Group Theory in Quantum Mechanics
Lecture 24 12517

Rotational symmetry U(2)CU(3) and O(3)

(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , OTCA Unit 7 Ch. 21-22 )
(PSDS - Ch. 5,7)

Review : 2-D ata algebra of U(2) representations

Angular momentum generators by U(2) analysis
Review : Angular momentum raise-n-lower operators $;and 8.

SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

Angular momentum commutation relations
Key Lie theorems

Angular momentum magnitude and uncertainty
Angular momentum uncertainty angle

Generating R(3) rotation and U(2) representations
Applications of R(3) rotation and U(2) representations
Molecular and nuclear wavefunctions
Molecular and nuclear eigenlevels
Generalized Stern-Gerlach and transformation matrices
Angular momentum cones and high J properties



Partial listing of the Harter-Soft/Heyoka Learnlt Web Apps as of April 24, 2017
(Apps are being upgraded as time permits)

Production Links - For the students & general public

Bohrlt - Production; URL is "http://www.uark .edu/ua/modphys/markup/BohrltWeb.html"

Bouncelt - Production: URL is "http://www.uark .edu/ua/modphys/markup/BounceltWeb.htm]"

BoxlIt - Production; URL is "http://www.uark .edu/ua/modphys/markup/BoxItWeb.html"

Coullt - Production; URL is "http://www.uark .edu/ua/modphys/markup/CoulltWeb.htm]"

Cycloidulum - Production: URL is "http://www.uark.edu/ua/modphys/markup/CycloidulumWeb.html"

Learnlt - Production; URL is "http://www.uark.edu/ua/modphys" or "http://www.uark.edu/ua/modphys/markup/LearnltWeb.htm]"
JerklIt - Production; URL is "http://www.uark .edu/ua/modphys/markup/JerkItWeb.html"

Pendulum - Production: URL is "http://www.uark.edu/ua/modphys/markup/PendulumWeb.html"

Quantlt - Production; URL is "http://www.uark .edu/ua/modphys/markup/QuantltWeb.html"

Relativity - Pirelli Entrant: URL is "http://www.uark.edu/ua/pirelli" or "http://www.uark.edu/ua/pirelli/html/default.html"
Trebuchet Production: URL is "http://www.uark .edu/ua/modphys/markup/TrebuchetWeb.html"

Testing Links - For internal use and testing by Harter & Heyoka

Bohrlt - Testing: URL is "http://www.uark .edu/ua/modphys/testing/markup/BohrltWeb.html"

Bouncelt - Testing: URL is "http://www.uark .edu/ua/modphys/testing/markup/BounceltWeb .html"

Bouncelt Title Page - Testing: URL is "http://www.uark.edu/ua/modphys/testing/markup/BounceltTitlePage html"
BoxIt - Testing: URL is "http://www.uark.edu/ua/modphys/testing/markup/BoxItWeb.htm]"

Coullt - Testing: URL is "http://www.uark .edu/ua/modphys/testing/markup/CoulltWeb.html"

Cycloidulum - Testing: URL is "http://www.uark .edu/ua/modphys/testing/markup/CycloidulumWeb.htm]"
Harter-Soft Web Apps - Quick Reference - Testing: URL is "http://www.uark .edu/ua/modphys/testing/markup/JerkItWeb.html"
Jerklt - Testing: URL is "http://www.uark.edu/ua/modphys/testing/markup/JerkltWeb.html"

ModernPhysics - Testing: URL is "http.://www.uark .edu/ua/modphys/testing/markup/IntroCover.html"

Pendulum - Testing: URL is "http://www.uark.edu/ua/modphys/testing/markup/PendulumWeb.html"

Quantlt - Testing: URL is "http://www.uark.edu/ua/modphys/testing/markup/QuantltWeb.html"

Trebuchet Testing; URL is "http://www.uark .edu/ua/modphys/testing/markup/TrebuchetWeb.html"
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* Review : 2-D ata algebra of U(2) representations
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U(2)-2D-HO Hamiltonian and irreducible representations Review Lect.23 p74-76

H=
A(aja+172)+(1-iC)ala,

+( +iC)a§al+D(a§a2+1/2)

(H)y=A(1/2)+ D(/2)+

a-l}-al mn, l’ll‘ n1n2>

JriJno | m=1ny+)

>:
a;al ”1”2>
)

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...
20,21,22,23,...)

aIaz mny \/l’l1+1 \/nz n1+1 I’l2—1>

a§a2| n1n2>=n2| n1n2>

|00) |O1) 02) 10) 111) 12) 20) 121) 122)
(00| | ©
(o1] D +iC -
(02 \ 2D V2(B+iC)
<1.o| _lc\ | a .
(11] . 2(B=iC) - A+D | N2(B+iC) -
(12| Example: A+2D JA(5+iC)
(20 plad02) =B Ao 2P| (i) 2
(21] afaz|”1”2‘>;\/m\/”72‘”1+1”2—1> Ja(r-iC) 2A+D
(22| DA+2D -

Rearrangement of rows and columns brings the matrix to a block-diagonal form.



U(2)-2D-HO Hamiltonian and irreducible representations Review Lect.23 p74-76

H=
A(aja+172)+(1-iC)ala,

+( +iC)a§al+D(a§a2+1/2)

(H)y=A(1/2)+ D(/2)+

a-l}-al mn, l’ll‘ n1n2>

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...

>:
a;al mny >:\/a\ / l’l2+1 | l’ll—l n2+1>
)

aIaz mny :\/l’l1+1 \/nz n1+1 I’l2—1>

a§a2| n1n2>=n2| n1n2>

20,21,22,23,...)
|00) |O1) 02) 10) 111) 12) 20) 121) 122)
(00| o
(01] D +iC :
(02 \ 2D V2(B+iC)
<1()| . —iC\ A .
(11] . 2(B-ic) - A+D | N2(B+iC) :
(12| Example: A+2D Ja(p+iC)
(20| [@jay] 02)=\J0+1/2]0+1 2-1)=V2]11 J2(5-iC) 2A
(21 aIaz|”1”2_>;\/m\/”72‘”1+1 ny-1) Va(r-ic) 2A+D
(22| : 2A+2D -

Rearrangement of rows and columns brings the matrix to a block-diagonal form.

CBase states |n )|n,) with the same total quantum number v=n; + n, define each block.)




U(2)-2D-HO Hamiltonian and irreducible representations Review Lect.23 p74-76

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...
20,21,22,23,...)

H= 00) |o1)  [02) 10y |11) 12) 120) 121) 122)
A(aja+172)+(1-iC)ala, 000 |
(01] D +iC
+( +iC)a§al+D(a§a2+1/2) (02 \ 2D V2(B+iC)
(o] | - s-ic T~ A
(H)=AQ1/2)+DA/2)+ (11 . 2(B-iC) - A+D | N2(B+iC)
(12| Example: A+2D Va4 (B +iC)
aIaqun2>:Whhqn2> : : : : . : : ; ;
a§a1 n1n2>=\/”71\/@|n1—1n2+1> (20| a£a2|02>:\/0?\/§|0+1 2_1>=\/5|11 ‘/5( ~iC) 2A
aja,|nny )=\n+H\ny| m+ ny—1) 21 ala2|nln2—>—:>m\/anl+1" ) Ja(5-ic) 24+ D
(22| 2A+2D
a;athn2>=njrqn2> ' :

Rearrangement of rows and columns brings thle matrix to a block-diagonal form.

