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2D classical HO compared to U(2) quantum 2-state system
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...if we set K-spring matrix to squared quantum operator H2 
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How the heck do you take a square root of a MATRIX?? (stay tuned!)
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Introducing ABCD Hamilton Pauli spinor symmetry expansion
Decompose the Hamiltonian operator H into four ABCD symmetry operators 
(Labeled to provide dynamic mnemonics as well as colorful analogies)
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Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)

...current-carrier...

STOP (standing waves)

CAUTION (stretched waves)

GO (moving waves)

Color scheme based on traffic signals
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Introducing ABCD Hamilton Pauli spinor symmetry expansion
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Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)

...current-carrier...

The { σ1, σA , σB , σC } are best known as Pauli-spin operators { σ1= σ0 , σB= σX , σC=σY , σA= σ Z } developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons   Zeitschrift für Physik (43) 601-623
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Fig. 3.4.1 Potentials for (a) C2A-asymmetric-diagonal, (ab) C2AB-mixed , (b) C2B-bilateral U(2)system.

...current-carrier...

A<D A<D<B A=D<B>

The { σ1, σA , σB , σC } are best known as Pauli-spin operators { σ1= σ0 , σB= σX , σC=σY , σA= σ Z } developed in 1927.

In 1843 Hamilton invents quaternions {1, i, j, k}.    σµ related by i-factor:      {σ1=1= σ0 , iσB=i= iσX , iσC =j= iσY, iσA =k= iσZ }.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons   Zeitschrift für Physik (43) 601-623
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Fig. 3.4.1 Potentials for (a) C2A-asymmetric-diagonal, (ab) C2AB-mixed , (b) C2B-bilateral U(2)system.

...current-carrier...

A<D A<D<B A=D<B>

The { σ1, σA , σB , σC } are best known as Pauli-spin operators { σ1= σ0 , σB= σX , σC=σY , σA= σ Z } developed in 1927.

In 1843 Hamilton invents quaternions {1, i, j, k}.    σµ related by i-factor:      {σ1=1= σ0 , iσB=i= iσX , iσC =j= iσY, iσA =k= iσZ }.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons   Zeitschrift für Physik (43) 601-623

 Each Hamilton quaternion squares to negative-1 ( i 2 = j 2 = k 2 = -1) like imaginary number i2=-1. (They make up the Quaternion group.)
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Fig. 3.4.1 Potentials for (a) C2A-asymmetric-diagonal, (ab) C2AB-mixed , (b) C2B-bilateral U(2)system.

...current-carrier...

A<D A<D<B A=D<B>

The { σ1, σA , σB , σC } are best known as Pauli-spin operators { σ1= σ0 , σB= σX , σC=σY , σA= σ Z } developed in 1927.

In 1843 Hamilton invents quaternions {1, i, j, k}.    σµ related by i-factor:      {σ1=1= σ0 , iσB=i= iσX , iσC =j= iσY, iσA =k= iσZ }.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons   Zeitschrift für Physik (43) 601-623

 Each Hamilton quaternion squares to negative-1 ( i 2 = j 2 = k 2 = -1) like imaginary number i2=-1. (They make up the Quaternion group.)

Each Pauli σµ squares to positive-1 (σX2 = σY 2 = σ Z 2 = +1) (Each makes a cyclic C2 group C2
A={1, σA}, C2

B={1, σB}, or C2
C={1, σC}.)
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(REVIEW) 2D classical HO compared to U(2) quantum 2-state system
Introducing ABCD Hamilton Pauli spinor symmetry expansion
Algebra of Hamilton/Pauli hypercomplex operators {σA,σB,σC}={σZ,σX,σY}

σA-products 3D vector analysis and “Crazy-Thing-Theorem”
Eigensolutions by general matrix-algebra with example M=      
      Secular equation 
      Hamilton-Cayley equation and projectors 
      Idempotent (P·P=P) projectors (how eigenvalues⇒eigenvectors)
      Eigenvector orthonormality and completeness  
               Spectral Decompositions 
               Functional spectral decomposition
U(2)⊃C2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues

Asymmetric-diagonal (AD-Type) symmetry
Bilateral-balanced (B-Type) symmetry
Circular-chiral-cycloton (C-Type) symmetry
Mixed ABCD symmetry examples

More theory of matrix diagonalization
Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors   

Spin S
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σN-products and 3D vector analysis
Spinor operators σX =σB ,  σY =σC , and σZ =σA or quaternions  i=-iσX,  j=-iσY, and  k=-iσZ

 have powerful symmetry relations.
i= -1Each σN squares to one (unit matrix 1= (σN)2 ). Quaternions square to minus-one (–1=i·i etc.) like          . 

σ X σ Y σ Z

σ X 1 iσ Z -iσ Y

σ Y -iσ Z 1 iσ X

σ Z iσ Y -iσ X 1

 
ε − tensor form

σ Kσ L = iεKLMσ M +δKL1    

 σ Z �  σ X

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
= 0 1

−1 0
⎛

⎝⎜
⎞

⎠⎟
= i 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
= iσY

  

 σ X � σ Z  

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
= 0 −1

1 0
⎛

⎝⎜
⎞

⎠⎟
= −i 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
= −iσY

  

 σ X � σY  

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟
= i 0

0 −i
⎛

⎝⎜
⎞

⎠⎟
= iσ Z

  

 σY � σ X  

0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟
0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
= −i 0

0 i
⎛

⎝⎜
⎞

⎠⎟
= −iσ Z
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σN-products and 3D vector analysis
Spinor operators σX =σB ,  σY =σC , and σZ =σA or quaternions  i=-iσX,  j=-iσY, and  k=-iσZ

 have powerful symmetry relations.
i= -1Each σN squares to one (unit matrix 1= (σN)2 ). Quaternions square to minus-one (–1=i·i etc.) like          . 

Same for spinor components based on any unit vector                       
for which                                    . 

â = (aX ,aY ,aZ )
â• â = 1= aX

2 + aY
2 + aZ

2
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2 = (σ • â)(σ • â) = (aXσ X + aYσ Y + aZσ Z )(aXσ X + aYσ Y + aZσ Z )

=
aXσ XaXσ X +aXσ XaYσ Y +aXσ XaZσ Z

+aYσ YaXσ X +aYσ YaYσ Y +aYσ YaZσ Z

+aZσ ZaXσ X +aZσ ZaYσ Y +aZσ ZaZσ Z

=
aXaXσ Xσ X +aXaYσ Xσ Y +aXaZσ Xσ Z

+aYaXσ Yσ X +aYaYσ Yσ Y +aYaZσ Yσ Z

+aZaXσ Zσ X +aZaYσ Zσ Y +aZaZσ Zσ Z

Same for spinor components based on any unit vector                       
for which                                    . 
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â = (aX ,aY ,aZ )
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Due to symmetry property called anti-commutation:                         ,                             ,etc.σ Xσ Y = −σ Yσ X σ Xσ Z = −σ Zσ X
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σN-products and 3D vector analysis
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 have powerful symmetry relations.
i= -1Each σN squares to one (unit matrix 1= (σN)2 ). Quaternions square to minus-one (–1=i·i etc.) like          . 

σ a
2 = (σ • â)(σ • â) = (aXσ X + aYσ Y + aZσ Z )(aXσ X + aYσ Y + aZσ Z )

=
aXσ XaXσ X +aXσ XaYσ Y +aXσ XaZσ Z

+aYσ YaXσ X +aYσ YaYσ Y +aYσ YaZσ Z

+aZσ ZaXσ X +aZσ ZaYσ Y +aZσ ZaZσ Z

=
aXaXσ Xσ X +aXaYσ Xσ Y +aXaZσ Xσ Z

+aYaXσ Yσ X +aYaYσ Yσ Y +aYaZσ Yσ Z

+aZaXσ Zσ X +aZaYσ Zσ Y +aZaZσ Zσ Z

Same for spinor components based on any unit vector                       
for which                                    . 

â = (aX ,aY ,aZ )
â• â = 1= aX

2 + aY
2 + aZ

2

 To see this just try it out on any    -component:                                                           .â σ a =σ • â = aXσ X + aYσ Y + aZσ Z

σ a
2 =

aX
21 +aXaYσ Xσ Y +aXaZσ Xσ Z

−aXaYσ Xσ Y +aY
21 +aYaZσ Yσ Z

−aXaZσ Xσ Z −aYaZσ Yσ Z +aZ
21

  = (aX
2 + aY

2 + aZ
2 )1 = 1            

Due to symmetry property called anti-commutation:                         ,                             ,etc.σ Xσ Y = −σ Yσ X σ Xσ Z = −σ Zσ X

σ X σ Y σ Z

σ X 1 iσ Z -iσ Y

σ Y -iσ Z 1 iσ X

σ Z iσ Y -iσ X 1

 
ε − tensor form

σ Kσ L = iεKLMσ M +δKL1    

 σ Z �  σ X

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
= 0 1

−1 0
⎛

⎝⎜
⎞

⎠⎟
= i 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
= iσY

  

 σ X � σ Z  

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
= 0 −1

1 0
⎛

⎝⎜
⎞

⎠⎟
= −i 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
= −iσY

  

 σ X � σY  

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟
= i 0

0 −i
⎛

⎝⎜
⎞

⎠⎟
= iσ Z

  

 σY � σ X  

0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟
0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
= −i 0

0 i
⎛

⎝⎜
⎞

⎠⎟
= −iσ Z
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σN-products and 3D vector analysis
Spinor operators σX =σB ,  σY =σC , and σZ =σA or quaternions  i=-iσX,  j=-iσY, and  k=-iσZ

 have powerful symmetry relations.
i= -1Each σN squares to one (unit matrix 1= (σN)2 ). Quaternions square to minus-one (–1=i·i etc.) like          . 

σ a
2 = (σ • â)(σ • â) = (aXσ X + aYσ Y + aZσ Z )(aXσ X + aYσ Y + aZσ Z )

=
aXσ XaXσ X +aXσ XaYσ Y +aXσ XaZσ Z

+aYσ YaXσ X +aYσ YaYσ Y +aYσ YaZσ Z

+aZσ ZaXσ X +aZσ ZaYσ Y +aZσ ZaZσ Z

=
aXaXσ Xσ X +aXaYσ Xσ Y +aXaZσ Xσ Z

+aYaXσ Yσ X +aYaYσ Yσ Y +aYaZσ Yσ Z

+aZaXσ Zσ X +aZaYσ Zσ Y +aZaZσ Zσ Z

Same for spinor components based on any unit vector                       
for which                                    . 

â = (aX ,aY ,aZ )
â• â = 1= aX

2 + aY
2 + aZ

2

 To see this just try it out on any    -component:                                                           .â σ a =σ • â = aXσ X + aYσ Y + aZσ Z

σ a
2 =

aX
21 +aXaYσ Xσ Y +aXaZσ Xσ Z

−aXaYσ Xσ Y +aY
21 +aYaZσ Yσ Z

−aXaZσ Xσ Z −aYaZσ Yσ Z +aZ
21

  = (aX
2 + aY

2 + aZ
2 )1 = 1            

Due to symmetry property called anti-commutation:                         ,                             ,etc.σ Xσ Y = −σ Yσ X σ Xσ Z = −σ Zσ X

Result : σ a
2 = 1

σ X σ Y σ Z

σ X 1 iσ Z -iσ Y

σ Y -iσ Z 1 iσ X

σ Z iσ Y -iσ X 1

 
ε − tensor form

σ Kσ L = iεKLMσ M +δKL1    

 σ Z �  σ X

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
= 0 1

−1 0
⎛

⎝⎜
⎞

⎠⎟
= i 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
= iσY

  

 σ X � σ Z  

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
= 0 −1

1 0
⎛

⎝⎜
⎞

⎠⎟
= −i 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
= −iσY

  

 σ X � σY  

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟
= i 0

0 −i
⎛

⎝⎜
⎞

⎠⎟
= iσ Z

  

 σY � σ X  

0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟
0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
= −i 0

0 i
⎛

⎝⎜
⎞

⎠⎟
= −iσ Z
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σN-products and 3D vector analysis
Spinor operators σX =σB ,  σY =σC , and σZ =σA or quaternions  i=-iσX,  j=-iσY, and  k=-iσZ

 have powerful symmetry relations.
i= -1Each σN squares to one (unit matrix 1= (σN)2 ). Quaternions square to minus-one (–1=i·i etc.) like          . 

Spinors do vector analysis for any 3D-vectors                       a = (aX ,aY ,aZ )   and    b = (bX ,bY ,bZ )
σ aσ b = (σ • a)(σ •b) = (aXσ X + aYσ Y + aZσ Z )(bXσ X + bYσ Y + bZσ Z ) 

σ X σ Y σ Z

σ X 1 iσ Z -iσ Y

σ Y -iσ Z 1 iσ X

σ Z iσ Y -iσ X 1

 
ε − tensor form

σ Kσ L = iεKLMσ M +δKL1    

 σ Z �  σ X

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
= 0 1

−1 0
⎛

⎝⎜
⎞

⎠⎟
= i 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
= iσY

  

 σ X � σ Z  

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
= 0 −1

1 0
⎛

⎝⎜
⎞

⎠⎟
= −i 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
= −iσY

  

 σ X � σY  

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟
= i 0

0 −i
⎛

⎝⎜
⎞

⎠⎟
= iσ Z

  

 σY � σ X  

0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟
0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
= −i 0

0 i
⎛

⎝⎜
⎞

⎠⎟
= −iσ Z

26Saturday, March 26, 2016



σN-products and 3D vector analysis
Spinor operators σX =σB ,  σY =σC , and σZ =σA or quaternions  i=-iσX,  j=-iσY, and  k=-iσZ

 have powerful symmetry relations.
i= -1Each σN squares to one (unit matrix 1= (σN)2 ). Quaternions square to minus-one (–1=i·i etc.) like          . 

Spinors do vector analysis for any 3D-vectors                       a = (aX ,aY ,aZ )   and    b = (bX ,bY ,bZ )
σ aσ b = (σ • a)(σ •b) = (aXσ X + aYσ Y + aZσ Z )(bXσ X + bYσ Y + bZσ Z )    

        =
aXbX1 +aXbYσ Xσ Y −aXbZσ Zσ X

−aYbXσ Xσ Y +aYbY1 +aYbZσ Yσ Z

+aZbXσ Zσ X −aZbXσ Yσ Z +aZbZ1
 =  (aXbX + aYbY + aZbZ )1 

+i(aYbZ − aZbY )σ X

+i(aZbX − aXbZ )σ Y

+i(aXbY − aYbX )σ Z

σ X σ Y σ Z

σ X 1 iσ Z -iσ Y

σ Y -iσ Z 1 iσ X

σ Z iσ Y -iσ X 1

 
ε − tensor form

σ Kσ L = iεKLMσ M +δKL1    

 σ Z �  σ X

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
= 0 1

−1 0
⎛

⎝⎜
⎞

⎠⎟
= i 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
= iσY

  

 σ X � σ Z  

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
= 0 −1

1 0
⎛

⎝⎜
⎞

⎠⎟
= −i 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
= −iσY

  

 σ X � σY  

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟
= i 0

0 −i
⎛

⎝⎜
⎞

⎠⎟
= iσ Z

  

 σY � σ X  

0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟
0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
= −i 0

0 i
⎛

⎝⎜
⎞

⎠⎟
= −iσ Z
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σN-products and 3D vector analysis
Spinor operators σX =σB ,  σY =σC , and σZ =σA or quaternions  i=-iσX,  j=-iσY, and  k=-iσZ

 have powerful symmetry relations.
i= -1Each σN squares to one (unit matrix 1= (σN)2 ). Quaternions square to minus-one (–1=i·i etc.) like          . 

Spinors do vector analysis for any 3D-vectors                       a = (aX ,aY ,aZ )   and    b = (bX ,bY ,bZ )
σ aσ b = (σ • a)(σ •b) = (aXσ X + aYσ Y + aZσ Z )(bXσ X + bYσ Y + bZσ Z )    

        =
aXbX1 +aXbYσ Xσ Y −aXbZσ Zσ X

−aYbXσ Xσ Y +aYbY1 +aYbZσ Yσ Z

+aZbXσ Zσ X −aZbXσ Yσ Z +aZbZ1
 =  (aXbX + aYbY + aZbZ )1 

+i(aYbZ − aZbY )σ X

+i(aZbX − aXbZ )σ Y

+i(aXbY − aYbX )σ Z

 Write the product in Gibbs notation. (This is where Gibbs got his {i,j,k} notation!)

 σ aσ b = (σ • a)(σ •b)=        (a • b)1            +     i(a × b)•σ

σ X σ Y σ Z

σ X 1 iσ Z -iσ Y

σ Y -iσ Z 1 iσ X

σ Z iσ Y -iσ X 1

 
ε − tensor form

σ Kσ L = iεKLMσ M +δKL1    

 σ Z �  σ X

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
= 0 1

−1 0
⎛

⎝⎜
⎞

⎠⎟
= i 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
= iσY

  

 σ X � σ Z  

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
= 0 −1

1 0
⎛

⎝⎜
⎞

⎠⎟
= −i 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
= −iσY

  

 σ X � σY  

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟
= i 0

0 −i
⎛

⎝⎜
⎞

⎠⎟
= iσ Z

  

 σY � σ X  

0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟
0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
= −i 0

0 i
⎛

⎝⎜
⎞

⎠⎟
= −iσ Z
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σN-products and 3D vector analysis
Spinor operators σX =σB ,  σY =σC , and σZ =σA or quaternions  i=-iσX,  j=-iσY, and  k=-iσZ

 have powerful symmetry relations.
i= -1Each σN squares to one (unit matrix 1= (σN)2 ). Quaternions square to minus-one (–1=i·i etc.) like          . 

