Group Theory in Quantum Mechanics
Lecture 21 @.13.17)

Octahedral OnDsubgroup tunneling parameter modeling
(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , OTCA Unit 5 Ch. 15)  (PSDS - Ch. 4)
Review Calculating idempotent projectors Pty m of ODCy PEoos PE22 Pligo, Py, P22y,
Review Coset factored splitting of ODD4sDCy projectors
Review Broken-class-ordered splitting of ODD4+DCy projectors and levels
Subgroup-defined tunneling parameter modeling
Comparing two diagonal ODCy parameter sets to SFs spectra
Comparing two diagonal ODCs parameter sets to SFs spectra
Why ODC> parameter sets require off-diagonal nilpotent Py, , (m=n)
Irreducible nilpotent projectors P » (m=n)
Using fundamental g—=P",,, relations: ( from Lecture 16)
(@) Pl @GP n=DVmn(g)P'mn () E=1yEmnD mn(@)P mn () Plun=(01/°G)LeD" mn(g)g
Review of D3;DC>~ C3,DC,
Calculating and Factoring P11 1.0, and P13,

Structure and applications of various subgroup chain irreducible representations
O DD DCsv, OrDD3,DC30, OpDCoy
Comparing OnD>Dun2DD2n and OrD D340 Co representations (T vector-type)

Examples of off-diagonal tunneling coefficients D .2,
Comparing Local C4, Cs, and C> symmetric spectra
When Local C; symmetry dominates

Comparing off-diagonal ODC> parameter sets to CH4 models with “cluster-crossings”



*Review Calculating idempotent projectors Pty m of ODCs PEpo. PE22, PTig,0, PTi,1, P22y, ‘

Review Coset factored splitting of ODD4sDCy projectors
Review Broken-class-ordered splitting of ODD4DCs projectors and levels
Subgroup-defined tunneling parameter modeling

Comparing two diagonal OO Cs parameter sets to SFs spectra
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Comparing two diagonal OO Cs parameter sets to SFs spectra
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Review Calculating idempotent projectors Pmm of ODCys PEp0, PE2,2, P10, P11, P22,

<

Review Coset factored splitting of ODD4sDCy projectors
* Review Broken-class-ordered splitting of ODD4DCs projectors and levels
Subgroup-defined tunneling parameter modeling
Comparing two diagonal ODCy parameter sets to SFs spectra
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Review Broken-class-ordered splitting of ODD4DCs projectors and levels
* Subgroup-defined tunneling parameter modeling
Comparing two diagonal ODCy parameter sets to SFs spectra
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(a) SF, ¥, Rotational Structure FT IR and Laser Diode Spectra
K.C. Kim,W. B. Person, D. Seitz, and B.J. Krohn

J.Mol. Spectrosc. T6, 322(1979).
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C4 Subgroup-defined tunneling parameter modeling
Table 11. Splittings of O O C; given sub-class structure.
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my = Im 7934 I. =ImR, U1 = 134
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Review Calculating idempotent projectors Pmm of ODCys PEp0, PE2,2, P10, P11, P22,
Review Coset factored splitting of ODD4sDCy projectors

Review Broken-class-ordered splitting of ODD4DCs projectors and levels
Subgroup-defined tunneling parameter modeling
Comparing two diagonal ODCy parameter sets to SFs spectra
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* Comparing two diagonal ODCs parameter sets to SFs spectra
Why ODC> parameter sets require off-diagonal nilpotent Py, , (m=n)
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‘Table 12. Splittings of O O Cj given sub-class structure.
C3 Subgroup-defined tunneling parameter modeling
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Review Coset factored splitting of ODD4sDCy projectors
Review Broken-class-ordered splitting of ODD4DCs projectors and levels
Subgroup-defined tunneling parameter modeling
Comparing two diagonal ODCy parameter sets to SFs spectra
Comparing two diagonal ODCs parameter sets to SFs spectra
* Why ODC> parameter sets require off-diagonal nilpotent Py, , (m=n)
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Irreducible nilpotent projectors P, (m=n)
Using fundamental g—=P",, , relations: ( from Lecture 16) ‘
(@) Pl @GP n =DV ()P mn  (b) @=1yEmnDV mn(@)P mn  (c) Plun=(01/°G)LeD" mn(g)g
Review of D3;DC>~ C3,DC,
Calculating and Factoring P11 1,0, and P13,



Irreducible nilpotent projectors Py, ,

Fundamental P*, deﬁnitians: o (from Lecture 16 p.34 and p.50)
(1) PigPl=Di(2Ps  (2) g=>YDh(@P,  (3) P =

u m,n

u °G
‘u*
e ;Dm (2)g



Irreducible nilpotent projectors Py, ,

Fundamental P*,, , definitions: g (from Lecture 6 p.34 and p. 50)
1) P sP! =D" (g)P" 2 D! = D"
( ) mmg nn mn (g) mn ( ) 8= 2 ; (g) ( mn OG E (g)g

Problem: Need to derive both Pty , and D", »,(g) for unequal (m=n) values.



Irreducible nilpotent projectors Pty , (m=n)

Fundamental P"y, , definitions: oo u °G
u u u u u u l w*
u m.n g

Problem: Need to derive both Pty , and D", »,(g) for unequal (m=n) values.

Solution: First use P#y,, in (1) to get something proportional to P#,,, P oP’ =(NP,
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Fundamental P"y, , definitions: oo u °G
u u u u u u l w*
u m.n g

Problem: Need to derive both Pty , and D", »,(g) for unequal (m=n) values.
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Then find D*, x(g) by operator transformations: gP . = E D, (g)P,,
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Irreducible nilpotent projectors Pty , (m=n)

Fundamental P"y, , definitions: oo o G
()PP =D (@P, () g=Y>DL@P, () PL=c-YD(2e
u m.n g
Problem: Need to derive both Pty , and D", »,(g) for unequal (m=n) values.
Solution: First use Py, in (1) to get something proportional to P#y,, w (P gPl = ()P
Then find D*,, ,(g) by operator transformations: gP' = E D/, (g)P,,
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or by projector nomalization: P:P:" =P:PE = P*
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Irreducible nilpotent projectors Pty , (m=n)

Fundamental P"y, , definitions: oo o G
()PP =D (@P, () g=Y>DL@P, () PL=c-YD(2e
u m.n g
Problem: Need to derive both Pty , and D", »,(g) for unequal (m=n) values.
Solution: First use Py, in (1) to get something proportional to P#y,, w (P gPl = ()P
Then find D*,, ,(g) by operator transformations: gP' = E D/, (g)P,,

k
or by projector nomalization: P:P:" =P:PE = P*

mn mn mn  nm

or by ket-vector transformations: g\ Pnfn> = § D/, (g)‘ Pkﬁ>
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Irreducible nilpotent projectors Pty , (m=n)

1(? L;ngime;ial_ Pl;ann deﬁzitions.' . o ) ) i _ "G
8P =D @B, (2) 8= ;;Dmxgwm () Pr=5g }jD (2)g
Problem: Need to derive both Pty , and D", »,(g) for unequal (m=n) values.
Solution: First use P#,, » 1n (1) to get something proportional to P4, , e (PLgPL =P
Then find D*, x(g) by operator transformations: gP . = E D, (2P,
or by projector nomalization: P“PE =PEPE = P# k B
or by ket-vector transformations: g‘ Pnﬁ‘n> = E D/ (g)‘ Pkﬁ>
%

or by direct (km)-matrix elements for any () that gives nonzero value: <sz Y Pnﬁ,> =D/, (g)
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Problem: Need to derive both Pty , and D", »,(g) for unequal (m=n) values.
Solution: First use P#,, » 1n (1) to get something proportional to P4, , e (PLgPL =P
Then find D*, x(g) by operator transformations: gP . = E D, (2P,
or by projector nomalization: P“PE =PEPE = P# k B
or by ket-vector transformations: g‘ Pnﬁ‘n> = E D/ (g)‘ Pkﬁ>
%

or by direct (km)-matrix elements for any () that gives nonzero value: <sz Y Pnﬁ,> =D/, (g)

Hint: Sub-group chain factoring helps. Since P* 1s all-commuting: Pm4PM=Pan4 =P Mpm4



Irreducible nilpotent projectors Pty , (m=n)