CBase states |n;)|n,) with the same total quantﬁm number v = n; + n, define each block)

Group reorganized
"Little-Endian" indexing
(...01,02,03..10,11,12,13

20,21,22,23,...)
|00) | |01)  |10) |02) //|11> 20) |03) 12) |21) |30) o
<OO| 0 | Vacuum (v=0) /
<01| D +iC | Fundamental (v=1I)
<10| —iC A vibrational Sub-space
(02| 2D j V2(B+iC)
(H)=A1/2)+DA/2)+ (11 J2(5-iC) A+ D 2 (5+iC) Qvert?ne (v=2)
vibrational sub-space

(20| V2(5-iC) 24
(03 3D V3(B+iC)
<12| \/g( —iC) A+2D \/Z( +iC) Overtone (v=3)
<21| \/Z( —iC) YA+ D \/5( +iC) vibrational sub-space
(30| J3(5-iC) 3A

5 1 1Y A+p -

HA:A(afa1+1/2)+D(a§a2+1/2) 2n2=A(”1+5)+D(n2+5)— (ny+ny +1)+ (= ny)



Setting (7=0=C) and (A=w, ) and (D=w_ ) gives diagonal block matrices. = Review Lect.23 p80-92

|00) [ [01) [10)|]02)  |11)  |20) []0O3)  |12) 121y  |30) | -+
(00| o
01| W W, —0_ =L

{
(10 o. (28 +(20) +(A-D)
(02] 20 D

11| O, +0

(H)=A1/2)+ D(1/2)+ <
20| 20
03| 3m_

{
{
(12| o, +20_
{
{

21| 20, +0_

30| 30

1

1 A+ D
HA:A(afa1+1/2)+D(a§a2+1/2) e,ﬁnz:A(nl+5)+D(n2+§): al

A-D

(n1+n2+1)+ (nl—nz)
Q

Define fotal quantum number v=2j and half-difference or asymmetry quantum number m

L omtn, v m:nl_nZ
m=+1/2

W= (o -|—Q(+é)
v+1=2j+1 multiplies base frequency w=, V=1

m multiplies beat frequency )

) ;
w:QO _ W—= QO ‘|‘Q(—2)




Setting ("=0=C) and (4= ®, ) and (D=wm_- ) gives diagonal block matrices.

|00)

01} [10)

|02) 20) [ |03)  |12)

)

21)

|30)

(00

0

{01
{10

(02

(H)=A(1/2)+ D(1/2)+ i
(20

2m
W, +@

20

{03
(12
(21
(30

3w

. +20

20, +0_

SU(2) Multiplets

m=-+3/2

j=1/2

m =

J=3/2 +1/2
12

-3/2
+1/2

——

—

"spinor"

-1/2

R(3) Multiplets

m=+2

=2 + /
/ 0
-1
-2

"tensor"

m=-+1
()
-1

J=1

"vector”

=0 "scalar” 5 = 0

c

S - W R W ON ] 0 O

Review Lect.23 p80-92

w+—CO_=Q

J2B) +(2C) +(A- DY
=A-D

Q=w/3 Q=2w/3 Q=0




Review Lect.23 p99-103

* Angular momentum generators by U(2) analysis ‘

Angular momentum raise-n-lower operators Sy and 8.
SU(2)CU(2) oscillators vs. R(3)CO(3) rotors



R(3) Angular momentum generators by U(2) analysis

(v=1) or (j=1/2) block H matrices of U(2) oscillator

Use irreps of unit operator S, =1 and spin operators { S, Sy, S, }.

|

A
+iC

—iC
D

|

_ 4D
2

|

1 0
0 1

]+2

0

1
2

1
2
0

+2C

+(4-D)

) N | —

Review Lect.23 p99-103

(also known as: { $;,5¢,5, })

N | —



R(3) Angular momentum generators by U(2) analysis Review Lect.23 p99-103

(v=1) or (j=1/2) block H matrices of U(2) oscillator
Use irreps of unit operator Sy =1 and spin operators { S, /Sy S\i }. (also known as: { $;,9.,8,})

| i |
. 0 - 0o -~ — 0
ol = R I I I RN O
~ 0 Lo 0 ——
2 2 2
v=2) or (j=1) 3-by-3 block usesltheir vectorlirreps.
(vV=2) or (j y p
V2 N2
24 J2(5-ic) - . T R T .
V2(5+iC)  a+D  N2(B-ic) |=(4+D) . 1 .}rz % . % +2C i% . _,-g +(A—D)[. 0o - }
| V2(p+ic) 2D S s 2 oo
2 2




R(3) Angular momentum generators by U(2) analysis Review Lect.23 p99-103

(v=1) or (j=1/2) block H matrices of U(2) oscillator
Use irreps of unit operator Sy =1 and spin operators { S, /Sy S,}. (alsoknownas: {S;,9.,5,})

1 1
| 0 = 0 —= -~ 0
el o R IS I I N O
— 0 — 0 0 ——
2 2 2
(v=2) or (j=1) 3-by-3 block uses|their vectorirreps. \4 \
RCI REERCE
24 N2(-iC) - L 2 2 L
V2(5+iC)  a+D  N2(B-ic) |=(4+D) . 1 .}rz % . % +2C i% . _,-g +(A—D)[. 0o - }
| V2(p+ic) 2D S ¥ 2 oo
2 2
(LV=3) or (j=3/2) 4-by-4 block usesJDirac SpInor| irreps. \ \
I R R 3
34 B(p-ic) 2 2 2
V(B+iC)  24+D  Ja(5-iC) 3(4+D) 1 . , % % e ’g "% o % '
Aoric) avan o) |2 | [T T a s T
V3(z+ic) 3D 1 2 5 2 2 iﬁ 2 2 3
2 2




R(3) Angular momentum generators by U(2) analysis Review Lect.23 p99-103

(v=1) or (j=1/2) block H matrices of U(2) oscillator
Use irreps of unit operator Sy =1 and spin operators { S, /Sy S,}. (alsoknownas: {S;,9.,5,})

1 i 1
| 0 = 0 —= -~ 0
el o R IS I I N O
— 0 — 0 0 ——
2 2 2
(v=2) or (j=1) 3-by-3 block uses|their vectorirreps. \4 \
RCI REERCE
24 N2(-iC) - L 2 2 L
V2(5+iC)  a+D  N2(B-ic) |=(4+D) . 1 .}rz % . % +2C i% . _,-g +(A—D)[. 0o - }
| V2(p+ic) 2D S ¥ 2 oo
2 2
(LV=3) or (j=3/2) 4-by-4 block usesJDirac SpInor| irreps. \ \
I R R 3
34 \B(5-ic) 2 2 2
V(B+iC)  24+D  Ja(5-iC) 3(4+D) 1 . , % ' % e ’g ' "% ' o % '
Aoric) avan o) |2 | [T T a s T
Blvic) a0 I N N
2 2

(v=2j) or (2j+1)-by-(2j+1) blockfuses DV)(s,) irreps of U(2) or RiS).

