Group Theory in Quantum Mechanics
Lectures 9-10 ¢.14.16.17)
Applications of U(2) and R(3) representations

(Quantum Theory for Computer Age - Ch. 10A4-B of Unit 3 )
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-3 of Ch. 5 and Ch. 7 )

Review: Fundamental Euler R(a}y) and Darboux R[@OO] representations of U(2) and R(3)

Euler R(oPy) derived from Darboux R[@O®] and vice versa
Euler R(a}y) rotation ® =0-4m-sequence @] fixed (and “real-world” applications)
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»Keview: Fundamental Euler R(O¥Y) and Darboux R| QU | representations of U(Z) and K(3)

Euler R(oPy) derived from Darboux R[@O®] and vice versa
Euler R(0By) rotation ®=0-4r-sequence QO] fixed (and “real-world” applications)



Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
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http://www.uark.edu/ua/modphys/markup/ColorU2Web.html?cInd=2&polAngle=84&aziAngle=68

Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

Each point {E,E>} defines 2D-HO phase space or analogous W-space given by 2D amplitude array:
This defines real 3D spin vector (S4, Sz, Sc) “pointing” to a polarization ellipse or state.

Asymmetry S, = %(a|GA|a) = l(

1

Balance  Sg =5(a’0'8’a)=l(

Chirality Sc = %(a|oc|a) = %(

Three ways to picture U(2) spin or pseudo-spin states

(a) Real Spinor (b) 2-Phasor
Space Picture U(2) SpinorPicture
(2D-Oscillator Orbit) p1=Im‘¥y
X2 \
9
x17Re¥
X1
W py=Im¥»
x1=Re¥q &m
xy=Re¥» 2

\

> 7=Re¥»
ks

W1 = x +ipy = ¥l el
Wy = Xy+ip, = ¥, 10,

(a)

(b)

Ellipsometry  U(2) phasors

e 3
- e 2cos— ,
a, _ $1+Z.p1 A 2 6_%
a, $2—|—Zp2 GZE Sinﬁ
2
\( ay \ _l a*a a*a _l X2+ 2 .X'2 27_ i[COSZE Sil’lzﬁ] (——COSﬁ \
)L%J_z[ll 22]—2[1 P1 2P2]— > > 7
1 ES ES . . - - o I o
) 1 :—[a1a2 +a2a1] =[P1P2+x1x2] =/ —smaﬂ/sma y+cosa+y cosa Y cosﬁsmﬁ =—cosa sin 3
0 2 2 2 2 2
( a; \ —Ir = % a+y . a-=v a-y . o+Yy /3) . /3) .
=7[a1a2—a2a1]:[xlpz—xzpl] =I[cos 5 sin 5 —CoS 5 -—sin 5 COS_SIHE =—¢ina sin 3
a
,
azimuth
olar
From Lecture 7 angle o angle (3
page 87 to 93 Sx = ..p..S s
3-Di jonal Real PSSt B Sy
(c) imensional Rea 5'0"059‘51?85 _ e,

R(3)-SU(2)Vector Picture

- -
~ -
-
-
-
-
-~ <
-
-

~ 1
~

Sx T

Sa = (F1* ¥ - ¥53% ¥)2
Sg=(¥1* ¥y + Wo* W12
Sc=MW1*¥2 - Yot ¥1)/2i

(c)
3D real R(3) vectors

General Spin Stateé
'¥)=R(0py)|T)-

Fig. 10.5.2 Spinor, phasor, and vector descriptions of 2-state systems .



3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states

Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

Each point {E,E>} defines 2D-HO phase space or analogous W-space given by 2D amplitude array:
This defines real 3D spin vector (S4, Sz, Sc) “pointing” to a polarization ellipse or state.

1 1
Asymmetry S, = 5(a|GA|a) = —( a

Balance S =%(a’03’a)=l( a

Chirality Sc = %(a|oc|a) = %( aik

(@) "
Ellipsometiy

4)=a=\3

=_?l [a;kaz - aya, ]=[x1 P2 — XD ] =1

:@ 3 b=1IN3

a=\3

.

29 =90° phgse lag p

VI=NION3 |

_ ¥)=R(@py|T)

|

A2 :1
l { | b=IN

AK%X\

0 =40.89° phase lag p

Sp=I3/5~

a |
a2

x x lro 2 2 2 I 2B . 2p
[alal—azaz] =5[x1 +p1 —XZ—p2]= E[COS E—Sln E]
[P1P2+x1xQ] =1 —sina;ysina;y+cosa;y COS
cosaﬂ/sina_y—cosa_y~—sina+y
2 2 2

(c)

w real R(3) S-vectors

29 =90°

detailed at end of this

Lecture

General Spin Stateé

.. Complex U(2) ellipse

of any state
corresponds to a

]/3/31

cos—sin—zF—sif o sin B
2 2

S'ch

Ellipsometry of U(2) states %

cos—sin—=—cosa sin f
2 2] 2

B. B1I

. ',

azimuth
angle o

-
~ -
-

———
-
. = o~
-~

sin - -

~

= o~
=~ = >

s~ -

Note phase
or “gauge”
angle v 1s
killed in R(3)
a*a-squares but
lives on in U(2).



Here spin-rotor S-polar Axis-Angle Dial

coordinates From Lecture 7 @ :
are Euler angles page 86 (Angle of Crank Rotation)
BOD frame view LAB frame view
Polar angles of Polar angles of
Z|8 IZ LAB zemfh 7=X3 are ZB “ BOD zen%th =x3are
= : V| (azimuth angle=—y, | (azimuth angle=q, 1co
g -y polar angle=—3 ) * i Y polar angle=p ) AXIS Argle Scale
4 BOD  LAB _
B (—Axis Polar Angle)
x’-Frame
x”-Frame
o R A N R
x’ ;=X 08 O-+X sin o 5 | el \\

_ X’ ,=-X,SIn O+X,Cos 0
Polar coordinates 2 ? o ]
for unit Spin vectorS

S _ .
Ox = i ; ' | ‘
S, = cos/3 |05ﬁ7>:R(0‘ﬁ7)‘T> N 7

. Euler angles < o
Polar coordinates ‘ € . o B\

for unit axis vector®

0. =cos@ sind Operator
@ =sin@ sind ‘[(p19®]> = R[gm9®]| T>

N

O;,= cost  Darboux axis angles




Axis-Angle Dial

Euler R(oyy) versus Darboux R[@YO]

, . Euler Angle Dial An
Euler Angle Dial E B astronomer’s

Y “ s (Polar coordinate) diagram

(Angle of Crank Rotation)

(Twist coordinate) Axis-Angle Scale
{T7X3 1_9
B | 7] (—Axis Polar Angle)
(
e e B B & RN T A TSN INATT T T T - // _ g
goniometer : .\ _ e 2 cosé
' )
Euler Angle Dial opy o
it soond 02 sinﬁ
zimuthal coordinate) 7
i - 4 —Y 1
Third ro'rarﬁon R(@0O0) Second rotation R(OS0) First rotation R(OOy) \= R(Otﬁ}/ )‘T000>
i Sets the B dial . From Lecture 7
) page 80 to 89
’
Sets the Qdidl Lecture 8 Axis-Angle Scale

