Cn-Symmetric Wave Modes

(Ch. 5 of Unit4 3.29.15)

Ci2 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y2-Sum-"2-Diff-theory of 2-CW group and phase velocity

Algebra and geometry of resonant revivals: Farey Sums and Ford Circles

Relating Cy symmetric H and K matrices to differential wave operators
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics

Y-Sum-Y-Diff-I1dentity for resonant beat analysis
Mode frequency ratios and continued fractions

Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry
C3 symmetric spectral decomposition by 3rd roots of unity
Deriving Cs projectors
Deriving and labeling moving wave modes
Deriving dispersion functions and degenerate standing waves
Examples by Wavelt animation
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

» ) and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"5-Diff-theory of 2-CW group and phase velocity
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Nth roots of 1 ¢ 177 2%/N =(m| v’ |m) serving as e-values, eigenfunctions, transformation matrices,
dispersion relations, Group reps. etc.
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Cn Symmetric Mode Models:

Nth roots of 1 ¢ 77 2%/N=(m| v’ |m) serving as e-values, eigenfunctions, transformation matrices,
dispersion relations, Group reps. etc.
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics

Y-Sum-Y-Diff-I1dentity for resonant beat analysis
Mode frequency ratios and continued fractions

Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry
C3 symmetric spectral decomposition by 3rd roots of unity
Deriving Cs projectors
Deriving and labeling moving wave modes
Deriving dispersion functions and degenerate standing waves
Examples by Wavelt animation
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

) and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity <
Y-Sum-"5-Diff-theory of 2-CW group and phase velocity
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Archetypical Examples of C,, Dispersion Functions

(a) Constant dispersion (b) Linear dispersion (¢) Quadratic dispersion (d) Phonon dispersion  (e) Exciton dispersion
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05 ° L 05 @ ®eo¢ae® ) —0.59 0.5
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Wi uauad Seaaa RS PR G aauad s AR ARRER ittt LN T Tusuad SEEEEAEE
ky,=m kj ky,=m kj ky,=mk;j kp=m kj ky,=m kj
Applications:
Uncoupled Weakly coupled pendu- Weakly coupled pendu- Strongly coupled pendu- Strongly coupled pendu-
pendulums lums (No gravity) lums (With gravity) lums (No gravity) lums (With gravity)
Movie marquis Light in vacuum (Exactly) Light in fiber (Approx) Acoustic mode in solids ~ Optical mode in solids
Xmas lights Sound (Approximately) Non-relativistic Relativistic matter
Schrodinger matter wave (If exact hyperbola)
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Archetypical Examples of C,, Dispersion Functions

(a) Constant dispersion (b) Linear dispersion

(¢) Quadratic dispersion (d) Phonon dispersion

(e) Exciton dispersion
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Optical mode in solids
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a=kx=w-t

Solve for 1-CW phase velocity
- —

5 ' _
\ ? 78km‘””’k1

W a
X=—-1+—
k k

Wave velocities depend on
Dispersion function

w=w(k)
(a) 1-CW phase velocity:
1CW _ (k)
phase k
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics

Y-Sum-Y-Diff-I1dentity for resonant beat analysis
Mode frequency ratios and continued fractions

Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry
C3 symmetric spectral decomposition by 3rd roots of unity
Deriving Cs projectors
Deriving and labeling moving wave modes
Deriving dispersion functions and degenerate standing waves
Examples by Wavelt animation
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
> Y-Sum-"2-Diff-theory of 2-CW group and phase velocity <€
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The 2-Sum-"2-Diff-Identity and 2-CW phase and group velocity
Given 2-CW phases: ..find 2-CW phase velocity szlfs‘;v and group velocity ngr;izv
azka-x—a)a-t and b:kb.x_a)b.t

Velocities depend upon
Dispersion function
@ =w(k)

(a) 1-CW phase velocity:

Vl}—ZCW — @
==
mk ;

Sunday, March 27, 2016 17



The 2-Sum-"2-Diff-Identity and 2-CW phase and group velocity
Given 2-CW phases: .find 2-CW phase velocity v -" and group velocity y*c¥

group
azka-x—a)a-t and b:kb.x_a)b.t
_ /b\
e+ e” i? e 2 +e 2 ,-azi (a—b)
=e =e¢ 2 Cos
2 2 2