(H)™" =2j0, (1) Q. (s.) +Q, (s, ) +Q,(s,)’



R(3) Angular momentum generators by U(2) analysis Review Lect.23 p99-103

(v=1) or (j=1/2) block H matrices of U(2) oscillator
Use irreps of unit operator Sy =1 and spin operators { S, /Sy S,}. (alsoknownas: {S;,9.,5,})

1 i 1
A i€ ) ADE L0 "2 +2C " +(4-D) 2 "
iC D 2 L o1 Ly, i o L
2 2 2
(v=2) or (j=1) 3-by-3 block uses ltheir vectorirreps. \4 \
V2 V2
24 N2(-iC) - L 2z 2 L
V2(5+iC)  a+D  N2(B-ic) |=(4+D) . 1 .}rz % . % +2C i% . _,-g +(A—D)[. 0o - }
. V2(5+iC) 2D S 5 N o
-2 2
(LV=3) or (j=3/2) 4-by-4 block usesJDirac SpInor| irreps. \ \
I R R 3
34 \B(5-ic) 2 2 2
V(B+iC)  24+D  Ja(5-iC) 3(4+D) 1 . , % ' % e ’g ' "% ' o % '
Bppeie) avw i) [ 2 | [T T E T T m e Y
Blvic) a0 I N N
2 2
(v=2j) or (2j+1)-by-(2j+1) blockfuses DV)(s,) irreps of U(2) or RiS). l
(HY ™ =20, (1) + Q (s, ) +Q, (s, +Q, (s,

All j-block matrix operators factor into rais¢-n-lower Q /yerat/ += 8, xSy plus theldiagonal S

/

<H>j‘bl“"=2jgo<1>j+[(g ~i,)(s, +s, )Y +(Q, +iQ,)(s —iSY>J}/2+QZ<SZ>j



: Review Lect.23 p105-111
Angular momentum generators by U(2) analysis P

* Angular momentum raise-n-lower operators Syand S. é
SU(2)CU(2) oscillators vs. R(3)CO(3) rotors



Angular momentum raise-n-lower operators S+ and S. Review Lect.23 pl05-111

(s+=s +isy) and ( S.=s -iSY:S+T)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2]| = Py,

! 0 % 0 _é 0 1
0 0O 0

Loy
Such operators can be upgraded to creation-destruction operator combinations a'a

2 2

—nim _at —(aia \ —ata —af
s,=aa,=ala, , s_=(aja,) =aja =aa,



Angular momentum raise-n-lower operators S, and S. Review Lect.23 pl05-111

(s+=s +isy) and ( S.=s -isy=s+‘“)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2| = Py,

.

l

% 0 =3 0 1

i =[OO}:P12
0 Lo
2 2

Such operators can be upgraded to creation-destruction operator combinations a'a
i i tm ) _ ot i
s,=aa,=ala, , s_=(aja,) =aja =aa, (

1

| | | | O_ 8| 2
Hamilton-Pauli-Jordan representation of S 1s: (s,)\2)=D"*(s,)=

0




Angular momentum raise-n-lower operators Sy and S.

Review Lect.23 pl05-111
(s+ =S +isy) and ( S.=S -iS; =S4 )

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2]| = Py,

1 ]
L. ! 03 0 73 0 1
<S+>2:D2(S+):D2(S +iSY)= l ; +1 L , :( 0 0] :P12
2 2

Such operators can be upgraded to creation-destruction operator combinations a'a
s,=aa,=ala, , s = (ajaz)T =aja =ala,
>0
- . . e\ z
Hamilton-Pauli-Jordan representation of S is: <S Z> D (S Z)

This suggests an a@'a form for .



Angular momentum raise-n-lower operators Sy and S.

Review Lect.23 pl05-111
(s+ =S +isy) and ( S.=S -iS; =S4 )

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2]| = Py,

1 ]
L. ! 03 0 73 0 1
<S+>2:D2(S+):D2(S +iSY)= l ; +1 i , :( 0 0] :P12
2 2

Such operators can be upgraded to creation-destruction operator combinations a'a
s,=aa,=ala, , s = (ajaz)T =aja =ala,
>0
. . . e\ z
Hamilton-Pauli-Jordan representation of $ i1s: <S Z> D (S Z)
This suggests an a'a form for s

Let aj=a’ create up-spin T
1/2

=a'|l0)=a’|0
+1/2> 1| > T| >




Angular momentum raise-n-lower operators Sy and S.

Review Lect.23 pl05-111
(s+ =S +isy) and ( S.=S -iS; =S4 )

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2]| = Py,

1 i
Lo ; "2 ' 0 1
(s,)?=D*(s,)=D>(s, +is, )= L +i i =[0 0} =Py
2 2

Such operators can be upgraded to creation-destruction operator combinations a'a

—nim _at —(aia \ —ata —af
s,=aa,=ala, , s_=(aja,) =aja =aa,

-

1

Hamilton-Pauli-Jordan representation of 8y is: <S Z>(§) = D(E) (S Z) (2) 1
s,=3(aja, —aja,)=}(ala,-ala,)

Let aj=a] create dn-spin |,

172

=a’'|0)=a’|0
. > 0)=ai[o}

\9}

This suggests an a@'a form for .
Let aj=a’ create up-spin T
172

» >=azo>=axo> 2)=J4)-




Angular momentum raise-n-lower operators Sy and S.

Review Lect.23 pl05-111
(s+ =S +isy) and ( S.=S -iS; =S4 )

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2]| = Py,

1 i
L : "2 ' 0 1
(s,)?=D*(s,)=D>(s, +is, )= L +i i =[0 0} =P,
2 2

Such operators can be upgraded to creation-destruction operator combinations a'a

—nim _at —(aia \ —ata —af
s,=aa,=ala, , s_=(aja,) =aja =aa,

-

1

Hamilton-Pauli-Jordan representation of 8y is: <S Z>(§) = D(E) (S Z) (2) 1
s,=3(aja, —aja,)=}(ala,-ala,)

Let aj=a] create dn-spin |,

172

=a’'|0)=a’|0
. > 0)=ai[o}

\9}

This suggests an a'a form for s;.
Let aj=a’ create up-spin T
1/2
=a’|0)=a’|0 2y=|)=
oo 2|y
s,=a/a,=aja destroys dn-spin |
creates up-spin T

to raise angular momentum by one 7 unit

aja [L)=|T) or: aja,|2)=]1)




Angular momentum raise-n-lower operators Sy and S.

