Cn-Symmetric Wave Modes
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry (E-type)

Hamiltonian matrix H or spring-constant matrix K=H? with /'-type or

A*+B> 2AB

H = A B A 1 O +B 0 1 K=H?= , ,

B A 0 1 1 0 2AB  A’+B
=A-1 +B- =(A’+BH1 +2AB-

Reflection symmetry o defined by (5:)?=1 in Cz group product table.
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry (E-type)

Hamiltonian matrix H or spring-constant matrix K=H? with /'-type or

A*+B> 2AB

H= A B A 1 O +B 0 1 K=H?= ; ,

B A 0 1 1 0 2AB  A’+B
=A-1 +B- =(A’+BH1 +2AB-

Reflection symmetry o defined by (5:)?=1 in Cz group product table.
(a) unit base State 11)=1|1) (b) unit base Smte |os)=0c5|1)

symmetry
1

1
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry (E-type)

Hamiltonian matrix H or spring-constant matrix K=H? with /'-type or symmetry
A’+B> 24B G |1
H-= A B A 1 O ny: 0 1 K= H2 — , , 2
B A 0 1 I O 2AB A°+B 1 1
=A-1 +B- =(A’+B%1 +2AB- 1

Reflection symmetry o defined by (5:)?=1 in Cz group product table.
(a) unit base State 11)=1|1) (b) unit base Smte |os)=0c5|1)

0)=)=P2) = D=hy=p D=7 !
%=0  %,=0
M/{) @”ﬂ”‘ mm | ' mmu
MAM WA AMMM,
L3> L 3> (01)?=1 or: (01)?-1=0 gives projectors:
Xo~1 =0 % (G0 +1)-(0p-1)=0=p*- pY
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry (E-type)

Hamiltonian matrix H or spring-constant matrix K=H? with /'-type or symmetry
A’+B> 24B G |1
H-= A B A 1 O ny: 0 1 K= H2 — , , 2
B A 0 1 I O 2AB A°+B 1 1
=A-1 +B- =(A’+B%1 +2AB- 1

Reflection symmetry o defined by (5:)?=1 in Cz group product table.
(a) unit base State 11)=1|1) (b) unit base Smte |os)=0c5|1)

0)=1=12) = D=b=k-1)=|7 CHC !
%=0  %,=0
M&) @”ﬂ”‘ mm | ' mum
MAM WA AMMM,
L3> L 3> (01)?=1 or: (01)?-1=0 gives projectors:
Xo~1 =0 % (G0 +1)-(0p-1)=0=p*- pV

P®)=(1+0c)/2 and P@=(1-G1)/2
(Normed so: P(Y+P=1 and: P™-Pm= P(m))
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry (E-type)

Hamiltonian matrix H or spring-constant matrix K=H? with /'-type or symmetry
A’+B> 24B G |1
H-= A B A 1 O ny: 0 1 K= H2 — , , 2
B A 0 1 I O 2AB A°+B 1 1
=A-1 +B- =(A’+BH1 +2AB- 1

Reflection symmetry o defined by (5:)?=1 in Cz group product table.
(a) unit base State 11)=1|1) (b) unit base Smte |os)=0c5|1)

[
0)=be)=12) = 1=p)=-1)=2 JHC!
' %=0 %0
M/{) @”ﬂ”‘ LEEEER | mum
AMAMAA WA AW
L3> =0 > (01)?=1 or: (01)?-1=0 gives projectors:
C> symmetry (B-type) modes P(=(1+5.)/2 and PO=(1-c.)/2
1 m - P(Y+P=1 and: P™ -P(m)= P(m)
(a) Even m0de|+>:|02>=<1)N2 (Normed so: P("/+P(=1 and: P"/-P Py

T

X,=IAN2  X;=IN2 ;
(b Odd mode |-)= |12>_( )Nz

X,2=IN2  X;=-IN2
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry (E-type)

Hamiltonian matrix H or spring-constant matrix K=H? with /'-type or symmetry
A’+B> 24B G |1
H-= A B A 1 O ny: 0 1 K= H2 — , , 2
B A 0 1 I O 2AB A°+B 1 1
=A-1 +B- =(A’+B%1 +2AB- 1

Reflection symmetry o defined by (5:)?=1 in Cz group product table.
(a) unit base State 11)=1|1) (b) unit base Smte |os)=0c5|1)

0)=1=12) = D=b=k-1)=|7 Gt
%=0  %,=0
M/{) @”ﬂ”‘ mm | ' mmu
MAM W AMMM,
L3> L 3> (01)?=1 or: (01)?-1=0 gives projectors:
xy=1 x;=0 x;=1 (51 +1)(51-1)=0= p(+V- p(-V

C> symmetry (B-type) modes

(t)= ()=(1-
( ]) Mode state projection: PrY=(1+0:)/2 and PU=(1-01)/2
A2

(Normed so: P("+P()=1 and: P -Pm= P(m))

(a) Even mode |+)=|0,) =

[+)=]02)=P™|0)v/2
=(10)+[2))/v2
=([1)+[or))/v2

Xy=IN2 X;=IA2 ;
(b Odd mode [-)= |12>_( )m
|-)=(02)=P|0)v2
=(10)-12))/v2
=([1)-]or))/v2

X,2=IN2  X;=-IN2
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry (E-type)

Hamiltonian matrix H or spring-constant matrix K=H? with /'-type or symmetry
A’+B> 24B G |1
H-= A B A 1 O ny: 0 1 K= H2 — , , 2
B A 0 1 I O 2AB A°+B 1 1
=A-1 +B- =(A’+B%1 +2AB- 1

Reflection symmetry o defined by (5:)?=1 in Cz group product table.
(a) unit base State 11)=1|1) (b) unit base Smte |os)=0c5|1)

0)=1=12) = D=b=k-1)=|7 CHC !
%=0  %,=0
M&) @”ﬂ”‘ mm | ' mum
MAM WA AMMM,
L3> L 3> (01)?=1 or: (01)?-1=0 gives projectors:
Xo=1 =0 % (G0 +1)-(0p-1)=0=p*- pV

C> symmetry (B-type) modes

(t)= ()=(1-
( ]) Mode state projection: PrY=(1+0:)/2 and PU=(1-01)/2
A2

(Normed so: P("+P()=1 and: P -Pm= P(m))

(a) Even mode |+)=|0,) =

[-+)=[02)=P™|0)v/2 C, mode phase & character tables
=(10)+1]2))/v2
« f =(|1)+ V2
X=IN2 xX=IN2 s Pt m=0 |1 |
() Odd mode )= |12>_( )/xlz 2
)10z} =P |02 } D e
=(10)-[2))/v2 = . 2 —
==l V2 e mavemumber TRET
X,2=IN2  X;=-IN2 IN2 (modulo-2) 12
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry (E-type)

Hamiltonian matrix H or spring-constant matrix K=H? with /'-type or symmetry
A’+B> 24B G |1
H-= A B A 1 O ny: 0 1 K= H2 — , , 2
B A 0 1 I O 2AB A°+B 1 1
=A-1 +B- =(A’+B%1 +2AB- 1

Reflection symmetry o defined by (5:)?=1 in Cz group product table.
(a) unit base State 11)=1|1) (b) unit base Smte |os)=0c5|1)

0)=1=12) = D=b=k-1)=|7 CHC !
%=0  x,=0
Ma) @mml L "nmaumm 'gNote %—sum—%-diffrelations)
'->] xl-t 7 (01)?=1 or: (01)?-1=0 gives projectors:
X)= 1~ (o1 +1)-(55-1)=0= p+D- p-V
C. symnety (Baype) moves Vode st oroction: \B=(+ 2.2 and Po=(1-.72)
1 . ormed so: P(/+P(=1 and: P -P(m)= P
(a) Even mode |+)=|0,) :( )Nz (Normed )
[-+)=[02)=P™|0)v/2 C, mode phase & character tables
=([0)+]2))/v2
* ' =([D+[0m)/v2
X,=IAN2  X;=IN2 ; * * m=0 1 1
() Odd mode )= |12>_( )/xlz 2
-)=10)=P )y POy el -1
=([0)=12))/v2 ’
—(11)=| o)) /v2 State m=wave-number  Operator
(| norm. or “momentum”’ norm:
XO—]/\/2 x]_-]/\/Z IA2 (modulo-2) 1/2

Tuesday, March 29, 16 11



Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
¥ Projector analysis of 2D-HO modes and mixed mode dynamics

Y-Sum-Y-Diff-I1dentity for resonant beat analysis
Mode frequency ratios and continued fractions

Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry
C3 symmetric spectral decomposition by 3rd roots of unity
Deriving Cs projectors
Deriving and labeling moving wave modes
Deriving dispersion functions and degenerate standing waves
Examples by Wavelt animation
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"5-Diff-theory of 2-CW group and phase velocity

Tuesday, March 29, 16

12



Projector analysis of 2D-HO modes and mixed mode dynamics

Ky Ky ]:[ ki+kyp  —kpp }:( 10 -1 j Det(K)=1010—1=99
Kin Ky —kiy Kyt -1 10 Trace(K)=10+10 = 20

The K secular equation K> —Trace(K)K + Det(K)=K*—20K +99=0= (K- 9)(K —11) = (K — K, )(K — K )
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Projector analysis of 2D-HO modes and mixed mode dynamics

Ko Ko | kithe o —ho :( 10—l j Det(K)=1010—1=99
K1 Ky ~kip Kyt 110 ) pace®)y=10+10=120
The K secular equation K> —Trace(K)K + Det(K)=K*—20K +99=0= (K- 9)(K —11) = (K — K, )(K — K )
Eigenvalues K are squared eigenfrequencies K, = wj (&)
2

K1:w0(81)29, K2:w3(82)=11,
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Projector analysis of 2D-HO modes and mixed mode dynamics

i : i : K:( Kll K12 ]:[ k1+k12 _k12 }:[ 10 -1 j Det(K)lelO—l=99
:' x)=x] :;:'x K1y Ky —kiy Kyt -1 10 Trace(K)=10+10 =20
I 2

The K secular equation K> —Trace(K)K + Det(K)=K*—20K +99=0= (K- 9)(K —11) = (K — K, )(K — K )

Eigenvalues K are squared eigenfrequencies K, = wj (&)

K| = og (&1)=9, Gives Eigen-Projectors Py K, =g (&,)=11,
Kn-kKy Ky 10-11 -1 1+
p_ Ko Kp=Ky | | -1 10-11 ) [ +1 1
b K, - K, - 9-11 - 2
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Projector analysis of 2D-HO modes and mixed mode dynamics

i : i : K:( Kll K12 ]:[ k1+k12 _k12 }:[ 10 -1 j Det(K)=1010—1=99
:' x)=x] :;:'x K1y Ky —kiy Kyt -1 10 Trace(K)=10+10 =20
V=X

The K secular equation K> —Trace(K)K + Det(K)=K*—20K +99=0= (K- 9)(K —11) = (K — K, )(K — K )

Eigenvalues K are squared eigenfrequencies K, = wj (&)

K, = 603 (81) =0, Gives Eigen-Projectors P, K, = 603 (82 ) =11,
Kn-Ky  Kp 10-11 -1 1+ K=K Kp 10-9 -1 1 -1
b _ Ky, Ky - K, ~ -1 1011 ) { +1 1 b K, Ky - K -1 10-9 -1 1
! K, -k, 9-11 2 2 K,-K, - 11-9 -
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Projector analysis of 2D-HO modes and mixed mode dynamics

i : i : K:( Kll K12 ]:[ k1+k12 _k12 }:[ 10 -1 j Det(K)lelO—l=99
:' x)=x] :;:'x K1y Ky —kiy Kyt -1 10 Trace(K)=10+10 =20
V=X

The K secular equation K> —Trace(K)K + Det(K)=K*—20K +99=0= (K- 9)(K —11) = (K — K, )(K — K )

Eigenvalues K are squared eigenfrequencies K, = wj (&)

