
Lecture 25 
CN-Symmetric Wave Modes 

(Ch. 5 of Unit 4   3.29.15)
Wave resonance in cyclic Cn symmetry

Harmonic oscillator with cyclic C2 symmetry  
            C2 symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics
              ½-Sum-½-Diff-Identity for resonant beat analysis

Mode frequency ratios and continued fractions
                       Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry  
            C3 symmetric spectral decomposition by 3rd roots of unity
             Deriving C3 projectors 
                      Deriving and labeling moving wave modes
                      Deriving dispersion functions and degenerate standing waves
                                 Examples by WaveIt animation
C6 symmetric mode model:Distant neighbor coupling 
            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
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H = A B
B A

⎛
⎝⎜

⎞
⎠⎟
= A 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟
+ B 0 1

1 0
⎛
⎝⎜

⎞
⎠⎟

                       = A ⋅1        + B ⋅σ B

K = H2 = A2 + B2 2AB
2AB A2 + B2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

              = (A2 + B2 ) ⋅1         + 2AB ⋅σ B

Hamiltonian matrix H or spring-constant matrix K=H2 with B-type or bilateral-balanced symmetry

Wave resonance in cyclic Cn symmetry
Harmonic oscillator with cyclic C2 symmetry (B-type)

Reflection symmetry σB defined by (σB)2=1 in C2 group product table.    

C2 1 σ B

1 1 σ B

σ B σ B 1
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⏐1〉=1⏐1〉 (b) unit base state
|1〉=|y〉=|-1〉=

MM

xx11==11xx11==00

00
11

(a) unit base state
|0〉=|x〉=|2〉 =

MM

xx00==11 xx00==00

11
00

MM

xx00==00 xx11==00

(c) equilibrium zero-state 0
0

K = H2 = A2 + B2 2AB
2AB A2 + B2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

              = (A2 + B2 ) ⋅1         + 2AB ⋅σ B

Reflection symmetry σB defined by (σB)2=1 in C2 group product table.    

C2 1 σ B

1 1 σ B

σ B σ B 1

H = A B
B A

⎛
⎝⎜

⎞
⎠⎟
= A 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟
+ B 0 1

1 0
⎛
⎝⎜

⎞
⎠⎟

                       = A ⋅1        + B ⋅σ B

Hamiltonian matrix H or spring-constant matrix K=H2 with B-type or bilateral-balanced symmetry

Wave resonance in cyclic Cn symmetry
Harmonic oscillator with cyclic C2 symmetry (B-type)

⏐σB〉=σB⏐1〉
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(b) unit base state
|1〉=|y〉=|-1〉=

MM

xx11==11xx11==00

00
11

(a) unit base state
|0〉=|x〉=|2〉 =

MM

xx00==11 xx00==00

11
00

MM

xx00==00 xx11==00

(c) equilibrium zero-state 0
0

(σB)2=1 or: (σB)2-1=0 gives projectors:
(σB +1)·(σB-1)=0= p(+1)· p(-1)

H = A B
B A

⎛
⎝⎜

⎞
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= A 1 0

0 1
⎛
⎝⎜

⎞
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+ B 0 1

1 0
⎛
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⎞
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                       = A ⋅1        + B ⋅σ B

K = H2 = A2 + B2 2AB
2AB A2 + B2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

              = (A2 + B2 ) ⋅1         + 2AB ⋅σ B

Reflection symmetry σB defined by (σB)2=1 in C2 group product table.    

C2 1 σ B

1 1 σ B

σ B σ B 1

⏐1〉=1⏐1〉 ⏐σB〉=σB⏐1〉
MM

xx00==00 xx11==00

(c) equilibrium zero-state 0
0

Hamiltonian matrix H or spring-constant matrix K=H2 with B-type or bilateral-balanced symmetry

Wave resonance in cyclic Cn symmetry
Harmonic oscillator with cyclic C2 symmetry (B-type)

5Tuesday, March 29, 16
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⎛
⎝⎜

⎞
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+ B 0 1

1 0
⎛
⎝⎜

⎞
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                       = A ⋅1        + B ⋅σ B

K = H2 = A2 + B2 2AB
2AB A2 + B2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

              = (A2 + B2 ) ⋅1         + 2AB ⋅σ B

Reflection symmetry σB defined by (σB)2=1 in C2 group product table.    

C2 1 σ B

1 1 σ B

σ B σ B 1

(σB)2=1 or: (σB)2-1=0 gives projectors:
(σB +1)·(σB-1)=0= p(+1)· p(-1)

P(+)=(1+ σB)/2 and P(-)=(1-σB)/2 
(Normed so: P(+)+P(-)=1 and: P(m)·P(m)= P(m))

⏐1〉=1⏐1〉 ⏐σB〉=σB⏐1〉(b) unit base state
|1〉=|y〉=|-1〉=

MM

xx11==11xx11==00

00
11

(a) unit base state
|0〉=|x〉=|2〉 =

MM

xx00==11 xx00==00

11
00

MM

xx00==00 xx11==00

(c) equilibrium zero-state 0
0

Hamiltonian matrix H or spring-constant matrix K=H2 with B-type or bilateral-balanced symmetry

Wave resonance in cyclic Cn symmetry
Harmonic oscillator with cyclic C2 symmetry (B-type)
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Wave resonance in cyclic Cn symmetry
Harmonic oscillator with cyclic C2 symmetry  
            C2 symmetric (B-type) modes
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C2 symmetry (B-type) modes

xx
00
==11//√√22 xx

11
==11//√√22

(a) Even mode |+〉=|02〉 =
11

11
//√√22

xx
00
==11//√√22 xx

11
==--11//√√22

(b) Odd mode |−〉=|12〉 =
11

--11
//√√22

MM

MM

⏐1〉=1⏐1〉 (b) unit base state
|1〉=|y〉=|-1〉=

MM

xx11==11xx11==00

00
11

(a) unit base state
|0〉=|x〉=|2〉 =

MM

xx00==11 xx00==00

11
00

MM

xx00==00 xx11==00

(c) equilibrium zero-state 0
0

Hamiltonian matrix H or spring-constant matrix K=H2 with B-type or bilateral-balanced symmetry

Wave resonance in cyclic Cn symmetry
Harmonic oscillator with cyclic C2 symmetry (B-type)

H = A B
B A

⎛
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⎞
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= A 1 0

0 1
⎛
⎝⎜

⎞
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+ B 0 1

1 0
⎛
⎝⎜

⎞
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                       = A ⋅1        + B ⋅σ B

K = H2 = A2 + B2 2AB
2AB A2 + B2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

              = (A2 + B2 ) ⋅1         + 2AB ⋅σ B

Reflection symmetry σB defined by (σB)2=1 in C2 group product table.    

C2 1 σ B

1 1 σ B

σ B σ B 1

⏐1〉=1⏐1〉 ⏐σB〉=σB⏐1〉

(σB)2=1 or: (σB)2-1=0 gives projectors:
(σB +1)·(σB-1)=0= p(+1)· p(-1)

P(+)=(1+ σB)/2 and P(-)=(1-σB)/2 
(Normed so: P(+)+P(-)=1 and: P(m)·P(m)= P(m))
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C2 symmetry (B-type) modes

xx
00
==11//√√22 xx

11
==11//√√22

(a) Even mode |+〉=|02〉 =
11
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==11//√√22 xx
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==--11//√√22

(b) Odd mode |−〉=|12〉 =
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Mode state projection:
 
⏐+〉=⏐02〉=P(+)⏐0〉√2 
      =(⏐0〉+⏐2〉)/√2

        =(⏐1〉+⏐ σB〉)/√2

⏐-〉=⏐02〉=P(-)⏐0〉√2 
      =(⏐0〉-⏐2〉)/√2

        =(⏐1〉-⏐ σB〉)/√2

⏐1〉=1⏐1〉 (b) unit base state
|1〉=|y〉=|-1〉=

MM

xx11==11xx11==00

00
11

(a) unit base state
|0〉=|x〉=|2〉 =

MM

xx00==11 xx00==00

11
00

MM

xx00==00 xx11==00

(c) equilibrium zero-state 0
0

Hamiltonian matrix H or spring-constant matrix K=H2 with B-type or bilateral-balanced symmetry

Wave resonance in cyclic Cn symmetry
Harmonic oscillator with cyclic C2 symmetry (B-type)

H = A B
B A
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⎝⎜

⎞
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= A 1 0

0 1
⎛
⎝⎜

⎞
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+ B 0 1

1 0
⎛
⎝⎜
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                       = A ⋅1        + B ⋅σ B

K = H2 = A2 + B2 2AB
2AB A2 + B2

⎛
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⎜⎜
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              = (A2 + B2 ) ⋅1         + 2AB ⋅σ B

Reflection symmetry σB defined by (σB)2=1 in C2 group product table.    

