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Fig. 1.1.1 Elementary beam sorter for n-state beam

One job of quantum mechanics is to compute relative intensities or probabilities Pk defined by
Pr =1r/1 where: [ =P +P>+P3 +...+Py
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Fig. 1.1.2 Stern-Gerlach beam sorter for 2-state electron spin beam

Quantum Theory in the Computer Age L :
Unit 1 Ouantum Amplitudes Principles of Symmetry and Analysis at page 4

Chapter 1. A Review of Matrix Algebra and Quantum Mechanics

Chapter 1. Amplitudes, Analyzers and Matrices
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2-State Beam Sorters
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Fig. 1.1.2 Stern-Gerlach beam sorter for 2-state electron spin beam Fig. 1.1.6 Sketch of electron beam sorting by non-uniform B-field:
(Stern-Gerlach polarizer)

Optical polarization

x-polarized light
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Fig. 1.1.3 Primitive photon beam sorter for 2-state polarization Fig. 1.1.5 Sketch of modern optical polarization sorter:
(The Brewster prism)
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Geometry of optical polarization selection
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CLASSICAL APPROACH TO OPTICAL RESONANCE AND SELECTION RULES 517

(c) Visualizing Radiation Coupling Using Feynman’s Lever The de-
tailed solutions of Newton’s and Maxwell’s equations for coupled particles
and em fields are complicated. However, for small numbers of particles there
is a graphical construction given in the Feynman Lectures (Section 11-21)
which is very instructive. It provides a way to tell exactly what the fields will
be around an arbitrarily moving charge.

Imagine that you are holding a charge and moving it back and forth. Let
the charge be attached to a ring which can slide on a long lever arm as shown
in Figure 6.5.6(a). Let the lever have a unit vector (—&,) or pointer pointing
in the opposite direction of the lever r on the other side of its swivel point (0)
at origin. Feynman has shown that the E field at origin at time ¢ depends on
the position of the pointer €, and lever r’ at a slightly earlier time (¢’ =
t — r/c). The time delay is just the time it would take a signal traveling at ¢
to propagate from r at ¢’ to origin at ¢. The E field is given by

- q 1 d?
1) = — —— ¢
(0,7) dire, (r) ¢ dt (:2 dtz[ €]
_ Coulomb mductlon radiation
_ lon fucti diation (6.5.252)

The first term is just the usual Coulomb field. The second term gives rise
to a magnetic induction field,

B(0,1) = (& X E) /c, (6.5.25b)

at origin if the charge has velocity transverse to r. Finally, the third radiation
term contributes to E(0, 1) and B(0, ¢) in (6.5.25) if the charge has accelera-
tion transverse to r. It is interesting to note that in some ways this term is
the reverse of Newton's law. For Newton’s law one is given a field E or

1
ORIGIN OR OBSERVATION / ~/
4 (0} POINT /
/ -

il

POINTER SWIVEL

~
ACCELERATED™—
CHARGE q

(a)

!unﬂ

;%_1

/ AMPLITUDE

OF OSCILLATOR

(b)

Figure 6.5.6 Feynman's lever. This construction provides a convenient way to visual-
ize the field due to an accelerated or moving charge.
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Feynman s Lectures now free online

http://www.feynmanlectures.caltech.edu/

See Volume Il Chapter 21 for the lever

Feynman s lever as described in PSDS:

http://www.uark.edu/ua/modphys/pdfs/PSDS Pdfs/PSDS Ch.6 (4.20.10).pdf#page=517
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Beam Sorters in Series and Transformation Matrices

x-polarized light X30°
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(is blocked) 7 Rl
Fig. 1.2.1 Photon beam sorters in series with the first one y-blocked and tilted by angle 6=30°.

slide

Y charges vy

Fig. 1.2.2 Geometry of photon beam sorter for input polarizations (x')') tilted by angle © [relative to (x,))].