 — —

¢

(w—Axis Azimuth)

page 21 to 25

R ((x around Z )

P _e_l.oc;}/ Siné ) cos%—i(:)zsin% —isin%(é —ié)y) .
R(apy)=| € ’ ey 2 |= R[6 |- Y R =R[gv0 =™
0 o . 2 Cosﬁ —zsmz(@ +z®Y) cos5+z®zsm5
= Ccos ycosg( é (1) 0 01 jlsinaTﬂ/cosg Zicos%( (1) (1) J—i( ](:) sin%—i( (z) I)i j@Ysin%—i( (1) _01 ](:)Zsin%
SO S TS U SE PP bbbt IR cosp sin® S sind osD
Euler R(0f}Y) is simpler to form than ©-axis Darboux R[¢00]. : O e e
Euler state definition lets us relate R(cy) to R[@¥0O] ... E _ cos—-—icostsin— —81n3(s1nq051n19+zcos@smﬁ)i
| aBy)= R(aBy)|000) (apymake better coom’mateq)_______________; sin%(sinq)sinz?—icosq)sim?) cos%ﬂ'cosﬁsin%
) [ ey | % TieoslOo2] cosBi2 = cosO) 5
e 2 cosg o2 sinb PN o, =sin[(—0)2] sinfi/2: - O sin®/2 =cos@ sind sin®/2 ;
STl st | I —'998;[.(1.—.99)./.2...8.1.{1.13./.2. O sin@2 =sing sind sin©2
2 2 P p,=sin[(+00)/2] cosp/2 = O, sin®/2 = :cosU _sin®/2



Review: Fundamental Euler R(OQPYy) and Darboux R|@UW| representations of U(Z2) and R(3)

» Euler R(oPy) derived from Darboux R[@O®] and vice versa
Euler R(0By) rotation ®=0-4r-sequence QO] fixed (and “real-world” applications)



Euler R(aPy) related to Darboux R[@OO]
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Review: Fundamental Euler R(OQPYy) and Darboux R|Q@UW| representations of U(Z2) and R(3)

Euler R(oPy) derived from Darboux R[@O®] and vice versa
» Euler R(0By) rotation ®=0-4r-sequence QO] fixed (and “real-world” applications)



Euler R(aPy) rotation ®@=0-4rm-sequence

O=0°

(a) m=0°
Operator: R[¢ 8 @] =
R[80° 33.69° 0°]=1

Position State:

lofy) = R($ 6 0]|1) =
[-10° 0° 10° ) =|1)
( Initial Position State)

(g) ®=360°
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O=180°

(d) o= 180°
Operator: R[¢ 6 @] =
R[80° 33.69° 180°]

Position State:
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| 80° 67.4° 100°)

(i) ® = 540°
Operator: R[$ 6 0] =
R[80° 33.69° 540°]
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lofy) = R[¢ 8 wlll) =
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©=420° ©=488.7° @=540°

O] fixed

(f) ® = 300°
Operator: R[$ 6 @] =
R[80° 33.69° 300°]

Operator: R[$ 6 ©]
R[80° 33.69° 240°]

Position State:
leBy) = Rl¢ 8 @]|1) =

i) = R[6 6 i) =

[114.8° 57.4° 134.8°) [ 144.3° 32.2° 164.3%)

(k) @ = 600°
Operator: R[¢ 6 @] =
R[80° 33.69° 600°]

(1) o = 660°
Operator: R[0 6 @] =
R([80° 33.69° 660°]

Position State:

jaPy) = R(9 6 w)i1) = jaPy) = R(6 0 @]i1) =

| 294.8° -57.4° 314.8°) | 324.3° =32.2° 344.3%)

O©=0600" O©=660°
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»UQ) density operator approach to symmetry dynamics
Bloch equation for density operator

Quick U(2) way to find eigen-solutions for 2-by-2 H



U(2) density operator approach to symmetry dynamics x=cosicroy2jcospr2
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U(2) density operator approach to symmetry dynamics x=cosicpay2icoss2
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U(2) density operator approach to symmetry dynamics

Euler phase-angle coordinates (o, 3,7) |1p>=[ v ]= \/ﬁ[ X +ip;
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U(2) density operator approach to symmetry dynamics  x—cosioay2leosp

=-§l /2 2
Euler phase-angle coordinates (Q., 3,7) (w ) \/ﬁ/ xrip, ) \/ﬁ[ il o) p=-sin[(y+01)/2]cos3/
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U(2) density operator approach to symmetry dynamics

x;=cos[(y+a)/2]cos[3/2

i _ p;=-sin[(y+o)/2]cos[3/2
Euler phase-angle coordinates (0., [3,7) [ w, ) [ x+ip, ) [ emi@2005p ) _ ! ! P
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<‘P|0Y|‘P>=2SC=( v v, )L l OZJ w, =2N(x1p2—x2p1) by%: Sy =8,=Im¥ ¥, =Nsmacoszsm5 =?s1nas1n/3
. . o w ) [ ww wo') (o o\ [ wwe wy )
The density operator p = |¥YXW|= ! ®( v )= e P et R Ot e B
L ¥ J W, WY, L Par P J v, WY,
P =Y, (o=, |
I | ~N+S, S.-iS,
=oN+S,| =S -isy, || 2
* " , 1
Py =Wy [Py =¥, Sy +idy EN_SZ
1
=S S =—N-5
+iSy, 5 p T

Norm: N =¥Y1*¥1 + WY2*¥?

(_...2—by-2 density operator p



U(2) density operator approach to symmetry dynamics  x—cosioay2leosp

=-S1 /2 2
Euler phase-angle coordinates (Q., 3,7) (w ) \/ﬁ/ xrip, ) \/ﬁ[ il o) p=-sin[(y+01)/2]cos3/

q,>= _ _ i /2 |
and norm N of quantum state |V | L p J ' J io/2 J x,=cos[(y—0)/2]sinf/2
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1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

. .\ \/ p scaled 1 N
<IP|1‘IP>= N =( v, )k 3 (i)L q,l ) =N p12+x12+1’22+@ by L 5(“P1‘2+|1P2|2)=3
5 ;
/ W ow ) 4DYnorm=1 od | N/ N
. \ scale 2 2 :
<1P|OZ|‘P>=2SA=( ¥vow, )L (1) _01 ) lpl J =N(p12+x12—p22—x22) by%' SZ=SA=E(“P1| —|‘P2| )=?kcos2§—sm2§J=Ecos/B
5 :
( )
<‘P| |‘I’>=2S =( Lp’l" q;; )( ) ;1:1 =2N(x1x2+p1p2) Szjlf S =8 =Re‘I’>1k‘I’2 =Ncosacos§sin§ =%cosasin/3
5 ;
N w )
<‘P|0Y|‘P>=ZSC=( IIIT IP; )( (1 _()l ) $1 =2N(x1p2_x2p1) SZjl?’ SY=SC=Im‘IJ>1k‘P2 =Nsinacos§sin§ =%sina sin [3
5 ;