C2 1 σ B

1 1 σ B

σ B σ B 1

⏐1〉=1⏐1〉 ⏐σB〉=σB⏐1〉

(σB)2=1 or: (σB)2-1=0 gives projectors:
(σB +1)·(σB-1)=0= p(+1)· p(-1)

P(+)=(1+ σB)/2 and P(-)=(1-σB)/2 
(Normed so: P(+)+P(-)=1 and: P(m)·P(m)= P(m))
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C2 symmetry (B-type) modes

xx
00
==11//√√22 xx

11
==11//√√22

(a) Even mode |+〉=|02〉 =
11

11
//√√22
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00
==11//√√22 xx

11
==--11//√√22

(b) Odd mode |−〉=|12〉 =
11

--11
//√√22
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p=0 p=1

m=0
2
1 1

m=1
2
1 -1

p= position point (modulo-2)

m=wave-number

or “momentum”

(modulo-2)

C
2
mode phase & character tables

State

norm:

1/√2

Operator

norm:

1/2

p=0 p=1

⏐1〉=1⏐1〉 (b) unit base state
|1〉=|y〉=|-1〉=

MM

xx11==11xx11==00

00
11

(a) unit base state
|0〉=|x〉=|2〉 =

MM

xx00==11 xx00==00

11
00

MM

xx00==00 xx11==00

(c) equilibrium zero-state 0
0

Hamiltonian matrix H or spring-constant matrix K=H2 with B-type or bilateral-balanced symmetry

Wave resonance in cyclic Cn symmetry
Harmonic oscillator with cyclic C2 symmetry (B-type)

H = A B
B A

⎛
⎝⎜

⎞
⎠⎟
= A 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟
+ B 0 1

1 0
⎛
⎝⎜

⎞
⎠⎟

                       = A ⋅1        + B ⋅σ B

K = H2 = A2 + B2 2AB
2AB A2 + B2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

              = (A2 + B2 ) ⋅1         + 2AB ⋅σ B

Reflection symmetry σB defined by (σB)2=1 in C2 group product table.    

C2 1 σ B

1 1 σ B

σ B σ B 1

⏐1〉=1⏐1〉 ⏐σB〉=σB⏐1〉

Mode state projection:
 
⏐+〉=⏐02〉=P(+)⏐0〉√2 
      =(⏐0〉+⏐2〉)/√2

        =(⏐1〉+⏐ σB〉)/√2

⏐-〉=⏐02〉=P(-)⏐0〉√2 
      =(⏐0〉-⏐2〉)/√2

        =(⏐1〉-⏐ σB〉)/√2

(σB)2=1 or: (σB)2-1=0 gives projectors:
(σB +1)·(σB-1)=0= p(+1)· p(-1)

P(+)=(1+ σB)/2 and P(-)=(1-σB)/2 
(Normed so: P(+)+P(-)=1 and: P(m)·P(m)= P(m))

10Tuesday, March 29, 16



C2 symmetry (B-type) modes
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p= position point (modulo-2)

m=wave-number

or “momentum”

(modulo-2)

C
2
mode phase & character tables

State

norm:

1/√2

Operator

norm:

1/2

p=0 p=1

⏐1〉=1⏐1〉 (b) unit base state
|1〉=|y〉=|-1〉=

MM

xx11==11xx11==00

00
11

(a) unit base state
|0〉=|x〉=|2〉 =

MM

xx00==11 xx00==00

11
00

MM

xx00==00 xx11==00

(c) equilibrium zero-state 0
0

Hamiltonian matrix H or spring-constant matrix K=H2 with B-type or bilateral-balanced symmetry

Wave resonance in cyclic Cn symmetry
Harmonic oscillator with cyclic C2 symmetry (B-type)

H = A B
B A

⎛
⎝⎜

⎞
⎠⎟
= A 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟
+ B 0 1

1 0
⎛
⎝⎜

⎞
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                       = A ⋅1        + B ⋅σ B

K = H2 = A2 + B2 2AB
2AB A2 + B2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

              = (A2 + B2 ) ⋅1         + 2AB ⋅σ B

Reflection symmetry σB defined by (σB)2=1 in C2 group product table.    

C2 1 σ B

1 1 σ B

σ B σ B 1

⏐1〉=1⏐1〉 ⏐σB〉=σB⏐1〉

Mode state projection:
 
⏐+〉=⏐02〉=P(+)⏐0〉√2 
      =(⏐0〉+⏐2〉)/√2

        =(⏐1〉+⏐ σB〉)/√2

⏐-〉=⏐02〉=P(-)⏐0〉√2 
      =(⏐0〉-⏐2〉)/√2

        =(⏐1〉-⏐ σB〉)/√2

(σB)2=1 or: (σB)2-1=0 gives projectors:
(σB +1)·(σB-1)=0= p(+1)· p(-1)

P(+)=(1+ σB)/2 and P(-)=(1-σB)/2 
(Normed so: P(+)+P(-)=1 and: P(m)·P(m)= P(m))

Note ½-sum-½-diff relations
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Wave resonance in cyclic Cn symmetry
Harmonic oscillator with cyclic C2 symmetry  
            C2 symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics
              ½-Sum-½-Diff-Identity for resonant beat analysis

Mode frequency ratios and continued fractions
                       Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry  
            C3 symmetric spectral decomposition by 3rd roots of unity
             Deriving C3 projectors 
                      Deriving and labeling moving wave modes
                      Deriving dispersion functions and degenerate standing waves
                                 Examples by WaveIt animation
C6 symmetric mode model:Distant neighbor coupling 
            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
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x=x1

k1=9 k12=1

y=x2

k2=9

m1=1 m2=1

Det(K) = 10·10 −1= 99
Trace(K) = 10 +10 = 20

K =
K11 K12
K12 K22

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

k1 + k12 −k12
−k12 k2 + k12

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= 10 −1

−1 10
⎛
⎝⎜

⎞
⎠⎟

The K secular equation                                             K 2 −Trace(K)K + Det(K) = K 2 − 20K + 99 = 0 = (K − 9)(K −11) = (K − K1)(K − K2 )

Projector analysis of 2D-HO modes and mixed mode dynamics
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K1 =ω0
2 ε1( ) = 9,                                                                                            K2 =ω0

2 ε2( ) = 11,     

x=x1

k1=9 k12=1

y=x2

k2=9

m1=1 m2=1

Det(K) = 10·10 −1= 99
Trace(K) = 10 +10 = 20

K =
K11 K12
K12 K22
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⎠
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⎝
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−1 10
⎛
⎝⎜

⎞
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The K secular equation                                             K 2 −Trace(K)K + Det(K) = K 2 − 20K + 99 = 0 = (K − 9)(K −11) = (K − K1)(K − K2 )
Kk =ω0

2 εk( )Eigenvalues Kk are squared eigenfrequencies

Projector analysis of 2D-HO modes and mixed mode dynamics
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K1 =ω0
2 ε1( ) = 9,                                                                                            K2 =ω0

2 ε2( ) = 11,     
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Gives Eigen-Projectors Pk 
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Projector analysis of 2D-HO modes and mixed mode dynamics
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The K secular equation                                             K 2 −Trace(K)K + Det(K) = K 2 − 20K + 99 = 0 = (K − 9)(K −11) = (K − K1)(K − K2 )
Kk =ω0

2 εk( )Eigenvalues Kk are squared eigenfrequencies
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2 εk( )Eigenvalues Kk are squared eigenfrequencies

Projector analysis of 2D-HO modes and mixed mode dynamics
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Wave resonance in cyclic Cn symmetry
Harmonic oscillator with cyclic C2 symmetry  
            C2 symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics
              ½-Sum-½-Diff-Identity for resonant beat analysis

