1staxioms and theorems of classical mechanics
(Ch. 1 and Ch. 2 of Unit 1)

Geometry of momentum conservation axiom (ala Occam'’s Razor)
Totally Inelastic “ka-runch’collisions™ (begin 4:1 graph project)
Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry*
+Intro to weighty-averages and vector notation
Comments on idealization in classical models

Geometry of Galilean translation symmetry
45° shift in (V1,V>3)-space
Time reversal symmetry
...of COM collisions

Algebra, Geometry, and Physics of momentum conservation axiom
Vector algebra of collisions
Matrix or tensor algebra of collisions
Deriving Energy Conservation Theorem

Numerical details of collision tensor algebra

Note - Many of the underlined links throughout this lecture file link to the specific selected cases within those Web Simulators
*Launch Car Generic Collision Web Simulator http://www.uark.edu/ua/modphys/markup/CMMotion Web.html
*Launch Generic Superball Collision Web Simulator  http://www.uark.edu/ua/modphys/markup/BounceltWeb.html
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A prObI em | n $ace'ti me . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)
what velociti es’?

Before collision
1 mile

-1 -os

-6 sec.
-12 sec.

-24 sec.
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>

1 minute ( 60 sec.)

After collision..

Perfectly
dastic”
Casa

6

Car Simulator
Space vs Space
Elastic

Simulator
Elastic Collision
Dual Panel
Space vs Space
and
Space vs Time

(Newton)

Simulator
Elastic Collision
Dual Panel
Space vs Space
and
Time vs.

Space(Minkowski)

ollision!

6

Car Simulator
Space vs Space
Inelastic

Simulator
Inelastic Collision
Dual Panel
Space vs Space
and
Space vs Time

(Newton)

Simulator
Inelastic Collision
Dual Panel
Space vs Space
and

Time vs.
Space(Minkowski)
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A pI’Obl em | N q)ace'tl ITE : (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Before collision..... After collision...what velocities:
1 mile . Zerfectly ) oully.
astic " ‘inélastic’
- ; ; } } = |
1 08 -06 -04 -02 Q A case _Kabofkt il I& L
-6 Sec. &
12 sec. = & g ollision!
-24 sec. = o
O
L e 6y 6y
-36 SeC. =5 &
> i = (" Conventional solution: Look up the usual
48 et = | momentum and energy formulas/axioms:
1 | ! imVi(initial) = imVi(final)
Y | VimVA(initial) =" imV?(final)

‘@0&
oz kcmd solve... y

LetOs see if we can solve #&silywith justone (or one-and-a-ha)f axiom(s)
Axiom-1: All mass or masses keep their tolmbmentumuntil it is changed by some outsider.

*Launch Car Collision Web Simulator http://'www.uark.edu/ua/modphys/markup/CMMotion Web.html
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A pI’Obl em in Space-tIITE - (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW) /51717 and ChangQ/iOlentIy
Before collision..... After collision...what velocities? but NOTtotal momentum

1 mile . Perfectly X _ Total I_y??? o Prowai= Msuy Vsuy +
-1 08 -06 -04 -02 0 glglc é—gsele ag';}rly/él
A =1
-6 sec. 1 ’
12 sec. = & g ollision!
-24 sec. = o
O
L o 6y 6y
-36 SeC. =5 Q
> i = (" Conventional solution: Look up the usual
48 s | = | momentum and energy formulas/axioms:
1 o | ! imVi(initial) =" imVi(final)
Y | VimlA(initial) = imV?i(final)

‘@0&
% kcmd solve... )

LetOs see if we can solve #&silywith justone (or one-and-a-ha)f axiom(s)
Axiom-1: All mass or masses keep their tolmbmentumuntil it is changed by some outsider.

*Launch Car Collision Web Simulator http://'www.uark.edu/ua/modphys/markup/CMMotion Web.html
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A pI‘Obl em in Space-tIITE - (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW) /51717 and ChangQ/iOlentIy

Before collision..... After collision...what velocities? but NOTtotal momentum
1 mile Perfectly B2 60 Toally towe L Towal = Msuy Vsuy +
> : 7 ) i)
-1 08 -06 04 02 0 gl;;tm = é—gsele ag'(gr%!
-6 SeC. A T A
12 sec. = & g ollision!
-24 secC. = o
O
-36 sec. 4 @ ¥ 4
i 2 (" Conventional solution: Look up the usual William of Ockham
48 sec | = | momentum and energy formulas/axioms: 1285-1349
a — | ! imVi(initial) =" imVi(final)
Y | VimVA(initial) =" imV?(final)

<@o/>
2

%

Wielder of
OOccamOs RazorO

kcmd solve... )

LetOs see if we can solve #&silywith justone (or one-and-a-ha)f axiom(s)
Axiom-1: All mass or masses keep their tolmbmentumuntil it is changed by some outsider.

*Launch Car Collision Web Simulator http://'www.uark.edu/ua/modphys/markup/CMMotion Web.html
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A pI‘Obl em in Space-tIITE - (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW) /51717 and Changa/iolently

Before collision..... After collision...what velocmes? bUt NOTtotal momentum
1 mile Perfectly e Totally
< > ez
-1 -08 06 -04 -02 ( gl;;tm égseleag';_r
-6 sec. (| 1
-12 sec., = & g ollision!
-24 sec. = o
O
-36 sec. -+ 3 il i
] = (" Conventional solution: Look up the usual William of Ockham
A8 ek = | momentum and energy formulas/axioms: 1285-1349
) — | ! imVi(initial) =" imVi(final)
Y | VimVA(initial) =" imV?(final)

‘@%4 Wielder of

OOccamOs RazorO

kcmd solve... )

LetOs see if we can solve #&silywith justone (or one-and-a-ha)f axiom(s)
Axiom-1: All mass or masses keep their tolmbmentumuntil it is changed by some outsider.

Pluralitas non set poneda sine necessitate.O

and has a number of interpretations:

1. Literally:@on  make pluralities of conjectures without necessity. O
2. Logically: Qssume less to prove more. O

3. Practical coding adviceKe¥p it simple, make it powerfil.O

*Launch Car Collision Web Simulator http://'www.uark.edu/ua/modphys/markup/CMMotion Web.html
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A pI‘Obl em in Space-tIITE - (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW) /51717 and ChangQ/iOlentIy

Before collision..... After collision...what velocities? but NOTtotal momentum
1 mile Perfe(;ﬂy; ;E Totally i @\ PTol‘al: MSUV VSUV +
< > : 7 ) i)
-1 08 -06 04 02 0 gl;;tm = é—gsele ag'(gr%!
6 sec. A T it
-12 sec., = & g ollision!
-24 sec. = (@)
O
-36 sec. 4 @ ¥ 4
i 2 (" Conventional solution: Look up the usual William of Ockham
48 sec | = | momentum and energy formulas/axioms: 1285-1349
) — | | imVi(initial) = imVi(final)
@% Y | VimVA(initial) =" imV?(final) :
% \_and solve... P Wielder of

~ . T . OOccamOs RazorO
LetOs see if we can solve &silywith justone (or one-and-a-ha)f axiom(s)

Axiom-1: All mass or masses keep their tolmbmentumuntil it is changed by some outsider.

GO! (INITIAL or IN) STOP! (FINAL or FIN)
VIN g+ VN = VEIN g+ JEIN, . =constant
*Launch Car Collision Web Simulator http://'www.uark.edu/ua/modphys/markup/CMMotion Web.html
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A pI‘Obl em in Space-tIITE - (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW) /51717 and ChangQ/iOlentIy

Before collision..... After collision...what velocities? but NOTtotal momentum
1 mile Perfe(;ﬂy; ;E Totally i @\ PTol‘al: MSUV VSUV +
< > : 7 ) i)
-1 08 -06 04 02 0 gl;;tm = é—gsele ag'(gr%!
6 sec. A T it
-12 sec., = & g ollision!
-24 sec. = (@)
O
-36 sec. 4 @ ¥ 4
i 2 (" Conventional solution: Look up the usual William of Ockham
48 sec | = | momentum and energy formulas/axioms: 1285-1349
) — | | imVi(initial) = imVi(final)
@% Y | VimVA(initial) =" imV?(final) :
% \_and solve... P Wielder of

~ . T . OOccamOs RazorO
LetOs see if we can solve &silywith justone (or one-and-a-ha)f axiom(s)

Axiom-1: All mass or masses keep their tolmbmentumuntil it is changed by some outsider.

GO! (INITIAL or IN) STOP! (FINAL or FIN)
ViNguy+ VIN = VEING 1+ VEIN, ., =constant
160 + [ 110 = 1 7 + 77 =250
*Launch Car Collision Web Simulator http.// www.uark.edu/ua/modphys/markup/CMMotion Web.html
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A pI’Obl em | N q)aCE'tl IME . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW) V57717 and /)y ChangQ/iOlentIy
Before collision..... After collision...what velocities? but NOTtotal momentum

1 mile . Perfgcﬂy?n . Totallly??? B Prowai= Msuv Vsuv + MywVvw
-1 08 06 -04 02 0 % é_gsleastmgrlyé! .
-6 sec. A 1 &)
-12 sec. = & g ollision!
-24 sec. = o
{®
-36 sec. + 2
- i 2 (" Conventional solution: Look up the usual William of Ockham
48 sec. £ | momentum and energy formulas/axioms: 1285-1349
1 — | VimVi(initial) =" imVi(final)
Y& Y | VimVA(initial) = imVZi(final :
_@3%4 'd 'l( )= ey Wielder of
\_and solve... P

~ . T . OOccamOs RazorO
LetOs see if we can solve &silywith justone (or one-and-a-ha)f axiom(s)

Axiom-1: All mass or masses keep their tolmbmentumuntil it is changed by some outsider.

