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Some ways to picture Atomic Molecular and Optical (AMO) eigenstates 
 J-power-law energy eigenvalue spectra and tensor operators 
  Introducing U(2), U(3),… tensor 2k-multipole expansions and Wigner Eckart forms  
Born-Oppenheimer Approximations  
  (BOA) for PES 
  (BOA) for RES and LAB-BOD “hook-up” frame transformation 
Semiclassical Rotor-“Gyro”-Spin coupling 
 Semiclassical Rotor-“Gyro” RES 
Semiclassical Rotor analogy of Anharmonic Vibrator 
Analogies between energy surfaces of potential (PES) and rotation (RES) 
  Jahn-Teller-Renner analogies 
Rotational energy eigenvalue surfaces (REES)   

 Introducing  “Sherman the Shark” ZIPPed* and unZIPPed*  
REES for high-J Coriolis spectra in  υ3 CF4  (with Review: SF6 Coriolis PQR structure) 

REES for high-J and high-υ ro-vibrational polyads 
CF4 -υ4/2υ3 dyad
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••Rotational Energy Surfaces (RES)
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•• Generalized phase spaces
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Single-rotor B J2 + CJ4+...(even powers)

Like very anharmonic oscillator

Examples of Simple Power Law Energy Level Spectra
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Like 2D-harmonic oscillator ωµaµ†aµ+...(anharmonicity)

Linear

E~ω n

Quadratic

E~ω n2

Cubic

E~ω n3

Quartic

E~ω n4

Odd powers

prohibited by

time reversal

(J->-J) symmetry



Single-rotor B J2 + CJ4+...(even powers)

Like very anharmonic oscillator

Examples of Simple Power Law Energy Level Spectra

Compound-rotor BζJ +...(any power J2,J3,J4,)

Like 2D-harmonic oscillator ωµaµ†aµ+...(anharmonicity)

Linear

E~ω n

Quadratic

E~ω n2

Cubic

E~ω n3

Quartic

E~ω n4

Odd powers

prohibited by

time reversal

(J->-J) symmetry



Single-rotor B J2 + CJ4+...(even powers)

Like very anharmonic oscillator

Examples of Simple Power Law Energy Level Spectra

Compound-rotor BζJ +...(any power J2,J3,J4,)

Like 2D-harmonic oscillator ωµaµ†aµ+...(anharmonicity)

Linear

E~ω n

Quadratic

E~ω n2

Cubic

E~ω n3

Quartic

E~ω n4

Odd powers

prohibited by

time reversal

(J->-J) symmetry



Some ways to picture Atomic Molecular and Optical (AMO) eigenstates 
 J-power-law energy eigenvalue spectra and tensor operators 
  Introducing U(2), U(3),… tensor 2k-multipole expansions and Wigner Eckart forms  
Born-Oppenheimer Approximations  
  (BOA) for PES 
  (BOA) for RES and LAB-BOD “hook-up” frame transformation 
Semiclassical Rotor-“Gyro”-Spin coupling 
 Semiclassical Rotor-“Gyro” RES 
Semiclassical Rotor analogy of Anharmonic Vibrator 
Analogies between energy surfaces of potential (PES) and rotation (RES) 
  Jahn-Teller-Renner analogies 
Rotational energy eigenvalue surfaces (REES)   

 Introducing  “Sherman the Shark” ZIPPed* and unZIPPed*  
REES for high-J Coriolis spectra in  υ3 CF4  (with Review: SF6 Coriolis PQR structure) 

REES for high-J and high-υ ro-vibrational polyads 
CF4 -υ4/2υ3 dyad



TT00
22

TT++22--TT--22
22 22

22zz
22
--xx
22
--yy
22

√√33((xx
22
--yy
22
))

TTyy
11

Quadrupole (even)

TT0000

TTxx
11 TTzz

11

Lowest Order

RE-Surface

Components

k=0, 1, 2...

Dipole (odd)

Monopole (even)
++



TT00
22

TT++22--TT--22
22 22

22zz
22
--xx
22
--yy
22

√√33((xx
22
--yy
22
))

TTyy
11

Quadrupole (even)

TT0000

TTxx
11 TTzz

11

Lowest Order

RE-Surface

Components

k=0, 1, 2...

Dipole (odd)

Monopole (even)
++



TThhee BBLLAACCKK BBOOXX ooff
qquuaannttuumm pphhyyssiiccss,, cchheemmiissttrryy,, aanndd ssppeeccttrroossccooppyy

MMaattrriixx DDiiaaggoonnaalliizzaattiioonn

Eigenvalues
(Quantum levels)

Most of the information!

BBLLAACCKK BBOOXX

Eigenvectors
(Quantum states)

e

e

e e1

1

2 31 1 1

2 2 ee

e

e

ee
2

2

3

31

2

3 3 3





















e e e1 2 3( )( . . . )
. . .
. . .
. . .
. . ....