I(Z L;ngime;iai Pl;ann deﬁzitions.' . o ) ) i _ "G
8P =D (@B, (2) 8= ;;Dmxgwm () Pr=5g }jD (2)g
Problem: Need to derive both Pty , and D", »,(g) for unequal (m=n) values.
Solution: First use P#,, » 1n (1) to get something proportional to P4, , e (PLgPL =P
Then find D*, x(g) by operator transformations: gP . = E D, (2P,
or by projector nomalization: P“PE =PEPE = P# k B
or by ket-vector transformations: g‘ Pnﬁ‘n> = E D/ (g)‘ Pkﬁ>
%

or by direct (km)-matrix elements for any () that gives nonzero value: <sz Y Pnﬁ,> =D/, (g)

Hint: Sub-group chain factoring helps. Since P is all-commuting: P,,,P"=P, . =P"p,,
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Irreducible nilpotent projectors P, (m=n)
Using fundamental g—=P",, , relations: ( from Lecture 16)

(@) Pl Py =DV n(@) P mn (B) g=2yEmnD mn(8)Pmn (€) Plon=(0/°G) LoD mn(g)g

* Review of D3DC2~ C3,DC,y é

Calculating and Factoring P 1,0, and P13,



Irreducible nilpotent projectors P*y,, (m=n)
Review of D3DC>~ C3,DC, P, = 2 D,,
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Review of D3DC>~ C3,DC, P, = 2 D,,
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Then find nilpotent proportional to: Plioz -p* P, TPy, = PY 2

E 2 . .
or. P1202= (7)) (r-r -1 +12)

r +rl3
1 r +ri,

r +l'l3
1 r +1,
[J [ 2




Irreducible nilpotent projectors Pty , (m=n)

Review of D3;DC2~ C3,DC, P, = 2 D,,

o

Dy:xi | xi* x° xi
a=A |1 1 1

Given: P%= %(ch —-c¢, +0)

1
E|2 -1 o0 =§(21“’"’2)

a

First do C> ={1,i3} splitting:

1 251 . 1 2 . . .
Pob;oz=PEp02=§(21—r—r S(L+1iy) =z (21-r-r’~i, ~i, +2i)

1 . 1 . . .
pt =1>Ep12=§(21-r-r2 2(1-i)= 2 (21-r-r’+i, +i, - 2i;)

)
Then find nilpotent proportional to: P
or: Py =()(r—-r’ =i +i,)

150 ,
22 7‘ conjugatlon (r r2 xr*i=r lf—ll,lz—lz)
ET _

r +rl3
1 r +ri,

r +l'l3
1 r +1,
[J [ 2




Irreducible nilpotent projectors Pty , (m=n)
Review of D3DC>~ C3,DC,

o

Dy:xi | xi* x° xi
a=A |1 1 1

Given: P%= %(ch —-c¢, +0)

1
E|2 -1 o0 =§(21“’"’2)

a

First do C> ={1,i3} splitting:

1 1 . 1 . . .
Poioz =PEp02 =2 (21-r-r’) (1+i) = s (21-r-r’—i, -i, + 2i,)

E E 1 2314 sy 1 2 . . :
P1212 =P p12=§(21—r—r 5(1_13)= 5(21—1‘—1‘ +i +i, - 2i5) r +ri,
Then find nilpotent proportional to: P1E02 =PEp12 rpy, = P* %% 1 | r  +rig
E 2 : .
or: P, =@)(r-r"-i+i,) -iy | —i,r  —i;ri;
2 T conjugatlon (r'=r’,r*'=r,i/=i,i}=i,)
Et _ pr
SO: 1)1202 = PO212 = (9) (I‘ —-I - l1 + 12) Definition (1) 0202
. . E 2 2 .. 2 .
gives equation for (?)-factor: Po 1, P1202 P0202 =) (r-r =i+iy )(r'-r-i+ 12)

1202

r +l'l3
1 r +1,
[J [ 2

E
(r) 1202_1) P, P,



Irreducible nilpotent projectors Pty , (m=n)
Review of D3DC>~ C3,DC, P, = 2 D,,

o

Dy:xi | xi* x° xi
a=A |1 1 1

Given: P%= %(ch —-c¢, +0)

1
a=E | 2 =1 0 =§(21“’"’2)

First do C> ={1,i3} splitting:
1 1 . 1 . . .
Pob;oz=PEp02=§(21—r—r2 21 +i3) = £ (21-r-r’ i, i, +2ij)

E E 1 2\ 1 . 1 2 . . C o\
l)1212 =P p12=§(21 —r =17 )y (1-1y)= g (21-r-r"+i; +i, - 2i,) il r +ri, ( r +ri,
Then find nilpotent proportional to: Plioz =PEp121‘P02 =P* %% 1 r  +ri, =% Pl 1 | r +i,
E 2 : . . . e
0 T conjugatlon (r —r2 r*f=r Q—nl,n;-nz) L e eee—————— S
Et _ :
: . E 2 :
gives equation for (?)-factor: Po 1, P1202 P0202 = ()% (r* -1 —i +i,)(r-r 11 +1i,)

=l21-r-r* i, -i, + 2i3)=(06 =3)(Dg 0, (D1+Dy o (F)r+..)



Irreducible nilpotent projectors Pty , (m=n)
Review of D3DC>~ C3,DC, P, = 2 D,,

o

Dy:xi | xi* x° xi
a=A |1 1 1

Given: P%= %(ch —-c¢, +0)

1
a=E | 2 =1 0 =§(21“"r2)

First do C> ={1,i3} splitting:
1 1 . 1 . . .
Poioz=PEp02=§(21—r—r2 21 +i3) = £ (21-r-r’ i, i, +2ij)

E E 1 NP 2 . Cy
l)1212 =P p12=§(21 —r=17)y(1-i3)= g (21-r-r"+i, +i, - 2i;) / r +ri, ( r +ri,
Then find nilpotent proportional to: Péoz =PEp121‘p02 -pP" %% 1 r  +ri, =% PE 1 | r 4,
E 2 | I I ..
or: P1202 (7)(r-r .—l1 +t12) ( 2 2t i ] ) 1 e T Bl £ B F4 € —iy | i _p2
r =r .,r = i, =1 ,l =i D e e e mmmmmmmmmmmmmmm————
Et f co?njuga on: b2 . Note diagonal D*
SO: P1202=P0212—(-) (r’ -r—i, +i,) . D(fzoz(l) 1
. . E 2 .\
gives equation for (?)-factor: Po 1, P1202 P0202_(?) (r -r-ij+i,)(r-r 11+12) : / 0202(1‘)—-—
2 . . . * *
=(21-r-r’—i i, + 213)=(06 =§)(Df2 02(1)1+Df 0, (M +..)



Irreducible nilpotent projectors Pty , (m=n)

. u
Review of D3;DC2~ C3,DC, P,

Dyiye | xi X% X

a=A |1 1 1

oa=F

2

—1

0

First do C> ={1,i3} splitting:

E E 1 2
PO202 =P Po, =;(21-r-r

Given: P%= %(ch —-c¢, +0)

1 2
=3(21-r-17)

1 . 1 . .
3 (45 = g (21-r-r i, ~i, +2iy)

1 NP 2 .. D\
Py, 3(21-r-r")5(1-i3)= £ (21-r-r"+i, +i, - 2i;) ( r +ri, ( roo+ri
Then find nilpotent proportional to: P1E02=PEp12rp02=PE %% 1 | r  +ri =% PPl 1 | r o+,
E 2 : .
or: Py, = () (;; onjog +t12) (r'=r2r?foril=i,il=i,) AN B A -iy | -ip -1
conjugation: (r'= =r,i;=i,i,=i R,

E+t ?J 8 b2 . Note diagonal D*

SO: P1202=P0212—(-) (r’ -r—i, +i,) DL (1)=1

. . E
gives equation for (?)-factor: F P, =P,

PE. = ()*

050,

0515 1505 ~ 040,

S I O
SO S T
: 2 3
or | -rr +1 o+, -i
3 1
+i +1 i -r* +1
2 3 1 )

______________________--______________-__5 0202
=(21-r-r’—i i, + 2i3)=(06 =)Dy . (D1+Dy o (1) +...)

0202

(r)=-3

050, 050,



Irreducible nilpotent projectors Pty , (m=n)
Review of D3DC>~ C3,DC, P, = 2 D,,

o

Dy:xi | xi* x° xi
a=A |1 1 1

Given: P%= %(ch —-c¢, +0)

1
a=E | 2 =1 0 =§(21“’"’2)

First do C> ={1,i3} splitting:
1 1 . 1 . . .
Pob;oz=PEp02=§(21—r—r2 21 +i3) = £ (21-r-r’ i, i, +2ij)