Review Lect.23 pl05-111
(s+ =S +isy) and ( S.=S -iS; =S4 )

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2]| = Py,

1 i
Lo ; "2 ' 0 1
(s,)?=D*(s,)=D>(s, +is, )= L +i i =[0 0} =Py
2 2

Such operators can be upgraded to creation-destruction operator combinations a'a

—nim _at —(aia \ —ata —af
s,=aa,=ala, , s_=(aja,) =aja =aa,

-

1
Hamilton-Pauli-Jordan representation of Sy is: <S Z>(§) = D(j) (sz) (2) )

1T T _ 1At T
s,=3(aja, —aja,)=}(ala,-ala,)
Let aj=a] create dn-spin |,
1/2

=a’'|0)=a’|0
. > 0)=ai[o}

—nta —af -
S_=a,a,=a a;destroys up-spin T

\9}

This suggests an a'a form for s;.
Let aj=a’ create up-spin T
1/2
=a’|0)=a’|0 2y=|)=
oo 2|y
s,=a/a,=aja destroys dn-spin |
creates up-spin T

to raise angular momentum by one 7 unit

aja [L)=|T) or: aja,|2)=]1)

creates dn-spin |
to lower angular momentum by one 7 unit

aja,|T)=|{) or aja,|1)=|2)



Review Lect.23 p113-125
Angular momentum generators by U(2) analysis

Angular momentum raise-n-lower operators 8, and S.

SU(2)CU(2) oscillators vs. R(3)CO(3) rotors é
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the squafed momentum Operator 1s

In terms of @-operato
1
Ses= Z[zafazazal +2ala,aja,+(aja —ala,)(aja, -aja,)|
Using a,at,=a', a, + 6,,1 gives S¢8 as number operators.
(Normal order: left«<—creation, destruct—right.)

Ses= %[2(a§a2 +1)aja, +2(aja, +1)aja, +(a/a, —aja, )(aa, —aja, )]

Eigenvalue formula is then found. (Replace number-operator a';a, with its number 7y )
1
SeS|nn,)= Z[2(n2 +1)n, +2(n, +1)n, +(n, —n,)(n, - nz)]|n1n2>

1
— Z[an + 2n2 + 4nln2 + (I’ll — nz)(nl - nz)]|n1n2>



: : S.=S *iIS
Angular momentum magnitude and uncertainty + Y

s.=aa,
Angular momentum squared S8 and Z-component $; share eigenstates s_=aa,
Y P T
Se8s=8°+8,°+8,°=(5,S.+88,)2+8/ s,=5(aja, —ala,)

1/4 but to 3/4.

A e S

the squafed momentum Operator 1s

j=1/2 fundamental matrices squgr€ up ngf to (1/2)°

3 10 1
D2(82+S§+S§)=Z[ - ]

In terms of @-operato

1
Ses = Z[2afa2a§a1 +2ala,aa, + (afa1 -ala, )(afal -ala, )]

Using a,at, = a’'a,+95,1 gives S8 as number operators.
(Normal order: left«—creation, destruct—right.)

Ses= %[2(a§a2 +1)aja, +2(aja, +1)aja, +(a/a, —aja, )(aa, —aja, )]

Eigenvalue formula is then found. (Replace number-operator a';a, with its number 7y )

1
ses|nn,)= Z[2(n2 +1)n,+2(n, +1)n, +(n, —n,)(n, —n,) || nn,) =02 =(n+n)/2
1
= Z[2n1 +2n, +4nn, +(n,—n, )(n, — n2)]|n1n2> m =(n;-n)/2
R(3) angular quanta in n;=j+m and n,=j-m give R(3) eigenvalue formula. n; = j+tm
: 1 : : : : |
ses|))=—[20j+m+D)(j-m)+2(j-m+1)(j+m)+4m’ ;) [nz j-m}

Has very simple j-formula...



: : S.=S *iIS
Angular momentum magnitude and uncertainty + Y

s.=aa,
Angular momentum squared S8 and Z-component $; share eigenstates s_=a,a,
T i
Ses=8°+8,°+8,°=(8,5.+88,.)2+8/ s,=5(aja, —aja,)

j=1/2 fundamental matrices squgre up nef to (1/2)° #1/4 but to 3/4.
D%(Sz+sz+sz)_1 0 1) i |[o =/}, {1 0o )[1 0 310
TP a1 00 0 i 40 0 -1 0 -1 ) 4l 0 1
the squafed momentum Operator 1s

(aIa1 - a;az )]

Using a,at, = a’'a,+95,1 gives S8 as number operators.
(Normal order: left«<—creation, destruct—right.)

In terms of @-operato

1
Ses= Z[zafazazal +2aja,aja,+(aa, —aja,)

Ses= %[2(a§a2 +1)aja, +2(aja, +1)aja, +(a/a, —aja, )(aa, —aja, )]

Eigenvalue formula is then found. (Replace number-operator a';a, with its number 7y )

Ses 2 +1)n,+2(n, +1 — -
nn, )= [ my +1)n, +2(n, +1)n, +(n, =y ) (n, nz)]|n1n2> Jj=v/2 =(n;+n,)/2
= Z[2n1 +2n, +4nn, +(n,—n, )(n, — nz)]|n1n2> m =(n;-n)/2
R(3) angular quanta n n;=j+m and n,=j-m give R(3) eigenvalue formula. n; = j+tm
sos‘f> _[2 jHm+1)(j—m)+2(j- m+1)(]+m)+4m ]‘ > (]+1)‘ > [,@ ]-m}

Has very simple j-formula...



: : S.=S *iIS
Angular momentum magnitude and uncertainty + Y

s.=aa,
Angular momentum squared S8 and Z-component $; share eigenstates s_=a,a,
Y P
Ss=8°+8,°+8,°=(8,5.+88,)2+8,/ S7= z(aa—aa)

j=1/2 fundamental matrices squgre up nef to (1/2)° #1/4 but to 3/4.
D%(Sz+sz+sz)_1 0 1) i V(o /) 1o |[1 0310
TP a1 00 0 i 40 0 -1 0 -1 ) 4l 0 1
the squafed momentum Operator 1s

(aIal - agaz )]

Using a,at,=a', a, + 6,,1 gives S¢8 as number operators.
(Normal order: left«<—creation, destruct—right.)

In terms of @-operato

1
Ses= Z[zafazazal +2aja,aja,+(aa, —aja,)

Ses= %[2(a§a2 +1)aja, +2(aja, +1)aja, +(a/a, —aja, )(aa, —aja, )]

U(2) eigenvalue formula is then found.

SesS nln2 2 n,+1)n +2(n +1)n,+(n,—n,)\n —n,)||nn,
)= 200+ 2 ) =) = T T
= Z[an +2n, +4nn, +(n1 - nz)(n1 — nz)]|nln2> m =(n;-n)/2
R(3) angular quanta n n;=j+m and n,=j-m give R(3) eigenvalue formula. n; = j+tm
Sos‘1> —[2 ]+m+1)(] m)+2(] m+1)(]+m)—|—4m ]‘ > (]+1)‘ > [”2 ]-m}

For Large j.
[ Magnitude of angular momentum |8| approaches j+1/2: |S|| ﬁ,,> =+/S 'S‘ i,,> =Jj(j+ 1)‘ L> = (]'Jr %)| LU
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Angular momentum magnitude and uncertainty
Angular momentum uncertainty angle é




Angular momentum uncertainty angle

The angular momentum uncertainty angle &,
1s given by: [ \
m

\\/j(j+1))

®’ = arccos
m




Angular momentum uncertainty angle

The angular momentum uncertainty angle &,

1s given by: [ \
m

\\/j(j+1))

®’ = arccos
m

z-Component of J :

S Ld=m )

