Mechanical analogs of quantum 2-state eigenmodes and dynamics

(Ch. 3-4 of Unit 2 )

(REVIEW) 2D classical HO compared to U(2) quantum 2-state system S —_—

Introducing ABCD Hamilton Pauli spinor symmetry expansion il

Algebra of Hamilton/Pauli hypercomplex operators {o4,0p,0c}={070x,0v}
o4-products 3D vector analysis and “Crazy-Thing-Theorem”
Eigensolutions by general matrix-algebra with example M=| * 1

Secular equation 72
Hamilton-Cayley equation and projectors
Idempotent (P-P=P) projectors (how eigenvalues=eigenvectors)

Eigenvector orthonormality and completeness
Spectral Decompositions
Functional spectral decomposition

U(2)DC2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues
Asymmetric-diagonal (AD-Type) symmetry
Bilateral-balanced (B-Type) symmetry
Circular-chiral-cyclotron (C-Type) symmetry
Mixed ABCD symmetry examples
More theory of matrix diagonalization

Discussion of orthogonality vs. completeness vis-a -vis Operator vs. State

Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors
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2D classical HO compared to U(2) quantum 2-state system

Classical Newton-Hooke-Stokes equation|z)=-K{z) ~ Quantum Schrodinger-Pauli equation ih|¥)=H|¥)

d*| 7 Ky Ky 2 d| Y Hyy Hy ¥
— =— Versus hzz = .
dt Z5 K21 K22 ) t v, le H22 )
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2D classical HO compared to U(2) quantum 2-state system

Classical Newton-Hooke-Stokes equation | z>=

d2
dt’
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dt’
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Ky Ky 2 dl vy | 11 4!
=— VErsus hi — =
Ky Ky Zy | v, H,, v,
3 [ G H-iJ ] 2 d| Y _( A —iC ] v,
=— _ versus  hi— = .
H+iJ K z, dt| y, +iC D v,

Kiz)  Quantum Schrodinger-Pauli equation in|¥)=H{\¥)

H

Modern theorists use natural units so h=1.05-10% equals h=1
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2D classical HO compared to U(2) quantum 2-state system

Classical Newton-Hooke-Stokes equation | z>

d2
dt’
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d2
dt’
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- -K-| z> Quantum Schrodinger-Pauli equation ih|‘l‘>=H-| ‘P>

Ky Ky Z d| vV H, W,
== Versus hi— —
Ky Ky =) at| y, H,, W,
. G H-1iJ Zl . d lljl _ A —iC l//l
== versus  hi— —
H+iJ K z, dt| y, +iC D v,
Modern theorists use natural units so hi=1.05-103 equals h=1
Let us square the quantum operator |— = 4 —iC
dt +iC D
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2D classical HO compared to U(2) quantum 2-state system

Classical Newton-Hooke-Stokes equation|z)=-Kiz)

J[

H-iJ

d’ A
dt* | z,

d2
dt’
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K21 K22

G
H+1iJ
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)

] Versus hi i[
dt

Z
]{ 1 ] Versus hzi[
zZ, dt

Vi |
v,
v, |
v,

Quantum Schrodinger-Pauli equation ih|¥)=H:|¥)

.
M

Hll
HZZ

A —iC
+iC D

Modern theorists use natural units so h=1.05-10% equals h=1

Let us square the quantum operator

Lt 57

A —iC
+iC D

—iC
D

—iC

D
(B-iC)( A+ D)
(B+CY A+D) D*+ B> +C?

A4
dt +iC

A? + B+ C?
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2D classical HO compared to U(2) quantum 2-state system

Classical Newton-Hooke-Stokes equation|i)=-K{z) ~ Quantum Schrodinger-Pauli equation it|¥)=H|¥)

\
d*| z Ky Ky Z) d| ¥ ) Vi
— = — Versus hi z =
dt™\ 7z, ) Ky Ky, 2 ¥ Hy, V2
A
| 2 | G H-iJ | & dl v | [ 4 —ic )| ¥
— =— _ versus  hi— = .
dt*| z, ) H+iJ K z, dt v, +iC D v,

Modern theorists use natural units so i=1.05-103% equals hi=1

Let us square the quantum operator ii:( 4 —iC j
dt +iC D
igig:( A4 B-iC ][ A4 B-iC }: AT+ B+ CE (BACYK AD)
dt dt +iC D +iC D (B+CYA+D) D*+ B>+ C?
d ey A*+ B2+ C?  (B-iC)(A+D)
dr’ (B+CY(A+D) D*+ B*+C?
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2D classical HO compared to U(2) quantum 2-state system

Classical Newton-Hooke-Stokes equation|i)=-K{z)  Quantum Schrodinger-Pauli equation ih|¥)=H|¥)

\
d*| 7 Ky Ky Z) d| ¥ ) L4
— = — Versus hzz =
ar”\ Ky Ky, Zy v ) V2
A
| =z | G H-iJ 2 dl Y| A —iC Vi
— =— _ versus  fii— = .
dt*| z, ) H+iJ K z, dt v, +iC D v,

Modern theorists use natural units so h=1.05-10% equals h=1

Let us square the quantum operator i a = ( 4 —ic j
dt +iC D
iiiiz( 4 _iC j[ 4 _iC ): A+ B2+ C* (B-IC)(A+D)
dt dt +iC D +iC D (B+IC)A+D) D*+ B* +(C?
d e A2+ B2+ C? (B-iC)(A4+D)
dt? (B+iC) A+D) D?*+ 5% +C?

2D classical HO same as the U(2) quantum 2-state system

...if we set K—Spring matrix to squared quantum operator H-

K= k11 k12_i-j12 _ G H—i-J CH- A2+Bz+C2 (B-iC)(A+D)
kp=ijn  ky H+i-J K (B+iCYA+D) D>+ B> +C?
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2D classical HO compared to U(2) quantum 2-state system

Classical Newton-Hooke-Stokes equation|i)=-K{z)  Quantum Schrodinger-Pauli equation ih|¥)=H|¥)

\
d*| z Ky Ky Z) d| ¥ ) Vi
— = — Versus hi z =
dt™\ 7z, ) Ky Ky, 2 ¥ Hy, V2
A
| 2 | G H-iJ | & dl v | [ 4 —ic )| ¥
— =— _ versus  hi— = .
dt*| z, ) H+iJ K z, dt v, +iC D v,

Modern theorists use natural units so i=1.05-103% equals hi=1

Let us square the quantum operator ii:( 4 —iC j
dt +iC D
igig:( A4 B-iC ][ A4 B-iC }: AT+ B+ CE (BACYK AD)
dt dt +iC D +iC D (B+CYA+D) D*+ B>+ C?
d ey A*+ B2+ C?  (B-iC)(A+D)
dr’ (B+CY(A+D) D*+ B*+C?

2D classical HO same as the U(2) quantum 2-state system

...If we set square root \/ K-Spring matrix to quantum operator H

\/K: kl.l | ki, =1, _ G. H—-i-J “H = A+ B +C? (B-iC)(A+D)
ki, =1 Ji k,, H+i-J K V (B+iC)YA+D) D>+ B*+(C?

How the heck do you take a square root of a MATRIX?? (stay tuned!)
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Introducing ABCD Hamilton Pauli spinor symmetry expansion

Decompose the Hamiltonian operator H into four A5CD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A. B—iC = A 10 + B 0 1 +C O Y 0 0 = Ae,;+ B0z +CG + De,,
B+iC D 0O O 1 O 1 0 0 1

A=D1 0 | 5 0 1 | [0 i | 44D 1 0
2 o -1 1 0 i 0 2 L o1
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Introducing ABCD Hamilton Pauli spinor symmetry expansion
Decompose the Hamiltonian operator H into four A5CD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

( A B—iC ]:A( 1 O ]_'_B( 0 (1) ]‘FC( O ;)l ]+D( 8 (1) ]:A611+BGB+CGC+De22

B+iC D 0 0 1 ]
_A=DE 10 |, O 1 | A 0 =i | 4+D[ 1 0
2 0 -1 1 0 i 0 2 0 1
A—D A+ D
H=—— o, +B 65 +C o, -+ o |
/ * \ 2 ...CUurrent-carrier...

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)

Color scheme based on traffic signals
. STOP (standing waves)
O (stretched waves)

. GO (moving waves)
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Introducing ABCD Hamilton Pauli spinor symmetry expansion
Decompose the Hamiltonian operator H into four A5CD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

[ A B—iC ]:A( 1 O ]‘FB( 0 (1) ]‘FC( O ;)l ]+D( 8 (1) ]:A611+BGB+CGC+De22

B+iC D 0O O 1 ]
_A=DE T 0 | g 0 1| o[ 0 =i | A4ED[ 1 0
2 0 -1 1 0 i 0 2 0 1
A-D A+D
H=—— o +B © +C o + )
A B C 2 0 ...current-carrier..

7 A N

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {61, 64, 05, Gc } are best known as Pauli-spin operators {61=09, G3=0x, Gc=Cy, 64=06 7z } developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

Color scheme based on traffic signals

. STOP (standing waves)

O (stretched waves)

. GO (moving waves)
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Introducing ABCD Hamilton Pauli spinor symmetry expansion
Decompose the Hamiltonian operator H into four A5CD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

( A B—iC ]:A( 1 O ]‘FB[ 0 (1) ]‘FC( O ;)l )+D( 8 (1) ]:A611+BGB+CGC+D622

B+iC D 0O O 1 ]
_A=DE T 0 | g 0 1| o[ 0 =i | A4ED[ 1 0
2 0 -1 1 0 i 0 2 0 1
A-D A+D
H=—— o +B © +C o + )
A B C 2 0 ...current-carrier..

7 A N

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {61, 64, 05, Gc } are best known as Pauli-spin operators {61=09, G3=0x, Gc=Cy, 64=06 7z } developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

In 1843 Hamilton invents quaternions {1, 1, j, k}. oy related by i-factor:  {6;=1=0y¢, iop=i=iCy, iCc =j=iCy, i04 =k=1i07}.

Color scheme based on traffic signals

. STOP (standing waves)
O (stretched waves)
. GO (moving waves) (a) Cy'-symmetry
C 2 C—symmetry
(Left
Circular
polarization

Ri gh)

, (b) CoB-bilateral U(2)system.

Fig.3.4.1 Potentials for (a) CoA-asymmetric-diagonal, (ab)
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Introducing ABCD Hamilton Pauli spinor symmetry expansion

Decompose the Hamiltonian operator H into four A5CD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A. B—iC =A 0 + B ol +C O " |+D 00 =Ae +Boz+Co,- + De,y,
B+iC D 0 O 1 0 i 0 0 1

:A—D10+BOI+CO—i+A+DlO
2 L0 -1 1 0O i 0 2 L0 1

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {61, 64, 05, Gc } are best known as Pauli-spin operators {61=09, G3=0x, Gc=Cy, 64=06 7z } developed in 1927.

O _
...current-carrier...

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

In 1843 Hamilton invents quaternions {1, 1, j, k}. oy related by i-factor:  {6;=1=0y¢, iop=i=iCy, iCc =j=iCy, i04 =k=1i07}.

Each Hamilton quaternion squares to negative-1 (12 = j2? = k? =-1) like imaginary number i°=-/. (They make up the Quaternion group.
q q g J giary

(a) Cy'-symmetry (a-b) CyB-symmetry (b) CoB-symmetry
X

(AB 2

//\x_l C 2C-Symmetry

(Leﬁ

Circular
polarization

1
Ri ghD

C

Fig.3.4.1 Potentials for (a) CoA-asymmetric-diagonal, (ab) , (b) CoB-bilateral U(2)system.

)
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Introducing ABCD Hamilton Pauli spinor symmetry expansion

Decompose the Hamiltonian operator H into four A5CD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B, DO gl O el O =i pl O Y 2 de; + Boy + Cop + Desyy
B+iC D 0 0 1 0 i 0 0 1

:A—D10+BOI+CO—i+A+DlO
2 L0 -1 1 0O i 0 2 L0 1

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {01, 64, 05, Oc } are best known as Pauli-spin operators {G;=09, Op=0x, Gc=Cy, 64=0 z } developed in 1927.

O _
...current-carrier...

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

In 1843 Hamilton invents quaternions {1, 1, j, k}. oy related by i-factor:  {6;=1=0y¢, iop=i=iCy, iCc =j=iCy, i04 =k=1i07}.

Each Hamilton quaternion squares to negative-1 (12 =j? = k? = -1) like imaginary number i°=-/. (They make up the Quaternion group.)
Each Pauli oy squares to positive-1 (62 = 6y? = 6 z2 = +1) (Each makes a cyclic C> group C'={1,64}, C,={1,05}, or C,;°={1,06c}.)
A AB
(a) Cy*-symmetry (a-b) Cr*"-symmetry (b) C ZB-Sy)Z?”lmeﬂy //\x_l C 2C-Symmetrjy
(49) 4B) [ 2= C
S Left

0 D B A

Circular

X, polarization
RighD
A=Dg
Fig.3.4.1 Potentials for (a) CoA-asymmetric-diagonal, (ab) , (b) CoB-bilateral U(2)system.
16
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on-products and 3D vector analysis

Spinor operators oy =03, oy=0c, and oz =04 or quaternions i=-ioy, j=-ioy, and k=-ioz
have powerful symmetry relations.

Each oysquares to one (unit matrix 1= (oy)? ). Quaternions square to minus-one (—1=i-i etc.) likei :\/I :

oz U ox Oy O, O, oy Uoy
(1 0 }[0 1]2[ 0 1]:{ 0 _i]:iG : : £ —tensor form 01 ) o0 -i i0 .
0o -1 )L 1o -10 i 0 r Oy 1 10, -10y 5 ( I 0](1’ 0 ]:[o —ij:lcz
: . 00, =i€ Oy T0, 1
Oy Hog O, | -10, 1 10 k=L KEM= M KL oy Doy
o 1) voo [0 -t [0 -i]_, ) i 0 =i (o 1 )_[-io]|__.
[10][0—1)_[101_[1'0] oy o, | 10, -0, 1 (iO](lO]_(Oij_lcz

Saturday, March 26, 2016 18



on-products and 3D vector analysis

Spinor operators oy =03, oy=0c, and oz =04 or quaternions i=-ioy, j=-ioy, and k=-ioz
have powerful symmetry relations.

Each oysquares to one (unit matrix 1= (oy)? ). Quaternions square to minus-one (—1=i-i etc.) likei :\/I :
%z ﬁoX Oy Oy O, oy Doy
B e e e e i )
0,0, =i, 0, +0,,1 |

oy U0y Oy -iGZ 1 iGX oy Doy

Lol e 6, e, oy, 1 ()2 i) o)

i 0 1 0

Same for spinor comzponzentszbased on any unit vector a=(a,,a,,a,)
for which aea=1=a;+aq, +a,

Saturday, March 26, 2016 19



on-products and 3D vector analysis

Spinor operators oy =03, oy=0c, and oz =04 or quaternions i=-ioy, j=-ioy, and k=-ioz

have powerful symmetry relations.

Each oysquares to one (unit matrix 1= (oy)? ). Quaternions square to minus-one (—1=i-i etc.) likei :\/3 :

%z - 9x Ox Oy o
S e
0o -1 L1 0 -1 0 i 0 Y o, 1 iGZ —iGY
oy oy o, |-ioc, 1 o,
I B T i e B
z Y X

Same for spinor components based on any unit vector a=(qa,,a,,a,)

for which aea=1=a;+a, +a,

To see this just try it out on any a-component:

£ —tensor form

0,0, =i€4,,0, +0,1

Oy HGY

D Ol P

c,=0ea=a,0,+a,0,+a,0,

o’=(cea)oea)=(a,0,+a,0,+a,0,)a,0,+a,0,+a,0,)

Saturday, March 26, 2016
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on-products and 3D vector analysis

Spinor operators oy =03, oy=0c, and oz =04 or quaternions i=-ioy, j=-ioy, and k=-ioz
have powerful symmetry relations.

Each oysquares to one (unit matrix 1= (oy)? ). Quaternions square to minus-one (—1=i-i etc.) likei :\/3 :

oz U oy Oy Oy O, oy UHoy
[ 1o J[ 0 1 j:[ 0 1]:{ 0 —i ]ZiGY : : £ —tensor form o1 ) o0 - i0 ).
0 -1 )L 10 -10 i 0 O 1 10, -10 5 [ 1 0 ](l 0 ]:(0 —ij:laz
: . OO0, =€, 0y T 041
oy U0y O, | -10, 1 10 k=L KEM ™= M KL oy Doy

0 1 Lo [0 =1 |__[0 —i|__, ] . —i | - _ .
[1()][0—1j_[1()]_[i0j oy O, 10, -10 1 [?0](?&]{0?}’02
Same for le)onr comzponzentszbased on agny unit vector a=(a,,a,,a,)
for which aea=1=a;+aq, +a,
To see this just try it out on any a-component: O©,=0ea=a,0,+a,0,+a,0,

o’ =(cea)oea)=(a,0,+a,0,+a,0,)a,0,+a,0,+a,0,)

a,0.a,0, +a,0.a,0, +a,0,a,0, a,a,0,0, +a,a,0,0, +a,a,0,0,
= +a,0,a,0, +a,0,a,0, +a,0,a4,0, = +a,a,0,0, +a,a,0,0, +a,a,0,0,
+a,0 ,a,0, +a,0,a,0, +a,0,a,0, +a,a,0,0, +a,a,0,0, +a,a,0,0,
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on-products and 3D vector analysis

Spinor operators oy =03, oy=0c, and oz =04 or quaternions i=-ioy, j=-ioy, and k=-ioz

have powerful symmetry relations.