Quantum Theory in the Computer Age; Unit 1 Quantum Amplitudes; Chapter 1. Amplitudes, Analyzers and Matrices: Beam sorters

Monday, January 16, 2017


http://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_1_Ch._1-3_2013.pdf%23page=20
http://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_1_Ch._1-3_2013.pdf#page=20

Beam Sorters in Series and Transformation Matrices
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Fig. 1.2.1 Photon beam sorters in series with the first one y-blocked and tilted by angle 6=30°.
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Fig. 1.2.2 Geometry of photon beam sorter for input polarizations (x')') tilted by angle © [relative to (x,))].
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Fig. 1.2.1 Photon beam sorters in series with the first one y-blocked and tilted by angle 6=30°.

Introducing Dirac bra- ket notation.
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Beam Sorters in Series and Transformation Matrices
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S X output amplitude due to x' input = <x| > cos6

X sinb=sin30°=1/2 =0.5
cos0=c0s30°=\3/2=0.866
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Fig. 1.2.2 Geometry of photon beam sorter for input polarizations (x')') tilted by angle © [relative to (x,))].
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Beam Sorters in Series and Transformation Matrices
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Fig. 1.2.2 Geometry of photon beam sorter for input polarizations (x')') tilted by angle © [relative to (x,))].
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Fig. 1.2.2 Geometry of photon beam sorter for input polarizations (x')') tilted by angle © [relative to (x,))].
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Beam Sorters in Series and Transformation Matrices
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If we y'-blocked and let X' through
X output amplitude due to x' input = <x| > cos0,

Y output amplitude due to x' input = < y| >— sin @
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“Abstraction” of bra and ket vectors from a Transformation Matrix

Ket or column vectors Bra or row vectors

Given . <x|x'> <x|y'> ( s sinb j
Transformation | L= '
Matrix To, | 1) () ) L sinf cos6

Monday, January 16, 2017
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“Abstraction” of bra and ket vectors from a Transformation Matrix

Ket or column vectors Bra or row vectors
Given : <x|x'> <x|y'> ( cos@ —sinb j
Transformation ' N
Matrix T, : | 1% (]p) ] U sin6  cos6

Abstracting ket | n'") state vectors

from
Transformation Matrix

T =(m| ')

Monday, January 16, 2017
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“Abstraction” of bra and ket vectors from a Transformation Matrix

Ket or column vectors Bra of row vectors
Given <x|x'> <x y'> ( c0sf  —sing ]
Transformation | e .
Matrix T, : <y‘x > <y’y > Slzn9 cos@
et T :
b e

Abstracting ket | n'") state vectors

from
Transformation Matrix

T =(m| ')

Monday, January 16, 2017
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“Abstraction” of bra and ket vectors from a Transformation Matrix

Ket or column vectors

(x

Given x'> <x|y'> ( cos@ —sinf }
Transformation |
) 1) [T o o

Matl’iX Tm,n/ .

-

-
.
~a,

|x'>: <x|x'> :[ C§089 ] |y'>= <x|y'> :[ —s:in9 )
<y‘x'> sin@ <y‘y'> cosO
Abstracting ket | n'") state vectors

from
Transformation Matrix

T =(m| ')

Monday, January 16, 2017
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“Abstraction” of bra and ket vectors from a Transformation Matrix

Ket or column vectors

(x

Given x'> <x|y'> ( cos@ —sinf }
Transformation |
) 1) [T o o

Matl’iX Tm,n/ .

-

-
.
~a,

|x'>: <x|x'> :[ C§089 ] |y'>= <x|y'> :[ —s:inG )
<y‘x'> sin@ <y‘y'> cosO
Abstracting ket | n'") state vectors

from
Transformation Matrix

T =(m| ')

(0=+30°)-Rotated kets {|x’),|y") } or {x’,y’}
represented in page-aligned {|x), |y) } basis.

