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Review: Asymmetric rotor levels of  H=AJx2+BJy2+CJz2 and RES plots 
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Review: Symmetric vs. Asymmetric rotor levels
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Review: Asymmetric rotor levels



Fig. 25.4.2   J = 10 asymmetric top energy levels and related RE surface paths  

(A = 0.2, B = 0.4, C = 0.6). Clustered pairs of levels are indicated in magnifying  

circles that show superfine splittings.

   

D2 1 Rx R y R z

A1 1 1 1 1

A2 1 -1 1 −1

B1 1 1 -1 −1

B2 1 -1 -1 1

Examples of  Group⊃Sub-group correlation   
  D2⊃C2(x)        D2⊃C2(y)             D2⊃C2(z)
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xx

Fig. 25.4.3  Correlations between  

the asymmetric top symmetry D2  

and subgroups C2(x), C2(y), and C2(z).
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Int.J.Molecular Science 14.(2013) Fig.4 p. 734(Revised color mixing scheme used here)
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Review: Spherical rotor levels



Two molecular examples: SiF4 and C8H8

Review: Spherical rotor levels and spectra



Two molecular examples: SiF4 and C8H8



Fig. 25.4.9  Infrared spectra showing fine structure clusters. Tetrafluorosilane (SiF4) spectrum from a v3 R(30) transition ____. 
 [After C. W. Patterson, R. S. McDowell, N. G. Nereson, B. J. Krohn, J. S. Wells, and F. R. Peterson, J. Mol. Spectrosc. 91, 416 (1982). 
[ Cubane (C8H8) spectrum from v11 P(30), P(31), and P(32), transitions; cubane (C8H8) spectrum from v12 R(36), transition.  
[After A. S. Pine, A. G. Maki, A. G. Robiette, B. J. Krohn, J. K. G. Watson, and Th Urbanek, J. Am. Chem. Soc., 106, 891 (1984).] 

Fig. 25.4.7  Different choices of rotation axes for octahedral rotor corresponding to local symmetry C3, C2, and C4.  Tables correlate global octahedral symmetry species with the local ones. 

QTforCA Unit 8. Ch. 25 Fig. 25.4.7

Previous page: QTforCA Unit 8. Ch. 25 Fig. 25.4.9
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R(3)⊂O(3)⊃Oh⊃O character analysis (From Principles of Symmetry Dynamics & Spectroscopy Ch.5 p.384)

 

χ ℓ(Θ) = sin(ℓ+2
1 )Θ

sinΘ
2

R(3) characters

O characters

O 1 r R2 R3 ik
A1 1 1 1 1 1
A2 1 1 1 -1 -1
E 2 -1 2 0 0
T1 3 0 -1 1 -1
T2 3 0 -1 -1 1



R(3)⊂O(3)⊃Oh⊃O character analysis (From Principles of Symmetry Dynamics & Spectroscopy Ch.5 p.390)
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Octahedral O⊃C4 subgroup correlations

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

180° 90° 180°

χg
µ (C4 ) g = 1 Rz+90° Rz+180° Rz−90°

(0)4 1 1 1 1
(1)4 1 i −1 −i
(2)4 1 −1 1 −1
(3)4 1 −i −1 i

                    1, Rz+90°, ρz180°, Rz-90° 
A1(O) ↓C4 = 1,   1,     1,        1. 
A2(O) ↓C4 = 1,   -1,    1,      -1.  
E(O) ↓C4   = 2,   0,     2,       0. 
T1(O) ↓C4 = 3,   1,     -1,      1. 
T2(O) ↓C4 = 3,  -1,    -1,     -1 .