...

...

e1=hω1

e2=hω2

e3=hω3

e e e e

e

e

e e e e

e

e

q
k

q
k

q
k

q
k

q
k

q
k

1 1 1 1

1

2

2 2 2 2

3

3

t t t

t t t

e e e ee eq
k

q
k

q
k

3 3 3 31 2t t t























. . .

. . .

. . .
. . .

...

...

...

perturbation or
transition matrix

e1

e2

e3

# ! @
*

!!!# ! @
*

!!!



PPeeeekkiinngg iinnttooBBLLAACCKK BBOOXX ooff mmaattrriixx ddiiaaggoonnaalliizzaattiioonn::

PPlloottttiinngg 22kk--ppoollee eexxppaannssiioonn ooff iinnttoo FFaannoo--RRaaccaahh tteennssoorrss

BBLLAACCKK BBOOXX
??

??HH==

HH== aTT00
00
++bTT11

00
++cTT11

11
++......++dTT22

00
++eTT22

11
++......==Σck

q
TTkk

qq

TT0000

Monopole
k=0 (even)

TTyy
11

Dipole k=1 (odd)

TT++22--TT--22
22 22

Quadrupole k=2 (even)

A++ ++ ++...... ==

scalar+ + vector+ + 22-tensor +... + 2k-tensor +..

mixed-k

# ! @
*

!!!# ! @
*

!!!

Diagonalizer

++
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BOA-“Entangled” or correlated products:

Ψυ(ε)(xelectron....Xnuclei...) = ψε(x(X...)...) · ηυ(ε)(X...)
electron x(X)-coordinates

have

adiabatic dependence

on

nuclear X-coordinates

nuclear υε-quanta
have

adiabatic dependence

on

electron ε-quanta

Born-Oppenheimer-Approximate (BOA)

Potential-Energy-Surfaces (PES)
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X

“FAST” stuff “SLOW”stuff

BOA issues discussed in: 
Rev. Mod. Phys. 50,1,37-83(1978) 
Int. J. Mol. Sci. 14,714-806(2013)

Born-Oppenheimer Approximation (BOA) for PES 
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Compare BOA to unentangled state: |ε〉|η〉=|ε,η〉 .
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ε=C

BOA-“Entangled” or correlated products
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BOA
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“Hook-up” unentangled lab-based products: ψµ(x)·Dm,n(α,β,γ)√[R]
(with Clebsch-Gordan Cµ m M )

l R*
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sum

µ=−J...+J

sum
µ=−J...+J

with
m=M−µ

sum
µ=−J...+J

with
m=M−µ

sum
µ=−J...+J

with: K=µ+n

Compare wave Products:
Lab “hook-up” versus “BOA-constricted bod”

LABhook-up

l R J′ l* R* l R J JJ′ J*CµmM Dµµ(αβγ)·Dmn(αβγ)CµnK =δ DMK(αβγ)

sum
µ=−J...+J

with
m=M−µ

sum
µ=−J...+J

with
n=K−µ

l R J l* R* l R J J*CµmM Dµµ(αβγ)·Dmn(αβγ) =CµnKDMK(αβγ)

sum
µ=−J...J

with
m=M−µ

with: K=µ+n

LABhook-up

ΦJ(lR) =CµnK
l R J√[R]

√[J]

LABhook-up ΦJ(lµ)
BOA

sum
µ=−J...+JThis has form:

...that follows from

well known

coupling identity.

LABhook-up
state:
sharp R
mixed µ

sharp n

BOAbod
state:
mixed R
sharp µ

sharp n
BOTH HAVE...

An elementary
“rovibronic species”

“...gyro in a briefcase”
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Some ways to picture Atomic Molecular and Optical (AMO) eigenstates 
 J-power-law energy eigenvalue spectra and tensor operators 
  Introducing U(2), U(3),… tensor 2k-multipole expansions and Wigner Eckart forms  
Born-Oppenheimer Approximations  
  (BOA) for PES 
  (BOA) for RES and LAB-BOD “hook-up” frame transformation 
Semiclassical Rotor-“Gyro”-Spin coupling 
 Semiclassical Rotor-“Gyro” RES 
Semiclassical Rotor analogy of Anharmonic Vibrator 
Analogies between energy surfaces of potential (PES) and rotation (RES) 
  Jahn-Teller-Renner analogies 
Rotational energy eigenvalue surfaces (REES)   

 Introducing  “Sherman the Shark” ZIPPed* and unZIPPed*  
REES for high-J Coriolis spectra in  υ3 CF4  (with Review: SF6 Coriolis PQR structure) 

REES for high-J and high-υ ro-vibrational polyads 
CF4 -υ4/2υ3 dyad



Compound Rotor Hamiltonian: Rigid rotor with body-fixed “gyro”...