Velocities depend upon
Dispersion function
@ =w(k)

(a) 1-CW phase velocity:

VII—CW — M
==
mk ;

Sunday, March 27, 2016 18



The 2-Sum-"2-Diff-Identity and 2-CW phase and group velocity
Given 2-CW phases: .find 2-CW phase velocity v -" and group velocity y*c¥

group
azka-x—a)a-t and b:kb.x_a)b.t
_ /b\
e + e i? e 2 +e 2 ,-azi? (a—b)
=e =€ COS
2 2 2
y,

(k,+k) (0,+m,)
l X t k,—k w,—o
—e 2 2 cos(( a b)x—( a b)t)

Velocities depend upon
Dispersion function
@ =w(k)

2 2

(a) 1-CW phase velocity:

) w(k
yrow - O
k
mk ;

Sunday, March 27, 2016 19



The 2-Sum-"2-Diff-Identity and 2-CW phase and group velocity

Given 2-CW phases: ..find 2-CW phase velocity szlfszv and group velocity s
a:ka-x—a)a-t and b:kb.x_a)b.f
\ | /b )
e’ +e” i? e ? +e ? ,-azi? (a—b)
=€ =€ COS
2 2
(k,+k,) (0,+m,) /
. W, +o
. ER btcos (ka_kb)x_(wa_wb)t
- 2 2 Velocities depend upon

Dispersion function
rcw (0, +®)) rcw (0, — ) o = wk)

phase — (ka+kb) group — (ka_kb)

(a) 1-CW phase velocity:

Lew (k)
phase T
=mk,

Sunday, March 27, 2016 20



The 2-Sum-"2-Diff-Identity and 2-CW phase and group velocity

Given 2-CW phases: ..find 2-CW phase velocity szlfs‘;v and group velocity s
a:ka-x—a)a-t and b:kb.x_a)b.f
\ /b \
e + e i? e > +e *? ,-azi? (a—b)
=e =€ COS
2 2
(k +k,) (0 +m,) /
. w,+0
. R ' cos (ka_kb)x_(wa_wb)t
B o) o) Velocities depend upon
Dispersion function
2}-ICW _ (0, + o) 2w _ (0, —0y) ® = w(k)
pnase k +k group — _
(ko) (kg = k) (a) 1-CW phase velocity:
o _ OK)
phase k

(b) 2-CW phase velocity:
YW (k) +w(k,)
phase kl +k2

(c) Pairwise group velocity:
V2w _ w(k,)—w(k,)

gi’Ol/lp
kl B kz

1

Sunday, March 27, 2016 21




( Local Control ) ( Fourier Controls ) ( Scenarios )  (Resume ) (SetT=0) (Zero Amps ) T-Scale= 0.22 B O

>osition p (in units of L/12) Fourier Control On i

~
~
~a.
~o%

AV R\V AV

6 -5 W%veve-c%or— }( (9n ulnits2 of 2n/i) > 6

Sunday, March 27, 2016 22



Hj S im T/ll atin g COm D l ex SyS rems [Harter, J. Mol. Spec. 210, 166-182 (2001)]

With Simpler Ones
=2 H Made of Quantum Dots

vy HoHjyH-yH3 HyHyj
H1HOH1H2H3H2\
HyHyHoHy H>H3
H2 H3 Hy Hy HyHy H;
H3 \H2H3H2H1H0H1
HyH>H3z HyHjHp

Sunday, March 27, 2016 23




Hj S lmul atin g COmp l ex SyS tems [Harter, J. Mol. Spec. 210, 166-182 (2001)]

With Simpler Ones
=2 H Made of Quantum Dots

Making pure quadratic w=ck’ (Bohr dispersion)
_____ hok)

vy HoHjyH-yH3 HyHyj

H1HOH1H2H3H2\
HyHyHoHy H>H3
H3HyHyjHoHjy H>
HoyH3 HyHyHpHjy
Hy HyHz Hy Hy Hy

Sunday, March 27, 2016 24




Sunday, March 27, 2016

Simulating Complex Systems
With Simpler Ones
] Made of Quantum Dots
Making pure quadratic w=ck’ (Bohr dispersion)
=3 S el e e e e