GO! (INITIAL or IN) STOP! (FINAL or FIN)
VIN o+ Moy VN = VEING 4+ MywVEINy =constant
1 60 + /] 1 ]0 = W + [ 1?27 =250

1tOs a simpl€artesianequatio
vx + /1y =250

Rene Descartes
1596-1650

*Launch Car Collision Web Simulator http://'www.uark.edu/ua/modphys/markup/CMMotion Web.html

Friday, January 22, 16 9


http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html

A pI’Obl em | N q)aCE'tl IME . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW) V57717 and /)y ChangQ/iOlentIy
Before collision..... After collision...what velocities? but NOTtotal momentum

1 mile . Perfgcﬂy?n . Totallly??? B Prowai= Msuv Vsuv + MywVvw
-1 08 06 -04 02 0 % é_gsleastmgrlyé! .
-6 sec. A 1 &)
-12 sec. = & g ollision!
-24 sec. = o
{®
-36 sec. + 2
- i 2 (" Conventional solution: Look up the usual William of Ockham
48 sec. £ | momentum and energy formulas/axioms: 1285-1349
1 — | VimVi(initial) =" imVi(final)
Y& Y | VimVA(initial) = imVZi(final :
_@3%4 'd 'l( )= ey Wielder of
\_and solve... P

~ . T . OOccamOs RazorO
LetOs see if we can solve &silywith justone (or one-and-a-ha)f axiom(s)

Axiom-1: All mass or masses keep their tolmbmentumuntil it is changed by some outsider.

GO! (INITIAL or IN) STOP! (FINAL or FIN)
VIN o+ Moy VN = VEING 4+ MywVEINy =constant
1 60 + /] 1 ]0 = W + [ 1?27 =250

1tOs a simpl€artesianequation...

vx + /1y =250
y =250 - | X

Rene Descartes
1596-1650

*Launch Car Collision Web Simulator http://'www.uark.edu/ua/modphys/markup/CMMotion Web.html
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a . After ka-runch ' collision...
@ 100mr Vil ocity-velocity plot (%)
g0 | Msyy —\During of Axiom-1:
70 =4 4 \collision..... Mg,y Vg + My V.
60 =constant =P . =250 ??FJNAL?
50mph \ 9
40 Before P
Vi = collision: V, =-"v\/_ 4
INITIAL
10mph =10 — .4 VSUV + 250 INITIAL
O| 10 20 30 40 SOm%%\O 80 90 100mph \

LetOs see if we can solve #&silywith justone (or one-and-a-half axiom(s)
Axiom-1: All mass or masses keep their tolmbmentumuntil it is changed by some outsider.

GO! (INITIAL or IN) STOP! (FINAL or FIN)
VIN g i+ Moy VN = VEING 4+ MywVEINy =constant
L 60 + 1,10 = 7 + |/ 1 ?? =250

1tOs a simpl€artesianequation...

vx + /1y =250
y =250 - | X

...with a simpleCartesianline-plot.

Rene Descartes
1596-1650
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Geometry of momentum conservation axiom

——- [0l Inelastic “ka-runch”collisions (begin 4:1 graph project)
Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry
Comments on idealization in classical models

Friday, January 22, 16
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(a) 100mph

After ka-runch ! collision...

9 | ty-v_@}ty plot (0)
g0 | Msuy —ADuring of Axiom-1:
70 =4 . \collision..... Mg Vg, + M, V.
0 =constant =P_ =250 ,PFINAL?
50mph L,
40 :
30 Befo_re_ _ Mg,y P
Viw 20 collision: V,, =- SVV_ +
10mph 10 INITIAL 4V + 250 INITIAL
’ \
(a)
P0me.... .. . ;F]NALKa_mnCh " ItOs a simpl€artesianequation...
S ' x + /1y =250
V 0 y =250 41 x
Lomoh S P\ viTIaL Vit =10mph
, 45'5 INITIAL gy o1 ...with a simpleCartesianline-plot.
0 ‘ 50mp e Rene Descartes
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Geometry of momentum conservation axiom

Totally Inelastic “ka-runch ’collisions
— Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry
+Intro to weighty-averages and vector notation
Comments on idealization in classical models
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After ka-runch ! collision...

5 PFINAL?
)?

INITIAL

After ka-Bong ! collision...

(a) D
H00nen Vel ocity-velodity plot (P)
g0 | Msuy —ADuring of Axiom-1:
70 =4 . \collision..... Mg Vg, + M, V.
o0 =constant =P =250
50mph
40 Before 5
Viry o collision: V, =-"v\/_ 4
VW 20 INITIAL
10mph =10 = -4 VSUV + 250
0
(a) (b)
5O0moh . < FINALKa runch
%\ﬁ S
VVW R 'Q'J 17 INITIAL
10mph S P\ viTIaL Vit =10mph
, 45'5 : INITIAL o
| ' SUV mp
0 50mp / OOmph 0
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Geometry of momentum conservation axiom

Totally Inelastic “ka-runch ’collisions

Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry
_) +Intro to weighty-averages and vector notation

Comments on idealization in classical models

Friday, January 22, 16
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Geometryof MomentumCongrvationAxiom-1
(M1+M2 VCOM: M1V1|N+M2V2|N: M1V1COM+M2V2COM:M1V1F|N+M2V2F|N: I\/lTotaI\/CO'vI

Momentum Cf/‘nservation line:—»
M,V " +M,V "= congant

.\ /5
Vz_ va

100

N ' FIN

80 [
Note 45; linehas ZZ
equd components oo Vi IV '- CM
V1COM :V2C0|\/| | VCOM 40

10 20 30 40 50 60\70 80 90 1/00 E

MC‘Il\I

Ml =4 \ sopes

VYV P M
MVW—-l
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Geometryof MomentumCongrvationAxiom-1
(N41+hﬂzz\/CON“: hﬂl\ﬁmt+hA2)4;N::hA]\GFOM'FhAé\GCOM::hA]\GHhtkhﬂé\erm%: hﬂTmm\/COM

\

Momentum Cf/‘nservation line:—»
V"= congant

.\ /5
Vz_ va

hAfVWN+_

100

\/COM

DivideAxiom-1 by N

hﬂfvgN hA:QJ;F

/I

-

Total = (M1+M 2)

_ hdiquOM_FhAZ\GSCmq_-RAIVGHNtFRAZ\éf”Q

M,

Note 45j linehas

equd comp

90
80
70

onats 50

COM _y yCOM Com
VM OO s COM a0

10 20 30 40 5

N =

Vl_ VSUV
Mg
Mg, =4\ slope M
M= L
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Geometryof MomentumCongrvationAxiom-1
(M +M )VCOIVI M V|N+M VlN M VCOM +M VCOM_M VF|N+M VFlN MTota|VCOM

Momentum Conservation li

MIV’N+E/I

DivideAxiom-1 by M

M 1V1| N M 2V2”

Total — (M +M2)
_ MlvlCOl\/l +M 2V2CO|\/| _ MlvlFlN +M 2V2FIN

-

M,

M1+M2 I\/Il-l_l\/|2

V= const

V2_

100

90

80
Note 45; linehas 0

60 oM COM
equd componaits 5o Mi| !

iz

COM _\ 7CON
Vl _V2 .

/IchOM

VoM gs q (1
It equals 50

10 20 30 40 50 60\70 80 90 1/00 E
Vi=Vgq,,
MC‘II\I
slope={+r
Msuv Moaw
Mo =1

Friday, January 22, 16

1;,M>) Weighted Averagef V; and
for every point (V1,V>) on

the momentum line

=50

V>



Geometry of momentum conservation axiom

Totally Inelastic “ka-runch ’collisions
Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry

TIntro to weigleirmginciadls and vector notatioy «uu—

Comments on idealization in classical models

Friday, January 22, 16
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Geometryof MomentumCongrvationAxiom-1
(M1+M 2)VCOM = I\/Il\/llN-l_ M 2V2|N: M1V1F|N+M 2\/2FIN

Momentum C

nservation li
M,V +MLV "= cond;
V2_
100 ing _' 40 $
90 — 90
80
70
60 - I\ g0 $
20 y ﬂ‘&
40
30 Thisis
20 */IN # 60| % \I/IN:!
10 10 @E H
10 20 30 40 50 60\70 80 90 1[00 E
Vl_VSUV
Mg
Mauv 4 SIOpe:"V'VW
Mo =1
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Geometryof MomentumCongrvationAxiom-1
(M1+M 2 VCOM = I\/Il\/l|N+ M 2V2|N: M1V1F|N+M 2\/2FIN

Momentum Cpnservation Iine.'_)'
M V" +M, V" = constant
_\/EE
Vz_ va |
19000 VN = You may be used to giving coordinates as (X,y).
.90 1 :
80 Thisis a row-vector (or bra(FIN| in QM)
70 V™ =(40,90)
60 ! M ! 50 $
iz y #5046
30 Thisis acolumm-vector (orket |IN) in QM)
|
20 /IN 60 \!/IN: 60
o \ 10 10
10 20 30 40 50 60\70 80 90 100 E
V1: VUV
Msuv
Ms;uv:4 SIOpe:"V'VW
M= L
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Geometryof MomentumCongrvationAxiom-1
(MAMVEM=M V" +M\V,"=M V" +M Vv,

Momentum Cf/‘nservation line:—»
M,V " +M,V "= congant
N\ /5
100 S N 40 $ | . :
N, V= beused to giving cordinaes as (X,Y).
80 2P Thisis arow-vector (or bra(FIN| in QW)
70 VAN = (40,90)
60 ! - 5o $
50 - ﬁ_é
40
30 ThlS is a columm-vector (or ket [IN) in QM)
20 ! | 60 60 $
10 20 30 40 50 60\70 80 90 10 = =]
\ V=Vg,,

This 1s a dot product (or scalar product)

VeV = (40,90)-( fg )= (FIN|IN)Y= 40 60 + 90 10= 2400 + 900 = 3300

of a row-vector V'™ = (40,90) (or bra(FIN |)

with column-vector = [ fg j(or ket |IN))

Friday, January 22, 16



Geometryof MomentumCongrvationAxiom-1
(M1+M 2 VCOM = I\/Il\/l|N+ M 2V2|N: M1V1F|N+M 2\/2FIN

Momentum Cf/‘nservation Iine.'_;
M,V +M.V "= congant
N\
Vz_ va |
19000 V= ' beusad to giving mordinates as (x,Y).
80 2P Thisis arow-vector (or bra(FIN| in QW)
70 V7 = (40,90)
& o /[1 30
>0 y 50
40 \J P
30 Thisis acolumm-vector (orket |IN) in QM)
20 X7 IN 60 \!/IN:! 60 $
10 20 30 40 50 60\70 80 90 1/00 %
V1: Vsuv

This 1s a outer product (or tensor product)

VNR VN = 60 ®(40,90) =| INY{FIN| = 60 40 60 90 |_| 2400 5400
10 10 40 10 90 400 900

of a column-vector = [ f((;) )(or ket |IN))

with a row-vector V'™ = (40,90) (or bra(FIN |)

Friday, January 22, 16 24



Geometry of momentum conservation axiom

Totally Inelastic “ka-runch ’collisions
Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry
+Intro to weighty-averages and vector notation

—— Comments on idealization in classical models e

Friday, January 22, 16
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Geometry of momentum conservation axiom

Totally Inelastic “ka-runch’collisions™
Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry*
—) Comments on idealization in classical models

Friday, January 22, 16
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The and ldealized thought experiments

Idealization 1. Ignore background.
(No rolling friction, air resistance, etc.)