Each oysquares to one (unit matrix 1= (oy)? ). Quaternions square to minus-one (—1=i-i etc.) likei :\/3 :

]
%z & %x Oy O, o,
T s B o ) O I R ——
X 7 Y
oy Uoy, Gy _iGZ 1 iGX
T o iy
1o )l o -1 1 0 i 0 O, 10, -10 1

£ —tensor form

0,0, =i€4,,0, +0,1

Same for spinor components based on any unit vector a=(qa,,a,,a,)

for which aea=1=a;+a, +a,

To see this just try it out on any a-component:

o’ =(cea)oea)=(a,0,+a,0,+a,0,)a,0,+a,0,+a,0,)

a,0,a4,0, +a,0,a,0, +a,0,a4,0,
= +a,0,a4,0, +a,0,a,0, +a,0,a,0, =
+a,0,a4,06, +a,0,a,06, +a,0,a,0,

a,a,o0,0, +a,a,0,0,
+a,a,0,0, +a,a,0,0,
+a,a,0,0, +a,a,0,0,

Oy HGY

T

c,=0ea=a,0,+a,0,+a,0,

+a,a,0,0,
+a,a,0,0,

+a,a,0,0,

Due to symmetry property called anti-commutation: o ,0, =-0,0,, o,0,=-0,0, ,elc.

2
a, 1 +a,a,0,0, +a,a,0,0,
2 _ 2
o, = —-a,a,0,0, +a,” 1 +a,a,0,0,
-a,a,0,0, —a,a,0,0, +a,’1

Saturday, March 26, 2016
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on-products and 3D vector analysis

Spinor operators oy =03, oy=0c, and oz =04 or quaternions i=-ioy, j=-ioy, and k=-ioz
have powerful symmetry relations.

Each oysquares to one (unit matrix 1= (oy)? ). Quaternions square to minus-one (—1=i-i etc.) likei :\/3 :

0
9z - 9% Oy O, o,
T s B o ) O I R ——
X Z Y
oy Loy, Gy _iGZ 1 iGX
CHEHEHC oy i,
1o )l o -1 1 0 i 0 O, 10, -10 1

Same for Spinor comzponzentszbased on agny unit vector a=(a,,a,,a,)
for which aea=1=a;+aq, +a,
To see this just try it out on any a-component:

£ —tensor form

0,0, =i€4,,0, +0,1

Oy HGY

e

c,=0ea=a,0,+a,0,+a,0,

o’ =(cea)oea)=(a,0,+a,0,+a,0,)a,0,+a,0,+a,0,)

a,o,a,0, +a,0,a,0,
= +a,0,a,0, +a,0,a,0,
+a,0,a,0, +a,0,a,0,

Due to symmetry property called anti-commutation: o ,0, =-0,0,, o,0,=-0,0, ,elc.

+a,0,a,0,

+a,0,a,0,

+a,0,a,0,

a,’1 76,050y +a,15,0,0,

+d,6,0,0,

+a,’1

0, = —a7ng o,

—ay030,0, —ayd;8,0,

+a,’1

a,a,o0,0, +a,a,0,0,
+a,a,0,0, +a,a,0,0,
+a,a,0,0, +a,a,0,0,

=(a," +a,”+a,’)1=1

+a,a,0,0,
+a,a,0,0,

+a,a,0,0,

Saturday, March 26, 2016
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on-products and 3D vector analysis

Spinor operators oy =03, oy=0c, and oz =04 or quaternions i=-ioy, j=-ioy, and k=-ioz
have powerful symmetry relations.

Each oysquares to one (unit matrix 1= (oy)? ). Quaternions square to minus-one (—1=i-i etc.) likei :\/3 :

o, U oy Oy Oy O, oy UHoy
[1 0 J[ 0 1H 0 1]:{9 _i]:my . : £ —tensor form o 1o =) (i o
o -1 )L1o -1 0 i 0 O, 1 i0c, -io, ) R o
. . 00, =i€ Oy T0, 1
oy U0y O, | -10, 1 10 k=L KEM ™= M KL oy Doy
[01][1sz[O—ljz_i[O—ijz_iG , , 0 i) o1|_[-io
1o )l o - 10 i 0 ro,| 10, -0, 1 o o) Lo

Same fpr le)onr comzponzentszbased on agny unit vector a=(a,,a,,a,)
for which aea=1=a;+aq, +a,

To see this just try it out on any a-component: ©0,=0ea=a,0,+a,0,+a,0,

o’ =(cea)oea)=(a,0,+a,0,+a,0,)a,0,+a,0,+a,0,)

a,0.a,0, +a,0.a,0, +a,0,a,0, a,a,0,0, +a,a,0,0, +a,a,0,0,
= +a,0,a,0, +a,0,a,0, +a,0,a4,0, = +a,a,0,0, +a,a,0,0, +a,a,0,0,
+a,0 ,a,0, +a,0,a,0, +a,0,a,0, +a,a,0,0, +a,a,0,0, +a,a,0,0,

Due to symmetry property called anti-commutation: o ,0, =-0,0,, o,0,=-0,0, ,elc.

2
a, 1 +aya,. 0,0, +a o
) X }%* Y XH}Q{ Z ) ) ) ,
0, = —aymayo, +a,’1 +dya,0,0, =(ay +a, +a, )1=1 |Result: o0, =
—au0,0, —a,d;6,0, +a,’1
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on-products and 3D vector analysis

Spinor operators oy =03, oy=0c, and oz =04 or quaternions i=-ioy, j=-ioy, and k=-ioz
have powerful symmetry relations.

Each oysquares to one (unit matrix 1= (oy)? ). Quaternions square to minus-one (—1=i-i etc.) likei :\/3
oz U ox Oy Oy O, oy UHoy

DU e T e e oo T

o, |-ic, 1 o, Ok0L = i€y +0ul oy Doy
e o, | o, o, 1 G )

Spinors do vector analysis for any 3D-vectors a=(ay,a,,a,) and b=(b,.b,,b,)

Oy DGZ

c0,=(cea)oeb)=(a,0,+a,0,+a,0,)b,0,+b,0,+b,0,)
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on-products and 3D vector analysis

Spinor operators oy =03, oy=0c, and oz =04 or quaternions i=-ioy, j=-ioy, and k=-ioz
have powerful symmetry relations.

Each oysquares to one (unit matrix 1= (oy)? ). Quaternions square to minus-one (—1=i-i etc.) likei :\/3
oz U ox Oy Oy O, oy UHoy
S o e e e (T

o, |-ic, 1 o, Ok0L = i€y +0ul oy Doy

S e H e T R A LT )

Spinors do vector analysis for any 3D-vectors a =(ay,a,,a,) and b=(b,,b,,b,)

Oy DGZ

c,0,=(cea)oeb)=(a,0,+0a,0,+a,0,)b,0,+b,06,+b,0,)
a,b,1 +a,b,0,0, -—a,b,0,0, +i(a,b, —a,b, )0

= —aYbXGXGY +aYbY1 +aYbZGYGZ = (CleX + Clyby + azbz )1 +i(asz - aXbZ )GY

+a,b,0,0, -a,b,0,0, +a,b,1 +i(ayb, —a,b,)o,
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on-products and 3D vector analysis

Spinor operators oy =03, oy=0c, and oz =04 or quaternions i=-ioy, j=-ioy, and k=-ioz
have powerful symmetry relations.

Each oysquares to one (unit matrix 1= (oy)? ). Quaternions square to minus-one (—1=i-i etc.) likei :\/3 :

oz U ox Oy Oy O, oy UHoy
(1 0 ][o 1}2[ 0 1]:{0 —i]:iGY : : £ —tensor form o1 ) o0 - i0 ).
L o e e SR (R
. . 00, =1i€4;,,0, +0,1
oy U0y O, | -10, 1 10 k=L KEM ™= M KL oy Doy
o 1)1 o )_[o -1 __[o-i]__, ) ) 0 =i J[o 1 )_[-io0])__,
[l()][O—lj_[IOJ_[in oy o, | 10, -0, 1 [iO](lO]_(OiJ_laz

Spinors do vector analysis for any 3D-vectors a=(a,,a,,a,) and b=(b,.,b,.b,)

c,0,=(cea)oeb)=(a,0,+0a,0,+a,0,)b,0,+b,06,+b,0,)

a,b,1 +a,b,0,0, -a,b,0,0, +i(a,b, —a,b,)o
= -a,b,0,0, +a,b,1 +a,b,0,0, = (a,by+a,b,+a,b,)l +i(a,b,—a.b,)o,
+a,b,0,0, -a,b,0,0, +a,b,1 +i(ayb, —a,b,)o,

Write the product in Gibbs notation. (This 1s where Gibbs got his {i,j,k} notation!)
[Gacb —(cea)ceb)= (ash) + i(axb)eo ]
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on-products and 3D vector analysis

Spinor operators oy =03, oy=0c, and oz =04 or quaternions i=-ioy, j=-ioy, and k=-ioz
have powerful symmetry relations.

Each oysquares to one (unit matrix 1= (oy)? ). Quaternions square to minus-one (—1=i-i etc.) likei :\/3 :

o, U oy Oy Oy O, oy UHoy
[1 oJ[01J:[o 1]:{0 4]26. : : £ —tensor form o 1) o i )i o),
R O R e o == AR (R (R Ry
. . 00, =1i€4;,,0, +0,1
oy U0y O, | -10, 1 10 k=L KEM ™= M KL oy Doy
o 1)1 o )_[o -1 __[o-i]__, , ) 0 =i o 1 )_[-io])_.
[l()][O—lj_[IOJ_[iOJ oy o, | 10, -0, 1 [1-0](10]_(01'}’02

Spinors do vector analysis for any 3D-vectors a=(a,,a,,a,) and b=(b,.,b,.b,)

c,0,=(cea)oeb)=(a,0,+0a,0,+a,0,)b,0,+b,06,+b,0,)

a,b,1 +a,b,0,0, -a,b,0,0, +i(a,b, —a,b,)o
= -a,b,0,0, +a,b,1 +a,b,0,0, = (a,by+a,b,+a,b,)l +i(a,b,—a.b,)o,
+a,b,0,0, -a,b,0,0, +a,b,1 +i(ayb, —a,b,)o,

Write the product in Gibbs notation. (This 1s where Gibbs got his {i,j,k} notation!)
[Gacb —(cea)ceb)= (ash) + i(axb)eo ]

(Recall (1.10.29). in complex variable Ch. 10.)
A*B=(A +7:Ay )*(B, +1iB,)= (A, —iA,)(B, +iB,)
X+AYB )+i(A B —AB )= (AeB) + i(AxB),
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The “Crazy-Thing-Theorem”™

Symmetry relations make spinors O x =05, Oy=0c, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.

Hamilton 1s able to generalize Euler’s complex rotation operators e ¥and €. (Recall (1.10.17).)

1 1 1 1 : The h
i 1 (i) (i) (i) 4 (i) = _1p LRI I
e " =14 (—ip)+ o (i) + o (i) + (i) i 517 tge = leosy] Crazy Thing
—i(y + l 903 ) —i(sing) Th/e%rem:
3! If (v )= -1
Note even powers of (-i) are +/ and odd powers of (-i) are ii.:(—i)o =+1, (—i)l =—1, (—i)2 =—1, (—i)3 =+, (—i)4 =+1, (—i)5 =—1, elc. Th (&Q
. en:
Hamilton replaces (-i)) with —ic, in the e~ power series above to get a sequence of terms just like it. ( )90 <
e(v/" =1cos, +(v)siny
. 0 _ i 1 _ i 2 _ i 3, i 4 i 5 .
(—ic,)) =+1, (-io_ ) =—io_, (-io )" =-1, (=io ) =+ic_, (—ic ) =+1, (—ic_ ) =—io_, etc. \- J
This allows Hamilton to generalize Euler’s rotation e to ¢ ' ** for any o p=(0ep)=p,0,+p,0,+p,0,=(Ce @)
e ¥=1cosp — ising generalizes to: C e "=1cosp — io,sing )
; : G (oe¢
Here: @ = -] Here: @ =—io_ =—i(cep)=—i CASD)
3 i ",
Crazy thing is
just -1
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

g is eigenvalue associated with eigenvector |g,) direction.

A change of basis to {| 51> ) 52>,° " 3n>} called diagonalization gives
(&M[e)) (g[Mley) - (g|M]e,) g 0 -~ 0
(e, M[e,) (&M|e,) - (&Mle,) |_| 0 & - 0
(e IMle) (elMle) (e Mle) | [ 0 0 e,
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Matrix-algebraic method for finding eigenvector and eigenvalues

|

An eigenvector |€,) of M is in a direction that is left unchanged by M.

4 1

M|8k>:8k|€k>’ Or. (M_8k1)|8k>:0 3 9

Mle)

g is eigenvalue associated with eigenvector |g,) direction.
A change of basis to {| 51> ) 52>,° o

8n>} called diagonalization gives

I

With example matrix M=[ ‘3‘ ; j
) = (5L G
y y ' 3 2-¢ y 0

T

<81|M|£1> <81|M|82> <81|M8n> g 0 0 0 2-¢ 3 0

<82|M|81> <£2|M|82> <82|M8n> _| 0 & 0 ) ( 4—¢ 1 )| " - ( 4oe 1 j|
s A R det det

(e,|M[e)) (e,|Me,) - (e,|Mle,) 0 0 - & 3 2-¢ 3 2-¢
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle)=¢e), or: (M-gl)e,)=0 M|8>=[ g ; ][ ; ]28[ ; ) o ( 4;8 218 j[ .

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTToTTToTommTITTooToocTImommoosssmoond

Achange of basis to 1/€1){€2).++(€,)] called diagonalization gives |
0 1 4-¢ 0
det det
<81|M|81> <81|M|82> <81|M8n> g O --- 0 0 2_8 3 0
(e.]Mle;) (&,|M|e,) - (&|Me,) 0 & - 0 xX= and y=
(e M[e,) (g,M|e,) - (e,[M]g,) 0 0 - g, — £ _e

Only possible non-zero {x,y} if denominator is zero, too!

SEIE PR G

0=(4—-e)2-€)—13=8—6e+e’—13=¢"-6e+5

0=det|M — £ - 1]=det =det

Saturday, March 26, 2016 35



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle)=¢e), or: (M-gl)e,)=0 M|8>=[ g ; ][ ; ]28[ ; ) o ( 4;8 218 j[ .

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTToTTToTommTITTooToocTImommoosssmoond

A change of basis to {| 8l> ’ 82>" , 3n>} called diagonalization gives |,
det| O 1 4-¢ 0
et det
<81|M|£1> <81|M|82> <81|M8n> g O --- 0 0 2_8 3 0
(e.]Mle;) (&,|M|e,) - (&|Me,) 0 & - 0 x and y=
s A N det( 4;8 21 ) det( 4;5 21 j|
(e.Mle)) (e,/M]e,) - (e,[M]e,) 0 0 - g, — £ _e

Only possible non-zero {x,y} if denominator is zero, too!

SEIE PR G

0=(4—-¢€)2-€)—13=8—6e+e’—13=¢"-6e+5
0 =& —Trace(M)e + det(M)

0=det|M — £ - 1]=det =det
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle)=¢e), or: (M-gl)e,)=0 M|8>:[ le ; j[ ; ]:g[ ; ) o ( 4;8 218 j[ .

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTToTTToTommTITTooToocTImommoosssmoond

A change of basis to {| 8l> ’ 82>" N 3n>} called diagonalization gives |,
0 1 4-¢ 0
det det
<81|M|£1> <81|M|82> <81|M8n> g O --- 0 O 2_8 3 0
(e.]Mle;) (&,|M|e,) - (&|Me,) 0 & - 0 x and y=
e teies e | [ 0 S e I Gy
(e M[e,) (g,M|e,) - (e,[M]g,) 0 0 - g, £ e

Only possible non-zero {x,y} if denominator is zero, too!

SEIE PR G

0=(4—-¢€)2-€)—13=8—6e+e’—13=¢"-6e+5
0 =& —Trace(M)e + det(M)

First step in finding eigenvalues: Solve secular equation

detM—€1]=0=(-1)" (g” +a e ta " +...+a,_E + an) 0=det|M — & -1|=det =det

Saturday, March 26, 2016 37



Eigensolutions by general matrix-algebra with example M =( 4 1 )
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Idempotent (P-P=P) projectors (how eigenvalues—=eigenvectors)
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Functional spectral decomposition
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle)=¢e), or: (M-gl)e,)=0 M|8>:[ le ; J[ ; ]:g[ ; ) o ( 4;8 218 j[ .

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTToTTToTommTITTooToocTImommoosssmoond

A change of basis to {| 8l>’ 82>"" 3n>} called diagonalization gives |,
det| O 1 4-¢ 0
et det
<81|M|£1> <81|M|82> <81|M8n> g O --- 0 0 2_8 3 0
(e.]Mle;) (&,|M|e,) - (&|Me,) 0 & - 0 x and y=
: s : N A det( 4;8 21 ) det( 4;8 21 j|
(e.Mle)) (e,/M]e,) - (e,[M]e,) 0 0 - g, — £ _e

Only possible non-zero {x,y} if denominator is zero, too!

SEIE PR G

where: 0=(4—e)2—€)—13=8—6c+>—13=¢>—6+5
@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,--+, a, =(-1)" det|MD 0 = £ — Trace(M)e + det(M)

First step in finding eigenvalues: Solve secular equation

detM—€1]=0=(-1)" (g” +ae" +a, e+, +a, £ + an) 0=det|M — & -1|=det =det
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j
An eigenvector |€,) of M is in a direction that is left unchanged by M.
4 1 X X 4—¢ 1 X 0
= : — = Mieg)= = : =
Mle,)=¢e,), or: (M=-g1)e,)=0 €) [ 32 j[ y ] 8[ y ) o ( 3 2-¢# j[ Y ] ( 0 }

g is eigenvalue associated with eigenvector |g,) direction.