[Harter, J. Mol. Spec. 210, 166-182 (2001)]

HI1 HygHy H>Hj H) “sn16s 0520
HyHyHoHy H) Hg vt [0 Tepaer [Lewt
H3 HyHyHyHy H) vos 16 Lases om0
HyH3HyHy HyHyp vots s Taisie 26t
HyHyHsz HyHy Hy vty ot Taesst [asms

-0.5858
-1/3

-0.7639
-0.5733

-0.8511
-1.2862
-1.1708
-1.6199
-1.5340

172
0.0895
0.5528
02510
2/3
04194
0.8180
0.6058
1
081413

-1/2

-0.0726
-0.5359
-0.2028
-0.6160
-1/3

-0.7232
-04732

1/2
006116
0.5260
0.1708
0.5858
02781

-1/2

-0.0528

-05198 1/2
-0.1479 0.0465

25



Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Harmonic oscillator with cyclic C3 symmetry
Cs symmetric spectral decomposition by 3rd roots of unity

Resolving C3 projectors and moving wave modes
Dispersion functions and standing waves

Cs symmetric mode model:Distant neighbor coupling
Cs spectra of gauge splitting by C-type symmetry(complex, chiral, coriolis, current, ..
Cwn symmetric mode models: Made-to order dispersion functions

Quadratic dispersion models: Super-beats and fractional revivals
P Phase arithmetic

Sunday, March 27, 2016 26



2-level-system and (> symmetry phase dynamics

Cy Phasor-Character Table

0 1 .
r =0 r G=m L %

C, Character Table describes eigenstates

symmetric Aj 1=7° pr=¢"' even  +45°
Omod?2
1 1 +) S
VS. g g
+1mod?2 1 —1 C2
' ' ~ parity
antisymmetric A» | 3 parity
Phasor notazlon % 0‘
Imaginari =) g A

Phasor C, Characters describe local state beats

Initial sum

1/4-beat

1/2-beat

3/4-beat

Sunday, March 27, 2016



2-level-system and C,; symmetry phase dynamics

C, Phasor-Character Table

0 (i_ - Coupled Optical \ — T
r =0 r (¢=m Pendula  E(t) 0

even +45°

H+) W
ww
C LA

Space-time plot

parlly
states odd

- 88 %

localz ed

2

revivals P
or bedts

Din=2.7 Dx=240

full-bea

Sunday, March 27, 2016 28



2-level-system and (> symmetry phase dynamics

C, Phasor-Character Table

0 1 _
r =0 r =m G "

even +45° A S S S S S B S —
n 98
2 i \; s 'I l]'
par ll:y . ) s ]"-,.‘ "‘}Ill
1800 states oddA -45 | W\ ;
=) .
1 ) |_> g oy S’:
o0 |

revivals I localized X
or bedts SN 7
Initiah, ,/
\\\ /// ‘[
t I O Oo //).
/7
_ ’
/7
// .
1/47 % ")
\J\\ ’,I

1
10

Sunday, March 27, 2016



C; symmetry phase in ,(2) or 3-level-systems

C3 Eigenstate Characters
p=0 / 2
"IN ; Chiral
Nonl|- chiral ) o
0 ............. | quantum-Hall-like
3 0°! C 3v|SYS rem systems
A deserve special treatment
] 120° -120° 4
3 | &
‘- 120° 120° ‘ f’; S
‘ ‘ WPhasor notation TQQS
44 « >
Imaglnari
1z 0 Az 0
I
:\\\x\ ..............
i - (O
]/3 0()° \ M
{D_‘. 1 1N Je= 0
N N/
‘_ o i £ T e
2/3 w '30:’ '3():. C/NM =i

Sunday, March 27, 2016



Cs symmetry phase in {2, 3, or 4 level-systems

C4 Eigenstate Characters
m,. p=0 1] 2 3

Nonl|- chiral
Ca|system

Cy Revwals ; ' I\ - /
Po N , ,

174l e (5% TS 7T an
2/4 . —

g o eo

3/ 4

¥ e lh o o

Sunday, March 27, 2016 31



(s symmetry phase in /7, 2,...5 level-systems

N
5

n

W O N~ O S
o

45

Cs Revivals
n =0

C 51 Ezgenstate Characters
p=0 1

99999

_72°

OG-
g

()