50 & o

ldealization 2. Make each 1-dimensional.
(Cars “constrained” to ride on frictionless rail)

=] ﬁ System now has
: ~ [0 D = just two “dimensions”

or “degrees-of-freedom”

Landscape 1.1 Idealized model for collision model and thought experiments

Friday, January 22, 16
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Summary of Classical Mechanical Degrees of Freedom
Trandlation (Each body has 3 translational degrees of freedom) (Intoduced in Units 1 and 2)

\
6 trandational
- degrees of freedom

for and

Friday, January 22, 16
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Summary of Classical Mechanical Degrees of Freedom
Trandlation (Each body has 3 translational degrees of freedom) (Intoduced in Units 1 and 2)

) \
6 translational
- — degrees of freedom
e ~
y - / @\\:\ for and
1@5 S
O/

Rotation (Each body has 3 rotationaldegrees of freedom) (Intoduced in Units 3 and 7)
6 rotational
degrees of freedom
for and

Friday, January 22, 16 29



Some Topics in Classical Mechanics with a BANG!
Summary of Classical Mechanical Degrees of Freedom

Trandlation (Each body has 3 translational degrees of freedom) (Intoduced in Units 1 and 2)

\
6 translational
- — degrees of freedom
e ~
st = / {ﬂ\:\ for and
1@5 S
O/

Rotation (Each body has 3 rotationaldegrees of freedom) (Intoduced in Units 3 and 7)
6 rotational
degrees of freedom
for and

and system involves
12 rigid-body degrees of freedom

MVibration (Each body has many vibrational degrees of freedom) (Intoduced in Units 3-8)

ﬁ\ Generalized Curvilinear Coordinates (GCC)
o
()

introduced in Unit 1 Chapters 10 -12
,/ An N-atom molecule has
’ 3N-6 vibrational degrees of freedom

Landscape 1.2 Some idealized classical model degrees of freedom

Friday, January 22, 16



Geometry of Galilean translation symmetry
m—— /5 © shift in (V1,V>)-space

Time reversal symmetry
...of COM collisions

Friday, January 22, 16
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A prObl em | N mtl me . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Geometry of Galilean trandation (A symmetry transformation)
If you increase your velocity by 50 mph,... (In some direction x,y, or z...)

...the rest of the world appearsto be 50 mph (In that direction...)

(a) Galileo transformsto COM frame

10 FE ] -
fc% V 90
VW 80 /
70 V4 g
60 // p _.
—
Mo / / 77
// S A
.7 %o | / |
/ H o o o
. : tracting ' ga Galileo Galilei
a (5050 1564-1642
-100 -90-80—70/—9_060 -40-30-20-1/10 20 30/49 £0 60 70 80 901
/ 20 Y V
P 30 1/ UV
/ i 140 I CoM %
. j;%
710
/80
/
— -90
£ 10
Fig.1.4a
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A pI‘Oblem lIl $ace'ti ITE . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Geometry of Galilean translation (A symmetry transformation)
I you increase your velocity by 50 mph,... (In some direction x,y, or z...)

...the rest of the world appears to be 50 mph gl (In that direction...)

(a) Galileo transforms to COM frame (b) ... and e or six other reference frames

C / /
10 I Earth] 10 FEartI?(
<V &V, Y Fu
VW 80 i VW 80 p
70 v 70 v
60| 7 f 60|/ ,
— 50 — 5” SUV(F)
™ o~ / oy v
0 / F 0 /
// 0 // UV() 0 //
vl tracting . - 1 | I
/s 1 / 1
S 030201 0 L o 0-20 e
~90-80-70-60%, -40-30-20\L
_10p %080 > %%, I 10 20 30/49 506070 8090109 _10p 2080 I:70 60 -40-3 1\ 10\ 20 30/49 5060 70 80 901090
/ 20 y V y 0 / V
) o\ UV p% | Ll ST\
/ . / i
/ 40 I COM % / é I I COM %
/ /56% v "0 ' suv)
/ /
/ -70 pz -70
0 Ol
v -90 | -90
‘ 10 - 10
Fig.1.4a Fig.1.4b
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Geometry of Galilean translation symmetry
45° shift in (V1,V3)-space

——) ] ime reversal symmetry
...of COM collisions

Friday, January 22, 16
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A pI’Ob| em in mtlrm : (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW) Fmal F and Initial Ji

Geometry of Galilean translation (A symmetry transformation) trade places...

If you increase your velocity by 50 mph,...
...the rest of the world appears to be 50 mph d Time-reversal (F-1)
symmetry pairs

(Four examples)

(a) Galileo transformsto COM frame (b) ...and e or six other reference frames , ,
10 F__~ : 10 F__~ 1 i e
&V, 0 " &V, Ful F o
VW 80 p s/ / VW 80 P 2t V 90 VW |)/
70 Y 70 /
60 y / / P 60 E / p VW 80
| el ~a) C cah Ve
Feon=” ] / Meo J/O s 70
/
B / p / Fsuvu) 0 y 4 60 .
1 tracting s —f |, C o
1 W (050 | Funs . Ll o
-10 "90-80-70-60} -40-30-20- 107K 10 20 30 405760 70 80 90710y 1o -20-80-70-60) -40-30-20 O 10\ 20 30 40 {560 70 80 %0 1))
/s g -20 7/ g F/ -20 s/ g V
J / 30 1 ) | SUAY
SUV(F)
// ':4?‘ ICOM o— // _;1 I ICOM %

710 710 C

/7 80 | . -80 -90-80-70-60~
i -90 e ™o -100 qS 00
2 10 2 10 F.
/
7/
/
ya
L] //
by 7/
Fig. 1.4a Fig. 1.4b -
/
7/
d _1
) L

Time-reversal means flip t to -t...
(Run a movie backwards)
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A pI‘Ob| em in mtlm : (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW) Fina ] F cmd Ini l‘ia[ Ji

Geometry of Galilean trandation (A symmetry transformation)
If you increase your velocity by 50 mph,...
...the rest of the world appears to be 50 mph

trade places...

Time-reversal (F-I)
symmetry pairs
(Four examples)

(a) Galileo transforms to COM frame (b) ...and e or six other reference frames
/ c s 1
v ' Eartn] > 4 - ' Earth] L
9 o o F
o V2 ! // Viwes %\ CLE"E' \VAN
70 Y 70 7 VVV 80
s /
e I:Gr(\) 7 / ’ E :Gr?r I;SJV(F) ’
P oo v oo / 70
, / F /7
P . suva) J 60 K
i tracting I}ia{th 1 Iﬁa{th C %
7 W7 (5050 |, Fuuy ! | el e
-100 "90-80-70-6(}, -40-30-20-107F 10 20 30 49560 70 80901y 1 -%0-80-70- 8% -40-30-20 71\ 10\ 20 30 40 5760 70 80 90 11y
/7 -20 /7 E %0 / V
// -30 // // T ) SUV
SUV(F,
// :2 ICOM 7 T ICOM %
Z < /] Tsov F
7 =10 7 -0 VVZ
- [0 ~90-80-70-6
S | 67 -10p %8055 00
T ‘10 F.
/
/
/
/
. //
; s/
Fig. 1.4a Fig. 1.4b ,/
/
/
d 1
-1

Friday, January 22, 16
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Time-reversal means flip t to -t...
(Run a movie backwards)

That mea
(Everythi

ns you flip Velocity V to -V ...
ng goes backwards)
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Geometry of Galilean translation symmetry
45° shift in (V1,V3)-space
Time reversal symmetry

> ...of COM collisions

Friday, January 22, 16
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A pI’Obl em | N mtl rTE : (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Geometry of Galilean trandation (A symmetry transformation) THE
If you increase your velocity by 50 mph,...