Mode frequency ratios and continued fractions
                       Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry  
            C3 symmetric spectral decomposition by 3rd roots of unity
             Deriving C3 projectors 
                      Deriving and labeling moving wave modes
                      Deriving dispersion functions and degenerate standing waves
                                 Examples by WaveIt animation
C6 symmetric mode model:Distant neighbor coupling 
            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
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Mode frequency ratios and continued fractions

Recipe for continued fraction approximation of π
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180

= 1.055556

Continued fraction approximation of mode frequency ratio (√11)/3=1.1055416 

fast mode axis

slo
w m

od
e a

xis

fast mode axis
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Wave resonance in cyclic Cn symmetry
Harmonic oscillator with cyclic C2 symmetry  
            C2 symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics
              ½-Sum-½-Diff-Identity for resonant beat analysis

Mode frequency ratios and continued fractions
                       Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry  
            C3 symmetric spectral decomposition by 3rd roots of unity
             Deriving C3 projectors 
                      Deriving and labeling moving wave modes
                      Deriving dispersion functions and degenerate standing waves
                                 Examples by WaveIt animation
C6 symmetric mode model:Distant neighbor coupling 
            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
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We hold these two fixed...

t = 0/12

½-Sum-½-Diff-phasors  -   Geometry of that 90°-phase lag (again)
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½-Sum-½-Diff-phasors  -   Geometry of that 90°-phase lag (again)

In “visualization gauge”
We hold these two fixed...
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...and let these two rotate at beat frequency

t = 1/12

½-Sum-½-Diff-phasors  -   Geometry of that 90°-phase lag (again)

In “visualization gauge”
We hold these two fixed...
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...and let these two rotate at beat frequency

t = 1/12

t = 1/6

½-Sum-½-Diff-phasors  -   Geometry of that 90°-phase lag (again)

In “visualization gauge”
We hold these two fixed...
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t = 1/12

t = 1/6

...and let these two rotate at beat frequency

t = 1/4

½-Sum-½-Diff-phasors  -   Geometry of that 90°-phase lag (again)

In “visualization gauge”
We hold these two fixed...
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t = 1/6

...and let these two rotate at beat frequency

t = 1/4

½-Sum-½-Diff-phasors  -   Geometry of that 90°-phase lag (again)

In “visualization gauge”
We hold these two fixed...
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...and let these two rotate at beat frequency

t = 1/4

½-Sum-½-Diff-phasors  -   Geometry of that 90°-phase lag (again)

In “visualization gauge”
We hold these two fixed...
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Wave resonance in cyclic Cn symmetry
Harmonic oscillator with cyclic C2 symmetry  
            C2 symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics
              ½-Sum-½-Diff-Identity for resonant beat analysis

Mode frequency ratios and continued fractions
                       Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry  
            C3 symmetric spectral decomposition by 3rd roots of unity
             Deriving C3 projectors 
                      Deriving and labeling moving wave modes
                      Deriving dispersion functions and degenerate standing waves
                                 Examples by WaveIt animation
C6 symmetric mode model:Distant neighbor coupling 
            C6 moving waves and degenerate standing waves
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            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C3 symmetry

3-fold ±120° rotations r=r1 and (r)2=r2=r-1 
obey: (r)3=r3=1=r0 and a C3 g†g-product-table 

   

C3 r0=1 r1=r−2 r2=r−1

r0=  1 1 r1 r2

r2=r−1 r2 1 r1

r1=r−2 r1 r2 1

g=rp heads pth-column. Inverse g†=g-1 heads pth-row
 then unit g†g=1=g-1g occupies pth-diagonal.

H-matrix and each rp-matrix based on g†g-table. 

r0 r1 r2
r2 r0 r1
r1 r2 r0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
= r0

1 0 0
0 1 0
0 0 1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
+ r1

0 1 0
0 0 1
1 0 0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
+ r2

0 0 1
1 0 0
0 1 0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

M

M

M

Point
p=00 mod 3

Point
p=11 mod 3

Point
p=22 mod 3

(a) equilibrium zero-state
x0=x1=x2=0 0

0
0

               H      =     r0 ⋅1         + r1 ⋅r
1         + r2 ⋅r

2

r0=1

Orig. Fig. 4.8.1
Unit 4
CMwBang
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C3 symmetry

3-fold ±120° rotations r=r1 and (r)2=r2=r-1 
obey: (r)3=r3=1=r0 and a C3 g†g-product-table 

   

C3 r0=1 r1=r−2 r2=r−1

r0=  1 1 r1 r2

r2=r−1 r2 1 r1

r1=r−2 r1 r2 1

g=rp heads pth-column. Inverse g†=g-1 heads pth-row
 then unit g†g=1=g-1g occupies pth-diagonal.

H-matrix and each rp-matrix based on g†g-table. 

r0 r1 r2
r2 r0 r1
r1 r2 r0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
= r0

1 0 0
0 1 0
0 0 1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
+ r1

0 1 0
0 0 1
1 0 0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
+ r2

0 0 1
1 0 0
0 1 0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

M

M

M

Point
p=00 mod 3

Point
p=11 mod 3

Point
p=22 mod 3

(a) equilibrium zero-state
x0=x1=x2=0 0

0
0

M

M

M
M

M

M

M

M
M

xx00==11

xx11==11 xx22==11

120°
rotation
r1

-120°=240°
rotation
r-1=r+2

11
00
00

00
11
00

00
00
11

(p=0) unit base state
|0〉=r0|0〉

(p=0) unit base state
|0〉=r0|0〉

(p=1) unit base state
|1〉=r1|0〉=r-2|0〉

(p=1) unit base state
|1〉=r1|0〉=r-2|0〉

(p=2) unit base state
|2〉=r2|0〉=r-1|0〉

(p=2) unit base state
|2〉=r2|0〉=r-1|0〉

Unit displacement
of mass point-0
from equilibrium

C3 unit base states                H      =     r0 ⋅1         + r1 ⋅r
1         + r2 ⋅r

2

r0=1

Fig. 2.5.1
Unit 2
Honors Physics
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C3 symmetry

3-fold ±120° rotations r=r1 and (r)2=r2=r-1 
obey: (r)3=r3=1=r0 and a C3 g†g-product-table 

   

C3 r0=1 r1=r−2 r2=r−1

r0=  1 1 r1 r2

r2=r−1 r2 1 r1

r1=r−2 r1 r2 1

g=rp heads pth-column. Inverse g†=g-1 heads pth-row
 then unit g†g=1=g-1g occupies pth-diagonal.

H-matrix and each rp-matrix based on g†g-table. 

r0 r1 r2
r2 r0 r1
r1 r2 r0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
= r0

1 0 0
0 1 0
0 0 1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
+ r1

0 1 0
0 0 1
1 0 0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
+ r2

0 0 1
1 0 0
0 1 0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

Each H-matrix coupling constant rp={r0, r1, r2} is amplitude of its operator power rp={r0, r1, r2}

M

M

M

Point
p=00 mod 3

Point
p=11 mod 3

Point
p=22 mod 3

(a) equilibrium zero-state
x0=x1=x2=0 0

0
0

M

M

M
M

M

M

M

M
M

xx00==11

xx11==11 xx22==11

120°
rotation
r1

-120°=240°
rotation
r-1=r+2

11
00
00

00
11
00

00
00
11

(p=0) unit base state
|0〉=r0|0〉

(p=0) unit base state
|0〉=r0|0〉

(p=1) unit base state
|1〉=r1|0〉=r-2|0〉

(p=1) unit base state
|1〉=r1|0〉=r-2|0〉

(p=2) unit base state
|2〉=r2|0〉=r-1|0〉

(p=2) unit base state
|2〉=r2|0〉=r-1|0〉

Unit displacement
of mass point-0
from equilibrium

C3 unit base states

|0〉

|1〉|2〉

r1
r1

r1
r2

r2

r2

               H      =     r0 ⋅1         + r1 ⋅r
1         + r2 ⋅r

2

r0=1
   =r3

r0=1

Fig. 2.5.1
Unit 2
Honors Physics

Usually assume Real r1=r=r2 
Stability only requires (r1)*=r2
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Wave resonance in cyclic Cn symmetry
Harmonic oscillator with cyclic C2 symmetry  
            C2 symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics
              ½-Sum-½-Diff-Identity for resonant beat analysis

Mode frequency ratios and continued fractions
                       Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry  
            C3 symmetric spectral decomposition by 3rd roots of unity
             Deriving C3 projectors 
                      Deriving and labeling moving wave modes
                      Deriving dispersion functions and degenerate standing waves
                                 Examples by WaveIt animation
C6 symmetric mode model:Distant neighbor coupling 
            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
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We can spectrally resolve H if we resolve r since is H a combination rprp of powers rp.