.\4 )
R

O

.“" ,.
r
SM-144°  144°0/

1 2 3 +

.........

vsiey @ & & @
vs|ey €

A A
vs|@) & = = &

Sunday, March 27, 2016

Phasor notation TQ:

~

eda

<

Imaginari

t=0.00

32



(s symmetry phase 1n /, ...6 level-systems

Cg Eigenstate Characters
m, p=0 1 2 3 4 5

=

Vs
[

9

[
9
<

o~ °
y e
4 9
1 <
C
c ‘,.-:. ‘o,
[
(§e]
<
C

06 | "
] (0 (150 120
N o, ~
2 ‘-1200" " 120° . §
6 " 4 @ Phasor nota&mn ~
3 V| YERY | Y Imaginar
6

._.
[
=

0

!
’

o
3]
<

< 4
ol S

-

-
”

/12

1/6F
2/6
5/12

3/ 6]

4/ 6

9/12

5/ 6

11/12

Sunday, March 27, 2016



Cn algebra of revival-phase dynamics
Discrete 3-State or Trigonal System  Discrete 6-State or Hexagonal System

(1lesla’s 3-Phase AC) (6-Phase AC)
Cg Eigenstate Characters
C3 Eigenstate Characters m._ p=0 1 2 3 4 5
2 N

. p=0 1
N

- g |Note 2-phase
Note 3-phase - |sub-symmetry
sub-symmetry =The “Mother

of all symme-
try”is Cy)

Sunday, March 27, 2016 34



C, algebra of revival-phase dynamics

Quantum rotor fractional take turns at Cn symmetiy
-%u

A C3 “Three-fold Mc

)
: ent
/ 3-<cloned revival’pedks
“ pop up at t=T/3
(Using €3 character tables)
)O _ o _ [e]
i i 1310 5 0 5. 10 li e

(Harter, J. Mol Spec. 210, 166-182 (200

Sunday, March 27, 2016
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Algebra and geometry of resonant revivals: Farey Sums and Ford Circles

36



TlIIl@rf .(Lljuts of fundamelgal Pe;nod T) (Imagine "Wrap-é_erlJlrglrd" qb—coordinate)

T
m
1/4
_1/4
0

-1/2

: -1/4 .0 1/4
Coordinate ¢ (units of 277)

Sunday, March 27, 2016




N-level-rotor system revival-beat wave dynamics

(Just 2-levels (0, £1) (and some +2) €Xxcited)

/1A |W(x,t)| in space-time

Simplest quantum revival.:

» Exciting first two levels
(€=O and €=::1)
1s like a
2-level system quantum beat
1/2 in space-time

1/4

0/1
space time

< > [Harter, J. Mol. Spec. 210, 166-182 (2001)]

Sunday, March 27, 2016 38



N-level-rotor system revival-beat wave dynamics

(Just 2-levels (0, £1) (and some +2) €Xcited) (4-levels (0, 1 2 ,+3) (and some +4) €XCl1ted)

1/]

Am =3

-2-1012 34 =m

2Ax = 24%
< >

Simplest fractional quantum revivals: 3.4,5-level systems

Sunday, March 27, 2016



N-level-rotor system revival-beat wave dynamics

(9 orl0-levels (0, +1, +2, 3, +4...., +9, z10, :11..) €XcClted)

fractional quantum revivals:
in 3.4,..., N-level systems
Number increases rapidly with
number of levels

and/or bandwidth
5 units of ) of excitation

[Harter, J. Mol. Spec. 210, 166-182 (2001)]
Sunday, March 27, 2016 40



N-level
-rotor |
system revival-beat wave d
ynamics

/erosE
1 (X3 :
vy and “particle-packets”
have
paths

labeled b I 1 SCquence c. —
Yy action s
u S h .01 23
f k : = _ - - _ 2 _ l

]/]\\ ==

(9 or10-1
-lev
els (0, +1,+2,+3,+4,..., 49
s 29, 210, 211..) €XCIted)