A change of basis to {| 8l> ’ 82>" N 3n>} called diagonalization gives |,
0 1 4-¢ 0
det det
<81|M|£1> <81|M|82> <81|M8n> g O --- 0 O 2_8 3 0
(e.]Mle;) (&,|M|e,) - (&|Me,) 0 & - 0 x and y=
e s e | [ 0 S e I Gy
(e M[e,) (g,M|e,) - (e,[M]g,) 0 0 - g, £ e

First step in finding eigenvalues: Solve secular equation

det|M—¢1|=0

where:

(-1)'(e" +ae"™" +ae"” +...4a, € +a,

Only possible non-zero {x,y} if denominator is zero, too!

SRR

0=4-e)2—-€)—13=8—-6c+&’—13=€"—-6e+5

4 1
3 2

4—¢ 1
3 2—€

) 0=det|M — & - 1}=det =det

)\

n

@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,:--, a

=(-1)" det|MD 0=¢"—Trace(M)e +det(M) =€’ — 6 +5

Secular equation has n-factors, one for each eigenvalue.

(-1 (e-&)(e-&)-(e-¢,)

detM—¢1/=0

O0=(e—-1)(e—-5) solet: ¢ =1 and: & =5
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Eigensolutions by general matrix-algebra with example M =( 4 1 )
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle,)=ge,). or (M-gl)e,)=0 M|e>:[ ‘3‘ ; j[ ; ]:{ ; } or: ( 4;8 218 j[ ; ]:(

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTTrrTontTeETITToomoomooosnmsssmmmmend
A change of basis to {| 31> ) 32>" "

8n>} called diagonalization gives

SR

eMle) (/M) - (M) ) (& 0 o o 0 2-¢ 30

(eMle) (e/Mle) - (elMe) || 0 & 0 g (4_8 1 j and  y= { e )|
: : : B RS det det

(eIMe) (elMe) ~ (efmle) | (0 0 b b

Only possible non-zero {x,y} if denominator is zero, too!

SEIR TR R

where: 0=(4-e)2-¢e)-13=8-6e+&" —13=¢€"-6&+5
@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,--+, a, =(-1)" det|MD 0= &> —TraceM)e + det(M) = £” — 6 +5
Secular equation has n-factors, one for each eigenvalue.

det|M_gl|:O:(_l)n(8_81)(6_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5

First step in finding eigenvalues: Solve secular equation

detM—€1]=0=(-1)" (g” +ae" +a, e+, +a, £ + an) 0=det|M — & -1|=det =det

[Each ¢ replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation\.
0=M>-6M+51=M-11)(M-51)
0=(M-¢1)(M-¢,1)---(M-g,1)

[0 0]:(4 1}2_[4 1)+5(1 oj
\Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) ) 0 0 3 2 3 2 0 1
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Eigensolutions by general matrix-algebra with example M =( 4 1 )
Secular equation 3 2
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle,)=¢]e,). or: (M-g)e,)=0 M|8>:[ . j[ ) ]:g[ ; ) . ( B j[ .

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTToTTToTommTITTooToocTImommoosssmoond

A change of basis to {| €1> , 32>,' - 8n>} called diagonalization gives |,
0 1 4—g 0
det det
(eM|e)) (g|M]e,) - (e|M|e,) g 0 - 0 0 2-¢ 3 0
(eMle) (e/Mle) - (elMe) || 0 & 0 g PP and - y=T e T
: : : B RS det s, det s,
(e Me) (eMle) ~ (gMe) | L 0 0 - -

Only possible non-zero {x,y} if denominator is zero, too!

SEIR TR R

where: 0=(4-e)2-¢e)-13=8-6e+&" —13=¢€"-6&+5
@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,--+, a, =(-1)" det|MD 0= &> —TraceM)e + det(M) = £” — 6 +5
Secular equation has n-factors, one for each eigenvalue.

det|M_gl|:O:(_l)n(8_81)(6_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5

First step in finding eigenvalues: Solve secular equation

detM—€1]=0=(-1)" (g” +a e ta " +...+a,_E + an) 0=det|M — & -1|=det =det

[Bach ¢ replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation\.
0=M>-6M+51=M-11)(M-51)
0=(M-¢1)(M-¢,1)---(M-g,1)

[0 0]:(4 1}2_[4 1)+5(1 oj
\Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) ) 0 0 3 2 3 2 0 1
Replace jthr HC-factor by (1) to make projection operators . p, = (1M - 501):[ 4;5 215 ):[ —31 _13 )
p=( 1 )M-g1)-(M-¢g1)
p,=(M-gl)( 1 )-~(M-g,1) Mot | 471 [ 31
: P, =( ) 1 9_1 .

b =M= M-t 1)( 1 )
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTTrrTontTeETITToomoomooosnmsssmmmmend
A change of basis to {| 31> ’ 32>" o

8n>} called diagonalization gives

SER R

<81|M‘£1> <81|M|82> <81|M|8n> g 0 - 0 0 2-¢ 3 0

(eMle) (e/Mle) - (elMe) || 0 & 0 g (4_8 1 j and  y= { e )|
: : : D det det

elMe) (eMle) ~ (e/Me) | L0 0 booenE ;e

: : : : : Onl ibl - ,yrifd inator i , too!
First step in finding eigenvalues: Solve secular equation nly possible non-zero 1,y if denominator is zero, oo

SEIR TR R

0=4-e)2—-€)—13=8—-6c+&’—13=€"—-6e+5
0=¢"—Trace(M)e +det(M) =€’ — 6 +5

detM—€1]=0=(-1)" (g” +a e ta " +...+a,_E + an) 0=det|M — & -1|=det =det

where:

@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,---, a, = (—1)" det|MD
Secular equation has n-factors, one for each eigenvalue.

det|M_gl|:O:(_l)n(8_81)(6_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5

[Bach ¢ replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation\.

0=M’>-6M+51=M—-11)(M-51)
0=(M-¢1)(M-¢,1)---(M-g,1)

[0 0]:(4 1}2_6[4 1)+5(1 oj
\Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) 0 0 3 2 3 2 0 1
Replace j HC-factor by (1) to make projection operators p, = H (M _.gjl) p =1(M-51) :[ 4-5 1 ):[ -1 1 ]
p=( 1 )(M-el)(M-g) . R 32 )03
p=(M—g1)( 1 )(M-g1) (Assume distinct e-values here: Nix-doyencracy dunse) p. = (M—11)(1)= 4-1 1 |_[ 31
: Ei#E #.. 2 3 9 31
p,=(M-gl)(M-g1)-( 1 ) 4 1 -1 1 -1 1
Each pr contains eigen-bra-kets since: (M-ci1)pi=0 or: Mpi=cipi=p:M .
(41 31 ) 3 1)
Mp £3 2}(3 1]_5[3 1]_51)2
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTTrrTontTeETITToomoomooosnmsssmmmmend
A change of basis to {| 31> ’ 32>" o

8n>} called diagonalization gives

SR

eMle) (e/Me) - (eMe) ) (e 0 — o 0 2-¢ 30

(eMle) (e/Mle) - (elMe) || 0 & 0 g (4_8 1 j and  y= { e )|
: : : D det det

elMe) (eMle) ~ (e/Me) | L0 0 booenE ;e

: : : : : Onl ibl - ,yrifd inator i , too!
First step in finding eigenvalues: Solve secular equation nly possible non-zero {x,y} if denominator is zero, t0o

SEIR TR R

0=4-e)2—-€)—13=8—-6c+&’—13=€"—-6e+5
0=¢"—Trace(M)e +det(M) =€’ — 6 +5

detM—€1]=0=(-1)" (g” +a e ta " +...+a,_E + an) 0=det|M — & -1|=det =det

where:

@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,---, a, = (—1)" det|MD
Secular equation has n-factors, one for each eigenvalue.

det|M_gl|:O:(_l)n(8_81)(8_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5

[Each ¢ replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation\.

0=M’>-6M+51=M—-11)(M-51)
0=(M-¢1)(M-¢,1)---(M-g,1)

BREOREEE

\Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) ) 0 0 3 2 32 01

Replace jthr HC-factor by (1) to make projection operators P, = H (M —.gjl) p,=1)(M-51) =[ 4 ; . ’ : 5 ):[ _31 13 )
P, :( 1 )(M_gzl)...(M_gnl) Jj2k — _
D= (M—E 1)( 1 )---(M—8 1) (ASSU.me distinct e-values here: ;/%(/r;h//(fy()//ww{y (f/(///fj(/)

€. 2E *.. p,=M-11)1)=
j

p,=(M-g1)(M-g1)( 1 ) ( Notice pi commutes with M.... MPIZL 2 ; M 3 - ]:1£ 5 ]_
3
3

Each pr contains eigen-bra-kets since: (M-ci1)pi=0 or) Mpi=cipi=p:M .

ince M!, M2,..commute with M.|MP> = U s : =5P,
G PV Y 3 2 ) 31 1
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Eigensolutions by general matrix-algebra with example M :( 4 1 )
Secular equation 3 2
Hamilton-Cayley equation and pmjectors

P [dempotent (P-P=P) projectors {iemmsimemsmes
Eigenvector orthonormality and completeness

Spectral Decompositions
Functional spectral decomposition

Axis-Angle Dial

(Angle of Crank Rotation)

Axis-Angle Scale

(w—Axis Azimuth) |
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pjpk = p]H(M_eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties of p; :

PP :H(gjpj_gmpj):PjH(Sj—Sm)=<

m#k m#k

Mp,=¢,p, =pM

0 if %k

p.[](e.-¢,) if:j=k

m#k

Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

1

P
p,=(M-51) { L

Mot 31
p,=M-11) (3 1)

4
3

s

N =

0
0

|

0
0

|
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4
3

N —

|

Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

pjpk=p,~]1(M—8m1)=]1(ij—8mp,-1) Mp,=ep, =pM plz(M—S-l)z( o )
m# m# : - _ 0O O
Multiplication properties of p;: N 11)_( - j P lpz_( 0 0 j
0 if:j#k . b 31
pjpk=g(£jpj—empj)=pjg(ej—8m)=< p.[](e.-¢,) if:ji=k
m#k et eccecccccccne
Last step: [I(M-¢1) : p_M-5D) _1f 1 -1
make Idempotent Projectors: Pk:H(gpk—g )="ﬁ(8 o) b a=5 4 -3 3
(Idempotent means: P-P=P) G A b (M-I 13
(5= 4 31
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[ ‘3‘

|

N =

PP, :ij(M_gml):H(ij—Empjl) Mpk:gkpk =PkM E P, :(M—S-l):( _31 13 )
m#k m#k . _ . 0O O
Multiplication properties of p;: N 11)_( - j P 1p2_£ 0 0 j
0 if:jzk P2~ L3
PPy =g(8jpj—empj)=pjg(ej—8m)=< pJ1(e.-¢,) if:i=k
m#k etecsecsssnse .
Last step: [I(M-¢1) : p_M-5D) _1f 1 -1
make Idempotent Projectors: Pk:H(gpk ; )= "’lik[(g - D=5 4l 303
(Idempotent means: P-P=P) G A b (M-I 13
0 if: ik Mp,=¢,p, =pM 2 5-1) 4 31
Pij = S implies : :
Po if:j=k MP,=¢ P, =PM
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Axis-Angle Dial

(Angle of Crank Rotation)

Eigensolutions by general matrix-algebra with example M :( 4 1 )
Secular equation 3 2
Hamilton-Cayley equation and projectors

¥ [dempotent (P-P=P) projectors (how eigenvalues=-eigenvectors)
Eigenvector orthonormality and completeness

Spectral Decompositions
Functional spectral decomposition

(w—Axis Azimuth) |
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

pjpk = p]H(M_eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties of p; :

PP, :H(gjl’j—gmpj)=PjH(8j—em)=<

m#k m#k

Mp,=¢p,=pM

(0 if . j#k

pkH(gk_gm) if . j=k

m#k

e%occococccce ¥
[ ]

p1=(M—5'l)=( 3

p2=<M—1-1>=(

-1

1
-3

3 1
3 1

Factoring bra-kets into “Ket-Bras:

4
3

s

N —

|

0 O
0 0

Last step: . p [I(M-e,1) : p M-5D 10 1 -1 )_ % ®( 2 7 ):‘8><8‘
make Idempotent Projectors: Pk=H e "_g )= "’l’ik[ e —c) L 43 3 )4 4 /yk1 Y
(Idempotent means: P-P=P) Lok LN . “Gauge” scale factors that only afffct plots ( .
_ _ . 1 1 301
0 ifjek RERERML p G T k) | Ol
Pij = o implies : 4{ 3 1 ) k,
P ifij=k MP,=¢ P =PM -
52
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

pjpk:ij(M_eml):H(ij_gmpjl) Mpk:gkpk:pkM

—M—51=| !
p,=M-51) ( 3

|

4
3

N =

1
-3

s

m#k m#k 0O O
Multiplication properties of p; : 31 0 0 j
: o p2=<M—1-1>=( j
(p-e0) B T1(6 ) [[emes) 1ot -
PP :H EP.—E,P; :pH E.—E, =1 _ VIR
T ! Tk p"g(g" 8’") lf,.] ] k ..... Factoring bra-kets into “Ket-Bras:
Last step: [T(M-g,1): b M=SH 11 1), ! ®( , )_‘8><8‘
make Idempotent Projectors: Pk:H(gpk—g )= "’l’ik[(g e ) =5 403 03 ) 4 4 /yk1 IR
k m k m

(Idempotent means: P-P=P)

m#k m#k

. “Gauge” scale factors that only affect plots

) - ?]@\—( e
< (&]=02 172)k~—

0 lf]?'—'k Mpk.:‘g.kpk:pkM E PZZ(M_I'I):l[ 3
Pij: . implies : 5-1) 4| 3
A S 5 L S
: . —- 3/4
Eigen-bra-ket or .
projectors <y‘ » 1€5) =k, i
of matrix:
(4 1
M=(3 |2)
p - (M-51)
(1-5)
I
4\ -3 3

|81>:k1

1/2
-3/2
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Axis-Angle Dial

(Angle of Crank Rotation)

Eigensolutions by general matrix-algebra with example M :( 4 1 )
Secular equation 3 2
Hamilton-Cayley equation and projectors
Idempotent (P-P=P) projectors (how eigenvalues—=eigenvectors)

3 Figenvector orthonormality and completeness

Spectral Decompositions
Functional spectral decomposition

Axis-Angle Scale

(w—Axis Azimuth) |

Saturday, March 26, 2016 54



Matrix-algebraic method for finding eigenvector and eigenvalues

pjpk = p]H(M—Eml) = H(ij_gmpjl)

m#k m#k

Mp,=¢p,=pM

as are bra-ket (¢j|and|e;) inside P;’s of matrix:

With example matrix M=[ ‘3‘

N —

p1=<M—5-1>=( -

3—3) (00)
PP, =
. 0 0

Multiplication properties of p; : Mo
0 if:jzk P2~ L3
pjpk:H(‘gipi_8mpf):pJH(ef_8m)=< pkH(ek—e ) ifj=k : :
mk mk oy A . Factoring bra-kets into “Ket-Bras:
. . o1
Last Step. | b H(M—Sml) . P:(M_S.l):l 1 -1 . % ®( 2 T2 )=‘S><8‘
make Idempotent Projectors: P, = e "_g ] = ”’l’ik[ 6 —c) =5 403 03 ) 4 4 ) k, Y
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots
e =pM L VOoN )
0 lf‘]?'-'k Mp, =¢p, =pM . P2=(M ll)zl 3 1 —k, 2 M:‘SZXSZ‘
PP = implies : . 5-1) 4\ 3 1 1 k
JTk fi=k P . 2 ?
SRS MPeR =EM [ F
Eigen-bra-ket or [ .
The P; are Mutually Ortho-Normal - { (ele) (e, <y‘ iy |82> =k; 19 y <82|:(3/2 1/2)/ky<—

) ] projectors

w=(5 )

P _(M-51)
(1-5)

_(M-11)
(5=
_1( 31
4l 3 1
3 1
. 4 4
- 301
4 4
I
1
=k[ : ]@( DLk
2 1 2 2 2
1/2 2
&, )=k
KT = g )e)
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

s

pjpk = p]H(M_eml) = H(ij_gmpjl)

Mp,=¢p,=pM

—M—51=| !
p,=M-51) ( 3

1
-3

|

4
3

N —

m#k m#k 0O O
Multiplication properties of p; : N ( 31 j 0 0 j
- p = —1- =
0 if . jzk ’ 31
pjpk:H(‘gipi_8mpf):pJH(ef_8m)=< pkH(ek—e ) ifj=k : :
mk mzk ) A . Factoring bra-kets into “Ket-Bras:
. . 11
Last Step. b H(M—Eml) . P_(M_S.l)_l T % ®( 2 T2 )—‘8><8‘
make Idempotent Projectors: Pk:H(g k , )= "ﬁ(g - L a=5) 4l -3 3 )y 4 koY
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots /
. 3 1
s Mp,=¢,p, =pM ~1 Vil ( 2 2 )
0 ek OPCERTREL p T T ] =k | O e
Pij = _ implies : 5-1) 4\ 3 1 ) k,
.. 5 Y
Eigen-bra-ket or [ .
The P; are Mutually Ortho-Normal - (ele) (ele,) projectors <y‘ s |82> =k, i < <82|:(3/2 1/2) ey
as are bra-ket (¢j|and|e)) inside P;’s - (ele) (e, of matrix:
: - =(4 1 )
=[ 0 1 | 3 |2 | i
Tereres M-51 M-11
...and the P; satisfy a . 1=( (1_5)) 2 =((5_1))
Completeness Relation: pip-| 10
1= P, + P, +.4+ P, o =%( 13 _31 ] =i( g i
=ler) (e1]+|e2) (2|+..4|€n) (€4] =|e, ) (e |+|e, ) (e,
| e : i
B i R
4 4 4 4
1 — -1 1
:kl[ _23 ®( I )/kl =k2[ ; ]@( s )/k2
I i _ |12 ?
b €172 - el
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Eigensolutions by general matrix-algebra with example M :( 4 1 )
Secular equation 3 2
Hamilton-Cayley equation and projectors
Idempotent (P-P=P) projectors (how eigenvalues—=eigenvectors)
Eigenvector orthonormality and completeness