Monday, January 16, 2017

Bra or row vectors
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“Abstraction” of bra and ket vectors from a Transformation Matrix

Ket or column vectors

-

-
.
~a,

|x'>: <x|x'> :[ C§089 ] |y'>= <x|y'> :[ —s:in9 )
<y‘x'> sin@ <y‘y'> cosO
Abstracting ket | n'") state vectors

from
Transformation Matrix

T =(m| ')

=‘x>(cose)+‘y>(sin9)

(0=+30°)-Rotated kets {|x’),|y") } or {x’,y’}
represented in page-aligned {|x), |y) } basis.

Monday, January 16, 2017
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“Abstraction” of bra and ket vectors from a Transformation Matrix

Ket or column vectors

-

-
.
~a,

| 0 oz )| H )

Abstracting ket | n'") state vectors

from
Transformation Matrix

T =(m| ')

..................................................

(0=+30°)-Rotated kets {|x’),|y") } or {x’,y’}
represented in page-aligned {|x), |y) } basis.
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“Abstraction” of bra and ket vectors from a Transformation Matrix

Ket or column vectors

-

-
~ e
~a,

| 0 e o H )

. Abstracting ket | n') state vectors

from
Transformation Matrix

T =(m| ')

.......................................................

..................................................

(0=+30°)-Rotated kets {|x’),|y") } or {x’,y’}
represented in page-aligned {|x), |y) } basis.
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Bra or row vectors
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“Abstraction” of bra and ket vectors from a Transformation Matrix

Ket or column vectors

e

-

-
~ e
~a,

from
Transformation Matrix

T =(m| ')

.......................................................

..................................................

.........................................................................

(0=+30°)-Rotated kets {|x’),|y") } or {x’,y’}
represented in page-aligned {|x), |y) } basis.
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|x'>:[ gtz ][:ﬁg ]=|y'>=[ Ej;; ]:[ _Ciisneg...j .................

. Abstracting ket | n') state vectors

.

Bra or row vectors
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“Abstraction” of bra and ket vectors from a Transformation Matrix

Ket or column vectors

-

o 6 M) o

................................

.................................................

(f=+30°)-Rotated kets {

represented in page-aligned { |x),

Monday, January 16, 2017

.................

_ cos@ —sinf
sin@ CQSO

Bl
. -~
v -,

from

Transformation Matrix

T =(m| ')

--------------------------------------

..................

............................................................

..............................................................

X).ly") }or (X', ¥}
y) } basis.

<x|y'> :[ _éine...j .................. §
<y‘y'> COSQ

. Abstracting ket | n') state vectors : :

Bra or row vectors
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“Abstraction” of bra and ket vectors from a Transformation Matrix

Ket or column vectors Bra or row vectors
<x‘x'> <x|y'> :( cos@ —sinb )
<y’x'> <y‘y'> si:nG cos6
P
0 e 0

. Abstracting ket | n') state vectors
' from =
Transformation Matrix

T =(m| ')

MZ{ o ][ ],|yv>=[ i ]=[ Bl

.......................................................

..................................................

...........................................................................

...............................................................................................................

(0=+30°)-Rotated kets {|x’),|y") } or {x’,y’}
represented in page-aligned { |x),

y) } basis.

The same thing in Gibbs vector notation:
x'= X(xox')+y(y0x'), y'= x(xoy') +y(y0y'),
=x(cos@)+y(sin9), =x(—sin9)+y(cos9).
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Beam Sorters

2-State Sorters: spin-1/2 vs. optical polarization
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Introducing Dirac bra-ket notation

» “Abstraction” oand ket vectors from a Transformation Matrix

Introducing scalar and matrix products
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“Abstraction” of bra and ket vectors from a Transformation Matrix

Ket or column vectors Bra or row vectors

[<xx'> () ]( cost _smel -------------------------- = (ol=( (elx) () )=( coso —sino )
-------------------------- = Ol=( Ol) O) )=(sine  coso )

e b Abstracting bra (m| state vectors
§ e 1 from
LY ) ek Y o [ Y ) (e ) : Transformation Matrix
|X>: <y‘x'> :[ sin@ ] ,|y>= <y‘y'> :[ cose) Tm,n,:<m’ n/>
- Abstracting ket | n') state vectors : .
N : from |

Transformation Matrix
Ton=(m| 1)

.......................................................