K, =w;(g)=9, Gives Eigen-Projectors P, K, =awg(e)=11,
Kn-Ky  Kp 10-11 -1 1+ K=K Kp 10-9 -1 1 -1
b _ K Knp-K, ) -1 1011 ) { +1 1 b Ky, Kyp-KkK -1 10-9 ) | -1 1
b K, -k, - 9-11 2 2" K, - K, - 11-9 -
— 1/42 (l/ﬁ,l/ﬁ)z‘elxeﬂ ...and eigen-ket-bras _ /42 (1/\/5,_1/\/5):‘32><32‘
1/2 ~1/~2
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Projector analysis of 2D-HO modes and mixed mode dynamics

i : i : K:[ Kll K12 ]:[ k1+k12 _k12 }:[ 10 -1 j Det(K)lelO—l=99
:' x)=x] :;:'X K1y Ky —kiy Kyt -1 10 Trace(K)=10+10 =20
V=X

The K secular equation K> —Trace(K)K + Det(K)=K*—20K +99=0= (K- 9)(K —11) = (K — K, )(K — K )

Eigenvalues K are squared eigenfrequencies K, = wj (&)

K, =} (€,)=9, Gives Eigen-Projectors P, K, =g (&,)=11,
Kn-Ky  Kp 10-11 -1 1+ K=K Kp 10-9 -1 1 -1
b _ Ky, Kn—-K, ) -1 10-11 ) | +1 1 b K, Ky - K ~ -1 10-9 ) -1 1
b K, -k, \/__ 9-11 2 2" K, - K, - 11-9 -
1/~/2 . 1/~2
— 1/42,1/42 =|& )(& ...and eigen-ket-bras _ 1/2.-1/42 ) =le) Ve
| )=lei)ed (132,147 )=es)eo

~1/42
Apply projector sum 1= | 81><81| +| 82><82| to initial state ‘X(Z‘ZO)> = [ (1) ] (Completeness Relation 1=P; + P,)
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Projector analysis of 2D-HO modes and mixed mode dynamics

i : i : K:[ Kll K12 ]:[ k1+k12 _k12 }:[ 10 -1 j Det(K)lelO—l=99
Kip Ko ~kiy  kythp -1 10 Trace(K)=10+10 = 20

The K secular equation K> —Trace(K)K + Det(K)=K*—20K +99=0= (K- 9)(K —11) = (K — K, )(K — K )

Eigenvalues K are squared eigenfrequencies K, = wj (&)

K, =} (€,)=9, Gives Eigen-Projectors P, K, =g (&,)=11,
Kn-Ky  Kp 10-11 -1 1+ K=K Kp 10-9 -1 1 -1
b _ Ky, Kn—-K, ) -1 10-11 ) | +1 1 b K, Ky - K ~ -1 10-9 ) -1 1
b K, -k, \/__ 9-11 2 2" K, - K, - 11-9 -
1/~/2 . 1/~2
— 1/42,1/42 =|& )(& ...and eigen-ket-bras _ 1/2.-1/42 ) =le) Ve
| )=lei)ed (132,147 )=es)eo

~1/42
Apply projector sum 1= | 81><81| +| £2><£2| to initial state ‘X(Z‘ZO)> = [ (1) ] (Completeness Relation 1=P; + P,)

1x<o>>=[%[ :1 +11 ]+§[ _11 ‘11 ﬂ( é ]=;( 1] + ;( _11] = b et e
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Projector analysis of 2D-HO modes and mixed mode dynamics
Y-Sum-">-Diff-Identity for resonant beat analysis

i : i I K_( Kll K12 ]:[ k1+k12 _k12 }:[ 10 -1 j Det(K)=1010—1=99
:' x)=x] :;:'x K1y Ky —kiy Kyt -1 10 Trace(K)=10+10 =20
I 2

The K secular equation K> —Trace(K)K + Det(K)=K*—20K +99=0= (K- 9)(K —11) = (K — K, )(K — K )

Eigenvalues K are squared eigenfrequencies K, = wj (&)

K, =w;(g)=9, Gives Eigen-Projectors P, K, =awg(e)=11,
K-k, K 10-11 -1 1+l Kn—K K 10-9 -1
b _ K Knp-K, ) -1 1011 ) { +1 1 b K Kp-K ) { -1 10-9 )
b K, -K, \/__ 9-11 2 2T K, - K, - 11-9 - 2
1/42 . 1/2
= 1/42,1/2 =|& )(& ...and eigen-ket-bras — 1/2.-1/42 ) =le) Ve
i | )=len)l (1B A1 )l

~1/42
Apply projector sum 1= | 81><81| +| 82><82| to initial state ‘X(IZO)> = ( (1) ] (Completeness Relation 1=P; + P,)

O B | T B I A S P

. . . 1 . . .
50-50 mix-mode dynamics results{x(®))=3 ¢ +3 | ]elwzt =5 € &)+ 5 € |er)

[E—

1 —
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Projector analysis of 2D-HO modes and mixed mode dynamics
Y-Sum-">-Diff-Identity for resonant beat analysis

i : i I K_( Kll K12 ]:[ k1+k12 _k12 }:[ 10 -1 j Det(K)=1010—1=99
:' x)=x] :;:'x K1y Ky —kiy Kyt -1 10 Trace(K)=10+10 =20
I 2

The K secular equation K> —Trace(K)K + Det(K)=K*—20K +99=0= (K- 9)(K —11) = (K — K, )(K — K )

Eigenvalues K are squared eigenfrequencies K, = wj (&)

K, =} (€,)=9, Gives Eigen-Projectors P, K, = (6,)=11,
Kn-Ky  Kp 10-11 -1 1+ K=K Kp 10-9 -1 1 -1
b _ Ko Kp-Ky ) -1 10-11 ) ( +1 1 b Ko Kp=-K ) -1 10-9 ) [ -1 1
b K, -k, \/__ 9-11 2 2" K, - K, - 11-9 -
1/ :
U (1/\/— 1/\/—)_‘gl><£1| ...and eigen-ket-bras _ 1/2 (1/\/5 1/\/_)_‘82><82‘

~1/42
Apply projector sum 1= | 81><81| +| 82><82| to initial state ‘X(IZO)> = [ (1) ] (Completeness Relation 1=P; + P,)

O B | T B I A S P

. . . 1 . . .
50-50 mix-mode dynamzcs results 1) =3 ¢ +3 | ]elwzt =5 € &)+ 5 € |er)

[E—N

1 —_

x2 (2) z(elCOI . eia)2t)
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Projector analysis of 2D-HO modes and mixed mode dynamics
Y-Sum-">-Diff-Identity for resonant beat analysis

i : i : K_( Kll K12 ]:[ k1+k12 _k12 }:[ 10 -1 j Det(K)lelO—l=99
:' x)=x] :;:'x K1y Ky —kiy Kyt -1 10 Trace(K)=10+10 =20
I 2

The K secular equation K> —Trace(K)K + Det(K)=K*—20K +99=0= (K- 9)(K —11) = (K — K, )(K — K )

Eigenvalues K are squared eigenfrequencies K, = wj (&)

K, =} (€,)=9, Gives Eigen-Projectors P, K, = (6,)=11,
Kn-Ky  Kp 10-11 -1 1+ K=K Kp 10-9 -1 1 -1
b _ Ko Kp-Ky ) -1 10-11 ) ( +1 1 b Ko Kp=-K ) -1 10-9 ) [ -1 1
b K,-K, \/__ 9-11 2 27 K, - K, - 11-9 -
1/ :
U (1/\/5 1/\/—)_‘el><£1| ..and eigen-ket-bras _ 1/42 (1/\/5 1/\/_)_‘82><82‘

~1/42
Apply projector sum 1= | 81><81| +| 82><82| to initial state |X(t:0)> = ( (1) ] (Completeness Relation 1=P; + P,)

1 1 +1 1 =1 1 1l 1 1 1 1 1
50-50 mix-mode dynamics results{x(®))=3 1 e 13 _1 | ]e”"zt = £ e+ 5 |e,)
X, (t) 3 (elwl eia)2t)
»?2) | L (el _ gt
(Using Y-sum-%-diff-identity: h
%(eia +€lb) — e%(a+b)%(e§(a—b) +e—§(a—b))
= g2(@*h) cos(%(a —b))

\_ J
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Projector analysis of 2D-HO modes and mixed mode dynamics
Y-Sum-">-Diff-Identity for resonant beat analysis

i : i : K_( Kll K12 ]:[ k1+k12 _k12 }:[ 10 -1 j Det(K)=1010—1=99
:' x)=x] :;:'x K1y Ky —kiy Kyt -1 10 Trace(K)=10+10 =20
V=X

The K secular equation K> —Trace(K)K + Det(K)=K*—20K +99=0= (K- 9)(K —11) = (K — K, )(K — K )

Eigenvalues K are squared eigenfrequencies K, = wj (&)

K, =} (€,)=9, Gives Eigen-Projectors P, K, = (6,)=11,
Kn-Ky  Kp 10-11 -1 1+ K=K Kp 10-9 -1 1 -1
b _ Ko Kp-Ky ) -1 10-11 ) ( +1 1 b Ko Kp=-K ) -1 10-9 ) [ -1 1
b K, -k, \/__ 9-11 2 2" K, - K, - 11-9 -
1/ :
U (1/\/— 1/\/—)_‘gl><£1| ...and eigen-ket-bras _ 1/2 (1/\/5 1/\/_)_‘82><82‘

~1/42
Apply projector sum 1= | 81><81| +| 82><82| to initial state ‘X(IZO)> = ( (1) ] (Completeness Relation 1=P; + P,)

wor R0 1

. . 1 . 1 . . .
50-50 mix-mode dynamics results{x(®))=3 R +5 . ]elwzt =5 €7 &)+ f; ¢ |3)

Do[—

1
U]k ek e

x (¢ Pl 4 10! |
1) = 2( ) s(@tw,)r 1
2

_ _ e%(wl_wZ )t + 6_% (0—m,)t
xp(2) g(elw1 —e®ly |

e s(w—wy)t 8_% (01—, )t

(Using Y-sum-%-diff-identity: )
%(eia + elb) — e?(a+b)% (eé(a—b)_'_e—é(a—b))
= ¢2(*h) cos( % (a— b))

\_ J
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Projector analysis of 2D-HO modes and mixed mode dynamics
Y-Sum-">-Diff-Identity for resonant beat analysis

i : : : K_( Kll K12 ]:[ k1+k12 _k12 }:[ 10 -1 j Det(K)lelO—l=99
:' x)=x] :;:'x K1y Ky —kiy Kyt -1 10 Trace(K)=10+10 =20
I 2

The K secular equation K> —Trace(K)K + Det(K)=K*—20K +99=0= (K- 9)(K —11) = (K — K, )(K — K )

Eigenvalues K are squared eigenfrequencies K, = wj (&)

K, =} (€,)=9, Gives Eigen-Projectors P, K, = (6,)=11,
Kn-Ky  Kp 10-11 -1 1+ K=K Kp 10-9 -1 1 -1
b _ Ko Kp-Ky ) -1 10-11 ) ( +1 1 b Ko Kp=-K ) -1 10-9 ) [ -1 1
b K,-K, \/__ 9-11 2 27 K, - K, - 11-9 -
1/ :
U (1/\/5 1/\/—)_‘el><£1| ..and eigen-ket-bras _ 1/42 (1/\/5 1/\/_)_‘82><82‘

~1/42
Apply projector sum 1= | 81><81| +| 82><82| to initial state |X(t:0)> = ( (1) ] (Completeness Relation 1=P; + P,)

wor R0 1

. . 1 . 1 . . .
50-50 mix-mode dynamzcs results 1x(t)) = R +5 . ]elwzt =5 €7 &)+ f; ¢ |3)

Do[—

1
U]k ek e

0,1

i i 1
p2(@1=0)t =3 (0=0, )t COSy (W— W, )t

_ eé(w1+w2 1

(Using Y-sum-Y%-diff-identity: ) ity i
. . i i i - : _ Qg COS( =
%(ela n elb) _ ez(a+b)% (ez(a—b)_|_e—2 (a—b)) %(ela B elb (a+b)1 (62(a b)_e > (a b)) 2
L(a+b 1 _ . 5(a+b) 1 € TE
9 :eZ(CH_ )Cos(i(a_b)) ) = 1e? Sln(z(a—b)) Sln¢— 0
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Projector analysis of 2D-HO modes and mixed mode dynamics
Y-Sum-"5-Diff-Identity for resonant beat analysis