E E 1 241 oy 1 2 . .y
l)1212 =P p12=§(21—r—r 5 (1=i3)= g (21-r=r"+i +i, - 2i;) / r +ri, ( r +ri,
: : E E E11: : :
Then find nilpotent proportional to: P, o =P"p, rpg =P~ 55 1 | r  +ri =% PPl 1 | r o+,
E 2 | I I ..
o P, =(r(r-r =1, +t12) (r'=r2r?f=r.il=i, il=i,) AN B A -iy | -ip -1
ation: (r'=r =r,i,=i,,i,=I L
E+t f CO?nJ " bz . Note diagonal D*
SO: P1202=P0212—(-) (r’ -r—i, +i,) . D(f‘;oz(l) 1
. . E 2 L\
gives equation for (?)-factor: Po 1, P1202 P0202 =% (r? -l’—11+12)(l‘1‘11 +12) / 0202(r)_'_
' o _ 2 o . . * *
S, =421 =1 =i, =iy + 20)=(g =Dy (WD (Ir +..)
: +r -1’ -1, +i,
wr? | +1 -1 -1, +i,

E 2] 2 2 ne s s




Irreducible nilpotent projectors Pty , (m=n)
Review of D3DC>~ C3,DC,

Dy:xi | xi* x° xi
a=A |1 1 1
a=E | 2 -1 0

. E_1
Given: P7=3(2¢

1 2
=3(21-r-17)

First do C> ={1,i3} splitting:

PE

E

or: P
150,
ET

so: P
150,

PE =77
0,0,=(?)

E 1
0202=P p02=§(21—r—r

—-c¢, +0)

A +iy) = (21-r-

2 . ° .

1 201 4 o~ 1 2 . Dy
P, =3(21-r=r7)3(1-i)=g(2l-r-ro+i +i, - 2i;) r  +ri, ( r o +ri
Then find nilpotent proportional to: P1E02=PEp12rp02= P* %% 1 r  +ri, =% PE 1 | r 4,
0 2 | P I : : 2
= ( )(;: c:)nju%;tizo)rl x e iici il ) I, | —Ir -1, —iy | -1} -r
BE _ (0 ) Pr2 727 mrmmmmmmmmmmmmmmemmee Note diagonal DF
= =) (r*-r-i, +i ¥
0515 1702 Dozoz(l) 1
gives equation for (?)-factor: Po 1, P1202 P0202_(?) (r -r-ij+i,)(r-r 11+12) / 0202(1‘)—-—
----------------- G :
o T @I i 20 =D, (DD ()
. 2 . . -
E +r  -r° -0+, 2, 1!
Hrt |+l - -1, +H,
r | =r? 41 My i —(‘?) (+41-2r - 2r* - 2i, - 2i, +4i,)
-, | -1, +i; +1 -r
+, | +i; -l r* +1 /




Irreducible nilpotent projectors Pty , (m=n)

Review of D3DC>~ C3,DC,

o

Dy:xi | xi* x° xi
a=A |1 1 1

a=F | 2 -1 0

Given:

First do C> ={1,i3} splitting:

1 1 . 1 . . .
Poioz =PEp02 =2 (21-r-r’) (1+i) = s (21-r-r’—i, -i, + 2i,)

P =1(2¢,-¢, +0)
=%(21 -r- r2)

E E 1 NP 2 . Cy
P, =P P, =321 -r-r")7(1-iy)=g(21-r-r"+i +i, - 2i;) r  +ri, ( r o +ri
Then find nilpotent proportional to: P —PEplzrp02=PE %% 1 r  +ri; =% Pl 1 | r o+,
E 2 : :
or: Py, = () (7{ onjog +t12) (r'=r2r?foril=i,il=i,) AN B A -iy | -ip -1
conjugation: (r'= =r,i;=i,i,=i R,
bt _p ?J e bz 2 . Note diagonal DE
SOT 0,7 0212‘(') (r* -r-i +i) Dozoz(l) 1
. . E
gives equation for (?)-factor: Fo,, P1202 l)0202 _(‘?)(r—r—11+12)(rr11+12) / 0202(r)___
""""" . 2 . . . = 2
I o TaBlerer iy iy + 28)=( =)D, (DL (r +.)
2 . . -y
+r -r —11 +12 (?)24:% i
+r¥ | +1  -r -, o+ |
E 2 o o2 g
'_11 -i, +i; +1  -r Solvmg gives unknown (?)-factor: (?)==4+/3/6
+, | +i; -l r* +1 /




Irreducible nilpotent projectors Py, , (m=tif=====-=-" SGTTTTTTTI :'

Review of D3DC>~ C3,DC,

o

Dy:xi | xi* x° xi
a=A |1 1 1

Given:

a=F | 2 -1 0

First do C> ={1,i3} splitting:
E E 1 2
PO202 =P Po, =;(21-r-r

A1 +1y) = £(21-r-r’—i, —i, + 2i,)

E 1 NP 2. Dy
P, P, =3(21-r-r")7(1-iy)=g(2Ll-r-r"+i +i, - 2i;) r  +ri, ( r o +ri
Then find nilpotent proportional to: P —PEplzl‘pOz—PE %% 1 r  +ri, =% Pl 1 | r o+,
E 2 | I .
or: P1202_(‘7) (r-r .—l1 +t12) (r it ) —i; | —i;r  —ijri; —iy | i 2
= =r, i, =i, i,=1,) .. ;
£+ Tco?njuga Hom bbm 2 Note diagonal D*
SO P1202=P0212—(.) (I‘ —l‘—11+12) D(ioz(l) 1
gives equation for (?)-factor: Po 1, P1202 P0202 —__(_7_)__ (1‘-1’—11+12)(l‘1‘11+12) / 0202(r)_'_
""""" 2 * *
I o Te@lorort iy iy 4 2 (/5 =D(D, (DL ()1 +. >
2 . . "', """"""""""""""""""""""
+r ol § —11 +12 (?)24:% i
.+r2 +1  -r -, +ij, """"
Poiof(?)z- R S R _(?) (#41-2r-2r” - 2i - 2i, +4i,)
'_i1 -i, +i; +1  -r Solvmg gives unknown (?)-factor: (?)==4+/3/6
N a=t=Ipt (1
O I O




Irreducible nilpotent projectors Py, , (m=tif=====-=-" SGTTTTTTTI :'

Review of D3DC>~ C3,DC,

Dy:xi | xi* x° xi
a=A |1 1 1
a=E | 2 -1 0

Given:

First do C> ={1,i3} splitting:

E E 1 2
PO202 =P Po, =;(21-r-r

E
or: P

so: PET

E
PL =
0,0,

150

150,

()

A1 +1y) = £(21-r-r’—i, —i, + 2i,)

1 NP 2 T
P, =3(21-r=r7)3(1-i)=g(2l-r-ro+i +i, - 2i;) r  +ri, ( r o +ri
Then find nilpotent proportional to: P —PEplzl‘pO2 -P* %% 1 | r  +ri =% PEl 1 | r o+,
=(?)(r-r°—i +i,) | -y | —igr  —iyri, Sin | Zi —p?
: 2.2 3 1 ;
Tconjugatlon (r'=rrterij=ini=iy) DTl T T Note diagonal DF
=P =)' -r—i, +i,) Dy, (1)=1 '
21 0202
gives equation for (?)-factor: Po 1, P1202 P0202 —__(_7_)__ (1‘-1’-11+12)(l‘1‘11 +y) / 0202(r)_'_
""""" 2 % %
e o T i 2i)( 3)(D<ioz(”1+DfOz(”)” )
E oot -+ 9 4_1 { This gives off—dlag&l—e;l"l-’ ------------------------------
L2 : : () """"" iP ( fr+\[r2 \/71 +\[1 )
Hrt |+l - -1, +H, 0p1, "3V 277 2 1T 272
r | -r? 41 Hy —(‘?) ‘(¥41-2r - 2r? -2i; - 2i, +4i,)
i | i, +i; +1  -r Solvmg glvei unknown (?)-factor: (?)=4=/3/6
L (7)*4=575D5,9, (D)
+H, | 4y, -0 -1t 4] / b 2




Irreducible nilpotent projectors Py, , (m=tif=====-=-" SGTTTTTTTI :'

Review of D3DC>~ C3,DC,

Dy:xi | xi* x° xi
a=A |1 1 1
a=E | 2 -1 0

Given:

First do C> ={1,i3} splitting:

E E 1 2
PO202 =P Po, =;(21-r-r

E
or: P

so: PET

E
PL =
0,0,

150

150,

()

A1 +1y) = £(21-r-r’—i, —i, + 2i,)