...the rest of the world appears to be 50 mph ¢

COM Time-reversal
symmetry pair
(Just 1 case)

e or six other reference frames

% 1 E /

10 E 104 =
1o T Bt 'l,' e E ' Earti] L . Ear th/
& Voo B! // Vow e fi D/_Ea:. V 90 Fvwn,
o o VW 80
F. 50l et Fsay = i 0
// /// Fsuvo) /// 60 //
il tracting I,Ea{th //‘K O |ﬁa{[h - /F&JV(F) //.
7 w5050 | Fus 1 L], m cons ,
-100 -90-80-70—9_060 -40-30-20- 1 5 10 20 30 4950 60 70 80 90 100 -100 -90-80—70—6(% -40-30-20 A 10\ 20 30 495660 70 80 90 100 F ’Emo //
/// -20 /// F/ %0 &‘// VSJV SUV(I) ¢ 0 ///
/ -30 s o -
// 140 ICOM // 4 ICOMSUV(F) % 7 // D | /Ea'{ '[;
/ 50 / 5 Jlsuv(l) F // 1 |
///-78 \9 //j78 pr)/ W .
// gg % |VW(§)28 -100 -90-80-70-6%‘ -40-30-20 4 | 10\ 20 30 49%6 60 70 80 90 100
/ 10 / 10 F// ] O /// V
/ /
ol - I e
Fig.1.4a Fig.1.4b 4 Oleoy
e /:é/O 7 1 suvy
. . . 7
There is just one velocity frame 1/ ;g
in which the time-reversed collision ey Moo
looks just like the original collision - 1

That is the
Center-of-Momentum
(COM)-frame

Friday, January 22, 16

Time-reversal means flip t to -t...
(Run a movie backwards)

That means you flip Velocity V to -V ...
(Everything goes backwards)
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Algebra,Geometry, and Physics of momentum conservation ax

=] ctor algebra of collisions
Matrix or tensor algebra of collisions
Deriving Energy Conservation Theorem
Energy Ellipse geometry

Friday, January 22, 16 39



Quick lesson on

GibbOs notaticior

dot (¥) product of matrix operatel and column vectoy''N:
M ¥VIN

Algebra,Geometry, and Physics of momentum conservation ax

= |octor algebra of collisions
Matrix or tensor algebra of collisions
Deriving Energy Conservation Theorem
Energy Ellipse geometry

Friday, January 22, 16 40



Quick lesson on Quick lesson on

GibbOs notatidior Dirac notationis
dot (¥) product of matrix operatior and column vectoyN; ~ much simpler:
M ¥/ M|IN)
A BS) xS A B S (xmv) 3
H# §¥# IN & # H &
C D& y"y C D % (yIN) &
! IN N $
AX " +B
=—# y

Algebra,Geometry, and Physics of momentum conservation ax

= |octor algebra of collisions
Matrix or tensor algebra of collisions
Deriving Energy Conservation Theorem
Energy Ellipse geometry
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Quick lesson on Quick lesson on

GibbOs notaticior Dirac notationis
dot (¥) product of matrix operatir and column vectoy'N: ~ much simpler:
M ¥y "™ M|IN) (...a first!)
| L $ LMY (x(My) 3 (xIN) $
LA B;¥#xm& L XIMP)-(dMly) 2 (}IN) 2
C D%y y # (YIM[x) (YIMy) & (YIIN) &
LAyt S (XM X) (X[ INY+ (x| M| y)(y] IN

! g
=# IN IN & =# &
# Cx" +Dy" & # (Y| M[X) (X IN)+(y|M|y)(y|IN) &

)
)
Algebra,Geometry, and Physics of momentum conservation ax

= |octor algebra of collisions
Matrix or tensor algebra of collisions
Deriving Energy Conservation Theorem
Energy Ellipse geometry

Friday, January 22, 16 42



Inertia Tensor M or inertia matrix oR coefbcientd/;;=M; andM>,=M> for 2 dimensions

P=MV | o Yp ( %M (%yv (
1_ e i denoted:P=M iV or: " 1::: ' X 1:
= M2V & Generalizing the debnitién2 ) & M, j& Ve )
of momentum.
With 45j diagonalvc?" so: . /M =\ 1 e ...and 3 ways to writAxiom-1

V.=Vée
2 VW

100
90 !

ETN
Ny V (
70
60 {
50 \/CO

\4

40
30

Sy
\

10 20 30 40 50 60\70 80 90 100 %
Vi=Vqy

Friday, January 22, 16
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General Inertia Tensor M or inertia matrix o8 coefbcientd/;;, M>> andM >=M>; for 2 dimensions

— | n 0 0 0]
H—M11\/1+|\/|12V2 ':77'& denoBd'I!D:Mi\!/ or - ./Opl ,E:.A) M11 M12 ,E./Ovl £

— ' T * 1 * 1 *
R = MM+ My, & Generalizing the debnitich ¥ ) & My, My, ) & V2 )

of momentum.some more...
With 45j diagonalvc?" so: . /M =\ 1 e ...and 3 ways to writAxiom-1

Prota = MV VMOV N = MV NEMOVS N= MV EM MLV EM =M 4M )V EM = MV OO

VARV
2~ Vvw

100
90

I
" v (
70
60
50 {7C0

\4

40
30

iz
\

10 20 30 40 50 60\70 80 90 100 %
Vi=Vqy

Friday, January 22, 16 44



General Inertia Tensor M or inertia matrix of 1t2+n)/2 coefbcientd/;; =M;;for dimensiom=2, 3,...

\ [ \( A
}i = Mlll/l + MlZVZ! $ % $ I)]. Mll Ml2 I Vl
P=MUV+MUV! ¢ denoted:P=MIV or:| p |=| M. M. | 1%
2 =i ® 2 \Generalizing the debnition e K
= #  Jof momentum.some moreandmore )\ # )"

With 45°diagonal V<O =(VIN+V V)2 so: 17 COM=p oMy ppeov...and 3 ways to writéxiom-1

V.= 75
2 VW

100
90

=
" \ (
70
60 {
50 v/CO

\Y4

40
30

iz
\

10 20 30 40 50 60\70 80 90 100 %
Vi=Vqy
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Algebra,Geometry, and Physics of momentum conservation ax

Vector algebra of collisions

=P\ [atrix OF tensor algebra of collisions
Deriving Energy Conservation Theorem
Energy Ellipse geometry

Friday, January 22, 16 46



Inertia Tensor M or inertia matrix oR coefbcientd/;;=M; andM>,=M> for 2 dimensions

IDZI. = Mlvl

P2:

With 45idiagond \!/CO'V' :(\!/ F'N+\!/ 'N)/2 D" V1COM :VZCO'V'! yCom .and 4 or 5 ways to writ@xiom-1

Protal = IV|1V1”\|"'|V|2V2”\I = M1V1FIN+M2V2FIN: IV|1VCONI +M 2VCOM =(M+M, VM= MTotaIVCOM

M 2V2

L | % p

" denoed:P=MiV or:'

gGenerallzmg the debnitiog F,
of momentum.

\V/ :V
2 VW
100
90 !
ETN ’
80 V
70
60 l
50 \/CO
\Y4
40
30
20 I I
10 |

10 20 30 40 5

Friday, January 22, 16

0 60\70 80 90 1

"N =

l: VSUV

(

% —1

*

)

%Ml

g U

0o (%yv (
1 %

*x !

M, ya V2 )
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Inertia Tensor M or inertia matrix oR coefbcientd/;;=M; andM>,=M> for 2 dimensions

P=MV b o p (%M o (%y (
1 7 denoed:P=MiV or:' **=' ke ox
P, = M.V, gGeneralizing the depnitiog F, j & 0 M, yaV,)

of momentum.
With 45idiagond \!/COM :(\!/ FIN_l_\!/ INY/2 sz \/,COM =y COM / COV ...and 4 or 5 ways to writ&xiom-1
A product of total momentuz.« andV "> is expressed byisor quadratic forms VM ¥u

VOMp = (/OM [ 7N = COM | 7 FIN = (/COM [, (/OO =y COM g/ COM

—\ /4%
Vz_vvvv \
100
90 \l/F . '
70

80

60 {

50 v/ CO
\Y4

40
30

Sy
\

10 20 30 40 50 60\70 80 90 100 %
Vi=Vqy

Friday, January 22, 16
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Numerical details of collision tensor algebra

49



Inertia Tensor M or inertia matrix oR coefbcientd/;;=M; andM>,=M> for 2 dimensions

P=MV b o p (%M o (%y (
1 7 denoted:P=MiV or:' '*=' ke ox
P, = M.V, gGeneralizing the depnitiog F, j & 0 M, yaV,)

of momentum.
With 45idiagond \/ COM :(\!/ FIN 1/ INY/2 sz \/,COM =y COM / COV ...and 4 or 5 ways to wri&xiom-1
A product of total momentuz.« andV "> is expressed byisor quadratic forms VM ¥u
! H ! H ! H
VEOMp = \yCOM g IN = \/COM { p \/FIN =y COM g (JCOM —y/COM pyy \/COM

Write this out with the numbers.wused in Fig. 1.3

| $ ! $ | | $
_ - 4 0% 60 P_ 4 0 ®.0 40 2 _ _
50Prga = 50 50)'#0 1 %% 10 é%_( >0 50)'#o 1 Gt o0 § >0 M 20712500
VEVES

VW .
I Fig. 1.3

——x

. | 40 %
5 v/ FINZ

o # 90 &
60 / /\

VeM=( 50 50 }—

pavs

! ! $
Nz, 60
7\ # 10 &

10 20 30 40 50 60\70 80 90 100 %
VSUV

Friday, January 22, 16
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Inertia Tensor M or inertia matrix oR coefbcientd/;;=M; andM>,=M> for 2 dimensions

P=MV :'# L op %y o (Ky

" denoted :P=MV or:' * =t *! *

P, = M)V, gGeneralizing the dePnitiog /, § & 0 M, Jg V., 3
of momentum.

With 45idiagond \!/COM _(\'/ FIN+\'/ INY/2 sz \/,COM =y COM / COV ...and 4 or 5 ways to writ&xiom-1
Protal = IV|1V "‘M2V2|N = M1VFIN+M2V2FIN: IV|1VCONI +M 2VCONI =(M+M, VM= MTotaIVCOM
A product of total momentudz.; andV " is expressed yisor quadratic forms VEVI¥U
P P q

! H ! H ! #
VOMpP = /OO pg j(7IN =\ COM g g FIN =/ COM g /OO =y COM g/ COM

Write this out with the numbers.wused in Fig. 1.3

160 $_ g 09y $_ _
S0P = ( 50 50 ) g %-( 50 50 )u# 0 B# g0 B 50MryS0=12,500

460 3 _ 1 oqrg0 3 _ _
( 50 50 )l# 1'10 éo —( 50 50 )I# 100 @O =50M,450=12,500
X?:V Fig. 1.3

<

- Sen_! 40 8

o /# 90 b

60 - /

= VY= 50 50 }—
60
10

10 20 30 40 50 60\70 80 90\/1|i0 %
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Inertia Tensor M or inertia matrix oR coefbcientd/;;=M; andM>,=M> for 2 dimensions

P=MV L I %p ( %YM o (%yv (

1 7 denoted:P=MiV or:' '*=' ke ox

P, = M.V, gGeneralizing the debnitiog F, § g 0 M, gV, j
of momentum.