(W ) (W' ww ROU RN 041 8

. Vo )
The density operator p = Y )XW|= ! ®( Wy )= : G B :
¥, NUR R O O Pa1 P v, W,
o =% o =Y, [ 1
—N+S, S,-iS
“Ines,| =5 sy, oz Pyl oo, Voolo =iy, (1 0)
2 z Y = = =N +S +8y +5,
* ; 1 2o 1) A Lo -1 )
Py =Wy [Py =¥, Sy 15y EN -3y
| 1
=S +iSy|  =oN-S, 4 P

e . :
Norm: N =¥1*¥1 +¥2*¥2  ...so state density operator p has o-expansion



U(2) density operator approach to symmetry dynamics x=cosicpay2icoss2
Euler phase-angle coordinates (o, 3,7) [ W ) \/ﬁ/ x+ip, ) \/ﬁ[ 2 oi ) p=-sin[(+0)/2]cosp/2

q,>= 1o _ i /2 |
and norm N of quantum state |V | L p J ' J io/2 J x,=cos[(y—0t)/2]sinf3/2
f q ¥) 2 2P e " sinf5/2 ij—sin[(X(—oc)Q]sin%/Z

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

. .\ \/ 4 scaled 1 2 2\ N
<IP|1‘IP>= N =( v, ) Lo Ll =N p12+x12+1’22+@ 1. _(‘lpl‘ +|1P2| )=~
Lo 1) w, by 3 2\ )2
/ \( v ) 4DYnorm=1 od / \
. s 1 0 1 2. .2 2 _ 2\ Scale 1 2 2\ N( 2 .20} N
<1P|OZ|‘P>=2SA=( ¥vow, )L 0 _i ) w, J =N(p1 +x"-p," - x, ) by%: SZ=SA=E(“P1| —|‘P2| )=?kcos 5—s1n 5J=?COS[5
* * ( \( lpl \ scaled * ﬁ . ﬁ N .
<‘P| |‘I’>=2S =( v, )L J w, =2N(x1x2+p1p2) 5 % §,=8,=ReW W, =Ncosacoszsm5 =?cosasm/3
. L\ 0 - \( v, ) scaled . . B . B N . _
<‘P|0Y|‘P>=2SC=( v v, )L l 01 J w, =2N(x1p2—x2p1) by%: Sy =8,=Im¥ ¥, =Nsmacoszsm5 =?sma sin 3
. _ _ [ w ) (ww wwl ) (p p. ) [ we wy
The density operator p = |¥YXW|= ®( v )= _ _
L ¥ J W, WY, L Par P J v, WY,
P =Y, (o=, [ 1
—N+§5, S, -iS
Ayes, | —s.-is, 2 2 S S O T I Voo lo =iV, (1 0)
il Ml EACEV A R S T
NN IR\ S.+iS, LN-5 2 A0 ! 0 -l
Py =¥ 1%y [P =%%; Py z —— ——
. 1 1 1 .
=S, +iSy =§N‘Sz T p = EN 1 + S o + Sy o, +§, 0, = ENHS.O

e . :
Norm: N =¥1*¥1 +¥2*¥2  ...so state density operator p has o-expansion



U(2) density operator approach to symmetry dynamics x=cosicpay2icoss2
Euler phase-angle coordinates (o, 3,7) [ w ) \ (i osp ) pr=-sin[(y+0)/2]cos[3/2

/ X, +1
] 1P ] € —iv/2
Y= =N =\ N ) €

and norm N of quantum state |V) pz__sm[(y_a)/z smB/z

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

. Y \/ v o) scaled 1 2 2
<IP|1‘IP>= N =( v, v, ) Lo L= p12+x12+1’22+@ 1. _(‘lpl‘ +|1P2| )=~
Lo 1) w, by 3 2\ )2
/ \( v ) 4DYnorm=1 od \
. 1 0 1 2\ sScale 1 2 2B\ N
<1P|OZ|‘P>=2SA=( vow, )k 0 _i ) w, J =N(p12 +x12—p22—x2 ) by%: SZ=SA=5(“P1| —|‘P2| )= kcos ——s1n 5J=?COS[5
* * ( \( lpl \ scaled * ﬁ . ﬁ N .
<‘P| |‘I’>=2S =( vw, )L J w, =2N(x1x2+p1p2) by%: §,=8,=ReW W, =Ncosacoszsm5 =Ecosa sin [3
. L\ o0 - \( v, ) scaled . . B . B N . _
<‘P|0Y|‘P>= SC=( v v, )L l 01 J w, =2N(x1p2—x2p1) by%: Sy =8,=Im¥ ¥, =Nsmacoszsm5 =?s1na sin 3
. _ _ [ w ) (ww wwl ) (p p. ) [ we wy
The density operator p = |¥YXW|= ®( v )= _ _
L ¥ J W, WY, L Par P J v, WY,
P =Y, (o=, [ 1
—N+S, S, -iS
Ayes, | —s.-is, 2 2 S S O T I Voo lo =iy o1 0)
il Ml EACEV A R S T
N NV S.+iS, LN-5 2 A0 ! 0 -l
Py =¥ 1%y [P =%%; Py z —— ——
1 1 _
=S, +iSy =%N_SZ T P = EN 1 + S o + 8y o, t5, o, = ENHS.O

Norm: N =W1*¥1 +¥2*¥2  ...s0 state density operator p has o-expansion like Hamiltonian operator H

(4  B-iC ) A+D( 1 0\ 4-D( 1 o)\ (o 1) o0 =i)

| B+ic D)=H=2(01)+2ko-1)+8k10)+cki0)
H= o, o, + TA o4 +TB Op +7C O =a)000+5°0



U(2) density operator approach to symmetry dynamics x=cosicpay2icoss2
Euler phase-angle coordinates (o, 3,7) [ W ) \/ﬁ/ x+ip, ) \/ﬁ[ 2 oi ) p=-sin[(+0)/2]cosp/2

q,>= 1o _ i /2 |
and norm N of quantum state |V | L p J ' J io/2 J x,=cos[(y—0t)/2]sinf3/2
f q ¥) 2 2P e " sinf5/2 ij—sin[(\\((—oc)Q]sin%Q