Ky Ky ]:[ ki+kyp  —kpp }:( 10 -1 j Det(K)=1010—1=99
Kin Ky —kiy Kyt -1 10 Trace(K)=10+10 = 20

The K secular equation K> —Trace(K)K + Det(K)=K*—20K +99=0= (K- 9)(K —11) = (K — K, )(K — K )

Eigenvalues K are squared eigenfrequencies K, = wj (&)

K, =w;(g)=9, Gives Eigen-Projectors P, K, =awg(e)=11,
Kn-Ky  Kp 10-11 -1 1+ K=K Kp 10-9 -1 1 -1
b _ K Knp-K, ) -1 1011 ) { +1 1 b Ko Kp=-K ) -1 10-9 ) [ -1 1
b K,-K, \/__ 9-11 2 27 K, - K, - 11-9 -
1/~2 . 1/2
= 1/\/5,1/\/5 =& )(& ...and eigen-ket-bras — 1/\/5 1/2 V=le, Ve
i | )=lael ( 7 )les)es

~1/42
Apply projector sum 1= | 81><81| +| £2><£2| to initial state |X(t:0)> = ( (1) ] (Completeness Relation 1=P; + P,)

1 +1 i1 =1 1 1l 1 1| 1
+1 1 -1 1 0 1 -1 BoxIt Web Simulation

. ) 1 - 1 , Coupled Oscillators Ki11=10, Kj,=-1
50-50 mix-mode dynamics results{x(®))=3 | ¢ +3 ]e’%t

-1
Beat
@ | 2(€lw1 ") _ @y 1 cosy (@ -t | =i 2 Hl sz e _;
x5 (2) 2(81001 eia’zf) B ? i sin%(a)l— 0, )t @:1:; T (?.:ZIX(())) ._ _. _. i
S 2Nl L Cer
(Using %-sum-%-diff-identity: ‘%&@? : _, }Ei_l e
L + ey = 2@ (o2(070) gma(amh) <i1|17$)2) > ﬂ E;; 1 2 i
\ et Peos(Ja-b)) e _1 ” V U e
3 S
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Projector analysis of 2D-HO modes and mixed mode dynamics
Y-Sum-"5-Diff-Identity for resonant beat analysis

Ky Ky ]:[ ki+kyp  —kpp }:( 10 -1 j Det(K)=1010—1=99
Kin Ky —kiy Kyt -1 10 Trace(K)=10+10 = 20

The K secular equation K> —Trace(K)K + Det(K)=K*—20K +99=0= (K- 9)(K —11) = (K — K, )(K — K )

Eigenvalues K are squared eigenfrequencies K, = wj (&)

K, =w;(g)=9, Gives Eigen-Projectors P, K, =awg(e)=11,
Kn-Ky  Kp 10-11 -1 1+ K=K Kp 10-9 -1 1 -1
b _ Ko Kp-Ky ) -1 10-11 ) ( +1 1 b Ko Kp=-K ) -1 10-9 ) [ -1 1
b K,-K, \/__ 9-11 2 27 K, - K, - 11-9 -
1/ :
B (1/\/5 1/\/—)—|€1><£1| ...and eigen-ket-bras - 11//\/\/__ (1/\/5 1/\/_)_‘32><32‘
Apply projector sum 1=|81><81|+|82><82| to initial state |X(t:O)>:( (1) ] (Completeness Relation 1= ]51 +P,)
4/ eat
1|X(O)>:{;[ i ]—l_%( . ﬂ[ 1 ] 2o 3165043 A2 - é::: o ml)t/z. | Fl
+1 1 _1 1 0 |E:|=_.-_'|_.5'=' _,_-"-'EIE._ : :E . . 'hll |"l :5 -
: : dei SRINTEAT ANNE
_ _ . . : .: I'u"l
50-50 mix-mode dynamics results. des <£2|x(0)> k \J \/ t
x;(1) i cos» (W— - )t -1/\/2 : Carrler i
1 :ei(a)ﬁ‘a)z)f 1 2( 1 2) i % .ﬁ 5 COS((02+(1)1)t/2 . U‘
X (2) isind (- 0, !ﬂ’._ [l !,,i}m-m 1
_ ,3{1\13. ij wE L Eeront
N , i ; VRRE O A
5 "5’ <81IX(O)> B NIRT R, ﬂ
(Using s V- dentity. = relITCY I VIREE SRR TN,
(G R G Tt I S S VLY
_ 5(a+b) 1 kil= 10 [ : Woihoul
% = e? eos(z(a—b)) y » TR

Fig. 2.3.9 Beats in weakly coupled symmetric oscillators with equal mode magnitudes.
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Projector analysis of 2D-HO modes and mixed mode dynamics
Y-Sum-"5-Diff-Identity for resonant beat analysis

Ky Ky ]:[ ki+kyp  —kpp }:( 10 -1 j Det(K)=1010—1=99
Kin Ky —kiy Kyt -1 10 Trace(K)=10+10 = 20

The K secular equation K> —Trace(K)K + Det(K)=K*—20K +99=0= (K- 9)(K —11) = (K — K, )(K — K )

Eigenvalues K are squared eigenfrequencies K, = wj (&)

K, = o] (€,)=9, Gives Eigen-Projectors P, K, =g (&,)=11,
Kn-Ky  Kp 10-11 -1 1+ K=K Kp 10-9 -1 1 -1
b _ Ko Kp-Ky ) -1 10-11 ) ( +1 1 K,  Kyp-K -1 10-9 -1 1
e K -K, \/__ 9—11 T2 = K, — K, B 11-9 B
1/ :
B (1/\/5 1/\/—)—|€1><£1| ..and eigen-ket-bras - 1/\/\/__ (1/\/5 1/\/_)_‘32><32‘
-1/
Apply projector sum 1=|81><81|+|82><82| to initial state |X(t:O)>:( (1) ] (Completeness Relation 1= ]51 +P,)
4/ eat
xo)=/ 3 oy bt = 3 32| A cos@popty 4 ﬁ
a1 S o) wihese T4 111wy
. . = _.k-_::-__ qgl I.I.IEIE-I:EIEEII 1.1, Iﬁ!:l
_ _ . . : .: I'u"l
50-50 mix-mode dynamics results. des ( 82IX 0 k \J t
x;(1) i cos» (W— - )t -1/\/2 : Carrler i
1 :ez(a)1+a)2)t 1 2( 1 2) i ﬁ;‘ ‘ i cos(o)2+0)1)t /2 . U ‘
% (2) isink (- @) l’!fff m. ..4] 0 ilmm .
2 (W~ Wy i, i N = — =
o e . / of e
ote the i phase 5 <81Ix(0)> ﬁd i E: é? ﬂ
(USl'ng V2-sum-72-diff-identity: ) = 12 ur ’ .'ms ’ F::'m
% (eia_eib (a+b)1(ez(a—b)_e—§(a—b)) iz R u ;é E: :5 5. \} U
. La+b) kil= 10 i : Voo i
% = je? sm( (a—b)) y » TR

Fig. 2.3.9 Beats in weakly coupled symmetric oscillators with equal mode magnitudes.
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x1 =0.868 2
pl/w =-0414 i
x2=-0.118 Y1
p2/w = -0.247 3
x1(0) = 1.000 / | W)
p1(0)Yw = 0.000
x2(0) =0.000 ; {/ N
p2(0)Yw = 0.000 S I 'y
A =3.1583 pl, .
B =-0.1583 /
C =0.0000 AN /
D =3.1583 ARG
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‘121 15 1'1"'“ ’ | AN 11 15 l/h 25
it — ," ) \ NG
\\ \\\ s - /
§ NN Z /-/’///
N\
- X-1
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-2
2.5
wl =3.000 ‘
w2 =3317 3
® =45.000 T

Projector analysis of 2D-HO modes and mixed mode dynamics
Y-Sum-"5-Diff-Identity for resonant beat analysis

E=1.579
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time = 37.940
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BoxIt Web Simulation - Coupled Oscillators K;;=10, K;,=-1
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics

Y-Sum-Y-Diff-I1dentity for resonant beat analysis
> Mode frequency ratios and continued fractions

Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry
C3 symmetric spectral decomposition by 3rd roots of unity
Deriving Cs projectors
Deriving and labeling moving wave modes
Deriving dispersion functions and degenerate standing waves
Examples by Wavelt animation
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"5-Diff-theory of 2-CW group and phase velocity
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Mode frequency ratios and continued fractions

Recipe for continued fraction approximation of Tt

T = = 3.000..
Ay = =3.14159265... ny =INT(Ag)=3 D
1 T=3+—=—=23.1428
A= =7.06... 7 7
| T=3+ = =3.141509
Ay = ~15.99... 74— 106
Al_nl n2 :INT(Az)le 15
1 3
A; = 1 —=1.003 ... T=3+ = 55 = 3.14159292
ny = INT (A3) =1 3
15+1

Recipe for continued fraction approximation of the Golden Mean G=(1+V5)/2=1.618...

G=  =1000.
Ay =G =1618033989... o = INT (4g)=1 )
1 G=1+-===2000
A = ~16180.. b
P n = INT(4)=1 13
| G=l+—=>=1500
A = ~16150... b
A—ny ny = INT(Ay)=1 !
15
Ay = L i6180. G2l ——==7=1660...
Ay -n, ny=INT (A;)=1 L+
_|_
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Continued fraction approximation of mode frequency ratio (v'11)/3=1.1055416

r= =1000..
1A0:0¢:1.;055416... ng = INT (Ag)=1 r51+é=%=1.111111
M= Tne 01055816 AT ny = INT (A4,)=9 P S S
1 1 o+ L 19
Ay = = =2.1055416... 2
A—n 0474937 ny = INT (Ay) =2 T e
1 1 r=1+ = =1.055556
Ay = = =0474936... . 94 1 180
A,—n, 0.1055416 S ny = INT(A3) =9 I
5 24+ —
9. 9
2O
N
ALLN.
R
AFGA LT
~LATIEE LA i ]
LR OO R T T
| (LAY T VT wl/w2 = 1.10553333333333
Nt L .
NN Vo g v(0)= 1: 1/1 = 1.00000000000000
W -\Ql-gvﬂff 77 v(1)=9: 10/9 = 1.11111111111111
NN (v(2)=2:21/19 = 1.10526315789474
SN : 7 v(3)=9: 199/180 = 1.10555555555556
N v(4)= 1: 220/199 = 1.10552763819095
V1 v(5)= 3: 859/777 = 1.10555%10553411
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics

Y-Sum-Y-Diff-I1dentity for resonant beat analysis
Mode frequency ratios and continued fractions

> Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry
C3 symmetric spectral decomposition by 3rd roots of unity
Deriving Cs projectors
Deriving and labeling moving wave modes
Deriving dispersion functions and degenerate standing waves
Examples by Wavelt animation
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"5-Diff-theory of 2-CW group and phase velocity
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Y-Sum-"5-Diff-phasors - Geometry of that 90°-phase lag (again)

0 /4
In “visualization gauge” r ((1)_ O)

r' (¢=mn)

We hold these two fixed... /T\
7 N
=012, 0

OO

180°

Tuesday, March 29, 16

Coupled Optical
Pendula E(t)

even +45°

[+)

parity
states odd -45°
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Y-Sum-"5-Diff-phasors - Geometry of that 90°-phase lag (again)

0 /4
In “visualization gauge” r ((1)_ O)

r' (¢=mn)

We hold these two fixed... /T\
7 N

OO

180°

Tuesday, March 29, 16

Coupled Optical
Pendula E(t)

even +45°

[+)

parity
states odd -45°
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Y-Sum-"5-Diff-phasors - Geometry of that 90°-phase lag (again)

0 1 -
r =0 r @=m 00 "

even +45°

In “visualization gauge”

We hold these two fixed... /T\
7 N

OO

[+)

parity
states odd -45°

A
- 88 N
=0

180°

~and let these two »6tate at beat frequency

/

Y,
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Y-Sum-"5-Diff-phasors - Geometry of that 90°-phase lag (again)

0 1 .
r_0=0 r @=m g%

even +45°

In “visualization gauge”

We hold these two fixed... /T\
7 N

OO

[+)

parity
states odd -45°

180°

~and let these two »6tate at beat frequency

t=1/6
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Y-Sum-"5-Diff-phasors - Geometry of that 90°-phase lag (again)

0 1 -
r =0 r @=m 00 "

even +45°

In “visualization gauge”
We hold these two fixed...