Spinors do vector analysis for any 3D-vectors                       a = (aX ,aY ,aZ )   and    b = (bX ,bY ,bZ )
σ aσ b = (σ • a)(σ •b) = (aXσ X + aYσ Y + aZσ Z )(bXσ X + bYσ Y + bZσ Z )    

        =
aXbX1 +aXbYσ Xσ Y −aXbZσ Zσ X

−aYbXσ Xσ Y +aYbY1 +aYbZσ Yσ Z

+aZbXσ Zσ X −aZbXσ Yσ Z +aZbZ1
 =  (aXbX + aYbY + aZbZ )1 

+i(aYbZ − aZbY )σ X

+i(aZbX − aXbZ )σ Y

+i(aXbY − aYbX )σ Z

 Write the product in Gibbs notation. (This is where Gibbs got his {i,j,k} notation!)

 σ aσ b = (σ • a)(σ •b)=        (a • b)1            +     i(a × b)•σ

    

A*B = (A
X

+ iA
Y
)*(B

X
+ iB

Y
) = (A

X
− iA

Y
)(B

X
+ iB

Y
)

       = (A
X
B

X
+ A

Y
B

Y
)+ i(A

X
B

Y
−A

Y
B

X
) =  (A • B) +  i(A×B)

Z

(Recall (1.10.29). in complex variable Ch. 10.)   

σ X σ Y σ Z

σ X 1 iσ Z -iσ Y

σ Y -iσ Z 1 iσ X

σ Z iσ Y -iσ X 1

 
ε − tensor form

σ Kσ L = iεKLMσ M +δKL1    

 σ Z �  σ X

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
= 0 1

−1 0
⎛

⎝⎜
⎞

⎠⎟
= i 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
= iσY

  

 σ X � σ Z  

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
= 0 −1

1 0
⎛

⎝⎜
⎞

⎠⎟
= −i 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
= −iσY

  

 σ X � σY  

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟
= i 0

0 −i
⎛

⎝⎜
⎞

⎠⎟
= iσ Z

  

 σY � σ X  

0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟
0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
= −i 0

0 i
⎛

⎝⎜
⎞

⎠⎟
= −iσ Z
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Symmetry relations make spinors σX =σB ,  σY =σC , and σZ =σA or quaternions  i=-iσX,  j=-iσY, and  k=-iσZ powerful.

This allows Hamilton to generalize Euler’s  rotation          to                for any                                                                   .
    
                                                                           generalizes to:   

Hamilton replaces  (-i)  with         in the        power series above to get a sequence of terms just like it.      

Hamilton is able to generalize Euler’s complex rotation operators        and         . (Recall (1.10.17).)   e
+iϕ

   e
−iϕ

     

e−iϕ = 1+ (−iϕ)+
1
2!

(−iϕ)2 +
1
3!

(−iϕ)3 +
1
4!

(−iϕ)4=  [1        −
1
2!
ϕ2           +

1
4!
ϕ4] =       [ cosϕ]   

                                                                         − i(ϕ            +
1
3!
ϕ3               )      − i(sinϕ)

−iσϕ    e
−iϕ

 (−iσϕ )0 = +1,   (−iσϕ )1 = −iσϕ ,   (−iσϕ )2 = −1,   (−iσϕ )3 = +iσϕ ,   (−iσϕ )4 = +1,   (−iσϕ )5 = −iσϕ ,  etc.

   e
−iϕ

 e
−iσϕϕ

   σϕϕ = (σ • ϕ) =ϕAσ A +ϕBσ B +ϕZσ Z = (σ • ϕ̂)ϕ

 e
−iϕ= 1 cosϕ   −   i sinϕ

Note even powers of (-i) are ±1 and odd powers of (-i) are ±i.:   (−i)0 = +1,   (−i)1 = −i,   (−i)2 = −1,   (−i)3 = +i,   (−i)4 = +1,   (−i)5 = −i,  etc.

Here:          = -i Here:         =

 
e−iσϕϕ= 1cosϕ   −   i σϕ sinϕ

The
Crazy Thing
Theorem:

If ( )2= -1
Then:

e( )ϕ =1cosϕ+( )sinϕ

ϕ

ϕ ϕ ϕ

   
−iσϕ = −i(σ • ϕ̂) = −i (σ •

ϕ)
ϕ

Crazy thing is 
just -√-1

The “Crazy-Thing-Theorem”
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      Eigenvector orthonormality and completeness  
               Spectral Decompositions 
               Functional spectral decomposition
U(2)⊃C2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues

Asymmetric-diagonal (AD-Type) symmetry
Bilateral-balanced (B-Type) symmetry
Circular-chiral-cycloton (C-Type) symmetry
Mixed ABCD symmetry examples

More theory of matrix diagonalization
Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors   

Spin S

32Saturday, March 26, 2016



An eigenvector             of M is in a direction that is left unchanged by M.

 
  εk is eigenvalue associated with eigenvector        direction. 
A change of basis to                                 called diagonalization gives 

M ε k = ε k ε k ,   or:  M − ε k1( ) ε k = 0

ε k

 
ε1 , ε2 , εn{ }

 

ε1 M ε1 ε1 M ε2  ε1 M εn
ε2 M ε1 ε2 M ε2  ε2 M εn
   

εn M ε1 εn M ε2  εn M εn

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

=

ε1 0  0
0 ε2  0
   
0 0  εn

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

ε k

Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

M ε = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

x
y

⎛

⎝
⎜

⎞

⎠
⎟ = ε x

y
⎛

⎝
⎜

⎞

⎠
⎟    or:   4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟
x
y

⎛

⎝
⎜

⎞

⎠
⎟ =

0
0

⎛
⎝⎜

⎞
⎠⎟
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An eigenvector             of M is in a direction that is left unchanged by M.

 
  εk is eigenvalue associated with eigenvector        direction. 
A change of basis to                                 called diagonalization gives 

M ε k = ε k ε k ,   or:  M − ε k1( ) ε k = 0

ε k

 
ε1 , ε2 , εn{ }

 

ε1 M ε1 ε1 M ε2  ε1 M εn
ε2 M ε1 ε2 M ε2  ε2 M εn
   

εn M ε1 εn M ε2  εn M εn

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

=

ε1 0  0
0 ε2  0
   
0 0  εn

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

ε k

Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

M ε = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

x
y

⎛

⎝
⎜

⎞

⎠
⎟ = ε x

y
⎛

⎝
⎜

⎞

⎠
⎟    or:   4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟
x
y

⎛

⎝
⎜

⎞

⎠
⎟ =

0
0

⎛
⎝⎜

⎞
⎠⎟

Trying to solve by Kramer's inversion:

x =
det 0 1

0 2 − ε
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

      and     y =
det 4 − ε 0

3 0
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟
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An eigenvector             of M is in a direction that is left unchanged by M.

 
  εk is eigenvalue associated with eigenvector        direction. 
A change of basis to                                 called diagonalization gives 

M ε k = ε k ε k ,   or:  M − ε k1( ) ε k = 0

ε k

 
ε1 , ε2 , εn{ }

 

ε1 M ε1 ε1 M ε2  ε1 M εn
ε2 M ε1 ε2 M ε2  ε2 M εn
   

εn M ε1 εn M ε2  εn M εn

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

=

ε1 0  0
0 ε2  0
   
0 0  εn

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

ε k

Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Only possible non-zero {x,y} if denominator is zero, too!

0=det M − ε ⋅1=det 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
−ε 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟
=det 4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟

M ε = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

x
y

⎛

⎝
⎜

⎞

⎠
⎟ = ε x

y
⎛

⎝
⎜

⎞

⎠
⎟    or:   4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟
x
y

⎛

⎝
⎜

⎞

⎠
⎟ =

0
0

⎛
⎝⎜

⎞
⎠⎟

Trying to solve by Kramer's inversion:

x =
det 0 1

0 2 − ε
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

      and     y =
det 4 − ε 0

3 0
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

0 = (4 − ε )(2 − ε )−1·3 = 8 − 6ε + ε 2 −1·3 = ε 2 − 6ε + 5
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An eigenvector             of M is in a direction that is left unchanged by M.

 
  εk is eigenvalue associated with eigenvector        direction. 
A change of basis to                                 called diagonalization gives 

M ε k = ε k ε k ,   or:  M − ε k1( ) ε k = 0

ε k

 
ε1 , ε2 , εn{ }

 

ε1 M ε1 ε1 M ε2  ε1 M εn
ε2 M ε1 ε2 M ε2  ε2 M εn
   

εn M ε1 εn M ε2  εn M εn

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

=

ε1 0  0
0 ε2  0
   
0 0  εn

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

ε k

Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Only possible non-zero {x,y} if denominator is zero, too!

0=det M − ε ⋅1=det 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
−ε 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟
=det 4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟

M ε = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

x
y

⎛

⎝
⎜

⎞

⎠
⎟ = ε x

y
⎛

⎝
⎜

⎞

⎠
⎟    or:   4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟
x
y

⎛

⎝
⎜

⎞

⎠
⎟ =

0
0

⎛
⎝⎜

⎞
⎠⎟

Trying to solve by Kramer's inversion:

x =
det 0 1

0 2 − ε
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

      and     y =
det 4 − ε 0

3 0
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

0 = (4 − ε )(2 − ε )−1·3 = 8 − 6ε + ε 2 −1·3 = ε 2 − 6ε + 5
0 = ε 2 −Trace(M)ε + det(M)
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An eigenvector             of M is in a direction that is left unchanged by M.

 
  εk is eigenvalue associated with eigenvector        direction. 
A change of basis to                                 called diagonalization gives 

M ε k = ε k ε k ,   or:  M − ε k1( ) ε k = 0

ε k

 
ε1 , ε2 , εn{ }

 

ε1 M ε1 ε1 M ε2  ε1 M εn
ε2 M ε1 ε2 M ε2  ε2 M εn
   

εn M ε1 εn M ε2  εn M εn

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

=

ε1 0  0
0 ε2  0
   
0 0  εn

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

ε k

Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Only possible non-zero {x,y} if denominator is zero, too!

0=det M − ε ⋅1=det 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
−ε 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟
=det 4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟

M ε = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

x
y

⎛

⎝
⎜

⎞

⎠
⎟ = ε x

y
⎛

⎝
⎜

⎞

⎠
⎟    or:   4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟
x
y

⎛

⎝
⎜

⎞

⎠
⎟ =

0
0

⎛
⎝⎜

⎞
⎠⎟

Trying to solve by Kramer's inversion:

x =
det 0 1

0 2 − ε
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

      and     y =
det 4 − ε 0

3 0
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

 
detM − ε1 = 0 = −1( )n ε n + a1ε

n−1 + a2ε
n−2 +…+ an−1ε + an( )

0 = (4 − ε )(2 − ε )−1·3 = 8 − 6ε + ε 2 −1·3 = ε 2 − 6ε + 5
0 = ε 2 −Trace(M)ε + det(M)

First step in finding eigenvalues: Solve secular equation 
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(REVIEW) 2D classical HO compared to U(2) quantum 2-state system
Introducing ABCD Hamilton Pauli spinor symmetry expansion
Algebra of Hamilton/Pauli hypercomplex operators {σA,σB,σC}={σZ,σX,σY}

σA-products 3D vector analysis and “Crazy-Thing-Theorem”
Eigensolutions by general matrix-algebra with example M=      
      Secular equation 
      Hamilton-Cayley equation and projectors 
      Idempotent (P·P=P) projectors (how eigenvalues⇒eigenvectors)
      Eigenvector orthonormality and completeness  
               Spectral Decompositions 
               Functional spectral decomposition
U(2)⊃C2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues

Asymmetric-diagonal (AD-Type) symmetry
Bilateral-balanced (B-Type) symmetry
Circular-chiral-cycloton (C-Type) symmetry
Mixed ABCD symmetry examples

More theory of matrix diagonalization
Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors   
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An eigenvector             of M is in a direction that is left unchanged by M.

 
  εk is eigenvalue associated with eigenvector        direction. 
A change of basis to                                 called diagonalization gives 

M ε k = ε k ε k ,   or:  M − ε k1( ) ε k = 0

ε k

 
ε1 , ε2 , εn{ }

 

ε1 M ε1 ε1 M ε2  ε1 M εn
ε2 M ε1 ε2 M ε2  ε2 M εn
   

εn M ε1 εn M ε2  εn M εn

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

=

ε1 0  0
0 ε2  0
   
0 0  εn

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

ε k

Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Only possible non-zero {x,y} if denominator is zero, too!

0=det M − ε ⋅1=det 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
−ε 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟
=det 4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟

M ε = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

x
y

⎛

⎝
⎜

⎞

⎠
⎟ = ε x

y
⎛

⎝
⎜

⎞

⎠
⎟    or:   4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟
x
y

⎛

⎝
⎜

⎞

⎠
⎟ =

0
0

⎛
⎝⎜

⎞
⎠⎟

Trying to solve by Kramer's inversion:

x =
det 0 1

0 2 − ε
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

      and     y =
det 4 − ε 0

3 0
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

 
detM − ε1 = 0 = −1( )n ε n + a1ε

n−1 + a2ε
n−2 +…+ an−1ε + an( )

 a1 = −TraceM,,  ak = −1( )k diagonal k-by-k minors of ∑ M,,   an = −1( )n det M
0 = (4 − ε )(2 − ε )−1·3 = 8 − 6ε + ε 2 −1·3 = ε 2 − 6ε + 5
0 = ε 2 −Trace(M)ε + det(M)

First step in finding eigenvalues: Solve secular equation 
	

 	

 	

 	

 	

 	



where: 
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First step in finding eigenvalues: Solve secular equation 
	

 	

 	

 	

 	

 	



where: 

Secular equation has n-factors, one for each eigenvalue.
	

 	

 	

 	

 	

 	

 	



An eigenvector             of M is in a direction that is left unchanged by M.

 
  εk is eigenvalue associated with eigenvector        direction. 
A change of basis to                                 called diagonalization gives 

M ε k = ε k ε k ,   or:  M − ε k1( ) ε k = 0

ε k

 
ε1 , ε2 , εn{ }

 

ε1 M ε1 ε1 M ε2  ε1 M εn
ε2 M ε1 ε2 M ε2  ε2 M εn
   

εn M ε1 εn M ε2  εn M εn

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

=

ε1 0  0
0 ε2  0
   
0 0  εn

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

ε k

Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Only possible non-zero {x,y} if denominator is zero, too!

0=det M − ε ⋅1=det 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
−ε 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟
=det 4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟

M ε = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

x
y

⎛

⎝
⎜

⎞

⎠
⎟ = ε x

y
⎛

⎝
⎜

⎞

⎠
⎟    or:   4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟
x
y

⎛

⎝
⎜

⎞

⎠
⎟ =

0
0

⎛
⎝⎜

⎞
⎠⎟

Trying to solve by Kramer's inversion:

x =
det 0 1

0 2 − ε
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

      and     y =
det 4 − ε 0

3 0
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

 detM − ε1 = 0 = −1( )n ε − ε1( ) ε − ε2( ) ε − εn( )

0 = (4 − ε )(2 − ε )−1·3 = 8 − 6ε + ε 2 −1·3 = ε 2 − 6ε + 5
0 = ε 2 −Trace(M)ε + det(M) = ε 2 − 6ε + 5

0 = (ε −1)(ε − 5)  so let:   ε1 = 1   and:  ε2 = 5 

 
detM − ε1 = 0 = −1( )n ε n + a1ε

n−1 + a2ε
n−2 +…+ an−1ε + an( )

 a1 = −TraceM,,  ak = −1( )k diagonal k-by-k minors of ∑ M,,   an = −1( )n det M
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               Spectral Decompositions 
               Functional spectral decomposition
U(2)⊃C2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues
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Bilateral-balanced (B-Type) symmetry
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Mixed ABCD symmetry examples

More theory of matrix diagonalization
Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors   

Spin S

41Saturday, March 26, 2016



First step in finding eigenvalues: Solve secular equation 
	

 	

 	

 	

 	

 	



where: 

Secular equation has n-factors, one for each eigenvalue.
	

 	

 	

 	

 	

 	

 	



Each ε replaced by M and each εk by εk 1 gives Hamilton-Cayley matrix equation.
	

 	

 	

 	

 	

 	

 	

 	



Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) 

An eigenvector             of M is in a direction that is left unchanged by M.

 
  εk is eigenvalue associated with eigenvector        direction. 
A change of basis to                                 called diagonalization gives 

M ε k = ε k ε k ,   or:  M − ε k1( ) ε k = 0

ε k

 
ε1 , ε2 , εn{ }

 

ε1 M ε1 ε1 M ε2  ε1 M εn
ε2 M ε1 ε2 M ε2  ε2 M εn
   

εn M ε1 εn M ε2  εn M εn

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

=

ε1 0  0
0 ε2  0
   
0 0  εn

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

ε k

Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Only possible non-zero {x,y} if denominator is zero, too!

0=det M − ε ⋅1=det 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
−ε 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟
=det 4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟

M ε = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

x
y

⎛

⎝
⎜

⎞

⎠
⎟ = ε x

y
⎛

⎝
⎜

⎞

⎠
⎟    or:   4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟
x
y

⎛

⎝
⎜

⎞

⎠
⎟ =

0
0

⎛
⎝⎜

⎞
⎠⎟

Trying to solve by Kramer's inversion:

x =
det 0 1

0 2 − ε
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

      and     y =
det 4 − ε 0

3 0
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

 detM − ε1 = 0 = −1( )n ε − ε1( ) ε − ε2( ) ε − εn( )

 0 = M − ε11( ) M − ε21( ) M − εn1( )

0 = (4 − ε )(2 − ε )−1·3 = 8 − 6ε + ε 2 −1·3 = ε 2 − 6ε + 5
0 = ε 2 −Trace(M)ε + det(M) = ε 2 − 6ε + 5

0 =M2 − 6M + 51 = (M −1⋅1)(M − 5⋅1)

0 0
0 0

⎛
⎝⎜

⎞
⎠⎟
= 4 1

3 2
⎛
⎝⎜

⎞
⎠⎟

2

− 6 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
+ 5 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟

0 = (ε −1)(ε − 5)  so let:   ε1 = 1   and:  ε2 = 5 

 
detM − ε1 = 0 = −1( )n ε n + a1ε

n−1 + a2ε
n−2 +…+ an−1ε + an( )

 a1 = −TraceM,,  ak = −1( )k diagonal k-by-k minors of ∑ M,,   an = −1( )n det M
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               Spectral Decompositions 
               Functional spectral decomposition
U(2)⊃C2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues

Asymmetric-diagonal (AD-Type) symmetry
Bilateral-balanced (B-Type) symmetry
Circular-chiral-cycloton (C-Type) symmetry
Mixed ABCD symmetry examples

More theory of matrix diagonalization
Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors   

Spin S
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First step in finding eigenvalues: Solve secular equation 
	

 	

 	

 	

 	

 	



where: 

Secular equation has n-factors, one for each eigenvalue.
	