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

. Y \/ L4 scaled 1 2 N N
<IP|1‘IP>= N =( v, ) LY Ll =N p12+x12+1’22+@ 1. _(‘lpl‘ +|1P2| )=~
Lo 1) w, by 3 2\ )2
/ \( v ) 4DYnorm=1 od / \
. s 1 0 1 2. .2 2 _ 2\ Scale 1 2 2\ N( 2 .20} N
<1P|OZ|‘P>=2SA=( ¥vow, )k 0 _i ) w, J =N(p1 +x"-p," - x, ) by%: SZ=SA=5\“P1| —|‘P2| )=?kcos 5—s1n 5J=?COS[5
* * ( \( lpl \ scaled * ﬁ . ﬁ N .
<‘P| |‘I’>=2S =( vw, )L J w, =2N(x1x2+p1p2) 5 % §,=8,=ReW W, =Ncosacoszsm5 =?cosasm/3
. «\ 0o - \( v, ) scaled . . B . P N . _
<‘P|0Y|‘P>=2SC=( v v, )L i 0 J w, =2N(x1p2—x2p1) by%: Sy =8,=Im¥ ¥, =Nsmacoszsm5 =?s1na sin 3
. _ _ [ w ) (ww wwl ) (p p. ) [ we wy
The density operator p = |¥YXW|= ®( v )= _ _
- - L ¥ J W, WY, L Par P J v, WY,
P =Y, (o=, [ 1
—N+S, S,-iS
yes, | o-s.—is, 2 Z S I B A T R Voo lo =iV, (1 0)
e 0 oSl e T )
P =W, |0y =WV, Sx +idy %N_SZ i 0 \l OJ \O _1J
- ! v 1 45 +8 +5 Lvi+ s
=S, +iSy =5N—SZ - T p =5 o v o ;, 0, = > ¥
Norm: N =Y1*¥1+W¥2*¥2  ...so state density operator p has a-expansion like Hamiltonian operator H

(4 B-ic\_y_A+D( 1 0\ A4-D( 1 o\ o0 1) [0 —i)

H + + B +C
| s+ic D ) 2 lo1)7 2 Lo =)7L o)7 i 0
b= N1+ S 2y ! $2p Qo Q
Q ~




R
R

U(2) density operator approach to symmetry dynamics
Bloch equation for density operator

Quick U(2) way to find eigen-solutions for 2-by-2 H



U(2) density operator approach to symmetry dynamics (

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed). \.

iH[ ) = H|w),

= Dagga/r = - zh<111‘ = <‘P|H

] ~
p= §N1+ Seo

2

J

Note: H" = H.



U(2) density operator approach to symmetry dynamics

Bloch equation for density operator
Ket equation (time forward) and "daggered" bra-equation (time reversed).
lh|‘l’> = H|‘P>, = DaggarT = - zh<\I" = <‘P|H
Combining these gives a time derivative of the density operator p = [\ )V

L0 . -
zh5p=lhp=zh|‘P><‘P‘+zh“P><‘P‘=H“P><‘P|—|‘P><‘P|H
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Bloch equation for density operator 1.2
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Ket equation (time forward) and "daggered" bra-equation (time reversed). \o O 2
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The result 1s called Bloch equation.

. 0 oy
zhEp =ihp=Hp-pH= [H,p]
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U(2) density operator approach to symmetry dynamics

Bloch equation for density operator
Ket equation (time forward) and "daggered" bra-equation (time reversed).
lh|‘l’> = H|‘P>, = DaggarT = - zh<11" = <‘P|H

Combining these gives a time derivative of the density operator p = [\ )V
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The result is called &*  Bloch equation. A
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J
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Last terms don't cancel if the spin S and crank €2 point in different directions.

—pH = El+§°o\/h901+ﬁﬁ°o
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Bloch equation for density operator H é . Q
=Q1+—°*C
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i\ ¥ e
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Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).
lh‘ll’> = H“P>, = Daggaz/r = -ih<‘I“ = <‘I"H
Combining these gives a time derivative of the density operator p = [\ )V
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The result is called &~ Bloch equation. A (ava)(Beo) (
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Bloch equation for density operator H é . Q
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Ket equation (time forward) and "daggered" bra-equation (time reversed). \. O 2 J
i\ ¥ = iyl
lh‘W>—H“P>, < Daggar' = -zh<‘P‘—<‘P‘H Note: H = H.
Combining these gives a time derivative of the density operator p = [PV p'=p

L0 . -
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The result 1s called Bloch equation.
(A*o)(Beo)=4,B,0,0,= AaBﬁ(cS o +i8aﬁyay)

. 0 s
lhgp = ihp = Hp - pH B [H’p]) =A4,B,, + zeaﬁyAaBﬁay
Given p and H in terms spin S-vector and crank €2-vector: =A*B+i(AxB)-o

N, N - L \(a
Hp = | 7Q 1+2Q-o)(71+s-a —h9071+?h9'0+hQOS'0+§(Q°G)(S°0)

N - 7o N N, - N TR
pH = E1+s-c)(7fzg201+59-c =h90?1+1h9°0+hQOS°0+§(S°G)(Q°0)

Last terms don't cancel if the spin S and crank €2 point in different directions.

Hp-pH= —(Q:_o_ _(_S_' o)—g(g' 0)((2:_0 o

2 pinp-2(@x5)r0-2(3x@)ro
Jd (N, = —

Zhat(EHS'O)_ZhS.O_ zh(@ S)'O

Factoring out *G gives a classical/quantum|gyro-precession equation.
-
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
Hamiltonian H

[ 4 B-iC)_,
kB+iC D
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Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
Hamiltonian H
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A+ D

where: Q= and: ) =\/QA2 + QBZ +Q .2 = \/(A—D)2+ 4B%+4C?
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A+ D

?)+<A_D>%( Lo )+2B%(

NI |—

)+2C(Q -\

0 1
10
SB

where: Q= and: ) =\/QA2 + QBz +Q .2 = \/(A—D)2+ 4B%+4C?

Eigenvalues: Qu=QutQ2)  and: 9= cos ' (QlQ), and: p= cos™ (/) sind)= cos [Lsh|2,24Q,2 )

A+D%\(A-D)*+ 4B+ 4C?
= * \/( 2) s CJ or: VU= COS'l[(A—D)/\/(A—D)2+ 4B*+4C? |, o= cos\[B/NB?+C? ]
Step 3.To find eigenvectors replace Euler angles (azimuth o, polar 3 ) of Euler-state  |1as, )-
(e« )
e 2COSE o
Q+:Q0‘|‘Q/2 e 2
3 el%sinﬁ
S +Qn
L = R o)
-Q)/2
Sy




Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:
Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t

Hamiltonian H
[ 4 B-ic)_y_A+D[ 1 0\+(A_D)%/1 0 \+2B%/ 0 1\+2C%/ 0 —i )
| B+ic D 2 Lo 1) Lo =)0 o )72 o)
S, +Qp S,  +Q. S, =Q)l+ QeS

H- @, 1 =+ Q,
Step 2.Convert Cartesian to polar form: (Q04=cost), (lp=Lcosy sin, (2c=Csiny sin})

and.: <) =\/Q Q7402 = \/(A—D)2+ 4B%+4C?