C3 Spectral resolution: 3rd roots of unity
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C3 Spectral resolution: 3rd roots of unity

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3rd roots of unity ρm=eim2π/3.

13 = (1)1/3

= (e2π im )1/3

= e2π im/3

For any integer m : e2πim=cos(2πm)+isin(2πm)=1

We can spectrally resolve H if we resolve r since is H a combination rprp of powers rp.
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ρ0=e
i0=1

ρ1=e
i 3
2π

ρ2 =e
−i 3
2π

C3 Spectral resolution: 3rd roots of unity

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3rd roots of unity ρm=eim2π/3.

13 = (1)1/3

= (e2π im )1/3

= e2π im/3

For any integer m : e2πim=cos(2πm)+isin(2πm)=1

We can spectrally resolve H if we resolve r since is H a combination rprp of powers rp.
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1 = r3  implies :  0 = r3 −1 = (r − ρ01)(r − ρ11)(r − ρ21) where :  ρm = eim 3
2π

Each eigenvalue ρm of r, has idempotent projector P(m) such that r·P(m)=ρmP(m) . 

ρ0=e
i0=1

ρ1=e
i 3
2π

ρ2 =e
−i 3
2π

C3 Spectral resolution: 3rd roots of unity

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3rd roots of unity ρm=eim2π/3.

13 = (1)1/3

= (e2π im )1/3

= e2π im/3

For any integer m : e2πim=cos(2πm)+isin(2πm)=1

We can spectrally resolve H if we resolve r since is H a combination rprp of powers rp.
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Each eigenvalue ρm of r, has idempotent projector P(m) such that r·P(m)=ρmP(m) . 
All three P(m) are orthonormal (P(m) P(n) =δmn P(m) ) and complete (sum to unit 1).

  1  =          P(0)   +        P(1)   +         P(2)

ρ0=e
i0=1

ρ1=e
i 3
2π

ρ2 =e
−i 3
2π

C3 Spectral resolution: 3rd roots of unity

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3rd roots of unity ρm=eim2π/3.

13 = (1)1/3

= (e2π im )1/3

= e2π im/3

For any integer m : e2πim=cos(2πm)+isin(2πm)=1

We can spectrally resolve H if we resolve r since is H a combination rprp of powers rp.

1 = r3  implies :  0 = r3 −1 = (r − ρ01)(r − ρ11)(r − ρ21) where :  ρm = eim 3
2π
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  1  =          P(0)   +        P(1)   +         P(2)

ρ0=e
i0=1

ρ1=e
i 3
2π

ρ2 =e
−i 3
2π

  r  =   ρ0   P(0)  +   ρ1   P(1)  +   ρ2    P(2)

C3 Spectral resolution: 3rd roots of unity

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3rd roots of unity ρm=eim2π/3.

13 = (1)1/3

= (e2π im )1/3

= e2π im/3

For any integer m : e2πim=cos(2πm)+isin(2πm)=1

We can spectrally resolve H if we resolve r since is H a combination rprp of powers rp.

Each eigenvalue ρm of r, has idempotent projector P(m) such that r·P(m)=ρmP(m) . 
All three P(m) are orthonormal (P(m) P(n) =δmn P(m) ) and complete (sum to unit 1).

1 = r3  implies :  0 = r3 −1 = (r − ρ01)(r − ρ11)(r − ρ21) where :  ρm = eim 3
2π
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  1  =          P(0)   +        P(1)   +         P(2)

ρ0=e
i0=1

ρ1=e
i 3
2π

ρ2 =e
−i 3
2π

  r  =   ρ0   P(0)  +   ρ1   P(1)  +   ρ2    P(2)

  r
2 = (ρ0 )2P(0)  + (ρ1)2P(1)  + (ρ2 )2P(2)

C3 Spectral resolution: 3rd roots of unity

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3rd roots of unity ρm=eim2π/3.

13 = (1)1/3

= (e2π im )1/3

= e2π im/3

For any integer m : e2πim=cos(2πm)+isin(2πm)=1

We can spectrally resolve H if we resolve r since is H a combination rprp of powers rp.

Each eigenvalue ρm of r, has idempotent projector P(m) such that r·P(m)=ρmP(m) . 
All three P(m) are orthonormal (P(m) P(n) =δmn P(m) ) and complete (sum to unit 1).

1 = r3  implies :  0 = r3 −1 = (r − ρ01)(r − ρ11)(r − ρ21) where :  ρm = eim 3
2π
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Wave resonance in cyclic Cn symmetry
Harmonic oscillator with cyclic C2 symmetry  
            C2 symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics
              ½-Sum-½-Diff-Identity for resonant beat analysis

Mode frequency ratios and continued fractions
                       Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry  
            C3 symmetric spectral decomposition by 3rd roots of unity
             Deriving C3 projectors 
                      Deriving and labeling moving wave modes
                      Deriving dispersion functions and degenerate standing waves
                                 Examples by WaveIt animation
C6 symmetric mode model:Distant neighbor coupling 
            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity

53Tuesday, March 29, 16



  1  =          P(0)   +        P(1)   +         P(2)

ρ0=e
i0=1

ρ1=e
i 3
2π

ρ2 =e
−i 3
2π

  r  =   ρ0   P(0)  +   ρ1   P(1)  +   ρ2    P(2)

  r
2 = (ρ0 )2P(0)  + (ρ1)2P(1)  + (ρ2 )2P(2)

   

P(0)=3
1 (r0  +    r1+    r2 ) =3

1 (1+            r1+            r2 )

P(1)=3
1 (r0  + ρ1

*r1+ ρ2
*r2 ) =3

1 (1+ e−i2π /3r1+ e+i2π /3r2 )

P(2)=3
1 (r0  + ρ2

*r1+ ρ1
*r2 ) =3

1 (1+ e+i2π /3r1+ e−i2π /3r2 )

Easy to resolve spectral projectors P(m)

C3 Spectral resolution: 3rd roots of unity

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3rd roots of unity ρm=eim2π/3.

13 = (1)1/3

= (e2π im )1/3

= e2π im/3

For any integer m : e2πim=cos(2πm)+isin(2πm)=1

We can spectrally resolve H if we resolve r since is H a combination rprp of powers rp.

Each eigenvalue ρm of r, has idempotent projector P(m) such that r·P(m)=ρmP(m) . 
All three P(m) are orthonormal (P(m) P(n) =δmn P(m) ) and complete (sum to unit 1).

1 = r3  implies :  0 = r3 −1 = (r − ρ01)(r − ρ11)(r − ρ21) where :  ρm = eim 3
2π

  Note : (ρ1)2 = (e
−i 3

2π
)2 = e

−i 3
4π

= e
+i 3

2π
= ρ2 = ρ1

∗   and :  (ρ2 )2 = ρ1
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  1  =          P(0)   +        P(1)   +         P(2)

ρ0=e
i0=1

ρ1=e
i 3
2π

ρ2 =e
−i 3
2π

  r  =   ρ0   P(0)  +   ρ1   P(1)  +   ρ2    P(2)

  r
2 = (ρ0 )2P(0)  + (ρ1)2P(1)  + (ρ2 )2P(2)

   

P(0)=3
1 (r0  +    r1+    r2 ) =3

1 (1+            r1+            r2 )

P(1)=3
1 (r0  + ρ1

*r1+ ρ2
*r2 ) =3

1 (1+ e−i2π /3r1+ e+i2π /3r2 )

P(2)=3
1 (r0  + ρ2

*r1+ ρ1
*r2 ) =3

1 (1+ e+i2π /3r1+ e−i2π /3r2 )    

(03) = 0 P(0) 3 = 3
1 ( 1       1         1      )  

(13) = 0 P(1) 3 = 3
1 ( 1  e−i2π /3  e+i2π /3) 

(23) = 0 P(2) 3 = 3
1 (1  e+i2π /3  e−i2π /3)   

Easy to resolve spectral projectors P(m) and eigen-bra-vectors 〈(m)⏐

(m3) means: m-modulo-3 (Details follow)

C3 Spectral resolution: 3rd roots of unity

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3rd roots of unity ρm=eim2π/3.