 	

 	

 	

 	

 	

 	



Each ε replaced by M and each εk by εk 1 gives Hamilton-Cayley matrix equation.
	

 	

 	

 	

 	

 	

 	

 	



Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) 

An eigenvector             of M is in a direction that is left unchanged by M.

 
  εk is eigenvalue associated with eigenvector        direction. 
A change of basis to                                 called diagonalization gives 

M ε k = ε k ε k ,   or:  M − ε k1( ) ε k = 0

ε k

 
ε1 , ε2 , εn{ }

 

ε1 M ε1 ε1 M ε2  ε1 M εn
ε2 M ε1 ε2 M ε2  ε2 M εn
   

εn M ε1 εn M ε2  εn M εn

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

=

ε1 0  0
0 ε2  0
   
0 0  εn

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

ε k

Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Only possible non-zero {x,y} if denominator is zero, too!

0=det M − ε ⋅1=det 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
−ε 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟
=det 4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟

M ε = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

x
y

⎛

⎝
⎜

⎞

⎠
⎟ = ε x

y
⎛

⎝
⎜

⎞

⎠
⎟    or:   4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟
x
y

⎛

⎝
⎜

⎞

⎠
⎟ =

0
0

⎛
⎝⎜

⎞
⎠⎟

Trying to solve by Kramer's inversion:

x =
det 0 1

0 2 − ε
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

      and     y =
det 4 − ε 0

3 0
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

 detM − ε1 = 0 = −1( )n ε − ε1( ) ε − ε2( ) ε − εn( )

 0 = M − ε11( ) M − ε21( ) M − εn1( )

0 = (4 − ε )(2 − ε )−1·3 = 8 − 6ε + ε 2 −1·3 = ε 2 − 6ε + 5
0 = ε 2 −Trace(M)ε + det(M) = ε 2 − 6ε + 5

0 =M2 − 6M + 51 = (M −1⋅1)(M − 5⋅1)

0 0
0 0

⎛
⎝⎜

⎞
⎠⎟
= 4 1

3 2
⎛
⎝⎜

⎞
⎠⎟

2

− 6 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
+ 5 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟

0 = (ε −1)(ε − 5)  so let:   ε1 = 1   and:  ε2 = 5 

 
detM − ε1 = 0 = −1( )n ε n + a1ε

n−1 + a2ε
n−2 +…+ an−1ε + an( )

 a1 = −TraceM,,  ak = −1( )k diagonal k-by-k minors of ∑ M,,   an = −1( )n det M

Replace jth HC-factor by (1) to make projection operators                          . p1 = (1)(M − 5⋅1) = 4 − 5 1
3 2 − 5

⎛
⎝⎜

⎞
⎠⎟
= −1 1

3 −3
⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1)(1) = 4 −1 1
3 2 −1

⎛
⎝⎜

⎞
⎠⎟
= 3 1

3 1
⎛
⎝⎜

⎞
⎠⎟

 

p1 =      1     ( ) M − ε21( ) M − εn1( )
p2 = M − ε11( )      1     ( ) M − εn1( )
      
pn = M − ε11( ) M − ε21( )      1     ( )  
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First step in finding eigenvalues: Solve secular equation 
	

 	

 	

 	

 	

 	



where: 

Secular equation has n-factors, one for each eigenvalue.
	

 	

 	

 	

 	

 	

 	



Each ε replaced by M and each εk by εk 1 gives Hamilton-Cayley matrix equation.
	

 	

 	

 	

 	

 	

 	

 	



Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) 

An eigenvector             of M is in a direction that is left unchanged by M.

 
  εk is eigenvalue associated with eigenvector        direction. 
A change of basis to                                 called diagonalization gives 

M ε k = ε k ε k ,   or:  M − ε k1( ) ε k = 0

ε k

 
ε1 , ε2 , εn{ }

 

ε1 M ε1 ε1 M ε2  ε1 M εn
ε2 M ε1 ε2 M ε2  ε2 M εn
   

εn M ε1 εn M ε2  εn M εn

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

=

ε1 0  0
0 ε2  0
   
0 0  εn

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

ε k

Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Only possible non-zero {x,y} if denominator is zero, too!

0=det M − ε ⋅1=det 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
−ε 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟
=det 4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟

M ε = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

x
y

⎛

⎝
⎜

⎞

⎠
⎟ = ε x

y
⎛

⎝
⎜

⎞

⎠
⎟    or:   4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟
x
y

⎛

⎝
⎜

⎞

⎠
⎟ =

0
0

⎛
⎝⎜

⎞
⎠⎟

Trying to solve by Kramer's inversion:

x =
det 0 1

0 2 − ε
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

      and     y =
det 4 − ε 0

3 0
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

 detM − ε1 = 0 = −1( )n ε − ε1( ) ε − ε2( ) ε − εn( )

 0 = M − ε11( ) M − ε21( ) M − εn1( )

0 = (4 − ε )(2 − ε )−1·3 = 8 − 6ε + ε 2 −1·3 = ε 2 − 6ε + 5
0 = ε 2 −Trace(M)ε + det(M) = ε 2 − 6ε + 5

0 =M2 − 6M + 51 = (M −1⋅1)(M − 5⋅1)

0 0
0 0

⎛
⎝⎜

⎞
⎠⎟
= 4 1

3 2
⎛
⎝⎜

⎞
⎠⎟

2

− 6 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
+ 5 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟

0 = (ε −1)(ε − 5)  so let:   ε1 = 1   and:  ε2 = 5 

 
detM − ε1 = 0 = −1( )n ε n + a1ε

n−1 + a2ε
n−2 +…+ an−1ε + an( )

 a1 = −TraceM,,  ak = −1( )k diagonal k-by-k minors of ∑ M,,   an = −1( )n det M

Replace jth HC-factor by (1) to make projection operators                          . p1 = (1)(M − 5⋅1) = 4 − 5 1
3 2 − 5

⎛
⎝⎜

⎞
⎠⎟
= −1 1

3 −3
⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1)(1) = 4 −1 1
3 2 −1

⎛
⎝⎜

⎞
⎠⎟
= 3 1

3 1
⎛
⎝⎜

⎞
⎠⎟

 

p1 =      1     ( ) M − ε21( ) M − εn1( )
p2 = M − ε11( )      1     ( ) M − εn1( )
      
pn = M − ε11( ) M − ε21( )      1     ( )  

 
ε j ≠ εk ≠ ...

(Assume distinct e-values here: Non-degeneracy clause)

Each pk  contains eigen-bra-kets since: (M-εk1)pk=0 or: Mpk=εkpk=pkM . 
Mp1 =

4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
⋅ −1 1

3 −3
⎛
⎝⎜

⎞
⎠⎟
= 1· −1 1

3 −3
⎛
⎝⎜

⎞
⎠⎟
= 1·p1

Mp2 =
4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
⋅ 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟
= 5· 3 1

3 1
⎛
⎝⎜

⎞
⎠⎟
= 5·p2

pk =
j≠k
∏ M − ε j1( )
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First step in finding eigenvalues: Solve secular equation 
	

 	

 	

 	

 	

 	



where: 

Secular equation has n-factors, one for each eigenvalue.
	

 	

 	

 	

 	

 	

 	



Each ε replaced by M and each εk by εk 1 gives Hamilton-Cayley matrix equation.
	

 	

 	

 	

 	

 	

 	

 	



Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) 

An eigenvector             of M is in a direction that is left unchanged by M.

 
  εk is eigenvalue associated with eigenvector        direction. 
A change of basis to                                 called diagonalization gives 

M ε k = ε k ε k ,   or:  M − ε k1( ) ε k = 0

ε k

 
ε1 , ε2 , εn{ }

 

ε1 M ε1 ε1 M ε2  ε1 M εn
ε2 M ε1 ε2 M ε2  ε2 M εn
   

εn M ε1 εn M ε2  εn M εn

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

=

ε1 0  0
0 ε2  0
   
0 0  εn

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

ε k

Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Only possible non-zero {x,y} if denominator is zero, too!

0=det M − ε ⋅1=det 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
−ε 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟
=det 4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟

M ε = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

x
y

⎛

⎝
⎜

⎞

⎠
⎟ = ε x

y
⎛

⎝
⎜

⎞

⎠
⎟    or:   4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟
x
y

⎛

⎝
⎜

⎞

⎠
⎟ =

0
0

⎛
⎝⎜

⎞
⎠⎟

Trying to solve by Kramer's inversion:

x =
det 0 1

0 2 − ε
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

      and     y =
det 4 − ε 0

3 0
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

 detM − ε1 = 0 = −1( )n ε − ε1( ) ε − ε2( ) ε − εn( )

 0 = M − ε11( ) M − ε21( ) M − εn1( )

0 = (4 − ε )(2 − ε )−1·3 = 8 − 6ε + ε 2 −1·3 = ε 2 − 6ε + 5
0 = ε 2 −Trace(M)ε + det(M) = ε 2 − 6ε + 5

0 =M2 − 6M + 51 = (M −1⋅1)(M − 5⋅1)

0 0
0 0

⎛
⎝⎜

⎞
⎠⎟
= 4 1

3 2
⎛
⎝⎜

⎞
⎠⎟

2

− 6 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
+ 5 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟

0 = (ε −1)(ε − 5)  so let:   ε1 = 1   and:  ε2 = 5 

 
detM − ε1 = 0 = −1( )n ε n + a1ε

n−1 + a2ε
n−2 +…+ an−1ε + an( )

 a1 = −TraceM,,  ak = −1( )k diagonal k-by-k minors of ∑ M,,   an = −1( )n det M

Replace jth HC-factor by (1) to make projection operators                          . p1 = (1)(M − 5⋅1) = 4 − 5 1
3 2 − 5

⎛
⎝⎜

⎞
⎠⎟
= −1 1

3 −3
⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1)(1) = 4 −1 1
3 2 −1

⎛
⎝⎜

⎞
⎠⎟
= 3 1

3 1
⎛
⎝⎜

⎞
⎠⎟

 

p1 =      1     ( ) M − ε21( ) M − εn1( )
p2 = M − ε11( )      1     ( ) M − εn1( )
      
pn = M − ε11( ) M − ε21( )      1     ( )  

 
ε j ≠ εk ≠ ...

(Assume distinct e-values here: Non-degeneracy clause)

Each pk  contains eigen-bra-kets since: (M-εk1)pk=0 or: Mpk=εkpk=pkM . 
Mp1 =

4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
⋅ −1 1

3 −3
⎛
⎝⎜

⎞
⎠⎟
= 1· −1 1

3 −3
⎛
⎝⎜

⎞
⎠⎟
= 1·p1

Mp2 =
4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
⋅ 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟
= 5· 3 1

3 1
⎛
⎝⎜

⎞
⎠⎟
= 5·p2

pk =
j≠k
∏ M − ε j1( )

Notice pk commutes with M,.. 

since M1, M2,..commute with M.
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(REVIEW) 2D classical HO compared to U(2) quantum 2-state system
Introducing ABCD Hamilton Pauli spinor symmetry expansion
Algebra of Hamilton/Pauli hypercomplex operators {σA,σB,σC}={σZ,σX,σY}
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Mixed ABCD symmetry examples

More theory of matrix diagonalization
Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors   

Spin S

47Saturday, March 26, 2016



Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

Multiplication properties of pj :

Mpk =ε kpk = pkM
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step: 
make Idempotent Projectors: Pk =

pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Mpk =ε kpk = pkM

(Idempotent means: P·P=P)

P1 =
(M − 5⋅1)
(1− 5)

= 1
4

1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟

P2 =
(M −1⋅1)
(5 −1)

= 1
4

3 1
3 1

⎛
⎝⎜

⎞
⎠⎟
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step: 
make Idempotent Projectors: Pk =

pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Mpk =ε kpk = pkM

(Idempotent means: P·P=P)

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

Mpk =ε kpk = pkM
implies :
MPk =ε kPk = PkM

P1 =
(M − 5⋅1)
(1− 5)

= 1
4

1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟

P2 =
(M −1⋅1)
(5 −1)

= 1
4

3 1
3 1

⎛
⎝⎜

⎞
⎠⎟
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(REVIEW) 2D classical HO compared to U(2) quantum 2-state system
Introducing ABCD Hamilton Pauli spinor symmetry expansion
Algebra of Hamilton/Pauli hypercomplex operators {σA,σB,σC}={σZ,σX,σY}

σA-products 3D vector analysis and “Crazy-Thing-Theorem”
Eigensolutions by general matrix-algebra with example M=      
      Secular equation 
      Hamilton-Cayley equation and projectors 
      Idempotent (P·P=P) projectors (how eigenvalues⇒eigenvectors)
      Eigenvector orthonormality and completeness  
               Spectral Decompositions 
               Functional spectral decomposition
U(2)⊃C2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues

Asymmetric-diagonal (AD-Type) symmetry
Bilateral-balanced (B-Type) symmetry
Circular-chiral-cycloton (C-Type) symmetry
Mixed ABCD symmetry examples

More theory of matrix diagonalization
Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors   

Spin S
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step: 
make Idempotent Projectors: Pk =

pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Mpk =ε kpk = pkM

(Idempotent means: P·P=P)

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

Mpk =ε kpk = pkM
implies :
MPk =ε kPk = PkM

P1 =
(M − 5⋅1)

(1− 5)
= 1

4
1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= k1

2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗

2
1 −2

1( )
k1

= ε1 ε1

P2 =
(M −1⋅1)

(5 −1)
= 1

4
3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

    = k2
2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ⊗  
2
3

2
1( )

k2

= ε2 ε2

Factoring bra-kets into “Ket-Bras:

“Gauge” scale factors that only affect plots
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step: 
make Idempotent Projectors: Pk =

pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Mpk =ε kpk = pkM

(Idempotent means: P·P=P)

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

Mpk =ε kpk = pkM
implies :
MPk =ε kPk = PkM

P1 =
(M − 5⋅1)

(1− 5)
= 1

4
1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= k1

2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗

2
1 −2

1( )
k1

= ε1 ε1

P2 =
(M −1⋅1)

(5 −1)
= 1

4
3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

    = k2
2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ⊗  
2
3

2
1( )

k2

= ε2 ε2

Factoring bra-kets into “Ket-Bras:

〈 ε2 |= (3/2 1/2)/k2
1/2
1/2

|ε2 〉=k2

1/2
-3/2

|ε1 〉=k1

〈 ε1 |= (1/2 -1/2)/k1

| 1 〉 or 〈1 |

| 2 〉
or
〈2 |

1/4 1/2 3/4 5/41 3/2

-1/2

-1

-3/2

1/4

1/2

3/4Eigen-bra-ket
projectors
of matrix:

M= 4 1
3 2

⏐y〉
or
〈y⏐

⏐x〉 or 〈x⏐

“Gauge” scale factors that only affect plots
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(REVIEW) 2D classical HO compared to U(2) quantum 2-state system
Introducing ABCD Hamilton Pauli spinor symmetry expansion
Algebra of Hamilton/Pauli hypercomplex operators {σA,σB,σC}={σZ,σX,σY}

σA-products 3D vector analysis and “Crazy-Thing-Theorem”
Eigensolutions by general matrix-algebra with example M=      
      Secular equation 
      Hamilton-Cayley equation and projectors 
      Idempotent (P·P=P) projectors (how eigenvalues⇒eigenvectors)
      Eigenvector orthonormality and completeness  
               Spectral Decompositions 
               Functional spectral decomposition
U(2)⊃C2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues

Asymmetric-diagonal (AD-Type) symmetry
Bilateral-balanced (B-Type) symmetry
Circular-chiral-cycloton (C-Type) symmetry
Mixed ABCD symmetry examples

More theory of matrix diagonalization
Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors   

Spin S

54Saturday, March 26, 2016



Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step: 
make Idempotent Projectors: Pk =

pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Mpk =ε kpk = pkM

(Idempotent means: P·P=P)

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

Mpk =ε kpk = pkM
implies :
MPk =ε kPk = PkM

P1 =
(M − 5⋅1)

(1− 5)
= 1

4
1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= k1

2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗

2
1 −2

1( )
k1

= ε1 ε1

P2 =
(M −1⋅1)

(5 −1)
= 1

4
3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

    = k2
2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ⊗  
2
3

2
1( )

k2

= ε2 ε2

Factoring bra-kets into “Ket-Bras:

〈 ε2 |= (3/2 1/2)/k2
1/2
1/2

|ε2 〉=k2

1/2
-3/2

|ε1 〉=k1

〈 ε1 |= (1/2 -1/2)/k1

| 1 〉 or 〈1 |

| 2 〉
or
〈2 |

1/4 1/2 3/4 5/41 3/2

-1/2

-1

-3/2

1/4

1/2

3/4Eigen-bra-ket
projectors
of matrix:

M= 4 1
3 2

The Pj are Mutually Ortho-Normal
as are bra-ket 〈εj⏐and⏐εj〉 inside Pj’s
 

ε1 ε1 ε1 ε2
ε2 ε1 ε2 ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

     = 1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

⏐y〉
or
〈y⏐

⏐x〉 or 〈x⏐

“Gauge” scale factors that only affect plots
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step: 
make Idempotent Projectors: Pk =

pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Mpk =ε kpk = pkM

(Idempotent means: P·P=P)

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

Mpk =ε kpk = pkM
implies :
MPk =ε kPk = PkM

P1 =
(M − 5⋅1)

(1− 5)
= 1

4
1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= k1

2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗

2
1 −2

1( )
k1

= ε1 ε1

P2 =
(M −1⋅1)