Eigenvalues: Qu=QutQ2)  and: 9= cos ' (QlQ), and: p= cos™ (/) sind)= cos [Lsh|2,24Q,2 )
il a PN2e A R20 402

A+D_\/(A D) +45 +4C or: Y= cos[(4-D)/ \/(A—D)2+ 4B*+4c? |, o= COS'I[B/W |

. 2 J
Step 3.To find eigenvectors replace Euler angles (azimuth o, polar 3 ) of Euler-state  |1as, )-
[ _a \

A+ D

where: Q=

with the Darboux axis polar angles (azimuth o , polar v ) of H-matrix e 2 cosg y
Q4= +2/2 e 2
3 ei% sinﬁ
02 2
LI RO o)
S| -2
Sy




Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:
Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t

Hamiltonian H
[ 4 B-ic)_y_A+D[ 1 0\+(A_D)%/1 0 \+2B%/ 0 1\+2C%/ 0 —i )
| B+ic D 2 Lo 1) Lo =)0 o )72 o)
S, +Qp S,  +Q. S, =Q)l+ QeS

H- Q, 1 + Q,
Step 2.Convert Cartesian to polar form: (Q04=cost), (lp=Lcosy sin, (2c=Csiny sin})

and: ) =\/Q 2+9,2+0.2 =y(4-D)24 482+ 4C

and.: Y= cos1(Q4/Q), and: p= cos(€)5/€2 sin})= COS'l[QB/\/Q 22407 ]
e 2 A P2 42
— AD “/(A D)7+457+4C or: 9= cos’'[(4-D) / \/(A—D)2+ 4B*+4C* |,

: = cos ! [BINB*+C? ]
y

.
Step 3.710 find eigenvectors replace Euler anglesYtazimuth o, polar 3 ) of Euler-state |1 )
) of H-matrix e 2c0s§ y

A+ D

where: Q=

@igenvalues: Q=002

with the Darboux axis polar angles (azimuth o , polar v
—— i
Q=00 +Q/2 L 94 | ¢
/! |Q >= T Spln S ei% sinﬁ
2 oY) Tl Up-Crank 2
L : - RG] )
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:
Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t

Hamiltonian H
[ 4 B-ic)_y_A+D[ 1 0\+(A_D)%/1 0 \+2B%/ 0 1\+2C%/ 0 —i )
| B+ic D 2 Lo 1) Lo =)0 o )72 o)
S, +Qp S,  +Q. S, =Q)l+ QeS

H- Q, 1 + Q,
Step 2.Convert Cartesian to polar form: (Q04=cost), (lp=Lcosy sin, (2c=Csiny sin})

and: ) =\/Q 2+9,2+0.2 =y(4-D)24 482+ 4C
and: Y= cos(24/82), and: o= cos1({25/) sind})= COS'l[QB/\/Q BZ+QC2 ]

= cos ! [BINB*+C? ]

A+ D

where: Q=

@igenvalues: Q=002
A 2 A R2 42
_ 4D A4-D)*+ 457 4C or: 9= cos[(A-D) / (4-D)?+4B%+4C? |,

. 2 J
Step 3.To find eigenvectors replace Euler anglestezimuth o, polar 3 ) of Euler-state  |1as, )-
[ _a \
with the Darboux axis polar angles (azimuth @ , polar 9 or V+w) of H-matrix ¢ 2cost
[ iy
Q=0 +Q/2 [t 94 5 ¢’
/! |Q >= 2 Spln t ei% sinﬁ
Tlran | Aal Upsctank 2
LI B : =R o)
S -an (
e SIS
O-_=00-2/2 n-Cran




Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:
Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t

Hamiltonian H
[ 4 B-ic)_y_A+D[ 1 0\+(A_D)%/1 0 \+2B%/ 0 1\+2C%/ 0 —i )
| Bric D 2 Lo 1) Lo =)0 o )72 o)
S, +Qp S,  +Q. S, =Qjl+ QeS

H- Q, 1 + Q,
Step 2.Convert Cartesian to polar form: (Q04=cost), (lp=Lcosy sin, (2c=Csiny sin})

and: ) =\/Q 2+9,2+0.2 =y(4-D)24 482+ 4C
and: Y= cos(24/82), and: o= cos1({25/) sind})= COS'l[QB/\/Q BZ+QC2 ]

= cos ! [BINB*+C? ]

A+ D

where: Q=

@igenvalues: Q=002
A 2 A R2 42
_ 4D A4-D)*+ 457 4C or: 9= cos[(A-D) / (4-D)?+4B%+4C? |,

. 2 J
muth o, polar 3) of Euler-state  |tus, )~
[ _a \
with the Darboux axis polar angles (azimuth @ , polar 9 or V+w) of H-matrix e 2cost y
|l ik
Q+:Q0+Q/2 ( e_l%cosﬁ‘5 Q . o ¢
/! |Q >= 2 Spln t eiz sinﬁ
ey Tl Up-Ctank 2
L : - R )
o O/ ( More reliable computation:
- Spin -S ¢ = atan2(C, B)
— = n 18 unreliable
Q)2 Q Dn-Crank tan ' (C'/ B) liable]
¥ = atan2(2N B* + C*, A-D)




Quick U(2) way example for 2-by-2 H

Can you write down all eigensolutions to the following H -matrix in 60 seconds?

12 Je—i

H=
J6(1+i) 8

A B —iC
B+iC D



Quick U(2) way example for 2-by-2 H
Can you write down all eigensolutions to the following H -matrix in 60 seconds?

12 6—1)
Joi+i) 8
A=12, B=+6, C=+6, D=3

H=

A B —iC
B+iC D



Quick U(2) way example for 2-by-2 H
Can you write down all eigensolutions to the following H -matrix in 60 seconds?

12 6—1)
Joi+i) 8
A=12, B=+6, =6, D=8

H=

A B —iC
B+iC D

Step 2.Convert Cartesian to polar form: (C04=2cost), (lp=Lcosy sin?}, (lc=(lsiny sin)
o - A+D 10
0= -

2 2
and: Q =\/£2A2+£232+Q 2 _ J(4-D)%+ 482+ 4C2 =\/(4)2+4\£ +avo =\16424+24 — 64 =8



Quick U(2) way example for 2-by-2 H
Can you write down all eigensolutions to the following H -matrix in 60 seconds?

12 6—1)
Joi+i) 8
A=12, B=+6, C=+6, D=3

H-—

A B —iC
B+iC D

Step 2.Convert Cartesian to polar form: (C04=2cost), (lp=Lcosy sin?}, (lc=(lsiny sin)
o - A+D 10
0= -

2 2
and: Q =\/£2A2+£232+Q 2 _ J(4-D)%+ 482+ 4C2 =\/(4)2+4\£ +avo =\16424+24 — 64 =8

(. =0+C2/2
+
w /|
-Q)/2
|eigenvalue —1 eigenvalue — 2 Q_:QO-Q/Q.