Minimum uncertainty
for m=j

A

= ’\
R -

JJ(J+d)

agnnu



Angular momentum uncertainty angle

The angular momentum uncertainty angle &,

z-Component of J :

S Ld=m )

Minimum uncertainty
for m=j

1s given by: [ \ ts - -’\\
©/ = arccos = __ \v/ 7
Z;Zij:g % ‘/J ( J+d)
m=J-3 agnitude
A
J %) =JJ+1)| 7
Angular Momentum Cones for B=10.3" K=30
_ =150 K=2%
J=30 e 0=2533" K=28
i .................................... II ..... -,II ........ l::. j:l...--"' llr.._ ll-”..”___-___.- ............. H:ET ..:In:, I{:ET
5 '-.II."'-. lll": I.'. Ii| |iI ) r"ll .-'"-ll.-' :.:: .................................. EI =3:|--5I:I I{ZEE
=349 K=:25
=351 K=24
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Angular momentum magnitude and uncertainty
Angular momentum uncertainty angle

* Generating R(3) rotation and U(2) representations é
Applications of R(3) rotation and U(2) representations

Molecular and nuclear wavefunctions

Molecular and nuclear eigenlevels

Generalized Stern-Gerlach and transformation matrices
Angular momentum cones and high J properties



Generating R(3) rotation and U(2) representations

A fundamental (spin-1/2) Euler transformation R(a3v) given in three notations.

2 cos— -e sin —
2

) 2[2) (2R (epy)[1) (2[R(aBy)|2) Dy (afy) Dy (o) et B 5t B

e 2 sm; e 2 Cos

] e sk e i

a2} M (IR (e 1) (IR ()2} ][ DI (oy) DI (aBy)




Generating R(3) rotation and U(2) representations

A fundamental (spin-1/2) irep D/?(a37) of Euler transformation R(a37) given in three notations.

2 cos— -e ? sin—
2 2

] e_ia+y ﬁ oY ﬁ

a2} M (IR (e 1) (IR ()2} ][ DI (oy) DI (aBy)

) 2[2) (2R (epy)[1) (2[R(aBy)|2) Dy (afy) Dy (o) “ro B gt B

e 2 sin— e % cos—
2 2

Corresponding transformation of the fundamental creation operators

e B L
a/=D/’(aBy)al+ D) (ofy)a) =e * coszair +e ? sinaaz
oY ﬂ o+y ﬁ

a,=D} (oy)a]+ Dy (ay)aj= > sinlaj+e > cosal




Generating R(3) rotation and U(2) representations

A fundamental (spin-1/2) irep D/?(a37) of Euler transformation R(a37) given in three notations.

2 cos— -e ? sin—
2 2

] e_ia+y ﬁ oY ﬁ

a2} M (IR (e 1) (IR ()2} ][ DI (oy) DI (aBy)

) 2[2) (2R (epy)[1) (2[R(aBy)|2) Dy (afy) Dy (o) “ro B gt B

e 2 sin— e % cos—
2 2

Corresponding transformation of the fundamental creation operators

e B L
a/=D/’(aBy)al+ D) (ofy)a) =e * coszair +e ? sinaaz
oY ﬂ o+y ﬁ

a,=D} (oy)a]+ Dy (ay)aj= > sinlaj+e > cosal

Problem: Find corresponding transformation D% () matrix for a (v=2j)-oscillator state

(v=2j)-quantum state is rotated to a new "prime" basis.
| (a})ﬂn (a;)j_" (D, + D21a§)j+" (D,a] +D,,aj)
J\ — —
R(apr)| ;)= 100)=

\/(j+n)!(j—n). \/(j+n)!(j—n)!

j—n

00)




Generating R(3) rotation and U(2) representations

A fundamental (spin-1/2) irep D/?(a37) of Euler transformation R(a37) given in three notations.

2 cos— -e ? sin—
2 2

] e_ia+y ﬁ oY ﬁ

a2} M (IR (e 1) (IR ()2} ][ DI (oy) DI (aBy)

) 2[2) (2R (epy)[1) (2[R(aBy)|2) Dy (afy) Dy (o) “ro B gt B

e 2 sin— e % cos—
2 2

Corresponding transformation of the fundamental creation operators

e B L
a/=D/’(aBy)al+ D) (ofy)a) =e * coszair +e ? sinaaz
oY ﬂ o+y ﬁ

a,=D} (oy)a]+ Dy (ay)aj= > sinlaj+e > cosal

Problem: Find corresponding transformation D% () matrix for a (v=2j)-oscillator state

(v=2j)-quantum state is rotated to a new "prime" basis.
o) B @) (DalD.e) " (Dal 0,

\/(j+n)!(j—n)! \/(j+n)!(j—n)!

Binomial expansion 1s a double sum over binomial coefficients: ( Z ]= n!/ k!(n—k)!

> Y ()(pal) (Daal)™" (1) (poal) (Doal) " XY () (D) (Daal) (Dna)
- JG+mr(i=n)! 00) =il 00

N j+n—0) k! (j—n—k)!

j—n

00)

R(apy)|))=




Generating R(3) rotation and U(2) representations

A fundamental (spin-1/2) irep D/?(a37) of Euler transformation R(a37) given in three notations.

_ia;Y ﬁ _ia;7’ . [3
(lr)y z) ) [ (IR(epy)1) (IR(apy)i2) | | DiF(efy) Dif(efy) | | © =~y 7%y
eIy @2) |7 @RI CIR(B2) || D) DEepy) || B B

Corresponding transformation of the fundamental creation operators

oY ﬁ oY ﬁ

a/=D/’(aBy)al+ D) (ofy)a) =e * cosza +e s1n5a§

_;or ﬂ ;oY ﬁ

al,=D’(ofy)al + D)} (ofy)al=-¢ 2 s1n2aT+e 2 coszag

Problem: Find corresponding transformation D% () matrix for a (v=2j)-oscillator state

(v=2j)-quantum state 1s rotated to a new "prime" basis.
R (aﬁY) j> = (aT,)]Jrn (a;)J_n | > = (D“air " DZlaT) (DZlaT + DzzaT)

JGi+n)(j-n) JGi+n)(j-n)

Binomial expansion 1s a double sum over binomial coefficients:

|
23 (7)) oA (1)(Dual) toea) > 2 (D8 (Dyal) (" (Doal) (Dmal) ™
R(efy)|i)= M)\ \(Q\ 00)  =(j+n)!(j—n)-L— — ,\,._ — 00)
\/(]+n) (j— n)\\)‘ (j+n E).k.l\f n—k)!

Let a’f_operator powers be jm forms : jtm=(+k, j-m=2j-(-k so /{ —\Aj+m -k W/”'E”'Wk
5 )OS0 eSS o) o (o) )

=N = e @) (@) 100) = s e (@) (8l) l0o)

0)

=nl/kl(n—k)!