1 NP 2 T
P, 3(21-r-r")3(1-13)=g(21-r-r"+i, +i) - 21,) il r  +ri, ( r +ri,
Then find nilpotent proportional to: P —PEplzl‘pO2 -pP" %% 1 r  +ri, =% Pl 1 | r o+,
= (?)(r-r? —i; +i,) | =iy | —igr  —igri, il - —p?
. 2 2% o T o 3 1 :
r =r .,r =r, i, =1 ,l =15 ) L e "
P T co?njugatlon (r' =ipi)=1,) - Note. diagonal DF
= 0212—(.) (I‘ —l’—11+12) Dozoz(l) 1
gives equation for (?)-factor: Po 1, P1202 P0202 —__(_7_)__ (1‘-1’-11+12)(l‘1‘11 +12) / 0202(r)_'_
.......... ; )
S \ 6<21 Fort =iy +205)=( 3><D5202<1>1+ 0,0, (T + -
' 2 . P L L e LR LR LY
: o -r -4 +h 2)2 4_1 { This gives off—dlagonal PZ, N RN AN
i+r2 +1 -r i, +H, | T :l:P 0,1, 3( ) r’ 24t 3 12)
| -r* +1 My, -, |= (‘?) (+41-2r-2r* - 2i, - 2i, +4i,)
i | i, +i; +1  -r Solvmlg glveEs unknown (?)-factor: (?)==+v3/6 5
* - : E* 3
Hy |+ i or o4l (4= _D(l) _____ and oft-diagonal: & Dy, (r)="73 .ete.




Finally, must set + signs of off-diagonal components...

+oil2 3(\/_ */;r Jigil"'\/igiz)
(r)= \/_,ez‘c

0212



Irreducible nilpotent projectors Py, n(m=n) i-a
Review of D3DC>~ C3,DC,

o

Dy:xi | xi* x° xi
a=A |1 1 1

Given: P%= %(ch —-c¢, +0)

1 2
a=E | 2 -1 0 =3(21-r-r7)
First do C> ={1,i3} splitting: 1
E E 1 2319, sy | 2 . . : ° -
P0202=P p02=§(21—r—r s +1i5) = (21-r-r"—i, —i, + 2i;) axis nE axis
E E 1 2314 sy | 2 . :
l)1212 =P p12=§(21—r—r 5(1=13)=c(2l-r-r"+i, +i, - 2i;) r +ri, ( r +ri,
Then find nilpotent proportional to: PE =P p, rp, =P" 12| 1 r +ri, =1pfl 1 | r +i
p p1Oop 50, 1, Po, 22 3 =% 2
_ _ _0 [ N 2
+P0b;12 5 (- {1‘ +£ P23 11+f i,) Now, to set + signs... I3 | ~I0 —15l, —i, | =i, -r

Make group space vectors:
ooy )= o 5 Gl I P )1 1)+ 20 )
Plljo2 > =5 (0[1)+] r>—‘ r2>—‘ ip) +]iy) +0]is))




Irreducible nilpotent projectors Py, n(m=n)
Review of D3DC>~ C3,DC,

o

Dy:xi | xi* x° xi
a=A |1 1 1

Given:

0

o=F | 2 -1

First do C> ={1,i3} splitting:

P =1(2¢,-¢, +0)
=%(21 -r- rz)

1

E E 1 231 sy 1 2 ¢ s A - -
P0202=P p02=§(21—r—r (1 +13) = (21-r-r"-i -1, + 2i,) axis axis
E E_ 1 2301 q sy 1 2 ¢ s A
P, =P P, =31 -r-r")7(1-iy)=g(21-r-r"+i +i, - 2i;) / r  +ri, ( r o +ri
Then find nilpotent proportional to: P, —PEplzl‘pO2 -P" %% 1 r  +ri, =% Pl 1 | r o+,
_3 _3 i o . . o)
+Pol;2 3 (- \51’ +£ - 11+\§ i) NOW to set + signs... 3] 7t~ —iy | —i; -r

Make group space vectors:
P(g02>= @)= [r)e?)- i) i) + i)
>=%<0\1>+\ )| )=y +]iy) + Ofis)

E
P
150,

Do desired g=r transformation:

r

E
P
0,0,

E
P
150,

>= 2%6(2
1o

)-|r)-
r>+‘r2>—

iy)-|i,) +2]i,))
i3> +‘i1> + O| i3>)



Irreducible nilpotent projectors Py, n(m=n) i-a
Review of D3DC>~ C3,DC,

o

Dy:xi | xi* x° xi
a=A |1 1 1

Given: P%= %(201 -¢ +0)

1
E|2 -1 o0 =§(21“’"’2)

a

First do C> = {1 i3} splitting:

1 . 1 . . .
Poioz—P Py, = 1@1-r-r* )y (1+iy) = s 21l-r-r’-i, —i, +2i;)

Pélz =P p12=§(21 —r-r’)y(1-iy)= ¢ (21-r—r’+i +i, - 2i,) — ( -~
Then find nilpotent proportional to: PEoz =PEP121‘P02 P* ; ; 1 | r +ri =% PE 1 | r 4,
+Pol;l2 3 (- *gr +£ - 11+\§ i,) Now, to set + signs... iy | —r —lgri iy | i, -1’
Make group space vectors: Do desired g=r transformation:

P(g02>= @)= [r)e?)- i) i) + i) r p(g02>= L) )= [ig) i)+ 2y )

Péoz > =5 (0[1)+] r>“r2>“ i) +i) +0]is)) r Plgo2 > = (0 r>+‘ r2>‘ 1)-|i;) +]i)) +0]i;))

Set up to find matrix of g=r transformation:

E

r P0202>= L) +2 r>—‘r2>— i)+ 20i,)-[iy)

r P@oz > = %(— 1>+O r>+‘ r2>+ i1>+0|i3>—| i3>)




Irreducible nilpotent projectors Py, n(m=n)
Review of D3DC>~ C3,DC,

Dy:xii | xit x X

a=A4 | L 1 11Gjven: PF= %(201 -¢ +0)
- - 1 2

a=E | 2 -1 0 =3(21-r-r")

First do C> ={1,i3} splitting:

1

E E 1 231 sy 1 2 ¢ s A - -
P0202=P p02=§(21—r—r (1 +13) = (21-r-r"-i -1, + 2i,) axis axis
E E_ 1 2301 q sy 1 2 ¢ s A
P, =P P, =31 -r-r")7(1-iy)=g(21-r-r"+i +i, - 2i;) / r  +ri, ( r o +ri
Then find nilpotent proportional to: P, —PEplzl‘pO2 -P" %% 1 r  +ri, =% Pl 1 | r o+,
_3 _3 i o . . o)
+Pol;2 3 (- \51’ +£ - 11+\§ i) NOW to set + signs... 3] 7t~ —iy | —i; -r

Make group space vectors:

£02>=2%/§(2‘1>—‘r>—‘r2>—|i1>—|iz>+2‘i3>) r
Péoz>=%(0\1>+\r>—‘1‘2>—\i1>+\iz>+0\is>) r

Set up to find matrix of g=r transformation:

r P(g02>=2lﬁ(— 1)+2 r>—‘r2>— i)+ 20i,)-[iy)
r P1202>= %(— 1>+O r>+‘r2>+ i1>+0|i3>—|i3>)

< 150,

E
P
0,0,

E
P
150,

1
< 0202‘ ‘ 050, > 23
‘r‘POEzOz>= %(0+1-1-1+1+0)-2lﬁ(-1+2-1-1+2-1)=J§/2

>= 2%5(2
1o

)-|r)-
r>+‘r2>—

1)-
1)-

Do desired g=r transformation:

iy)-|i,) +2]i,))
i3> +‘i1> + O| i3>)

(2- 1-1-1-1+2)-2lﬁ(-1+2-1-1+2-1)=-1/2



Irreducible nilpotent projectors Py, n(m=n)
Review of D3DC>~ C3,DC,

Dy:xii | xit x X

a=4 1 T 111 Gijven: pPEf= %(201 -¢ +0)
- N 1 2

a=E | 2 -1 0 =3(21-r-r")

First do C> ={1,i3} splitting:

1

E E 1 231 sy 1 2 ¢ s A -
P0202=P p02=§(21—r—r (1 +13) = (21-r-r"-i -1, + 2i,) axis
E E_ 1 2301 q sy 1 2 ¢ s A
P, =P P, =31 -r-r")7(1-iy)=g(21-r-r"+i +i, - 2i;) / r  +ri, ( r o +ri
Then find nilpotent proportional to: P, —PEplzrpO2 -P" %% 1 r  +ri, =% Pl 1 | r o+,
_3 _3 i o . . o)
+Pol;2 3 (- \51’ +£ - 11+\§ i) NOW to set + signs... 3] 7t~ —iy | —i; -r

