs symmetric mode model:Distant neighbor coupling
> Cs moving waves and degenerate standing waves <
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vpnase> W) and group velocity V group 2-CW)
Example: Bohr Dispersion 2-CW made of 1-CW(m=-1) + 1-CW(m=2)
Find 2-CW space-time (x,t) lattice from per-space-time (k,v) by matrix-algebra/geometry
Same 1-CW(m=-1) + I-CW(m=2) Example
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Ce Spectral resolution: 6t roots of unity
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Wavefunction: ¥ (x )= ¥ p = D™ (kP

Wavelt Cg¢ Character Phasors Web Simulation

C 6 Wave phasors

p 0 1~ 2 3 4 5
r=srr r r r r

Fig. 13 International Journal of Molecular Science 14, 752 (2013)
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=6&clock=true&docolor=true&ImWave=true&ReWave=true&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=6&clock=true&docolor=true&ImWave=true&ReWave=true&hand=true

Ce Spectral resolution: 6t roots of unity
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Fig. 13 International Journal of Molecular Science 14, 752 (2013)
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=6&clock=true&docolor=true&ImWave=true&ReWave=true&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=6&clock=true&docolor=true&ImWave=true&ReWave=true&hand=true
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Wavelt Web Simulation - Standing Wave (N=6)

Wavelt Web Simulation - Galloping Wave (N=6)

Wavelt Web Simulation

- Galloping Wave (N=12)
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N6GallopingWave_disp_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N6GallopingWave_disp_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N6StandingWave_disp_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N6StandingWave_disp_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N12GallopingWavek6-6_Quad_Disp_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N12GallopingWavek6-6_Quad_Disp_2016HP
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Ce Spectral resolution of nth Neighbor H: Same modes but different dispersion
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Fig. 14 International Journal of Molecular Science 14, 754 (2013)
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Wave resonance in cyclic C, symmetry (REVIEW)
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
¥ C; dispersion functions split by C-type symmetry(complex, chiral, ...) <

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vpnase> W) and group velocity V group 2-CW)
Example: Bohr Dispersion 2-CW made of 1-CW(m=-1) + 1-CW(m=2)
Find 2-CW space-time (x,t) lattice from per-space-time (k,v) by matrix-algebra/geometry
Same 1-CW(m=-1) + I-CW(m=2) Example
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Ces Spectra of 1st neighbor gauge splitting by C-type (Chiral, Coriolis,...,

1st Neighbor H
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Standing wave combmatlons like coskx= (e*’k’“re ihx)/2
are not eigenmodes unless ¢=0.

Fig. 15 International Journal of Molecular Science 14, 755 (2013)
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Wave resonance in cyclic C, symmetry (REVIEW)
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)
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Cn Symmetric Mode Models: @ . g

N=2 EN=48
-0 O«
—3 @»‘% |
S ® V-0 Fig 4.8.4
§ % % § Unit 4
0@ =0 CMwBang
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Cn Symmetric Mode Models: g@. g

N=2 EN=48
-0 00
©
N=3 T @
[ ) ®N-5® Fig. 4.8.4
5 % % § Unit 4
0@ =0 CMwBang
1st Neighbor K-matrix
F, K —k, . . . e =k, %
F —k, K <k, .. e X,
K=k+2k
F, —k, K —k, . X, . 12
N 1 = : . —k;, K <k, - . * X3 where: szg
F, _ka K _ X, ()=0
: : : _klz :
Fyo k;, -k, K XN-1
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Cn Symmetric Mode Models: @ . g

N=2 EN=45
o-® 00
@
N=3 f il
[ ) ®N-5® Fig. 4.8.4
s % ® § Unit 4
0@ =0 CMwBang
1st Neighbor K-matrix
F, K —k, . . . e =k, %
F —k, K <k, .. e X,
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F, —k, K —k, . X, . 12
N 1 = : . —k;, K <k, - . * X3 where: k:7g
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Nth roots of 1 ¢ i 25/ = =(m| v’ |m) serving as e-values, eigenfunctions, transformation matrices,
dispersion relations, Group reps. etc.
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Cn Symmetric Mode Models:

Nth roots of 1 ¢ 77 2%/N=(m| v’ |m) serving as e-values, eigenfunctions, transformation matrices,

dispersion relations, Group reps. etc.
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of a Fourier Wave Table
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Wavelt Ci» Character Phasors Web Simulation
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=12&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=12&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=12&clock=false&docolor=false&ImWave=true&ReWave=true&hand=false
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=12&clock=false&docolor=false&ImWave=true&ReWave=true&hand=false
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=16&clock=true&docolor=true&ImWave=false&ReWave=true&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=16&clock=true&docolor=true&ImWave=false&ReWave=true&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=16&clock=true&docolor=true&ImWave=false&ReWave=true&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=16&clock=true&docolor=true&ImWave=false&ReWave=true&hand=true
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=32&clock=true&docolor=true&ImWave=false&ReWave=true&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=32&clock=true&docolor=true&ImWave=false&ReWave=true&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=32&clock=true&docolor=true&ImWave=false&ReWave=true&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=32&clock=true&docolor=true&ImWave=false&ReWave=true&hand=true

magnetic quanta or momentum m=0,1,2...
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=256&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=256&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=256&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=256&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true

Wave resonance in cyclic C, symmetry (REVIEW)
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

- C; and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vpnase> W) and group velocity V group 2-CW)
Example: Bohr Dispersion 2-CW made of 1-CW(m=-1) + 1-CW(m=2)
Find 2-CW space-time (x,t) lattice from per-space-time (k,v) by matrix-algebra/geometry
Same 1-CW(m=-1) + I-CW(m=2) Example

Thursday, March 31, 2016 26



Archetypical Examples of C,, Dispersion Functions

(a) Constant dispersion (b) Linear dispersion
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Applications:

Uncoupled
pendulums

Weakly coupled pendu-
lums (No gravity)

Movie marquis
Xmas lights

Light in vacuum (Exactly)
Sound (Approximately)

(¢) Quadratic dispersion (d) Phonon dispersion
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Weakly coupled pendu- Strongly coupled pendu-
lums (With gravity) lums (No gravity)

Light in fiber (Approx)
Non-relativistic
Schrodinger matter wave

Acoustic mode in solids

(e) Exciton dispersion
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ky,=mkj
Strongly coupled pendu-

lums (With gravity)

Optical mode in solids
Relativistic matter
(If exact hyperbola)
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Archetypical Examples of C,, Dispersion Functions

(a) Constant dispersion (b) Linear dispersion (¢) Quadratic dispersion (d) Phonon dispersion  (e) Exciton dispersion

"0, - 0, [y, - O - Om
g g - g -
oooooooor:oooooooo °.. E ... \:«/ .o E Lo E
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: N | | \/\
I uauad e e R E RIS RN duaiad s R RRRER BRdusuad SEAARA A A SN A i Ihdunuad SRRARREE!
ky,=m kj ky,=m kj ky,=mk;j kp=m kj ky,=m kj
Applications:
Uncoupled Weakly coupled pendu- Weakly coupled pendu- Strongly coupled pendu- Strongly coupled pendu-
pendulums lums (No gravity) lums (With gravity) lums (No gravity) lums (With gravity)
Movie marquis Light in vacuum (Exactly) Light in fiber (Approx) Acoustic mode in solids ~ Optical mode in solids
Xmas lights Sound (Approximately) Non-relativistic Relativistic matter
Schrodinger matter wave (If exact hyperbola)

"l ) | @,
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Archetypical Examples of C,, Dispersion Functions

(a) Constant dispersion (b) Linear dispersion
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Weakly coupled pendu-
lums (No gravity)

Light in vacuum (Exactly)
Sound (Approximately)

(¢) Quadratic dispersion (d) Phonon dispersion
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(e) Exciton dispersion
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Strongly coupled pendu-
lums (With gravity)