0 +)

parity
states odd -45°

A
- 88 N
=0

180°

~and let these two votate at beat frequency

t=1/6
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Y-Sum-"5-Diff-phasors - Geometry of that 90°-phase lag (again)
0
r @=0)

In “visualization gauge”
We hold these two fixed...

r' (¢=mn)

0

~and let these two votate at beat frequency

t=1/6

revivals
or beats

1/2
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Y-Sum-"5-Diff-phasors - Geometry of that 90°-phase lag (again)

r’ ©=0) r' (¢o=m)

In “visualization gauge”
We hold these two fixed...

180°

~and let these two votate at beat frequency

t=1/6

1/4 (\"‘
revivals
or beats

1/2

Coupled Optical
Pendula E(t)

even +45°

[+)

parity
states odd -45°
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¢
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\2 U

LELQOO@

ﬂlpped Y

|+}—|—}°' $

Tuesday, March 29, 16




Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics

Y-Sum-Y-Diff-I1dentity for resonant beat analysis
Mode frequency ratios and continued fractions

Geometry of that 90°-phase lag (again)
3 Harmonic oscillator with cyclic Cs symmetry
C3 symmetric spectral decomposition by 3rd roots of unity
Deriving Cs projectors
Deriving and labeling moving wave modes
Deriving dispersion functions and degenerate standing waves
Examples by Wavelt animation
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"5-Diff-theory of 2-CW group and phase velocity
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Wave resonance in cyclic symmetry

Harmonic oscillator with cyclic C3 symmetry
3-fold £120° rotations r=r! and (r)*=r’=r-'

(11141081
2 1
obey: (r)’=r’=1=r° and a C3 gtg-product-table 3
G, =1 rl=r? r?=r"! ,
M
0

r=1 1 r r
r’=r'| r? 1 r!
rl=r? r! r’ 1 . )
H-matrix and each r’-matrix based on gfg-table.
g=r” heads p”-column. Inverse g'=g-! heads p™-row
th it oTo=1=0"1 ies ph-d] 1 ‘0T 1 00 0 1 0 0 0 1
en unit g'g=1=g-'g occupies p”-diagonal. m o l=nl 0 1 0 l+nl 0 0 1 l+nl 1 0 0
7"] 7'2 rO 0 O 1 1 O O O 1 O
H — 7‘01 +I’]°I'1 +l”2'1‘2
r'=1
Orig. Fig. 4.8.1
Unit 4
CMwBang
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Wave resonance in cyclic symmetry

Harmonic oscillator with cyclic C3 symmetry
3-fold £120° rotations r=r! and (r)*=r’=r-'
obey: (r)’=r’=1=r’ and a C3 gtg-product-table

G, =1 r'=r? r’=r"!
=1 1 r! r’
r’=r| r? 1 r!
rl=r—? r! r’ 1

g=r? heads p”-column. Inverse g'=g! heads p’-row

2 “ m\ ; 1
\

H-matrix and each r’-matrix based on gfg-table.

. . : o 11 12 1 00 0 10 0 0 1
to=1=0"] th_
then unit g'g=1=g-'g occupies p”-diagonal. boron l=nl 0 10 |+nl 0 0 1 l+nl 1 0 o0
R 0O 0 1 I 00 O 1 0
_ | 2
Cs unit base states H = 1l T T
r'=1
(p=0) unit base state ]\ (p=1) unit base state | (p=2) unitbasestate/O\
10)=r"]0) 01 |D)=r'|0)=r~|0)gmm ] [2)=r°|0)=r"|0) \0/
0 M 0 i
M M M J . M
x,=1 x,=I
-120°=240° '
x.=] Unit displacement M | rotation rotation M
0 y of mass point-0 r! ri=rt?
from equilibrium Fig. 2.5.1
Unit 2
Honors Physics
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Wave resonance in cyclic symmetry

Harmonic oscillator with cyclic C3 symmetry
3-fold £120° rotations r=r! and (r)*=r’=r-'

e
2
obey: (r)’=r*=1=r' and a C3 gtg-product-table X
G, =1 r'=r? r’=r"! ,
M
) 0

=1 1 r r?
r=r"! r’ 1 r
r=r r r’ 1

H-matrix and each r’-matrix based on gfg-table.
g=r” heads p”-column. Inverse g'=g'! heads p”-row

. . : o 11 12 1 00 0 1 0 0 0 1
to=1=0"1 th_
then unit g'g=1=g-'g occupies p”-diagonal. boron l=nl 0 10 |+nl 0 0 1 l+nl 1 0 o0
non o 00 1 1 0 0 010
_ 1 2
Cs unit base states H = 7l Ter T
r'=1
(p=0) unit base state ]\ (p=1) unit base state | (p=2) unit base State/g\
10)=r?]0) 0 ]1>:r1 0)=r2|0)mmil| ami2)=r?0)=r"’|0) \0 | I r'=1
0 M 10 I 2) 1) =13
M nmm ; M !
\ T
-120°=240° 0)
x.=] Unit displacement rotation rotation M
0 of mass point-0 r! ri=r*? Usually assume Real r;=r=r
M  from equilibrium v 25 ] ey .
Igg;té - Stability only requires (7;)*=r:
ni
Honors Physics

Each H-matrix coupling constant »,={ro, r;, r2} is amplitude of its operator power r’={r’, r!, r’}
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Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics

Y-Sum-Y-Diff-I1dentity for resonant beat analysis
Mode frequency ratios and continued fractions

Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry
> C3 symmetric spectral decomposition by 3rd roots of unity
Deriving Cs projectors
Deriving and labeling moving wave modes
Deriving dispersion functions and degenerate standing waves
Examples by Wavelt animation
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"5-Diff-theory of 2-CW group and phase velocity
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Spectral resolution: 34 roots of unity

We can spectrally resolve H 1f we resolve r since 1s H a combination r,r” of powers r”.
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Spectral resolution: 3" roots of unity  For any integer m : e’™"=cos(27m)+isin(27wm)=1

We can spectrally resolve H 1f we resolve r since i1s H a combination 7,r” of powers r”. J1=1)"

. . ] . _ 2rimN\1/3
r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3¢ roots of unity pm=e¢m>73. [F (")
_ e27rim/3
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Spectral resolution: 3" roots of unity  For any integer m : e’™"=cos(27m)+isin(27wm)=1

We can spectrally resolve H if we resolve r since 1s H a combination »,r” of powers r”. J1=1)"

. . ] . _ 2rimN\1/3
r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3¢ roots of unity pm=e¢m>73. [F (")
_ e27rim/3
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Spectral resolution: 3" roots of unity  For any integer m : e’™"=cos(27m)+isin(27wm)=1

We can spectrally resolve H if we resolve r since 1s H a combination »,r” of powers r”. J1=1)"

. . ] . _ 2rimN\1/3
r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3¢ roots of unity pm=e¢m>73. [F (")

2rim/3
) _
im 3” =€

1=r" implies : 0= r’—1= (r—po)(—-p1)(x—-p,1) where: p,, =e

Each eigenvalue p, of r, has idempotent projector P such that r-P™=p, P
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Spectral resolution: 3" roots of unity  For any integer m : e’™"=cos(27m)+isin(27wm)=1

We can spectrally resolve H if we resolve r since 1s H a combination »,r” of powers r”. J1=1)"

. . ] . _ 2rimN\1/3
r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3¢ roots of unity pm=e¢m>73. [F (")
1 _ e27rim/3

1=r" implies: 0=r’—1=(r- po(r—p1)(r - p,1) where: p, =¢ -
Each eigenvalue p, of r, has idempotent projector P such that r-PW=p,,P("

All three P™ are orthonormal (P™ P =6,,, P ) and complete (sum to unit 1).
2T

p1:€l§ 1 = P(O) 4+ P(l) 4+ P(z)

po=e"=1

P2 =
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Spectral resolution: 3" roots of unity  For any integer m : e’™"=cos(27m)+isin(27wm)=1

We can spectrally resolve H if we resolve r since 1s H a combination »,r” of powers r”. J1=1)"

. . ] . _ 2rimN\1/3
r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3¢ roots of unity pm=e¢m>73. [F (")
1 _ e27rim/3

1=r" implies: 0=r’—1=(r- po(r—p1)(r - p,1) where: p, =¢ -
Each eigenvalue p, of r, has idempotent projector P such that r-PW=p,,P("

All three P™ are orthonormal (P™ P =6,,, P ) and complete (sum to unit 1).
2T

p1:€l§ 1 = P(O) 4+ P(l) 4+ P(z)

0
P():el :1 r — pO P(O) + pl P(l) + p2 P(z)

P2 =
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Spectral resolution: 3" roots of unity  For any integer m : e’™"=cos(27m)+isin(27wm)=1

We can spectrally resolve H 1f we resolve r since i1s H a combination 7,r” of powers r”. J1=1)"

. . ] . _ 2rimN\1/3
r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3¢ roots of unity pm=e¢m>73. [F (")
27 _ e27rim/3

1=r" implies : 0= r’—1= (r—poD(—-p D —-p,1) where: p,, = e -
Each eigenvalue p, of r, has idempotent projector P such that r-PW=p,,P("
All three P™ are orthonormal (P™ P =§,,, P ) and complete (sum to unit 1).

2T
P =el : 1 = P(O) 4+ P(l) 4+ P(z)
0
p():el :1 r — pO P(O) + pl P(l) + p2 P(z)
— _izﬁn 2 2 5(0) 2 (1) 25(2)
Pr = r :(,00) P +(P1) P +(P2) P
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics

Y-Sum-Y-Diff-I1dentity for resonant beat analysis
Mode frequency ratios and continued fractions

Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry
C3 symmetric spectral decomposition by 3rd roots of unity
3 Deriving Cs projectors
Deriving and labeling moving wave modes
Deriving dispersion functions and degenerate standing waves
Examples by Wavelt animation
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"5-Diff-theory of 2-CW group and phase velocity
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Spectral resolution: 3" roots of unity  For any integer m : e’™"=cos(27m)+isin(27wm)=1

We can spectrally resolve H if we resolve r since 1s H a combination »,r” of powers r”. J1=1)"

— (eQEim )1/3

2wim/3

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3’ roots of unity pm=e™%3,

2 —_—
zm 3” =€

1=r" implies: 0=r>—1=(r— py1)(r— p,1)(x — p,1) where: p,, =

Each eigenvalue p, of r, has idempotent projector P such that r-PW=p,,P("
All three P™ are orthonormal (P™ P =6,,, P ) and complete (sum to unit 1).

2T

p1:€l§ 1 = P(O) 4+ P(l) 4+ P(z)

0
P():el :1 r — pO P(O) + pl P(l) + p2 P(z)

_jm
Po =é€ : r2:(p0)2P(0) +(p1)2P(1) +(P2)2P(2)

2T - i

Note:(pl)zz(e 3 )2=e S =e =p2=pl* and : (/)2)2:/)1
Easy to resolve spectral projectors P

P(O):%(r0+ ri+ r2)=%(1+ ri+ rz)

p()— 3(r +P1" +p2r ):%(IJF e—i27r/3 1, +i2n/3 r2)
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Spectral resolution: 3" roots of unity  For any integer m : e’™"=cos(27m)+isin(27wm)=1

We can spectrally resolve H if we resolve r since 1s H a combination »,r” of powers r”. J1=1)"

— (eQEim )1/3

2wim/3

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3’ roots of unity pm=e™%3,

2 —_—
zm 3” =€

1=r" implies: 0=r>—1=(r— py1)(r— p,1)(x — p,1) where: p,, =

Each eigenvalue p, of r, has idempotent projector P such that r-PW=p,,P("
All three P™ are orthonormal (P™ P =6,,, P ) and complete (sum to unit 1).