— | —

\ SS==
~ gy
~
\ S
\\ S~
\ ~ :
~ -~ —
: -
~ ~ = — ”,,— P
— == < = ””
=" -~ ~ = - P
— ——_ - = ’
— = ,¢;1’ = - /
~ \’Q”’ -~ Sy P d
- 7
:f NG Z = /
~ : ~_ p
- . ] ’ ;
= - ‘~ ~ o — /
’\”— ~ ) " 7“
~ = ~ - = =
] - - ~ )
z - - =
‘ - —\ —’— -
~ =
\ ’ ~~~ ——\ - - 5\
~ - - - ‘
= t,,——” = / -
-

————— _ - ’ \N\ ~ - N\
< - =_ ~ =
= - §§ — ”/’

/’ -~ ~< :> E
: = . — -7 F RS
. -
= \ . ””, ~ T~
~ == - ==
: -
- -~ g ~< V4 < ~ =
- \ ~ - ~ - , - - <~ -
”’< N ———_——— ~
.-~ ~ —— -
B
= - ~ _,\—— - V4 ~
~— -—— ——— -
--———-:” n S
= - ~ - =~ ,’
- : : ’ -
- -
3 - ~ \ =< = >
-~ ‘ ~ :
- - ~ / ~~ ” ~<
—— = ’ : s‘
: -
= = - =~ -=7]
> : ’ ”-‘
T - / -~ - -~
— ~ ” ~
S~ = ]
<. > o= -
SO P ’ff ————
S P - R =
il
-
S
S 1/2

-

(units of Tl);:::: n S
/”‘-’" ”
~ . T~ ”
7 <=- = ‘ ;
<’ === S
=< ——\——_—’\’s«’§_:a- 3/7
— g
————— ) ”
S BT
_-o~N

-
. ~
N === ,, =
Vg =TT\
~__~\”—””
~
~41/3

< —’——_.,,
=
_— - \
. - < /
™ o
—=
S / ,,—f— ~ <
S Z_ \
/” :
/’ = <~ s :
”’ g \ ~
”’ _ ~-o - -~
~ ~ == -z .
. -~
1 i / ——\ ———:___~——— P d ~ -
RS -~ P d ~
- = - \
— ———— N \
~ < g : \
- ~ ‘
= - b o Z :
- >< N — -
- ~ ” ~ - :
z ) ’ -~ - ””
~ — ~ - > - ”’
2 A 52 = =
- > ‘ 1
/ > ~ >z ~S4--77 - 7
— -~ ”” g =
>~ =~ L= It Sl < =
So—=3_ < ~<--os -
— -_~ =
-~ \
\\ \
~ \

0/] L=
S

eros star 4
t here 4 / / 7 v 7
- /Z » Wa epacket starts here
, Zeros start here

Coordinate ¢
(units of 2)

y 4 ’zf,f:::—”’
<~
SR
== | 0

Sunday, March 27, 2016 .
arter, J.
Mol. Spec. 210, 166-182 (2001)
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(a) Big ball moves in and traps small ball between it and The Wall Lect. 5 (9 11 14)

o Space > v The Classical
v e “Monster Mash’’

Classical introduction to

Time

V2:2 . ‘¢ . b3/ .
v Heisenberg “Uncertainty” Relations

_ const.
V2 = %

= 1s analogous to: Ax-Ap=N-h

or: Y -v,=const.

Recall classical “Monster Mash” 1n Lecture 5

with small-ball trajectory paths having same geometry
as revival beat wave-zero paths

Farey-Sum arithmetic of revival wave-zero paths
(How Rational Fractions N/D occupy real space-time)

Sunday, March 27, 2016



Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

. 1/1
Tlme t ' n /d P path slope is 1/d p

(units of 1) '

(n,-1)/d,
____________________ n,/d, path

3/d, fractions
numerator/denominator

2/d, 2/d,
1/d, 1/d,
0/] | Coordinate ¢

-2 -14 0 14 12 (ynits of 2m)

Harter, J. Mol. Spec. 210, 166-182 (2001) and ISMS (2013)
Sunday, March 27, 2016 43



Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

1/1

Time ¢

(units of Ty)