Light in fiber (Approx) Acoustic mode in solids ~ Optical mode in solids
Non-relativistic Relativistic matter
Schrodinger matter wave (If exact hyperbola)
N B Given 1-CW phase of wave ei(k521).
o5 phase of wave ¢ 27>
| ; a=kx—w-t
i yICW Solve for 1-CW phase velocity
hase. ~— « ——{_J
L 0, a
w(ky) 09 X=—1+—
e s ko k

Wave velocities depend on
Dispersion function

w=w(k)
(a) 1-CW phase velocity:
1CW _ (U(k)
phase k
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Wave resonance in cyclic C, symmetry (REVIEW)
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

Ci2 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
» 5-Sum->-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vpnase> W) and group velocity V group 2-CW)
Example: Bohr Dispersion 2-CW made of 1-CW(m=-1) + 1-CW(m=2)
Find 2-CW space-time (x,t) lattice from per-space-time (k,v) by matrix-algebra/geometry
Same 1-CW(m=-1) + I-CW(m=2) Example

Thursday, March 31, 2016 30



The 2-Sum-"2-Diff-Identity and 2-CW phase and group velocity
Given 2-CW phases: ..find 2-CW phase velocity szlfs‘;v and group velocity ngr;izv
a:ka-x—a)a-t and b:kb.x—a)b.t

Velocities depend upon
Dispersion function
@ =w(k)

(a) 1-CW phase velocity:

Vl}-ZCW — M
==
mk ;
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The 2-Sum-"2-Diff-Identity and 2-CW phase and group velocity

Given 2-CW phases: .find 2-CW phase velocity v -" and group velocity y*c¥

group
azka-x—a)a-t and b:kb.x_a)b.t
_ /b\
e + e i? e > +e *? ,-azi (a—b)
=e =€ COS
2 2 2

Velocities depend upon
Dispersion function
@ =w(k)

(a) 1-CW phase velocity:

Vl}—ZCW — @
==
mk ;
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The 2-Sum-"2-Diff-Identity and 2-CW phase and group velocity

Given two 1-CW phases: ..find 2-CW phase velocity szlfs‘;v and group velocity V;}izv
a:ka-x—a)a-t and b:kb.x_a)b.t
\ /b \
e +e” e 2 4o 2 i a—>b
=e¢ ? =e ? COS
2 2
(k +k,) (0 +m,) /
. W, +0
. 2T btcos (ka_kb)x_(wa_wb)t
B 9) 9) Velocities depend upon
Dispersion function
w=w(k)
(a) 1-CW phase velocity:
_ w(k
e = 20
o k
‘f mk
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The 2-Sum-"2-Diff-Identity and 2-CW phase and group velocity

Given 2-CW phases: ..find 2-CW phase velocity szl;fs‘;v and group velocity s
azka-x—a)a-t and b:kb.x_a)b.t
\ | /b \
e’ +e” i? e ? +e ? ,-azi (a—b)
=€ =€ COS
2 2
(k,+k,) (0,+m,) /
. W, +o
. ER btcos (ka_kb)x_(wa_wb)t
- 2 2 Velocities depend upon

Dispersion function
rcw (0, +®)) rcw (0, — ) o = wk)

phase — (ka+kb) group — (ka_kb)

(a) 1-CW phase velocity:

VII—CW — M
==
mk ;
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Wave resonance in cyclic C, symmetry (REVIEW)
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"-Diff-theory of 2-CW group and phase velocity
P Given two 1-CW phases: Find 2-CW phase velocity Vphase!> W) and group velocity Vgrouy “ V)
Example: Bohr Dispersion 2-CW made of 1-CW(m=-1) + 1-CW(m=2)
Find 2-CW space-time (x,t) lattice from per-space-time (k,v) by matrix-algebra/geometry
Same 1-CW(m=-1) + I-CW(m=2) Example
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The 2-Sum-"2-Diff-Identity and 2-CW phase and group velocity