(5 −1)
= 1

4
3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

    = k2
2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ⊗  
2
3

2
1( )

k2

= ε2 ε2

Factoring bra-kets into “Ket-Bras:

〈 ε2 |= (3/2 1/2)/k2
1/2
1/2

|ε2 〉=k2

1/2
-3/2

|ε1 〉=k1

〈 ε1 |= (1/2 -1/2)/k1

| 1 〉 or 〈1 |

| 2 〉
or
〈2 |

1/4 1/2 3/4 5/41 3/2

-1/2

-1

-3/2

1/4

1/2

3/4Eigen-bra-ket
projectors
of matrix:

M= 4 1
3 2

The Pj are Mutually Ortho-Normal
as are bra-ket 〈εj⏐and⏐εj〉 inside Pj’s
 

ε1 ε1 ε1 ε2
ε2 ε1 ε2 ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

...and the Pj satisfy a 
Completeness Relation: 
1=   P1  +   P2   +...+  Pn

=⏐ε1〉〈ε1⏐+⏐ε2〉〈ε2⏐+...+⏐εn〉〈εn⏐

P1 + P2 =
1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

= ε1 ε1 + ε2 ε2

     = 1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

⏐y〉
or
〈y⏐

⏐x〉 or 〈x⏐

“Gauge” scale factors that only affect plots
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(REVIEW) 2D classical HO compared to U(2) quantum 2-state system
Introducing ABCD Hamilton Pauli spinor symmetry expansion
Algebra of Hamilton/Pauli hypercomplex operators {σA,σB,σC}={σZ,σX,σY}

σA-products 3D vector analysis and “Crazy-Thing-Theorem”
Eigensolutions by general matrix-algebra with example M=      
      Secular equation 
      Hamilton-Cayley equation and projectors 
      Idempotent (P·P=P) projectors (how eigenvalues⇒eigenvectors)
      Eigenvector orthonormality and completeness  
               Spectral Decompositions 
               Functional spectral decomposition
U(2)⊃C2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues

Asymmetric-diagonal (AD-Type) symmetry
Bilateral-balanced (B-Type) symmetry
Circular-chiral-cycloton (C-Type) symmetry
Mixed ABCD symmetry examples

More theory of matrix diagonalization
Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors   

Spin S
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step: 
make Idempotent Projectors: Pk =

pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Mpk =ε kpk = pkM

(Idempotent means: P·P=P)

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

Mpk =ε kpk = pkM
implies :
MPk =ε kPk = PkM

P1 =
(M − 5⋅1)

(1− 5)
= 1

4
1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= k1

2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗

2
1 −2

1( )
k1

= ε1 ε1

P2 =
(M −1⋅1)

(5 −1)
= 1

4
3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

    = k2
2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ⊗  
2
3

2
1( )

k2

= ε2 ε2

Factoring bra-kets into “Ket-Bras:

The Pj are Mutually Ortho-Normal
as are bra-ket 〈εj⏐and⏐εj〉 inside Pj’s
 

ε1 ε1 ε1 ε2
ε2 ε1 ε2 ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

...and the Pj satisfy a 
Completeness Relation: 
1=   P1  +   P2   +...+  Pn

=⏐ε1〉〈ε1⏐+⏐ε2〉〈ε2⏐+...+⏐εn〉〈εn⏐

P1 + P2 =
1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

= ε1 ε1 + ε2 ε2

     = 1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

〈 ε2 |= (3/2 1/2)/k2
1/2
1/2

|ε2 〉=k2

1/2
-3/2

|ε1 〉=k1

〈 ε1 |= (1/2 -1/2)/k1

| 1 〉 or 〈1 |

| 2 〉
or
〈2 |

1/4 1/2 3/4 5/41 3/2

-1/2

-1

-3/2

1/4

1/2

3/4Eigen-bra-ket
projectors
of matrix:

M= 4 1
3 2

⏐y
〉

⏐x〉 or 

Eigen-operators                 then give Spectral Decomposition of operator M
 M =MP1 +MP2 + ...+MPn = ε1P1 + ε2P2 + ...+ εnPn

MPk =ε kPk

“Gauge” scale factors that only affect plots
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step: 
make Idempotent Projectors: Pk =

pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Mpk =ε kpk = pkM

(Idempotent means: P·P=P)

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

Mpk =ε kpk = pkM
implies :
MPk =ε kPk = PkM

P1 =
(M − 5⋅1)

(1− 5)
= 1

4
1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= k1

2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗

2
1 −2

1( )
k1

= ε1 ε1

P2 =
(M −1⋅1)

(5 −1)
= 1

4
3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

    = k2
2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ⊗  
2
3

2
1( )

k2

= ε2 ε2

Factoring bra-kets into “Ket-Bras:

The Pj are Mutually Ortho-Normal
as are bra-ket 〈εj⏐and⏐εj〉 inside Pj’s
 

ε1 ε1 ε1 ε2
ε2 ε1 ε2 ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

...and the Pj satisfy a 
Completeness Relation: 
1=   P1  +   P2   +...+  Pn

=⏐ε1〉〈ε1⏐+⏐ε2〉〈ε2⏐+...+⏐εn〉〈εn⏐

P1 + P2 =
1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

= ε1 ε1 + ε2 ε2

     = 1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

〈 ε2 |= (3/2 1/2)/k2
1/2
1/2

|ε2 〉=k2

1/2
-3/2

|ε1 〉=k1

〈 ε1 |= (1/2 -1/2)/k1

| 1 〉 or 〈1 |

| 2 〉
or
〈2 |

1/4 1/2 3/4 5/41 3/2

-1/2

-1

-3/2

1/4

1/2

3/4Eigen-bra-ket
projectors
of matrix:

M= 4 1
3 2

Eigen-operators                 then give Spectral Decomposition of operator M
 M =MP1 +MP2 + ...+MPn = ε1P1 + ε2P2 + ...+ εnPn

MPk =ε kPk

M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
= 1P1 + 5P2 = 1 1 1 + 5 2 2 = 1 4

1 −4
1

−4
3

4
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ 5 4

3
4
1

4
3

4
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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(REVIEW) 2D classical HO compared to U(2) quantum 2-state system
Introducing ABCD Hamilton Pauli spinor symmetry expansion
Algebra of Hamilton/Pauli hypercomplex operators {σA,σB,σC}={σZ,σX,σY}

σA-products 3D vector analysis and “Crazy-Thing-Theorem”
Eigensolutions by general matrix-algebra with example M=      
      Secular equation 
      Hamilton-Cayley equation and projectors 
      Idempotent (P·P=P) projectors (how eigenvalues⇒eigenvectors)
      Eigenvector orthonormality and completeness  
               Spectral Decompositions 
               Functional spectral decomposition
U(2)⊃C2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues

Asymmetric-diagonal (AD-Type) symmetry
Bilateral-balanced (B-Type) symmetry
Circular-chiral-cycloton (C-Type) symmetry
Mixed ABCD symmetry examples

More theory of matrix diagonalization
Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors   

Spin S
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Matrix and operator Spectral Decompositons    M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step: 
make Idempotent Projectors: Pk =

pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Mpk =ε kpk = pkM

(Idempotent means: P·P=P)

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

Mpk =ε kpk = pkM
implies :
MPk =ε kPk = PkM

P1 =
(M − 5⋅1)

(1− 5)
= 1

4
1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= k1

2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗

2
1 −2

1( )
k1

= ε1 ε1

P2 =
(M −1⋅1)

(5 −1)
= 1

4
3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

    = k2
2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ⊗  
2
3

2
1( )

k2

= ε2 ε2

Factoring bra-kets into “Ket-Bras:

The Pj are Mutually Ortho-Normal
as are bra-ket 〈εj⏐and⏐εj〉 inside Pj’s
 

ε1 ε1 ε1 ε2
ε2 ε1 ε2 ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

...and the Pj satisfy a 
Completeness Relation: 
1=   P1  +   P2   +...+  Pn

=⏐ε1〉〈ε1⏐+⏐ε2〉〈ε2⏐+...+⏐εn〉〈εn⏐

P1 + P2 =
1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

= ε1 ε1 + ε2 ε2

     = 1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

Eigen-operators                 then give Spectral Decomposition of operator M
 M =MP1 +MP2 + ...+MPn = ε1P1 + ε2P2 + ...+ εnPn

MPk =ε kPk

M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
= 1P1 + 5P2 = 1 1 1 + 5 2 2 = 1 4

1 −4
1

−4
3

4
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ 5 4

3
4
1

4
3

4
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

...and Functional Spectral Decomposition of any function f(M) of M
 f (M) == f (ε1)P1 + f (ε2 )P2 + ...+ f (εn )Pn
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Matrix and operator Spectral Decompositons    M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step: 
make Idempotent Projectors: Pk =

pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Mpk =ε kpk = pkM

(Idempotent means: P·P=P)

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

Mpk =ε kpk = pkM
implies :
MPk =ε kPk = PkM

P1 =
(M − 5⋅1)

(1− 5)
= 1

4
1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= k1

2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗

2
1 −2

1( )
k1

= ε1 ε1

P2 =
(M −1⋅1)

(5 −1)
= 1

4
3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

    = k2
2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ⊗  
2
3

2
1( )

k2

= ε2 ε2

Factoring bra-kets into “Ket-Bras:

The Pj are Mutually Ortho-Normal
as are bra-ket 〈εj⏐and⏐εj〉 inside Pj’s
 

ε1 ε1 ε1 ε2
ε2 ε1 ε2 ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

...and the Pj satisfy a 
Completeness Relation: 
1=   P1  +   P2   +...+  Pn

=⏐ε1〉〈ε1⏐+⏐ε2〉〈ε2⏐+...+⏐εn〉〈εn⏐

P1 + P2 =
1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

= ε1 ε1 + ε2 ε2

     = 1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

Eigen-operators                 then give Spectral Decomposition of operator M
 M =MP1 +MP2 + ...+MPn = ε1P1 + ε2P2 + ...+ εnPn

MPk =ε kPk

M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
= 1P1 + 5P2 = 1 1 1 + 5 2 2 = 1 4

1 −4
1

−4
3

4
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ 5 4

3
4
1

4
3

4
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

...and Functional Spectral Decomposition of any function f(M) of M
 f (M) == f (ε1)P1 + f (ε2 )P2 + ...+ f (εn )Pn

Example: 

M50= 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
=150 4

1 −4
1

−4
3

4
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+550 4

3
4
1

4
3

4
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=4
1 1+3·550 550−1

3·550−3 550+3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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M50= 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
=150 4

1 −4
1

−4
3

4
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+550 4

3
4
1

4
3

4
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=4
1 1+3·550 550−1

3·550−3 550+3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

Matrix and operator Spectral Decompositons    M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step: 
make Idempotent Projectors: Pk =

pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Mpk =ε kpk = pkM

(Idempotent means: P·P=P)

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

Mpk =ε kpk = pkM
implies :
MPk =ε kPk = PkM

P1 =
(M − 5⋅1)

(1− 5)
= 1

4
1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= k1

2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗

2
1 −2

1( )
k1

= ε1 ε1

P2 =
(M −1⋅1)

(5 −1)
= 1

4
3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

    = k2
2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ⊗  
2
3

2
1( )

k2

= ε2 ε2

Factoring bra-kets into “Ket-Bras:

The Pj are Mutually Ortho-Normal
as are bra-ket 〈εj⏐and⏐εj〉 inside Pj’s
 

ε1 ε1 ε1 ε2
ε2 ε1 ε2 ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

...and the Pj satisfy a 
Completeness Relation: 
1=   P1  +   P2   +...+  Pn

=⏐ε1〉〈ε1⏐+⏐ε2〉〈ε2⏐+...+⏐εn〉〈εn⏐

P1 + P2 =
1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

= ε1 ε1 + ε2 ε2

     = 1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

Eigen-operators                 then give Spectral Decomposition of operator M
 M =MP1 +MP2 + ...+MPn = ε1P1 + ε2P2 + ...+ εnPn

MPk =ε kPk

M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
= 1P1 + 5P2 = 1 1 1 + 5 2 2 = 1 4

1 −4
1

−4
3

4
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ 5 4

3
4
1

4
3

4
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

...and Functional Spectral Decomposition of any function f(M) of M
 f (M) == f (ε1)P1 + f (ε2 )P2 + ...+ f (εn )Pn

Examples: 

M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
= ± 1 4

1 −4
1

−4
3

4
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
± 5 4

3
4
1

4
3

4
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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(REVIEW) 2D classical HO compared to U(2) quantum 2-state system
Introducing ABCD Hamilton Pauli spinor symmetry expansion
Algebra of Hamilton/Pauli hypercomplex operators {σA,σB,σC}={σZ,σX,σY}

σA-products 3D vector analysis and “Crazy-Thing-Theorem”
Eigensolutions by general matrix-algebra with example M=      
      Secular equation 
      Hamilton-Cayley equation and projectors 
      Idempotent (P·P=P) projectors (how eigenvalues⇒eigenvectors)
      Eigenvector orthonormality and completeness  
               Spectral Decompositions 
               Functional spectral decomposition
U(2)⊃C2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues

Asymmetric-diagonal (AD-Type) symmetry
Bilateral-balanced (B-Type) symmetry
Circular-chiral-cyclotron (C-Type) symmetry
Mixed ABCD symmetry examples

More theory of matrix diagonalization
Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors   

Spin S
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U(2)⊃C2 ABCD group theory to find eigenmodes and ω-values
Each H-matrix H=σa+ω01 has a 3D-term σa=σ•a 

   

     H = A− D
2

   σA         + B    σB       +C     σC         + A+ D
2

  σ0   

        = A− D
2

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
+C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
+ A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟

        =    ω A    σA            +ωB    σB     +ωC   σC        + A+ D
2

1
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U(2)⊃C2 ABCD group theory to find eigenmodes and ω-values
Each H-matrix H=σa+ω01 has a 3D-term σa=σ•a 

   

     H = A− D
2

   σA         + B    σB       +C     σC         + A+ D
2

  σ0   

        = A− D
2

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
+C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
+ A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟

        =    ω A    σA            +ωB    σB     +ωC   σC        + A+ D
2

1

Divide H by beat frequency ωABCD   
  
= ω A

2 +ωB
2 +ωC

2 =
A− D( )2

4
+ B2 +C2
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U(2)⊃C2 ABCD group theory to find eigenmodes and ω-values
Each H-matrix H=σa+ω01 has a 3D-term σa=σ•a 

   

     H = A− D
2

   σA         + B    σB       +C     σC         + A+ D
2

  σ0   

        = A− D
2

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
+C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
+ A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟

        =    ω A    σA            +ωB    σB     +ωC   σC        + A+ D
2

1

Divide H by beat frequency ωABCD   
  
= ω A

2 +ωB
2 +ωC

2 =
A− D( )2

4
+ B2 +C2

   
     H

ω ABCD
= A− D

2ω ABCD
   σA         + B

ω ABCD
    σB       + C

ω ABCD
    σC         + A+ D

2ω ABCD
  σ0  
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U(2)⊃C2 ABCD group theory to find eigenmodes and ω-values
Each H-matrix H=σa+ω01 has a 3D-term σa=σ•a 

   

     H = A− D
2

   σA         + B    σB       +C     σC         + A+ D
2

  σ0   

        = A− D
2

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
+C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
+ A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟

        =    ω A    σA            +ωB    σB     +ωC   σC        + A+ D
2

1

Divide H by beat frequency ωABCD   
  
= ω A

2 +ωB
2 +ωC

2 =
A− D( )2

4
+ B2 +C2

   

     H
ω ABCD

= A− D
2ω ABCD

   σA         + B
ω ABCD

    σB       + C
ω ABCD

    σC         + A+ D
2ω ABCD

  σ0   

                   =    ω̂ A    σA            +     ω̂B         σB       +     ω̂C         σC        + A+ D
2ω ABCD

1
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U(2)⊃C2 ABCD group theory to find eigenmodes and ω-values
Each H-matrix H=σa+ω01 has a 3D-term σa=σ•a 

   

     H = A− D
2

   σA         + B    σB       +C     σC         + A+ D
2

  σ0   

        = A− D
2

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
+C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
+ A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟

        =    ω A    σA            +ωB    σB     +ωC   σC        + A+ D
2

1

Divide H by beat frequency ωABCD   
  
= ω A

2 +ωB
2 +ωC

2 =
A− D( )2

4
+ B2 +C2

   

     H
ω ABCD

= A− D
2ω ABCD

   σA         + B
ω ABCD

    σB       + C
ω ABCD

    σC         + A+ D
2ω ABCD

  σ0   

                   =    ω̂ A    σA            +     ω̂B         σB       +     ω̂C         σC        + A+ D
2ω ABCD

1

                   =    ω̂ A  1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
 +     ω̂B   0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
 +     ω̂C   0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
 + A+ D

2ω ABCD
 1
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U(2)⊃C2 ABCD group theory to find eigenmodes and ω-values
Each H-matrix H=σa+ω01 has a 3D-term σa=σ•a 

   

     H = A− D
2

   σA         + B    σB       +C     σC         + A+ D
2

  σ0   

        = A− D
2

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
+C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
+ A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟

        =    ω A    σA            +ωB    σB     +ωC   σC        + A+ D
2

1

Divide H by beat frequency ωABCD   
  
= ω A

2 +ωB
2 +ωC

2 =
A− D( )2

4
+ B2 +C2

    

     H
ω ABCD

= A− D
2ω ABCD

   σA         + B
ω ABCD

    σB       + C
ω ABCD

    σC         + A+ D
2ω ABCD

  σ0   

                   =    ω̂ A    σA            +     ω̂B         σB       +     ω̂C         σC        + A+ D
2ω ABCD

1

                   =    ω̂ A  1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
 +     ω̂B   0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
 +     ω̂C   0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
 + A+ D

2ω ABCD
 1

                  =                      
ω̂ A ω̂B − iω̂C

ω̂B + iω̂C −ω̂ A

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ω01 =σω̂ + ω̂01 = σ iω̂ + ω̂01
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U(2)⊃C2 ABCD group theory to find eigenmodes and ω-values
Each H-matrix H=σa+ω01 has a 3D-term σa=σ•a 

   