Generating R(3) rotation and U(2) representations

A fundamental (spin-1/2) irep D/?(«37) of Euler transformation R(a37v) given in three notations.

a2} H (IR (e 1) (IR ()2} ][ DI (oy) DI (aBy)

2 cos— -e ? sin—
_ 2 2

) 2[2) (2R (epy)[1) (2[R(aBy)|2) Dy (afy) Dy (o) “ro B gt B

e 2 sin— e % cos—
2 2

] e_iaﬂ/ ﬁ e ﬁ

Corresponding transformation of the fundamental creation operators

_i&r ﬁ &7 ﬁ

a =D/ (ofy)al+ D) (afy)al =e 2 coszair te 2 sinaaz

_or ﬂ o+y ﬁ

a,=D} (oy)a]+ Dy (ay)aj= > sinlaj+e > cosal

Problem: Find corresponding transformation D% () matrix for a (v=2j)-oscillator state

(v=2j)-quantum state is rotated to a new "prime" basis.
o2 (DaeD.a) " (Dal s

\/(j+n)!(j—n)! \/(j+n)!(j—n)!

This gives general irreducible representation of U(2) -

j—n

00)

3 (0) (2. () ()

(IR (eBy) 2= Do (oBy) =i+ (= m ) =) s s e

And general SU(2) irreducible representation for Euler angles (03y).

2 j+m—n—-2k n—m+2k
2(—1)k (Cos'[;j (Sin'[;) g men)

<;‘R(O‘ﬁ7) i> - Dz{a,n (Otﬁ}/) = \/(]+n)'(]—n)'\/(]+m)'(]—m)' : (j+m—k)!(n—m+k)!k!(j—n—k)!

k-sum limited by (-integer)!=oo and 0!=1=1!



/ Move to Lect. 25 for up-to-date graphics
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Generating R(3) rotation and U(2) representations
Applications of R(3) rotation and U(2) representations é
Molecular and nuclear wavefunctions
Molecular and nuclear eigenlevels
Generalized Stern-Gerlach and transformation matrices
Angular momentum cones and high J properties



Vector (j=¢=1) representation

Dl(aﬁy)—{ . 1 }

Applications of R(3) rotation and U(2) representations

I+cosf —sinfB 1-cosf _ig 1+cosB
e e
2 2 2 _ 2
LA .
sin B —sinf3 ¢ sinfB _;,
— cosp ——— A = e
g N { ] g
l-cosB sinfB l+cosf e o 1=cosfB _;
2 2 2 2
2E:—1+00Sﬁ’ sinzﬁzl_cosﬁ smﬁcosﬁz
2 2 2 2 2

Here half-angle 1dentities were used. cos

Move to Lect. 25 for up-to-date graphics




Applications of R(3) rotation and U(2) representations

Vector (j=¢=1) representation

I+cosf —sinfB 1-cosf i I+cospf o i —sin 3 i I-cospf o7
—io 2 \/5 2 —iy 2 \/5 2
Dl(aﬁy): e. 1 sin cos 3 —sinf e. 1 = Sinﬁe_iy cos 3 —sinﬁe,-},
o 7 7 V2
e I-cosfB sinfB  1+cosf e o 1=cosfB _; i SIN B e I+cosf
2 NG 2 ¢ Ty ¢ ‘L 2
. .. ) 1+ . 1- . i
Here half-angle identities were used. cow£=1228 ne L1208 5y Lo 8- SE,
2/0+1

Center (n=0) column with the factor =,
gives set of spherical harmonics Y',,.

2/+1
Y (p0)= D" 60),|—
m (¢ ) m,n=0(¢ ) 47[




Applications of R(3) rotation and U(2) representations

V@CtOV O:é:]) VepresentatZOI/l I+cosf —sinfB 1-cosf e_,-al+cosﬁe_,~7, Ee_iaﬂ i i l—cosﬁe,-y
. 2 J2 2 . 2 : N 2
Dl(aﬁ )_ P sin ; “sinf s ~ sinf cos —sinﬁe,-y
y)= | ;a 5 cos 5 | ;y 7 e E E 5
e I-cosfB sinfB  1+cosf ¢ io1=cosf _p v jysinf i 1+cosf
5 7 5 et — ¢ E e 7 E e —

. . »B_14cosf ., B _1-cosp . B B _sinf E ‘
Here half-angle identities were used. cos’S=———=, sin’Z=——=, sinZcos==—=, 1 (00)= Ee_@—jge: D}, (0.6)

Yy (9.0)=y3  cosB =Dy,(9,0)
2/+1 o (00)=ys e

Center (n=0) column with the factor P Y_ll*(q),e):\/ge”‘ps'i%e = D!,,(9.0)

gives set of spherical harmonics Y',,.

2/+1

Y, (¢0)=D,, ,o(¢60) A



Applications of R(3) rotation and U(2) representations

Vector (j=¢=1) representation

I+cospf —j/igﬁ I—cospf e_,-al+cosﬁe_,-7, _ia —i;gﬁ . _ial—cosﬁeiy
. 2 2 2 , 2 h ! 2
—io 1Y :
1 B ¢ o sin 8 —sin 3 ¢ - _ sinﬁe_l-y E —sinﬁe,-},
D (aﬁy){ | lja 1 5 cos 3 —\E ( | ;y ] 7 cosf3 E 75
' C¢ l1—cosf si;l_ﬁ 1+cosf e e l1—cosf oY e si;l_ﬁ E i 1+cosf
2 7 2 2 2 . 2
. . . B _l+cosf ., B _1-cosfp . B B _sinf
Here half-angle 1dentities were used. cos’; ===, s’y === sinjeosy =55, 1w o1 20 060
Y| P 0 (00)=iz  cosB =Dy,(9:6)
Center (n=0) column with the factor P Ly (0.0)=y2, gw%“) =D, 9.0)
gives set of spherical harmonics Y',,, e
20+1
1 _ 0%

Dipole (j=¢=1) wave functions

% .5 SINO cos¢sinf+icos@sinf X +1y
D! (900)=—¢® 2 = — = -

1o(060) J2 V2 N2
D(lfo (p60)=cos® = cos6 =zlr

) ing O 0 i
D11,0 (080) = ¢ Sinf _ cos@sinf—icospsinf _ x—iy

V2 V2 2




Applications of R(3) rotation and U(2) representations

Vector (j=¢=1) representation

I+cosf —sinfB 1-cosf _ig 1+cosfB _p 1 _jg=sinfB i _jz1-cosf ;
} 2 N 2 , 2 ¢ L 2 ¢
e o . . . e—t . . . ; .
Dl(aﬁy){ 1 ;a 1 % cosf3 % ( .1 ;y ] Slnzﬁ o7 cos B ; _j%ﬁ o7
e l—cosfB sinfB 1+cosf e io1=cosf _p v jysinf E i 1+cosf
2 NG 2 T VI 2
. .. B _l+cosf ., B _1-cosfp . B B _sinf : ‘
Here half-angle 1dentities were used. cos’; ===, s’y === sinjeosy =55, 1w o1 20 —3126: D!, (0.6)
71 Yy (0.0)=1i;  cosP =D;(6.0)
Center (n=0) column with the factor P V¥ (0.0) =2, gw%“) =D, 9.0)

gives set of spherical harmonics Y',,.
20+1
Y, (¢6)