Given 2-CW phases: ..find 2-CW phase velocity szl;cfs‘;v and group velocity s
azka-x—a)a-t and b:kb.x_a)b.t
N /b \
e + e i? e > +e *? ,-azi? (a—b)
=e =€ COS
2 2
(k +k,) (0 +m,) /
. w,+0
. R ' cos (ka_kb)x_(wa_wb)t
B o) o) Velocities depend upon
Dispersion function
2}-ICW _ (0, + o) 2w _ (0, —0y) ® = w(k)
pnase k +k group — _
(ko) (kg = k) (a) 1-CW phase velocity:
o _ O(K)
phase k

(b) 2-CW phase velocity:
YW (k) +w(k,)
phase kl +k2

(c) Pairwise group velocity:
V2w _ w(k,)—w(k,)

gl’Ol/lp
kl B kz

1
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( Local Control ) ( Fourier Controls ) ( Scenarios )  (Resume ) (SetT=0) (Zero Amps ) T-Scale= 0.22 B O

>osition p (in units of L/12) Fourier Control On i

~
~
~a.
~o%

AV R\V AV

- W%veve-c%or— }( (9n ulnits2 of 2n/i) > 6

Wavelt Web Simulation - Wave Mixing (N=12; k=5, 8)

-6
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N12MixingWavek5_8_Quad_Disp_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N12MixingWavek5_8_Quad_Disp_2016HP

Wave resonance in cyclic C, symmetry (REVIEW)
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vpnase> W) and group velocity V group 2-CW)
> Example: Bohr Dispersion 2-CW made of 1-CW(m=-1) + 1-CW(m=2) <
Find 2-CW space-time (x,t) lattice from per-space-time (k,v) by matrix-algebra/geometry
Same 1-CW(m=-1) + I-CW(m=2) Example
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Bohrlt Web Simulation
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http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-612
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-612
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-612
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html?scenario=-612

Dispersion Frequency
V=K

2

visec.!
(W =21 v)

Wavenumber

15 -0 05 T 05 1o 15 20
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Dispersion Frequency
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(W=2710)
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Dispersion Frequency

v=K? v secl”
(W=2710)

S H

3.5

3.0

2.0

Wavenumber

20 15 0.5 [0 15 2.0

K meter !

(k=27 F)
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Dispersion
U=Kf

20 15

Frequency:

vsec |
(W =27 v)
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Dispersion
U=Kf

Frequency:

vsec |
(W =27 v)
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I
I
/
I
I
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1
1
1
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Wavenumber
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Phase_(R+L)/ 2 DlSp@l"SlOlfl Fre quency Righz=Phase+Group
Group—(R L)/ 2 V=K? v secl” Left=Phase'Group
(W =21 )

D
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Phase—(R+L)/ 2 DlSp@l"SlOl’l FI/' equency Righz=Phase+Group
Group_(R L)/ 2 V=K? v secl” Leﬁ=Phase'Group
(W =21 )

Group Phase Phase Group
per-time | v, 3/2 v, 52|71, 2/5 1, 2/3| time _
per-space | k. 3/2 «x, 12| A, 2/1 A, 2/3| space

1 5 1 1

1 1
= veloci =Vo=7 =Vo=—| —=_ — =~ | velocity™
velocity G 1 P 1 VP 5 VG 1 1y

D

(Wt | [ 5/2
s ki) |12

ve || aemv) | | 32
GI‘OUP[ Ke ]_[ %(KR—KL) ]_[ 3/2 J
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,/Rig’ht=Phase+ Group
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1 2wt | [ 52
I ' =
1,’ 1 2(’KR —|—KL) 1/2
I /,’ ! ] ¢
I R4 I L, 4
I’ // II Ud’ ,’; (UR T UL) 3/2
1 7 / I =17 =
1 L 1 71 1
v, | | AVp—V.) 1 Ka | 7 (K =K,) 3/2
= = I
— = Jm.
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Wave resonance in cyclic C, symmetry (REVIEW)
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vpnase> W) and group velocity V group 2-CW)
Example: Bohr Dispersion 2-CW made of 1-CW(m=-1) + 1-CW(m=2)
» Find 2-CW space-time (x,t) lattice from per-space-time (k,v) by matrix-algebra/geometry
Same 1-CW(m=-1) + I-CW(m=2) Example *
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2-CW space-time (x,t) lattice from per-space-time (k,v) by algebra
Real wave-zeros (cos¢=0) need ¢p=kx-wt=Nm/2 for odd N.
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2-CW space-time (x,t) lattice from per-space-time (k,v) by algebra