     H = A− D
2

   σA         + B    σB       +C     σC         + A+ D
2

  σ0   

        = A− D
2

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
+C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
+ A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟

        =    ω A    σA            +ωB    σB     +ωC   σC        + A+ D
2

1

Divide H by beat frequency ωABCD   
  
= ω A

2 +ωB
2 +ωC

2 =
A− D( )2

4
+ B2 +C2

    

     H
ω ABCD

= A− D
2ω ABCD

   σA         + B
ω ABCD

    σB       + C
ω ABCD

    σC         + A+ D
2ω ABCD

  σ0   

                   =    ω̂ A    σA            +     ω̂B         σB       +     ω̂C         σC        + A+ D
2ω ABCD

1

                   =    ω̂ A  1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
 +     ω̂B   0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
 +     ω̂C   0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
 + A+ D

2ω ABCD
 1

                  =                      
ω̂ A ω̂B − iω̂C

ω̂B + iω̂C −ω̂ A

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ ω̂01 =σω̂ + ω̂01 = σ iω̂ + ω̂01
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U(2)⊃C2 ABCD group theory to find eigenmodes and ω-values
Each H-matrix H=σa+ω01 has a 3D-term σa=σ•a 

   

     H = A− D
2

   σA         + B    σB       +C     σC         + A+ D
2

  σ0   

        = A− D
2

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
+C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
+ A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟

        =    ω A    σA            +ωB    σB     +ωC   σC        + A+ D
2

1

Divide H by beat frequency ωABCD   
  
= ω A

2 +ωB
2 +ωC

2 =
A− D( )2

4
+ B2 +C2

    

     H
ω ABCD

= A− D
2ω ABCD

   σA         + B
ω ABCD

    σB       + C
ω ABCD

    σC         + A+ D
2ω ABCD

  σ0   

                   =    ω̂ A    σA            +     ω̂B         σB       +     ω̂C         σC        + A+ D
2ω ABCD

1

                   =    ω̂ A  1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
 +     ω̂B   0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
 +     ω̂C   0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
 + A+ D

2ω ABCD
 1

                  =                      
ω̂ A ω̂B − iω̂C

ω̂B + iω̂C −ω̂ A

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ ω̂01 =σω̂ + ω̂01 = σ iω̂ + ω̂01

The matrix h=                has a Hamilton-Cayley equation h2=1 or   h2-1=0=(h-1)(h+1)  σω̂ = σ iω̂
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U(2)⊃C2 ABCD group theory to find eigenmodes and ω-values
Each H-matrix H=σa+ω01 has a 3D-term σa=σ•a 

   

     H = A− D
2

   σA         + B    σB       +C     σC         + A+ D
2

  σ0   

        = A− D
2

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
+C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
+ A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟

        =    ω A    σA            +ωB    σB     +ωC   σC        + A+ D
2

1

Divide H by beat frequency ωABCD   
  
= ω A

2 +ωB
2 +ωC

2 =
A− D( )2

4
+ B2 +C2

    

     H
ω ABCD

= A− D
2ω ABCD

   σA         + B
ω ABCD

    σB       + C
ω ABCD

    σC         + A+ D
2ω ABCD

  σ0   

                   =    ω̂ A    σA            +     ω̂B         σB       +     ω̂C         σC        + A+ D
2ω ABCD

1

                   =    ω̂ A  1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
 +     ω̂B   0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
 +     ω̂C   0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
 + A+ D

2ω ABCD
 1

                  =                      
ω̂ A ω̂B − iω̂C

ω̂B + iω̂C −ω̂ A

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ ω̂01 =σω̂ + ω̂01 = σ iω̂ + ω̂01

The matrix h=                has a Hamilton-Cayley equation h2=1 or h2-1=0=(h-1)(h+1)=(h+1)(h-1)  σω̂ = σ iω̂

This immediately gives 1st eigenvector projector                        with eigenfrequency 

gives 2nd eigenvector projector                        with eigenfrequency 
   
P ABCD+= 1− h

2   ω̂0 +ω ABCD

   
P ABCD−= 1+ h

2   ω̂0 −ω ABCD

h(h+1)=(+1)(h+1)
h(h−1)=(−1)(h−1)
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U(2)⊃C2 ABCD group theory to find eigenmodes and ω-values
Each H-matrix H=σa+ω01 has a 3D-term σa=σ•a 

   

     H = A− D
2

   σA         + B    σB       +C     σC         + A+ D
2

  σ0   

        = A− D
2

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
+C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
+ A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟

        =    ω A    σA            +ωB    σB     +ωC   σC        + A+ D
2

1

Divide H by beat frequency ωABCD   
  
= ω A

2 +ωB
2 +ωC

2 =
A− D( )2

4
+ B2 +C2

    

     H
ω ABCD

= A− D
2ω ABCD

   σA         + B
ω ABCD

    σB       + C
ω ABCD

    σC         + A+ D
2ω ABCD

  σ0   

                   =    ω̂ A    σA            +     ω̂B         σB       +     ω̂C         σC        + A+ D
2ω ABCD

1

                   =    ω̂ A  1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
 +     ω̂B   0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
 +     ω̂C   0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
 + A+ D

2ω ABCD
 1

                  =                      
ω̂ A ω̂B − iω̂C

ω̂B + iω̂C −ω̂ A

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ ω̂01 =σω̂ + ω̂01 = σ iω̂ + ω̂01

The matrix h=                has a Hamilton-Cayley equation h2=1 or h2-1=0=(h-1)(h+1)=(h+1)(h-1)  σω̂ = σ iω̂

This immediately gives 1st eigenvector projector                        with eigenfrequency 

gives 2nd eigenvector projector                        with eigenfrequency 
   
P ABCD+= 1− h

2   ω̂0 +ω ABCD

   
P ABCD−= 1+ h

2   ω̂0 −ω ABCD

h(h+1)=(+1)(h+1)
h(h−1)=(−1)(h−1)

  

  
x1 + ip1
x2 + ip2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

ABCD+

=2
1 ω̂ A +1

ω̂B + iω̂C

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

    high  eigenfrequency ω̂0 +ω ABCD

   
x1 + ip1
x2 + ip2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

ABCD−

=2
1 ω̂ A −1

ω̂B + iω̂C

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

     low  eigenfrequency ω̂0 −ω ABCD
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U(2)⊃C2 ABCD group theory to find eigenmodes and ω-values
Each H-matrix H=σa+ω01 has a 3D-term σa=σ•a 

   

     H = A− D
2

   σA         + B    σB       +C     σC         + A+ D
2

  σ0   

        = A− D
2

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
+C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
+ A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟

        =    ω A    σA            +ωB    σB     +ωC   σC        + A+ D
2

1

Divide H by beat frequency ωABCD   
  
= ω A

2 +ωB
2 +ωC

2 =
A− D( )2

4
+ B2 +C2

    

     H
ω ABCD

= A− D
2ω ABCD

   σA         + B
ω ABCD

    σB       + C
ω ABCD

    σC         + A+ D
2ω ABCD

  σ0   

                   =    ω̂ A    σA            +     ω̂B         σB       +     ω̂C         σC        + A+ D
2ω ABCD

1

                   =    ω̂ A  1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
 +     ω̂B   0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
 +     ω̂C   0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
 + A+ D

2ω ABCD
 1

                  =                      
ω̂ A ω̂B − iω̂C

ω̂B + iω̂C −ω̂ A

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ ω̂01 =σω̂ + ω̂01 = σ iω̂ + ω̂01

The matrix h=                has a Hamilton-Cayley equation h2=1 or h2-1=0=(h-1)(h+1)=(h+1)(h-1)  σω̂ = σ iω̂

This immediately gives 1st eigenvector projector                        with eigenfrequency 

gives 2nd eigenvector projector                        with eigenfrequency 
   
P ABCD+= 1− h

2   ω̂0 +ω ABCD

   
P ABCD−= 1+ h

2   ω̂0 −ω ABCD

  

  
x1 + ip1
x2 + ip2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

ABCD+

=2
1 ω̂ A +1

ω̂B + iω̂C

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

    high  eigenfrequency ω̂0 +ω ABCD

   
x1 + ip1
x2 + ip2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

ABCD−

=2
1 ω̂ A −1

ω̂B + iω̂C

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

     low  eigenfrequency ω̂0 −ω ABCD

A

C

B

2ω ABCD =Ω ABCD 

A-D=ΩA

2C=ΩC

2B=ΩB

Stokes
spin S
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4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

(REVIEW) 2D classical HO compared to U(2) quantum 2-state system
Introducing ABCD Hamilton Pauli spinor symmetry expansion
Algebra of Hamilton/Pauli hypercomplex operators {σA,σB,σC}={σZ,σX,σY}

σA-products 3D vector analysis and “Crazy-Thing-Theorem”
Eigensolutions by general matrix-algebra with example M=      
      Secular equation 
      Hamilton-Cayley equation and projectors 
      Idempotent (P·P=P) projectors (how eigenvalues⇒eigenvectors)
      Eigenvector orthonormality and completeness  
               Spectral Decompositions 
               Functional spectral decomposition
U(2)⊃C2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues

Asymmetric-diagonal (AD-Type) symmetry
Bilateral-balanced (B-Type) symmetry
Circular-chiral-cyclotron (C-Type) symmetry
Mixed ABCD symmetry examples

More theory of matrix diagonalization
Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors   

Spin S
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A-Type H-matrix H=σA+ω01 

   

     H = A− D
2

   σA         + B    σB       +C     σC         + A+ D
2

  σ0   

        = A− D
2

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
+C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
+ A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟

        =    ω A    σA            +ωB    σB     +ωC   σC        + A+ D
2

1

Divide H by beat frequency ωABCD   
  
= ω A

2 +ωB
2 +ωC

2 =
A− D( )2

4
+ B2 +C2

    

     H
ω ABCD

= A− D
2ω ABCD

   σA         + B
ω ABCD

    σB       + C
ω ABCD

    σC         + A+ D
2ω ABCD

  σ0   

                   =    ω̂ A    σA            +     ω̂B         σB       +     ω̂C         σC        + A+ D
2ω ABCD

1

                   =    ω̂ A  1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
 +     ω̂B   0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
 +     ω̂C   0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
 + A+ D

2ω ABCD
 1

                  =                      
ω̂ A ω̂B − iω̂C

ω̂B + iω̂C −ω̂ A

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ ω̂01 =σω̂ + ω̂01 = σ iω̂ + ω̂01

  

  
x1 + ip1
x2 + ip2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

ABCD+

=2
1 ω̂ A +1

0

⎛

⎝
⎜

⎞

⎠
⎟

    high  eigenfrequency ω̂0 +ω A

   
x1 + ip1
x2 + ip2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

ABCD−

=2
1 0

−ω̂ A −1
⎛

⎝
⎜

⎞

⎠
⎟

     low  eigenfrequency ω̂0 −ω A

A

C

B

2ω A =Ω A 

A-D=ΩA

Stokes
spin S

 0

 0
 =+1

 =−1

BoxIt Web Simulation
A-Type motion

Asymmetric-diagonal (AD-Type) symmetry
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Asymmetric-diagonal (AD-Type) symmetry

Spin-S 
is swings
around

crank Ω
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Asymmetric-diagonal (AD-Type) symmetry

Spin-S 
is fixed up
crank Ω

Spin-S 
is fixed down

crank Ω

Low frequency A mode
x1-linear polarized

High frequency A mode
x2-linear polarized

±x1

±x2

±x2

±x1

x2=0

x1=0
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4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

(REVIEW) 2D classical HO compared to U(2) quantum 2-state system
Introducing ABCD Hamilton Pauli spinor symmetry expansion
Algebra of Hamilton/Pauli hypercomplex operators {σA,σB,σC}={σZ,σX,σY}

σA-products 3D vector analysis and “Crazy-Thing-Theorem”
Eigensolutions by general matrix-algebra with example M=      
      Secular equation 
      Hamilton-Cayley equation and projectors 
      Idempotent (P·P=P) projectors (how eigenvalues⇒eigenvectors)
      Eigenvector orthonormality and completeness  
               Spectral Decompositions 
               Functional spectral decomposition
U(2)⊃C2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues

Asymmetric-diagonal (AD-Type) symmetry
Bilateral-balanced (B-Type) symmetry
Circular-chiral-cyclotron (C-Type) symmetry
Mixed ABCD symmetry examples

More theory of matrix diagonalization
Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors   

Spin S
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B-Type-matrix H=σB+ω01 

   

     H = A− D
2

   σA         + B    σB       +C     σC         + A+ D
2

  σ0   

        = A− D
2

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
+C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
+ A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟

        =    ω A    σA            +ωB    σB     +ωC   σC        + A+ D
2

1

Divide H by beat frequency ωABCD     
= ωB

2 = B2

    

     H
ω ABCD

= A− D
2ω ABCD

   σA         + B
ω ABCD

    σB       + C
ω ABCD

    σC         + A+ D
2ω ABCD

  σ0   

                   =    ω̂ A    σA            +     ω̂B         σB       +     ω̂C         σC        + A+ D
2ω ABCD

1

                   =    ω̂ A  1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
 +     ω̂B   0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
 +     ω̂C   0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
 + A+ D

2ω ABCD
 1

                  =                      
0 ω̂B = 1

ω̂B = 1 0

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ ω̂01 =σω̂ + ω̂01 = σ iω̂ + ω̂01

  

  
x1 + ip1
x2 + ip2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

ABCD+

=2
1 +1

ω̂B = 1
⎛

⎝
⎜

⎞

⎠
⎟

    high  eigenfrequency ω̂0 +ω ABCD

   
x1 + ip1
x2 + ip2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

ABCD−

=2
1 −1

ω̂B = 1
⎛

⎝
⎜

⎞

⎠
⎟

     low  eigenfrequency ω̂0 −ω ABCD

A

C

B

2ω ABCD =Ω ABCD 

2B=ΩB

Stokes
spin S

BoxIt Web Simulation
B-Type motion

Bilateral-balanced (B-Type) symmetry
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V = 1
2

k + k12( )x1
2 − k12x1x2 +

1
2

k + k12( )x2
2 = 1

2
x K x = 1

2
x i K i x = x1 x2( ) k + k12 −k12

−k12 k + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2D HO potential energy V(x1, x2) quadratic form defines layers of elliptical V-contours (Here: k1 =k= k2) 
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Fig. 3.3.4 Plot of potential function V(x1,x2) showing elliptical V(x1,x2)=const. level curves.
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Fig. 3.3.5 Topography lines of potential function V(x1,x2) and orthogonal ε+ and ε− normal mode slopes

What direction                    
is the same as         ??
Not most directions!
Only extremal axes
work. (major or minor axes)

  
x = en

 
K x

With Bilateral symmetry (k1 =k= k2) the extremal axes lie at ±45°

NW-SE “Advanced slope”

NE-SW “Beginner slope”

Force:F=-∇V
=M•a=-K•x
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Bilateral-balanced (B-Type) symmetry

Ω =
0
−1
0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

Spin-S 
is normal to

crank Ω

S just passed +C-axis
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AU2=1.0&BU2=-0.01&CU2=0.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1

Bilateral-balanced (B-Type) symmetry

Ω =
0
−1
0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

Spin-S 
is normal to

crank Ω
S just passed -C-axis

Ω
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Bilateral-balanced (B-Type) symmetry

Spin-S 
is fixed up
crank Ω

Spin-S 
is fixed down

crank Ω

Low frequency B mode
+45°-linear polarized

High frequency B mode
-45°-linear polarized

Ω

Ω
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4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

(REVIEW) 2D classical HO compared to U(2) quantum 2-state system
Introducing ABCD Hamilton Pauli spinor symmetry expansion
Algebra of Hamilton/Pauli hypercomplex operators {σA,σB,σC}={σZ,σX,σY}

σA-products 3D vector analysis and “Crazy-Thing-Theorem”
Eigensolutions by general matrix-algebra with example M=      
      Secular equation 
      Hamilton-Cayley equation and projectors 
      Idempotent (P·P=P) projectors (how eigenvalues⇒eigenvectors)
      Eigenvector orthonormality and completeness  
               Spectral Decompositions 
               Functional spectral decomposition
U(2)⊃C2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues

Asymmetric-diagonal (AD-Type) symmetry
Bilateral-balanced (B-Type) symmetry
Circular-chiral-cyclotron (C-Type) symmetry
Mixed ABCD symmetry examples

More theory of matrix diagonalization
Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors   

Spin S
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C-Type H-matrix H=σC+ω01 

   

     H = A− D
2

   σA         + B    σB       +C     σC         + A+ D
2

  σ0   

        = A− D
2

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
+C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
+ A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟

        =    ω A    σA            +ωB    σB     +ωC   σC        + A+ D
2

1

Divide H by beat frequency ωABCD     
= ωC

2 = C2

    

     H
ω ABCD

= A− D
2ω ABCD

   σA         + B
ω ABCD

    σB       + C
ω ABCD

    σC         + A+ D
2ω ABCD

  σ0   

                   =    ω̂ A    σA            +     ω̂B         σB       +     ω̂C         σC        + A+ D
2ω ABCD

1

                   =    ω̂ A  1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
 +     ω̂B   0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
 +     ω̂C   0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
 + A+ D

2ω ABCD
 1

                  =                      
0 −iω̂C

+iω̂C 0

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ ω̂01 =σω̂ + ω̂01 = σ iω̂ + ω̂01

  

  
x1 + ip1
x2 + ip2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

ABCD+

=2
1 +1

+iω̂C

⎛

⎝
⎜

⎞

⎠
⎟

    high  eigenfrequency ω̂0 +ω ABCD

   
x1 + ip1
x2 + ip2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

ABCD−

=2
1 −1

+iω̂C

⎛

⎝
⎜

⎞

⎠
⎟

     low  eigenfrequency ω̂0 −ω ABCD

A

C

B

2ω ABCD =Ω ABCD 

2C=ΩCStokes
spin S

  

= 2
1

2
i

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

  

= 2
-1

2
i

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

BoxIt Web Simulation
C-Type Hamiltonian - Foucault pendulum

Circular-chiral-cyclotron (C-Type) symmetry
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Foucault pendulum motion due to 50-50 mix of left and right polarization eigenstates
  