2T

p1:€l§ 1 = P(O) 4+ P(l) 4+ P(z)

0
P():el :1 r — pO P(O) + pl P(l) + p2 P(z)

_jm
py=e r? = (p)* P +(p)* P +(p,)? P

2T - i

Note:(pl)zz(e 3 )2=e S =e =p2=pl* and : (/)2)2:/)1

Easy to resolve spectral projectors P and eigen-bra-vectors ()|

P(O):%(ro + i+ rz):%(lJr r'+ r) <(o3)|=<0\1>(0)\/§=\/§(1 L1 )
p(D)_ 3(r n Plr 1, le‘ ):% (14 ¢ 27314 p+i2m/32y ((1,)] = (o] 3= \/g (1 e 273 i3y
p(2)_ 3(1, 4 pzl‘ I Pll‘ ) 3(1 4 pti2mi3 1y —i2n3 2) <(23)‘:<0‘P(2) 3= \/g (1 273 gi2ml3y

(m3) means: m-modulo-3 (Details follow)
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics

Y-Sum-Y-Diff-I1dentity for resonant beat analysis
Mode frequency ratios and continued fractions

Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry
C3 symmetric spectral decomposition by 3rd roots of unity
Deriving Cs projectors
Deriving and labeling moving wave modes
Deriving dispersion functions and degenerate standing waves
Examples by Wavelt animation
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"5-Diff-theory of 2-CW group and phase velocity
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Easy to resolve spectral projectors P and eigen-bra-vectors ()|

0)_1,.0 1 2 1 1 2
P ):g(r + r+ r7)=51+ r+ ro) <(o3)‘:<o‘1>(0)\@:\/g(1 ] 1)
p()_1 (r n ,011‘ 1 pzl‘ 2) 3(1 +pmi2mi3 1 23 r?) ((1,)] = o] P NEE \g (1 7273 grimliy
P2 = 3(1' +p2r +p1r ) = 3(1+ +127z/3 Iy —127r/3 2) <(23)‘:<0‘P(2)\/§:\/3I(1 gHi2mi3 midnl3y
n n —_—
:e+1275/3 Basic tﬂnary Py, = . ;2mm (m3) means: m-modulo-3 (Details follow)
) \ +iol wavefunction: " (x )=e""'=e 3
’p(): 1=¢ Real axis

/

=127/3
pP,=¢€
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Easy to resolve spectral projectors P and eigen-bra-vectors ()|

0)y__1,..0 1 2 1 1 2
P( )zg(r + r+ r7)=51+ r+ ro) <(o3)‘:<0‘1>(0)\@:\/g(1 1 1)
p(H_1 (r n ,011‘ 1 pzl‘ 2) 3(1 +pmi2mi3 1 23 r?) ((1,)] = o] P NEE \g (1 7273 grimliy
2 +i2 /3 Iy —2 /3 2 2 1 2r/3  _—i2n/3
p(®_ 3(1. +p2r+plr ):§(1+ezn 127132 <(23)\=<0\P()\5=\E(1 GHi2T3 i2mi3y
TP " _
Fi27/3 Basic trinary p mp . ;2%mp | (m3) means: m-modulo-3 (Details follow)
= . X
) e\ +iol wavefunction: l//k’" (x, y=¢ "'=e 3
Po= 1=¢ Real axis Real|axis
/ C, mode phase character tables +
~127/3
Py~¢ _ * _ % _ * _
A e s e e BT

3
wave-number * % 2703 % 121/3 /
m= m:] p] :1 p] =C p] —C N}/I’ZOVWL'
“momentum’” 3 1/
_) * _1 * w3 * om3
m=a, Poy=1Py=¢  Py=F€
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Easy to resolve spectral projectors P and eigen-bra-vectors ()|

0)_1,..0 1 2 1 1 2
PO=(r" + rl+ r?)=3(+ r+ rv) (0)]=(0POGZ=11 1 1 )
1 127r/3 1 +127r/3 2 1 1 —i2m/3 27/3
PU=1(? + pr'+ por*) =1 (1+e r’) (1) = (0] POV3 = [L (1 273 pri2msy
2 +i2 /3 1 —2 /3 2 2 1 2r/3  —i2m/3
P( ) — 3(1. _|_p2r _|_p1r ):§(1+€ 120 1LTU ) <(23)‘:<0‘P( )\/§=\/;(1 e+l7r Pl )
. Basic "trinary" =
e+127l:/3 1y P mp . ;2%mp | (m3) means: m-modulo-3 (Details follow)
= . K, X
) \ +iol wavefunction: l//k’" (x,)=e""=e °
Po= 1=¢ Real axis Real|axis
/ C, mode phase character tables +
~127/3
o= ol 1 w1 s ENE
=0 |ox =1 p3=1 ph~1 S, X
wave-number % % -2T0/3 % 121/3 vl : @—@—@——-
m=__ m=1 |p,=lp, =e p,,=c norm: .
z ” 3 : a
momentum N N . 1/ L
_ _ _ w3 ot -2m3 o L=lattice length(=3 here)
" 23 p2=lpy=e ppme w N=symmetry(=3 here) :
a=lattice spacing(=1 here)
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Easy to resolve spectral projectors P and eigen-bra-vectors ()|

0)y__1,..0 1 2 1 1 2
P ):g(r + r+ r7)=51+ r+ ro) <(o3)‘:<0‘1>(0)\@:\/g(1 ] 1)
p(h_ 3(1, n ,011‘ 1 pzl‘ 2) 3(1 +pmi2mi3 1 23 r?) ((1,)] = o] P NEE \g (1 7273 grimliy
p(2)_1 (r +p2r +p1r ):§(1+ T3l omi2RI3L2 <(23)‘:<0‘P(2)\/§:\/3I(1 gH2m/3 gi2ml3y
. Basic "trinary" =
Fi27/3 asic “trinary p mp . ;2%mp | (m3) means: m-modulo-3 (Details follow)
= . KX
) e\ +iol wavefunction: l//k’" (x,)=e""=e °
Po= 1=¢ Real axis Real|axis
/ C, mode phase character tables +
=127/3
p2:e o * * * T
m=0|pr=1 pt=1 pz=1 |1 t S

3
wave-number B ] % _1 * -1270/3 % _ 121/3 / . @_@_@_ w7
= m= ; p] = p] =¢ p] =e norm. <T>

“momentum”’ . . i 1/ L s
_ _ _ w3 ot -2m3 oo L=lattice length(=3 here)
" 23 P2~ pyme pysme % . N=symmetry(=3 here) :

i 1 a=lattice spacing(=1 here)

Two distinct types of “quantum” numbers.
=(0,1,0r 2 1s of operator r” and defines each oscillator’s

m=0,1,or 2 1s mode momentum m of the waves or wavevector k,=2m/ \n=27m/L. (L—Na 3)
wavelength \,=27/k,= L/m

(Sample Wavelt animation follows)
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics

Y-Sum-Y-Diff-I1dentity for resonant beat analysis
Mode frequency ratios and continued fractions

Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry
C3 symmetric spectral decomposition by 3rd roots of unity
Deriving Cs projectors
> Deriving and labeling moving wave modes
Deriving dispersion functions and degenerate standing waves
Examples by Wavelt animation
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"5-Diff-theory of 2-CW group and phase velocity
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|

(Local Control) CFourier Controls) CScenarios) CPause) (Set T=0) (Zero Amps) T-Scale= 0.11

Position p (in units of L/3) Fourier Control On t=1838

described by a phasor clock which plots the
fients the completion of the ring. Each clock
is the number of 'kinks' or wavelengths that | (Two (1=2) oscillators (k=1) moving wave )
inally, the same waves are shown for a ( Three (n=3) oscillators (k=1) moving wave )

(Four (n=4) oscillators (k=1) moving wave)

(Four (n=4) oscillators (k=2) moving wave)

( Twelve (n=12) oscillators (k=1) moving wave )

- (See n=2 and n=3 examples, as well.) ( Twelve (n=12) oscillators (k=2) moving wave )
Wavelt Web Simulation the ring. A clock at position X meters is
Moving Wave (N=3) /L)x=k(2/L)L=27k, where: k=0,1 2...

Jlue and it must be an integer k=0,1,2....

L I A N R P TESTE TP ST S S—

Tuesday, March 29, 16


http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3MovingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3MovingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3MovingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3MovingWave_k_2016HP

Easy to resolve spectral projectors P and eigen-bra-vectors ()|

0)y__1,..0 1 2 1 1 2
PO=a"+ r'+ r)=3a+ r+ ro) <(o3)\:<0\1><0>ﬁ=\g(1 1)
p()_ 3(r n ,011‘ 1 pzl‘ 2) 3(1 +pmi2mi3 1 23 r?) ((1,)] = o] P NEE \g (1 7273 grimliy
p(2)_1 (r +p2r +p1r ):§(1+ T3l omi2RI3L2 <(23)‘:<0‘P(2)\/§:\/3I(1 gH2m/3 gi2ml3y
. Basic "trinary" =
+1270/3 asic “trinary P mp ;2%mp | (m3) means: m-modulo-3 (Details follow)
= . X
g e\ +io| wavefunction: y"* (x, )=¢"" '=¢
Po= 1=¢ Real axis Real|axis
/ C, mode phase character tables +
=127/3
p2:e o * * * T
m=0|pr=1 pt=1 pz=1 |1 t S

3
wave-number B ] % _1 * -1270/3 % _ 121/3 / . @_@_@_ w7
= m= ; p] = p] =¢ p] =e norm. <T>

“momentum”’ . . i 1/ L s
_ _ _ w3 ot -2m3 oo L=lattice length(=3 here)
" 23 P2~ pyme pysme % . N=symmetry(=3 here)

i 1 a=lattice spacing(=1 here)

Two distinct types of “quantum” numbers.
=(0,1,0r 2 1s of operator r” and defines each oscillator’s

m=0,1,or 2 1s mode momentum m of the waves or wavevector k,=2m/ \n=27m/L. (L—Na 3)
wavelength \,=27/k,= L/m

Each quantum number follows modular arithmetic: sums or products are an integer-modulo-3,

that 1s, always 0,1,or 2, or else -1,0,or 1, or else -2,-1,0r 0, etc., depending on choice of origin.
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Easy to resolve spectral projectors P and eigen-bra-vectors ()|

0)y__1,..0 1 2 1 1 2
PO=3a" + rl+ r’)=30+ r+ re) (0)[=([POVE=y (1 1 1 )
p()_1 (r n ,011‘ 1 pzl‘ 2) 3(1 +pmi2mi3 1 23 r?) ((1,)] = o] P NEE \g (1 7273 grimliy
2 2 /3 1y -2 /3 2 i —i
P( ) 3(r _|_p2r _|_p1r ) 3(1+ +l T LLTT ) <(23)‘:<0‘P(2)\/§:\/3I(1 €+ 2r/3 e 27[/3)
. Basic "trin =
_ H21/3 asic ary p mp . ;27mmp | (m3) means: m-modulo-3 (Details follow)
P e\ +iol wavefunction: y* (x,)=e""'=e 3
’p(): 1=¢ Real axis Real|axis
/ C, mode phase character tables +
=127/3
p2:e o * * * T
=0 |o5=1 p3=1 pz=1 |1 1 L

wave-number 7 % _1 *  -2m/3 % 127/3 s . @_@_@_"
= m= ; p] = p] =¢ p] =e norm. <T>
momenl‘um ” 1/ e
_) * _1 * w3 * om3 :
M= P2 P2m P2™e i N—sy.mme.ﬁy.(f?ﬁ.e.rei)...
i1 a=lattice spacing(=1 here)

Two distinct types of “quantum” numbers.
=(0,1,0r 2 1s of operator r” and defines each oscillator’s '

m=0,1,or 2 1s mode momentum m of the waves or wavevector k,=2m/ \n=27m/L. (L—Na 3)
wavelength \,=27/k,= L/m

Each quantum number follows modular arithmetic: sums or products are an integer-modulo-3,
that 1s, always 0,1,or 2, or else -1,0,or 1, or else -2,-1,0r 0, etc., depending on choice of origin.