Real wave-zeros (cos¢=0) need ¢p=kx-wt=Nm/2 for odd N.
Real ©Ypnase-zeros (cosgp=0) need ¢p= kpx-wpt =Npm/2 for odd Np=...£3, 1, £3,+5,...
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2-CW space-time (x,t) lattice from per-space-time (k,v) by algebra

Real wave-zeros (cos¢=0) need ¢p=kx-wt=Nm/2 for odd N.
Real Yppase-zeros (cosgp=0) need ¢p= kpx-wpt =Np7/2 for odd Np=...£3, £1,+3,£5,...

Real ¥g0up-zeros (cosgpc=0) need ¢pc=kcx-wct=Ncm/2 for odd No=..£3, £1,£3,+5,...
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2-CW space-time (x,t) lattice from per-space-time (k,v) by algebra

Real wave-zeros (cos¢=0) need ¢p=kx-wt=Nm/2 for odd N.
Real Yppase-zeros (cosgp=0) need ¢p= kpx-wpt =Np7/2 for odd Np=...£3, £1,+3,£5,...

Real ¥g0up-zeros (cosgpc=0) need ¢pc=kcx-wct=Ncm/2 for odd No=..£3, £1,£3,+5,...

Real (x,t) lattice zero-points need BOTH: k,x—wpt=N,%
k.x—w.t=N_,%
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2-CW space-time (x,t) lattice from per-space-time (k,v) by algebra
Real wave-zeros (cos¢=0) need ¢p=kx-wt=Nm/2 for odd N.
Real Yppase-zeros (cosgp=0) need ¢p= kpx-wpt =Np7/2 for odd Np=...£3, £1,+3,£5,...
Real ¥g0up-zeros (cosgpc=0) need ¢pc=kcx-wct=Ncm/2 for odd No=..£3, £1,£3,+5,...
Real (x,t) lattice zero-points need BOTH: k,x—wpt=N,%
k.x—w.t=N_5

...becomes
matrix e on: | K @ X Np
quation: — z
k., -0, t N,
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2-CW space-time (x,t) lattice from per-space-time (k,v) by algebra

Real wave-zeros (cos¢=0) need ¢p=kx-wt=Nm/2 for odd N.
Real Yppase-zeros (cosgp=0) need ¢p= kpx-wpt =Np7/2 for odd Np=...£3, £1,+3,£5,...

Real ¥g0up-zeros (cosgpc=0) need ¢pc=kcx-wct=Ncm/2 for odd No=..£3, £1,£3,+5,...

Real (x,t) lattice zero-points need BOTH: k,x—wpt=N,%
k.x—w.t=N_,%

...bec.omes | T . N, ...wit.h inver.ted ) k, -0, - N,
matrix equation: = z matrix solution: . N
k. -0 t N, L )p o -~ G

G
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2-CW space-time (x,t) lattice from per-space-time (k,v) by algebra

Real wave-zeros (cos¢=0) need ¢p=kx-wt=Nm/2 for odd N.
Real Yppase-zeros (cosgp=0) need ¢p= kpx-wpt =Np7/2 for odd Np=...£3, £1,+3,£5,...

Real ¥g0up-zeros (cosgpc=0) need ¢pc=kcx-wct=Ncm/2 for odd No=..£3, £1,£3,+5,...

Real (x,t) lattice zero-points need BOTH: k,x—wpt=N,%
k.x—w.t=N_,%

. . -1
...bec.omes | T . N, ...w1t.h 1nverFed ) k, -0, N,
matrix equation: = z matrix solution: .
k. -0 t N, L Jp ¢ ~Wg N

M[iﬁ: e

t k.w,-k,0,_

YR

P
G
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2-CW space-time (x,t) lattice from per-space-time (k,v) by algebra

Real wave-zeros (cos¢=0) need ¢p=kx-wt=Nm/2 for odd N.
Real Yppase-zeros (cosgp=0) need ¢p= kpx-wpt =Np7/2 for odd Np=...£3, £1,+3,£5,...