H=ARx2+BRy2+CRz2+...+(coupling or constraint)+...+BSS·S

Rotor RR PLUS “Gyro” Spin SS EQUALS Compound Rotor JJ== RR++SS

RR

RR SS

JJ

“whir-rr”

“whir-rr”

x(BODY)

y(BODY)

S~ΩΩ

In general, this term is the difficult part...

Rotor-Gyro RES issues discussed in: 
Computer Phys. Reports 8, 319-394 (1987) 
Spring Handbook of AMOP Ch. 32 (2006)

Semiclassical Rotor-“Gyro”-Spin coupling
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...but suppose it’s zero!
Constraints do no work.Zero-Interaction Potential ‘Proximation (ZIPP)
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Computer Phys. Reports 8, 319-394 (1987) 
Spring Handbook of AMOP Ch. 32 (2006)

Semiclassical Rotor-“Gyro”-Spin coupling

*ZIPP (Zero-Interaction-Potential-`Proximation
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H=ARx
2+BRy

2+CRz
2+...+(coupling or constraint)+...+B

S
S·S

...but suppose it’s zero!
Constraints do no work.Zero-Interaction Potential ‘Proximation (ZIPP)

Let:RR== JJ -- SS and consider non-constant terms (ignore gyro S terms that are constant)
H=A(Jx-Sx)

2+B(Jy-Sy)
2+C(Jz-Sz)

2+...+0 (for constraint)+...+(constant BS terms)

(ZIPPed)

Rotor-Gyro RES issues discussed in: 
Computer Phys. Reports 8, 319-394 (1987) 
Spring Handbook of AMOP Ch. 32 (2006)
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2+...+0 (for constraint)+...+(constant BS terms)
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“Coriolis effect“ subtracts linear or 1st-order J
m
or T1

m
terms for gyro-rotor H
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2+CRz
2+...+(coupling or constraint)+...+B

S
S·S

“Coriolis effect“ subtracts linear or 1st-order J
m
or T1

m
terms for gyro-rotor H

BR2 to B(J-S)2 is analogous to p2/2M to (p-eA)2/2M gauge-transformation
...J•S is analogous to ep•A

Semiclassical Rotor-“Gyro”-Spin coupling

*ZIPP (Zero-Interaction-Potential-`Proximation
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RE Surface for1st-order Jm or T1m term is a cardioid displaced in J-direction
Energy sphere intersections are concentric circular precession paths
All paths precess with the same sense around gyro S-vector

FFiixxeedd PPooiinnttss for JJ lie on “North” and
“South” poles of RE surface

S

pprreecceessssiinngg JJ vveeccttoorr

Highest RE for
gyro-rotor at
South pole
fixed point

Lowest RE for
gyro-rotor at
Nouth pole
fixed point

Linear
Harmonic
precession
spectra

Rotor-Gyro RES issues discussed in: 
Computer Phys. Reports 8, 319-394 (1987) 
Spring Handbook of AMOP Ch. 32 (2006)
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RE Surface for1st-order Jm or T1m term is a quasi-sphere displaced in S-direction
Energy sphere intersections are concentric circular precession paths
All paths precess with the same sense around gyro S-vector

“whir-rr”

S~ΩΩ

S~ΩΩ

precessing
JJ vector JJ

S~ΩΩ

JJ

S~ΩΩ

FFiixxeedd PPooiinnttss for JJ lie on “North” and
“South” poles of RE surface

“South” pole

“North” pole

Jz

Jx
Jy

Energy spheresEnergy spheres

Rotor-Gyro RES issues discussed in: 
Computer Phys. Reports 8, 319-394 (1987) 
Spring Handbook of AMOP Ch. 32 (2006)

Semiclassical Rotor-“Gyro” RES

(Using left-hand rule here)
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Prolate Rotor RR MINUS “Gyro” x-Spin SSxx

Oblate Rotor RR MINUS “Gyro” x-Spin SSxx

High energy against S
||RR|| is large if
||JJ|| is constant

JJ=R

S is fixed ||RR|| is small

||JJ|| is constant

S is fixed ||RR|| is large

||JJ|| is constant

Low energy along S
||RR|| is small if
||JJ|| is constant

S

High
rotor
KE

S

High
rotor
KE

Low
rotor
KE

Low
rotor
KE

JJ--SS=RR
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(contd) 2D vibration are related to 3D rotation of “quasi-spin”

precessing
JJ vector(+) normal mode

fixed point
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2 + CJ y
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2 ...+ axyJxJ y +
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(+) normal mode

fixed point

for JJ vector

(1) local mode

fixed point
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For higher J values, anharmonic terms grow to make stable local modes

-B

±B-axes are
JJ-fixed points
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JJ-fixed point