With 45idiagond \!/COM :(\!/ FIN_l_\!/ INY/2 sz \/,COM =y COM / COV ...and 4 or 5 ways to writ&xiom-1
A product of total momentuz.« andV "> is expressed byisor quadratic forms VM ¥u

! H ! H ! #
VOMpP = /OO pg j(7IN =\ COM g g FIN =/ COM g /OO =y COM g/ COM

Write this out with the numbers.wused in Fig. 1.3

! $ ! $ ! ; $

.- 4 0% 60 .- 4 0 P.7 40

50P = | | = | | =50M 50=12,500
| pien $ L 2120 9
- 4'60 .- 4'40

= | = | =50M 50=12,500
(50 50);@&1,10§0 (50 50)#1.9008/40 Total
50'250 = 50'4'60+50'1'10 = 50'4'40+50'1 90 = 50'5'50 =12500

szvﬁ /%FG. 1.3
90 . — | $

5 vFiv=,, 40

70 //\‘r /# 90 éc

60 - /o

w0 V(50 50 }—

40
30

20 \!/|N=! 60 $

- 7\ # 10 &
10 20 30 40 50 60\70 80 90 1j00 %
:VSJV
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Algebra,Geometry, and Physics of momentum conservation ax

Vector algebra of collisions

Matrix or tensor algebra of collisions
= Deriving Energy Conservation Theorem

Energy Ellipse geometry
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Inertia Tensor M or inertia matrix oR coefbcientd/;;=M; andM>,=M> for 2 dimensions

P=MV 1 iy PRIOM 0 SR
1t " denoed:P=MiV or:' l*_: l '
P, = M.V, gGenerallzlng the debnitiog F, ) & 0 M, )&Vz )

of momentum.
With 45idiagond \'/COM :(\'/ AN N2 v EM=y CMpyCOM . and 4 or 5 ways to writéxiom-1
A product of total momentump)mz andV ™ is expressed byisor quadratic forms VM ¥u

! H ! H ! #
VOMpP = /OO pg j(7IN =\ COM g g FIN =/ COM g /OO =y COM g/ COM

Write this out with the numbers.wused in Fig. 1.3

! $.! $ ! $ $
.- 4 0 60 .- 4 0P 40
S50R | | | =50M__._,50=12500
ot (5050)#01§0 10&(5050)#01 # 90 & Total
= 100'125 = ' =50'250
P =250 is the same at; FIN, andCOM Now useT-symmetry:\'/COM =(V"™N+v™y12  (Axiom-2)
! # #
FIN IN n # FIN IN w # FIN IN w FIN IN
veMp _V v iMiv'N= vy iMivHN = vy iMi Y
2 2 2 2
V,=VE
100 % (/H
o \'/FIN:! 40 $
/# 90 8
50 \!/COM/=( 50 50 }—
/|
IIN_! 60 $
7\ # 10&
\70 80 90\/1E0:V§
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Inertia Tensor M or inertia matrix oR coefbcientd/;;=M; andM>,=M> for 2 dimensions

P=MV 1 iy PRIOM 0 SR
1t " denoed:P=MiV or:' l*_: l '
P, = M.V, gGenerallzlng the debnitiog F, ) & 0 M, )&Vz )

of momentum.
With 45idiagond \'/COM :(\'/ AN N2 v EM=y CMpyCOM . and 4 or 5 ways to writéxiom-1
A product of total momentump)mz andV ™ is expressed byisor quadratic forms VM ¥u

! H ! H ! #
VOMpP = /OO pg j(7IN =\ COM g g FIN =/ COM g /OO =y COM g/ COM

Write this out with the numbers.wused in Fig. 1.3

.!4o$'60$ a2 0%
50P
o =( 50 50 )iy 3 gl 1o g(150 50 )14 g

= 100'125

P =250 1S the same aN FIN andCO

; $
i 49 2=50M,,50=12500
90 %

=50'250

oW useT-s mmetry:V ' =(v ™V +v™My2  (Axiom-2
y y

! ! H H
V PTotaI —L 2%:/ —L 2%\/ = > | M| >
_ - _ - _ - : -
VAVES =2V INiMiv N2V Nimiv N =2v PN imiv PN 42V Nimiy N
100 (/H
\'/FIN:! 40 %
/# 90 &%
1 /\
a0 VeM=( 50 50 }—
)|
IIN:! 60 $
7\ #10&
70 80 90 1loo %
[
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Inertia Tensor M or inertia matrix oR coefbcientd/;;=M; andM>,=M> for 2 dimensions

P=MV 1 iy PRIOM 0 SR
1t " denoed:P=MiV or:' 1*_: l '
P, = M.V, gGenerallzlng the debnitiog F, ) & 0 M, )&Vz )

of momentum.
With 45idiagond VS =(v FN+v/ ™M)/ 2 so: v EM=y CMpyCOM . and 4 or 5 ways to writéxiom-1
Proa = MV +M V5™ = MV M+ MoV M= MV EM MoV EM =M+ M)V M = Mg v &M
A product of total momentuz.« andV "> is expressed byisor quadratic forms VM ¥u

! H ! H ! #
VOMpP = /OO pg j(7IN =\ COM g g FIN =/ COM g /OO =y COM g/ COM

Write this out with the numbers.wused in Fig. 1.3

-!40$'60$ a2 0%
50P
o =( 50 50 )iy 3 gl 1o g(150 50 )14 g

— 10%’
Prwi =250 is the same all; FIN, andCO ow useT-symmetry:\!/COM :(\!/ F”\'+\!/”\')/2 (Axiom-2)
H H

VFIN+VIN " VFIN+VIN "B _\!/FIN+\!/IN”\';”VFIN+VIN

VCO'“'P = |I\/I|VIN = |M|V':IN
Total
2 \ L 2 2 2
L . . I\ I .. I

! # . # . ! ! !
=2V NiMiv N2V INiMivIN =2V ENimiv TN v Nimiv N

; $
i 49 2=50M,,50=12500
90 %

=50'250

(Transpose symmetry (M =My;) of M-matrix makes Olopsided@-IN-terms equal:

Bl AR 2 _ =
. .V;m% vANimiv N = NIV )
n veoi{ s0 50} 40 90 )i 60 10 )i i 4
: Varan [ 40 )#o ) B 106%( )#o 1 8% 90 &%
Y o - _ _
e L 100'105 100'105 =10,500
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Inertia Tensor M or inertia matrix oR coefbcientd/;;=M; andM>,=M> for 2 dimensions

P=MV 3 iy PRIOM 0 DoV
1o " denoed:P=MiV or:’ 1*_: l '
P, = M.V, éGenerallzmg the debnitiog F, ) & O M, )& 2 )

of momentum.
With 45idiagond Vv <" —(V FIN 1y N)12 0: VEM=y CMEyEM - and 4 or 5 ways to writexiom-1
Protal = ML #M V5N = MV M+ MoV, M= MV EM MV M =(M i+ M)V &M = Mg V&
A product of total momentuz.« andV "> is expressed byisor quadratic forms VM ¥u

! H ! H : 7
VEMp L = VEMiMiVIN = vEM M VN =y MMy COM =y COM\ v M

Write this out with the numbers.wused in Fig. 1.3

40 $
| =50M
90 &

=50'250

-!40$'60$ g o091
50
o =( 50 50 )iy 3 gl 1o g(150 50 )14 g

= 100'125

Prwi =250 1S the same atN; FIN, andCO

50=12,500

Total

ow user-symmetry:y M =(v™N+vNy2 - (Axiom-2
y y

com VFIN VIN " #IN VFIN VIN " #FIN \!/FIN_l_\!/IN E _\7FIN+\7IN
V PTtal = IMI1V = IMI1V = I M1
° L 2 \ L 2 \ 2 2
COM 1+, FIN: N 1 IN: IN 1 FIN: FIN IS subtracted
V PTotaI 2V |M|V V |M|V V |M|V to give
EVLELIYIVE _ VINiMiyvFN N | Conservation of
4 08! 60 $ 4 08! 409 Kinetic Energy
i [ | _1y
[ 40 90)#o 1 G # 106%(60 10)#o 1 6% 90 & KE = V'M'V‘
. = 100105 = 100'105 =10,500 IMV2+I MV,
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Inertia Tensor M or inertia matrix oR coefbcientd/;;=M; andM>,=M> for 2 dimensions

P=MV 1 iy PRIOM 0 SR
1t " denoed:P=MiV or:' 1*_: l '
P, = M.V, gGenerallzlng the debnitiog F, ) & 0 M, )&Vz )

of momentum.
With 45idiagond v/ COv :(V FIN 1y N)12 0: VEM=y CMEyEM - and 4 or 5 ways to writexiom-1
Protal = ML #M V5N = MV M+ MoV, M= MV EM MV M =(M i+ M)V &M = Mg V&
A product of total momentuz.« andV "> is expressed byisor quadratic forms VM ¥u
veMp _\/COM i 15 VJIN Z\/COM & i (JFIN _ \/COM ;g i \7COM _\,COM MgV SO

Write this out with the numbers.wused in Fig. 1.3

40 $

| $ ! $ ! $
a0 60 it O iy &= 50M 1, 50=12,500
90 %

50R s = 50 50)'#0 1 87 10%(50 5O)'#o 1

= 100'125

Prwi =250 1S the same atN; FIN, andCO

=50'250

ow useT-symmetry:v “M=(v N+ Ny/2 - (Axiom-2
y y
H H

| |
con VFIN+VIN " #IN VFIN+VIN " #FIN \'/FIN+\'/IN_ " _VFIN_l_VIN
V Protal _L 2%:/ _L 2%\/ = > iMi 5
COM 1+, FIN: N 1 IN: IN 1 FIN: FIN IS subtracted
V PTotaI 2V |M|V : V |M|V V |M|V . to give
. 4 WNMivN ) = 7 WANMIvAN Conservation of
50-250 -72-10,500 1( - 1o)i! 4 095! 608 _ l( 20 9o)i! 4 08! 408 Kinetic Energy
o0 167108 |2 #0 187 90 & KE = 1V|M|V—
1|\/|v IMLVS