..................................................

...........................................................................

...............................................................................................................

(0=+30°)-Rotated kets {|x’),|y") } or {x’,y’}
represented in page-aligned {|x), |y) } basis.

The same thing in Gibbs vector notation:
x'= x(xox')+y(y0x'), y'= x(xoy') +y(y0y'),
=X(cose)+y(sin9), =x(—sin9)+y(cos9).

Monday, January 16, 2017
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“Abstraction” of bra and ket vectors from a Transformation Matrix

Ket or column vectors

-

-
~ e
~a,

.o
D
.
.
.
.o

)"”:[ o) ][

. Abstracting ket | n') state vectors : :
' from %
Transformation Matrix

T =(m| ')

.......................................................

..................................................

...........................................................................

...............................................................................................................

(0=+30°)-Rotated kets {|x’),|y") } or {x’,y’}
represented in page-aligned {|x), |y) } basis.

The same thing in Gibbs vector notation:
x'= X(xox')+y(y0x'), y'= x(xoy') +y(y0y'),
=x(cos@)+y(sin9), =x(—sin9)+y(cos9).

Monday, January 16, 2017

Bra or row vectors

<x| ( <x‘x'> <x‘y'> )=( cos@ —sinf )
= Ol=( Ol) O) )=(sine  coso )
Abstracting bra (m| state vectors

from
Transformation Matrix

Tm,n’:<m’ n/>

..................

(f=-30°)-Rotated bras {(x
represented in page-aligned { |x’),

[y or 1%, y}
y’) } basis.
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“Abstraction” of bra and ket vectors from a Transformation Matrix

Ket or column vectors

<x‘x'> <x|y'> :( cos® —sinf } --------------------------
Ol () SINQ €080 ) oo
U lt - :
J i '
|x'>: <x|x'> cos@ ] |y'>: <x|y'> :[ _éine...j ...................
<y‘x > Sir§19 ’ <y‘y'> COSEQ e

. Abstracting ket | n') state vectors : :
' from %
Transformation Matrix

T =(m| ')

.......................................................

..................................................

...........................................................................

...............................................................................................................

(0=+30°)-Rotated kets {|x’),|y") } or {x’,y’}
represented in page-aligned {|x), |y) } basis.

The same thing in Gibbs vector notation:
x'= x(xox')+y(y0x'), y'= x(xoy') +y(y0y'),
=X(cose)+y(sin9), =x(—sin9)+y(cos9).

Monday, January 16, 2017

Bra or row vectors

|

Abstracting bra (m| state vectors

from
Transformation Matrix

Tm,n’:<m’ n/>

----------------------------------------------------------------

........

..................

-------------------------------

= (C089)<x' +(—sin9)<y'|
(0=-30°)-Rotated bras {(x|, (y|} or {x,y}
y’) } basis.

represented in page-aligned { |x’),
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“Abstraction” of bra and ket vectors from a Transformation Matrix

Ket or column vectors Bra or row vectors

----------------------------------------------------------------

el b Abstracting bra (m| state vectors
I e U from :
NREES CosO NS Cain @) | Transformation Matrix
|X>:{ <y‘x'> ]:[ Sin@ ],|y>=[ <y‘y'> ]:[ cose) Tm,n,:<m’ n/>
. Abstracting ket | n') state vectors (|
N ’ firom psin 6
\ Transformation Matrix O//
Tm,n’:<m‘ n/> ‘ 9 gcos 6
.............. 7=l )0l) pl= Dbt O] o W
.................................... leerlifing) = el

........................... x >_Sm9)+y>(cose) = (cos0){x|+(-sin0)(»]
(0=+30°)-Rotated kets {|x’),|y’)} or {x/, y’} (0=-30°)-Rotated bras {(x|, (y|} or {x,y}
represented in page-aligned {|x), |y) } basis. represented in page-aligned {|x’),|y’)} basis.