13 = (1)1/3

= (e2π im )1/3

= e2π im/3

For any integer m : e2πim=cos(2πm)+isin(2πm)=1

We can spectrally resolve H if we resolve r since is H a combination rprp of powers rp.

Each eigenvalue ρm of r, has idempotent projector P(m) such that r·P(m)=ρmP(m) . 
All three P(m) are orthonormal (P(m) P(n) =δmn P(m) ) and complete (sum to unit 1).

1 = r3  implies :  0 = r3 −1 = (r − ρ01)(r − ρ11)(r − ρ21) where :  ρm = eim 3
2π

  Note : (ρ1)2 = (e
−i 3

2π
)2 = e

−i 3
4π

= e
+i 3

2π
= ρ2 = ρ1

∗   and :  (ρ2 )2 = ρ1
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Wave resonance in cyclic Cn symmetry
Harmonic oscillator with cyclic C2 symmetry  
            C2 symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics
              ½-Sum-½-Diff-Identity for resonant beat analysis

Mode frequency ratios and continued fractions
                       Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry  
            C3 symmetric spectral decomposition by 3rd roots of unity
             Deriving C3 projectors 
                      Deriving and labeling moving wave modes
                      Deriving dispersion functions and degenerate standing waves
                                 Examples by WaveIt animation
C6 symmetric mode model:Distant neighbor coupling 
            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
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ρ2=e
-i2π/3

ρ1=e
+i2π/3

ρ0=1=e
+i0

Real axis

Imaginary
axis

p=0 p=1 p=2

m=0
3
ρ00=1 ρ01= 1 ρ02= 1

m=1
3
ρ10=1 ρ11=e

-i2π/3
ρ12=e

i2π/3

m=2
3
ρ20=1 ρ21=e

i2π/3
ρ22=e

-i2π/3

p is position

wave-number
m=

“momentum”

C3 mode phase character tables

norm:
1/√3

p=0 p=1 p=2

Real axis

Imaginary
axis

* * *

* * *

* * *

   

P(0)=3
1 (r0  +    r1+    r2 ) =3

1 (1+            r1+            r2 )

P(1)=3
1 (r0  + ρ1

*r1+ ρ2
*r2 ) =3

1 (1+ e−i2π /3r1+ e+i2π /3r2 )

P(2)=3
1 (r0  + ρ2

*r1+ ρ1
*r2 ) =3

1 (1+ e+i2π /3r1+ e−i2π /3r2 )    

(03) = 0 P(0) 3 = 3
1 ( 1       1         1      )  

(13) = 0 P(1) 3 = 3
1 ( 1  e−i2π /3  e+i2π /3) 

(23) = 0 P(2) 3 = 3
1 (1  e+i2π /3  e−i2π /3)   

Easy to resolve spectral projectors P(m) and eigen-bra-vectors 〈(m)⏐

(m3) means: m-modulo-3 (Details follow)
Basic "trinary" 
wavefunction: ψ km (xp )=eikmxp=e

i2πmp
3

ρmp =
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Imaginary
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i2π/3

m=2
3
ρ20=1 ρ21=e

i2π/3
ρ22=e

-i2π/3

p is position

wave-number
m=

“momentum”

C3 mode phase character tables

norm:
1/√3

p=0 p=1 p=2

Real axis

Imaginary
axis

* * *

* * *

* * *

   

P(0)=3
1 (r0  +    r1+    r2 ) =3

1 (1+            r1+            r2 )

P(1)=3
1 (r0  + ρ1

*r1+ ρ2
*r2 ) =3

1 (1+ e−i2π /3r1+ e+i2π /3r2 )

P(2)=3
1 (r0  + ρ2

*r1+ ρ1
*r2 ) =3

1 (1+ e+i2π /3r1+ e−i2π /3r2 )    

(03) = 0 P(0) 3 = 3
1 ( 1       1         1      )  

(13) = 0 P(1) 3 = 3
1 ( 1  e−i2π /3  e+i2π /3) 

(23) = 0 P(2) 3 = 3
1 (1  e+i2π /3  e−i2π /3)   

Easy to resolve spectral projectors P(m) and eigen-bra-vectors 〈(m)⏐

(m3) means: m-modulo-3 (Details follow)
Basic "trinary" 
wavefunction: ψ km (xp )=eikmxp=e

i2πmp
3

ρmp =
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ρ2=e
-i2π/3

ρ1=e
+i2π/3

ρ0=1=e
+i0

Real axis

Imaginary
axis

p=0 p=1 p=2

m=0
3
ρ00=1 ρ01= 1 ρ02= 1

m=1
3
ρ10=1 ρ11=e

-i2π/3
ρ12=e

i2π/3

m=2
3
ρ20=1 ρ21=e

i2π/3
ρ22=e

-i2π/3

p is position

wave-number
m=

“momentum”

C3 mode phase character tables

norm:
1/√3

p=0 p=1 p=2

Real axis

Imaginary
axis

* * *

* * *

* * * L=lattice length(=3 here)
     N=symmetry(=3 here)
          a=lattice spacing(=1 here)

   

P(0)=3
1 (r0  +    r1+    r2 ) =3

1 (1+            r1+            r2 )

P(1)=3
1 (r0  + ρ1

*r1+ ρ2
*r2 ) =3

1 (1+ e−i2π /3r1+ e+i2π /3r2 )

P(2)=3
1 (r0  + ρ2

*r1+ ρ1
*r2 ) =3

1 (1+ e+i2π /3r1+ e−i2π /3r2 )    

(03) = 0 P(0) 3 = 3
1 ( 1       1         1      )  

(13) = 0 P(1) 3 = 3
1 ( 1  e−i2π /3  e+i2π /3) 

(23) = 0 P(2) 3 = 3
1 (1  e+i2π /3  e−i2π /3)   

Easy to resolve spectral projectors P(m) and eigen-bra-vectors 〈(m)⏐

(m3) means: m-modulo-3 (Details follow)

L

a

Basic "trinary" 
wavefunction: ψ km (xp )=eikmxp=e

i2πmp
3

ρmp =
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ρ2=e
-i2π/3

ρ1=e
+i2π/3

ρ0=1=e
+i0

Real axis

Imaginary
axis

p=0 p=1 p=2

m=0
3
ρ00=1 ρ01= 1 ρ02= 1

m=1
3
ρ10=1 ρ11=e

-i2π/3
ρ12=e

i2π/3

m=2
3
ρ20=1 ρ21=e

i2π/3
ρ22=e

-i2π/3

p is position

wave-number
m=

“momentum”

C3 mode phase character tables

norm:
1/√3

p=0 p=1 p=2

Real axis

Imaginary
axis

* * *

* * *

* * *

Two distinct types of “quantum” numbers.
 p=0,1,or 2 is power p of operator rp and defines each oscillator’s position point p. 
m=0,1,or 2 is mode momentum m of the waves or wavevector km=2π/λm=2πm/L.  (L=Na=3)

L=lattice length(=3 here)
     N=symmetry(=3 here)
          a=lattice spacing(=1 here)

   

P(0)=3
1 (r0  +    r1+    r2 ) =3

1 (1+            r1+            r2 )

P(1)=3
1 (r0  + ρ1

*r1+ ρ2
*r2 ) =3

1 (1+ e−i2π /3r1+ e+i2π /3r2 )

P(2)=3
1 (r0  + ρ2

*r1+ ρ1
*r2 ) =3

1 (1+ e+i2π /3r1+ e−i2π /3r2 )    

(03) = 0 P(0) 3 = 3
1 ( 1       1         1      )  

(13) = 0 P(1) 3 = 3
1 ( 1  e−i2π /3  e+i2π /3) 

(23) = 0 P(2) 3 = 3
1 (1  e+i2π /3  e−i2π /3)   

Easy to resolve spectral projectors P(m) and eigen-bra-vectors 〈(m)⏐

(m3) means: m-modulo-3 (Details follow)