= lez*, n=0(¢60) o
Dipole (j=¢=1) wave functions

4T

% .5 SINO cos¢sinf+icos@sinf X +1y

Dl (¢00)=—¢® = = — __
10 (960) 2 > 5
= z/r —

D(lfo (p60)=cos® = cos 6

_ip Sin6 _ cos@sin@—icos@sin®  x—iy

V2 V2 2

3-D linear-circular polarization T-matrix.
o)
olx) fol5) () -
il () (e

Dlﬂi,o (¢90) =e

0

0

Sl = 1L

—I
J2
0 1
-
J2




Applications of R(3) rotation and U(2) representations

Veczor O:g:]) Vepresentatlbn I+cosf —sinfB 1-cosf _ig 1+cosB i _ia—sinﬁi _ig 1=cosfB
» > \/5 > » e — e Ee 7\/5 Ee — e
Dl(aﬁy){ e. 1 1 sin cos 3 —sinf { e. 1 ] sinf iy : cos 3 : _Sinﬁe”’
o NG , ) NG
e l—cosfB sinfB 1+cosf - o 1=cosfB _; i SIN B i 1+cosf
5 \/E 5 e —2 e E e \E Ee —2
. . B _l+cosf ., B _1-cosfp . B B _sinf i ‘
Here half-angle identities were used. cos’S=———=, sin’Z=——=, sinZcos==—=, v (00)= Jge_@—jge: D,(6.6)
. Y| N (00) =i cosp = D00
Center (n=0) column with the factor Py Ly (0.0)=y2, gw% = D!, (6.0)
: g 2 :
gives set of spherical harmonics Y',,. : L T
Y Applying T-matrix:
x + _si _
11 (90)=D,.(060), 2 I i e l[E
, TU \/5 \/5 ) ) \/5 \/5 cosB 0 sinf
: : : i, Sjl—ﬁcos/i’_jgﬁ-001=01o
Dipole (j=¢=1) wave functions N 2 2 - _sinB 0 sinp
) ) ) ) ) l—cosf sinfB 1l+cosf T T 0
D (¢90):_€i¢ smG:_cos¢81n9+zcos¢sm9:_x+zy_ 0 1 0 ) N > 2 N2
b0 V2 V2 2
D(lfo (p60)=cos® = cos6 = z/lr —
% _ioSINO  cos@Psin@—icos@Psinf® x—iy
DY (900)= 0 S0 :
1,0 (¢ ) \/5 \/5 I"\/E
3-D linear-circular polarization T-matrix:
P RTE RN
] -
. ’ ’ V22
1|1 1|1 1|1
o) Gol3) (o) = 0 0
1|1 1|1 1|1 I
-1 x —1|y -1|z \/E \/5




Applications of R(3) rotation and U(2) representations

Vector (]‘: = ]) representation l+cosf —sinf 1-cosp o l4cosp g wsinB} g l-cosB
) 5 5 5 i el — e :e 7\/5 Ee —, e
e o . . ) e—t . . . ' ; .
Dl(aﬁ?’){ 1 } % cos B % { o : ] s1n2[3 o osp —jgﬁely
e l—cosfB sinfB 1+cosf e e"xl cosﬁe_,y L sinf3 . e,-a1+cosﬁ iy
2 2 2 2 NI 2

) . 2B _1t+cosp B _l-cosB B [_sinf | :
Here half-angle identities were used. cos’S=———=, sin’Z=——=, sinZcos==—=, 5 Y;*(¢,e)=Ee—@‘jﬂ"wiow,e)

. 2/+1 : .
Center (n=0) column with the factor P : xg*@,@;@ﬂ% = D!,,(9.0)
gives set of spherical harmonics Y',,. . L T
Y Applying T-matrix:
+ si _
Y, (90)=D,, ,(¢60),|—— I i a i | GE R
| 47[ \/5 \/5 sin 8 —sinf3 \/5 \/5
) . . i i cos 3 10 0 1 |F
Dipole (j=0=1) wave functions 505 R V2 -
p V2 V2 l-cosB sinfB  1+cosf -— —— 0
DI (¢90)__€,-¢ sinf _ cos@sinf+icosgsingd  x+iy 0 1 0 > N 5 J2 W2
W J2 V2 2 -, L -l
D(l)*o ((DBO):COSO = cos6 = z/r — V2 V2 e | \{)E \{)E | { cosar —sina 0
’ . : . . . L 0 = | B
1% _ —ip sm9:cosq)sm@—zcosg/)smG:x—zy NG N ol R 0
Do (960)=e V2 J2 2 0 1 0 V2 2

3-D linear-circular polarization T-matrix:
Gl Gl ()
olx) Go3) Gol:) |5
il () 43D

0

0

Sl- = B

—I
J2
0 1
-
J2

0

cosB 0 sinf

0

—sinf3 0 sinf

sinot coso O

1

|

1

0

|



Applications of R(3) rotation and U(2) representations

Vector O:g:]) VepI”eSentaIiOn l+cosf —sinf8 1—cosf e_,-al+cosﬁe_l-y ie_,-a—sinﬁ i e_ial—cosﬁeiy
—io 2 \/5 2 —iy 2 ' \/5 E
Dl(aﬁy){ A } % cosf3 % ( A } Si?gﬁe_iy + cosf i _jgﬁely
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Applications of R(3) rotation and U(2) representations

Molecular and nuclear wavefunctions

For SU(2) and R(3), sum over rotations is an integral over Euler angles (o3y).
For integral-j=0, I, 2,.. the R(3) integral over polar angle 3 ranges from 0 to .

2]+1

for R(3): %Jd(aﬁy) J do Jdﬁ smﬁj dy =2j+1 N is normalization
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Molecular and nuclear wavefunctions
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Applications of R(3) rotation and U(2) representations

Molecular and nuclear wavefunctions

For SU(2) and R(3), sum over rotations is an integral over Euler angles (o3y).
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Molecular and nuclear wavefunctions
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Applications of R(3) rotation and U(2) representations

Molecular and nuclear wavefunctions
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Molecular and nuclear wavefunctions
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Molecular and nuclear wavefunctions
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Applications of R(3) rotation and U(2) representations

Molecular and nuclear eigenlevels

The reversed sign 1s a nuisance, so let us define reversed momentum operators that give a positive sign.

|J _ J  _ e
SZ‘m,n>_+n‘ m,n> SZ __SZ



Applications of R(3) rotation and U(2) representations

Molecular and nuclear eigenlevels
The reversed sign 1s a nuisance, so let us define reversed momentum operators that give a positive sign.
SZH@,n>:+n‘ £1,n> S7 :_§Z
Example of a rotor spectrum and Hamiltonian of a symmetric top molecule.

H = BJ; + BJ, + AJ’, (Molecular spin is labeled J instead of 8)

symmetric top



Applications of R(3) rotation and U(2) representations

Molecular and nuclear eigenlevels

The reversed sign 1s a nuisance, so let us define reversed momentum operators that give a positive sign.
_|J \= J __—_a
SZ‘m,n>_+n‘ m,n> S7;=-9,
Example of a rotor spectrum and Hamiltonian of a symmetric top molecule.

H = BJ; + BJ, + AJ’, (Molecular spin is labeled J instead of 8)

symmetric top

Constants are inverse moments of inertia. - _B=— A= —



Applications of R(3) rotation and U(2) representations

Molecular and nuclear eigenlevels
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Example of a rotor spectrum and Hamiltonian of a symmetric top molecule.
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symmetric top

Constants are inverse moments of 1nertia.