=(0)4

=(2)4
=(0)4⊕(2)4

=(0)4⊕ (1)4⊕(3)4

=(2)4 ⊕(1)4⊕(3)4

O↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1

O↓C4 subduction

Octahedral O⊃C3 subgroup correlations
χg

µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (C3) g = 1 rz+120° rz−120°
(0)3 1 1 1

(1)3 1 ei2π /3 e− i2π /3

(2)3 1 e− i2π /3 ei2π /3

                    1, rz+120°, rz-120°, Rz-90° 
A1(O) ↓C3 = 1,   1,     1. 
A2(O) ↓C3 = 1,   1,     1.  
E(O) ↓C3   = 2,  -1,   -1. 
T1(O) ↓C3 = 3,   0,     0. 
T2(O) ↓C3 = 3,   0,     0.

=(0)3

=(0)3

=(1)3⊕(3)3

=(0)3⊕ (1)3⊕(3)3

=(0)3 ⊕(1)3⊕(3)3

O↓C3 03 13 23 = 13
A1 1 ⋅ ⋅
A2 1 ⋅ ⋅
E ⋅ 1 1
T1 1 1 1
T2 1 1 1

O↓C3 subduction

From p.6-7 of Lecture 20



Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDSχg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4 
A1(O)↓D4 = 1,   1,     1,        1,     1 . 
A2(O)↓D4 = 1,   1,    -1,        1,    -1 .  
  E(O)↓D4 = 2,   2,     0,        2,     0 . 
T2(O)↓D4 = 3,   -1,     1,      -1,    -1 . 
T2(O)↓D4 = 3,   -1,    -1,      -1,     1 .

D4:

χg
µ (C4 ) g = 1 Rz+90° Rz+180° Rz−90°

(0)4 1 1 1 1
(1)4 1 i −1 −i
(2)4 1 −1 1 −1
(3)4 1 −i −1 i

                    1, Rz+90°, ρz180°, Rz-90° 
A1(D4)↓C4 = 1,   1,     1,        1. 
B1(D4)↓C4 = 1,   -1,    1,      -1.  
A2(D4)↓C4 = 1,    1,     1,       1. 
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E(D4)↓C4 =  2,    0,    -2,       0 .

=(0)4

=(2)4
=(0)4

=(2)4
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A1 1 ⋅ ⋅ ⋅ ⋅

A2 ⋅ 1 ⋅ ⋅ ⋅

E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

O↓D4 subduction

D4↓C4 subduction

O↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅

A2 ⋅ ⋅ 1 ⋅

E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1

D4↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅

B1 ⋅ ⋅ 1 ⋅

A2 1 ⋅ ⋅ ⋅

B2 ⋅ ⋅ 1 ⋅

E ⋅ 1 ⋅ 1

O↓C4 subduction

O⊃D4⊃C4 subgroup and 
level-splitting/relabeling 

correlations

O levels     ↓    D4 levels     ↓    C4 levels       

A1   ____              
A1               
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A2  ____              
B1               

24
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From p.6-7 of Lecture 20



R(3)⊂O(3)⊃Oh⊃O character analysis (From Principles of Symmetry Dynamics & Spectroscopy Ch.5 p.403)

(A1 T1 E)04 (T2 T1)34 (E T2 A2)24 (T2 T1)14…(A2 T2 T1 A1)03 (T1 E T2)13 (T1 E T2)23 …

Bands or “Clusters” 
of levels maintain order 
but change spacing as 
they adapt to varying 
local symmetries by 
crossing separatrices 
in their phase space
(see p. 73-77)



R(3)⊂O(3)⊃Oh⊃O character analysis (From Principles of Symmetry Dynamics & Spectroscopy Ch.5 p.403)

D6 wheel 
Ch.5 p.402 (A1 E1 E2 B1)02 (B2 E2 E1 A2)12…(A2A1)06 (E1)16 (E2)26 (B1 B2)36(E2)46 (E1)56…

(A1 T1 E)04 (T2 T1)34 (E T2 A2)24 (T2 T1)14…(A2 T2 T1 A1)03 (T1 E T2)13 (T1 E T2)23 …

Bands or “Clusters” 
of levels maintain order 
but change spacing as 
they adapt to varying 
local symmetries by 
crossing separatrices 
in their phase space
(see p. 73-77)

(see p. 68-72 of Lect. 18 
where “band” and “gap” 
spacing varies with energy)