For example, for m=2 and p=2 the number (p)P’=(e™?73) is eimp2r3= gi42n3= il 2m3 giln= ei2r3=p;,
That 1s, (2-times-2) mod 3 is not 4 but / (4 mod 3=1, the remainder of 4 divided by 3.)
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics

Y-Sum-Y-Diff-I1dentity for resonant beat analysis
Mode frequency ratios and continued fractions

Geometry of that 90°-phase lag (again)

Harmonic oscillator with cyclic C3 symmetry

C3 symmetric spectral decomposition by 3rd roots of unity

Deriving Cs projectors

Deriving and labeling moving wave modes
> Deriving dispersion functions and degenerate standing waves
Examples by Wavelt animation

Cs symmetric mode model:Distant neighbor coupling

Cs moving waves and degenerate standing waves

Cs dispersion functions for 1%, 2", and 3"-neighbor coupling

Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"5-Diff-theory of 2-CW group and phase velocity
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

i m0 27 i ml 27 i m2 27
_______ +re 3 +rye 3

m'" Eigenvalue of r .
<Wl‘ r \m>: e imp2w/3 R
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

m'" Eigenvalue of r
(m| v |m)= e imv /3
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

i m0 27 i ml 27 i m2 27

m'" Eigenvalue of r
(m| ¥ |m)= e im»2m/3
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

(m|H 01 5 im0 2% iml FF im2 2T Here we assume Real r,=r=r;
m‘ |m>:<m|rr +rY +r.xY ‘m>=re +re +7,e *1: : _
o r 2 07------ Lyemmee- 27-menee Stability only requires (77)*=r
7 . ::I':':':':':':':':':::::::::::: ............ ' -
m' Eigenvalue of r : L am 2mm _2mm ro+2r (for m=0)

3)=r, +2rcos(27%m)=<

T
Il
3
Q
w
+
~
~
N
w
+
N

(m| ¥ |m)= e v 2n/3 ro—r (for m= 1)
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

(m|H 01 5 im0 2% iml FF im2 2T Here we assume Real r,=r=r;
m‘ |m>:<m|rr +rY +r.xY ‘m>=re +re +7,e *1: : _
o r 2 07------ Lyemmee- 27-menee Stability only requires (77)*=r
7 . ::I':':':':':':':':':::::::::::: ............ ' -
m' Eigenvalue of r : o %77: ( l.27r§m _l.zy%m) , ey ro+2r (for m=0)
— ,imp2n/3 E . =r,e +r(e +e =71,+2rcos("y )=+
(m| v |m)= e / 0 ) ry—r (form==l)
H-eigenvalues:
It I r 1 1
0 2 ;2mm ) ;2mm
oy n e 3 :(”0 + 2rcos( "%”)) e 3
rl r2 rO e—i2’%n- 6_127%71'
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

H 01 5 im0 2% iml FF im2 2T Here we assume Real r,=r=r;
= (m|ryr’+rr +ryr | m) =15 +re +re - .
(| B m) = (| roe” 1+, O ------ Ifmmn-- CHERRREEE Stability only requires (7;)*=r
. hETEEEEEEEEzzzzzzzzzzEl e ' -
imp2m/3 Ereath =re 3 +r(el 3 4e 3 )=7, +2rcos(2”—m)=< 0
(m| v |m)= e / 0 ) ry—r (form==l)
H-eigenvalues: K-eigenvalues:
1 1 1 1
o R ;2mm 5 ;2mm K -k -k j2mm ) j2mm
Hh oI H e 3 :(”0 + 2rcos( ”%”)) e 3 k K -k e 3 :(K—2kcos( "%ﬂ)) e 3
_;j2mm _;2mm _ 2 2
A - koK) P
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics

Y-Sum-Y-Diff-I1dentity for resonant beat analysis
Mode frequency ratios and continued fractions

Geometry of that 90°-phase lag (again)

Harmonic oscillator with cyclic C3 symmetry

C3 symmetric spectral decomposition by 3rd roots of unity

Deriving Cs projectors

Deriving and labeling moving wave modes
> Deriving dispersion functions and degenerate standing waves «a
Examples by Wavelt animation

Cs symmetric mode model:Distant neighbor coupling

Cs moving waves and degenerate standing waves

Cs dispersion functions for 1%, 2", and 3"-neighbor coupling

Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"5-Diff-theory of 2-CW group and phase velocity
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Easy to resolve spectral projectors P and eigenvalues wm or dispersion functions w(k)

0 1 5 im0 2T g1 2T m2 27 Here we assume Real r;=r=r
mH|m)=(m|r,;xr +ryr +rr’"|\m)=r.e 3 +re 3+r 1 : "
of 1t oY 07 ------ I-mmemn 25 Stability only requires (7;)*=r>
m™ Eigenvalue of r E?EEEEE:::."_:(;E}":""Tz';E;;i""_".znm 427 (form=0)
_ L imp2n/3 Pazafl =re 3 +r(el 34 3 )= +2rcos(2”m)—< 0
(m| ¥ |m)= e 0 r—r (for m==1)
H-eigenvalues: K-eigenvalues:
1 1 1 1
o i h 2mrm 2mrm K -k -k 2mm 2mm
nh oy h e 3 (r0+2rcos(2”§”)) e 3 * K -k e 3 :(K—2kcos(2"%”)) e 3
HoroT e—iz’%m e—iz’%m -k -k K e_,-2”§17f e_,-z’%m
Moving eigenwave Standing eigenwaves H — eigenfrequencies | K — eigenfrequencies
() () : —
1 o G0y Hcny) o+ 2reosC) |k~ 2kcosE)
N R N
oi21/3 2 — ~To—" =\ kyt+k
\ J
( 1 \ ( 0 \ 2 2mm
— T
;)= |y |(+1)3)=|(=D);) 2 iy +2rcos("3") \/k0—2kcos( )
3 3 3 2 _
oi2n/3 2 L -1 R =Kyt k
\ J
( i A
_ 1
(0))=4] 1 iy +2r k, — 2k
1
\
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

im0 2T g1 2T i m2 2% Here we assume Real r;=r=r
<m‘H|m>:<m|rrO+rr1+rrz‘m>=re 3 +re 3 +re 1 : "
U 0 --nnne 15emenee 25enns Stability only requires (7;)*=r:
T L ::I':':':':':':':':'::::::::::::'. ........... ' g
m' Eigenvalue of r " L am 2mm _2mm 7. +2r (for m=0)
(m| v |m)= e imv2/3 bzt =re 3 4r(e 3 e 3 ):r0+2rcos(27%m)=< 0
— ry—r (form==l)
H-eigenvalues: K-eigenvalues:
1 1 | 1
o 7T ;2mm 5 ;2mm K -k -k j2mm ) j2mm
A e 3 =(r0 +2r cos( "%”)) e 3 k K -k e 3 =(K—2kcos( ’%”)) e 3
_j2mm _j2mm - - 2 2
rooron S o3 k -k K ! l%m s ngm
Moving eigenwave Standing eigenwaves H — eigenfrequencies | K — eigenfrequencies
1
| vinn GO +|D5) | 2 || s+ 2rcos(PE \/ko—zkcos(z”;”)
|(+1)3>:\/§ e |c3>= =6l -l
o273 2 ] =T = ko t+k
1 Animation
|(~1)3) =/ e 1273 s >:’(+1)3>_‘(_1)3> _ fl 1o +2rcos("4™) \/ko—szOS(Z"%”) screen shots
o s | 2 S = Jky +k (2 pages ahead)
1
|(0)5)= 4 ry+2r N
1
C, standing wave modes and eigenfrequencies of K ...eigenfrequencies of H
Lo
W N\ /
c 26 -1N6 -1N6 AN e | o | | 5
3 U / 1 i i
\ \
\ \
s Lo e a2 || 2N o |
3 N V| \
\ \
m=0 [1N3 1~3 1A3|| % =~ 1 T
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|
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

_ 0 ] 2 N 3
<m‘ H| m> = <m| 1 +Rr +,r ‘m> =1e....- +re

m'" Eigenvalue of r "
<m‘ r ‘m>: e imp2n/3 Erzz

H-eigenvalues:

1
l.2n_17t 2mn
e 3 =(r0 +2rcos(”'3 ))
_l.2n_m
e 3

Moving eigenwave

Standing eigenwaves

1

|(+1)3> =\/§1 e+z’271'/3

—i2m/3
e

|
e—i2n/3

|(_1)3> =J§l

+i2m/3
e

s >=|(+1)3>_‘(_1)3>
’ i2

1

|(0)3> :\/31
1

:I"O—f'

2mrm
] 1y +2rcos(™3

:I"O—f'

} ry+2r cos(_zg’"”)

r0+2r

\/ko —2k cos(z'%”)

= k0+k

\/ko —2k cos(z"%”)

:./k0+k
w/k0—2k

C, standing wave modes and eigenfrequencies

oK

¢ 26 -1N6 -116 AN A1 52
3 /SR/V /
s, [0 12 =12 N
m=0 [IN3 TN3 I3 TR F | L el }
m=—1 m=0  m=7
|
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im0 2T iml %’T i m2 27 Here we assume Real r;=r=r>
+7,e . :
SREEEE 27enne Stability only requires (7)*=r
T L A ' .
. 2r 27Tm 27mwm 27 (fi =)
im0 2 tm 27 ry+2r (for m=0)
=re 3 +r(e 3 +e 3 )=r+2r cos(z%m) = 0
ry—r (form==l)
K-eigenvalues:
1 1 1
;2mm K -k -k j2mm ) j2mm
¢ 3 k K -k | €3 =(K—2kcos( ’%”)) s 3 -
i & kK _2mr _2m | Animation
¢ e e 3 Jscreen shots
H — eigenfrequencies | K — eigenfrequencies ( ] page ahead )

Transverse (to k) Waves

(26, -1N6, -1V6)

(0 412, -112)

|

Radial

Modes
(13, 1IR3, 143)

Unit 2
Fig. 2.5.3
Honors Physics

CPRelawavity

Orig. Fig. 4.5.3 CMwBang
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Fourier Controls let you set modes in position x,-space or in mode Wm-space

Wave amplitudes vs. position p (p 1n units of L/3)
Click-Drag from dots to change amplitudes. Click here to zero all:
Wave amplitude vs. wavevector m (m in units of 27t/L)

ode wn-spac

0

DO C

m=1

Wavelt Web Simulation
Standing Wave (N-3)
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3StandingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3StandingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3StandingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3StandingWave_k_2016HP

Controls in position x,-space can display Fourier component modes from wm-space

(Local Control ) ( Fourier Controls ) ( Scenarios )  (Pause ) (SetT=0) (ZeroAmps) T-Scale= 0.11 [ =———

Position p (in units of L/3)

Tuesday, March 29, 16

Fourier Control On t=3.79

p:
m =-1|
Envelope & Real @  Imaginary & Option to display
Clock @ Phasor Hand @ Location Point k-modes from wm-space
Longitudnal Wave ()  Fourier IC ¥ Color ¥

O Show Ring Molecule © Show Dispersion @Component @

m =1

Wavelt Web Simulation
Standing Wave (N-3)
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3StandingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3StandingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3StandingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3StandingWave_k_2016HP

Controls in position x,-space can display Fourier component modes from wm-space

(Local Control ) (Fourier Controls ) (Scenarios )  (Pause ) (SetT=0) (ZeroAmps) T-Scale= 011 [ =™™O™
Position p (in units of L/3) Fourier Control On t=3.79
=
, -
p:
Envelope # Real ¥ Imaginary ¥