(n,-1)/d,

2/d,

1/d,

3/d,
2/d,

1/d,

0/1

n /d P path slope is 1/d P

n,/d, path
fractions

numerator/denominator

Coordinate ¢

-172  -1/4 0

14 172

Harter, J. Mol. Spec. 210, 166-182 (2001) and ISMS (2013)

Sunday, March 27, 2016

(units of 27)
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

1/1
Time Z— """""" ]'/d& ST T T nZ/death slope is ]/d2
(unitsof Ty) - | T——
(n]—|—])/d1 Inz'/d2/
n,/d,
(n,-1)/d,
____________________ : n,/d, path
3/d, fractions
. numerator/denominator
2/d, 2/d,
1/d, 1/d,
0/] | Coordinate ¢
-172 -1/4 0 1/4 1/2

Harter, J. Mol. Spec. 210, 166-182 (2001) and ISMS (2013)

Sunday, March 27, 2016

(units of 27)
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

Time Z— """""" ]'/d& T '*']3/61] n./d, path slope is 1/d,,
, T ~—112/d
(untsof ©¢) - | ... T T— | !
(n]—|—])/d1 Inz'/d2/
n,/d;—
(n2—l)/d2 n/d, path slope is-1/d, o

. n /d; and n,/d, path

3/d, fractions
numerator/denominator

2/d,

1/d, 1/d,
0/] | Coordinate ¢

-2 -14 0 14 12 (ynits of 2m)

Harter, J. Mol. Spec. 210, 166-182 (2001) and ISMS (2013)
Sunday, March 27, 2016 46




Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

, 1/1
Time ¢
(units of Ty) -

(n,+1)/d,
(n,-1)/d,
2/d,

1/d,
0/1

-1/2

Sunday, March 27, 2016

14/d,
13/ d] nZ/dZ path slope is ]/d2
-1
12/d, % = 1/d,
: M
I/l2/d2 El/dl -t
n/d——12-¢ — ~ld,

—_——

n ]/d ; path slope is -1/d ;

: n,/d, and n,/d, path
3/d, | intersection time
(Farey-Sum)

1/d,

Coordinate ¢

-1/4 0

1/4

1/2

(units of 27)

[John Farey, Phil. Mag.(1816)]

Harter, J. Mol. Spec. 210, 166-182 (2001) and ISMS (2013)

47



Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

, 1/1
Time ¢

(units of Ty) -
(n,+1)/d,

(n,-1)/d,

n,/d, and n./d, path

intersection point |
_ diny-nd, | .
@ d] n d2 2/d,

(Ford-Cross) 1/d
2

0/1

-1/2

14/d,
13/ d] n Z/d P path slope is 1/d P
]2,/d] 2/dZ -1 = 1/d;

2=
: M
Inyd, ny/d, -t

A

—

ny/d——12-¢  — ~ld,
n /d, path slope is -1/d,

. n,/d, and n,/d, path
3/d, | intersection time
2d, | 1= T

2| ®  d,+d,
(Farey-Sum)

1/d,

Coordinate ¢

-1/4 0 1/4

[Lester. R. Ford, Am. Math. Monthly 45,586(1938)]

Sunday, March 27, 2016

1/2

(units of 27)

[John Farey, Phil. Mag.(1816)]

Harter, J. Mol. Spec. 210, 166-182 (2001) and ISMS (2013)
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Ford-Circle geometry of revival paths
(How Rational Fractions N/D occupy real space-time)

Sunday, March 27, 2016
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Unit Real Interval
P P2 3 A PSP P PR P9

"N\
&
— S

1

1
o
_—

|

19

18

17

16

14

13

12

11

Denominator Axis D

|0.|1|||0.|2|||0.§|||0.f1||p.§|||0.|6|||0.|7|||0.|8|||0.?|

<
S
~
\’O

[
~

0.0
<
I

Numerator Axis N

30020 -1 1 2 3 4 6 7 8 9 I 12 13 14 16 17 18 19

Sunday, March 27, 2016

1
1.0

Farey Sum
related to
vector sum

and
Ford Circles

1/1-circle has
diameter /

A. Li and W. Harter,
Chem. Phys. Letters,
633, 208-213 (2015)

Harter and Alvason Li
Int. Symposium on
Molecular Spectroscopy
OSU Columbus (2013)
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"N\
&
— S