Hamiltonian can be rewritten in terms of two commuting observables, the J; and J’ operators.

H = BJ% + BJ: + BJZ +(A—B)J:=BJeJ+(A-B)JZ

symmetric top
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Molecular and nuclear eigenlevels

The reversed sign 1s a nuisance, so let us define reversed momentum operators that give a positive sign.
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Example of a rotor spectrum and Hamiltonian of a symmetric top molecule.
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symmetric top

Constants are inverse moments of 1nertia.

Hamiltonian can be rewritten in terms of two commuting observables, the J; and J’ operators.
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Eigensolution equations:
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Applications of R(3) rotation and U(2) representations

Generalized Stern-Gerlach and transformation matrices
Polarization analysis: Suppose a spin-j state R(030) |/ ,,,) exits an analyzer rotated by 3

*
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Generalized Stern-Gerlach and transformation matrices
Polarization analysis: Suppose a spin-j state R(030) |/ ,,,) exits an analyzer rotated by 3
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Generalized Stern-Gerlach and transformation matrices
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Quantlt web simulation:
Visualizing D representations



http://www.uark.edu/ua/modphys/markup/QuantItWeb.html

plotted

vs. B
for fixed

j,m’n

J=2 m=-2 n=-1

~1

rl

J=2 m=-1 n=0

1
-l

"t J=2 m=-1 n=2

* J=2 m=0 n=1 * J=2 m=0 n=2

el

J=2 m=1 n=-2

rl

J=2 m=1 n=0

L1

- J=2 m=1 n=1

\
/ \
\
\
\
\ s
3 x/\
‘. ‘»’
f
\ f
\ f
\
\
\
\
\

/

* J=2 m=1 n=2

J=2 m=2 n=-1



http://www.uark.edu/ua/modphys/markup/QuantItWeb.html

J

Angular momentum magnitude and uncertainty
Angular momentum uncertainty angle

Generating R(3) rotation and U(2) representations
Applications of R(3) rotation and U(2) representations
Molecular and nuclear wavefunctions
Molecular and nuclear eigenlevels
Generalized Stern-Gerlach and transformation matrices
*Angular momentum cones and high J properties



Angular momentum cones and high J properties
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Ouantlt web simulation.

Visualizing D representations



http://www.uark.edu/ua/modphys/markup/QuantItWeb.html
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z-Component of J :
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Ouantlt web simulation.
Visualizing D representations
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Partial listing of the Harter-Soft/Heyoka Learnlt Web Apps as of April 24, 2017
(Apps are being upgraded as time permits)

Production Links - For the students & general public

Bohrlt - Production; URL is "http://www.uark .edu/ua/modphys/markup/BohrltWeb.html"

Bouncelt - Production: URL is "http://www.uark .edu/ua/modphys/markup/BounceltWeb.htm]"

BoxlIt - Production; URL is "http://www.uark .edu/ua/modphys/markup/BoxItWeb.html"

Coullt - Production; URL is "http://www.uark .edu/ua/modphys/markup/CoulltWeb.htm]"

Cycloidulum - Production: URL is "http://www.uark.edu/ua/modphys/markup/CycloidulumWeb.html"

Learnlt - Production; URL is "http://www.uark.edu/ua/modphys" or "http://www.uark.edu/ua/modphys/markup/LearnltWeb.htm]"
JerklIt - Production; URL is "http://www.uark .edu/ua/modphys/markup/JerkItWeb.html"

Pendulum - Production: URL is "http://www.uark.edu/ua/modphys/markup/PendulumWeb.html"

Quantlt - Production; URL is "http://www.uark .edu/ua/modphys/markup/QuantltWeb.html"

Relativity - Pirelli Entrant: URL is "http://www.uark.edu/ua/pirelli" or "http://www.uark.edu/ua/pirelli/html/default.html"
Trebuchet Production: URL is "http://www.uark .edu/ua/modphys/markup/TrebuchetWeb.html"

Testing Links - For internal use and testing by Harter & Heyoka

Bohrlt - Testing: URL is "http://www.uark .edu/ua/modphys/testing/markup/BohrltWeb.html"

Bouncelt - Testing: URL is "http://www.uark .edu/ua/modphys/testing/markup/BounceltWeb .html"

Bouncelt Title Page - Testing: URL is "http://www.uark.edu/ua/modphys/testing/markup/BounceltTitlePage html"
BoxIt - Testing: URL is "http://www.uark.edu/ua/modphys/testing/markup/BoxItWeb.htm]"

Coullt - Testing: URL is "http://www.uark .edu/ua/modphys/testing/markup/CoulltWeb.html"

Cycloidulum - Testing: URL is "http://www.uark .edu/ua/modphys/testing/markup/CycloidulumWeb.htm]"
Harter-Soft Web Apps - Quick Reference - Testing: URL is "http://www.uark .edu/ua/modphys/testing/markup/JerkItWeb.html"
Jerklt - Testing: URL is "http://www.uark.edu/ua/modphys/testing/markup/JerkltWeb.html"

ModernPhysics - Testing: URL is "http.://www.uark .edu/ua/modphys/testing/markup/IntroCover.html"

Pendulum - Testing: URL is "http://www.uark.edu/ua/modphys/testing/markup/PendulumWeb.html"

Quantlt - Testing: URL is "http://www.uark.edu/ua/modphys/testing/markup/QuantltWeb.html"

Trebuchet Testing; URL is "http://www.uark .edu/ua/modphys/testing/markup/TrebuchetWeb.html"

Link h mplete listing of Harter-Soft L.earnl A ndr rces for Physi
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http://www.uark.edu/ua/modphys/markup/BoxItWeb.html
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html
http://www.uark.edu/ua/modphys/markup/CycloidulumWeb.html
http://www.uark.edu/ua/modphys
http://www.uark.edu/ua/modphys/markup/JerkItWeb.html
http://www.uark.edu/ua/modphys/markup/PendulumWeb.html
http://www.uark.edu/ua/modphys/markup/QuantItWeb.html
http://www.uark.edu/ua/pirelli/html/default.html
http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html
http://www.uark.edu/ua/modphys/testing/markup/BohrItWeb.html
http://www.uark.edu/ua/modphys/testing/markup/BounceItWeb.html
http://www.uark.edu/ua/modphys/testing/markup/BounceItTitlePage.html
http://www.uark.edu/ua/modphys/testing/markup/BoxItWeb.html
http://www.uark.edu/ua/modphys/testing/markup/CoulItWeb.html
http://www.uark.edu/ua/modphys/testing/markup/CycloidulumWeb.html
http://www.uark.edu/ua/modphys/testing/markup/Harter-SoftWebApps.html
http://www.uark.edu/ua/modphys/testing/markup/JerkItWeb.html
http://www.uark.edu/ua/modphys/testing/markup/IntroCover.html
http://www.uark.edu/ua/modphys/testing/markup/PendulumWeb.html
http://www.uark.edu/ua/modphys/testing/markup/QuantItWeb.html
http://www.uark.edu/ua/modphys/testing/markup/TrebuchetWeb.html
http://www.uark.edu/ua/modphys/markup/Harter-SoftWebApps.html