Clock ™ Phasor Hand # Location Point ¥

Option to
display ring
“molecule” motion

Wavelt Web Simulation
Standing Wave (N-3)

" Longitudnal Wave (]  Fourier IC @ Color ¥
| (@ Show Ring Molecule © Show Dispersion () Show k-Component waves
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3StandingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3StandingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3StandingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3StandingWave_k_2016HP

Position p (in units of L/3)

Wavelt
Local Controls

Dispersion Dependeno@i [ —Oo—

Netting -1: Bloch cosine
1: w~k!
2: w~k?
3w~k

Fourier Control On

=2
Envelope # Real # Imaginary ¥
Clock # Phasor Hand # Location Point #
Longitudnal Wave ()  Fourier IC & Color ¥
() Show Ring Molecule| ® Show Dispersion |() Show k-Component waves
Option to
m=-1 gispersion w(k) function ™M=
()=

® 173 @

S1.9 48.1

0O-00

ANV AV

Wzlwevector k (in units of ZJ'JL)
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

H 01 5 im0 2% iml FF im2 2T Here we assume Real r,=r=r;
m‘ |m>=<m|rr +rr +rr ‘m>:re +re +7,e 1o : _
< or Tht Th 0 === 15mnne- 2;eneneee Stability only requires (7;)*=r
T L , ::I':':':':':':':':'::::::::::::'. ........... ' (
m'" Eigenvalue of ¥/ 3 i %7: ( l.27z,'§m - l.27%m) . ro+2r (for m=0)
D _ L, imp2n/3 Rz =7,e +r(e +e =r,+2rcos(“’x )=
(m| ¥ |m)= e 0 0 S n—r (form=1=1)
H-eigenvalues: K-eigenvalues:
I r r 1 1 1 1
0 ;2mm > ;2mm K -k -k j2mm > m j2mm
A e 3 =(r0 +2rcos("3 )) e 3 *, K -k e 3 =(K—2kcos( 3 )) e 3
2m 2m . .
ror o n e—l §7Z e—z §7Z -k -k K e_lzn%” e_lz’%m'
Moving eigenwave Standing eigenwaves H — eigenfrequencies | K — eigenfrequencies
1 Sy
a2 | fey=lORBE) L2 et ke Longitudinal (to k) Waves
3 6 .
o123 2 -1 )T =k t+k (2/N6, -1N6, -1N6) (0 +1AN2,-172)
! 0 —2mm 2mm
|(_1)3>=f1 J-i2n/3 |S3>=|(+1)3>—|(—1)3> =f X ry +2rcos(" 2" \/kO—chos( )
’ 2713 2 ’ 1 ]| ThTr =Jky+k
1
|(0)5)= 4 7y +2r ko — 2k
1

C, standing wave modes and eigenfrequencies Of K

¢ o6 -16 16 AN AT i
s lo v a2 || ZNG

m=0 [1N3 1~N3 1IR3 F5 7F 7 F Tl |
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics

Y-Sum-Y-Diff-I1dentity for resonant beat analysis
Mode frequency ratios and continued fractions

Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry
C3 symmetric spectral decomposition by 3rd roots of unity
Deriving Cs projectors
Deriving and labeling moving wave modes
Deriving dispersion functions and degenerate standing waves «a
Examples by Wavelt animation
¥ Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"5-Diff-theory of 2-CW group and phase velocity

Tuesday, March 29, 16
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Ce Symmetric Mode Model: 1st neighbor coupling

(a) I*" Neighbor C,

=H,l -rr-ir!

@7
S
®.

" @
4
=@
. p—

Fig. 12 International Journal of Molecular Science 14, 749 (2013)
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We usually assume Real r=r
Stability only requires (r)*=r
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Ce Symmetric Mode Model: 1st and 2" neighbor coupling We usually assume Real =7

| e s . o and ar Stability only requires ()*=7
(a) I*" Neighbor C, (b) 2" Neighbor C

gB!©)=| - TH,-r - - |©  HB2A6)=|-5 - H,- -s -

/

el

’ﬂ*

N'
|

Fig. 12 International Journal of Molecular Science 14, 749 (2013)
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Ces Symmetric Mode Model: 1st, 2nd and 3rd nelghbor coupllng

(a) I*' Neighbor C, ( b) 2" Neighbor C, (c) 3" Neighbor C; but ¢

has to be real

f*
HB!1©)=| - TH-r - - |- HB26)=| 5 - H,- -s - | HB3O)=| - - Hy- - -t
-FH] -r 3 . . . 3 -t . H3 T

-FHT =f E \ _t . H3 . 4

. H,)

=H]1 -rr-7r! =H3l - -

Fig. 12 International Journal of Molecular Science 14, 749 (2013)
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics

Y-Sum-Y-Diff-I1dentity for resonant beat analysis
Mode frequency ratios and continued fractions

Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry
C3 symmetric spectral decomposition by 3rd roots of unity
Deriving Cs projectors
Deriving and labeling moving wave modes
Deriving dispersion functions and degenerate standing waves
Examples by Wavelt animation
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves <€
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"5-Diff-theory of 2-CW group and phase velocity
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Ce Spectral resolution: 6t roots of unity

C 6 wave phasors
p 3

€ [P0 ot Pt P —r r r r r r
I I 0006000
l¢ 1 e &2 1 &2 ¢
2¢ 1 e e? 1 g 2
36 =3¢ 1 -1 1 -1 1 -1
de=2¢ 1 e &2 1 g2 ¥
Se=1¢ 1 e 2 -1 ¢ ¢

Wavefunction: W™ (x )= Xp = D™ (kP

Wavelt Cg¢ Character Phasors Web Simulation

Fig. 13 International Journal of Molecular Science 14, 752 (2013)
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=6&clock=true&docolor=true&ImWave=true&ReWave=true&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=6&clock=true&docolor=true&ImWave=true&ReWave=true&hand=true

Ce Spectral resolution: 6t roots of unity

P (Cg) | rF R AR S A S &
m‘:O6 1 1 1 1 1 1
l¢ 1 e e -1 &2 e
26 1 92* .92 | 82* 82
36 :—36 1 -1 1 -1 1 -1
46: 2 1 g2 82* 1 e 82*
56 =—16 | e g2 82* s*
Wavefunction: ¥ (x )= . p = D™ (kP 36_-3%
Wavelt
Local Controls 46 — 26
Number of x-Grid Points = 14 .
Number of Osillators C(n) = 6 [ O

Upper Brillouin Zone /2'_ -_\ 56_- 16
Lower Brillouin Zone order = 1

Dispersion Dependence 0
Wavelt Scenarios

( C(n)_Character_Table ) <=

Wavelt Cg¢ Character Phasors Web Simulation

Co

p 0 1 2
r=rr r

wave phasors

3 4 5
r r r

Fig. 13 International Journal of Molecular Science 14, 752 (2013)
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=6&clock=true&docolor=true&ImWave=true&ReWave=true&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=6&clock=true&docolor=true&ImWave=true&ReWave=true&hand=true

((Local Control ) (Local Controls ) ((Scenarios ) ~ (Resume ) (SetT=0) (ZeroAmps) T.Scale=1 = @ O

Posion p (in units of L/6)

Fourier Control On t:

499 50.1 |
7 el 00— @ <
-9-0.00

W%lvevei:{or k (9n unitslof ZW%,)

Tuesday, March 29, 16

Wavelt Web Simulation - Standing Wave (N=6)
Wavelt Web Simulation - Galloping Wave (N=6)
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N6GallopingWave_disp_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N6GallopingWave_disp_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N6StandingWave_disp_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N6StandingWave_disp_2016HP

Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics

Y-Sum-Y-Diff-I1dentity for resonant beat analysis
Mode frequency ratios and continued fractions

Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry
C3 symmetric spectral decomposition by 3rd roots of unity
Deriving Cs projectors
Deriving and labeling moving wave modes
Deriving dispersion functions and degenerate standing waves
Examples by Wavelt animation
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
¥ (s dispersion functions for 15, 2" and 3'-neighbor coupling <€
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"5-Diff-theory of 2-CW group and phase velocity

Tuesday, March 29, 16
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Ce Spectral resolution of nth Neighbor H: Same modes but different dispersion

(a) ~ @ige(jn-'a]/uef 0/;[—]?1({() ) |
& I/H" ! S :r 0 1St Nelghb or H
! . TFH,-or - - |2
. -TH.' -r - |3
+ - THpr L
\'r . e .o H', / 5
<«
1> :

P
eigenvalues of H B2(6)

(b) p0 I 2 3 4 35
_26 .26 I < i 16 /H: . =5 . =S . 0
Y - _" '] 6 let Woubler . ,l-/-—J . —S . —S ]
1 6\ N /6 -S H, - -s 2
™~ ~ _S H‘_, ) -S 3
A 2
\—5 -S H, - |+
31‘: 25=21 -5 « -5 - H_,} 5
| ) m =() R3(E)
3, - eigenvalues of H" '’
- } p0 1 2 3 4 3
(C) 1(’ Al +1 6 0 H -t . 0
2r =2t=2r H. - -f i
| Hy« -t |2
Y t - - Hye - |3
A 'l'l |«’| \ -T . / / . 4
\ f oo Ho s
_“;'. 2l=21 ‘,l ',.' .
2 L2 \ //‘I
QI > 7 S 3
v y [ m=0 [ Y 3

Fig. 14 International Journal of Molecular Science 14, 754 (2013)
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics

Y-Sum-Y-Diff-I1dentity for resonant beat analysis
Mode frequency ratios and continued fractions

Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry
C3 symmetric spectral decomposition by 3rd roots of unity
Deriving Cs projectors
Deriving and labeling moving wave modes
Deriving dispersion functions and degenerate standing waves
Examples by Wavelt animation
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
¥ (s dispersion functions split by C-type symmetry(complex, chiral, ...) <

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"5-Diff-theory of 2-CW group and phase velocity
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Ces Spectra of 1st neighbor gauge splitting by C-type (Chiral, Coriolis,...,

Tuesday, March 29, 16

1st Neighbor H

ZB1(6)

eigenvaliies

7 -F:;_m glet
+I/
o {_ _T6

—

e —— — — —

ey

—

/

split doubled

'26

7]

m=05 +16

are not eigenmodes unless ¢=0.

Fig. 15 International Journal of Molecular Science 14, 755 (2013)

)

B @.@.

i(‘_x
o f $hif}

W, Zeeman splitting

. - » 3
singlet shift

Standing wave combinations like coskx=(e**+ek)/2
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics

Y-Sum-Y-Diff-I1dentity for resonant beat analysis
Mode frequency ratios and continued fractions

Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry
C3 symmetric spectral decomposition by 3rd roots of unity
Deriving Cs projectors
Deriving and labeling moving wave modes
Deriving dispersion functions and degenerate standing waves
Examples by Wavelt animation
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

» ) and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
Y-Sum-"5-Diff-theory of 2-CW group and phase velocity
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Cn Symmetric Mode Models:
N=2
9@

Tuesday, March 29, 16

Fig. 4.8.4
Unit 4
CMwBang
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Cn Symmetric Mode Models: g@. g

N=2 EN=48
-0 00
©
N=3 T @
© ®V-s® Fig. 4.8.4
5 % % § Unit 4
0@ =0 CMwBang
1st Neighbor K-matrix
F, K —k, . . . e =k, %
F —k, K <k, .. e X,
K=k+2k
F, —k, K —k, . X, . 12
N 1 = : . —k;, K <k, - . * X3 where: k:7g
F, _ka K _ X, ()=0
: : : _klz :
Fyo k;, -k, K XN-1
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Cn Symmetric Mode Models: @ . g

N=2 EN=48
-0 020
@
N=3 ST g
[ ) ®N-5® Fig. 4.8.4
5 % % § Unit 4
0@ =0 CMwBang
1st Neighbor K-matrix
F, K —k, . . . e =k, %
F —k, K <k, .. e X,
K=k+2k
F, k, K k;, X, . 12
N 1 = : . —k;, K <k, - . * X3 where: szg
F, _ka K _ X, ()=0
. : : . —k12 .
Fyo -k, . . . . =k, K XN-1

Nth roots of 1 ¢ (77 2%/N =(m| v/ |m) serving as e-values, eigenfunctions, transformation matrices,
dispersion relations, Group reps. etc.