2
=10-4=6

wT:10+\/

=10+4=14

? +(x/5)2+(x/5)2 w, —10—\/[12_8




Quick U(2) way example for 2-by-2 H

Can you write down all eigensolutions to the following H -matrix in 60 seconds?

] 10—|—4COS§ Zlcosgsinz—z'43inzsinz

12 61—
Joi+4i) 8

A B—1iC
B+1iC D

H=

élcos%sﬁng—i—z'élsinzsimz 10—4(:08I

A=12, B=+6, C=+6, D=8

Step 2.Convert Cartesian to polar form: (C04=2cost), (lp=Lcosy sin?}, (lc=(lsiny sin)

g, - A*D g
and: Q) =\/£2A2 +Q 2402 =\(4=-D) 24 4524 4C2 \/(4)2+ o w a6 = l6+24+24 =64 =8
or: V= cos[(4-D) / \/(A—D)2+ 4B%+4C? = cos[(4) /8] =r /3, Q+'ZA90+Q/2
= COS'I[B/W ] =cos ' [V6/V/12]== /4 o +Q/2
DR
[cigenvalue —1 eigenvalue — 2 Q_:VQO_Q /2

2
=10-4=6

wT:10+\/

=10+4=14

? +(x/5)2+(x/5)2 w, —10—\/[12_8




Quick U(2) way example for 2-by-2 H

Can you write down all eigensolutions to the following H -matrix in 60 seconds?

12 V61 —1)

H—
Joi+4i) 8

A B—iC |_
B+iC D

A=12, B=+6, C=+6, D=8

10 + 4 cos dcosZsint —idsinLain L

4cos£sin%+i4sinzsinz 10—4008z

s s s s

Step 2.Convert Cartesian to polar form: (C04=2cost), (lp=Lcosy sin?}, (lc=(lsiny sin)

_A+D_
2

Q, 10

2 2
and: Q =\/£2A2+QBZ+Q 2 _ J(4-D)%+ 482+ 4C2 =\/(4)2+4\£ +a6. =16+ 24424 —Jo4 -8

or: Y= cos![(4-D)/ \/(A—D)2+ 4B%+4C? |= cos![(4) /8] =m /85, QJr'ZAQOJFQ/ 2
o= cos [BAN B2 +C? | =cos|[V6/V/12]=m /4 Q | T2
Step 3.10 find eigenvectors replace Euler angles (azimuth o, polar 3 ) of Euler-state T ~ Q/2
with the Darboux axis polar angles (azimuth ¢ , polar ¥ or V+m) of H-matrix A

‘eigenvalue —1 ‘ez’gem}alue —2 Q_=00-2/2
_ 12-8) : : 128\ : 2

WT_MJ (Vo] +(o) %Zlo‘\/[T +(Yo) + (Vo)
=10+4=14 —10—-4=6

‘eigenvector —1

e_%cos% 1 6—@%
=l L D Ak
3

+_ .
e %sin—

‘ez’genvector —2

Vi
IR T
—€ S1n —

9-| 8

it T
e 8 cos—
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The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion



The ABC's of U(2) dynamics

(M (M)
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(2H|1) {2H[2)
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—iC ) A+D(

D

2 (o

A+ D

Asymmetric Diagonal A-Type motion

C () ()

(2H1) - (2H[2)

[ 4
0

b )

4 - )
= — N1+ Seo

\_ 2 Y,
> ( 4-D )

Q=| Q 2
Q 2C




The ABC's of U(2) dynamics

[ {(H]1) - (1H]2) \=/ A4 B=ic\_4+D( 1 0\ _ Vool 0 -, 4-Df
L<2|H|1> <2|H|2>J +iC D ) L ) L ) k i 0 2 Lo
= A;D 1+ o, + C o. + A;D o,
= A'|2'D o, _|_g27 o + %O’C + QTA O\
Asymmetric Diagonal A-Type motion
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[Q, )
Q

D\

N

Crank : Q =

)
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~ — N
= — N1+ Seo
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[ 4-D )




The ABC's of U(2) dynamics

C(HL) (M2 Y 0 slie ) _asD(
L<2|H|1> <2|H|2>J vic b ) 2 o

Asymmetric Diagonal A-Type motion

COW) M) (s o\ aenf 1 o)
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The ABC's of U(2) dynamics [ p= NS
Q
((UH]) - (1H[2) \=/ A =i ) _A«Df o) L0 ) fo i) a-Df 1 o) [ H=Ql+ro
(2H[1) (2[H|2) kB+iC D} 2L01) Llo) k o) 2k0—1) =
- AxD + 5 o, + C o +A_D0A q/QA\/A—D\
Q= QB = 25
Q Q Q
= A-|2'D o, +TB o, + 7(jO_C 4 7A o, QC 2C
Asymmetric Diagonal A-Type motion
L (R2) )
[ 4 0\)_A4+D[ 1 0) A-D( 1 0o \_ A+D Q,
Lawy @iy | Lo 072 Lo ) A T e T Ay e
fo,) (4 p) [Sa ) [ as)
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The ABC's of U(2) dynamics [ p= NS
Q
[ (1H1) (1[H[2) \=/ 4 p-ic\_A+D( 1 o) (o 1Y Lo -}, 4-D(1 o) 8 H=Qgl+—0 )
L<2|H|1><2|H|2>Jk3+ic D} 2L01) Llo) k 0 2k0—1) =
- AxD + 5 o, + C o +A_D0A q/QA\/A—D\
2 Q= QB = 25
A+D Q Q Q
Asymmetric Diagonal A-Type motion
R R (s 0\ aen( 1 o N
ey @y | To o) e >} tor 1. >0
fo, ) [ o) [ S,
Crank : Q = Q, =L 0 Eigen— Spin : S = Sp _B
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LR, T "
;W.i___._.(_)._._.xz :...: % x2

Beat dynamics.:

T 2y Total beat
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l 2°A O T BoxIt (A-Type)
Q) 2 Web Simulation



http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.9&BU2=-0.0&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=1.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0

A-Type elliptical polarized motion
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BoxIt Web Simulation:
A-Type with A=2.1, D=3.4
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The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion



The ABC's of U(2) dynamics
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The ABC's of U(2) dynamics
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The ABC's of U(2) dynamics

((UH]) - (1H[2) \=/ 4 p-ic\_A4+D( 1 o), (0 1Y, 0 i) 4-D( 1
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The ABC's of U(2) dynamics

((UH]) - (1H[2) \=/ 4 p-ic\_A4+D( 1 o), (0 1Y, 0 i) 4-D( 1
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B-Type elliptical polarized motion
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BoxIt Web Simulation:

B-Type with A, D=2.1; B=-0.21
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The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion

»Circular—CorioliS... C-Type motion



The ABC's of U(2) dynamics [ p= ~NI+§0
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The ABCs of U(2) dynamics-Mixed modes
AB-Type motion and Wigner s Avoided-Symmetry-Crossings
ABC-Type elliptical polarized motion
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A to B to A Symmetry breaking described by hyperbolic eigenvalues of Ac4+Bop=H-=
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) Secular equation: £2-0-¢- (A2 + Bz) gives hyperbolic energy levels: & = =\ A% + B?