Real ¥g0up-zeros (cosgpc=0) need ¢pc=kcx-wct=Ncm/2 for odd No=..£3, £1,£3,+5,...

Real (x,t) lattice zero-points need BOTH: k,x—wpt=N,%
k.x—w.t=N_,%

. . -1
...bec.omes | T . N, ...w1t.h 1nverFed ) k, -0, N,
matrix equation: = z matrix solution: .
k. -0 t N, L Jp ¢ ~Wg N

-0, O, N, i -0 N, +w0,N, i
2 2
[ X ] 3 -k, k, N, ~ -k.N,+k,N .

k.w,-k,0,_ k.w,-k,0,_

Qv
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2-CW space-time (x,t) lattice from per-space-time (k,v) by algebra

Real wave-zeros (cos¢=0) need ¢p=kx-wt=Nm/2 for odd N.
Real Yppase-zeros (cosgp=0) need ¢p= kpx-wpt =Np7/2 for odd Np=...£3, £1,+3,£5,...

Real ¥g0up-zeros (cosgpc=0) need ¢pc=kcx-wct=Ncm/2 for odd No=..£3, £1,£3,+5,...

Real (x,t) lattice zero-points need BOTH: k,x—wpt=N,%
k.x—w.t=N_,%

. . -1
...becpmes | T . N, ...w1t.h 1nverFed ) k, -0, N,
matrix equation: = z matrix solution: .
k. -0 t N, L Jp ¢ ~Wg N

-0, O, N, i -0 N, +w0,N, i
2 2
[ X ] 3 -k, k, N, ~ -k.N,+k,N .

tp k.w,-k,0,_ k.w,-k,0,_
G
0 0
X _ G P
[ ‘ ]g_ k.0,-k, 0
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2-CW space-time (x,t) lattice from per-space-time (k,v) by algebra
Real wave-zeros (cos¢=0) need ¢p=kx-wt=Nm/2 for odd N.
Real Yppase-zeros (cosgp=0) need ¢p= kpx-wpt =Np7/2 for odd Np=...£3, £1,+3,£5,...
Real ¥g0up-zeros (cosgpc=0) need ¢pc=kcx-wct=Ncm/2 for odd No=..£3, £1,£3,+5,...
Real (x,t) lattice zero-points need BOTH: k,x—wpt=N,%
k.x—w.t=N_5

L -1
...bec.omes | T . N, ...w1t.h 1nverFed x ) [ kb -o, N,
maftrix equation: = Z matrix solution: g

k. -0 t N, L Jp ¢ ~Wg N

-0, O, N, i -0 N, +w0,N, i
2 2
x ) -k, k, N, 3 -k.N,+k,N .
t ) k.w,-k,0,_ - k.w,-k,0,_

ReplaceG the reduced, m-laden variables with Hertz-Kaiser wave parameters.

@O.=2nV,. , k. =2K, , 0, =270V, , k, =27K, ...

) 0

kaP _kPa)G

Qv
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2-CW space-time (x,t) lattice from per-space-time (k,v) by algebra
Real wave-zeros (cos¢p=0) need ¢=kx-wt=Nm/2 for odd N.

Real Yppase-zeros (cosgp=0) need ¢p= kpx-wpt =Np7/2 for odd Np=...£3, £1,+3,£5,...

Real ¥g0up-zeros (cosgpc=0) need ¢pc=kcx-wct=Ncm/2 for odd No=..£3, £1,£3,+5,...