L

a

wavelength λm=2π/km= L/m

Basic "trinary" 
wavefunction: ψ km (xp )=eikmxp=e

i2πmp
3

ρmp =

(Sample WaveIt animation follows)
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Wave resonance in cyclic Cn symmetry
Harmonic oscillator with cyclic C2 symmetry  
            C2 symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics
              ½-Sum-½-Diff-Identity for resonant beat analysis

Mode frequency ratios and continued fractions
                       Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry  
            C3 symmetric spectral decomposition by 3rd roots of unity
             Deriving C3 projectors 
                      Deriving and labeling moving wave modes
                      Deriving dispersion functions and degenerate standing waves
                                 Examples by WaveIt animation
C6 symmetric mode model:Distant neighbor coupling 
            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
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WaveIt Web Simulation
Moving Wave (N=3)
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ρ2=e
-i2π/3

ρ1=e
+i2π/3

ρ0=1=e
+i0

Real axis

Imaginary
axis

p=0 p=1 p=2

m=0
3
ρ00=1 ρ01= 1 ρ02= 1

m=1
3
ρ10=1 ρ11=e

-i2π/3
ρ12=e

i2π/3

m=2
3
ρ20=1 ρ21=e

i2π/3
ρ22=e

-i2π/3

p is position

wave-number
m=

“momentum”

C3 mode phase character tables

norm:
1/√3

p=0 p=1 p=2

Real axis

Imaginary
axis

* * *

* * *

* * *

Two distinct types of “quantum” numbers.
 p=0,1,or 2 is power p of operator rp and defines each oscillator’s position point p. 
m=0,1,or 2 is mode momentum m of the waves or wavevector km=2π/λm=2πm/L.  (L=Na=3)

L=lattice length(=3 here)
     N=symmetry(=3 here)
          a=lattice spacing(=1 here)

Each quantum number follows modular arithmetic: sums or products are an integer-modulo-3,
that is, always 0,1,or 2, or else -1,0,or 1, or else -2,-1,or 0, etc., depending on choice of origin. 

   

P(0)=3
1 (r0  +    r1+    r2 ) =3

1 (1+            r1+            r2 )

P(1)=3
1 (r0  + ρ1

*r1+ ρ2
*r2 ) =3

1 (1+ e−i2π /3r1+ e+i2π /3r2 )

P(2)=3
1 (r0  + ρ2

*r1+ ρ1
*r2 ) =3

1 (1+ e+i2π /3r1+ e−i2π /3r2 )    

(03) = 0 P(0) 3 = 3
1 ( 1       1         1      )  

(13) = 0 P(1) 3 = 3
1 ( 1  e−i2π /3  e+i2π /3) 

(23) = 0 P(2) 3 = 3
1 (1  e+i2π /3  e−i2π /3)   

Easy to resolve spectral projectors P(m) and eigen-bra-vectors 〈(m)⏐

(m3) means: m-modulo-3 (Details follow)

L

a

wavelength λm=2π/km= L/m

ρmp =Basic "trinary" 
wavefunction: ψ km (xp )=eikmxp=e

i2πmp
3
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ρ2=e
-i2π/3

ρ1=e
+i2π/3

ρ0=1=e
+i0

Real axis

Imaginary
axis

p=0 p=1 p=2

m=0
3
ρ00=1 ρ01= 1 ρ02= 1

m=1
3
ρ10=1 ρ11=e

-i2π/3
ρ12=e

i2π/3

m=2
3
ρ20=1 ρ21=e

i2π/3
ρ22=e

-i2π/3

p is position

wave-number
m=

“momentum”

C3 mode phase character tables

norm:
1/√3

p=0 p=1 p=2

Real axis

Imaginary
axis

* * *

* * *

* * *

Two distinct types of “quantum” numbers.
 p=0,1,or 2 is power p of operator rp and defines each oscillator’s position point p. 
m=0,1,or 2 is mode momentum m of the waves or wavevector km=2π/λm=2πm/L.  (L=Na=3)

L=lattice length(=3 here)
     N=symmetry(=3 here)
          a=lattice spacing(=1 here)

Each quantum number follows modular arithmetic: sums or products are an integer-modulo-3,
that is, always 0,1,or 2, or else -1,0,or 1, or else -2,-1,or 0, etc., depending on choice of origin. 

For example, for m=2 and p=2 the number (ρm)p=(eim2π/3)p is eimp·2π/3= ei4·2π/3= ei1·2π/3 ei2π= ei2π/3=ρ1. 
That is, (2-times-2) mod 3 is not 4 but 1 (4 mod 3=1, the remainder of 4 divided by 3.) 

   

P(0)=3
1 (r0  +    r1+    r2 ) =3

1 (1+            r1+            r2 )

P(1)=3
1 (r0  + ρ1

*r1+ ρ2
*r2 ) =3

1 (1+ e−i2π /3r1+ e+i2π /3r2 )

P(2)=3
1 (r0  + ρ2

*r1+ ρ1
*r2 ) =3

1 (1+ e+i2π /3r1+ e−i2π /3r2 )    

(03) = 0 P(0) 3 = 3
1 ( 1       1         1      )  

(13) = 0 P(1) 3 = 3
1 ( 1  e−i2π /3  e+i2π /3) 

(23) = 0 P(2) 3 = 3
1 (1  e+i2π /3  e−i2π /3)   

Easy to resolve spectral projectors P(m) and eigen-bra-vectors 〈(m)⏐

(m3) means: m-modulo-3 (Details follow)

L

a

wavelength λm=2π/km= L/m

Basic "trinary" 
wavefunction: ψ km (xp )=eikmxp=e

i2πmp
3

ρmp =
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Wave resonance in cyclic Cn symmetry
Harmonic oscillator with cyclic C2 symmetry  
            C2 symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics
              ½-Sum-½-Diff-Identity for resonant beat analysis

Mode frequency ratios and continued fractions
                       Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry  
            C3 symmetric spectral decomposition by 3rd roots of unity
             Deriving C3 projectors 
                      Deriving and labeling moving wave modes
                      Deriving dispersion functions and degenerate standing waves
                                 Examples by WaveIt animation
C6 symmetric mode model:Distant neighbor coupling 
            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
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m H m = m r0r0+r1r
1+r2r2 m = r0e

i  m⋅0 3
2π

+r1e
i  m⋅1 3

2π
+r2e

i  m⋅2 3
2π

                                                       

Easy to resolve spectral projectors P(m) and eigenvalues ωm or dispersion functions ω(km)

mth Eigenvalue of rp

〈m⏐ rp ⏐m〉= e i m·p 2π/3
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m H m = m r0r0+r1r
1+r2r2 m = r0e

i  m⋅0 3
2π

+r1e
i  m⋅1 3

2π
+r2e

i  m⋅2 3
2π

                                                       

Easy to resolve spectral projectors P(m) and eigenvalues ωm or dispersion functions ω(km)

mth Eigenvalue of rp

〈m⏐ rp ⏐m〉= e i m·p 2π/3
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m H m = m r0r0+r1r
1+r2r2 m = r0e

i  m⋅0 3
2π

+r1e
i  m⋅1 3

2π
+r2e

i  m⋅2 3
2π

                                                       

Easy to resolve spectral projectors P(m) and eigenvalues ωm or dispersion functions ω(km)

mth Eigenvalue of rp

〈m⏐ rp ⏐m〉= e i m·p 2π/3
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m H m = m r0r0+r1r
1+r2r2 m = r0e

i  m⋅0 3
2π

+r1e
i  m⋅1 3

2π
+r2e

i  m⋅2 3
2π

                                                       = r0e
i  m⋅0 3

2π
+r(e

i   3
2πm

+e
−i   3

2πm

) = r0 + 2r cos(   3
2πm) =

r0+2r  (for m= 0)

r0− r   (for m= ±1)

⎧
⎨
⎪

⎩⎪

Easy to resolve spectral projectors P(m) and eigenvalues ωm or dispersion functions ω(km)

mth Eigenvalue of rp

〈m⏐ rp ⏐m〉= e i m·p 2π/3

Here we assume Real r1=r=r2 
Stability only requires (r1)*=r2
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1+r2r2 m = r0e
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+r1e
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+r2e
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                                                       = r0e
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+e
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2πm
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r0+2r  (for m= 0)
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⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
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⎟
⎟