Here we display
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ABC-Type elliptical polarized motion
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ABC-Type elliptical polarized motion

(from Principles of Symmetry, Dynamics, and Spectroscopy)

642 THEORY AND APPLICATION OF SYMMETRY REPRESENTATION PRODUCTS
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of birefringence is present in Figure 7.11(a); i.e., ¢ oscillates slightly. Pure Faraday 758 Evolution of states for various mixtures of A and C components.

rotation is difficult to achieve on an analog computer.
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ABC-Type elliptical polarized motion
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Ellipsometry using U(2) symmetry coordinates
Conventional amp-phase ellipse coordinates

Euler Angle (a3v) ellipse coordinates



Ellipsometry using U(2) symmetry coordinates
Conventional amp-phase ellipse coordinates and related to Euler Angles (a37)
2D elliptic frequency ® orbit has amplitudes
Ajand A2, and phase shifts p; and p>==p;.

xi1=Aicos(wt+p)

-p1=A;sin(wt+p;)

x2= Axcos(wt—p;)

-p2=A>sin(wt—p;)

Amp-phase parameters (A1,A2, ©t,P1)

/ . ( xX+ip, )
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1
L AZe_i((Ut'p])

x2+lp2
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Ellipsometry using U(2) symmetry coordinates
Conventional amp-phase ellipse coordinates

» Euler Angle (a3v) ellipse coordinates



Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes Real x; and 1imaginary pi parts of phasor amplitudes
A;and 4>, and phase shifts p; and p>==p;. ar=xr+ipr depend on Euler angles (o) and A4.
[ xaip ) xi1=Aicos(wt+p)
( AP \ o -p1=A1sin(®t+p;)
L AP i | x2= Axcos(wt=pj)
Yo+iP)

-p2=A>sin(wt—p;)



Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes Real x; and 1imaginary pi parts of phasor amplitudes
Ajand A2, and phase shifts p;and p>==p;. ar=xr+ipr depend on Euler angles («/3) and A4.
[ ewip ) XIT Aicos(wt+p) x;= Acosfi/2eos[(y+a)/2] [ auy 5 Vo xip )
( A, P \ ) -p1=A1sin(wt+p;) - p,= Acos3/2sin[(y +a)/2] de 2 oS
L Ay D x2= Azcos(wt=pi) X, = Asinf}/2cos[(y—a)/2] g
X,+Ip, . Ae 2 sin— X,+1p
-p2=A2sin(wt=py) - p,= Asinf3/2sin[(y-o)/2] 2 2 2
[ _aw ) [ xaip.
~1 p . X +ip,
Ae 2 COSE ) { A]e—l(wf+91) )
Pl | —i(wt-py)
Ae 2 sing 2 Xy+ip,



Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes Real x; and 1imaginary pi parts of phasor amplitudes
Arand Az, and phase shifts p;and p2==p;. ar=x,+ipx depend on Euler angles («/7) and 4.
[ waip VX7 Azécos(wt+p1)§ . x;=Acosf/2cos[(y+a)/2] wr \ i, \
: 17 : . : : —!
/ A, P \ ) -p1=Aisin(@t+py) . —p;= Acosf/2sm[(y+a)/2] Ae 2 cosy )
L Ay D x2= Azcos(®t=p1): . x,=Asinf/2cos[(y-a)/2] L
X,+Ip, =45 Ae 2 sin— X, +ip
-p2=A2sin(wt=py) . —p,= Asinf3/2sin[(y-a)/2] 2 272
Let-id; <Acos/2 .
( aty ) [ x+ip. )
-1 [5 . )Cl+lp1
Ae 2 COSE ) ( A]e—l(wt+pl) )
o=y —i(wt-p7)
i . B L Ae 1
Ae ? sin 2 Xy +ip,



Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes Real x; and 1imaginary pi parts of phasor amplitudes
Arand Az, and phase shifts p;and p2==p;. ar=x,+ipx depend on Euler angles («/7) and 4.
[ i ) x1=A1:cos((ot+p1)§ . xy= Acosf/2cos[(y+a)/2] [ iy s ) xeip, )
: 17 . : : —!
( A, P \ ) -pi=Ajsin(wt+p;) | . —p,= Acos[3/2sin[(y+a)/2] de 2 cos )
| et o= dicos(@i=p)} | = AsinfBeosl(-c)2] |
EICIEN 2:A2§Sin((0t—p1) de 2 Y Xy +ip,
p2—=a2 5 . Py= Asm/a’/Zsm[(y a)/2]
Let:id1 Acos 2 '
o Anmdsing2
( _4ty \ ( X,+ip \
Ae 2 cosﬁ ) ( A]e—i(wt+pl) ) b
o=y —i(wt-p7)
i . B L A,e 1
Ae 2 sin 2 Xy +ip,



Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes Real x; and 1imaginary pi parts of phasor amplitudes
Arand Az, and phase shifts p;and p2==p;. ar=x,+ipx depend on Euler angles («/7) and 4.
[ i ) x1=A1:cos((0t+p1)§ . xy= Acosf/2cos[(y+a)/2] [ iy s ) xeip, )
. 17 . : : !
( AP \_ -p]—_zfl__]'Sln((!)l‘+p])i . —p,= Acos[3/2sin[(y+a)/2] de 2 oSy
| et xo=Aicos(@t=p)i | x)= AsinfiZeos[(/ a)/z]‘ =
Xy +ip, - 2=A2§Sin((0t—p1) Ae 2 slnE X, +ip,
p2=42 5 . Py= Asm/3/281n[(y a)l2] -
Let:ids <Acos/2  Let: ot4pi, :(7_#994_)/2
o AdmdAsin2
([ _aw ) ([ x+ip, )
Ade 2 cosﬁ ) { A]e—l(wf+pz) ) b
Pl | —i(wt-pp)
Ae 2 sing 2 Xy+ip,



Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes Real x; and 1imaginary pi parts of phasor amplitudes
Arand Az, and phase shifts p;and p2==p;. ar=x,+ipx depend on Euler angles («/7) and 4.
[ i ) x1=A1:cos((0t+p1)§ . xy= Acosf/2cos[(y+a)/2] [ iy s ) xeip, )
. 17 . : : !
/ AP \_ -pJ—AJSln((Dt+p1) . —p;= Acosf/2sin[(y+a)/2] de 2 cos )
L Ay - x2= Aicos(wt=p1)i . A-S-I-I-l-]?;-/i'COS[(V a)/Z]‘ =L B
X, +ip, _ 2:A2§Sin((x)t—p])i Ade 2 smE Xy+ipy
p2=12 5 —p2 Asm/B/Zsm[(y a)l2] -
Let: 'A 1 —_4_9'_@@{2____ . Let: (0t+p1 :{f_Y_‘_le_{)/Z
o Anmdsing2 Wi=pr =(y—)/2
( P ) [ x +ip )
Ade 2 cosﬁ ) { A]e—l(wf+pz) ) b
;oY ) —i(wt-p;)
Ae 2 sing 2 Xy+ip,



Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes Real x; and 1imaginary pi parts of phasor amplitudes
Arand Az, and phase shifts p;and p2==p;. ar=x,+ipx depend on Euler angles («/7) and 4.
[ xrip ) NI Ajcos((x)t+p1)§ X, = Acos/a’/Zécos[(y+a)/2] [ _aw ; V(e )
[ geiren ) ) -p1=Azsin(wt+pi) | . —p;= Acosf/2sin[(y+a)/2] de 2 cos )
L Ay D | X2= Aicos(@t=py): ™. A-S-I-I-l-]?;-/i'COS[(V —a )/2]‘ it B
Xy +ip, — A ‘e Ae 2 sin— Xy +ip,
p2 ___glsm((x) p1) 5 —p2 Asm/B/Zsm[(y a)/2] ¢ 2
Let: A;—Acosﬁ/z . Let: (0t+p1 :{f_Y_‘_le_{)/Z
o Az=dAsing2 wi=p; =(y—a)/2
tanP/2=A/A1  A*=Ar*+A? oa=2p; Y=2mt

Euler parameters (o, 3,7, A) in terms of amp-phase parameters (A1,A2, ®©t,p1)

( —i% i ) / . ( X+ip; )
Ae COS— ) A]e—l(wt+pl) )
Pl I L | e—i(wt-pj)
- 2
Ae 2 sin X,+ip,



The A-view in {x1,x2}-basis

( —ia, /2 Ba \I .
Angles o= pr=p2=2p1, Pa=2tan"'A2/A1, y1=2mt ( a ) _A € €053 it =/ X+ Py )
define ellipses with intensity /=A4%2=A4>+A42>. L a J et sing/‘ Xy +1p)
(8) (xpxp) Space | Xy (b) (ABO)Space g
Azimuth
angle

20=01,=60°

A or Z-axis Euler angles

0=04= P1-P2=2p1=60°

B=PB.=2tan"'A:/4:1=60°

phase lag V=201

20=0.,=6




The A-view in {x1,x2}-basis

Angles o= pr—p2=2p1, Ba=2tan'A:/A1, 11=2w0-t ( a \ _ A( g Al cosgf‘ \e_iwt =( x| +ip; \
define ellipses with intensity /=42=A4,2+A42>. L a, J otial2 SingA J Xy +1py
(a) (X1,X,) Space X (b) (A.B,C) Space -
Azimuth
angle
YA 20=01,~60°

A or Z-axis Euler angles

0=04= P1-P2=2p1=60°

B=PB.=2tan"'A:/4:1=60°

Ya=20t

phase lag
20=0.,=6

(a) (X1,X,) Space |12 C-axis  (B) (A,B,C) Space ¢

polar , C— polar
A AN elevation angle
1 - L \If\< 2y= Bo=41.4°
| 4/( /2B -=48.6° /
A b MY a

‘I / ? / %cl
: ,/ a/
| s [ i )
AUN / C-axis | ( ag ) ¢ ac/2cosgc e ( Xg +1IPR )
| ~ — . l‘h =A ' e ? = .
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Converting an 4-based set of Stokes parameters into a C-based set or a B-based set
involves cyclic permutation of 4, B, and C polar formulas

I I . : I .
Asymmetry S, = Ecosfa’A = EsmaB sinffp = Ecosac sin -

I , 1 I . :
Balance  Sp =§cosaAsm[3A =ECOS[3)B =§smac sin 3~

1 1 1
Chirality Sy =—=sina,sInf3, = —Ccostpsinff, = —cos 3
C=5 A AT5 B B=5 C

The C-view in {Xr,XL}-basis
The same orbit viewed in right and left circular polarization {xg,xz}-bases using angles (o.c, Bc, Yo).

(a) (x1,Xp) Space | *2 Ciavis (b) (A,B,C) Space

polar

\ elevation
Al \|I< 2y=

// a
- C-axis
NS /’

C-axis

: — polar
angle
‘ Bo=41.4°




Converting an 4-based set of Stokes parameters into a C-based set or a B-based set
involves cyclic permutation of 4, B, and C polar formulas

I I . : I .
Asymmetry S, = Ecosfa’A = EsmaB sinffp = Ecosac sin -

I , 1 I . :
Balance  Sp =§cosaAsm[3A =ECOS[3)B =§smac sin 3~

1 1 1
Chirality Sy =—=sina,sInf3, = —Ccostpsinff, = —cos 3
C=5 A AT5 B B=5 C

The C-view in {Xr,XL}-basis
The same orbit viewed in right and left circular polarization {xg,xz}-bases using angles (o.c, Bc, Yo).

Angles (0.c, Bc): C-axial polar angle B¢ from above.

sinc 4 sin 34 = cos B or: [, = cos_l(sinocA sinff,) = cos_l(g-g) =414°
(a) (x},Xp) Space |2 Coavis () (AB,C)Space (e
polar i C— polar
A; \\lf ele;\‘;ZO” >< aiagle O
| L \< /i B.=41.4

// a
- C-axis
NS /’




Converting an 4-based set of Stokes parameters into a C-based set or a B-based set
involves cyclic permutation of 4, B, and C polar formulas

I I . : I .
Asymmetry S, = Ecosfa’A = EsmaB sinffp = Ecosac sin -

I , 1 I . :
Balance  Sp =§cosaAsm[3A =ECOS[3)B =§smac sin 3~

1 1 1
Chirality Sy =—=sina,sInf3, = —Ccostpsinff, = —cos 3
C=5 A AT5 B B=5 C

The C-view in {Xr,XL}-basis
The same orbit viewed in right and left circular polarization {xg,xz}-bases using angles (o.c, Bc, Yo).
Angles (0.c, Bc): C-axial polar angle B¢ from above.

V3 V3

sinc 4 sin 34 = cos B or: [, = cos_l(sinocA sinff,) = cos_l(T-T) =414°
C-axis azimuth angle o relates to A-axis angles o4 and B4 . See oic =2¢ below.

) 1 « 1
cosa, sinfi =tanca, or: o, =ATN2(coso,sinf3, /cosf3,)=ATN2(— '—3 /—)=409°
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The C-view in {Xr,XL}-basis
The same orbit viewed in right and left circular polarization {xr,xz}-bases using angles (o.c, Bc, Yc).
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Polarization ellipse and spinor state dynamics
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Fig. 10.5.5 Time evolution of a -type beat. S-vector rotates from A to C to -A to -C and back to A.

Fig. 10.5.6 Time evolution of a C-type beat. S-vector rotates from A to B to -A to -B and back to A.
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Fig. 3.4.5 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).
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U(2) World : Complex 2D Spinors
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