_12827'5 /2 i 6271:1'/4 627'Ci/3
‘|—] _] _|_] _]

— 2Wi/4  ,-2mi/3
2mi/3 e ¢
4T/,
Fig. 4.8.5
Unit 4
-2mi/3 CMwBang
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Cn Symmetric Mode Models:

Nth roots of 1 ¢ 77 2%/N=(m| v’ |m) serving as e-values, eigenfunctions, transformation matrices,

dispersion relations, Group reps. etc.
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¥

1 U A AR AR
Wavelt Ci2 Web Simulation
Fig. 4.8.6-7 Fourier
Unit 4 transformation matrices
CMwBang
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Entry in

Row-m p and Column-rP

of a Fourier Wave Table
is a plane wave phasor

sk .
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics

Y-Sum-Y-Diff-I1dentity for resonant beat analysis
Mode frequency ratios and continued fractions

Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry
C3 symmetric spectral decomposition by 3rd roots of unity
Deriving Cs projectors
Deriving and labeling moving wave modes
Deriving dispersion functions and degenerate standing waves
Examples by Wavelt animation
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

) and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity <
Y-Sum-"5-Diff-theory of 2-CW group and phase velocity
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Archetypical Examples of C,, Dispersion Functions

(a) Constant dispersion (b) Linear dispersion (¢) Quadratic dispersion (d) Phonon dispersion  (e) Exciton dispersion

"0, - 0, [y, - O - Om
g g - g g
() o o () » ) L B
.........:'........ .. : .. .... : .... ..... : ..... .. :
05 ° L 05 @ ®eo¢ae® ) —0.59 0.5
5 ° [ &° 5 3 [/ -
Wi uauad Seaaa RS PR G aauad s AR ARRER ittt LN T Tusuad SEEEEAEE
ky,=m kj ky,=m kj ky,=mk;j kp=m kj ky,=m kj
Applications:
Uncoupled Weakly coupled pendu- Weakly coupled pendu- Strongly coupled pendu- Strongly coupled pendu-
pendulums lums (No gravity) lums (With gravity) lums (No gravity) lums (With gravity)
Movie marquis Light in vacuum (Exactly) Light in fiber (Approx) Acoustic mode in solids ~ Optical mode in solids
Xmas lights Sound (Approximately) Non-relativistic Relativistic matter
Schrodinger matter wave (If exact hyperbola)
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Archetypical Examples of C,, Dispersion Functions

(a) Constant dispersion (b) Linear dispersion (¢) Quadratic dispersion (d) Phonon dispersion  (e) Exciton dispersion
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Applications:
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Xmas lights Sound (Approximately) Non-relativistic Relativistic matter
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Archetypical Examples of C,, Dispersion Functions

(a) Constant dispersion (b) Linear dispersion

(¢) Quadratic dispersion (d) Phonon dispersion

(e) Exciton dispersion
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Applications:
Uncoupled Weakly coupled pendu- Weakly coupled pendu- Strongly coupled pendu- Strongly coupled pendu-
pendulums lums (No gravity) lums (With gravity) lums (No gravity) lums (With gravity)

Light in fiber (Approx)
Non-relativistic

Movie marquis
Xmas lights

Light in vacuum (Exactly)
Sound (Approximately)

Acoustic mode in solids

Schrodinger matter wave

1 2 ~
" " phase

1 Vl-CWg —

Optical mode in solids
Relativistic matter
(If exact hyperbola)

i(kx-wr).

Given 1-CW phase of wave e 55

(k) _ 09

k8

§-7 654321 |
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a=kx=w-t

Solve for 1-CW phase velocity
- —

5 ' _
\ ? 78km‘””’k1

W a
X=—-1+—
k k

Wave velocities depend on
Dispersion function

w=w(k)
(a) 1-CW phase velocity:
1CW _ (k)
phase k
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Wave resonance in cyclic C, symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics

Y-Sum-Y-Diff-I1dentity for resonant beat analysis
Mode frequency ratios and continued fractions

Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry
C3 symmetric spectral decomposition by 3rd roots of unity
Deriving Cs projectors
Deriving and labeling moving wave modes
Deriving dispersion functions and degenerate standing waves
Examples by Wavelt animation
Cs symmetric mode model:Distant neighbor coupling
Cs moving waves and degenerate standing waves
Cs dispersion functions for 1%, 2", and 3"-neighbor coupling
Cs dispersion functions split by C-type symmetry(complex, chiral, ...)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
> Y-Sum-"2-Diff-theory of 2-CW group and phase velocity <€

Tuesday, March 29, 16 107



The 2-Sum-"2-Diff-Identity and 2-CW phase and group velocity
Given 2-CW phases: ..find 2-CW phase velocity szlfs‘;v and group velocity ngr;izv
azka-x—a)a-t and b:kb.x_a)b.t

Velocities depend upon
Dispersion function
@ =w(k)

(a) 1-CW phase velocity:

Vl}—ZCW — @
==
mk ;
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The 2-Sum-"2-Diff-Identity and 2-CW phase and group velocity
Given 2-CW phases: .find 2-CW phase velocity v -" and group velocity y*c¥

group
azka-x—a)a-t and b:kb.x_a)b.t
_ /b\
e+ e” i? e 2 +e 2 ,-azi (a—b)
=e =e¢ 2 Cos
2 2 2

Velocities depend upon
Dispersion function
@ =w(k)

(a) 1-CW phase velocity:

VII—CW — M
==
mk ;
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The 2-Sum-"2-Diff-Identity and 2-CW phase and group velocity
Given 2-CW phases: .find 2-CW phase velocity v -" and group velocity y*c¥

group
azka-x—a)a-t and b:kb.x_a)b.t
_ /b\
e + e i? e 2 +e 2 ,-azi? (a—b)
=e =€ COS
2 2 2
y,

(k,+k) (0,+m,)
l X t k,—k w,—o
—e 2 2 cos(( a b)x—( a b)t)

Velocities depend upon
Dispersion function
@ =w(k)

2 2

(a) 1-CW phase velocity:

) w(k
yrow - O
k
mk ;
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The 2-Sum-"2-Diff-Identity and 2-CW phase and group velocity

Given 2-CW phases: ..find 2-CW phase velocity szlfszv and group velocity s
a:ka-x—a)a-t and b:kb.x_a)b.f
\ | /b )
e’ +e” i? e ? +e ? ,-azi? (a—b)
=€ =€ COS
2 2
(k,+k,) (0,+m,) /
. W, +o
. ER btcos (ka_kb)x_(wa_wb)t
- 2 2 Velocities depend upon

Dispersion function
rcw (0, +®)) rcw (0, — ) o = wk)

phase — (ka+kb) group — (ka_kb)

(a) 1-CW phase velocity:

Lew (k)
phase T
=mk,
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The 2-Sum-"2-Diff-Identity and 2-CW phase and group velocity

Given 2-CW phases: ..find 2-CW phase velocity szlfs‘;v and group velocity s
a:ka-x—a)a-t and b:kb.x_a)b.f
\ /b \
e + e i? e > +e *? ,-azi? (a—b)
=e =€ COS
2 2
(k +k,) (0 +m,) /
. w,+0
. R ' cos (ka_kb)x_(wa_wb)t
B o) o) Velocities depend upon
Dispersion function
2}-ICW _ (0, + o) 2w _ (0, —0y) ® = w(k)
pnase k +k group — _
(ko) (kg = k) (a) 1-CW phase velocity:
o _ OK)
phase k

(b) 2-CW phase velocity:
YW (k) +w(k,)
phase kl +k2

(c) Pairwise group velocity:
V2w _ w(k,)—w(k,)

gi’Ol/lp
kl B kz

1
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( Local Control ) ( Fourier Controls ) ( Scenarios )  (Resume ) (SetT=0) (Zero Amps ) T-Scale= 0.22 B O

>osition p (in units of L/12) Fourier Control On i

~
~
~a.
~o%

AV R\V AV

6 -5 W%veve-c%or— }( (9n ulnits2 of 2n/i) > 6
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Dispersion Frequency

D=12 v sec.!
(W =21 v)

Wavenumber
K meter !

(k=27 F)

20 -5 -1l0 05 T 05 1.0 15 20
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Dispersion Frequency

U=k2 visec.
(W=2710)

\ 40 ’. v, J:[ (Vp+0,.) ]:[
Ky (Kp+K¢)

3.5

3.0
2.5 R

2.0

1.5

Uy o (Vp —V;) 1 N 1.0 9%
K, T (Kp —K¢) -1

0.5

Wavenumber
_ 15 - R R AR 15 2.0
2.0 1.0 1.0 K meter !

(k=27 F)
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Phase_(R+L)/ 2 Dzsper Sion
Group_(R L)/ 2

UI{

D

Rl‘ght=Phase+ Group
Leﬁ=Phase'Group

Frequency

v sec.
(w =21 )

Wavenumber

Tuesday, March 29, 16

05 10 15 200

K meter !

(k =21 R)
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Phase—(R+L)/ 2 DlSp@l"SlOl’l FI/' equency Righz=Phase+Group
Group—(R L)/ 2 V=K? v secl” Leﬁ=Phase'Group
(W =21 )

D

Wavenumber
K meter !

(k=27 F)

20 15 -1.0 03 =5 70 15 20
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Phase—(R+L)/ 2 DlSp@VSlOI’l FI/' equency Righz=Phase+Group
Group_(R L)/ 2 V=K? v secl” Leﬁ=Phase'Group
(W =21 )

Group Phase Phase Group
per-time | v, 3/2 v, 52|71, 2/5 1, 2/3| time _
per-space | k. 3/2 «x, 12| A, 2/1 A, 2/3| space

1 5 1 1

1 1
= veloci =V. == =V.==| —=— = — 2 | velocitv™
1y 677 =7 v, s Vo1 1y

D

(Wt | [ 5/2
se, k) ) |12

ve || aemv) | | 32
GI‘OUP[ Ke ]_[ %(KR—KL) ]_[ 3/2 J

Wavenumber
K meter !

(k=27 F)

D0 05 10 05 Y 05 10 15 20
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,/Rig’ht=Phase+ Group

— /l/ i 1 /// = -
Group (R L)/ 2 V= /{2 bl U A} 66{ ] 1 1] deft hase roup
I /// I [/ f T
’l /, ’l (w 7_27-‘- U) /I’/ ”I
| 4 d ,’ I
,I // 1 !
: z y !
Group Phase Phase Group ’/ HH
per-time | v, 32 v, 52|17, 2/5 1, 2/3 ,’ ine
per-space | k. 3/2 «x, 12| A, 21 A, 2/3 R
7l
1 5 I 1 I 1 AR
=velocity | =V, == =V,=—| —=— —— == IS
1 1 V., 5 V. 1 joad 1
Vs ! 7 // h
r / /{ /// /
l’ /// l’ ’ !
II . l’ i UR ,(UP + UG ) 4
1 1 —— i =
i L i K, [(Kp . ) 2
l’ /// l’ ” ///
I e ) I 4
1111 ! 0l
I 7/ I Iz
! // 1,7
, I 7
T 71
//,' ” L1
//, /] I y // ”
L [ 1 Ik ¢ h
Vi ’l ’l Vi /,
’I’ ll’ // /_' ) (U ~+ UL) ] 5/2
I I/ = =
Il’ //’/ 2 (KR i KL) 1/2
I // ’I ’ i 7
] // I I _1//
’I’ // Ill Ud .2 (UR T UL) . 3/ 2
’ / =, =
1 L 1 71 1
v, | | AVp—V.) 1 Ka | 7 (K =K,) 3/2
= = I
— = Jm.
KL I’/// (KP KG) _1,/ ”//
] i 2’
Wavenumber
0 -115 r -
limaadA ' i meter !
A i
me , (k =27 k)
iR 1
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Symmetrized finite-difference operators

123
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