-B-axis near
unstable

JJ-saddle point

A-axis is near
JJ-fixed point

+B-axis near stable
JJ-fixed point

A A

-B -B

Semiclassical Rotor analogy of Anharmonic Vibrator

(Using  
ColorU(2) 

or the newer 
BoxIt)



Fig. 25.5.3 A spherical gyro-rotor becomes asymmetric gyro-rotor by adding tensor       to vector        .   
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Semiclassical Rotor analogy of Anharmonic Vibrator

From Ch. 25 of QTCA Unit 8.    
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*ZIPP (Zero-Interaction-Potential-`Proximation



Spin gyro S=(1,1,1) attached (ZIPPed) to
Asymmetric Top (A=5, B=10, C=15)

S

S

RR
JJ

Time reversed
gyro -S=(-1,-1,-1) The two together

Crossing RE surfaces
analogous to

Crossing PE surfaces (Jahn-Teller)

Jz

Jx

Jy

“Sherman” (The shark)

S

unZIPPing unZIPPing

Rotational energy eigenvalue surfaces (REES)  Introducing  “Sherman the Shark” ZIPPed*

*ZIPP (Zero-Interaction-Potential-`Proximation

(ZIPPed*)



Two or more RE’s beg to be unZIPPed.
Base RE surfaces are eigenvalues of matrix.
Classical RE
H=AJx2+BJy2+CJz2+...-2AJxSx-2BJySy-2CJzSz+...+(more constant terms)
Semi-Classical Spin-1/2 RE σx=( ),σy=( ),σz=( ), 1=( ) makes matrix
H=(AJx2+BJy2+CJz2)1...-AJxsxσx -BJysyσy -CJzszσz+...+1(more constant terms)

H =
Spin−up RE β,γ( ) Coupling β,γ( )
Coupling β,γ( )* Spin−downRE β,γ( )











0 1
1 0

0 -i
i 0

1 0
0 -1

1 0
0 1

Classical ZIPP A=0.2, B=0.8, C=1.4
Sx=0.0, Sy=0.1, Sz=0.2

Semi-Classical spin-1/2 unZIPP A=0.2, B=0.8, C=1.4
sx=0.0, sy=0.1, sz=0.2

Outer
RE
eigen-
surface

Inner
RE
eigen-
surface

Avoided
crossings
Avoided
crossings

Constant
Energy
Sphere
E=0.32

Constant
Energy
Sphere
E=0.32

JyJx

Jz

Rotational energy eigenvalue surfaces (REES)  Introducing  “Sherman the Shark” unZIPPed



HR,S(quantized ) = AJx
2 + BJy

2 +CJz
2 − AJxσx − BJyσy −CJzσz + const.

=
RErotor − JC cosβ −AJ cosγ sinβ − iBJ sinγ sinβ

−AJ cosγ sinβ + iBJ sinγ sinβ RErotor + JC cosβ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

 

where:  RErotor = J
2(Acos2 γ sin2 β + Bsin2 γ sin2 β +C cos2 β )

Fig. 25.5.5 (a) Views of classical gyro-rotor  
c-RES in Fig. 25.5.4 (a) based on (25.5.2).

Fig. 25.5.5(b)Views of semi-classical gyro-rotor  
sc-RES plot of eigenvalues of (25.5.12)with S=σ/2.

From Ch. 25 of QTCA Unit 8.

Rotational energy eigenvalue surfaces (REES)  Other views of  “Sherman the Shark” unZIPPed

(ZIPPed*)

*ZIPP (Zero-Interaction-Potential-`Proximation

(unZIPPed*)
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H
Scalar Coriolis

= -Bζ 2JTotal•lvibe
= -Bζ [ J2-(J2-l)2+l2]
= -Bζ [ J2 - N2 +l2]

<H
Scalar Coriolis> = -Bζ [ J(J+1)-N(N+1)+l(l+1)]
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N=1
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Review:  
SF6 Coriolis PQR structure



Recall scalar Coriolis

PQR plots vs. Bζ
Here is a J=60 piece of it:

N=59=J-1

J=60

N=60=J

N=61=J+1

Now consider this plot

with tensor Coriolis, too.

(Just 4
th
-rank [2x2]

4
tensor here.)

WGH,

Patterson,

Galbraith

JCP 69, 4906

(1978)

Bζ=0 +0.5−0.5

REES for high-J Coriolis spectra in SF6



REES for high-J Coriolis spectra in SF6



REES for high-J Coriolis spectra in SF6



REES for high-J Coriolis spectra in SF6

(but shows up  
in CF4 polyad)



ν3 REES

REES for high-J Coriolis spectra in  υ3 CF4



Lowest ν3 REES

Middle ν3 REES
Highest ν3 REES

REES for high-J Coriolis spectra
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REES for high-J and high-υ rovibration polyads
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