Make group space vectors:

Poyoy )= g G0 )-li) i) e ) R, =€
Péoz > =%(0‘1>+‘ r>“r2>“ i1> +‘i2> + O‘ i3>) r Plgo2 > = (0
Set up to find matrix of g=r transformation: < ‘ ‘ > |
. . . 0,0 0,0 \/—
r p(g02>=21£<_ 1)+ 2 )-[r?) i)+ 2iy) - i) ¥ ‘ . >
r P@oz > = %(— 1> +0 r>+‘ r2> + i1> + O|i3>—| i3>)
The Do + sign is@ < 0202‘ ‘ 12°2>
This checks with p. 56 <

r>+‘r2>—

1)-
1)-

Do desired g=r transformation:

2 r>—‘r2 >—

iy)-|i,) +2]i,))
i3> +‘i1> + O| i3>)

(2-1-1-1-1+2)- lf(-1+2-1-1+2- 1)=-1/2=Dy 0,0,(7)

1(0+1-1-1+140): f( 1+2-1-1+2-1) =v/3/2= DIE 0,(7)

%/_(2—1—1—1—1+2)'% (—1+0+1+1+0—1)=@2 0212(’”)
1 1 £
1202‘ ‘p >= 3 (0+1=1=14140) 3 (= 1+0+1+1+0-1) == 1/2 =D, ())



This amounts to the world's

most complicated derivation
of: cos 120°=-1/2
and: sin 120°=V3/2

[ cos(120°) —sin(120°) \_/ _1/2 -J3/2 )

D"(r)=D (120)=L sin(120°)  cos(120°) )_ J3/2 0 -1/2 J

E B2 By B E*
Po 1, = ST+ - 45 0,) =P

150,
Coeﬁ‘iczents D( )(g)are lrreduczble representatlons (zreps) of g

g= I i

) 1 1 1 1
D! (g)- i 1 I 1 1 1

oyl | 'y (4] [ E) (4 E) () )T
- | Ul {e g ) {oa) [ o) L] o
’ 2 2 2 2 2 2 2 2
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Irreducible nilpotent projectors P, (m=n)
Using fundamental g—=P",, , relations: ( from Lecture 16)
(@) Pl @GP n =DV ()P mn  (b) @=1yEmnDV mn(@)P mn  (c) Plun=(01/°G)LeD" mn(g)g
Review of D3;DC>~ C3,DCy calculations of P#w,n and D* .,
* Calculating and Factoring P10, and P13, é



Irreducible nilpotent projectors Py, ,

Coset-factored Ti-sum.:(First display idempotent projectors P, and diagonal components D" (g)

PTI = é[(l)'lp14
P/, = l[()1p,
‘ P/, =![(1)1p,,

(a) Vector |/,

PN() =

ZT(R?) R} =

+(0)p.p,,

+(0)p.p;,

+(+§)'l‘1p14

+ (_é).rlp 3,

+ (+§)'l’2p14

+ (‘é)'rzp 3,
+(0)r,p,,

+('§)'1~'1p14

+(+;)T,p 3,

+(0) T p,,

+ (‘é)'f'zpu]
+(+)'F,p 5,
+(0)r,p, ]

N
T €T1=3 G %
PTl _ DTl
1 =50 42 o (28
d Vector
3%

left cosets

PT(R,) =

PFT(RY) iy =

p, =(1+R _+p_ +ﬁz)/4
p,=(-iR_-p +iR_)/4

p24=(1-RZ + pz-ﬁz)/4

p, =(1+iR_-p_-iR )4




Irreducible nilpotent projectors Py, ,

. . T . T
Coset-factored Ti-sum:(Now ﬁna’ nilpotent projectors ijland oﬂdzqgonal D; (g)
PI4T1 = é[(l)'lp14 +(0)'pxp14 +(+§)'1’1p14 +(+§)'1'2P14 +('§)'1~'1P14 +('é)'l~'2p14]
P, = ;[(D1p, +©O)pp, +(E)r P, +()T,p,  +(H)Fp,  +(5)F,p,]
P0741104 =é [(1)'11304 + ('1)'pxpo4 + (0)'1'1[)04 + (())'rzpo4 + (O)'i:1po4 + (O)'fzpo4]

. T T T T T
Calculating: P v P, =D\, (r )P i =P"'p, rp,

-2mwimy p

13 4 p
P

00 u
. . ' ;
Consistent with standard:P,;‘j4m4=E °G Dn’;m(g )g

0Oy
left cosets

P, =(1+RZ+pZ +13~{Z)/4
4

p, =(1-iR_-p_+iR_)/4
4

p,=(1-R_+ p.-R_)4

p, =(1+iR_-p.-iR_)/4



Irreducible nilpotent projectors Py, ,

. . T, . T
Coset-factored Ti-sum:(Now ﬁna’ nilpotent projectors ijland oﬁ—dzqgonal D; (g)
l)14T1 = é[(l)'lp14 +(0)'pxp14 +(+§)'1’1p14 +(+§)'1'2P14 +('§)'1~'1P14 +('é)'l~'2p14]
P3T34 = é[(1)1p34 +(0)'le334 +('é)'r1p34 +('é)'r2p34 +(+é)'l~.1p34 +(+é)'f2p34]
P0?04 =§ [(1)'11304 + ('1)'pxpo4 + (0)'1‘1[)04 + (O)'rzpo4 + (())'l~'1po4 + (O)°f2p04]

. T T T T T
Calculating: P v P, =D\, (r )P i =P"'p, rp,

Then find nilpotent proportional to: p, I p,,

-2mwimy p

13 4 p
A

00 u
. . ' '
Consistent with standard:P,;‘j4m4= E °G Dﬁ4m4(8)g

0Oy
left cosets

P, =(1+RZ+pZ +13~{Z)/4
4

p, =(1-iR_-p_+iR_)/4
4

p,=(1-R_+ p.-R_)4

p, =(1+ iR _-p_-iR_)/4



Irreducible nilpotent projectors Py, ,

Coset-factored Ti-sum:(Now find nilpotent projectors

Pl4Tl = é[(l)'lpl4 +(0)'pxp14 +(+§)'l’1p14 +(+§)'l‘2pl4 +('§)°l~'1p14 +(—§)'l~'2p14]
P3?34 = é[(1)1p34 +(0)'PxP34 +('é)'r1p34 "'('é')'rzp34 +(+é)'f1p34 +(+é)'f2p34]
P0?04 =é [(1)'11304 +('1)'pxpo4 +(0)'l’1p04 "‘(O)'rzpo4 +(0)'f'1p04 +(0)'f2po4]
. T T T T T
Calculating: P, v P, =D/, (r )P, =P"'p, rp,,

I, r, 1, R,
1 I, r, i, R,
Then find nilpotent proportional to:p, r,p,, _]]6 o | -, -r, -R-i
—-iR_| -ii, -iR, -if, —ir,
+iIR | +iIR,~ +il; +ir, +if,

-2mwimy p

13
4
P, 42

°0 u
) ) y 0
Consistent with standard:P, =E
411tq - OG

Dy (2

P, and off-diagonal D" (g)

R’=]
z

0Oy
left cosets

P, =(1+RZ+pZ +ﬁz)/4
4

p, =(1-iR_-p_+iR_)/4
4

p,=(1-R_+p_R.)4

p, =(1+iR_-p.-iR_)/4



Irreducible nilpotent projectors Py, ,

. . T . T
Coset-factored T1-sum:(Now ﬁna’ nilpotent projectors ijland oﬂdzqgonal D; (g)
PT1 = é[(l)'lpu +(O)'pxp14 +(+§)'l’1p14 +(+§)'l’2p14 +('é)'l~.1p14 +('é).l~.2pl4]
P3€134 = é[(l)'1p34 +(0)’PxP34 +('é)'r1p34 "'('é)'rzp34 "‘(4'5)'I~.1I)34 +(+§)'I~‘2p34]
P0741104 =é [(1)'11304 +('1)'pxpo4 "‘(0)'1'11)04 "‘(())'rzpo4 "‘(O)'i:1p04 +(O)°l~‘2p04]

. T, Tl — T1 Tl T
Calculating: P v P, =D\, (r )P i =P"'p, rp,

r, r, i R,

1 r, r, i R,

Then find nilpotent proportional to:p, r\p,, _]]6 p, | -r; -r, —ﬁy -1,
-iR, | -ii, -iR, -if, -if,