1±E1(x)

2±E2(a)

3-B1
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y
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D3 ⊃C2( j3) 02 12

A1 1 ⋅

A2 ⋅ 1

E2 1 1

B2 ⋅ 1

B1 1 ⋅

E1 1 1

  

D6 ⊃C3(h) 06 16 26 36 46 56

A1 1 ⋅ ⋅ ⋅ ⋅ ⋅

A2 1 ⋅ ⋅ ⋅ ⋅ ⋅

E2 ⋅ ⋅ 1 ⋅ 1 ⋅

B2 ⋅ ⋅ ⋅ 1 ⋅ ⋅

B1 ⋅ ⋅ ⋅ 1 ⋅ ⋅

E1 ⋅ 1 ⋅ ⋅ ⋅ 1

 

D6 Band structure 
and related  

induced  
representations 

(Mac OS-9)  

  

12↑D3 ~ A2⊕E2⊕E1⊕B2   

Odd  Band or Cluster

02↑D3 ~ A1⊕E1⊕E2⊕B1  

Even Band or Cluster

(p. 68 of Lect. 18)



D6 Band structure 
and related  

induced  
representations 

(Mac OS-9)  
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(p. 69 of Lect. 18)
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Review: Spherical rotor levels and spectra



after: Int.J.Molecular Science 14.(2013) Fig.6  p.742   and  Fig. 29  p.791

J=30 multiplet variation due to adding T[6] to T[4]  
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                       Spin symmetry correlation, tunneling, and entanglement 
                             Hyperfine vs. superfine structure (Case 1. vs Case 2.) 
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                                     The spin-symmetry species mixing problem 
                       Analogy between PE surface dynamics and RES 
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Symmetry-level-cluster effects in SF
6
, SiF

4
, CH

4
, CF

4

Graphical approach to rotation-vibration-spin Hamiltonian

<H> ~ νvib+BJ(J+1)+<H
Scalar Coriolis

>+<HTensor Centrifugal>+<HNuclear Spin>+<HTensor Coriolis>+...

to help understand complex rotational spectra and dynamics.

OUTLINE
Introductory review

• Rovibronic nomograms and PQR structure ν3 and ν4 SF6

• Rotational Energy Surfaces (RES) and θJ-cones ν4 P(88) SF6

• Spin symmetry correlation tunneling and entanglement SF6
Recent developments

• Analogy between PE surface and RES dynamics

• Rotational Energy Eigenvalue Surfaces (REES) ν3 SF6

ν3/2ν4

K

Example(s)
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Gyro-rotor & Born-Oppenheimer theory starts on p. 19 of Lecture 28



more
species mixing

Primary AET species mixing
increases with distance from
“separatrix”
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......==KK44

KK33 ==......
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(Next page: approximate theory)

PQR structure due to Coriolis scalar interaction  
between vibrational angular momentum ℓ   
and total momentum J =ℓ+N of rotating nuclei
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H
Scalar Coriolis

= -Bζ 2JTotal•llvibe
= -Bζ [ J2-(J-ll)2+ll2]
= -Bζ [ J2 - N2 +ll2]

= -Bζ [ J(J+1)-N(N+1)+ll(ll+1)]

<H> ~ ν
vib
+BJ(J+1)+<HScalar Coriolis>+<HTensor Centrifugal>+<HTensor Coriolis>+<HNuclear Spin>+...

ζ=0

N+1 for : J=N+1
<H> ~ ν

vib
+BN(N+1)+2B(1-ζ ) · 0 for : J=N

N for : J=N-1

ν
4
SF
6

ζ
4
=-0.22

ν
4
SF
6

mostly goes

left handed

Rotation-polarized
|x> + i|y>
mode

Involves: 
angular momentum ℓ of vibration “orbits”   
angular momentum N (or R) of rotating nuclei 
total momentum J =ℓ+N of whole molecule. 
Let: R=N=J−ℓ,    and:    N2= J2−2J⋅ℓ+ℓ2 

so: 2J⋅ℓ= J2−N2+ℓ2 

〈2J⋅ℓ〉=J(J+1)−N(N+1)+ℓ(ℓ+1)
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<H> ~ ν
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ν
4
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6
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ν
4
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~16µm
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<H> ~ ν
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+BJ(J+1)+<HScalar Coriolis>+<HTensor Centrifugal>+<HTensor Coriolis>+<HNuclear Spin>+...