1
0

⎛

⎝⎜
⎞

⎠⎟
= 2

1

2
i

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ +

2
1

-2
i

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

Spin-S 
is normal to

crank Ω

Circular-chiral-cyclotron (C-Type) symmetry

Ω =
0
0
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
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Circular-chiral-cyclotron (C-Type) symmetry
Foucault pendulum motion due to 30-70 mix of left and right polarization eigenstates

  

1
0

⎛

⎝⎜
⎞

⎠⎟
= 2

1

2
i

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ +

2
1

-2
i

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

Spin-S 
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crank Ω

Ω =
0
0
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⎛

⎝

⎜
⎜
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⎟
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Left handed polarization eigenstate Right handed polarization eigenstate

Spin-S 
is down
crank Ω

Spin-S 
is up

crank Ω

Ω =
0
0
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
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(REVIEW) 2D classical HO compared to U(2) quantum 2-state system
Introducing ABCD Hamilton Pauli spinor symmetry expansion
Algebra of Hamilton/Pauli hypercomplex operators {σA,σB,σC}={σZ,σX,σY}

σA-products 3D vector analysis and “Crazy-Thing-Theorem”
Eigensolutions by general matrix-algebra with example M=      
      Secular equation 
      Hamilton-Cayley equation and projectors 
      Idempotent (P·P=P) projectors (how eigenvalues⇒eigenvectors)
      Eigenvector orthonormality and completeness  
               Spectral Decompositions 
               Functional spectral decomposition
U(2)⊃C2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues

Asymmetric-diagonal (AD-Type) symmetry
Bilateral-balanced (B-Type) symmetry
Circular-chiral-cyclotron (C-Type) symmetry
Mixed ABCD symmetry examples

More theory of matrix diagonalization
Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors   

Spin S
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( A=3, B=1, C=1, D=1 )  H-matrix H=σA+σB+σC+ω01 

   

     H = A− D
2

   σA         + B    σB       +C     σC         + A+ D
2

  σ0   

        = 3−1
2

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+1 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
+1 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
+ 3+1

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟

        =    ω A    σA            +ωB    σB     +ωC   σC        + 2 1

Divide H by beat frequency ωABCD   

    

     H
ω ABCD

= 3−1
2ω ABCD

   σA         + 1
ω ABCD

    σB       + 1
ω ABCD

    σC         + 3+1
2ω ABCD

  σ0   

                   =    ω̂ A    σA            +     ω̂B         σB       +     ω̂C         σC        + A+ D
2ω ABCD

1

                   =   1
3

 1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
 +     1

3
 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
 +     1

3
 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
 + 4

2 3
 1

                   = h+ ω̂01 =    

1
3

1
3
− i 1

3
1
3
+ i 1

3
−1

3

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

+ ω̂01 =σω̂ + ω̂01 = σ iω̂ + 2
3

1

  

  
x1 + ip1
x2 + ip2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

ABCD+

=2
1 1-1/ 3

-(1+i)/ 3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

    high  eigenfrequency ω̂0 +ω ABCD

   
x1 + ip1
x2 + ip2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

ABCD−

=2
1 1+1/ 3

(1+i)/ 3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

     low  eigenfrequency ω̂0 −ω ABCD

A

C

B

2ω ABCD =Ω ABCD 

Stokes
spin S

Mixed ABCD symmetry example

  
= ω A

2+ωB
2+ωC

2 =
3−1( )2

4
+12+12 = 3

   

High ω
Projector:

P ABCD+= 1− h
2

= 1
2

1- 1
3

-1+ i
3

-1-i
3

1- 1
3

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

   

Low ω
Projector:

P ABCD−= 1+ h
2

= 1
2

1+ 1
3

1− i
3

1+ i
3

1+ −1
3

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

   
P ABCD+= 1− h

2

   
P ABCD−= 1+ h

2
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Spin-S 
is fixed down

crank Ω

( A=3, B=1, C=1, D=1 )  H-matrix H=σA+σB+σC+ω01 
Mixed ABCD symmetry example High eigenmode

Ω =
1
1
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

BoxIt Web Simulation
Mixed ABC-Type Hamiltonian
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( A=3, B=1, C=1, D=1 )  H-matrix H=σA+σB+σC+ω01 
Mixed ABCD symmetry example Low eigenmode

Spin-S 
is fixed up
crank Ω

Ω =
1
1
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

BoxIt Web Simulation
Mixed ABC-Type Hamiltonian
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( A=3, B=1, C=1, D=1 )  H-matrix H=σA+σB+σC+ω01 
Mixed ABCD symmetry example Mixed High and Low eigenmodes

Spin-S 
is swings
around

crank Ω

Ω =
1
1
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

BoxIt Web Simulation
Mixed ABC-Type Hamiltonian, 

Initial Conditions #2
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http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.0&BU2=1.0&CU2=1.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.0&BU2=1.0&CU2=1.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.0&BU2=1.0&CU2=1.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1
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M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step: 
make Idempotent Projectors: Pk =

pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Mpk =ε kpk = pkM

(Idempotent means: P·P=P)

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

Mpk =ε kpk = pkM
implies :
MPk =ε kPk = PkM

P1 =
(M − 5⋅1)

(1− 5)
= 1

4
1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= k1

2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗

2
1 −2

1( )
k1

= ε1 ε1

P2 =
(M −1⋅1)

(5 −1)
= 1

4
3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

    = k2
2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ⊗  
2
3

2
1( )

k2

= ε2 ε2

Factoring bra-kets into “Ket-Bras:

〈 ε2 |= (3/2 1/2)/k2
1/2
1/2

|ε2 〉=k2

1/2
-3/2

|ε1 〉=k1

〈 ε1 |= (1/2 -1/2)/k1

| 1 〉 or 〈1 |

| 2 〉
or
〈2 |

1/4 1/2 3/4 5/41 3/2

-1/2

-1

-3/2

1/4

1/2

3/4Eigen-bra-ket
projectors
of matrix:

M= 4 1
3 2

The Pj are Mutually Ortho-Normal
as are bra-ket 〈εj⏐and⏐εj〉 inside Pj’s
 

ε1 ε1 ε1 ε2
ε2 ε1 ε2 ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

...and the Pj satisfy a 
Completeness Relation: 
1=   P1  +   P2   +...+  Pn

=⏐ε1〉〈ε1⏐+⏐ε2〉〈ε2⏐+...+⏐εn〉〈εn⏐

P1 + P2 =
1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

= ε1 ε1 + ε2 ε2

     = 1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

{⏐x〉,⏐y〉}-orthonormality with {⏐ε1〉,⏐ε2〉}-completeness  

{⏐ε1〉,⏐ε2〉}-orthonormality with {⏐x〉,⏐y〉}-completeness  

x y = δ x,y = x 1 y = x ε1 ε1 y + x ε2 ε2 y .

ε i ε j  = δ i, j = ε i 1 ε j = ε i x x ε j + ε i y y ε j

⏐y〉
or
〈y⏐

⏐x〉 or 〈x⏐

Orthonormality vs. Completeness 

“Gauge” scale factors that only affect plots
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Orthonormality vs. Completeness vis-a`-vis Operator vs. State
Operator expressions for orthonormality appear quite different from expressions for completeness.
      

 PjPk = δ jkPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪
1= P1 +P2 +...+Pn
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Orthonormality vs. Completeness vis-a`-vis Operator vs. State
Operator expressions for orthonormality appear quite different from expressions for completeness.
      

 PjPk = δ jkPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪
1= P1 +P2 +...+Pn

1=⏐ε1〉〈ε1⏐+⏐ε2〉〈ε2⏐+...+⏐εn〉〈εn⏐|εj〉〈εj⏐εk〉〈εk⏐=δjk⏐εk〉〈εk⏐  or:   〈εj⏐εk〉=δjk
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{⏐x〉,⏐y〉}-orthonormality with {⏐ε1〉,⏐ε2〉}-completeness  

{⏐ε1〉,⏐ε2〉}-orthonormality with {⏐x〉,⏐y〉}-completeness  

x y = δ x,y = x 1 y = x ε1 ε1 y + x ε2 ε2 y .

ε i ε j  = δ i, j = ε i 1 ε j = ε i x x ε j + ε i y y ε j

State vector representations of orthonormality are quite similar to representations of completeness.
     Like 2-sides of the same coin.    

Orthonormality vs. Completeness vis-a`-vis Operator vs. State
Operator expressions for orthonormality appear quite different from expressions for completeness.
      

 PjPk = δ jkPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪
1= P1 +P2 +...+Pn

1=⏐ε1〉〈ε1⏐+⏐ε2〉〈ε2⏐+...+⏐εn〉〈εn⏐|εj〉〈εj⏐εk〉〈εk⏐=δjk⏐εk〉〈εk⏐  or:   〈εj⏐εk〉=δjk
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{⏐x〉,⏐y〉}-orthonormality with {⏐ε1〉,⏐ε2〉}-completeness  

{⏐ε1〉,⏐ε2〉}-orthonormality with {⏐x〉,⏐y〉}-completeness  

x y = δ x,y = x 1 y = x ε1 ε1 y + x ε2 ε2 y .

ε i ε j  = δ i, j = ε i 1 ε j = ε i x x ε j + ε i y y ε j

State vector representations of orthonormality are quite similar to representations of completeness.
     Like 2-sides of the same coin.    

Orthonormality vs. Completeness vis-a`-vis Operator vs. State
Operator expressions for orthonormality appear quite different from expressions for completeness.
      

 PjPk = δ jkPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪
1= P1 +P2 +...+Pn

1=⏐ε1〉〈ε1⏐+⏐ε2〉〈ε2⏐+...+⏐εn〉〈εn⏐|εj〉〈εj⏐εk〉〈εk⏐=δjk⏐εk〉〈εk⏐  or:   〈εj⏐εk〉=δjk

x y = δ (x, y) =          ψ 1(x)ψ *
1(y)+ψ 2 (x)ψ *

2 (y)+ ..

However Schrodinger wavefunction notation ψ(x)=〈x⏐ψ〉 shows quite a difference...   

Dirac δ-function 
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{⏐x〉,⏐y〉}-orthonormality with {⏐ε1〉,⏐ε2〉}-completeness  

{⏐ε1〉,⏐ε2〉}-orthonormality with {⏐x〉,⏐y〉}-completeness  

x y = δ x,y = x 1 y = x ε1 ε1 y + x ε2 ε2 y .

ε i ε j  = δ i, j = ε i 1 ε j = ε i x x ε j + ε i y y ε j

State vector representations of orthonormality are quite similar to representations of completeness.
     Like 2-sides of the same coin.    

Orthonormality vs. Completeness vis-a`-vis Operator vs. State
Operator expressions for orthonormality appear quite different from expressions for completeness.
      

 PjPk = δ jkPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪
1= P1 +P2 +...+Pn

1=⏐ε1〉〈ε1⏐+⏐ε2〉〈ε2⏐+...+⏐εn〉〈εn⏐|εj〉〈εj⏐εk〉〈εk⏐=δjk⏐εk〉〈εk⏐  or:   〈εj⏐εk〉=δjk

x y = δ (x, y) =          ψ 1(x)ψ *
1(y)+ψ 2 (x)ψ *

2 (y)+ ..

ε i ε j = δ i, j =          ...+ψ *
i (x)ψ j (x)+ψ 2 (y)ψ *

2 (y)+ ....→ dx∫ ψ *
i (x)ψ j (x)

However Schrodinger wavefunction notation ψ(x)=〈x⏐ψ〉 shows quite a difference…
                                                                           ...particularly in the orthonormality integral.

Dirac δ-function 
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(REVIEW) 2D classical HO compared to U(2) quantum 2-state system
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      Hamilton-Cayley equation and projectors 
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Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors   

Spin S
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A Proof of Projector Completeness (Truer-than-true by Lagrange interpolation)
Compare matrix completeness relation and functional spectral decompositions

with Lagrange interpolation formula of function f(x) approximated by its value at N points x1, x2,… xN.

1=P1+P2 +...+Pn = Pk
εk
∑ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑  f (M) = f (ε1)P1 + f (ε2 )P2 + ...+ f (εn )Pn = f (ε k )Pk
εk
∑ = f (ε k )

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑

  

L f (x)( ) = f (xk )�
k=1

N
∑ Pk (x)     where:  Pk (x) =

Π
j≠k

N
x − x j( )

Π
j≠k

N
xk − x j( )
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

with Lagrange interpolation formula of function f(x) approximated by its value at N points x1, x2,… xN.

1=P1+P2 +...+Pn = Pk
εk
∑ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑  f (M) = f (ε1)P1 + f (ε2 )P2 + ...+ f (εn )Pn = f (ε k )Pk
εk
∑ = f (ε k )

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑

  

L f (x)( ) = f (xk )�
k=1

N
∑ Pk (x)     where:  Pk (x) =

Π
j≠k

N
x − x j( )

Π
j≠k

N
xk − x j( )

 

Each polynomial term  Pm(x)  has zeros at each point x=xj  except where x=xm.  Then Pm(xm)=1.  
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

with Lagrange interpolation formula of function f(x) approximated by its value at N points x1, x2,… xN.

1=P1+P2 +...+Pn = Pk
εk
∑ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑  f (M) = f (ε1)P1 + f (ε2 )P2 + ...+ f (εn )Pn = f (ε k )Pk
εk
∑ = f (ε k )

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑

  

L f (x)( ) = f (xk )�
k=1

N
∑ Pk (x)     where:  Pk (x) =

Π
j≠k

N
x − x j( )

Π
j≠k

N
xk − x j( )

 

Each polynomial term  Pm(x)  has zeros at each point x=xj  except where x=xm.  Then Pm(xm)=1.  
So at each of these points this L-approximation becomes exact: L(f(xj))= f(xj) .  
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

with Lagrange interpolation formula of function f(x) approximated by its value at N points x1, x2,… xN.

1=P1+P2 +...+Pn = Pk
εk
∑ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑  f (M) = f (ε1)P1 + f (ε2 )P2 + ...+ f (εn )Pn = f (ε k )Pk
εk
∑ = f (ε k )

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑

  

L f (x)( ) = f (xk )�
k=1

N
∑ Pk (x)     where:  Pk (x) =

Π
j≠k

N
x − x j( )

Π
j≠k

N
xk − x j( )

 

Each polynomial term  Pm(x)  has zeros at each point x=xj  except where x=xm.  Then Pm(xm)=1.  
So at each of these points this L-approximation becomes exact: L(f(xj))= f(xj) .  
If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

  
 1= Pm x( )

m=1

N
∑

  
x= xmPm x( )

m=1

N
∑

  
x2= xm

2Pm x( )
m=1

N
∑
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

with Lagrange interpolation formula of function f(x) approximated by its value at N points x1, x2,… xN.

1=P1+P2 +...+Pn = Pk
εk
∑ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑  f (M) = f (ε1)P1 + f (ε2 )P2 + ...+ f (εn )Pn = f (ε k )Pk
εk
∑ = f (ε k )

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑

  

L f (x)( ) = f (xk )�
k=1

N
∑ Pk (x)     where:  Pk (x) =

Π
j≠k

N
x − x j( )

Π
j≠k

N
xk − x j( )

 

Each polynomial term  Pm(x)  has zeros at each point x=xj  except where x=xm.  Then Pm(xm)=1.  
So at each of these points this L-approximation becomes exact: L(f(xj))= f(xj) .  
If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

  
 1= Pm x( )

m=1

N
∑

  
x= xmPm x( )

m=1

N
∑

One point determines a constant level line, 
                                                               

  
x2= xm

2Pm x( )
m=1

N
∑

x1
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

with Lagrange interpolation formula of function f(x) approximated by its value at N points x1, x2,… xN.

1=P1+P2 +...+Pn = Pk
εk
∑ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑  f (M) = f (ε1)P1 + f (ε2 )P2 + ...+ f (εn )Pn = f (ε k )Pk
εk
∑ = f (ε k )

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑

  

L f (x)( ) = f (xk )�
k=1

N
∑ Pk (x)     where:  Pk (x) =

Π
j≠k

N
x − x j( )

Π
j≠k

N
xk − x j( )

 

Each polynomial term  Pm(x)  has zeros at each point x=xj  except where x=xm.  Then Pm(xm)=1.  
So at each of these points this L-approximation becomes exact: L(f(xj))= f(xj) .  
If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

  
 1= Pm x( )

m=1

N
∑

  
x= xmPm x( )

m=1

N
∑

One point determines a constant level line, two separate points uniquely determine a sloping line, 
                                                               

  
x2= xm

2Pm x( )
m=1

N
∑

x1 x1 x2
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

with Lagrange interpolation formula of function f(x) approximated by its value at N points x1, x2,… xN.

1=P1+P2 +...+Pn = Pk
εk
∑ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑  f (M) = f (ε1)P1 + f (ε2 )P2 + ...+ f (εn )Pn = f (ε k )Pk
εk
∑ = f (ε k )

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑

  

L f (x)( ) = f (xk )�
k=1

N
∑ Pk (x)     where:  Pk (x) =

Π
j≠k

N
x − x j( )

Π
j≠k

N
xk − x j( )

 

Each polynomial term  Pm(x)  has zeros at each point x=xj  except where x=xm.  Then Pm(xm)=1.  
So at each of these points this L-approximation becomes exact: L(f(xj))= f(xj) .  
If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

  
 1= Pm x( )

m=1

N
∑

  
x= xmPm x( )

m=1

N
∑

One point determines a constant level line, two separate points uniquely determine a sloping line, 
                                                               three separate points uniquely determine a parabola, etc. 

  
x2= xm

2Pm x( )
m=1

N
∑

x1 x1 x2 x1 x2 x2
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

with Lagrange interpolation formula of function f(x) approximated by its value at N points x1, x2,… xN.