+iR, | +iR,  +ii; +iF, +iF,

0Oy
left cosets

=l(r,+r, +i, +R )= (r, + 1, +1, +I~{y)—i(f'1 +F, +R_+i)+i(f, +F, +R_+i.,)]/16

=[r1p 0, r,p 0, if‘lp 04+ ifzp 04]/4

-2mwimy p

13 4 p
Pn=g32, 0 RS

°0 pu
: : " 00
Consistent with standard:P,;i4m4=E oG D, ..(8)g

P, =(1+RZ+pZ +13~{Z)/4
4

p, =(1-iR_-p_+iR_)/4

p,=(1-R_+ p.-R_)4

p, =(1+iR_-p.-iR_)/4



PITLr PT1 =1 D£104 (r )Plfg) — PTlp14r1p 0, Relating off—dlagonlal 1404 components D1404 (g)
$p14r1p04= ﬁ [—r1p04+ LP,,t if1po4_ if2p04 ] = to coeflicients of \/_pu Py, -

1 ~
ﬁ[ —(r, +1, +1i, +R )+(r +1, +12+R )+z(r +F, +R +i6)—i(f'2+f’4+Rx+i5)]

-----------------------------------------------------------------------

. .
(a) Vector 7, Representation ' Ny ’ e q
1 *~ L 3.2
1 ~ . o
--- e e mm- == LRI
/ > 1 3 i z i
(1) R r 1 rs : ri 1 rs a
! : ' 1

J - N -~
—

‘O,
- O momomom
! ro
J) 5 ro ~
.J. .

Vector
X,,Z

!

2| -~

N -~
- -

) %)

l------v—
s ro

N~
A

¢ -

-
| mm---

7 ‘vl(/(;' l(:: - ',: 1

e
'

]
] |
-

7 TW(R,) iy D4 ) Sl

7 '(R3) iy R, = .

9, [:\l“ll‘\‘ Il\'\
I - basis Dy | E ’Ill- '} A, /'
1] | ! Cs! ]‘/'}"“}' s |




Irreducible nilpotent projectors Py, , 0>y
left cosets

Coset-factored T1-sum:(Now ﬁna’ nilpotent projectors Pj?and oﬁdiqgonal D Jil*(g)
PuTl - é[(l)'lpu +(0)'pxp14 +(+§)'r1p14 +(+§)-l‘2p14 +('é)'l~'1p14 +('é).l~'2pl4]

P3T34 = é[(1)1p34 +(0)'PxP34 +('é)'r1p34 "'('é')'rzp34 +(+é)'1~.1p34 +(+é)'f2p34] {
Pojlo4 =§ [(1)'11304 + ('1)'pxpo4 + (0)'1'1[)04 + (())'rzpo4 + (O)'i:1po4 + (O)'fzpm] {

Calculating: P14Ti4 P€104 = DIT;O4 (rl)P14T64 PTlp14r1p 0,
NOTE: These projectors

still have phase errors r r, i R,
asof4.12.17 .

(However final tables OK) 1 I, r, 1 R,

Then find nilpotent proportional to:p, r,p,, _]]6 p. | -I; -T, —Ry -1,

+iR, | +ii, +iR, +if, +if,

-iR, | iR, -ii; -if, -iF,

=l(r,+r, +i, +R )= (r, + 1, +1, +I~{y)+i(i‘1 +f,+R_+i)—i(F, +F, +R_+i.)]/16

=[rp, — P, +iEP, —it,p, /4 =  (r,—X,+IiF —iF)p, /4
Result is nicely factored: P
P4Tg)4 = PTIP14r1p04~ (?)'(r1p04_ 2p04+ if'1po4_ ifzpo) .
p04=(1+RZ+pZ+RZ)/4
2mimyp p, =(-iR_-p,+iR )4

3
m 12 4 R§=< ~
+ 4po0 p,=(-R_+p R )4

°O0 pu _ . _ _ ad
Consistent with standard:P,;‘j4m4=E fG Dy (2 p34—(1+ iR.-p_-iR )4



Irreducible nilpotent projectors Py, ,

Coset-factored Ti-sum.:

1)14Tl = é[(l)'lp14 +(0)'pxp14 +(+§)'l’1p14 +(+§)'l‘2pl4 +('§)'1~'1p14 +(—§)'l~'2p14]
P3T34 = é[(l)'lp34 +(0)'PXP34 +('é)'r1p34 +(—§)-r2p34 +(+§)'I~.1p34 +(+é)'l~.2p34]
P0?04 =é [(1)'11304 +('1)'pxpo4 +(0)'l’1p04 "‘(())'rzpo4 +(0)'f'1p04 +(0)'f2po4]
. T T T T T =
Calculating: P4104r 1’1414 =Dy, (r )P, b, = P P, TP,
NOTE: These projectors
still have phase errors F-F, _iﬁx +il,
as of 4.12.17 R
(However final tables OK) 1| r, -r, —-iR,+i
Then find nilpotent proportional to: p, F,p ]l r, -r, -i; +iR,
R, IR, -i, -ir, +ir,
R, | i -R -ir, +ir
13 2m:14.pRP
m4 Zg z )

Consistent with standard:P,

»
S

Dy (2

0Oy
left cosets

p04=(1+RZ+pZ +ﬁz)/4
p14=(1—iRz—pZ+iI~{Z)/4
p,=(1-R_+p_R.)4
p, =(1+iR_-p.-iR_)/4



Irreducible nilpotent projectors Py, ,

Coset-factored Ti-sum.:

P/ -
Tl —_
P3434 =

Tl

Calculating: PTO4r P14Ti4 = DOTl14 (rl)POT‘14 =P’

((OAp,  +O0)pp,  +G)T P,
s[(D1p 5, +O)ypp; + (-3)T,p 3,
=é [(1)'11304 +('1)'pxp04 "'(0)'1.11)04

NOTE: These projectors
still have phase errors

as of 4.12.15

(However final tables OK)

Then find nilpotent proportional to: p, F,p; = ]l6pz

=(i‘1+i‘4+l~{y+i1)—(i”'3+'f'2+i2+Ry)—i(1~{x+i5 +r,+r,)+i(i, +R_+r,+r))

=Po,r1=PoT;

- lp04Rx TPy, 1

+(+§)'1'2P14 +('é)'l~.1p14 +(_§).l~.2p14]
+('é)'r2p34 +(+é)'l~‘]p34 +(+§)-f‘2p34]
+(©O)r,p,, +(O)rp,, +(0)F,p, ]
Po TP,

r, -r, -iIR_ +i,

1 | r, -r, —-iR_+i

r, -r, -i;, +iR

.| R, -1,  —ir, +ir

R |1, -R -ir, +ir,

13
Pn= 2

Consistent with standard:P,

-2mwimy p

Of'u

o
o

°G

4 R§=<

Dy (2

0Oy
left cosets

p04=(1+RZ+pZ +13~{Z)/4
p, =(I-iR_-p_+iR )4
p,=(1-R_+p_R.)4
p, =(1+iR_-p.-iR_)/4



. . . I T T . ~ ~
Irreducible nilpotent projectors Py, , P =P'p, rp, ~(D)(p,+5,p,+ip, +5p;) le;t)iog;s
Coset-factored Ti-sum.:

PT1 = é[(l)'lpl4 +(0)p,p,, +(+§)'r1pl4 +(+§)'l‘2p14 +(_é).f1pl4 +(—§)'l~'2p14] {
P3T34 = é[(1)1p34 +(0)’PXP34 +('é)'r1p34 "'('é)'rzp34 +(+é)'1~.1p34 +(+§)'f2p34] {
Pojlo4 =§ [(1)'11304 +('1)'pxpo4 "‘(0)'1'11)04 "‘(())'rzpo4 "‘(O)'i:1p04 +(O)°l~‘2p04] {

Calculating: P14Ti4 P3?34 = DTl34 (I'I)PI?34 PT‘p14r1p 3,
NOTE: These projectors

still have phase errors r -r, -ii, +iR,
as of 4.12.15 — -
(However final tables OK) 1 I -r, -, +iR|
Then find nilpotent proportional to:p, r,p;, _]]6 p, | -Ir;  +r, +iﬁy ~ii,
+iR_ | +ii, -iR, 4T -T,
-iR_| -iR, +il;, -F, 4T,
=[(r, - r, —ii, +iR )+ (r, - r, —ii, +iR )+ (F - F, - iR +ii;)+(F, - F, - iR +ii,)]/16

=rp, +r,p, +rp, +L,p, |/4

Result is nicely factored quite likeP, ) :