ν
4
SF
6

ζ
4
=-0.22

Summary of

low-J (PQR)

ro-vibe structure

(Using rovib. nomogram)

N=3...



Details of  P(88) v4 SF6 and P(54) v4 CF4 spectral structure and implications 
                       Outline of rovibronic Hamiltonian theory 
                              Coriolis scalar interaction 
                       Rovibronic nomograms and PQR structure 
                       Rovibronic energy surfaces (RES) and cone geometry 
                       Spin symmetry correlation, tunneling, and entanglement 
                             Hyperfine vs. superfine structure (Case 1. vs Case 2.) 
                             Spin-0 nuclei give Bose Exclusion 
                                     The spin-symmetry species mixing problem 
                       Analogy between PE surface dynamics and RES 
                       Rotational Energy Eigenvalue Surfaces (REES) 



more
species mixing

Primary AET species mixing
increases with distance from
“separatrix”

88 87 86 85 84 83 82 81 80 79 78 77 76 75 74 73 72 71

81

88 87 86 85 84 83 82 81 80 79 78 77 76 75 74 73 72

88878685848382 88878685848382

CASE 24 Extreme mixing
in tight C4-CLUSTERS

CASE 23
Major mixing
in lowest two

less
mixing more

......==KK44

KK33 ==......

C4-CLUSTERS

C3-CLUSTERSC3-CLUSTERS
(Next page: approximate theory)

PQR structure due to Coriolis scalar interaction  
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and total momentum J =ℓ+N of rotating nuclei

P(N)=P(88) structure due to tensor centrifugal/Coriolis  
due to vibrational ℓ  and total momentum J =ℓ+N
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C4-CLUSTERS

C3-CLUSTERSC3-CLUSTERS
(Next page: approximate theory)

PQR structure due to Coriolis scalar interaction  
between vibrational angular momentum ℓ   
and total momentum J =ℓ+N of rotating nuclei

P(N)=P(88) structure due to tensor centrifugal/Coriolis  
due to vibrational ℓ  and total momentum J =ℓ+N

Superfine structure modeled by J-tunneling in body frame 
(Underlying F-spin-permutation symmetry is involved, too.)
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Spin-rotor SN-tableau super-hyperfine theory: see p. 11 of Lecture 29
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Int.J.Molecular Science 14.(2013) Fig.26 p. 783

IR Spectra of SF6 ν4 P(88) 
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Spin-Permutation to Octahedral Correlations S ⊃ O
h6
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A1 1 . . .
A2 . . 1 .
E1 1. . 1 .
T1 1 1 . 1
T2 . 1 1 1

A1T1E1 T1 T2
Greatly simplified
sketches of ultra
high resolution IR
SF6 spectroscopy of
Christian Borde´,
C. Saloman, and
Oliver Pfister
(Pfister did SiF4, too.)

T2gT1gT1uEu A2uA1g

With rotation
all six nuclei are equivalent

How F-nuclei become
entangled

total-spin-I-symmetry Oh species

in SF6.

8 6 2 6 6

Entanglement! A1u

Species Spin Weights

Spin-rotor SN-tableau super-hyperfine theory: see p. 11 of Lecture 29
(SN-tableaus on p. 37)
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SF6 spectroscopy of
Christian Borde´,
C. Saloman, and
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Without rotation being stuck on C4 axis
all six nuclei are equivalent

With rotation stuck on C4 axis
polar nuclei are “lleefftt oouutt iinn tthhee ccoolldd“

If ppoollaarr nnuucclleeii in greater B-field than equatorial-nuclei... If eeqquuaattoorriiaall nnuucclleeii in greater B-field than polar-nuclei...