Axis-Angle Dial

(Angle of Crank Rotation)

Axis-Angle Scale

(w—Axis Azimuth) |

* Specﬂ'al DeCOmPOSitiOI’ZS —

Functional spectral decomposition

Saturday, March 26, 2016

57



Matrix-algebraic method for finding eigenvector and eigenvalues . With example matrix M=£ ‘3‘ ; j
pp.=p;[[(M-¢,1)=]](pM-¢,p,1) Mp.=gp, =pM  : p_-m-sp=| ' !
m#k m#k o 3 -3 0O 0
Multiplication properties of p; : f e ( .- j PP=| o
0 if:jzk D 31
pjpk:H(‘gipi_8mpf):pJH(ef_8m)=< pkH(ek—e ) ifj=k : :
mk mk o A . Factoring bra-kets into “Ket-Bras:
Last step: H(M—gml) : b S M-5D) 11 - i : ®( 2 3 )_‘8><8‘
make Idempotent Projectors: P, = H(gpk o) = "ﬁ(g - L a=5) 4l -3 3 )y 4 koY
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots /
o 3 1
o Mp,=¢,p, =p,M : -1 RN ( 1 2 )
0 if:j#k . pk. PP Pz:(M 11)21( T =k| | | ® — =|e,)(e)|
Pij — ST implies : . 5-1) 4 ‘3 | % k,
Pk lf‘ -J = k MPk:‘ngk = PkM E ’y - 3/4
: ........................... o Eigen_bra_ket
projectors | &5) =k, ig <~ (&l=0n2 12)k<—
. of matrix:
The P; are Mutually Ortho-Normal [ (¢ |e)) (g e,) M={4 1 J
as are bra-ket (¢;|and|e;) inside P;’s (e,]e) (ee,) 32 i
2™ 212 p_M-51) p . (M-11)
1 0 (SR 2T (5-1)
o e U
e 4l 3 3 4l 31
...and the P; satisfy a [ - [ o J
Completeness Relation: PP = 1 0 - i P
1= P;+ P2 +.4 P, : 1 1 i
: =k 3 ® ; =K, ’ ; é 2
Slen) eler) eobtlen @] © =lee+le el | : I L peen
= &) = |a)(&)

(Eigen—operators MP, =¢ P, then give Spectral Decomposition of operator M
M=MP +MP, +..+MP,=¢P, +¢,P, +..+¢ P,

\ J
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4
3

N =

Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

|

pjpk:ij(M_eml):H(ij_gmpjl) Mpk:gkpk:pkM E p,=(M-51)= -
m#k m#k o 3 -3 0O 0
Multiplication properties of p;: ; wino| 31 PP2Z1 0 0
0 if:j#k P>~ B 1
pfpk:H(gjpf_8mpf):pJ’H(ef_8m)=< pkH(ek—e ) ifj=k : :
mak mk oy A . Factoring bra-kets into “Ket-Bras:
. ) . 1 |
Last step: | b H(M—Sml) . P:(M_S.l):l 1 -1 . ) ®( 2 T2 )=‘S><8‘
make Idempotent Projectors: P, = e k_g ] = ”’l’ik[ (6—c) -5 4 303 = k, Y
(Idempotent means: P-P=P) LTl L AT T
. 3 1
o Mp,=£,p, =pM : 1 ) ( 1 2 )
0 ik PR TR p O L gl 2 e e e
Pij = o implies : . 5-1) 4\ 3 1 s % k,
Pk lf‘ )= k MPk :‘ngk = PkM E Eigen-bra-ket ?;| [
R R o projectors ., le,)=t, :Z <~ (&)= 12)ke—,
of matrix:
. M=[§ ;] y 1 32
The P; are Mutually Ortho-Normal - (ele) (ele) P S BRIy TR
€1 /€2 T -5) EER))
as are bra-ket (¢j|and|e;) inside P;’s (e,]e) (ee, :1[ - J 7 =1( 3 ]
* |_3_13 B (&) 1=(112 -112)rk, ! f T
Ny EEA A
crrernes . k|l o A T
...and the P; satisfy a . - [ e>]< 7 o= 50 - { zj><ez
Completeness Relation: : pip-| 10 )
1= P, + P> +.+ P, Lo 4 - 3o
=ler) (e1]+|e2) (2|+..4|€n) (€4] =|e,)(e,|+|&,) (&, M:[ ) j=1P1+5P2:1|1><1|+5|2><2|:1 . +5 -

(Eigen—operators MP, =¢ P, then give Spectral Decomposition of operator M
M=MP +MP, +..+MP,=¢P, +¢,P, +..+¢ P,

\ J
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Axis-Angle Dial

(Angle of Crank Rotation)

Eigensolutions by general matrix-algebra with example M :( 4 1 )

Secular equation 3 2
Hamilton-Cayley equation and projectors
Idempotent (P-P=P) projectors (how eigenvalues—=eigenvectors)
Eigenvector orthonormality and completeness

Spectral Decompositions

¥ Functional spectral decomposition <————————

Axis-Angle Scale
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Matrix and operator Spectral Decompositons

pjpk:ij(M_eml):H(ij_gmpjl) Mpk:gkpk:pkM

m#k m#k

Multiplication properties of p; :

( 0 if . j#k
PP, =g(ejpj—empj)zpjg(ej—em)=< pk]:!(ek—em) ifj=k
Last step: \ [T(M-¢,1) f
make Idempotent Projectors: P, = ——t& = 2z NS
(Idempotent means: P-P=P) g(gk ~2) g(g" “&)
— 0 lf]?'—'k Mp;:g.kpk:pkM § PZ:(M_I'I):I
P = p P implies : :
e = MP,=¢,P, =PM -

The P; are Mutually Ortho-Normal - (e]e,)
as are bra-ket (¢j|and|e;) inside P;’s

...and the P; satisfy a

Completeness Relation: PP = 1 0
1= P;+ P> +.+ P, . 1
=‘€]><€1’+|€2><€2‘+...+’€n><811’ =|81><81|+|82><82| 3

(Eigen—operators MP, =¢ P, then give Spectral Decomposition of operator M
M=MP +MP, +..+MP,=¢P, +¢,P, +..+¢ P,

...and Functional Spectral Decomposition of any function (M) of M

. JM) == f(€)P, + f(&)P, +...+ f(g,)P, )

p1=<M—5-1>=( : _3)
PP, =

M oto| 31
p,=M 11)(3 j

M=£ 4 ;j—11>1+5P2—11><1|+52><2—1( P ]+5[

N =
N——

-1 1

o O
o O
N———

1

Factoring bra-kets into “Ket-Bras:

1 1

N ®(2k—”)=\el><a\

—)=\€z><82\

[N
N—_
Il
o h
[\S)
B = D=
—_—
NSTRROS}
B |—

Al B W
= B =
N
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Matrix and operator Spectral Decompositons

pjpk = p]H(M_eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties of p; :

Mp,=¢p,=pM

( 0 if . j#k
Last step: [TM-e,1): = -51) 1
make Idempotent Projectors: P, = H(fpk . )= "’lik[(g - YT =5 4
(Idempotent means: P-P=P) LTl L AT T
0 if: j#k Mp,=¢,p, =pM P2=(M_1'1):l
PP = implies : : 5-1) 4
JTk P lf L= k .
k ' MP =¢ P, =PM
The P; are Mutually Ortho-Normal - (ele)) (ee,)
as are bra-ket (5/[and|g)) inside P’s - (e]e) (e]e,)
. [ 10
0 1

...and the P; satisfy a

Completeness Relation: 1 0
P+P =
1= P;+ P> +.+ P, 0 1 41 LR S
:‘€]><81’+|€2><€2‘+...+’€n><811‘ :|gl><gl|+|82><82| ZL ) jzlpl"‘spz:1|1><1|+5|2><2|:1 33 +5 3o
. 3 3 i 1
(Eigen—operators MP, =¢ P, then give Spectral Decomposition of operator M Exanip lel. L 3 143590 5%_1
50 150 ! ! sl # F |1 -
M=MP,+MP,+..+MP, =¢P +&P, +..+¢ P _L 3 2 ]_l R > 3o T 3.550_3 55,3

...and Functional Spectral Decomposition of any function (M) of M
fM)==f(g)P + f(&,)P, +..+ f(g,)P,

.

p1=(M—5'l)=(

p2=<M—1-1>=( X

N —

-1 1
3 3
3 1

'

Factoring bra-kets into “Ket-Bras:

o O

1 1 1
L L ()
:k _—
-3 3] ! _; ® k, ‘81><81‘
301 > ( ;3 )
—k,| ° AR
3 1) 2 : ® X, ‘82><82‘
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Matrix and operator Spectral Decompositons

pjpk = p]H(M_eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties of p; :

Mp,=¢p,=pM

pl=<M—5-1>=(

p2=<M—1-1>=( X

N =

-1
3

1
-3

|

o O

3 1

0 if:jzk 1
op~Tllen e )=pTIe 20 g [Ti-c.) 27 o
mk mzk ) A . Factoring bra-kets into “Ket-Bras:
Last step: [IM-g,1):  oi-sn_1( 1 1 )_ [ > ®(5 )
make Idempotent Projectors: Pk:H(pk )="ﬁ( ): T oa-5 4l 3 o3 ) 2 k, =lentel
E —E& E —€ .
(Idempotent means: P-P=P) LTl L AT T
. 3 1
. Mp,=¢,p, =pM : M-11) 1 ) (z)
0 if:j#k PaR R p O L ) e e
Pij: _ implies : . 5-1) 4\ 3 1 % k,
P if:j=k MP,=¢ P =PM -
The P; are Mutually Ortho-Normal - (ele)) (ee,)
as are bra-ket (¢j|and|e;) inside P;’s - (ele) (e]e)
. [ 10
0 1
...and the P; satisfy a :
Completeness Relation: PP = 1 0
1= P;+ P> +.+ P, 0 1 41 LR S
= =1P, + 5P, =1{1){1|+5|2)(2|=1 5
=k (eilde el (el T =[e)e]+le.) el [3 2) A I S
(Eigen—operators MP, =¢,P, then give Spectral Decomposition of operator M Exanip lels.' L 30 143590 5%_1
4 4 4 1 o
M=MP +MP, +..+MP, =P +¢&P,+. +¢P 50:[ . ]:150 T L —i[ sy 550+3]
7 i

...and Functional Spectral Decomposition of any function (M) of M
fM)==f(g)P + f(&,)P, +..+ f(g,)P,

M

.

|

4
3

I+

BlwW AW
Bl = B =
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Axis-Angle Dial

(Angle of Crank Rotation)

Eigensolutions by general matrix-algebra with example M =( 4 1 )
Secular equation 3 2
Hamilton-Cayley equation and projectors
Idempotent (P-P=P) projectors (how eigenvalues—=eigenvectors)
Eigenvector orthonormality and completeness

Spectral Decompositions
Functional spectral decomposition

P/ (2)DC2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues
Asymmetric-diagonal (AD-Type) symmetry
Bilateral-balanced (B-Type) symmetry
Circular-chiral-cyclotron (C-Type) symmetry
Mixed ABCD symmetry examples

% M| Axis-Angle Scale

(w—Axis Azimuth) |
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Each H-matrix H=c,+wgl has a 3D-term oc,=oc°*a

2

Saturday, March 26, 2016

A—D A+ D
H= > %4 +B o +C O, + > %0
:A—D 1 O + B 0 1 L+ C 0 —i +A+D 1
2 0 -1 1 0O I 0 2 0
A+ D
= W, O, +W,p Gp +Os O + 1

0
1

U(2)DC2 ABCD group theory to find eigenmodes and w-values

J
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U(2)DC2 ABCD group theory to find eigenmodes and w-values

Each H-matrix H=oc,+wgl has a 3D-term o,=c*a

A—D A+ D
H-= 5 G, + B Cp +C G- + 5 O,
_A-Dp 1 0 | 5 01 ol 0 i LA+D[ 10
2 0 -1 1 0O I 0 2 0 1
A+ D
= W, O, +W,p Gp +Os O + 5 1

2
L _ 2 2 2 _ (A_D) 2, 2
Divide H by beat frequency wapcp =04 +@p" +0" = A +B87+C
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U(2)DC2 ABCD group theory to find eigenmodes and w-values

Each H-matrix H=oc,+wgl has a 3D-term o,=c*a

A-D A+ D
H= > %4 +B o +C O, + > %0
_A-Dp 1 0 | 5 01 ol 0 i LA+D[ 10
2 0 -1 1 O i 0 2 0 1
A+ D
= W, O, +W,p Gp +Os O + 1

2

2
L _ 2 2 2 _ (A_D) 2, 2
Divide H by beat frequency wapcp =04 +@p" +0" = A +B87+C

H A-—D B C
O pcp 20 50p @ 4pcD

A+ D
o + o,
@ 4pcD 20 p0p
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Each H-matrix H=oc,+wgl has a 3D-term o,=c*a

A—D A+ D
H:T G, + B Cp +C G- + 5 O,
_A-Dp 1 0 | 5 01 ol 0 i LA+D[ 10
2 0 -1 1 O i1 0 2 0 1
A+ D
= W, O, +W,p Gp +Os O + 5 1
2
.. 2 2 2 (A_D) 2 2
Divide H by beat frequency wapcp =04 +@p" +0" = A +B87+C
H A—D B C A+ D
= C + G, + o + o,
Dy pcp 20 450D @ 4BCD @ 4BCD 20 450p
R R R A+ D
= W, G, + Wy Cp + O G- + 1

20 ,p0p

U(2)DC2 ABCD group theory to find eigenmodes and w-values
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Each H-matrix H=oc,+wgl has a 3D-term o,=c*a

A—D A+ D
H= 5 G, + B Cp +C G- + 5 O,
_A-Dp 1 0 | 5 01 ol 0 i LA+D[ 10
2 0 -1 1 O i 0 2 0 1
A+ D
= W, O, +W,p Gp +Os O + 5 1
2
.. . 2 2 2 _ (A_D) 2 2
Divide H by beat frequency wapcp =04 +@p" +0" = A +B87+C
H A—D B C A+ D
= C + Gy o + o,
@D pcp 20 450p @ 45cD @ 45cD 20 45cp
R R R A+ D
= 0, 0y + Wy Cp + o4 O~ +2wABCD 1

R R R —q A+ D
=a)A[10)+ w3(01]+ wc((_) l]+ 1
O —1 10 l O 2wABCD

U(2)DC2 ABCD group theory to find eigenmodes and w-values
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Each H-matrix H=oc,+wgl has a 3D-term o,=c*a

_A-D

U(2)DC2 ABCD group theory to find eigenmodes and w-values

A+ D
H > %4 +B o +C O, + > %0
_A-Dp 1 0 | 5 01 ol 0 i LA+D[ 10
2 0 -1 1 O i 0 2 0 1
A+ D
2
. _ 2 2 2 (A_D) 2 2
Divide H by beat frequency wapcp =04 +@p" +0" = +B87+C
H A—D B C A+ D
= C + Gy G + o,
@Dy pcp 2@ 450D @ 45cD @ 4pcD 20 450p
R R R A+ D
20 450p
R R R — A+ D
S 0 S I S U O (P R )
@y Op—idc | -.

COB+ZC()C — 4
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Each H-matrix H=oc,+wgl has a 3D-term o,=c*a

A—D A+ D
H:T G, + B Cp +C G- + 5 O,
_A-Dp 1 0 | 5 01 ol 0 i LA+D[ 10
2 0 -1 1 O i1 0 2 0 1
A+ D
2
o 2 2 2 [4-D)
Divide H by beat frequency wapcp =@ 4 +0p" + 0" = ;g B+
H A—D B C A+ D
= C + Gy G + o
@Dy pcp 2@ 450D @ 4pcD @ 4pcD 20 450p
R R R A+ D
ABCD
= @, U @, 011, o) 0 —i | A+D
O —1 1 O l O 2wABCD
—_— — \/T\./
GA)A aA)B_l.aA)C .................... .

Saturday, March 26, 2016

U(2)DC2 ABCD group theory to find eigenmodes and w-values
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U(2)DC2 ABCD group theory to find eigenmodes and w-values

Each H-matrix H=oc,+wgl has a 3D-term o,=c*a

A—D A+ D
H-= 5 G, + B Cp +C G- + 5 O,
_A-Dp 1 0 | 5 01 ol 0 i LA+D[ 10
2 0 -1 1 O i1 0 2 0 1
A+ D
2
o 2 2 2 [4-D)
Divide H by beat frequency wapcp =@ 4 +0p" + 0" = ;g B+
H A—D B C A+ D
= C + Gy G + o
@Dy pcp 2@ 450D @ 4pcD @ 4pcD 20 450p
R R R A+ D
ABCD
= @, U @, 011, o) 0 —i |, A+D
O —1 1 O l O 2wABCD
—_— — \/T\./
GA)A a)B laA)C .................... .