T T, ~ ~
P, 134 =P''p L TP~ (N)(r,p 3, TLP; 0P +1L,P 34) )
P, =(1+RZ+pZ+RZ)/4

|3 2mimgp p, =(1-iR_-p_+iR_)/4
P, —E +ORI=D i
+ 4po0 p,=(-R_+p R )4

°O0 pu _ . _ _ ad
Consistent with standard:P,;‘j4m4=E fG Dy (2 p34—(1+ iR.-p_-iR )4
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Mo n(8)g

Structure and applications of various subgroup chain irreducible representations
02D DCs, OnD D31 DC30, OnDCoy é
Comparing OpD DD D2p and OpD D340 Co representations (T vector-type)
Examples of off-diagonal tunneling coefficients D%o,2,
Comparing Local Cy4, Cs, and Cz symmetric spectra
When Local C> symmetry dominates

Comparing off-diagonal OO C, parameter sets to CHs models with “cluster-crossings”
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[reps for ODD4D D> subgroup chain
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Ireps for ODD3DCo subgroup chain
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R3 = [14]23] R} = [1324] R} = [12)(34] iy = [34]
1 0 1. .0 1 .0 B
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Comparing Local C4, C3, and C> symmetric spectra
When Local C> symmetry dominates
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Comparing OrDD 2D D2n and OrD D340 Co representations (T vector-type)

2 g axis

T e

-4? 4 2=Iryxy
' x5=Irqx s -
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ot 2714%2
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° 2 .
(b)ThenI‘ZO it Rf (d)The 90° rotations 14
2 3
a '2 Rz Rz ls
: ( c)Tt?e 180° rotations Rg (e) The I80° rotations
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I'3 R,
|
re 3 Rz

.-“

2-by-2 and 1-by-

.\?‘/ X3=igXa

-“-00

|

blocks

diagonal



Comparing OrDD 2D D2n and OrD D340 Co representations (T vector-type)
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D WR)= |v¥3 -2/3 23| D Murp= |lvzz2 12| o] D MWig=|o
TRIGONAL BASES 1 J8/3 J2/3 -1/3 0 0 -1

NG

0rDD3DC;
v-representation

1 0 0
b -§T g
SRR )
diagonal
0 0
-1 0
2




Comparing OrDD 2D D2n and OrD D340 Co representations (T vector-type)
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transforms between X-and-v representations
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* Examples of off-diagonal tunneling coefficients D%o,2,
Comparing Local C4, C3, and C> symmetric spectra

When Local C> symmetry dominates
Comparing off-diagonal OO C, parameter sets to CHs models with “cluster-crossings”



Examples of off-diagonal tunneling coefficients D*o.2,

1 =[11[2][3][4]

(1 0) (10
o s Lo Lo 1
4 basis: Dy | A ) B ) R2_[12)34]  R2=[14][23]
DO404(zklk)=11+12+z3+z4+15+z6 Co| 0s /] 2 oy -
D" (i 0, ) = —(f +iy+iy+iy +is+i) Lo 1) Lo
R,=[1423] i, =[12]
E*, . . JP e
D™ (i) 0, e (1 0) [ 1(0)
Lo V3 oot Lo t) Lo
0, —5(ll+12 +ig i) +iy+iy 7(zl+12?_15:f6_) R =[1324] i =[34]
. ~...".': (1 0) (1(0))
h.c. E(ll+12+l3+l4+ls+l6)—13—14: Lo -1 ) | o 7
T* ..
D (i) 1, 3, 0,
1 Liivi+i +i) l(z‘+i io—i ) —i(iy~i,) i(z‘ D)4 — (=i )
4 V1T 5T V17275 374 \/5 172 \/5 5%
1 1 i
3 h.c. —— (i, +1,+i-+1.) +—=(i,—i, )+ ——=(i-—1.)
4 V17275 N RN R
0, h.c. h.c. —(i3+1y)
D" (i) I, 3,
L. C e e | R i .. .
1, "'5(’1""2""5"'16) +5(l1+12—15—l6)—l(l3—l4) +$(ll—lz)+$(ls—l6)
1 1 i
3 h.c. +— (i, +i,+i.+i.) ——=(,—i, )+ —F=(i.—1i/)
4 A V17275 \/5 1752 \/5 5%
h.c. h.c. +(iy+1y)

R’ =[13][24]

r, =[132] r, =[124] 1 =[123] 1, =[142]
B R s R A A e
Il
r, =[234] r, =[124] r; =[134] r; =[243]
B e s
I Il
) _i_1 _=_[1_4_] ______ 1 ) = £2_31 ) R’ =[1432] R, =[1234]
r_%\ /_%\ (e (e
R, = [1243] R} =[1342] i, =[24] i, =[13]
(0 Wb () /_21 /_;\
N .
Local Cy symmetry
conditions
11256 =11 =12 =15 = 16
and
i34 =13 = 14
make all off-diagonal
coefficients identically
ZERO.
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Comparing Local C4, C3, and C> symmetric spectra

Int.J.Mol.Sci, 14, 714(2013)
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811 82

€€ &g
£10€11€12
€15€14815

T,7,T,
01 01 01

3+3+3

€16€17€18
£19€20€21

€97€23€)4

3+3+3

(f) Oglobal . ylocal




2424

Mo n(8)g

Structure and applications of various subgroup chain irreducible representations
ODD#DCys, OnDD3DCs, OpDCoy
Comparing OpD DD D2p and OpD D340 Co representations (T vector-type)

Examples of off-diagonal tunneling coefficients D%o,2,
Comparing Local C4, C3, and C> symmetric spectra é
When Local C> symmetry dominates

Comparing off-diagonal OO C, parameter sets to CHs models with “cluster-crossings”



Comparing Local C4, Cs, and C> symmetric spectra

(a) SF, ¥, Rotational Structure FT IR and Laser Diode Spectra
K.C. Kim,W. B. Person, D. Seitz, and B.J. Krohn

J.Mol. Spectrosc. T6, 322(1979).

Rzl I Primary AET species mixing
| | e T Tad T e L 7] f e fp
i . bt S i ,:fn:‘.;r;t.’m.;.x T*l{{.l'r? distagce from
620em  Glsem  6loenn - | v separatrix ,
\b) ABB) Fine Structure Il a IroOpy efrTecis) - P(BB)
. SF6 v, P(88)~16m ] [ b &
= N e Y A S SR
Four fold axis ____',:_.___-_:.:"._--:“_________..--' H.'r.u::" /s Fi _,‘:u;u'.w'ﬂu NUOMBag, ™

____.,..--“'-'-""""".--"'--"" species mixing /2 4 T oh ™y

=== TR SN [Ke=..81 82 83

(c) Superfine Structure (Rotational axis tunneling) v/ s

— o e, 38

83 87 86 85 8483 82 81 80 79 78 77 76 75 74 73 /2 71.=Hg|') vy

P E-H—-E:E_"m OT2H: 7 kHe :H:m — Lo Ll
i B AT . 20 035kHz [T ] - Sl
e’ 650 He | 9ui0 *Hz E I 2THe [EAL L1 Y Y AT : T
70 H el | Wiz [z 7] | il
, Th L] _ar: | & [ 7 kHz [T T 1 B.2MHz [T [ I
T | I | AnE | 1] AREl Ll A § | 1)
R b | ' | A

|

T T
Observed repeating sequence(s)...A T E T?IT1 ET,A, T,T

--+-

0-C, (U, (1), (20, (3)=-1)y 0=Cy (0)5 ()3 (2)35-1)3
. . . 1 R 1 L
Local correlations explain clustering... aly . .
... but what about spacing and ordering?... 5] I P
E | . | . El- | |
...and physical consequences? T, 1 1 . Tl 1
4] = | | | '['3 | | |

Int.J . Mol.Sci, 14, 714(2013)



Comparing Local C4, Cs, and C; symmetric spectra
Angular _‘Tr-j]m*ncntum Cones and Quantum Polar Anglca'o_;

4 .
200101 15 R
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When Local C> symmetry dominates

1l
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Local C,

1
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5r Local C 'y

Int.J.Mol.Sci, 14, 714(2013)
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When Local C> symmetry dominates

0DC, (i) | 0, 1,
44C, |1
4c, | -1
ElC, |1 1
T, |1 2
ric, |2 1

Table 13. Splittings of O O C; (14 given sub-class structure.