1

1
.
—

:

Denominator Axis D

Illlp'|2||p':[;|Ip'ﬁ.lIpéllp'lﬁ_llp'yllp'lgllp

19

18

17

Sunday, March 27, 2016

o Py

P2

PP

P

Unit Real Interval
S 6 P07 PR P9

% Farey Sum

9 related to

vector sum

and
Ford Circles

1/1-circle has
diameter /

Farey-Sum of fractions 0/1 and 1/1 1s 12
hat 1s vector sum vot+v;= (1,2)=v>

Numerator Axis N

I 12 13 14 16 17 18 19

A. Li and W. Harter,
Chem. Phys. Letters,
633, 208-213 (2015)

Harter and Alvason Li
Int. Symposium on
Molecular Spectroscopy
OSU Columbus (2013)
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Unit Real Interval

"N\
&
— S

% Farey Sum

ol P P2 PR A PSP PTL PR P00 el
e | elated to
o] vector sum
< 18
A 10 and
=g Ford Circles
gé : 1/1-circle has
S 14 diameter /
& N
3 -r-: 13
§ = 12
S, This vector v
3‘1 points to real value
<] 1/2=0.5]
SEp
iy
< 6
- Farey-Sum of fractions 0/1 and 1/1 1s 12
&4 4 .
1, hat 1s vector sum vot+v;= (1,2)=v>
"_': A. Liand W. Harter,
e Chem. Phys. Letters,
VOZ(O,I)— 633, 208-213 (2015)
MAV = . Harter and Alvason Li
y Nume’/al"O’/ A.XZS N y 71t. §y7ﬂ7f1gosiLt?1 O)n
olecular Spectroscopy
3 2 -1 1 2 3 4 6 7 8 9 11 12 13 14 16 17 18 19 OSU Columbus (2013)
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"N\
&
— S

Unit Real Interval % Farey Sum

ot P P2 e P P P T P PR 0 pe]
e | elated to
o] vector sum
= 18
o and
=g Ford Circles
ol . . ! 1/1-circle has
~ | vpcircle radius‘infersectin .
N S 14 . diameter /
S 2 ling
S 13
§ = 12
S, This vector v;
3‘1 points to real value
<] 1/2=0.5]
= 8
7
g
- Farey-Sum of fractions 0/1 and 1/1 1s 12
&4 4 .
1, hat 1s vector sum vot+v;= (1,2)=v>
"_': A. Liand W. Harter,
e Chem. Phys. Letters,
VOZ(O,I)— 633, 208-213 (2015)
MAV = . Harter and Alvason Li
y Nume’/al"O’/ AXZS N y 71& 5)}7;;@?&1{% O)n
olecular Spectroscopy
3 2 -1 1 2 4 6 8 9 11 12 13 14 16 17 18 19 OSU Columbus (2013)
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"N\
&
— S

1

1
.
—

:

o P P2 PR P

19

0.5

18

16

vy circle radius intersectin
14 .
5 line

13
12

11

Denominator Axis D

Pb  P7 PR PP

17 \

Unit Real Interval % Farey Sum

related to
vector sum

and
Ford Circles

1/1-circle has
diameter /

This vector v;
points to real value

1/2 =0.5\

IIP'IZIIP':[;IIp'ﬁ.lIP'§IIP'(ISIIp'7I|p'|8|Ip

|
|

P.

30020 -1 1 2 3 4 6 7 8 9

Sunday, March 27, 2016

Farey-Sum of fractions 0/1 and 1/1 1s 12

Numerator Axis N

hat 1s vector sum vot+v;= (1,2)=v>

A. Li and W. Harter,
Chem. Phys. Letters,
633, 208-213 (2015)
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Relating Cn symmetric H and K matrices to wave differential operators

The 15t neighbor K matrix relates to a 21 finite-difference matrix of 2 x-derivative for high Cy.

1st derivative momentum: p = —

i dx

N_lsh
—_

H and K matrix equations are finite-difference versions of quantum and classical wave equations.
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Square p? gives 1t neighbor K matrix.
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Symmetrized finite-difference operators
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