H-eigenvalues:                                                        

Easy to resolve spectral projectors P(m) and eigenvalues ωm or dispersion functions ω(km)

mth Eigenvalue of rp

〈m⏐ rp ⏐m〉= e i m·p 2π/3

Here we assume Real r1=r=r2 
Stability only requires (r1)*=r2
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m H m = m r0r0+r1r
1+r2r2 m = r0e

i  m⋅0 3
2π

+r1e
i  m⋅1 3

2π
+r2e

i  m⋅2 3
2π

                                                       = r0e
i  m⋅0 3

2π
+r(e
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2πm
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2πm
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2πm) =
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H-eigenvalues:                                                        K-eigenvalues:
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Easy to resolve spectral projectors P(m) and eigenvalues ωm or dispersion functions ω(km)

mth Eigenvalue of rp

〈m⏐ rp ⏐m〉= e i m·p 2π/3

Here we assume Real r1=r=r2 
Stability only requires (r1)*=r2
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             Deriving C3 projectors 
                      Deriving and labeling moving wave modes
                      Deriving dispersion functions and degenerate standing waves
                                 Examples by WaveIt animation
C6 symmetric mode model:Distant neighbor coupling 
            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
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Easy to resolve spectral projectors P(m) and eigenvalues ωm or dispersion functions ω(km)

mth Eigenvalue of rp

〈m⏐ rp ⏐m〉= e i m·p 2π/3

Here we assume Real r1=r=r2 
Stability only requires (r1)*=r2
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Easy to resolve spectral projectors P(m) and eigenvalues ωm or dispersion functions ω(km)

mth Eigenvalue of rp

〈m⏐ rp ⏐m〉= e i m·p 2π/3

of K ...eigenfrequencies of H

m=-1      m=0       m=+1

Animation
screen shots 

(2 pages ahead)

Here we assume Real r1=r=r2 
Stability only requires (r1)*=r2
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Easy to resolve spectral projectors P(m) and eigenvalues ωm or dispersion functions ω(km)

Transverse (to k) Waves

Radial 
Modes

mth Eigenvalue of rp

〈m⏐ rp ⏐m〉= e i m·p 2π/3

of K

Unit 2
Fig. 2.5.3
Honors Physics
CPRelawavity

Orig. Fig. 4.5.3 CMwBang

Animation
screen shots 

(1 page ahead)

Here we assume Real r1=r=r2 
Stability only requires (r1)*=r2
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Fourier Controls let you set modes in position xp-space or in mode ωm-space 

position xp-space

mode ωm-space 

WaveIt Web Simulation
Standing Wave (N-3)
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Controls in position xp-space can display Fourier component modes from ωm-space 

Option to display
k-modes from ωm-space 

WaveIt Web Simulation
Standing Wave (N-3)
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Controls in position xp-space can display Fourier component modes from ωm-space 

Option to
display ring

“molecule” motionWaveIt Web Simulation
Standing Wave (N-3)
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Option to
current

dispersion ω(k) functionSetting -1: Bloch cosine
0: phonon 
1: ω~k1

2: ω~k2

3: ω~k3

WaveIt
Local Controls
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Moving  eigenwave Standing  eigenwaves H − eigenfrequencies K − eigenfrequencies
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Easy to resolve spectral projectors P(m) and eigenvalues ωm or dispersion functions ω(km)

Longitudinal (to k) Waves

mth Eigenvalue of rp

〈m⏐ rp ⏐m〉= e i m·p 2π/3
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( 2/√6, -1/√6, -1/√6 ) ( 0 ,+1/√2, -1/√2 )

Angular 
modes

of K

Here we assume Real r1=r=r2 
Stability only requires (r1)*=r2
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Wave resonance in cyclic Cn symmetry
Harmonic oscillator with cyclic C2 symmetry  
            C2 symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics
              ½-Sum-½-Diff-Identity for resonant beat analysis

Mode frequency ratios and continued fractions
                       Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry  
            C3 symmetric spectral decomposition by 3rd roots of unity
             Deriving C3 projectors 
                      Deriving and labeling moving wave modes
                      Deriving dispersion functions and degenerate standing waves
                                 Examples by WaveIt animation
C6 symmetric mode model:Distant neighbor coupling 
            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
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C6 Symmetric Mode Model: 1st neighbor coupling

Fig. 12    International Journal of Molecular Science 14, 749 (2013)

We usually assume Real r=r 
Stability only requires (r)*=r
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C6 Symmetric Mode Model: 1st and 2nd neighbor coupling

Fig. 12    International Journal of Molecular Science 14, 749 (2013)

We usually assume Real r=r 
Stability only requires (r)*=r

...same
with s
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C6 Symmetric Mode Model: 1st , 2nd and 3rd neighbor coupling

Fig. 12    International Journal of Molecular Science 14, 749 (2013)

...same
with s

...but t
has to be real
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Wave resonance in cyclic Cn symmetry
Harmonic oscillator with cyclic C2 symmetry  
            C2 symmetric (B-type) modes
Projector analysis of 2D-HO modes and mixed mode dynamics
              ½-Sum-½-Diff-Identity for resonant beat analysis

Mode frequency ratios and continued fractions
                       Geometry of that 90°-phase lag (again)
Harmonic oscillator with cyclic C3 symmetry  
            C3 symmetric spectral decomposition by 3rd roots of unity
             Deriving C3 projectors 
                      Deriving and labeling moving wave modes
                      Deriving dispersion functions and degenerate standing waves
                                 Examples by WaveIt animation
C6 symmetric mode model:Distant neighbor coupling 
            C6 moving waves and degenerate standing waves
            C6 dispersion functions for 1st, 2nd, and 3rd-neighbor coupling
            C6 dispersion functions split by C-type symmetry(complex, chiral, …)

C12 and higher symmetry mode models: Archetypes of dispersion functions and 1-CW phase velocity
           ½-Sum-½-Diff-theory of 2-CW group and phase velocity
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C6 Spectral resolution: 6th roots of unity

Fig. 13    International Journal of Molecular Science 14, 752 (2013)

χ p
m= eikmr

p

= e
2π imp
6

WaveIt C6 Character Phasors Web Simulation
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C6 Spectral resolution: 6th roots of unity

Fig. 13    International Journal of Molecular Science 14, 752 (2013)

χ p
m= eikmr

p

= e
2π imp
6

WaveIt
Local Controls

WaveIt Scenarios

WaveIt C6 Character Phasors Web Simulation
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WaveIt Web Simulation - Galloping Wave (N=6)
WaveIt Web Simulation - Standing Wave (N=6)
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C6 Spectral resolution of nth Neighbor H: Same modes but different dispersion

1st Neighbor H

2nd Neighbor H

3rd Neighbor H

Fig. 14    International Journal of Molecular Science 14, 754 (2013)
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C6 Spectra of 1st neighbor gauge splitting by C-type (Chiral, Coriolis,…, 

1st Neighbor H

Fig. 15    International Journal of Molecular Science 14, 755 (2013)

Standing wave combinations like coskx=(e+ikx+e-ikx)/2 
are not eigenmodes unless φ=0.
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transformation matrices WaveIt C12 Character Phasors Web Simulation

WaveIt C12 Web Simulation
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=12&clock=false&docolor=false&ImWave=true&ReWave=true&hand=false
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=12&clock=false&docolor=false&ImWave=true&ReWave=true&hand=false
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=32&clock=true&docolor=true&ImWave=false&ReWave=true&hand=true
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=256&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=256&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=256&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
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Wave velocities depend on
   Dispersion function 
           ω =ω (k)

(a) 1-CW phase velocity:
     Vphase

1-CW = ω (k)
k

 Vphase
1-CW8 =

ω (k8 )
k8

= 0.9
8

a = k⋅x −ω⋅ t
Given 1-CW phase of wave ei(kx-ωt):

Solve for 1-CW phase velocity
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Velocities depend upon
   Dispersion function 
           ω =ω (k)

(a) 1-CW phase velocity:
     Vphase

1-CW = ω (k)
k

a = ka ⋅x −ω a ⋅ t b = kb ⋅x −ωb ⋅ t

The ½-Sum-½-Diff-Identity and 2-CW phase and group velocity
Given 2-CW phases:

and
...find 2-CW phase velocity           and group velocityVphase

2-CW Vgroup
2-CW
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a = ka ⋅x −ω a ⋅ t b = kb ⋅x −ωb ⋅ t