N / N /
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Inertia Tensor M or inertia matrix oR coefbcientd/;;=M; andM>,=M> for 2 dimensions

P=MV 1 iy PRIOM 0 SR
1t " denoed:P=MiV or:' 1*_: l '
P, = M.V, gGenerallzlng the debnitiog F, ) & 0 M, )&Vz )

of momentum.
With 45idiagond VS =(v FN+v/ ™M)/ 2 so: v EM=y CMpyCOM . and 4 or 5 ways to writéxiom-1
Proa = MV +M V5™ = MV M+ MoV M= MV EM MoV EM =M+ M)V M = Mg v &M
A product of total momentuz.« andV "> is expressed byisor quadratic forms VM ¥u

! H ! H ! #
VOMpP = /OO pg j(7IN =\ COM g g FIN =/ COM g /OO =y COM g/ COM

Write this out with the numbers.wused in Fig. 1.3 50
ta0%!60% 14 03Py
50P | | | =50M.__50=12,500
otal (5050)1-#01@0 10&(5050)#01 # 90 & Total

=50'250

= 100'125

Prwi =250 is the same all; FIN, andCO ow useT-symmetry:\!/COM :(\!/ F”\'+\!/”\')/2 (Axiom-2)

* #

| |
o VFIN+VIN " #IN VFIN+VIN " #FIN v/ FIN 4y/IN o _VFIN_l_VIN
V PTotal = 2 IMI1V = 2%\/ = > I M1 >
COM 1+, FIN: N 1 IN: IN 1 FIN: FIN IS subtracted
V PTotaI 2V |M|V : V |M|V V |M|V i to give
50250 -%-10.500 g lVIN' M VIN A / lV "NimivH ) Conservation Of
410, 1 60 10)|! 408! 609 1 40 9o)|! 408! 408 Kinetic Energy
12,500 - 5,250 2 0 1687 1086 |2 #0 1 &% 90 & KE = 1V|M|V—
2(60 4'60+10'1'10) = 2(40 4'40+90'1'90) 1M V M V2

Friday, January 22, 16
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Inertia Tensor M or inertia matrix oR coefbcientd/;;=M; andM>,=M> for 2 dimensions
P=M)V, H L #p (%m0 (%y (
5 " denoted:P=M1V or:' * = !
) =

V, gGeneralizing the depnitiog P, § g O
of momentum.

M, )& v 3 )
With 45jdiagond \'/COM :(\'/ F'N+\'/'N)/2 g0: \V/,“M =y FMy EM

...and 4 or 5 ways to writgéxiom-1
I:)Total

A product of total momentump)mz andV ™ is expressed byisor quadratic forms VM ¥u
! ! 1+ ! 1+
VEOMp = \yCOM g IN = \/COM { p \/FIN =y COM g (JCOM —y/COM pyy \/COM

Write this out with the numbers.wused in Fig. 1.3

''4 05! 609 4 095409
50P . : = 50M..__50=12,500
o = 50 50)#0 1 87 10%(50 50)#01 7 o0 & 1o

= 10% -
Prwi =250 1S the same atN; FIN, andCO

ow user-symmetry:v “M=(vN+vN)2 - (Axiom-2)
VFIN+VIN " VFIN+VIN "o
v COM Protal = iMivN
2

=50'250

\!/FIN+\!/IN " \7FIN+\77IN

iMivTN = IM i
2\ 2 2

3V Nimiv T 1V'N|M|VF'N FIN-IN-term

vENp | %VFINIMIVIN 1VIN|MIVIN lVFINIMIVFIN IS ?Cl)Jbgtil;/aeCted

4 l\:/INI MV =( 1VF'Nl MV ) Conservation of

50250 -1/2]0,500 L I 4 0 $ | 60 s ! 4 0 $ | 40 $ Klnenc Energy
12,500 - 5,250=7 2505( 60 10 )'# B ( 40 90 )'#

,500 - 5,250=7, 0 157108 | 0 1 &% o0 % KE = 1v||\/||v-

=2(60'4'60+10'1'10)

2(40 4'40+90'1'90) 1M V M V2
\_ 23600 + 50 =725 = 21600 +%8100: 7250

1V FINIMIVIN 1VINIM IVIN

Friday, January 22, 16
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Algebra,Geometry, and Physics of momentum conservation ax

Vector algebra of collisions
Matrix or tensor algebra of collisions
Deriving Energy Conservation Theorem

=3 Fnergy Ellipse geometry
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Geometryof MomentumCongrvationAxiom -1
(M1+M 2 VCOM = M 1V1|N+ M 2V2|N: M 1V1F|N+M 2\/2FIN

Momentum Cf/‘nservation line:—s
M,V " +M,V "= congant
_ Collision Web Simulator
V2: Ny Basicelastic Collision
100 Dual Panel
N Space vs Space
90 — and
80 VIVW) vs. V(SUY)
70
60 .
COM
50
y
40 Bouncelt
30 Superball Web Simulator
20 /N Basicelastic Collision
10 “ Dual Panel
\ Space vs Space
10 20 30 40 50 60\70 80 90 100 % and
V — V(VW) vs. V(SUYV)
1 UV
Msuv
va— Slope:MVW
My 1
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http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1104
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1104
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1104
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1104
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1104
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1104
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1104
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1104
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1104
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1104
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20007
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20007
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20007
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20007
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20007
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20007
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20007
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20007
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20007
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20007

Geometryof MomentumCongrvationAxiom-1
(M1+M 2 VCOM = I\/Il\/l|N+ M 2V2|N: M1V1F|N+M 2\/2FIN

\

Momentum C
hA]\/IN4'

nservation li
V"= cong;

V2

100

Ne-—»-
ANt

N\ /S
— VVW

90
80
70
60
50

FIN

40
30
20
10

fIN

60 5

“#10 &

10 20 30 40 50 60\70 80 90 1
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Geonetryof MomentumConsrvationAxiom-1  Geonetryof Kingtic EnergyCongrvationAxiom-2/Theorem-1
(M+M VM =M VN4 M VN =M VN +M VY KE|N:%M1(V1|N )2+%|\/|2 (Vle )2::_2LM1(V1F|N )Z_l_%MZ(VZFIN)Z:KEFIN

\

Momentum Conservation linei .

M V"™ +M_ V"= congant

KE Conservation ellipse:

N\ =\
a \/2 WT\'\ Geonetryof KEConsrvationTheorem-1
100
/ 90

KE™™"=M, (Vl )2+ M, (Vz )2:%4(60)2+%1(10)2:7’250

/ 80

/ .

/ 60

/ .

/ .
/ 30

/ 20

10

10 20 30 40 50 63\70 80 99 :I:OO ) JE%
\ / \\ V]__Vgul\v/

4 \slope:_,viu/:;\"/
\\ /l\/l ::1

/
<
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Geonetryof MomentumConsrvationAxiom-1  Geonetryof Kingtic EnergyCongrvationAxiom-2/Theorem-1
(M +M, VM =M.V N+ M 2V2IN:M1V1FIN+M2V2FIN KE|N:%M1(V1|N )2+%|\/|2 (Vle )ZZ%Ml(VlFIN )2+%M2(V2FIN)2:KEFIN

Momentum Conservation line—-
M,V"+M,V "= congant

100

/‘qu

Wv:j;v%v':\”

KE Conservation ellipse:

Geonetryof KEConsrvationTheorem-1

/
/ 90
/ 80
/ .
/ 60
/ .

/ 40
/ 30

/ 20

vn\l/

KE™ N=IM, (V; )2+l|v| (v, )2—14(60)2 +41(10)%=7,250

2

1 2
I ZKEIFN $ | ZKEIFN $ | ZKEIFN ZKE”:N $2
M, &6 # M, &6 # # M, 08/‘0

Friday, January 22, 16

10 T i 10 %

10 20 30 40 50 63\70 80 90 100 (fgets
| L V= Vg
\\ // \

\ / \ M,
\ Ms./v::4 \slope— D
\\ / MVW: 1
\ / \
\ / \\
\\\ /// \
~_ i
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Geonetryof MomentumConsrvationAxiom-1  Geonetryof Kingtic EnergyCongrvationAxiom-2/Theorem-1
(M +M, VM =M.V N+ M 2V2IN:M1V1FIN+M2V2FIN KE|N:%M1(V1|N )2+%|\/|2 (Vle )ZZ%Ml(VlFIN )2+%M2(V2FIN)2:KEFIN

Momentum Conservation line—-

M,V"+M,V "= congant

KE Conservation ellipse:

Friday, January 22, 16

N =\
/ K)Z WW\ Geometry of KE Conservation Theorem -1
// 00 KE" ™ =2y, (v, )2+1M (v, )2—14(60)2 l1(10)2—7 250
80 )
/ = Y
/ ; 2&ET'S '2XEIFN$ | 25(15’” ZEKE’FN $
/ 50 # M, &6 # M, &6 # # §
/ 0 b
/
| zz Hasthe dgebraic form: 1_X—2 y_2
| VL a~ b
10 v = 10 %
10 20 30 40 50 63\70 80 99 ]:OO ) JF%
| L V= Vgy,
| |
\ / \
\ / Mgy
\ MS./V::4 SIOpe_ VW
\\ // MVW: 1
\ / \
\ / \
\
< 7 \
N %
S~ _
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Geonetryof MomentumConsrvationAxiom-1  Geonetryof Kingtic EnergyCongrvationAxiom-2/Theorem-1

(M, +M, VCOM:MlvllN+M2V2IN:M1V1FIN+M2V2FIN KEIN:%Ml(VllN)Z_l_%MZ(VZIN)ZZ%Ml(VlFIN)2+%M2(V2FIN)2:KEFIN

Momentum Conservation line—-
M,V"+M,V "= congant

“V,=VE-
L V VV\

KE Conservation ellipse:

/ 5 Geonetryof KEConsrvationTheorem-1
1
// 00 KE" =M, (V, )2+1|\/| (v, )2—14(60)2 l1(10)2—7 250
80 2
/ 1=
// ;Z 'ZEKE'FN$ 'ZEKE'FN$ | ZKE'FN ZEKE'FN
/ . M, %% M, & # & &
/ 2
/
| zz Hasthe dgebraic form: 1—X—2 y_2

10

o ) ZKEINorFIN EINorFIN
10 20 30 40 50 63\70 80 90 100 JU=% elipticradii :a:\/ b= \/
| ) V,=Vq,,

\\ // \ _ 25,250 _ 25,250
4

\\ . 9./\// 4\\ Slope;ﬂs;x =60.21 =120.42

\ / MVW::]_

\ / \

\ / \\

\\ // \
S~ g
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Bouncelt Simulation: frictionless 1D-track with elastic bumper cars bouncing between wall

@), ().