1=P1+P2 +...+Pn = Pk
εk
∑ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑  f (M) = f (ε1)P1 + f (ε2 )P2 + ...+ f (εn )Pn = f (ε k )Pk
εk
∑ = f (ε k )

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑

  

L f (x)( ) = f (xk )�
k=1

N
∑ Pk (x)     where:  Pk (x) =

Π
j≠k

N
x − x j( )

Π
j≠k

N
xk − x j( )

 

Each polynomial term  Pm(x)  has zeros at each point x=xj  except where x=xm.  Then Pm(xm)=1.  
So at each of these points this L-approximation becomes exact: L(f(xj))= f(xj) .  
If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

  
 1= Pm x( )

m=1

N
∑

  
x= xmPm x( )

m=1

N
∑

One point determines a constant level line, two separate points uniquely determine a sloping line, 
three separate points uniquely determine a parabola, etc. 

  
x2= xm

2Pm x( )
m=1

N
∑

Lagrange interpolation formula→Completeness formula as x→M and as xk →εk and as Pk(xk) →Ρk
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

with Lagrange interpolation formula of function f(x) approximated by its value at N points x1, x2,… xN.

1=P1+P2 +...+Pn = Pk
εk
∑ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑  f (M) = f (ε1)P1 + f (ε2 )P2 + ...+ f (εn )Pn = f (ε k )Pk
εk
∑ = f (ε k )

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑

  

L f (x)( ) = f (xk )�
k=1

N
∑ Pk (x)     where:  Pk (x) =

Π
j≠k

N
x − x j( )

Π
j≠k

N
xk − x j( )

 

Each polynomial term  Pm(x)  has zeros at each point x=xj  except where x=xm.  Then Pm(xm)=1.  
So at each of these points this L-approximation becomes exact: L(f(xj))= f(xj) .  
If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

  
 1= Pm x( )

m=1

N
∑

  
x= xmPm x( )

m=1

N
∑

One point determines a constant level line, two separate points uniquely determine a sloping line, 
three separate points uniquely determine a parabola, etc. 

All distinct values ε1≠ε2≠...≠εN satisfy ΣΡk=1. 

  
x2= xm

2Pm x( )
m=1

N
∑

Lagrange interpolation formula→Completeness formula as x→M and as xk →εk and as Pk(xk) →Ρk
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

with Lagrange interpolation formula of function f(x) approximated by its value at N points x1, x2,… xN.

1=P1+P2 +...+Pn = Pk
εk
∑ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑  f (M) = f (ε1)P1 + f (ε2 )P2 + ...+ f (εn )Pn = f (ε k )Pk
εk
∑ = f (ε k )

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑

  

L f (x)( ) = f (xk )�
k=1

N
∑ Pk (x)     where:  Pk (x) =

Π
j≠k

N
x − x j( )

Π
j≠k

N
xk − x j( )

 

Each polynomial term  Pm(x)  has zeros at each point x=xj  except where x=xm.  Then Pm(xm)=1.  
So at each of these points this L-approximation becomes exact: L(f(xj))= f(xj) .  
If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

  
 1= Pm x( )

m=1

N
∑

  
x= xmPm x( )

m=1

N
∑

One point determines a constant level line, two separate points uniquely determine a sloping line, 
three separate points uniquely determine a parabola, etc. 

   

P1 + P2 = j≠1
∏ M − ε j1( )
j≠1
∏ ε1 − ε j( ) + j≠1

∏ M − ε j1( )
j≠1
∏ ε2 − ε j( ) =

M − ε21( )
ε1 − ε2( ) +

M − ε11( )
ε2 − ε1( ) =

M − ε21( )− M − ε11( )
ε1 − ε2( ) =

−ε21+ ε11
ε1 − ε2( ) = 1 (for all  ε j ) 

All distinct values ε1≠ε2≠...≠εN satisfy ΣΡk=1. Completeness is truer than true as is seen for N=2.

  
x2= xm

2Pm x( )
m=1

N
∑

Lagrange interpolation formula→Completeness formula as x→M and as xk →εk and as Pk(xk) →Ρk
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

with Lagrange interpolation formula of function f(x) approximated by its value at N points x1, x2,… xN.

1=P1+P2 +...+Pn = Pk
εk
∑ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑  f (M) = f (ε1)P1 + f (ε2 )P2 + ...+ f (εn )Pn = f (ε k )Pk
εk
∑ = f (ε k )

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏εk

∑

  

L f (x)( ) = f (xk )�
k=1

N
∑ Pk (x)     where:  Pk (x) =

Π
j≠k

N
x − x j( )

Π
j≠k

N
xk − x j( )

 

Each polynomial term  Pm(x)  has zeros at each point x=xj  except where x=xm.  Then Pm(xm)=1.  
So at each of these points this L-approximation becomes exact: L(f(xj))= f(xj) .  
If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

  
 1= Pm x( )

m=1

N
∑

  
x= xmPm x( )

m=1

N
∑

One point determines a constant level line, two separate points uniquely determine a sloping line, 
three separate points uniquely determine a parabola, etc. 

   

P1 + P2 = j≠1
∏ M − ε j1( )
j≠1
∏ ε1 − ε j( ) + j≠1

∏ M − ε j1( )
j≠1
∏ ε2 − ε j( ) =

M − ε21( )
ε1 − ε2( ) +

M − ε11( )
ε2 − ε1( ) =

M − ε21( )− M − ε11( )
ε1 − ε2( ) =

−ε21+ ε11
ε1 − ε2( ) = 1 (for all  ε j ) 

All distinct values ε1≠ε2≠...≠εN satisfy ΣΡk=1. Completeness is truer than true as is seen for N=2.

However, only select values εk work for eigen-forms MΡk= εkΡk  or orthonormality ΡjΡk=δjkΡk.

  
x2= xm

2Pm x( )
m=1

N
∑

Lagrange interpolation formula→Completeness formula as x→M and as xk →εk and as Pk(xk) →Ρk
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4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

(REVIEW) 2D classical HO compared to U(2) quantum 2-state system
Introducing ABCD Hamilton Pauli spinor symmetry expansion
Algebra of Hamilton/Pauli hypercomplex operators {σA,σB,σC}={σZ,σX,σY}

σA-products 3D vector analysis and “Crazy-Thing-Theorem”
Eigensolutions by general matrix-algebra with example M=      
      Secular equation 
      Hamilton-Cayley equation and projectors 
      Idempotent (P·P=P) projectors (how eigenvalues⇒eigenvectors)
      Eigenvector orthonormality and completeness  
               Spectral Decompositions 
               Functional spectral decomposition
U(2)⊃C2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues

Asymmetric-diagonal (AD-Type) symmetry
Bilateral-balanced (B-Type) symmetry
Circular-chiral-cycloton (C-Type) symmetry
Mixed ABCD symmetry examples

More theory of matrix diagonalization
Discussion of orthogonality vs. completeness vis-a`-vis Operator vs. State
Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors   

Spin S
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Given our eigenvectors and their Projectors. 
	



Diagonalizing Transformations (D-Ttran) from projectors 
P1 =

(M − 5⋅1)
(1− 5)

= 1
4

1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= k1

2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗

2
1 −2

1( )
k1

= ε1 ε1

P2 =
(M −1⋅1)

(5 −1)
= 1

4
3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

    = k2
2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ⊗  
2
3

2
1( )

k2

= ε2 ε2
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Given our eigenvectors and their Projectors. 
	



Diagonalizing Transformations (D-Ttran) from projectors 
P1 =

(M − 5⋅1)
(1− 5)

= 1
4

1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= k1

2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗

2
1 −2

1( )
k1

= ε1 ε1

P2 =
(M −1⋅1)

(5 −1)
= 1

4
3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

    = k2
2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ⊗  
2
3

2
1( )

k2

= ε2 ε2

Load distinct bras 〈ε1| and 〈ε2| into d-tran rows, kets |ε1〉 and |ε2〉 into inverse d-tran columns.
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 ε1 = 2
1 −2

1( ), ε2 = 2
3

2
1( ){ }   ,    ε1 = 2

1

−2
3

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

, ε2 = 2
1

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

    (ε1,ε2 )← (1,2) d−Tran matrix               (1,2)← (ε1,ε2 ) INVERSE d−Tran matrix

   
ε1 x ε1 y

ε2 x ε2 y

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 2

1 −2
1

2
3

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

      ,   
x ε1 x ε2

y ε1 y ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 2

1
2
1

−2
3

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

 

Given our eigenvectors and their Projectors. 
	



Diagonalizing Transformations (D-Ttran) from projectors 
P1 =

(M − 5⋅1)
(1− 5)

= 1
4

1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= k1

2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗

2
1 −2

1( )
k1

= ε1 ε1

P2 =
(M −1⋅1)

(5 −1)
= 1

4
3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

    = k2
2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ⊗  
2
3

2
1( )

k2

= ε2 ε2

Load distinct bras 〈ε1| and 〈ε2| into d-tran rows, kets |ε1〉 and |ε2〉 into inverse d-tran columns.
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 ε1 = 2
1 −2

1( ), ε2 = 2
3

2
1( ){ }   ,    ε1 = 2

1

−2
3

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

, ε2 = 2
1

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

    (ε1,ε2 )← (1,2) d−Tran matrix               (1,2)← (ε1,ε2 ) INVERSE d−Tran matrix

   
ε1 x ε1 y

ε2 x ε2 y

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 2

1 −2
1

2
3

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

      ,   
x ε1 x ε2

y ε1 y ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 2

1
2
1

−2
3

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

 

Given our eigenvectors and their Projectors. 
	



Diagonalizing Transformations (D-Ttran) from projectors 
P1 =

(M − 5⋅1)
(1− 5)

= 1
4

1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= k1

2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗

2
1 −2

1( )
k1

= ε1 ε1

P2 =
(M −1⋅1)

(5 −1)
= 1

4
3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

    = k2
2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ⊗  
2
3

2
1( )

k2

= ε2 ε2

Load distinct bras 〈ε1| and 〈ε2| into d-tran rows, kets |ε1〉 and |ε2〉 into inverse d-tran columns.

   

 
ε1 x ε1 y

ε2 x ε2 y

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⋅  

x K x x K y

y K x y K y

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⋅

x ε1 x ε2

y ε1 y ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

ε1 K ε1 ε1 K ε2

ε2 K ε1 ε2 K ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

       2
1 −2

1

2
3

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

       ⋅        4 1
3 2

⎛

⎝⎜
⎞

⎠⎟
              ⋅     2

1
2
1

−2
3

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

        =             1 0
0 5

⎛

⎝⎜
⎞

⎠⎟

Use Dirac labeling for all components so transformation is OK
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 ε1 = 2
1 −2

1( ), ε2 = 2
3

2
1( ){ }   ,    ε1 = 2

1

−2
3

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

, ε2 = 2
1

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

    (ε1,ε2 )← (1,2) d−Tran matrix               (1,2)← (ε1,ε2 ) INVERSE d−Tran matrix

   
ε1 x ε1 y

ε2 x ε2 y

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 2

1 −2
1

2
3

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

      ,   
x ε1 x ε2

y ε1 y ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 2

1
2
1

−2
3

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

 

Given our eigenvectors and their Projectors. 
	



Diagonalizing Transformations (D-Ttran) from projectors 
P1 =

(M − 5⋅1)
(1− 5)

= 1
4

1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= k1

2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗

2
1 −2

1( )
k1

= ε1 ε1

P2 =
(M −1⋅1)

(5 −1)
= 1

4
3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

    = k2
2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ⊗  
2
3

2
1( )

k2

= ε2 ε2

Load distinct bras 〈ε1| and 〈ε2| into d-tran rows, kets |ε1〉 and |ε2〉 into inverse d-tran columns.

   

 
ε1 x ε1 y

ε2 x ε2 y

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⋅  

x K x x K y

y K x y K y

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⋅

x ε1 x ε2

y ε1 y ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

ε1 K ε1 ε1 K ε2

ε2 K ε1 ε2 K ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

       2
1 −2

1

2
3

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

       ⋅        4 1
3 2

⎛

⎝⎜
⎞

⎠⎟
              ⋅     2

1
2
1

−2
3

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

        =             1 0
0 5

⎛

⎝⎜
⎞

⎠⎟

Use Dirac labeling for all components so transformation is OK

  

 
ε1 1 ε1 2

ε2 1 ε2 2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⋅

1 ε1 1 ε2

2 ε1 2 ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

ε1 1 ε1 ε1 1 ε2

ε2 1 ε1 ε2 1 ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

      2
1 −2

1

2
3

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

        ⋅   2
1

2
1

−2
3

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

         =             1 0
0 1

⎛

⎝⎜
⎞

⎠⎟

Check inverse-d-tran is really inverse of your d-tran.  
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 ε1 = 2
1 −2

1( ), ε2 = 2
3

2
1( ){ }   ,    ε1 = 2

1

−2
3

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

, ε2 = 2
1

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

    (ε1,ε2 )← (1,2) d−Tran matrix               (1,2)← (ε1,ε2 ) INVERSE d−Tran matrix

   
ε1 x ε1 y

ε2 x ε2 y

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 2

1 −2
1

2
3

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

      ,   
x ε1 x ε2

y ε1 y ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 2

1
2
1

−2
3

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

 

Given our eigenvectors and their Projectors. 
	



Diagonalizing Transformations (D-Ttran) from projectors 
P1 =

(M − 5⋅1)
(1− 5)

= 1
4

1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= k1

2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗

2
1 −2

1( )
k1

= ε1 ε1

P2 =
(M −1⋅1)

(5 −1)
= 1

4
3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

    = k2
2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ⊗  
2
3

2
1( )

k2

= ε2 ε2

Load distinct bras 〈ε1| and 〈ε2| into d-tran rows, kets |ε1〉 and |ε2〉 into inverse d-tran columns.

   

 
ε1 x ε1 y

ε2 x ε2 y

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⋅  

x K x x K y

y K x y K y

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⋅

x ε1 x ε2

y ε1 y ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

ε1 K ε1 ε1 K ε2

ε2 K ε1 ε2 K ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

       2
1 −2

1

2
3

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

       ⋅        4 1
3 2

⎛

⎝⎜
⎞

⎠⎟
              ⋅     2

1
2
1

−2
3

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

        =             1 0
0 5

⎛

⎝⎜
⎞

⎠⎟

Use Dirac labeling for all components so transformation is OK

   

 
ε1 x ε1 y

ε2 x ε2 y

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⋅

x ε1 x ε2

y ε1 y ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

ε1 1 ε1 ε1 1 ε2

ε2 1 ε1 ε2 1 ε2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

      2
1 −2

1

2
3

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

        ⋅   2
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Check inverse-d-tran is really inverse of your d-tran.  In standard quantum matrices inverses are “easy”
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2D harmonic oscillator equations
Lagrangian and matrix forms and Reciprocity symmetry

2D harmonic oscillator equation eigensolutions
Geometric method

Matrix-algebraic eigensolutions with example M=      
      Secular equation 
      Hamilton-Cayley equation and projectors 
      Idempotent projectors (how eigenvalues⇒eigenvectors)
      Operator orthonormality and Completeness (Idempotent means: P·P=P) 
  Spectral Decompositions 
      Functional spectral decomposition
      Orthonormality vs. Completeness vis-a`-vis Operator vs. State
      Lagrange functional interpolation formula
          Diagonalizing Transformations (D-Ttran) from projectors   

2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed π/2 phase

2D-HO eigensolution example with asymmetric (A-Type) symmetry
Initial state projection, mixed mode beat dynamics with variable phase

   ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x 
Hamilton-Pauli spinor symmetry (ABCD-Types)
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3 2

⎛
⎝⎜

⎞
⎠⎟

126Saturday, March 26, 2016



K =
K11 K12
K12 K22
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−k12 k2 + k12

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= 10 −1

−1 10
⎛
⎝⎜

⎞
⎠⎟

K1 =ω0
2 ε1( ) = 9,      K2 =ω0

2 ε2( ) = 11,     

The K secular equation                                             

Eigenvalues Kk and squared eigenfrequencies ω0(εk)2

x=x1

k1=9 k12=1

y=x2

k2=9

m1=1 m2=1

Analyzing 2D-HO beats and mixed mode eigen-solutions

K 2 −Trace(K)K + Det(K) = K 2 − 20K + 99 = 0 = (K − 9)(K −11) = (K − K1)(K − K2 )

Det(K) = 10·10 −1= 99
Trace(K) = 10 +10 = 20
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Eigen-projectors Pk 

x=x1

k1=9 k12=1

y=x2

k2=9

m1=1 m2=1

Analyzing 2D-HO beats and mixed mode eigen-solutions

= (K − 9)(K −11)= (K − K1)(K − K2 )

Det(K) = 10·10 −1= 99
Trace(K) = 10 +10 = 20
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Eigen-projectors Pk 

ε1 =  1 / 2     +1 / 2  ( ),      ε2 =  1 / 2     -1 / 2  ( )     Eigenbra vectors:

x=x1

k1=9 k12=1

y=x2

k2=9

m1=1 m2=1

Analyzing 2D-HO beats and mixed mode eigen-solutions

= (K − 9)(K −11) = (K − K1)(K − K2 )

Det(K) = 10·10 −1= 99
Trace(K) = 10 +10 = 20
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Eigen-projectors Pk 

ε1 =  1 / 2     +1 / 2  ( ),      ε2 =  1 / 2     -1 / 2  ( )     Eigenbra vectors:

x=x1

k1=9 k12=1

y=x2

k2=9

m1=1 m2=1
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Analyzing 2D-HO beats and mixed mode eigen-solutions

Mixed mode dynamics

= (K − 9)(K −11) = (K − K1)(K − K2 )

Det(K) = 10·10 −1= 99
Trace(K) = 10 +10 = 20
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Eigen-projectors Pk 

ε1 =  1 / 2     +1 / 2  ( ),      ε2 =  1 / 2     -1 / 2  ( )     Eigenbra vectors:
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k2=9

m1=1 m2=1

Fig. 3.3.9  Beats in weakly coupled symmetric oscillators with equal mode magnitudes.
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Analyzing 2D-HO beats and mixed mode eigen-solutions

Mixed mode dynamics
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100% modulation (SWR=0)  
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Fig. 3.3.9  Beats in weakly coupled symmetric oscillators with equal mode magnitudes.
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Analyzing 2D-HO beats and mixed mode eigen-solutions