““BBrrrrrr--rrrr iitt’’ss
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in SF6.
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Without nuclear spin: Forget all this stuff!

Goodbye clusters! (Goodbye Columbus)



Question: Where did those 200 levels go?

Example of extreme symmetry exclusion

... (and partial recovery)

Better Question: Where did those 1.15 octillion levels go?

Only 1 hyperfine state: I=0

24=16 hyperfine

states: I=0-2
26=64 hyperfine

states: I=0-3
260=1.15x1018

hyperfine

states: I=0-30

Some examples of Bose Exclusion

Some examples of Fermi (non) Exclusion
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ν3 REES



Lowest ν3 REES

Middle ν3 REES
Highest ν3 REES



New geometric approach to rotational eigenstates and spectra 
     Introduction to Rotational Energy Surfaces (RES) and multipole tensor expansion 
             Rank-2 tensors from D2-matrix 
                   Building Hamiltonian                                  out of scalar and tensor operators              
              Comparing quantum and semi-classical calculations 
                   Symmetric rotor levels and RES plots 
                   Asymmetric rotor levels and RES plots 
                  Spherical rotor levels and RES plots 
                         SF6 spectral fine structure 
                         CF4 spectral fine structure
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Example of frequency
hierarchy

for 16µm spectra 
of CF4 

(Freon-14)
W.G.Harter

Ch. 31
Atomic, Molecular, &

Optical Physics Handbook
Am. Int. of Physics

Gordon Drake Editor
(1996)





As of April 3, 2014
Links to the current Harter-Soft LearnIt web apps for Physics

Bold links have default redirect pages. Italics are not yet meant for production.Red: the final stages of testing.

List of production Harter-Soft Web Apps & Textbooks (For public)

Classical Mechanics with a Bang! - URL is "http://www.uark.edu/ua/modphys/markup/CMwBangWeb.html"
Quantum Theory for the Computer Age - URL is "http://www.uark.edu/ua/modphys/markup/QTCAWeb.html"
LearnIt Web Applications - URL is "http://www.uark.edu/ua/modphys/markup/LearnItWeb.html"

Individual web-apps for current classes:
BohrIt - Production; URL is "http://www.uark.edu/ua/modphys/markup/BohrItWeb.html"
BounceIt - Production; URL is "http://www.uark.edu/ua/modphys/markup/BounceItWeb.html"
BoxIt - Production; URL is "http://www.uark.edu/ua/modphys/markup/BoxItWeb.html"
CoulIt - Production; URL is "http://www.uark.edu/ua/modphys/markup/CoulItWeb.html"
Cycloidulum - Production; URL is "http://www.uark.edu/ua/modphys/markup/CycloidulumWeb.html"
JerkIt - Production; URL is "http://www.uark.edu/ua/modphys/markup/JerkItWeb.html"
MolVibes - Production; URL is "http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html"
Pendulum - Production; URL is "http://www.uark.edu/ua/modphys/markup/PendulumWeb.html"
QuantIt - Production; URL is "http://www.uark.edu/ua/modphys/markup/QuantItWeb.html"

The old relativity website (2005):
Relativity - Pirelli Entrant - Production; URL is "http://www.uark.edu/ua/pirelli" or "http://www.uark.edu/ua/pirelli/html/default.html"

Newer relativity web-apps currently being developed (2013-)
RelativIt Production; URL is "http://www.uark.edu/ua/modphys/markup/RelativItWeb.html"
RelaWavity Production; URL is "http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html"

Additional classical wep-apps:
Trebuchet Production; URL is "http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html"
WaveIt Production; URL is "http://www.uark.edu/ua/modphys/markup/WaveItWeb.html"

Link to master list of all Harter-Soft Web Apps & Textbooks (Prod, Testing, & Developement)

http://www.uark.edu/ua/modphys/testing/markup/Harter-SoftWebApps.html

http://www.uark.edu/ua/modphys/testing/markup/Harter-SoftWebApps.html
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