The ½-Sum-½-Diff-Identity and 2-CW phase and group velocity
Given 2-CW phases:

and
...find 2-CW phase velocity           and group velocityVphase

2-CW Vgroup
2-CW

= e
i (ka+kb )

2
x− (ωa+ωb )

2
t
cos (ka − kb )

2
x − (ωa −ωb )

2
t⎛

⎝⎜
⎞
⎠⎟
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km=mk1
1 2 3 4 5 6-1-2-3-4-5-6

1

0.5

87-7-8

Velocities depend upon
   Dispersion function 
           ω =ω (k)

(a) 1-CW phase velocity:
     Vphase

1-CW = ω (k)
k

eia + eib

2
= e

ia+b
2 e

ia−b
2 + e

− i a−b
2

2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
= e

ia+b
2 cos a − b

2
⎛
⎝⎜

⎞
⎠⎟

a = ka ⋅x −ω a ⋅ t b = kb ⋅x −ωb ⋅ t

The ½-Sum-½-Diff-Identity and 2-CW phase and group velocity
Given 2-CW phases:

and
...find 2-CW phase velocity           and group velocityVphase

2-CW Vgroup
2-CW

= e
i (ka+kb )

2
x− (ωa+ωb )

2
t
cos (ka − kb )

2
x − (ωa −ωb )

2
t⎛

⎝⎜
⎞
⎠⎟

Vphase
2-CW = (ωa +ωb )

(ka + kb )
Vgroup
2-CW = (ωa −ωb )

(ka − kb )
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ωm

km=mk1
1 2 3 4 5 6-1-2-3-4-5-6

1

0.5

87-7-8

Velocities depend upon
   Dispersion function 
           ω =ω (k)

(a) 1-CW phase velocity:
     Vphase

1-CW = ω (k)
k

(b) 2-CW phase velocity:
  Vphase

2-CW = ω (k1)+ω (k2 )
k1 + k2

(c) Pairwise group velocity:
  Vgroup

2-CW = ω (k1)−ω (k2 )
k1 − k2

eia + eib

2
= e

ia+b
2 e

ia−b
2 + e

− i a−b
2

2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
= e

ia+b
2 cos a − b

2
⎛
⎝⎜

⎞
⎠⎟

a = ka ⋅x −ω a ⋅ t b = kb ⋅x −ωb ⋅ t

The ½-Sum-½-Diff-Identity and 2-CW phase and group velocity
Given 2-CW phases:

and
...find 2-CW phase velocity           and group velocityVphase

2-CW Vgroup
2-CW

= e
i (ka+kb )

2
x− (ωa+ωb )

2
t
cos (ka − kb )

2
x − (ωa −ωb )

2
t⎛

⎝⎜
⎞
⎠⎟

Vphase
2-CW = (ωa +ωb )

(ka + kb )
Vgroup
2-CW = (ωa −ωb )

(ka − kb )
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P = K8 +K5
2

= 1
2

k8
ω8

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
+ 1
2

k5
ω5

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Vgroup
2-CW = (ω8 −ω5 )

(k8 − k5 )

Vphase
2-CW = (ω8 +ω5 )

(k8 + k5 )

P
K8

K5 G = K8 −K5
2
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Frequency
   υ sec.-1

Wavenumber
   κ meter -11.0

1.0

2.0

2.0

0.5

0.5

-1.0-2.0 -0.5-1.5 1.5

1.5

3.0

4.0

2.5

3.5

(k =2π κ)

(ω =2π υ)

Dispersion
υ=κ2 
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KR

KL

Frequency
   υ sec.-1

Wavenumber
   κ meter -11.0

1.0

2.0

2.0

0.5

0.5

-1.0-2.0 -0.5-1.5 1.5

1.5

3.0

4.0

2.5

3.5

(k =2π κ)

(ω =2π υ)

Dispersion
υ=κ2

υR

κ R

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

(υP +υG )
(κ P +κG )

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= 4

2
⎛
⎝⎜

⎞
⎠⎟

υL

κ L

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

(υP −υG )
(κ P −κG )

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= 1

−1
⎛
⎝⎜

⎞
⎠⎟
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Frequency
   υ sec.-1

Wavenumber
   κ meter -11.0

1.0

2.0

2.0

0.5

0.5

-1.0-2.0 -0.5-1.5 1.5

1.5

3.0

4.0

2.5

3.5

(k =2π κ)

(ω =2π υ)

Dispersion
υ=κ2

hase

roup

ight

eft

Phase=(R+L)/2
Group=(R-L)/2

Right=Phase+Group

Left=Phase-Group

υR

κ R

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

(υP +υG )
(κ P +κG )

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= 4

2
⎛
⎝⎜

⎞
⎠⎟

υL

κ L

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

(υP −υG )
(κ P −κG )

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= 1

−1
⎛
⎝⎜

⎞
⎠⎟
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   υ sec.-1

Wavenumber
   κ meter -11.0

1.0
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2.0

0.5

0.5

-1.0-2.0 -0.5-1.5 1.5

1.5

3.0

4.0

2.5

3.5

(k =2π κ)

(ω =2π υ)

Dispersion
υ=κ2

hase

roup

ight

eft

Phase=(R+L)/2
Group=(R-L)/2

Right=Phase+Group

Left=Phase-Group

υP
κ P

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= 2

1 (υR +υL )

2
1 (κ R +κ L )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

5 2
1 2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

υG
κG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= 2

1 (υR −υL )

2
1 (κ R −κ L )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

3 2
3 2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

υR

κ R

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

(υP +υG )
(κ P +κG )

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= 4

2
⎛
⎝⎜

⎞
⎠⎟

υL

κ L

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

(υP −υG )
(κ P −κG )

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= 1

−1
⎛
⎝⎜

⎞
⎠⎟
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   υ sec.-1

Wavenumber
   κ meter -11.0

1.0

2.0

2.0

0.5

0.5

-1.0-2.0 -0.5-1.5 1.5

1.5

3.0

4.0

2.5

3.5

(k =2π κ)

(ω =2π υ)

Dispersion
υ=κ2

hase

roup

ight

eft

Phase=(R+L)/2
Group=(R-L)/2

Right=Phase+Group

Left=Phase-Group

υP
κ P

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= 2

1 (υR +υL )

2
1 (κ R +κ L )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

5 2
1 2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

υG
κG

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= 2

1 (υR −υL )

2
1 (κ R −κ L )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

3 2
3 2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

υR

κ R

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

(υP +υG )
(κ P +κG )

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= 4

2
⎛
⎝⎜

⎞
⎠⎟

υL

κ L

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

(υP −υG )
(κ P −κG )

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= 1

−1
⎛
⎝⎜

⎞
⎠⎟

Group Phase Phase Group
per-time
per-space

υG

κG

= 3 2
3 2

υP

κ P

= 5 2
1 2

τ P
λP

= 2 5
2 1

τG
λG

= 2 3
2 3

time
space

=

= velocity =VG = 1
1

=VP =
5
1

1
VP

= 1
5

1
VG

= 1
1

velocity−1
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⎛

⎝
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⎞

⎠
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=

(υP +υG )
(κ P +κG )

⎛

⎝
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⎞

⎠
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= 4

2
⎛
⎝⎜

⎞
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⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
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(υP −υG )
(κ P −κG )

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
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⎛
⎝⎜
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⎠⎟
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κ P
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=
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Δ = 1
2

 
 0 1

−1 0 1
−1 0 1

−1 0 1
−1 0

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟⎟

 ,  Δ3 = 1
23

  0 −1
 0 3 0 −1
0 −3 0 3 0 −1
1 0 −3 0 3 0

1 0 −3 0 3
1 0 −3 0

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟⎟

Δ2 = 1
22

  1
 −2 0 1
1 0 −2 0 1

1 0 −2 0 1
1 0 −2 0

1 0 −2

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟⎟

 , Δ4 = 1
24

  −4 0 1
 6 0 −4 0 1
−4 0 6 0 −4 0
0 −4 0 6 0 −4
1 0 −4 0 6 0

1 0 −4 0 6

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟⎟

Symmetrized finite-difference operators
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