-15

Bouncelt
Superball Web Simulator

Car-2 Repeate@astic Collisions
v Dual Panel
(VW) Space vs Space
M>=1 and

V(vw) vs. V(SUV)
Car-1
(SUV)
M>=4

“22(40,-90)

From Fig. 2.4
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http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1105
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1105
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1105
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1105
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1105
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1105
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1105
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1105
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1105
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1105

Bouncelt Simulation: frictionless 1D-track with elastic bumper cars bouncing between wall

(a)WaII-Z
~-15
Car-2 i
(VW)
M>=1 ‘
-10
Car-1 ”
(SU
M>=4
-5

From Fig. 2.4
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_ \!/lNiMi\-T}CFlN

Transpose symmetry (M =My, of theM-matrix implies: v Nimiv ™

4 0 $'60$ 4 0 $'40$
[ 40 90)'#0 1 G # 106%(60 10)'#o 1 %% 90 &
- 100'105 - 100'105 =10,500

With (M2 =0=M>/) kinetic energy<E”\'°rF'N:f—2L\!/i|\/| V  is the samé=atN andv=VFN,

! H
VFIN I M I VFIN — KE|NOI’F|N

! + ! e
cou viNimivih vNiMiv™
\ PI'otaJ 2 - 2 - 2
4 0% 600 .4 0% 40
60 10 40 90
oso _(® V50 18310 (0 )50 e Te0n_ .
2 2

2
12,500 ! 5250 = 7,250 7,250

12,500 !
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_ \!/lNiMi\-T}CFlN

Transpose symmetry (M =My, of theM-matrix implies: v Nimiv ™

4 0 $'60$ 4 0 $'40$
[ 40 90)'#0 1 G # 106%(60 10)'#o 1 %% 90 &
- 100'105 - 100'105 =10,500

With (M2 =0=M:;) kinetic energyKe ™™= v.M.V s the sam¢=at'N andv=VF\,

M VFINiM i\T_/FIN _ vINi M iVIN _ v FING M i\F'/CFIN o
Total 2 2 2
" 0 " % ' 9% " %0
so0 (©9)85 1810k (% ©)50 15800k
12,500 ! : = — K NorFIN
2 2 2
12500 ! 5,250 = 7,250 = 7,250

Consider kinetic energf £ whenV=V*°V 1t is reduced by, 000 from 7,250t0 6,250

KECOM_1 7 COM , 3 7 COM _1 50 50 )e 4 0 . 50

2 2( ) 0 1 50
=2(50+4-50+50-1-50) = 22500+ -2500

=5000+,-1250 = 6,250
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Geometry of Momentum Conservation Axiom-1  Geometryof KineticEnergyCongrvationAxiom-2/Theorem-1
(MM =MV 4 MV =MV MV KEM=3M, (V0 VM, (=2, (VYW v =k

Momentum Conservation line—-
MV"+M 2V]N: constant

KE/NorFIN Conservation ellipse:
KECOM Ka-runch ellipse

/Cl L1\

LOO

Geonetryof KECongrvationTheorem -1

80
70
60

50

40
30

/ 20
10

2

KEINorFIN:%Ml(V )2+l|\/| (V )

2

1= V22
I ZKEIFN$ | ZKEIFN$ | ZKEIFN ZKE”:N $2
M, &6 # M, &6 # # M o&
> Y%

X2 y2
Hasthedgebrac fom: 1= —+=—
a~ b

10 20 30 40 50

Friday, January 22, 16

5p| 70 80 90 Vl_OO VJE% Geometryof KE “? at Center OfMormentum
1_ LUV KE COM :%Ml(V]_COM )2+%M2(V2COM )2
M :%(M1+M2)(VCOM )2
\slope: Moy < Econ oo
1 dlipticradii: a*'= e =
1
_ 28250  [2&,250
=55.90 =111.80
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Transpose symmetry (Mjx =Mj;) of theM -matrix implies:vANimivhy = VIN M VN

4 0 $'60$ 40 $'40$
[ 40 90)'#0 1 G # 106%(60 10)'#o S # 90 &
- 100'105 - 100'105 =10,500

With (M2 =0=M>/) kinetic energy<E”\'°rF'N:f—2L\!/i|\/| V  is the samé=atN andv=VFN,

oo VFINGN o7 IN _ UIN NV . VFIN K7 o 7 FIN .
Total 2 ) )
(6010)-(40]-[6())(4090)-[40]-[40)
N (U 0 1 10 ) 0 1 90 ) o moren
> > >
12,500 - 5250 = 7.250 - 7.250

Consider kinetic energKECOM whenV=V-oM 1t is reduced by 000 from 7 25010 6,250

(ECOM _/ COM VCOM|M|VCOM _ 1 coup \/COMj M COM V'N|M|V'N VF'N|M|V'N _ 1 oo, VGTYIVEL
TotaJ 2 2 Total 2 4 A 2 4
12,500 ! 12’200 = 6,250 = 6,250 = 3625 + 2625 = 3625 + 2625
i "4 05! 509

I (1}
KECOM 1 \/COM; g1/ COM _1
2 ' ; ( 50 50)'#0 1 &% 50 &,

=2(50'4'50+50'1'50) = 2'2500+3'2500
=5000+,'1250 = 6,250
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_ \!/lNiMi\-T}CFlN

Transpose symmetry (M =My, of theM-matrix implies: v Nimiv ™

4 0 $'60$ 4 0 $'40$
[ 40 90)'#0 1 G # 106%(60 10)'#o 1 %% 90 &
- 100'105 - 100'105 =10,500

With (M2 =0=M>/) kinetic energy<E'N°rF'N:f—2L\!/i|\/| V  is the samé=atN andv=VFN,

H ! + ! +
VCOMP VFlNiM ile _ VlNiM iVlN _ VFlNiM iVFlN _ KE|N0r|:||\|
TotaJ 2 2 2
4 0% 600 .4 0% 40
so0 20080 158106 (0 9)85 7 5900%
12,500 I : = — K NorFIN
2 2 2
12500 ! 5,250 = 7,250 = 7,250

Consider kinetic energKECOM whenV=V-oM 1t is reduced by 000 from 7 25010 6,250
\/ COMj M/ COM V'N|M|V'N VF'N|M|V'N _ 1 oo, VALTYRVES

KECOM =/ COM p VCOM' MV - Lyconp
TotaJ 2 2 Total 2 4 4 2 4
12,500 ! 12,500 = 6,250 = 6,250 = 3625 + 2,625 = 3625 + 2,625

n #
KECOM IVCOMI MIVCOM 1 4 0 >0
s(s0 50 )il oL
=1(50-4-50+50-1-50) = 2-2500+1-2500
=5000+,-1250 = 6,250

Introducing
Potential Energy PE

Difference is inelastiGa-RuncpO K E"\rHIN-K ECOM . For elastiaxa-BongOthe 1,000 is|PE““M|of compression.

v'N||\/||v'N VF'N|M|V'N

KE|NOI’F|N! KECOM — .
4 4

3,625 ! 2,625

1,000

75
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_ \!/lNiMi\-T}CFlN

Transpose symmetry (M =My, of theM-matrix implies: v Nimiv ™

4 0 $'60$ 4 0 $'40$
[ 40 90)'#0 1 G # 106%(60 10)'#o 1 %% 90 &
- 100'105 - 100'105 =10,500

With (M2 =0=M>/) kinetic energy<E”\'°rF'N:f—2L\!/i|\/| V  is the samé=atN andv=VFN,

H ! + ! +
VCOMP VFlNiM ile _ VlNiM iVlN _ VFlNiM iVFlN _ KE|N0r|:||\|
TotaJ 2 2 2
4 0% 600 .4 0% 40
so0 20080 158106 (0 9)85 7 5900%
12,500 I : = — K NorFIN
2 2 2
12500 ! 5,250 = 7,250 = 7,250

Consider kinetic energKECOM whenV=V-oM 1t is reduced by 000 from 7 25010 6,250
\/ COMj M/ COM V'N|M|V'N VF'N|M|V'N _ 1 oo, VALTYRVES

KECOM =/ COM p VCOM' MV - Lyconp
TotaJ 2 2 Total 2 4 4 2 4
12,500 ! 12’200 = 6,250 = 6,250 = 3625 + 2,625 = 3625 + 2625
| " # ''4 03! 509

KECM=1 v EMimiv M =1 i
: :(150 50 )ig g 1 &7 50 &
=2(50'4'50+50'1'50) = 2'2500+3'2500
=5000+,'1250 = 6,250

Introducing
Potential Energy PE

Difference is inelastiCa-RunchOKE" 1" N-KEZOM. For elastioa-Bong@the /,000 is|2E“"jof compression.
vNimiv™ VNI M N KECOM_VINIMIVIN vFNimiv N