02D | go| 900 pn180° R,90° i, 180°
D Cy(iy)
)
E5, go | Aria+4ryy | 2pmy+p. | 4Ry + 2R, | 4diygse + i3+ g
Eo, Go | —2T12— 2134 | 2pgy+p. | 2Ry + 2R, | —2i1256 + i3 + s
5(1); go | —2ri2 + 213 —P- 2R, —201956 — i3 + U4
502 go | 2rip —2r3 —p= —2R,, 211056 — 13 + 14
€, || 9o 0 —20.y + P2 —2R, i + g
1y
5142 go | drip+drsy | 2p.+p. | 4Ry — 2R, | —4di1956 — 13 — s
512 Go | —2r10— 2734 | 2pgy + P2 2R, — 2R, 211956 — 13 — 14
61;E Go | 2rip — 2r3 — Pz 2R, —2i1256 + 13 — 4
Efzw 90 0 —2pzy + P —2R, —i3 — iy
€ 12 go | —2r12 + 2134 —Pz —2R,, 211956 + 13 — 14

Int.J.Mol.Sci, 14, 714(2013)

Comparing off-diagonal ODC> parameter sets
to CH4s models with “cluster-crossings”

Table 14. Matrix that converts tunneling strengths to cluster splitting energic

O 1 7ig,%1956 T34, Bay Poys B p2yis

g, 1 4 4 2 1
g, 1 =2 —2 2 1
e, 1 =2 2 0 -1
€xo, 1 2 —2 0 -1
€40, 1 0 0 —2 1

Table 15. Matrix that converts cluster splitting energies to tunneling strengtl

) € € €0: Lo EAvom
I T T T
T12,8125% 15 —i5 —8§ 8 0
T34, R.ry 1_12 - é é o é 0
Pzy; R, é é 0 0 _i
Pz, Z'3 1_12 (li _i _i i




Figure 30. The plot focuses on the lowest 05(C3)1O cluster in the previous energy plot
(Figure 29) of the 7T'*¢ Hamiltonian for J = 30. The inside plot has been magnified
100 times. The inside diagram also centers the levels around their center-of-energy, showing
only the splittings and ignoring the shifts of the cluster. Symmetry species are colored as
before: A;: red, A,: orange, E, : green, T): dark blue, and 75: light blue. The vertical lines
on inside plot draw attention to specific clustering patterns described in the text. 15(C3)1O
clusters have similar superfine structure but with A, replacing A, and 7} switched with 7.

Comparing off-diagonal ODC> parameter sets
to CH4 models with “cluster-crossings”

Splitting Fhergy (arbitrary units)




End of Lecture 21. Following pages contain Oy-related tables given previously

0>C, |0, 1, 2, 3, 0DC, |0, 1, 2

4lc, | 1 AC, | 1

4,}C, I 4G | 1

ElC, | 1 1 ElC, 11

Tic, | 1 1 1 TVC, | 1 1 1

e} 111 TG, | 111
0,0C, |4 B 4" B" E| 0,DC, |4 4" E
Alg‘l’c4v 1 Alg"’c3v 1
4,,1C,, 1 4,,1C,, 1
EAC, | 1 1 EAC, 1
TGy, 1 Ll TG, 11
rAC,, S A e 1
Ang/C4v I Alg"’c3v I
4, 1C,, 1 4,0 | 1
E\C,, (I E\C,, 1
L€y, | 1 Ll RG] 1
7,.1C,, 1 e L1

0DG,(i,) | 0, 0DGC,(p,)| 0, 1,
A1C, 1 A1C, 1
A,}C, A,|C, 1
E\C, |1 E\C, |2
.LlC, 1 T,\C, 1 2
Lic, | 2 I, }C, 1 2
0,0C, | A B B"| 0,DC; |4 B A" B
4,1G, | 1 4,1C, | 1
A2g‘|’Cév . AZg‘l’C2Zv 1
ENC, | 1 1 E G, | 2
LAC, | - 1 1 T,1C;, 11
LAC, |1 1 e 11 1
4,16, 4,1G, !
4, 1Cs. 1 A4, 1C3 1
ECh 1 E |C3 2
TG |1 1 1 TIC: |1 1 1
rlc 111 LG |1 1 1




() Oglobal*Olocalgoglobal*c4local f) Oglobal ylocal

A4

: ] 8384 01 01 01 T, T? T?

€€ | e, 658y [10,0,0,
242 E1ofni€n2) 816817818
€13€14815 |€190€508;
3313 £2283%4
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Ireps for ODD4DCy subgroup chain
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T4 T,
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ensor
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Tensor
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> cluster is not

ALC, || 1
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A 1 Gy, /1\ '
ANC | )]
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A2u

— "~
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OhD C4v
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odd (u):
A1eTiuEs
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f:!,r: ] Exampze: G=0 Centrum. K(G):Z[D:] (ED!)(J' =1 ﬂ'_,_] ﬂ_|_2ﬂ_|_3ﬂ_|_3ﬂ':5

A .
f | I Cubic-Octahedral Rank: D(D):Z (fﬂ)f =1 Iy | I+21+3I+3 !:Hj
ff: — 2 Gro@ 0 [D':]
¢Ti= 3 Order:  %(0)7Z, ( (Y0 =12+12+22+32+32=24
S \
O group , T Ry
= gz e 31
Xﬁg g 'Fl—-i Py R:{:yz oo
s-orbital r* >C‘£ — .ﬁq 1 1 1 1 1
d-orbiials Ao 1 1 1 —1 —1
x*1y°-22 x> B 2 -1 2 0 0
p-orbitalsix, v, 20T 3 0 —1 1 —1
X2,yZ, Xy} 1> 3 0 -1 -1 1
d-orbitals

-
o::q,“_]u (1) (2), (3)4=(-1), *(0)3 (13 (2)3=(-1)3 e
Al 1 R R R Al l * *
Ale o 1 e Ayl o e
El1 - 1 . E - 1 |
T, |1 1 « 1 T, (1 1 1
Tole 1 1 T, 1 1 1




Octahedral O and spin-OCU(2) rotation nomogram from Fig. 4.1.3-4 PruiesorSmmers, Dynanics ani Spectoscops




. o m 2 2 2
0:,0>0DD;DCy subgroup splitting(” b,[1 p. R, p,, iy | ) D,"{ 1, R, R}, R7}
Un 2 . .
Tetragonal Standing Wave Chain Ayt byt Tetragonal Moving Wave Chain DAL R b, L3
NOrmal g (1|1 -1 1 -1 All 111 1
Octahedral ~ Tetragonal Dihedral | A |11 1| -1 -1 Octahedral ~ Tetragonal ~ Cyclic-4 . |, ',
O D4 D2 slil1 ala 1 0] Da Cs :
2 il A1 1i-1 -1
A1 A1 Al CEEEEE— Al A1 04 Bl1 -1i-1 1
s e NOrmal D,={1,R3,R},R3} s o -1, =
D,\D,| A, B A, B, D,C,|0, 1, 2, 3,
A2 Bi R A | Az B1 % A4 |1
45 B B |1 5, g B 1
A 1 A |1
£ Al 3 Al B, 1 E A1 % 04 B, 1
e E o1 - e £ | |
~ A1 A, e P 2
UnOrmalD2= {I,Rg,i3,i4} ( r’f.i pxyz R’nyz
B1 14 )
Ty . K s D,D,| A, B A, B, T E = O|1 r R* R i
4% T A |1 o Al 11 1 1
~ A2 ~ A2
= B B 1 . A1 1 1A
B1 A 1 14 E|2 -1 2 0 O
Smmoeesc | - 13 B, 1 S e T|3 0 -1 1 -1
R A2 A E |- 1 - 1 e T|3 0 -1 -1 1
UnOrmal \

NOrmal D, = {1,R;,R’ R} UnOrmal D,= {1,R},i,,i,} -1, =
O|D,| A, B, A, B, O|D,| A, B, A, B, O|D,| A B A, B, E OlC, |0, 1, 2, 3,
A, |1 A, 1 A, 1 A, 1
E 2 E 1 1 E I 1 E 1 1
T 11 1 T 1 1 1 T, 1 1 T |1 1 1
T, 11 1 T |1 1 1 T, 1 1 T, 11 1
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Introduction to octahedral/ tetrahedral symmetry O, >0~T4DOT
Octahedral-cubic O symmetry

Order °O=6 hexahedron squares - 4 pts =24
/A\ =8 octahedron triangles - 3 pts =24
4-7 =12 lines - 2 pts =24 positions
W

RZ
(a) The identity | 2 ¥
° X H
(b) The 120° rotations Rf (3iThe S0% roatidne ) ia
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Figure 4.1.5 The full octahedral group (O,) and four non-Abelian subgroups 7, T},
T,, and O. The Abelian D, subgroup of T is indicated also.
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