COB+ZC()C — 4

The matrix h=05 =00 has a Hamilton-Cayley equation h’=1 or h?-1=0=(h-1)(h+1)
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U(2)DC2 ABCD group theory to find eigenmodes and w-values

Each H-matrix H=oc,+wgl has a 3D-term o,=c*a

A—D A+ D
H-= 5 G, + B Cp +C G- + 5 O,
_A-Dp 1 0 | 5 01 ol 0 i LA+D[ 10
2 0 -1 1 0O i 0 2 0 1
A+ D

2
;s _ 2 2 2 _ (A_D) 2 2
Divide H by beat frequency wapcp =04 +@p" +0" = A +B87+C

H A—D B C A+ D
= C + Gy O + o
@D pcp 20 450p @ 45cD @ 45cD 20 450p
R R R A+ D
20 450p
S I S I O I B L
\O —1 1 O l O/ 2wABCD
) 6,y | R s B—D=CDB-)
Dy+id, -0, 0 ’ 0 h(h+1)=(+1)(h+1)

The matrix h= 045 =060 has a Hamilton-Cayley equation W’=1 or h’-1=0=(h-1)(h+1)=(h+1)(h-1)

This immediately gives 15 eigenvector projector PA5P+= I_Th with eigenfrequency @y+® 45cp

: : . _ 1+h , n
gives 2nd eigenvector projector P ABCD =5 with eigenfrequency %o~ ®4pcD

Saturday, March 26, 2016
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U(2)DC2 ABCD group theory to find ezgenmodes and wW-values

ABCD+ )
Fach H-matrix H=oc,twgl has a 3D-term oc,=c*a X1 +ip; 1 @, +1 ]
. =21 A A
X~ t+1 a,+ 10
A-D A+D 27T L 2oc
H= 5 G +B Op +C O, + G, high eigenfrequency @@y+® ,p-p
D | i D | ABCD- )
_A- (1 ojﬂ{o 1]+C(Q—z]+ + (1 oj X, +ip; N
2 {0 -1 1 0 i 0 2 {01 X, +ips | dy+id,
= o, O, +w, Gy +0- Gp +A;D 1 \IOW eigenfrequency @y—® 4pcp y
2
. 2. 2 a2 |4-D) 5,
Divide H by beat frequency wapcp =@ 4 +0p" + 0" = ;g B+
H A-—D B C A+ D
= C + Gy G + o
®5cp 20 4pcp ® 4pcD ® 4pcD 20 4pcp
n n . A+ D
ABCD
= o, L0y Wy O]y o) L A+D 1
0 -1 1 0 i 0 20 4501
T — Y — W
) &, — id B, i h(h—1)=(—1)(h—1)
_ A B C : M

O, +id, -0, h(h+1)=(+1)(h+1)

The matrix h= 045 =060 has a Hamilton-Cayley equation W’=1 or h’-1=0=(h-1)(h+1)=(h+1)(h-1)

This immediately gives 15 eigenvector projector PA5P+= I_Th with eigenfrequency @y+® 45cp

4apcp-_1+h

gives 2" eigenvector projector P > with eigenfrequency Dy =@ ypcp

Saturday, March 26, 2016 74



U2)DC2 ABCD group theory to find ezgenmodes and wW-values

This immediately gives 15 eigenvector projector PABCP+
4 g proj

. : : ABCD—_
gives 2nd eigenvector projector P ¢

Saturday, March 26, 2016

1+h

2

ABCD+ )
Each H-matrix H=o,twol has a 3D-term oc,=c°a X) +ip _ »+1 ]
XH+1 @, + i
A-D A+D 2T b
H= 5 G +B Op +C O, + o high eigenfiequency @y+® 450p
o N 4eD  \A4BCD-
e P S PR PR e
0 -1 1 0 i 0 2 0 1 X, +ip, a)B+za)C
= 0, o, r0, G, +0, O + A"z'D 1 \low eigenfrequency @y~ 4p-p, )
2
Div [ 2. 2. a2 4-D) 5,
ivide H by beat frequency wapcp =04 +0p" +0s" = 1 +57+C 7 S
H A—D B C A+ D C
= C + G, + G + o)
D ypcp 20 45cp @ 4BCD @ 4BcD 20 4pcp D _
A A A A+ D ABCD
ABCD Stokes
S R L IOV S L R S B O spin S
410 -1 Bl1o “lio 20 130p, || 4-D=0)
—— — \/T\./ y/
W Op—id | . A e : A |
= o X +wyl=0 +a)01 Ge a)+a)01 S )
Wy + IO~ —0 S

= I_Th with eigenfrequency @y+® 45cp

with eigenfrequency Dy =@ ypcp

The matrix h= 045 =060 has a Hamilton-Cayley equation W’=1 or h’-1=0=(h-1)(h+1)=(h+1)(h-1)
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Axis-Angle Dial

(Angle of Crank Rotation)

Eigensolutions by general matrix-algebra with example M =( 4 1 )
Secular equation 3 2
Hamilton-Cayley equation and projectors
Idempotent (P-P=P) projectors (how eigenvalues—=eigenvectors)
Eigenvector orthonormality and completeness

Spectral Decompositions
Functional spectral decomposition

U(2)DC2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues
» Asymmetric-diagonal (AD-Type) symmetr) < umm
Bilateral-balanced (B-Type) symmetry
Circular-chiral-cyclotron (C-Type) symmetry
Mixed ABCD symmetry examples

% M| Axis-Angle Scale

(w—Axis Azimuth) |
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Divide H by beat frequency wascp = \/‘UA2

Asymmetric-diagonal (AD-1Type) symmetry

(.  \ABCD+
A-Type H-matrix H=o4+wyl Xt _1| oyt
: 2
Xo + 1P, 0
_A-D : . .
H= 5 G, high eigenfrequency g+ ,
. ABCD—
— . _2 n
2 0 -1 X, +ip, —o -1
= 0, o, L low eigenfrequency @y— ,

(7

H A—D A+ D C
@D pcp 20 450p 20 450p
R A+ D
20 450p
R A+ D
= W, [ (1) 01 ) + 5 1
_ 0
ABCD
W
aBA =+1 0 A A o
= R twgl=0,+0,1=06-0+w,1

BoxIt Web Simulation
A-Tyvpe motion

Saturday, March 26, 2016


http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=1.0&BU2=0.0&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.5&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=1.0&BU2=0.0&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.5&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=1.0&BU2=0.0&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.5&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=1.0&BU2=0.0&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.5&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1

Asymmetric-diagonal (AD-1Type) symmetry

7 3.5
v{r

x1 =-0.258
pl/w = -0.966
x2 = 0.432
p2/w = 0.251

x1(0) =1.000

x2(0) =0.000
p2(0)/w = 0.500

A =1.0000
B =0.0000
C =0.0000
D =4.0000

P

p1(0Yw=0.000 /

. | |
l‘ X / \

wl =1.000
w2 =4.000
® = 90.000

35 time = 77.230 E =1.000
W It WH
w100 s 200 a0 300
| v
W i
EO.S T Stokes Vecgts)r ABC-Space

Spin—S/

- is swings A B
—--0.5
- around
-1 crank )
Cso 2000 55 3000

Saturday, March 26, 2016
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Asymmetric-diagona

High frequency A mode
x2-linear polarized

[

x1 =0.000
pl/w = 0.000
x2 =-0.501
p2/w = -0.866

x1(0) = 0.000
p1(0Yw = 0.000
x2(0) = 1.000

p2(0Y = 0.000

A =1.0000
B =0.0000

QAD—T){pe) symmetry

|1t

-3

2.5

XI1=

time = 91.630 E =2.000

..................

Ny

( Vligated_?/a %/

I y N
——— — 17‘7";};/ \
. ,»"' ‘.*»
—\

wl =1.000
w2 =4.000
® =90.000

Stokes Vecégr ABC-Space
<“/]\
Spin-S

is fixed up
crank €2

Low frequency A mode
xi-linear polarized

x1=0.376
pl/w =-0.926
x2=0.000
p2/w = 0.000

x1(0) =1.000
p1(0)/w =0.000
x2(0) =0.000
p2(0)/w =0.000 |

A =1.0000
B =0.0000
C =0.0000
D =4.0000

e

v2
p2@
x2

wl =1.000
w2 =4.000
© =90.000

v

E=

Stokes Vectc

Fo.s | ( Q

L s

- X2 :

S Spin-S

is fixed down
YA o . g 100, a0 200

- crank €2
-3
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Axis-Angle Dial

(Angle of Crank Rotation)

Eigensolutions by general matrix-algebra with example M =( 4 1 )
Secular equation 3 2
Hamilton-Cayley equation and projectors
Idempotent (P-P=P) projectors (how eigenvalues—=eigenvectors)
Eigenvector orthonormality and completeness

Spectral Decompositions
Functional spectral decomposition

U(2)DC2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues
Asymmetric-diagonal (AD-Type) symmetry
3 Dilateral-balanced (B-Type) symmetry — -«uuum
Circular-chiral-cyclotron (C-Type) symmetry
Mixed ABCD symmetry examples

% M| Axis-Angle Scale

(w—Axis Azimuth) |
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(B-Type) symmetry

. ABCD+
-matrix H=o s+wgl X +ip _1
A+D X, +ip, 2 op=l
H= +B Op + 5 o high eigenfiequency ®y+® 45-p
ABCD-
_ +B( 0 1 ] +A+D( 1 0 J x| +ip, 1 |
1 0 2 0 1 X, +ip, 21 o =1
_ ro, o + A"z'D 1 \IOW eigenfrequency @y~ 45, )
Divide H by beat frequency wipcp =+ 5> =\ B* 7 S
H B A+ D C
- + Cp + G
® 4pcp ® 4pcp 20 ypcp 9 4
e D G 4ncp ABCD
®
ABCD Stokes
. A+ D : -
— + Dy ( 0 1 j n 1 spin S
1 0 20 4p0p /
0 @dy=1] 1 - o A
= +0D1=0,+01=CD+D

BoxIt Web Simulation
B-Type motion
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http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=1.0&BU2=0.1&CU2=0.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=1.0&BU2=0.1&CU2=0.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=1.0&BU2=0.1&CU2=0.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=1.0&BU2=0.1&CU2=0.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1

2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours (Here: ki =k= k3)

1 | 1 k+k —k X
V=§(k+k12)x12—k12x1x2+5(k+k12)x§: <x‘K‘x>:§X.K.X:( X, X, ) 12 12 1

1
2 ~ki,  k+k, X,

(a) PE Contours and gradients

ALOW axis (NorthWest)

What direction ’X> =|en>
is the same as K|x)??
Not most directions!
Only extremal axes
WOTK. (major or minor axes)

(b) Symmetric U+ Coordinate (c) Anti-symmetric U- Coordinate - (SouthEast)

SLOW Mode FAST Mode Fig. 3.3.4 Plot of potential function V(x},x;) showing elliptical V(x},x;)=const. level curves.
/“7\\QX /
/ | X\\\ X1 1 0° X2 ) X1 u .
[ phfisor | [y_phase \ plfisor hasoyX1/80° ~Qidso Potential
|- phay AN \{/ od, Qut-of-phase Energy
\ \ SO oA % : mode ) &*
A N N \Xz X2
o 01 < \‘ Q' =
NN K i
AN I a § 9\
is SLOW s > 0,
phasor \\\\ ( ‘ i h K \ ]
1 | 4 \\\\\\ ‘ 1 7 | | | | | X\l 1 & U- 4 L X‘l 1 W
— 5 is FAST] i X2
= phasor phasor g I(Jhasodf
(90° turned) Q'
-

phasor /
With Bilateral symmetry (k; =k= k2) the extremal axes lie at £45° <

Fig. 3.3.5 Topography lines of potential function V(x;,x5) and orthogonal €, ande_ normal mode slopes
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Bilateral-balanced (B-Type) symmetry

x1 =0403 ~-3.5 ~3.5 time = 87.070 E = 0.500
pl/w =0.503 I !
x2 =-0.596 . !
p2/ = 0.479 ¥ 3 i H
x1(0) =1.000~ / ol :. “ M“W
x2(0)< i - 71 UINNILQO | | ss0, 200 250 300
92(0)/(» 0.000 K
A =1.0000 \\ ‘ | “
‘B =-0.0100 - ] ﬁ . “H “ S just passed +C-axis
/C/=0.0000 ~ :
8.7 1ogh — Spin-S
/ ' , / /) / - [, is normal to Stokes Vector ABC-Space
."' ,v"‘ 1/ ,."/ \ - .5
? = | crank S ( 0 )
| - | -,1 5 | i ./\
’ |J| { . f‘\/f a’ B Q: —1
| | ‘\ ||" |“. \ '|' A
x \ ; 0.5 \ 0 J
\ \ "
| \ N -1
\ ~_/ -
\ o --1.5 M
\ o o ﬁMM 100 200 300
\ . T 100 o 200 w0 300
= |
NN S - )
NN . -
o --2.5
wl =0.99 e _— ' N+
w2 =1.010 T F o~ !
© =45.000 -3 -3
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Bilateral-balanced (B-Type) symmetry

x1=0.198
pl/w=-0.733
x2 = -0.629
p2/w =-0.170

x1(0) =1.000—_—/
x2(0y=0000" |
92(0)/ w=0.000 ‘.

/ B=-00100
/C'=0.0000
~ D #1.0000

©1=099

w2 =1.010
© =45.000

3.9

time = 243.210

V2

)

--0.5 Spin-S

-1
- crank )

A

L 1s normal to

I

E =0.500

Stokes Vector ABC-Space
( 0 )
Q=]
.U

B

S just passed -C-axis

il
?‘WVAV%AVAJ -

http://www.uark.edu/ua/modphys/markup/Box[tWeb.html?

AU2=1.0&BU2=-0.01&CU2=0.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pvInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1
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http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=1.0&BU2=-0.01&CU2=0.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=1.0&BU2=-0.01&CU2=0.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=1.0&BU2=-0.01&CU2=0.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=1.0&BU2=-0.01&CU2=0.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1

Bilateral-balanced (B-Type) symmet

587
pl/ow = 0.809
x2 = -0.587
p2/w = -0.809

High frequency B mode
-45°-linear polarized ||

w2 =1.010
® =45.000

x1=-0.343

pl/w =0.940
x2=-0.343
p2/w =0.940

x1(0) = 1.000
p1(0)w =0.000
x2(0) = 1000
p2(0Y = 0.000

A = 1.0000
B =-0.0100
C=0.0000
D = 1.0000

Low frequency B mode FIne
+45°-linear polarized l\\ A

w2 =1010
© =45.000

ry

~3.5 time = 86.160 E=1.010

................

Spin-S
is fixed up
crank §

35 time = 93.260 E =0.990

100 50 200 250 300

Stokes Vector ABC-Space

Spin-S

crank $3
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2D-HO beats and mixed mode geometry
0 /4 1.
A “visualization gauge” (a) r ((1)_ O) r ((1)_ TC)

We hold these two fixed...

1/4 (\"‘
revivals
or beats

1/2

Coupled Optical
Pendula E(t)

even +45°

[+)

parity
states odd -45°

02
Ya <
¢

li

loca

..

)+ Uo
\2 \u»

LELQOO@

fhpped Y

|+}—|—}°' $

3/4 ¢
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2D-HO beats and mixed mode geometry

0 — 1 Coupled Opti
— o ptical
A “visualization gauge” (a) I' ((1) O) r ((1) TC) Pendula E (1)
We hold these two fixed... even  +45°

[+)

parity
states odd -45°

02
Ya <
¢

~and let these two votate at beat frequency

li
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..