Real (x,t) lattice zero-points need BOTH: k,x—wpt=N,%
k.x—w.t=N_,%

o -1
...becpmes | T . N, ...w1t.h 1nverFed x ) [ kb -o, N,
matrix equation: = Z matrix solution: g

k. -0 t N, L )p ¢ ~Wg N

-0, O, N, i -0 N, +w0,N, i
2 2
x ) -k, k, N, 3 -k.N,+k,N .
t ) k.w,-k,0,_ - k.w,-k,0,_

ReplaceG the reduced, m-laden variables with Hertz-Kaiser wave parameters.

@O.=2nV,. , k. =2K, , 0, =270V, , k, =27K, ...

(V) ()
-N, Yo Z+N, Dr z -N,| © [2mrz+N_ | " |2nZ
[ X ] kG kp Kg Kp

ko, %0, (K V,p-K 20, )2)(27)

Qv
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2-CW space-time (x,t) lattice from per-space-time (k,v) by algebra
Real wave-zeros (cos¢p=0) need ¢=kx-wt=Nm/2 for odd N.

Real Yppase-zeros (cosgp=0) need ¢p= kpx-wpt =Np7/2 for odd Np=...£3, £1,+3,£5,...

Real ¥g0up-zeros (cosgpc=0) need ¢pc=kcx-wct=Ncm/2 for odd No=..£3, £1,£3,+5,...

Real (x,t) lattice zero-points need BOTH: k,x—wpt=N,%
k.x—w.t=N_,%

o -1
...becpmes | T . N, ...w1t.h 1nverFed x ) [ kb -o, N,
matrix equation: = Z matrix solution: g

k. -0 t N, L )p ¢ ~Wg N

-0, O, N, i -0 N, +w0,N, i
2 2
x ) -k, k, N, 3 -k.N,+k,N .
t ) k.w,-k,0,_ - k.w,-k,0,_

ReplaceG the reduced, m-laden variables with Hertz-Kaiser wave parameters.

@O.=2nV,. , k. =2K, , 0, =270V, , k, =27K, ...

(V) ()
-N, Yo Z+N, Dr z -N,| © [2mrz+N_ | " |2nZ
[ X ] kG kp Kg Kp

'S ko, %0, (K V,p-K 20, )2)(27)

- ]N[ N ]N( . ]

A
G 4(K GUP B KPUG )
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2-CW space-time (x,t) lattice from per-space-time (k,v) by algebra
Real wave-zeros (cos¢=0) need ¢p=kx-wt=Nm/2 for odd N.
Real Yppase-zeros (cosgp=0) need ¢p= kpx-wpt =Np7/2 for odd Np=...£3, £1,+3,£5,...
Real ¥g0up-zeros (cosgpc=0) need ¢pc=kcx-wct=Ncm/2 for odd No=..£3, £1,£3,+5,...
Real (x,t) lattice zero-points need BOTH: k,x—wpt=N,%
k.x—w.t=N_5

- -1

...becpmes | T . N, ...w1t.h 1nverFed x ) [ k -0 N, |

matrix equation: = Z matrix solution |k N 2
k. -o, t N, Lo\ K6 "0 G

Group Phase Phase Group
W Op N, z OGN, +@,N z per-time | v, 32 v, 52|71, 25 1, 2/3
2 2 - DT R -
X _kG kP NG _kGNP + kPNG per-space | K 3/12 Kp 1/52 lpl 21/1 /"LGI 2{3
= — = veloci =V. == =V . == — = — =
t ) k.,-k,0,. k.0,-k,0,. e B T A A R

Replacer—laden variables with Hertz-Kaiser wave parameters.

@O.=2nV,. , k. =21K, , 0, =270V, , k, =27K, ..

(V) ()
-N, Yo Z+N, Dr z -N,| © [2mrz+N_ | " |2nZ
[ X ] kG Kp Kg Kp

t ) k.@,-k,@, (K Vp-K 0, )(27)(27T)
9, v,
( X ] . K,
t_ p—
g 4(KGUP_KPUG)
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2-CW space-time (x,t) lattice from per-space-time (k,v) by algebra

Real wave-zeros (cos¢=0) need ¢p=kx-wt=Nm/2 for odd N.
Real Yppase-zeros (cosgp=0) need ¢p= kpx-wpt =Np7/2 for odd Np=...£3, £1,+3,£5,...