Mixed mode dynamics
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2D harmonic oscillator equations
Lagrangian and matrix forms and Reciprocity symmetry

2D harmonic oscillator equation eigensolutions
Geometric method

Matrix-algebraic eigensolutions with example M=      
      Secular equation 
      Hamilton-Cayley equation and projectors 
      Idempotent projectors (how eigenvalues⇒eigenvectors)
      Operator orthonormality and Completeness (Idempotent means: P·P=P) 
  Spectral Decompositions 
      Functional spectral decomposition
      Orthonormality vs. Completeness vis-a`-vis Operator vs. State
      Lagrange functional interpolation formula
          Diagonalizing Transformations (D-Ttran) from projectors   

2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed π/2 phase

2D-HO eigensolution example with asymmetric (A-Type) symmetry
Initial state projection, mixed mode beat dynamics with variable phase

   ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x 
Hamilton-Pauli spinor symmetry (ABCD-Types)
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Det(K) = 7·13− 27 = 91− 27 = 64
Trace(K) = 7 +13 = 20

Spectral decomposition of 2D-HO mode dynamics for lower symmetry
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K 2 −Trace(K)K + Det(K) = K 2 − 20K + 64 = 0The K secular equation                                             
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Det(K) = 7·13− 27 = 91− 27 = 64
Trace(K) = 7 +13 = 20
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ε1 =  3 / 2    1 / 2 ( ),      ε2 = −1/ 2    3 / 2 ( )     Eigenbra vectors:

Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Det(K) = 7·13− 27 = 91− 27 = 64
Trace(K) = 7 +13 = 20
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2D harmonic oscillator equations
Lagrangian and matrix forms and Reciprocity symmetry

2D harmonic oscillator equation eigensolutions
Geometric method

Matrix-algebraic eigensolutions with example M=      
      Secular equation 
      Hamilton-Cayley equation and projectors 
      Idempotent projectors (how eigenvalues⇒eigenvectors)
      Operator orthonormality and Completeness (Idempotent means: P·P=P) 
  Spectral Decompositions 
      Functional spectral decomposition
      Orthonormality vs. Completeness vis-a`-vis Operator vs. State
      Lagrange functional interpolation formula
          Diagonalizing Transformations (D-Ttran) from projectors   

2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed π/2 phase

2D-HO eigensolution example with asymmetric (A-Type) symmetry
Initial state projection, mixed mode beat dynamics with variable phase

   ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x 
Hamilton-Pauli spinor symmetry (ABCD-Types)

4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
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Spectral decomposition of initial state x(0)=(1,0):  

Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Det(K) = 7·13− 27 = 91− 27 = 64
Trace(K) = 7 +13 = 20
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Spectral decomposition of initial state x(0)=(1,0):  

(Note projection onto eigen-axes)

Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Det(K) = 7·13− 27 = 91− 27 = 64
Trace(K) = 7 +13 = 20
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Spectral decomposition of initial state x(0)=(1,0):  

(Note projection of x(0) onto eigen-axes)

Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Det(K) = 7·13− 27 = 91− 27 = 64
Trace(K) = 7 +13 = 20

ε1

q1(0)=√3/2
q2(0)=-1/2

x(0) = 1
0

⎛
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A=2.5
B=-0.866
D=3.5
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Eigen-projectors Pk 

ε1 =  3 / 2    1 / 2 ( ),      ε2 = −1/ 2    3 / 2 ( )     Eigenbra vectors:

Fig. 3.3.6 Normal coordinate axes, coupled oscillator trajectories and equipotential (V=const.) ovals 
for an integral 1:2 eigenfrequency ratio (ω0(ε1)=2.0, ω0(ε2)= 4.0) and zero initial velocity.

ε2

Using                                                derives a parabolic trajectory!

q1 t( ) = 3
2

cos2t,      q2 t( ) = − 1
2

cos4t
⎛

⎝⎜
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  cos4t = 2cos2 2t −1

q2 t( ) = − 1
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2cos2 2t + 1

2
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Spectral decomposition of initial state x(0)=(1,0):  

(Note projection of x(0) onto eigen-axes)

Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Det(K) = 7·13− 27 = 91− 27 = 64
Trace(K) = 7 +13 = 20

ε1

q1(0)=√3/2
q2(0)=-1/2

x(0) = 1
0

⎛
⎝⎜

⎞
⎠⎟
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K 2 −Trace(K)K + Det(K) = K 2 − 20K + 64 = 0 = (K − 4)(K −16)

K1 =ω0
2 ε1( ) = 4,      K2 =ω0

2 ε2( ) = 16,     

The K secular equation                                             

Eigenvalues Kk and squared eigenfrequencies ω0(εk)2
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Eigen-projectors Pk 

ε1 =  3 / 2    1 / 2 ( ),      ε2 = −1/ 2    3 / 2 ( )     Eigenbra vectors:

ε2

Using                                                derives a parabolic trajectory!

q1 t( ) = 3
2

cos2t,      q2 t( ) = − 1
2

cos4t
⎛

⎝⎜
⎞
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  cos4t = 2cos2 2t −1
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2cos2 2t + 1
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Spectral decomposition of initial state x(0)=(1,0):  

(Note projection of x(0) onto eigen-axes)

Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Det(K) = 7·13− 27 = 91− 27 = 64
Trace(K) = 7 +13 = 20

ε1

q1(0)=√3/2
q2(0)=-1/2

x(0) = 1
0

⎛
⎝⎜

⎞
⎠⎟

Example of a Tschebycheff Polynomial order 2

A=2.5
B=-0.866
D=3.5
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2D harmonic oscillator equations
Lagrangian and matrix forms and Reciprocity symmetry

2D harmonic oscillator equation eigensolutions
Geometric method

Matrix-algebraic eigensolutions with example M=      
      Secular equation 
      Hamilton-Cayley equation and projectors 
      Idempotent projectors (how eigenvalues⇒eigenvectors)
      Operator orthonormality and Completeness (Idempotent means: P·P=P) 
  Spectral Decompositions 
      Functional spectral decomposition
      Orthonormality vs. Completeness vis-a`-vis Operator vs. State
      Lagrange functional interpolation formula
          Diagonalizing Transformations (D-Ttran) from projectors   

2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed π/2 phase

2D-HO eigensolution example with asymmetric (A-Type) symmetry
Initial state projection, mixed mode beat dynamics with variable phase

   ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x 
Hamilton-Pauli spinor symmetry (ABCD-Types)

4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
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First start with 2-by-2 Hermitian (self-conjugate) matrix 

    

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

Hjk matrix must
obey: (Hjk)*= Hkj
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First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

    

Ψ

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

Hjk matrix must
obey: (Hjk)*= Hkj

Both have 4 parameters
(22 = 2+2)
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First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real 1st-order differential equations.

Ψ

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

Hjk matrix must
obey: (Hjk)*= Hkj

Both have 4 parameters
(22 = 2+2)
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First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real 1st-order differential equations.

Ψ

 

i ∂
∂t

Ψ t( ) = H Ψ t( )

i ∂
∂t

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= A B − iC

B + iC D
⎛
⎝⎜

⎞
⎠⎟

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Hjk matrix must
obey: (Hjk)*= Hkj

Both have 4 parameters
(22 = 2+2)
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First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real 1st-order differential equations.

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1  

i ∂
∂t

Ψ t( ) = H Ψ t( )

i ∂
∂t

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= A B − iC

B + iC D
⎛
⎝⎜

⎞
⎠⎟

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

ix1 − p1
ix2 − p2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

Ax1 + Bx2 +Cp2 + iAp1 + iBp2 − iCx2
Bx1 + Dx2 −Cp1 + iBp1 + iDp2 + iCx1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Hjk matrix must
obey: (Hjk)*= Hkj

Both have 4 parameters
(22 = 2+2)
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First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real 1st-order differential equations.

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

Then start with classical Hamiltonian. (Designed to give same result.)

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
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First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real real 1st-order differential equations. 
    

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

   

x1 =
∂Hc
∂ p1

= Ap1 + Bp2 −Cx2

x2 =
∂Hc
∂ p2

= Bp1 + Dp2 +Cx1
   

p1 = −
∂Hc
∂ x1

= − Ax1 + Bx2 +Cp2( )

p2 = −
∂Hc
∂ x2

= − Bx1 + Dx2 −Cp1( )

Then Hamilton’s equations of motion are the following. 

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

QM vs. Classical
Equations are

identical 

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2DHO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Then start with classical Hamiltonian. (Designed to give same result.)
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Finally a 2nd time derivative (Assume constant A, B, D, and let C=0) gives 2nd-order classical Newton-Hooke-like equation:  

First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real real 1st-order differential equations. 
    

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

   

x1 =
∂Hc
∂ p1

= Ap1 + Bp2 −Cx2

x2 =
∂Hc
∂ p2

= Bp1 + Dp2 +Cx1
   

p1 = −
∂Hc
∂ x1

= − Ax1 + Bx2 +Cp2( )

p2 = −
∂Hc
∂ x2

= − Bx1 + Dx2 −Cp1( )

Then Hamilton’s equations of motion are the following. 

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

Then start with classical Hamiltonian. 

QM vs. Classical
Equations are

identical 

  
x = −K i x

   

x1 = Ap1 + Bp2 −C x2

= −A Ax1 + Bx2 +Cp2( )− B Bx1 + Dx2 −Cp1( )−C Bp1 + Dp2 +Cx1( )
= − A2 + B2 +C2( )x1 − AB + BD( )x2 −C A+ D( ) p2    

x2 = Bp1 + Dp2 +C x1

= −B Ax1 + Bx2 +Cp2( )− D Bx1 + Dx2 −Cp1( ) +C Ap1 + Bp2 −Cx2( )
= − AB + BD( )x1 − B2 + D2 +C2( )x2 +C A+ D( ) p1

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2DHO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
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Finally a 2nd time derivative (Assume constant A, B, D, and let C=0) gives 2nd-order classical Newton-Hooke-like equation:  

First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real real 1st-order differential equations. 
    

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

   

x1 =
∂Hc
∂ p1

= Ap1 + Bp2 −Cx2

x2 =
∂Hc
∂ p2

= Bp1 + Dp2 +Cx1
   

p1 = −
∂Hc
∂ x1

= − Ax1 + Bx2 +Cp2( )

p2 = −
∂Hc
∂ x2

= − Bx1 + Dx2 −Cp1( )

Then Hamilton’s equations of motion are the following. 

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

Then start with classical Hamiltonian. 

QM vs. Classical
Equations are

identical 

  
x = −K i x

   

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= − A2 + B2 AB + BD

AB + BD B2 + D2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

For C=0 
Is form of 2D Hooke
harmonic oscillator

   

∂2

∂t2

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
≡
x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

K11 K12

K21 K22

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

   

x1 = Ap1 + Bp2 −C x2

= −A Ax1 + Bx2 +Cp2( )− B Bx1 + Dx2 −Cp1( )−C Bp1 + Dp2 +Cx1( )
= − A2 + B2 +C2( )x1 − AB + BD( )x2 −C A+ D( ) p2    

x2 = Bp1 + Dp2 +C x1

= −B Ax1 + Bx2 +Cp2( )− D Bx1 + Dx2 −Cp1( ) +C Ap1 + Bp2 −Cx2( )
= − AB + BD( )x1 − B2 + D2 +C2( )x2 +C A+ D( ) p1

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2DHO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
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Finally a 2nd time derivative (Assume constant A, B, D, and let C=0) gives 2nd-order classical Newton-Hooke-like equation:  

First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real real 1st-order differential equations. 
    

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

   

x1 =
∂Hc
∂ p1

= Ap1 + Bp2 −Cx2

x2 =
∂Hc
∂ p2

= Bp1 + Dp2 +Cx1
   

p1 = −
∂Hc
∂ x1

= − Ax1 + Bx2 +Cp2( )

p2 = −
∂Hc
∂ x2

= − Bx1 + Dx2 −Cp1( )

Then Hamilton’s equations of motion are the following. 

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

Then start with classical Hamiltonian. 

QM vs. Classical
Equations are

identical 

  
x = −K i x

   

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= − A2 + B2 AB + BD

AB + BD B2 + D2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

For C=0 
Is form of 2D Hooke
harmonic oscillator

   

∂2

∂t2

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
≡
x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

K11 K12

K21 K22

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

Here is an operator view of the QM-Classical connection: Take Schrodinger operator   i∂t = H (with C=0) and square it!         

i ∂
∂t

= A B
B D

⎛
⎝⎜

⎞
⎠⎟
⇒ i ∂

∂t
⎛
⎝⎜

⎞
⎠⎟
2
= A B

B D
⎛
⎝⎜

⎞
⎠⎟

2

⇒− ∂2

∂t2
= A2 + B2 AB + BD

AB + BD B2 + D2
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

   

x1 = Ap1 + Bp2 −C x2

= −A Ax1 + Bx2 +Cp2( )− B Bx1 + Dx2 −Cp1( )−C Bp1 + Dp2 +Cx1( )
= − A2 + B2 +C2( )x1 − AB + BD( )x2 −C A+ D( ) p2    

x2 = Bp1 + Dp2 +C x1

= −B Ax1 + Bx2 +Cp2( )− D Bx1 + Dx2 −Cp1( ) +C Ap1 + Bp2 −Cx2( )
= − AB + BD( )x1 − B2 + D2 +C2( )x2 +C A+ D( ) p1

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2DHO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

159Saturday, March 26, 2016



Finally a 2nd time derivative (Assume constant A, B, D, and let C=0) gives 2nd-order classical Newton-Hooke-like equation:  

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2DHO: ∂2tx=-K•x  

First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real real 1st-order differential equations. 
    

 
i Ψ t( ) = H Ψ t( )

Ψ

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

   

x1 =
∂Hc
∂ p1

= Ap1 + Bp2 −Cx2

x2 =
∂Hc
∂ p2

= Bp1 + Dp2 +Cx1
   

p1 = −
∂Hc
∂ x1

= − Ax1 + Bx2 +Cp2( )

p2 = −
∂Hc
∂ x2

= − Bx1 + Dx2 −Cp1( )

Then Hamilton’s equations of motion are the following. 

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

Then start with classical Hamiltonian. 

QM vs. Classical
Equations are

identical 

  
x = −K i x

   

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= − A2 + B2 AB + BD

AB + BD B2 + D2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

For C=0 
Is form of 2D Hooke
harmonic oscillator

   

∂2

∂t2

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
≡
x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

K11 K12

K21 K22

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

Here is an operator view of the QM-Classical connection: Take Schrodinger operator   i∂t = H (with C=0) and square it!         

i ∂
∂t

= A B
B D

⎛
⎝⎜

⎞
⎠⎟
⇒ i ∂

∂t
⎛
⎝⎜

⎞
⎠⎟
2
= A B

B D
⎛
⎝⎜

⎞
⎠⎟

2

⇒− ∂2

∂t2
= A2 + B2 AB + BD

AB + BD B2 + D2
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Conclusion: 2-state Schro-equation                                 is like “square-root” of Newton-Hooke. 
 
i ∂
∂t

Ψ t( ) = H Ψ t( )   
x = −K i x

   

x1 = Ap1 + Bp2 −C x2

= −A Ax1 + Bx2 +Cp2( )− B Bx1 + Dx2 −Cp1( )−C Bp1 + Dp2 +Cx1( )
= − A2 + B2 +C2( )x1 − AB + BD( )x2 −C A+ D( ) p2    

x2 = Bp1 + Dp2 +C x1

= −B Ax1 + Bx2 +Cp2( )− D Bx1 + Dx2 −Cp1( ) +C Ap1 + Bp2 −Cx2( )
= − AB + BD( )x1 − B2 + D2 +C2( )x2 +C A+ D( ) p1

  
x = −K i x
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Finally a 2nd time derivative (Assume constant A, B, D, and let C=0) gives 2nd-order classical Newton-Hooke-like equation:  

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2DHO: ∂2tx=-K•x  

First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real real 1st-order differential equations. 
    

 
i Ψ t( ) = H Ψ t( )

Ψ

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

   

x1 =
∂Hc
∂ p1

= Ap1 + Bp2 −Cx2

x2 =
∂Hc
∂ p2

= Bp1 + Dp2 +Cx1
   

p1 = −
∂Hc
∂ x1

= − Ax1 + Bx2 +Cp2( )

p2 = −
∂Hc
∂ x2

= − Bx1 + Dx2 −Cp1( )

Then Hamilton’s equations of motion are the following. 

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

Then start with classical Hamiltonian. 

QM vs. Classical
Equations are

identical 

  
x = −K i x

   

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= − A2 + B2 AB + BD

AB + BD B2 + D2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

For C=0 
Is form of 2D Hooke
harmonic oscillator

   

∂2

∂t2

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
≡
x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

K11 K12

K21 K22

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

Here is an operator view of the QM-Classical connection: Take Schrodinger operator   i∂t = H (with C≠0) and square it!         

i ∂
∂t

= A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
⇒ i ∂

∂t
⎛
⎝⎜

⎞
⎠⎟
2
= A B − iC

B + iC D
⎛
⎝⎜

⎞
⎠⎟

2

⇒− ∂2

∂t2
=

A2 + B2 +C2 AB + BD − i(AC +CD)

AB + BD + i(AC +CD) B2 + D2 +C2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

Conclusion: 2-state Schro-equation                                 is like “square-root” of Newton-Hooke. 
 
i ∂
∂t

Ψ t( ) = H Ψ t( )   
x = −K i x

   

x1 = Ap1 + Bp2 −C x2

= −A Ax1 + Bx2 +Cp2( )− B Bx1 + Dx2 −Cp1( )−C Bp1 + Dp2 +Cx1( )
= − A2 + B2 +C2( )x1 − AB + BD( )x2 −C A+ D( ) p2    

x2 = Bp1 + Dp2 +C x1

= −B Ax1 + Bx2 +Cp2( )− D Bx1 + Dx2 −Cp1( ) +C Ap1 + Bp2 −Cx2( )
= − AB + BD( )x1 − B2 + D2 +C2( )x2 +C A+ D( ) p1

  
x = −K i x

161Saturday, March 26, 2016