)+ Uo
\2 \u»

LELQOO@

1/4
revivals ﬂzpped y
or beats

1/2 liﬂ:}ov —17
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2D-HO beats and mixed mode geometry
A “visualization gauge” (a)

We hold these two fixed...

r’ ©=0) r' (¢o=m)

and let these two

tate at beat frequency

t=1/6
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f= 1/ or beats
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1/4 {3

Coupled Optical
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even +45°
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2D-HO beats and mixed mode geometry

0 — 1 Coupled Opti
— o ptical
A “visualization gauge” (a) I' ((1) O) r ((1) TC) Pendula E (1)
We hold these two fixed... even  +45°

[+)

parity
states odd -45°

02
- A %
!0

local

and let these two

tate at beat frequency

t=1/6

)+ Uo
\2 U

Lauoc@
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|+}—|—}°' $

1/4 (\"‘
revivals
or beats
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Axis-Angle Dial

(Angle of Crank Rotation)

Eigensolutions by general matrix-algebra with example M =( 4 1 )
Secular equation 3 2
Hamilton-Cayley equation and projectors
Idempotent (P-P=P) projectors (how eigenvalues—=eigenvectors)
Eigenvector orthonormality and completeness

Spectral Decompositions
Functional spectral decomposition

U(2)DC2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues
Asymmetric-diagonal (AD-Type) symmetry
Bilateral-balanced (B-Type) symmetry
¥ Circular-chiral-cyclotron (C-Type) SYMIMCY)
Mixed ABCD symmetry examples

% M| Axis-Angle Scale

(w—Axis Azimuth) |
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Circular-chiral-cyclotron (C-Type) symmetry

 \ABCD+ )
C-Type H-matrix H=o c+twyl X +ip T e R B
A+D e . :
H= +C O, + G, high eigenfrequency @qg+® ,5-p
. i D . ABCD- _1
_ +C( 0 —i ]+ ‘|2‘ ( 1 0 j x; +ip; 1 -1 7
: . 2| Lig .
l O O 1 x2 -+ lpz +ZCI)C %
A+ D - A
_ +o, O + : 1 \low eigenfrequency ®g—® 4p-r y
Divide H by beat frequency wascp = \/ a)C2 = \/ c? 7 S
H C A+ D C
W 4cD ® 4pcD 20 45cp QCJA 2= o
= + o c + A+D 1
- C C
20 2C=Cc
ABED Stokes
. i A+D P B
— + @ O =y 1 spin S
i 0 20 450p P
O —ZGA)C A 1 A 1 A A 1 A |
= +oal=0,+w0,1=0C-0+w

BoxIt Web Simulation
C-Type Hamiltonian - Foucault pendulum
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http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=1.0&BU2=0.0&CU2=0.1&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1

Circular-chiral-cyclotron (C-Type) symmetry

Foucault pendulum motion due to 50-50 mix of left and right polarization eigenstates (

x1 =0.354
pl/w=0.380
x2 =-0.582
p2/w = -0.625

x2(0y's0.000

pUOw 0000 —
/ // / // & // -
| /A/- - 110000
/ BFO0000 X
/C =/0/1000/ p /

. #/’1 (x’) / /"/
l' [ _ [ '."’ ,"{ ‘,"" ~ ,“/
( ’ P \ l : '11 2 {' #

I

X)) =100~ —

20000 /---fl

N

wl =0.900
w2 =1.100
©® =45.000

Y

1 1
1 ]: R
0 I i
) )
35 time = 21.170 E =0.500
-3
I o 100 o 200 o 300
4 0 \
1 c L
- Stokes Vector ABC-Space
~0.5 .
- Spm—S\,S
- is normal to §§
L crank § A B
5-0.5
100 450 200 5 300

|1
Wz%r .50 T
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Circular-chiral-cyclotron (C-Type) symmetry A1)
) )
= +
Foucault pendulum motion due to 30-70 mix of left and right polarization eigenstates ( 0 ] % %
x1=-0.713 -3.5 -3.5 time — 25.340 E - 0.548
pl/w = -0.200 f :
x2 = 0.346 | :
p2w = -0.576 B -3

x10)=0800
PLOVg=0.000
¥ } /o= 0.600" P

/A= 10000 N

/K;OLDG) : g _ﬁ>>- <
'C=0.1000 TN

wiﬁ s 100 5 200 5 300

W2 (Rotated 907)\

-1 Spin—S\ C 1

\\. \\
. otat
+~, Stokes Vector ABC-Space

N\ AU : is nearl S
\ l’ .\ \ ~0.5 .
/ \\ | | - alligned to

k| crank €}

/ /:'l N A B
",-' "'.‘ :-0.5
/ﬂ/ﬂiﬁ —1
, / /,.‘ /
7 so,,, 100 50 200 250, 300
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Left handed polarization eigenstate Right handed polarization eigenstate

Xl = '0.020 ~3.5 Xl = 0.112 ~3.5
pl/e = -0.500 : pl/w = 0.487 '
x2 =-0.500 i x2 =-0.487

p2/o = 0.020 p2/ow=0.112

x1(0) =-0.5

Spin-S
Stokes Vector ABC-Space is up Stokes Vector ABC-Space
0 crank €}
>< Spin-S ( A >‘<
0
A B s down o= o A B
S crank €2 | .
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Axis-Angle Dial

(Angle of Crank Rotation)

Eigensolutions by general matrix-algebra with example M =( 4 1 )
Secular equation 3 2
Hamilton-Cayley equation and projectors
Idempotent (P-P=P) projectors (how eigenvalues—=eigenvectors)
Eigenvector orthonormality and completeness

Spectral Decompositions
Functional spectral decomposition

U(2)DC2 ABCD group theory method to find 2D-HO eigenmodes and eigenvalues
Asymmetric-diagonal (AD-Type) symmetry
Bilateral-balanced (B-Type) symmetry
Circular-chiral-cyclotron (C-Type) symmetry
» Mixed ABCD symmetry examples . —

% M| Axis-Angle Scale

(w—Axis Azimuth) |
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Mixed ABCD symmetry example

A=3, B=1, C=1, D=1) H-matrix H=c 4+0 s+ c+wl (. \ABCD+
( ) x; +ip; 1 1—1/\/5
4D 4+ D Xy TIpy —(1+i)/\/§
H= — c +B o5 +C o, + 5 o, high eigenfiequency ®y+® 450p
ABCD—-
SO SRR Trd o PO I i R e
B : Xy TPy (1+i)/\/§
= Wy Oy tWp Op +Oc O¢ +2 1 \low eigenfrequency 660 —O pcp
. 2 2. 2 (3_1)2 2,12 _f3
Divide H by beat frequency wapcp =\® [ +05 +0 "= 2 HHE =3 2
H 3—1 1 1 3+1 C
@ 45cp 20 450D ® 4pcD ® 4pcD 20 4pcp 9 1
W arcp TR & arcp
. n . A+ D
= W, 0, + Wy Cp + O O~ Sy 1
ABCD Stokes |
_tftro ., Liovr |}, L Po i}, 4 spin S’
B Lo - 301 0 3| i 0 243
\
=h+d,l= 3 \/5 \/5 +a§01:0'03+d)01:c-d)+il N
L -1 V3
GE B
RISy pABCD+_1-h R
ngha) PABCD+—1__h—l 3 \/E 2 Low w PABCD_:H_h:l \/g \/g
Projector: 2 2 -1-i N 1 PABCD—:I"‘_h Projector: 22 1+i {4 -1
3 3 2 V3 V3
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Mixed ABCD symmetry example

(A=3, 5=1, C=1, D=1) H-matrix H=oc4+oz+oct+wol

x1 501082 O\

\ ~3.5
/o 0,195\ i
p \ b ‘ NN\ \\§ -
NN =
P2/ \=-01378 s\\§§§\ |
10) &\ 0"51 \\\\\ ~ w2
x10) 330211 \\\\\\\ WP
pi0va 0o\ N
x2(0) =0%8\9\ ] L AR\ o
A=30000)\\ | \\&\ }ﬁ
B=1.0000'\\\| |\ NN
c=10000 |||\
D=1.0000 |\ ETI
AN p ‘ \ : \\\ 2 (Rotated 90°)
\ \ e r\

wl =0.268
w2 =3.732
© =27.368

High eigenmode

-3.5 time = 30.800 E=0
-3
2.5

VI, s A (20 s 38
i \_/ 1
1.5 ()= 1
) Q 1
. \
: 1 C
0.5

s

i A A St
» \Spln_s
4 is fixed down
: crank €
—-1.5

wzzswm
--2.5
: BoxIt Web Simulation
.3 Mixed ABC-Type Hamiltonian
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http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.0&BU2=1.0&CU2=1.0&DU2=1.0&xInitial=-0.211&yInitial=0.289&pxInitial=0.0&pyInitial=0.289&wantBoxLines=0&wantPELevels=1&timeMax=45.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.0&BU2=1.0&CU2=1.0&DU2=1.0&xInitial=-0.211&yInitial=0.289&pxInitial=0.0&pyInitial=0.289&wantBoxLines=0&wantPELevels=1&timeMax=45.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.0&BU2=1.0&CU2=1.0&DU2=1.0&xInitial=-0.211&yInitial=0.289&pxInitial=0.0&pyInitial=0.289&wantBoxLines=0&wantPELevels=1&timeMax=45.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.0&BU2=1.0&CU2=1.0&DU2=1.0&xInitial=-0.211&yInitial=0.289&pxInitial=0.0&pyInitial=0.289&wantBoxLines=0&wantPELevels=1&timeMax=45.0&wantStokes=1

Mixed ABCD symmetry example Low eigenmode
(A=3, 5=1, C=1, D=1) H-matrix H=oc4+oz+oct+wol

x1 4:'\ i 466\\\ . Iy time = 46.550
pl/w I !
x1(0) #0&&9' |

pl| w2 MMMH””H“M
P10/ 0000 /| \ | - !
x2(0) = 0289 e = @ 1 1 ,q? 11113 AITICENAR / \

p2(0)/w = 0,289 TR

™

1
A =3.0000 W y j Q= |
U 1

B = 1.0000 QI NUNNN ||
C=10000 | |\ \\R \ 4 \
D=10000 \\ i \ :
\\\\X \ \ \ 2 (Rotated 90°)
\ \ \ \ \ \ \ \ \ 1 : T \ )
1-12. il \ik AN X \\\\\]I' L0 P s - > Spin-S
A \ \,‘\‘.\ \ e .
o TN ; A B is fixed up

--0.5 crank

SR : I\ BoxIiWeb Simulation
w2 = 3. I : = o
© =27 368 \\\/ A -3 Mixed ABC-Type Hamiltonian
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http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.0&BU2=1.0&CU2=1.0&DU2=1.0&xInitial=-0.211&yInitial=0.289&pxInitial=0.0&pyInitial=0.289&wantBoxLines=0&wantPELevels=1&timeMax=45.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.0&BU2=1.0&CU2=1.0&DU2=1.0&xInitial=-0.211&yInitial=0.289&pxInitial=0.0&pyInitial=0.289&wantBoxLines=0&wantPELevels=1&timeMax=45.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.0&BU2=1.0&CU2=1.0&DU2=1.0&xInitial=-0.211&yInitial=0.289&pxInitial=0.0&pyInitial=0.289&wantBoxLines=0&wantPELevels=1&timeMax=45.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.0&BU2=1.0&CU2=1.0&DU2=1.0&xInitial=-0.211&yInitial=0.289&pxInitial=0.0&pyInitial=0.289&wantBoxLines=0&wantPELevels=1&timeMax=45.0&wantStokes=1

Mixed ABCD symmetry example

(A.:.3’
'._

x1 ;‘-0.430'__’ \
pl/@\= 0.427 )\

x2 =40.740

p2/w =t Q 293

x1(0) #1000
p1(0)Yw =0.000
x2(0) = 0.000
p2(0)/w =0.000

A =3.0000
B =1.0000
C =1.0000
D =1.0000

........

wl =0.268
w2 =3.732
© =27.368

3.5

e

C=1, D=1) H-matrix H=c4+os+octwpl

w2
A P2
@ -
"..:xz "Il
Y2 (Rotated 90°)

Mixed High and Low eigenmodes

3.5 time = 145.880 E =1.500

250 300
( 1 A
Q= |
; N
; | <
: A B\Spin-s
0.5 is swings
: around
E_-l L X crank )

W0 200 o0 300

| ‘; : =‘“v " 'l'

| | BoxIt Web Simulation
-3 Mixed ABC-Type Hamiltonian,
Initial Conditions #2

Saturday, March 26

, 2016

99


http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.0&BU2=1.0&CU2=1.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.0&BU2=1.0&CU2=1.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.0&BU2=1.0&CU2=1.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.0&BU2=1.0&CU2=1.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.0&BU2=1.0&CU2=1.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.0&BU2=1.0&CU2=1.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0&wantStokes=1

Axis-Angle Dial

(Angle of Crank Rotation)

\ Spin S

\ 7
e

Axis-Angle Scale

(w—Axis Azimuth) |

ues

More theory of matrix diagonalization

¥ Discussion of orthogonality vs. completeness vis-a -vis Operator vs. State
Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors

Saturday, March 26, 2016 100



Orthonormality vs. Completeness

N =

pp.=p,J(M-¢,1)=T](pM-¢,p,1)  Mp,=g;p,=pM o :(M—S-l):( 1 ]
m#k m#k _ . 0O O
Multiplication properties of p;: I ( . j P lpz_( 0 0 j
- p = —1- =
0 if . j#k ’ 31
pjpk:H(‘gipi_8mpf):pJH(ef_8m)=< pkH(ek—e ) ifj=k : :
m#k m#k v A . Factoring bra-kets into “Ket-Bras:
Last step: [T(M-¢,1): p_ M-S 11 o) ! ®( : =2 )_
make Idempotent Projectors: P, = H(gpk - )= "ﬁ(g - CTT =5 4l -3 03 DY /yk1 =le)el
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots
° 3 1
o Mp,=¢€,p, =pM -1 Vi ( 1 2 )
0 if:j#k VPER =P s p (TID TP T e e,
Pij = _ implies : 5-1) 4\ 3 1 ) k,
P if:j=k MP,=¢,P,=PM : A
E ooooooooooooooooooooooooooo % ‘y>
: Eigen-bra-ket or [ .
The P; are Mutually Ortho-Normal - (ele) (ele,) projectors <y‘ s |82>:k2 i < <82|:(3/2 1/2) ey
as are bra-ket (¢j|and|e)) inside P;’s - (ele) (e, of matrix:
: - _ (4 1 )
{at) 262 r
Trerees M—51 M-11
...and the P; satisfy a . = ( ) ) = ( )
: 1-5) (G-
Completeness Relation: pap-| 10
1= P;+ P, +.+ P, Lot =%( 13 _31 ) =i( g i
=‘€]><81’+|€2> <€2‘+...+’€n> <€n‘ =|81><81|+|82><82|
1 _1 3 1
r — = : SR
{|x),|v) }-orthonormality with {|e;),|e2) }-completeness - i 2!
(1) =6, =(x1y)=(xe ) e |y)+{x &) (e ). 1 — -1 1
=k, 23 ®( 2 3 )/kl =k, ? ®( % 2 )/kz
{le1),|e2) }-orthonormality with {|x),|y) }-completeness K - . 2
I =
\_ <8i|8j> :5i,j:<8i|1 8j>:<8i|x><x‘8j>+<8i|y><y‘gj> ] = |81><81| . |81> ki 3/2 — |82><82‘
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

0 if :j#k
P.P, 25'kPk = f J
! ! P if:j=k

1=P;+P>+..+P,

Saturday, March 26, 2016 102



Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6 P = A 1=P;+P>+..4+P,
! ! P, if:j=k
&) (gjlex) (ex| =6klex) (x| or:  (gjlex) =0 1=|e;) (e1]|+|e2) (e2|+..4|en) (4]
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6 P = A 1=P;+P>+..4+P,
! ! P, if:j=k
l€) (g/]ex) (ex| =8jk|ex) (ex| or:  (g)]ex) =0k 1=|e;) (e1]|+|e2) (e2|+..4|en) (4]

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.
~ N

{|x),|y) }-orthonormality with {|e;),|e2) }-completeness
(xy)=6,, = (x[1]y)=(x|&,){&)| y)+{x] &, )(&,| ¥)-

{le1),|e2) }-orthonormality with {|x),|y) }-completeness
(ele,) =6,,=(el1]e;)=(e|x)(x]e,)+{e|) ()
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6 P = A 1=P;+P>+..4+P,
! ! P, if:j=k
l€) (g/]ex) (ex| =8jk|ex) (ex| or:  (g)]ex) =0k 1=|e;) (e1]|+|e2) (e2|+..4|en) (4]

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.
~ N

{|x),|y) }-orthonormality with {|e;),|e2) }-completeness
(xy)=6,, = (x[1]y)=(x|&,){&| y)+{x] &, )(&,| ¥)-
(y)=6x.n=" v,y +y, (Y, (0)+..

Dirac &-function

{le1),|e2) }-orthonormality with {|x),|y) }-completeness
(ele;) =6,,=(e[1]e,)=(e|x)(x]e,)+(e]|y)(]¢,)

\ _/

However Schrodinger wavefunction notation v (x)={x|1) shows quite a difference...
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6 P = A 1=P;+P>+..4+P,
! ! P, if:j=k
l€) (g/]ex) (ex| =8jk|ex) (ex| or:  (g)]ex) =0k 1=|e;) (e1]|+|e2) (e2|+..4|en) (4]

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.
~ ™

{|x),|y) }-orthonormality with {|e;),|e2) }-completeness
(xy)=6,, = (x[1]y)=(x|&,){&| y)+{x] &, )(&,| ¥)-
(Hy)=8x. =" v,y +Y, (Y, (0)+..

Dirac é-function
{le1),|e2) }-orthonormality with {|x),|y) }-completeness
(ele,) =6,,=(el1]e;)=(e|x)(x]e,)+{e|) ()

(e]e,)=86,,= LAY OV ()Y, W () + o> j dxy (DY (x)
\ _J

However Schrodinger wavefunction notation v (x)={x|1) shows quite a difference...
...particularly in the orthonormality integral.
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Axis-Angle Dial

(Angle of Crank Rotation)

\ Spin S

\ 7
e

Axis-Angle Scale

(w—Axis Azimuth) |

ues

More theory of matrix diagonalization

Discussion of orthogonality vs. completeness vis-a -vis Operator vs. State
¥ [agrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors
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A PVOOfOfPVOjQCtOV Completeness (Truer-than-true by Lagrange interpolation)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = ezk'Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = Z f(&,) *"1_1 )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl f(x)B(x)  where: P, (x)=-2
- I1 (xk —X )
j#k J
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = %’,Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_k[ )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
N I1 (x —X. )
j#k J
L(f(x))= kzl f(x)B(x)  where: P, (x)=-2
- I1 (x —X )
ek VR T

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[[(M~¢,1) [[(M-e,1)
— — m#k bn
1=P+P>+..+P, = X P, =3 e 2. f(M>=f<el>P1+f(sz>P2+-..+f<en>Pn=Zf<ek>Pk=Zf<ek>mH(8 )
&y & k m & € k_ m

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

L(f(X)) = kél f(x,)B (x) where: P, (x)= v

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[[(M~¢,1) [[(M-e,1)
— — m#k bn
1=P+P>+..+P, = X P, =3 e 2. f(M>=f<el>P1+f<sz>P2+-..+f<en>Pn=Zf<ek>Pk=Zf<ek>mH(8 )
&y & k m & € k_ m

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

L(f(X)) = k§:‘,l f(x,)B (x) where: P, (x)= v

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= g_lxiPm(x)
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[[(M~¢,1) [[(M-e,1)
— — m#k bn
1=P+P>+..+P, = X P, =3 e 2. f<M>=f<el>P1+f<sz>P2+-..+f<en>Pn=Zf<ek>Pk=Zf<ek>mH(8 )
&y & k m & € k_ m

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

L(f(X)) = k§:‘,l f(x,)B (x) where: P, (x)= v

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= g_lxiPm(x)

One point determines a constant level line,

X1
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[[(M~¢,1) [[(M-e,1)
— — m#k bn
1=P+P>+..+P, = X P, =3 e 2. f<M>=f<el>P1+f<sz>P2+-..+f<en>Pn=Zf<ek>Pk=Zf<ek>mH(8 )
&y & k m & € k_ m

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

L(f(X)) = k§:‘,l f(x,)B (x) where: P, (x)= v

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
_ < N 2 N
1= zlpm (x) x=Xx, P (x) X = lempm(X)
m= m=1 m=

One point determines a constant level line, two separate points uniquely determine a sloping line,

X] X1 X2
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = SZk,Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl f(x)B(x)  where: P, (x)=-2
- I1 (xk —X )
J#£k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= § xiPm(x)
m=1 m=1 m=1

One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points \niquely determine a parabold, etc.