Real ¥g0up-zeros (cosgpc=0) need ¢pc=kcx-wct=Ncm/2 for odd No=..£3, £1,£3,+5,...

Real (x,t) lattice zero-points need BOTH: k,x—wpt=N,%
k.x—w.t=N_,%

- -1

...becpmes | T . N, ...w1t.h 1nverFed x ) [ k -0 N, |

matrix equation: = Z matrix solution |k N 2
k. -o, t N, Lo\ K6 "0 G

-k, k, | N. -k N, +k,N,. A

Group Phase Phase Group
O, Wy NP T _a)GNP +wPNG i per-time | v, 3/2 v, 52|71, 2/5 t, 2/3
2 2 per-space | K, - 3/2 K_P B 1/_2 Ap ) 2/1 A, ) 2/3

x| _ _ P R BN I T B

t k.ow,-k,o, k.w,-k,o, Sreea | =Y =T TRETL VTS v T

Replacer-laden variables with Hertz-Kaiser wave parameters.

@O.=2nV,. , k. =21K, , 0, =270V, , k, =27K, ..

(V) ()
-N, Yo Z+N, Dr z -N,| © [2mrz+N_ | " |2nZ
[ X ] kG Kp Kg Kp

'S ko, %0, (K 0,p-K 0, )2)(27T)

( ) ( )
3 5
-NP[ v ]+NG( v ] -N, % +N,, %
K
}-

X K 3 1
( t )p = - - \ é J \ é Y
oo ) R
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2-CW space-time (x,t) lattice from per-space-time (k,v) by algebra

Real wave-zeros (cos¢=0) need ¢p=kx-wt=Nm/2 for odd N.
Real Yppase-zeros (cosgp=0) need ¢p= kpx-wpt =Np7/2 for odd Np=...£3, £1,+3,£5,...

Real ¥g0up-zeros (cosgpc=0) need ¢pc=kcx-wct=Ncm/2 for odd No=..£3, £1,£3,+5,...

Real (x,t) lattice zero-points need BOTH: k,x—wpt=N,%
k.x—w.t=N_,%

- -1

...becpmes | T . N, ...w1t.h 1nverFed x ) [ k -0 N, |

matrix equation: = Z matrix solution |k N 2
k. -o, t N, Lo\ K6 "0 G

-k, k, N, -k N, +k,N,. A 21 A, 23

per-space | K, 3/2 Kk, 12| A
. — — =velocity | =V, _1 =V =)

~

Group Phase Phase Group
- - +
[ W Op I N, ]n’ [ wGN pT 0N G ]77: per-time | v, 3/2 v, 52|71, 2/5 1, 2/3
2 2 = . T 1A = =

1

I .
5V,

1

=

Replacer-laden variables with Hertz-Kaiser wave parameters.

@O.=2nV,. , k. =21K, , 0, =270V, , k, =27K, ..

(V) ()
-N, Yo Z+N, Dr z -N,| © [2mrz+N_ | " |2nZ
[ X ] kG Kp Kg Kp

'S ko, %0, (K 0,p-K 0, )2)(27T)

( ) ( )
3 5
-NP[ v ]+NG( v ] -N, % +N,, %
K
J-

( X B K¢ P \ % ) \ % ) _L SN_-3N,
Lr 4(K VK ,0,.) = TEEIER 24| IN_.-3N,
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Wave resonance in cyclic C, symmetry (REVIEW)
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"-Diff-theory of 2-CW group and phase velocity
Given two 1-CW phases: Find 2-CW phase velocity Vpnase> W) and group velocity V group 2-CW)
Example: Bohr Dispersion 2-CW made of 1-CW(m=-1) + 1-CW(m=2)
Find 2-CW space-time (x,t) lattice from per-space-time (k,v) by matrix-algebra/geometry
> Same 1-CW(m=-1) + I-CW(m=2) Example *
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Bohrlt Web Simulation

Bohr-Schrodinger {Quadratic dispersion} Wave Mixing for k=-1, 2
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