KE|NOI’F|N! KECOM — .
4 4 4 4

1,000 = 3625 ! 2,625 6,250 = 3625 + 2,625
Difference KEMNortIN.KECOM = [ 000 is the same ial/l frames including”OM-frame where/“9"=0,
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Geonetryof MomentumConsrvationAxiom-1  Geonetryof Kingtic EnergyCongrvationAxiom-2/Theorem-1
(M1+M2)vCO|\/|:MlvllN_I_M2V2|N:M1V1F|N+M2V2F|N KElN:%Ml(VllN)Z'l'lM (VIN)ZZlM (VFIN)Z_I_lM (VFIN)ZZKEFIN

Momentum Conservation line—-
Mlv'N+I\/|2V'N: congant

/Cl L1\

KE/NorFIN Conservation ellipse:
KECOM Ka-runch ellipse

Geonetryof KEConsrvationTheorem-1

KEINorFIN:%Ml(V )2+l|\/| (V )2

2

1=
'2KEIFN$ 'ZKEIFN$ I ZEKEIFN ZEKElFN 2
M, %% M, $# # &

\!/FIN|: 90+
4045 y
Has the algebraic form: 1 = — + Z_
I/IN//( 60 $ & a2 b
I ,»/ # 10 &
\/ Com :§ T 53\70 80 90 100 JU=% Georretryof KE COMatCenterOfl\/lorrentum
‘\ / \\ V1:V9JV KECOM:lI\/I (VCO'V' )2+1|\/| (VCOM )2
L 16050 %" 10 %\, \
= o e COM
! 5\ 050 & # -40 & v = (M+M, )V
™ Com COM
! dlipticradii: a*'= KE po= | KRE

1

_[2&250 25,250

Friday, January 22, 16

=55.90 =111.80
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Geonetryof MomentumConsrvationAxiom-1  Geonetryof Kingtic EnergyCongrvationAxiom-2/Theorem-1
(M1+M2 VCOM:MlvllN_I_M2V2|N:M1V1F|N+M2V2F|N KElN:%Ml(VllN)Z'l'%M (VIN)ZZlM (VFIN)Z_I_lM (VFIN)ZZKEFIN

Momentum Conservation line—-
Mlv'N+I\/|2V'N: congant

/Cl L1\

LOO

KE/NorFIN Conservation ellipse:
KECOM Ka-runch ellipse

Geonetryof KEConsrvationTheorem-1

/
/
/

\!,F.N! _" 9050 %"

Il

\!/COM! " 5050 %" 0

40 %60

80
70

# 4050 & # -10 &%

KEINorFIN:%Ml(V )2+l|\/| (V )

2

2

/
|/{

gt 603

,/ #10 &

1= V22
I ZKEIFN$ | ZKEIFN$ | ZKEIFN ZKE”:N $2
M, &6 # M, &6 # # M o&
> Y%

X2 y2
2 +_2
a b

Hasthedgebraic form: 1=

#5050 & # 0 ' 53\\7D 80 99V1_oo VJ5=% Geomretryof KE “ at Center OtMomentum
| | = Vg,
\ / \ 1 UV KE COom :%Ml(v:LCOI\/I )Z_I_%M , (VZCOM )2
A )
i 6050 %" 10 \ 1M +M.Yyveov )
VT8 1050 8 § 408 g et AM, 2)( )
M}é./v" ope VW COoMm COoMm
INU —_1ng (1A)2, 1 2 / =1 dlipti dii: a°' = KE ho = KE
KE ':al\/ll(lO) +§|\/|2('40) =1,000 Mo ™ \ Iptcradi:a = ) =
IN! IN!
elipticradii:a™ = 2KE ™= 2KE \ _ | 2&,250 _ |2&,250
M M, \\ = =
_ 24,000 /24,000 | =55.90 =111.80
4 1 —
=22.36 =44.72
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80 // !
\ -90 /
\ /
AN

S
AN
\\\

Fig.3.1a
inUnit 1

‘ﬁ \ Momentum
T

ntal =250

Fig. 3.1

Developing
Conservation-of-Momentum
The key axiom of mechanics
leading to
Conservation-of-Energyrheorem

If and only if...
there is [-Symmetry
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\/ i \
Vvw C\\\

s ‘ , elastic
// —¢ 199{,; < \Fina!(](a—BongOpoint\ FIN
p=1 AEEL, NS
=120.42 56 50) o Vo PoIN
Elastic|| . Inelastic \
Kinet / S&E |2 60,10) Kinetic IN
Energy a=! p linitia-poirt| ENErQy A

(KE=7,250) 20 (IE=6,250)
9 oo

_ |
\ 30 /
L Py ==
\ ALLET V7 & Wnentum
_ _ potal—
\ 70 / —7 POa—25

\ -80 i i
X o0 // W \Ime
N\ /
AN

110~/
120"

6||I|QSG { =6021 - _150 20 30 4050/) 7{/8090 e”lpse
VUV

(ES°M£1,000

\
O
~__ |

Fig.3.1b

Fig.3.1a inUnit 1
in Unit 1

Fig. 3.1

Friday, January 22, 16 80



As usual 1n physics, opposite extremes are easier to analyze

than the generi

(a) Ideal

Elastic
(Ka-Bong!)

1,8) \ €lastic

(2,2

(3:-4) |

Eel astic
=35

Here T-Symmetry
is best

Friday, January 22, 16

(b) Generic
Inelastic =
(Ka-whump!) whump
(“5,6)
/
— 2Ewh
bWhump_J le 1"
|4 — _
\ 8
| |:flump
— 2Ewhy
_J ==
a\/vhumpj |\/|2 : b
|
— |
I\/Il_6 \* hump
M.=1 —" =23.33

Here T-Symmetry
is less

(c) Totally
inelastic
(Ka-Runch!)

| (er) worldOin between!

1 I:COM

Here T-Symmetry

)

is least

Fig. 2.3 (6-Ton SUV)

(During Bush Il eraan SUV

with a mass of at least 6 tons
allowed its owner to take

a 100% write-off (up to $100,000)
on Federal Income Tax.)
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Graph paper facilitates construction of energy ellipses given the twae: @) in KE equation.
First step: draw concentric circles of radiuandb.

Then any radial lin©BA OpointsO to point E on the ellipse.

Ellipse point E lies at the intersection of a vertical istethru radial intersectiofA with circlea
and a horizontal linBE thru radial intersectioB with circleb.

Graph grid helps locate E for a radiDBA, and usually there is no need to drak or BE.

You can picke and findy or elsevice-versa.
IM V242 MoV, 2= KE
2 2
i [ Vil oV

/ "2IKE% " 21KE%

\g l // ) M & EM, &
E 2 2
O/b a \o/ A |

a’ b2
(X’ y) - (V1’V2)

(ab)_" 2IKE [21KE%
TR M, M, &

. T

+*

Ellipse coordinatescg=a!cos! , yg=b!sin! ) are
rescaled base and altitude
(x,=rlcos! , y,=risin! ) of Fig. 2.6.

¢ yg=bsin!
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Algebra, Gedmetry, and Physics of Momentum Conservation Axiom

Conservation of momentumline: _ 5, (...oneof ! -many...) De_ve10ping
VEss ; Conservation-of-Momentum
Momentum Mgy =4 | sope=rt The key axiom of mechanics
Conservation =1 leading to
Axiom Conservation-of-Energyfheorem
plus \ \\ If and only if...
_______ Lo \v N there is 1-Symmetr

T i e
(M=MT implied) ol |
- j‘; : ‘.V COM=(y/ tNgy FH‘:E‘)/Z

50 | \i | \ T-Symmetry Axiom
Kinetic Energy 20 |/ i
Conservation R4 | v IN
Theoram d l

0 30 40 50 6 70809010V%

i \/ COMy\ 13/ COM_q/0\/ FINyv 3/ IN
i —1/2\/ Ny ¥/ IN=1/5\/ FINg ¥/ FIN

These are equations for energy conservation dlipse:
KE=%,Mg,V,, 2+ %MV, °

UV - SUV

All lines of gope -Mq /My
...are bisected by the
(slope=1)-COM line

1:VSuv2+ VVW2 = %2 + y2

IKE 2KE a2+ b2

UV VW
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(d) Final VW
Frame View

/
0.9m/s //

(a) Earth
Frame View

/
/

0.7m/s //

0.2m/s

1.4m/s |

0.0m/s

(b) Initial VW

FrameView

027 7 6o &%
/ yeorgo. Sm/
’ COME().8m/s
"4
F—O. ’ /
0. ;
_1.0 06 / // H0).8
i -0.8,7)-0l6 [\-0.4] \[0.2 0l 04\ 06°270.8
08 —t 5.7 +0-6+—7
102 Y
A
104
A AR /
/’ LV A4
0.6 A_}
avi
- C‘fQ}IVIt(f D :
comframe )
> 0.1m/s : +0,6m/s 0. 7m/9
COM } d 1.0,4 : /
ling i | yeorl() 6m/s
// 06 bang!
|
1—1’).0 :
H0Im/s | _0.6m/s
' (c) COM
Jrovieg Frame View

|

Note OcrunchO energy:cKE-iciasiclE = 0.21

IS the same in all frames includiogm-frame

A"

Fig. 3.4 Galilean Frame Views of collision like Fig. 2.5 or Fig. 3.1 with Bush (6 1) SUV.
(b) Initial VW frame (VW initially pxed)
(d) Final VW frame (VW ends up bxed)

(a) Earth frame view
(c) COM frame view
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Flastic KE(Joule)
2.45 — e lastic KEf
—a ) 24

147 ~—
1.26

0.77

35

0.56

0.14

AR

M

_ ---Wﬂ" ~

i)

N

-

0.21

-0).

21

0/

COM Frame

+0). Im/s

-0.6m/s

IEI =

V( OM= 0

o
| gk

Totally Inelastic
COM final point

Fig. 3.5 Momentum (P=const.)-lines and energy (KE=const.)-ellipses
appropriate for Fig. 3.4.!

'OM
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