X] X1 X2 X1 X2 X2
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = %Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl f(x)B(x)  where: P, (x)=-2
- I1 (xk —X )
J#£k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= § xiPm(x)
m=1 m=1 m=1

One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = %Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_k[ )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
N I1 (x —X. )
j#k J
L(f(x))= kzl f(x)B(x)  where: P, (x)=-2
- I1 (xk —X )
J#£k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= glxiPm(x)
m=1 m=

m=1
One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk

All distinct values e;=e2=...=¢ep satisty 2 Pi=1.

Saturday, March 26, 2016 116



A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = %Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl f(x)B(x)  where: P, (x)=-2
- I1 (xk —X )
J#£k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
! N 2 N
=3 P, (x) x=3 x,P () =2 5P, (x)
m= m=1 m=
One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk

All distinct values €;=e2=...=¢cy satisfy 2 Piy=1. Completeness 1s truer than true as is seen for N=2.

P1+P2:};[1 (M—ejl) 1 (M—ejl)
I (sl—ej)

J#l

N _ (M—821)+(M—£11) _ (M-g,1)-(M-¢g]1) _—gltel
I1 (82_gj) (e1-€)  (e,-¢) (e1-¢,) (=€)

j#l

=1 (for all ej)
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = ;P" = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X )
N 2k J
L(f(x))= kzl f(x)B(x)  where: P, (x)=-2
- I1 (xk —X )
J#£k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
! N 2 N
=3 P, (x) x=3 x,P () =2 5P, (x)
m= m=1 m=
One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk

All distinct values €;=e2=...=¢cy satisfy 2 Piy=1. Completeness 1s truer than true as is seen for N=2.

L nbe) by
I (e-¢))

J#l

N _ (M-g,1) +(M—511) _ (M-g,1)-(M-¢g]1) _—gltel
I1 (82_gj) (e1-€)  (e,-¢) (e1-¢,) (=€)

j#l

=1 (for all ej)

However, only select values ex work for eigen-forms MP= Pk or orthonormality P;P=0ixPx.
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Axis-Angle Dial

(Angle of Crank Rotation)

\ Spin S

\ 7
e

Axis-Angle Scale

(w—Axis Azimuth) |

ues

More theory of matrix diagonalization

Discussion of orthogonality vs. completeness vis-a -vis Operator vs. State
Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors. p _ (1\(41—;1) _ i[ 13 —31 ]_ K, i ®(2—_2) =|e,)(e,]

5-1) 4| 3 1

DO = DO |—
N
—_—
NSO
o
[N}
N |—
~—————
Il
™M
\S}
—
N
™
NS}
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors. p _ (1\(41—;1) _ %( 13 —31 ]_ K, i ®(2—_2) =|e,)(e,]

P2=(M—1.1)=l[3 1] &
G-1) 4 3 1

Load distinct bras {¢,| and {c2| into d-tran rows, kets |¢;) and |e2) into inverse d-tran columns.

[N Do [—
N
—_—
NSIRRON}
o
[N}
N |—
~—————
Il
™M
\S}
—
N
™M
NS}
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors. p _ (1\(41—;1) _ %[ -l ]: K, i ®(2k—_2) =le,)(e

3 3
G-1) 4| 3 1

Load distinct bras (| and {¢;| into d-tran rows, kets |¢;) and |e>) into inverse d-tran columns.

[N Do [—
N
—_—
NSIRRON}
o
[N}
R [—
~—————
Il
™M
\S}
—
N
™M
NS}

() (1)
el=( 4~ Mel=(3 3 ) fledd 2 Ped=| 2 |t
U2y \ 2 )
(€,,&,) <« (1,2) d—Tran matrix (1,2) « (&,,¢,) INVERSE d—Tran matrix
122 122
( ) ( A
@lx) (el _ 5 3 () ey _ 3
CHEIRNCARY \% ; ) (le) (e \ - %)
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors.

p_ M-51)_1
(I-5)

p_(M-LD_1
(5-1)

il
il

I -1
-3 3

®( - ):‘81><81‘

1 -
—k| A S
]1_; z

1
301 z
31] b
2

Load distinct bras (| and {¢;| into d-tran rows, kets |¢;) and |e>) into inverse d-tran columns.
r )

{<31‘:( 7 3

(€,,€,) < (1,2) d—Tran matrix

<81

x) (ely)

<82

x) (&)

() (1)
(eal=\ 3 3 |- ) 5 Hed=|
3 1
U2 .2 )]
(1,2) <~ (&,,€,) INVERSE d—Tran matrix
( ) ( )
B > <x£1> <x£2> _ > 3
) ke Gl Ty

Use Dirac labeling for all components so transformation is O

(rley) (x
(ve) (o

(&)

|

[ (e]x) (&)

x) (&)

1

2
1
2

DLW D=

|

(efK]x) - (o[ )
(vK]x) (vK]y)

5

I

|

1
2

3
2

N [— N|—

(eKle) (e|K]e,) }

(e:|Kley) (e:]K]e,)

g2> ]
£,)

-3
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors. p _M-5D 1
- (-9

p - M-ID 1
5-1)

1 -1
3 3
31 _k%
31 BRI

2

®( - ):‘81><81‘

1 -
—k| A S
]1_; z

Load distinct bras (| and {¢;| into d-tran rows, kets |¢;) and |e>) into inverse d-tran columns.
r 3

( 1 A 1 \
fed=( 2 3 Med=(2 1 Qe 2 fea| 7L
\ L 2 ) 2 )
(,,€,) < (1,2) d-Tran matrix (1,2) < (¢,,€,) INVERSE d-Tran matrix
CIRCIEY :(% - \ (x|e,) (x]e,) :( 1 %\
&al) (&) Sk Ve (le) =y

. . J .
Use Dirac labeling for all components so transformation is O

(W) (les) ]
<y|81> <y82>

(efK]x) - (o[ )
(&l (&l ] | OIK[x) (K]y)

G G )
S

Check inverse-d-tran is really inverse of your d-tran.
{ (el (al2) N (&) (1le.) N (eltle) (eilife,)
<82|1> <£2|2> <2|81> 2‘82> <82|1|81> <‘92|1|82>

(

[ (e]x) (&)

DLW D=

|

1
2

3
2

1
2
1
2

(eKle) (e|K]e,) }

(e:|Kley) (e:]K]e,)

-3
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Diagonalizing Transformations (D-Ttran) from projectors

. . . . 1 1 _1
Given our eigenvectors and their Projectors. p _M-5D 1/ 1 -1 | | > ®( > )_‘ e,
-5 4l 3 3 ) 2 PR

1
I)ZZ(M—1.1)=1 31 ]
G-1) 4 3 1 !

Load distinct bras (| and {¢;| into d-tran rows, kets |¢;) and |e>) into inverse d-tran columns.
r 3

( 1 A 1 \
fed=( 2 3 Med=(2 1 Qe 2 fea| 7L
\ L 2 ) 2 )]
(,,€,) < (1,2) d-Tran matrix (1,2) < (¢,,€,) INVERSE d-Tran matrix
CIRCIEY :(% - \ (x|e,) (x]e,) :( 1 %\
(@) (b)) (33 | Dl Dle) J{

Use Dirac labeling for all components so transformation is O

[<elx> (&) Num (4[]} ][ (W) (les) ] (e1[Kle,) <elKez>}

(&lx) {ealy) | [ OIKE) OIK]) L Ola) Ole) ) | (&lKe) (oK)

1 1 1
2 4 1 2 2 _ 1 O
1 3 2 231 0O 5
2 2 2

Check inverse-d-tran is really inverse of your d-tran. In standard quantum matrices inverses are “easy’”

{ (&%) (a]») N () (xle) H (el1e) (&1l ) .
“ (e (ile,) ]

(e (el | Oled Oled || ) <e2|1|e2>} [ e|x) (&) N (e} (x]e,) T: (&) (e |
{5 —i] _ { ; 5} _ [1 0} (&%) (&) (le) Ole) <x‘82>* (v]e,) Ola) Oley)

DLW D=
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¥ 2D-HO eigensolution example with bilateral (B-Type) symmetry <
Mixed mode beat dynamics and fixed n/2 phase

2D-HO eigensolution example with asymmetric (A-Type) symmetry
Initial state projection, mixed mode beat dynamics with variable phase
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Analyzing 2D-HO beats and mixed mode eigen-solutions

K K K || kithkn  —kp :( 10 —lj Det(K)=1010-1=99
K, Ky ~kiy Ky tkpp -1 10 Trace(K)=10+10 = 20

The K secular equation K2 —Trace(K)K + Det(K)= K> —=20K+99=0=(K -9)(K —11) = (K-K,)K—-K,)

Eigenvalues K, and squared eigenfrequencies my(g;)’ K, = a)g (81) =9, K,= a)g (82) =11,
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Analyzing 2D-HO beats and mixed mode eigen-solutions

K K K || kithkn  —kp :( 10 —1) Det(K)=1010-1=99
K, Ky ~kiy Ky tkpp -1 10 Trace(K)=10+10 = 20

The K secular equation K2 —Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11)=(K-K{)(K-K))
Eigenvalues K, and squared eigenfrequencies my(g;)’ K, = a)g (81) =9, K,= a)g (82) =11,
Eigen-projectors P,

K=Ky Kp 10-11 -1 1+l Kiu-Ki  Kp 10-9 -1 1 -1
Ky, Ky —-K, -1 10-11 +1 1 K, Ky - K -1 10-9 -1 1
Pl = = = P2 = =

K, -k, 9-11 2 K, - K, 11-9 2
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K K
K= n Koo
K, Ky

ki+kypy o =k _| 10 -1

Analyzing 2D-HO beats and mixed mode eigen-solutions

Det(K)=1010-1=99
Trace(K)=10+10=20

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11) =(K-K{)(K—-K,)

Eigenvalues K, and squared eigenfrequencies my(g;)’

Eigen-projectors P,

Kn-K, Ky 10-11 -1 1+
b Kp Kp-K; | -1 10-11 ) { +1 1

1 K,-K, - 9-11 2
N
:[ 1;3 J( UNZ 12 ) =[e)el

Eigenbra vectors: <81|=(1/\/§ +1/\/§), (82|=(1/x/§

K12w3(81)29, K2=a)3(82)=11,

Kn=K K 10-9 -1 1 -1
K,  Kp-—-KkK -1 10-9 ) | -1 1

P, = K, K, B 11-9 - 2
o
:( e ]( UNE A1 )=o)
1/42 )
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Analyzing 2D-HO beats and mixed mode eigen-solutions

K K K || kithkn  —kp :( 10 —lj Det(K)=1010-1=99
Ky Ky ~kiy Kyt -1 10 Trace(K)=10+10 =20

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11) =(K-K{)(K—-K,)
Eigenvalues K, and squared eigenfrequencies my(g;)’ K, = a)g (81) =9, K,= a)g (82) =11,

Eigen-projectors P,

Kn-K, Ky 10-11 -1 1+ Kn-K  Kp 10-9 -1 1 -1
p_ Ko Kp-Ky ) (-1 10-11 ) { +1 1 p K Kp-—K -1 10-9 -1 1
! K,-K, 9-11 2 2 K,-K, - 11-9 - 2

1/4/2
== \/_ (1/\/5 1/\/5 ):‘81><81| —— 1/\/5 (1/\/5 -1/\/5 ):|82><82|

1/42 132

Eigenbra vectors: <81|=(1/\/§ +1/\/§), <82|=(1/\/§ -1/x/5)

Mixed mode dynamics

x0) = &) (ex@)e @+ |ey) (ey]x(0))e @
() 1/~§2 —iot —1/+/2 it
= 0 1 O s
[ X, (1) J [ 13 J<el|x( ))e +[ B ](ez\x( ))e
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Ky
Ky,

Ky,
K,

H

kl + k12

_kl2

—ki2

Analyzing 2D-HO beats and mixed mode eigen-solutions

10 -1
-1 10

Det(K)=1010-1=99
Trace(K)=10+10=20

M

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11) =(K-K{)(K—-K,)

Eigenvalues K, and squared eigenfrequencies my(g;)’

Eigen-projectors P,
K —K;
K12

Ky,
Ky - K,

10-11
-1

-1
10-11

)

I +1
+1 1

9-11

L

1/\2 e Ve
( e J(l/\/_ 142 )=|e )z

_K2

Eigenbra vectors: <81|=( /2 +1/2 )

Mixed mode dynamics

x0) = le) (alx@)e® s &) (elx@)e
t . _ .
| V2 (1| x(0))e " + 12 (&;|x(0)) e~
Xy (1) 1/42 1/2
. ia i atb i -7
100% modulation (SWR=0) ¢“+¢" _ 5 e > +e °
2
e—iw1t+e—iwzl‘ _l_(a)1+602)t —i(wl_wz)t i(wl_wz)t
X5 (1) ol _ iyt 2 —i(wl_w2)t i(wl_%)t
> e 2 —e

2

(82|=(1/x/§

_ 2 _ _ 2 _
Ki=wi(g)=9, K,=w0i(&)=11,
Kn=K K 10-9 -1 1 -1
P K  Kp-Kk -1 10-9 -1 1
2: = =
K,-K, 11-9 2
1/J—
= N2 132 ) =g, ) e
X R :' £+, cos(my-m)t/
-:-:1 3 ol M 2772
wi=33l66eds ) 1 i e ;
El= dEﬂ I{.' oo - : .
/42 ) de 1 E .
Jes . L <€5Ix(0)> :E EE
- —_ 112 F ; 24 Carrier
1 AT L 7 T N 1 g C°S<®2+‘”1>”2
< R T |'_-'.'.I J }E-_l ) . Sm(u)z—u)l)t /2
[ e “h.
IO P gy i i ﬂ
V2 | it il (LG
klz= -1 GET1 A=3.158 SR SR P A R
kii= 10 B=-0.158 L P S
kil= 10 D=3.158 ; R A
i ¥

[ -1 H
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html

BoxIt (Beating) Simulation

Fig. 3.3.9 Beats in weakly coupled symmetric oscillators with equal mode magnitudes.
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Analyzing 2D-HO beats and mixed mode eigen-solutions

Ky
Ky,

Ky,
K,

H

kl + k12

_kl2

—ki2

H

10

-1
-1 10

Det(K)=1010-1=99
Trace(K)=10+10=20

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11) =(K-K{)(K—-K,)

Eigenvalues K, and squared eigenfrequencies my(g;)’ K, = a)g (81) =9, K,= a)g (82) =11,
Eigen-projectors P,
Kn-K, Ky 10-11 -1 1+ Kn-Ki Ky 10-9 -1 1 -1
p_ Ko Kp-Ky ) (-1 10-11 ) { +1 1 P _ Ko  Kp-K ]\ -1 10-9 ) [ -1 1
b K,-K, - 9-11 - 2 2 K,-K, - 11-9 - 2
1142 142
{ 3 J( 1742 1/\/5):‘81><81| :[ iz }( 1742 '1/‘5):|82><82| i ﬁ 4/Beat
N4 o 1 N o ﬁCOS((Dz ot/ :
wg=3 66 L . -
Eigenbra vectors: <81|=( 1/\2 +1/42 ) <82|=( 1/32 -1/42 ) @;ﬁ“ e, a0
€ <& Ix(0)
: - g 21x(0)
Mixed mode dynamics : V2 | E Gy Carie
x@) = &) (g]x0)e ™ + |&5) (&;]x(0))e L S - Lcos(mzml)t/z
3 S VAT T A ) 1
x, (1 _ _ ‘ ' ' : I wf X Sin(-0t/
ORI 1/V2 (&1]x(0)) ™" + 1V2 (&;|x(0)) e~ < . g P
X, (1) 1/42 1/2 ExOp | oy i ﬂ
P B A =12 | B 1 L Wy
100% modulation (SWR= 0)6 vl e ?4e 2 [07E) wpe a4 A s VL e
2 2 ) k= 10 B=-0.158 v ¥
kil= 10 D=3.158 i .- i
e—iwll‘ + e—iwzl‘ i (@,+ wZ)t . (wl_wz)t ‘ ((01—(02)t (0, -0, httr)://www.uarE-.ledu/ua/modDhV;/markun/BoxItWeb.html
i -l I
x((1) 5 e 2 e 2 41 2 —i@r T BoxIt (Beating) Simulation
= = =e
X5 (1) o i _ iyt 2 —i(wl_wz)t i(wl_wz)t . (0, —0)t
2 _ 181
2 € ¢ 2
Note the i phasey

Fig. 3.3.9 Beats in weakly coupled symmetric oscillators with equal mode magnitudes.
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2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed n/2 phase

¥ 2D-HO eigensolution example with asymmetric (A-Type) symmetry
Initial state projection, mixed mode beat dynamics with variable phase
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Det(K)=713-27=91-27=64
Trace(K)=T7+13=20
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Saturday, March 26, 2016 137



Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,

Eigen-projectors P,

K -K, Ky, 7-16 -3/3 9 133
p K, Ky - K, 33 13-16 33 3
1 = =

K,-K, 4-16 12

&Y
:ﬁ—lz[ NeIE ](@/2 12 )=le e

4 1/2
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies my(g;)” K, = a)g (e/)=4, K,= a)g (e5)=16,
Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
_ Kp  Kp-—K 33 13-4 ~ 33 9

p_ Ky,  Kp-K; ) 33 13-16 33 3 b
b K, -K, B 4-16 12 2 K, K, B 16—4 12
[ 343 1 -3
31 J3/2 -3 3 —-1/2
S5 S 3/2 1/2)= = - - -
Z Ty |3 J=len)el y [ﬁ/z ]( 112 3/2)=|e))es]

139
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K, and squared eigenfrequencies wy(g;)*

Eigen-projectors P,

K -K, Ky, 7-16 -3/3 9 133
K, Ky - K, 33 13-16 ~ 33 3

P = -
! K,-K, 4-16 12

4 1/2

[ 3 \/5]
L[ V312 ](@/z 1/2)=le el

Eigenbra vectors: <el|:(\/§/2 1/2), <82|=(—1/2

Ky =g (&) =16,

Kn—-K Ky 7-4 33 3 33
Ky Kn-—K, —3J3 13-4 3V3 9

P, =
2 16—4 12

[ 1 —\/EJ
B3 _[%//22 ](_1/2 V312 )=|e)es

140
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2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed n/2 phase

2D-HO eigensolution example with asymmetric (A-Type) symmetry
3 [nitial state projection, mixed mode beat dynamics with variable phase <
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,

Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
| Ko Kp-Ky ) | 3Y3 13-16 ) [ 433 3 K,  Kyn-K -3V3 13-4 33 9
= K, -K, - 4-16 - 12 2= K, - K, - 16— 4 - 12
5 7 5 )

NEI 3 3 -
:f:[f’//j ](ﬁxz 172 )=|e )| = y =[J;//22 ](—1/2 V312 )=|e;)(ey]

Eigenbra vectors: <el|:£ J3/2 172 ) <82|=(—1/2 J31/2 )
Spectral decomposition of initial state x(0)=(1,0):

: syl ? RRRE
off 1 1)) 2 le(s #)
2

1-x(0)= (P, +P2)( (1) j:

NST R
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies my(g;)” K, = a)g (e/)=4, K,= a)g (e5)=16,
Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
p Ky Ky —K, 33 13-16 +343 3 K, K> - K, -3J3 13-4 33 9
l = = =

- K, -K, B 4-16 12 2= K, -K, B 16— 4 12
[ 3 43 J [ 1 /3 J
NEI 3 3 -
:f=[ */15//22 ](\/3/2 172 )=|g;) (g = y :[ \/;//22 ](—1/2 V312 )=[e;)(e,|

Eigenbra vectors: <el|:£\/§/2 1/2), <82|=(—1/2 \/5/2)
ial state x(0)=(1,0):

Spectral decomposition of ini

1-x<0>:<P1+P2>( : j=
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,

Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
~ Ky, Ky - K, ~ 3J3 13-16 ~ 33 3 Ky, Kyn-Kk 3J3 13-4 3J3 9
= K, -K, - 4-16 - 12 2= K, - K, - 16— 4 - 12

&N )

NEI 3 3 -
:f:[f’//j ](ﬁ/z 172 )=|e )| = y =[J§//22 ](—1/2 V312 )=|e;)(ey]

Eigenbra vectors: (g| :g N3/2 172 ) (&) =(—1/2 \3/2 ) Aers
Spectral decomposition of initial state x(0)=(1,0): oo 4 X2 B=0.566
Q= 30° =3.

! . =y
3 vy ﬁ-mﬂ}fz

1-x<0>:<P1+P2>( : j=
; h 1

1
V3 = X1
= 21 (f) (Note projection of x(0) onto eigen-axes) ( (({ é :
_\/5 ~ 1 \ 1z=-5.j1951524 -1
(q‘(t)_TCOSZt’ 0, (1) == cosdt xO)=\ L g0)=v302
q2(0)=-1/2.-*
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,

Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
p_ Ky,  Kp-K; ) 33 13-16 ~ +3/3 3 K, Ky-K, 33 13-4 33 9
b K, -K, B 4-16 B 12 2= K,-K, B 16—4 - 12
[ 3 \/§J 1 -3
31 J3/2 -3 3 —-1/2
:f:[ o (V372 172 )=[e) e = y :[ i ](—1/2 V312 )=|e)) (e,
Eigenbra vectors: <el|:£\/§/2 1/2), <82|=(—1/2 \/5/2) . af 4o
Spectral decomposition of initial state x(0)=(1,0): 1 RS N

...........

s )

(Note projection of X(0) onto eigen-axes)

1-x<0>:<P1+P2>( : j=

:

1

1

P

:

: LOAR AA AR AR nj\

] SR R R B T R R

' e O LR a0
' A RSN LA P | R P .

J3 1 \ K12 = -5.1961524 ! E A S A U
t)=—=cos?2t, t)=——cos4t — K22= 13 Lo AT TN RS
(QI( ) 2 210 2 x(0) 0 K= > q1(0)=/3/2 A A A
q2(0)=-1/2.-- BoxIt Simulation

Using cos4t= 20052 2t —1 derives a parabolic frajectory!

Fig. 3.3.6 Normal coordinate axes, coupled oscillator trajectories and equipotential (V=const.) ovals

1 1 4 2 1
9> (t) =——2 COS2 2t+—=— —[ql (l‘)] +— for an integral 1:2 eigenfrequency ratio (0g(€1)=2.0, Wy(€2)= 4.0) and zero initial velocity.
2 2 3 2 http://www.uark.edu/ua/modphys/markup/BoxItWeb.html
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies my(g;)” K, = a)g (e/)=4, K,= a)g (e5)=16,
Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
K12 K22_K2 _3\/§ 13-16 _ +3\/§ 3 K]Z K22—K1 _3\/§ 13—4 _3\/5 o

P1: = P2: =
K, -K, 4-16 12 K,-K, 16—4 12
NEI 3 3 -
:f:[ \/15//22 J(ﬁ/z 172 )=|g;) (g = y :[ \/;//22 ](—1/2 V312 )=[e;)(e,|

Eigenbra vectors: <£1|:£ J3/2 172 ) <82|=(—1/2 J31/2 )
Spectral decomposition of initial state x(0)=(1,0):

s )

(Note projection of X(0) onto eigen-axes)

NE)

1-x<0>:<P1+P2>( : j:

2
1
2

/

BoxIt Simulation

(1) J3 ot (1) 45 1 \ K12 = 51561524 1 Lo
= ——cos?2t, =——cos — = oo
q 2 q 2 X(O) 0 Ril= 7T L 611(0) :\/3/2 : Pafnuty Chebyshev
: g " Pafnuty Lvovich Chebyshev was a Russian
USng COS 4t = 2 0082 2t - ]. derives a parabolic rajectory! qZ(O) =-1/2.-" \ ﬁ mathematician. His name can be alternatively

transliterated as Chebychev, Chebysheff,
Chebyshov, Tchebychev or Tchebycheff, or
Tschebyschev or Tschebyscheff. Wikipedi:

1 1 4 1
g, (t)= —52cos2 2t + 5= —5[% (t)]2 2 Example of a Tschebycheff Polynomial order 2

Born: May 16, 1821, Borovsk
Died: December 8, 1894, Saint Petersburg
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x1 = 0.430
pl/w = 0.824
x2 = 0.359
p2/w = -0.091

x1(0) = 1.000
p1(0)/w = 0.000
x2(0) = 0.000

p2(0)/® = 0.000

A =2.500

3.9

3.5

3
X2 Phasor ﬁ

time = 40.400

E =1.250

IV

BoxIt Simulation
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p2/mw = -0.091 X2 Phasor 3»

x1(0) =1.000 125
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2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed n/2 phase

2D-HO eigensolution example with asymmetric (A-Type) symmetry
Initial state projection, mixed mode beat dynamics with variable phase

» ANALOGY: 2-State Schrodinger: ind:| V(1)) =H|V(1)) versus Classical 2D-HO: 0°X=-KeX <€
Hamilton-Pauli spinor symmetry (ABCD-Types)
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX
i (1)) = H P (1)) |%)=—K|x)

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
B+iC D
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX
i (1)) = H P (1)) |%)=—K|x)

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must

H- ( A B-iC |_ gt obey: (Hj) *= Hy
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) ¥ X +ip 1 (2 =2+2)
Y ) | ntin | | @
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX
i (1)) = H P (1)) |%)=—K|x)

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must

B+iC D
that operates on 2-D complex Dirac ket vector |¥) . Both have 4 parameters

|‘{’>=[ ¥y ]:[ X1 +1ip — 1 (22 =2+2)

Y, Xy +1p) a,

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 15-order equation i0\U=HWV
into pairs of real 1%-order differential equations.
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

in| (1)) =H|¥()) |x>=—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) [ L ] [ X +ip 1 (2 =2%2)
Y ) | ntin | | @ J
7 | (o) =H](0)

Separate real x; and imaginary pi parts of W amplitudes !
to convert the complex 1%-order equation iOW=HW ;O Mtip :( A B-iC j Xy +ipy
into pairs of real 1%*-order differential equations. or( Xy +ip, B+iC D Xy +ip;
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

in| (1)) =H|¥()) |x>=—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) [ L ] [ X +ip 1 (2 =2%2)
Y ) | ntin | | @ J
7 | (o) =1 (1)

Separate real x; and imaginary pi parts of W amplitudes !
to convert the complex 1%-order equation iOW=HW ;O mtim :[ A B-iC ] X +ipy
into pairs of real 1%*-order differential equations. or( Xy +ip; B+iC D Xy +ip;

S L ; Y 1
X, = Ap, + Bp, - Cx, py=—4x,— Bx, —(p, iy~ py | | Ax +Bxy+Cp,y+idp, +iBp, —iCx,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

in| (1)) =H|¥()) |x>:—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
: _Al 2 2 B Do
P Y Xy +ip a H. = AL +B(x1x2 +p1p2)+C(x1p2 x2p1)+ S \P2 %
Y ] | ntin | | @

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.

X, = Ap,+ Bp, — Cx, p, =—Ax,— Bx, - (p,
X, = Bp,+ Dp, + Cx; p, =—Bx;— Dx, +Cp,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX

in| (1)) =H|¥()) |x>: K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
: _Al 2 2 B Do
|‘{’> Y, x| +ipy a H_ = > P X +B(x1x2+p1p2)+C(x1p2 x2p1)+ > Py X,
Y ] | ntin | | @

Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 15-order equation i0U=HWV
into pairs of real real 15%-order differential equations.

X _ch 5y — a]_Ic —
X, = Ap; + Bp, = Cx, p, =—Ax,— Bx, - (p, ng VS. ClaSSical Wi Ip, = Ap, + Bp, = Cx, b == ax, (Axl +Bx, + sz)
. . quations are SH
%) 2
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX
i (1)) = H| W (7)) |%)=-K-

x)

First start with 2-by-2 Hermitian (self-conjugate) matrix

H-= ( A B g Then start with classical Hamiltonian.
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
, oA 2.2\, 8 C D( 5
9 = Vi | | -+ | | @ c =5\~ X (x1x2+191192)+ (xlpz—x2p1)+3 Dy T,
¥ Xy +ipy ap
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation (O W=HW
into pairs of real real 15%-order differential equations.

— X, =4p, + Bp, - Cx, py=—4x = Bx, - (p, Qg Zz.tigicgszizal X = (Z,—Z = Ap,+ Bp, - Cx, p== 8;: =~(Ax, + Bx, + Cp,)
X, = Bp,+ Dp, + Cx; p, =—Bx;— Dx, +Cp, qidentical X, = a—ZC = Bp, + Dp, + Cx, Py=- 881;]; _ _( Bx, + Dx, — Cpl)
2
Finally a 2™ time|derivative |[(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: \ X> =-K- X>
\ ¥ = Ap, + Bp, - Cx, i, = Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX

i (1)) = H P (1)) |%)=—K|x)
First start with 2-by-2 Hermitian (self-conjugate) matrix
H=| 4 B~ |_gt Then start with classical Hamiltonian.
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C D( 52 2
9 = Vi | | -+ | | @ c =5\~ X (x1x2+p1p2)+ (xlpz_xzpl)J“E Dy TX
¥ Xy +ipy ap
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation (O W=HW
into pairs of real real 15%-order differential equations. SH oH,
— X, = Ap, + Bp, — Cx, py=—Ax, - Bx, - Cp, QE%ZZ.ﬁ(OZ;ZgSZZZal 0= 8— = Ap,+ Bp, - Cx, P = (4, + Bx, + Cp, )
_ S ’ / 0H,
x2 = Bpl + Dp2 + Cxl 2% —Bxl — sz + Cpl identical i, = 8_ = Bp, + Dp, +Cx, Py = o (Bx1 + Dx, — Cpl)
Py 2
Finally a 2 time|derivative|(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\ ¥ = Ap, + Bp, - Cx, i, = Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p,
~ For C=0 2 v
X 2, p2 X X K., K X
o A°+B AB+BD Is form of 2D Hooke 3_2 T e T B 1
X, AB+BD B*+D? harmonic oscillator 0" X, X Ky Ky | %
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX
i (1)) = H| W (7)) |%)=-K-

x)

First start with 2-by-2 Hermitian (self-conjugate) matrix
o[ A B-ic |_

B+iC D
that operates on 2-D complex Dirac ket vector |¥) .

H Then start with classical Hamiltonian.

. Al 2 2 D( 52 2
|lP>— ¥, - x; +ip, | HC:E(pl +x1)+B(x1x2+p1p2)+C(x1p2—x2p1)+3(p2+x2)
¥, Xy +ipy a
Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations.
. _8HC_A B C ; ——8HC——(Ax + Bx, +C )
— X, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - Cp, OM vs. Classical xl_é’—pl_ PL¥ BP0 T
. . Equations are Py SH
x2 = Bpl + Dp2 + Cxl p2 — _Bxl - sz + Cpl identical xZ = a—pc = Bpl + Dp2 + Cxl ﬁz =- &x; = _(Bxl + sz - Cpl)
2
Finally a 2 time|derivative|(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p,
-- For C=0 2 v
X 2, p2 X X X K., K X
No|o_| 47+B AB+BD 1 Is form of 2D Hooke 3_2 T e T B 1
Xy AB+BD B>+D? X, harmonic oscillator ™| X, Xy Ky Ky X

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!

2
0 (A B (.8)2_ B > | A2+B*> AB+BD
i—= =|i—| = =-——=
o9 \ B D ot B D o> | AB+BD B*+D?
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX

in| (1)) =H|¥()) |x>: K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
= A B-iC |_pyi Then start with classical Hamiltonian.
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
, A D
|‘P>— Y, oxmtip | | o H, = E(pl2 +x12)+B(x1x2 +p1p2)+C(x1p2 —x2p1)+?(p§ +x§)
¥, Xy +ipy a
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations.

. _JdH, , __8HC__
—x,=Ap,+Bp,—-Cx, —p,=—Ax,—Bx,—Cp, OM vs. Classical ~ 1= 75, =+ Pn =0 = T (4, + Bxy + Cp )
_ _ Equations are SH SH
X, = Bpl + Dp2 + Cxl Dy = —Bxl — sz + Cpl identical %, = a_c = Bp, + Dp, + Cx, py=— 8xc - _(Bx1 +Dx, — Cpl)
Py 2
Finally a 2™ time|derivative |[(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: \X> = —K'\X>
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
- —(A2 +B%+ Cz)xl —(4B+BD)x,~C(4+D)p, — —(4B+BD)x,~(B*+D* + Cz)x2 +C(4+D)p,
. For C=0 $
Y |_ | A*+B* AB+BD | Is form of 2D Hooke i SU O P I T Ky K M
Xy AB+BD B>+D? X, harmonic oscillator or’ ) X, Ky Ky X

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!
2 2 2 2, p2
0 [ A B (.a)_ A B 0 | A*+B°* AB+BD
I—= =>|i— | = >-—-——F=
ot B D ot B D ot AB+BD B?*+D?

Conclusion: 2-state Schro-equation zh§|‘1’ (1)) = H|¥(r)) is like “square-root” of Newton-Hooke. | [)=-K-|x)
t

Saturday, March 26, 2016

160



ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX

in| (1)) =H|¥()) |x>: K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
= A B-iC |_pyi Then start with classical Hamiltonian.
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
, A D
|‘P>— Y, oxmtip | | o H, = E(pl2 +x12)+B(x1x2 +p1p2)+C(x1p2 —x2p1)+?(p§ +x§)
¥, Xy +ipy a
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations.

. _JdH, , __8HC__
—x,=Ap,+Bp,—-Cx, —p,=—Ax,—Bx,—Cp, OM vs. Classical ~ 1= 75, =+ Pn =0 = T (4, + Bxy + Cp )
_ _ Equations are SH SH
X, = Bpl + Dp2 + Cxl Dy = —Bxl — sz + Cpl identical %, = a_c = Bp, + Dp, + Cx, py=— 8xc - _(Bx1 +Dx, — Cpl)
Py 2
Finally a 2™ time|derivative |[(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: \X> = —K'\X>
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
- —(A2 +B%+ Cz)xl —(4B+BD)x,~C(4+D)p, — —(4B+BD)x,~(B*+D* + Cz)x2 +C(4+D)p,
. For C=0 $
Y |_ | A*+B* AB+BD | Is form of 2D Hooke i SU O P I T Ky K M
Xy AB+BD B>+D? X, harmonic oscillator or’ ) X, Ky Ky X

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=() and square it!

0 A B-iC :(.a)z A B-iC 2:> 0° A?+B*+C? AB+ BD—i(AC +CD)
i—= i— | = ——=
o \ B+iC D ot B+iC D o> | AB+BD+i(AC+CD) B*+D*+(?

Conclusion: 2-state Schro-equation zh§|‘1’ (1)) = H|¥(r)) is like “square-root” of Newton-Hooke. | [)=-K-|x)
t
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