The same thing in Gibbs vector notation:
x'= x(xox')+y(y0x'), y'= x(xoy') +y(y0y'),
=X(cose)+y(sin9), =x(—sin9)+y(cos9).
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“Abstraction” of bra and ket vectors from a Transformation Matrix

Ket or column vectors

-

-
~ e
~a,

.o
D
.
.
.
.o

)"”:[ o) ][

. Abstracting ket | n') state vectors : :
' from 5
Transformation Matrix

T =(m| ')

.......................................................

..................................................

..............................

.....................................................................

...............................................................................................................

(0=+30°)-Rotated kets {|x’),|y") } or {x’,y’}
represented in page-aligned {|x), |y) } basis.

The same thing in Gibbs vector notation:
x'= x(xox')+y(y0x'), y'= x(xoy') +y(y0y'),
=X(cose)+y(sin9), =x(—sin9)+y(cos9).

Monday, January 16, 2017

Bra or row vectors

----------------------------------------------------------------

Abstracting bra (m| state vectors

from
Transformation Matrix

Tm,n’:<m’ n/>

V'

¥ L.s.i.nﬂ
- 9 cos 6
D= DO T s
o — (sin9)<x"+(0089)<y" o : o

(= Gl e+ Gl

— (cos@)<x' +(—sin9)<y'|
(0=-30°)-Rotated bras {(x|, (y|} or {x,y}

represented in page-aligned {|x’),|y’)} basis.

The same thing in Gibbs vector notation:
X = (XOX')X'+(x0y')y', y= (yox')x'+(y0y')y',
X = (cos@)x'+ (—sin@)y', y= (sin@)x' + (cos@)y'.
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“Abstraction” of bra and ket vectors from a Transformation Matrix

Ket or column vectors Bra or row vectors
Given () () ( c0s6 —sing ] -------------------------- = fxl=( (sx) () )=( eoso —sino )
Transformation = by A b S kbbbl
Matrix Ty, . | 1) O1) ) L singeos6 oo = Pl=( O) 01 )=(sine cosa )
e U e Abstracting bra (m| state vectors;
U e U from '
(x| x") CosO (x| Cain@ ) Transformation Matrix
)= =l g |17 = | —m|
<y‘x'> Sll;l@ <y‘y'> COSQ Tm,n’ <m’ n>
. Abstracting ket | n') state vectors : : (|
N : : o
'si Jrom - sing/
Transformation Matrix CI//
Tm,n’:<m‘ I/l/> _______________________________________ 9 gcos 0
<) =[xl e) +]) 0l W= O+ O] Y
...................................................... ! . | | sin 0
.................................... Pt} ne) " okl lot s

........ =x>(—sm9)+y>(cos9) = (cos0){x|+(-sin0)(»]
(0=+30°)-Rotated kets {|x’),|y’)} or {x/, y’} (0=-30°)-Rotated bras {(x|, (y|} or {x,y}
represented in page-aligned {|x), |y) } basis. represented in page-aligned {|x’),|y’)} basis.
Ket vector algebra has the order of Tn,» transposed Bra vector algebra has the same order as Tm,»

) =[x) (el )+ ) (o] x) = x)(cos0) +]v)(sin6) (xf= Gl e+ (o]0 = (cos0) e+ (=sin0) (]

V) =[xl )+ )]y =) (=sing) +] y)(cos) (= O+ )] = (sind)x|+(cos8) (v
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Unit vector kets |x) and |y) or x” and y’ are represented (in their own |x)and|y) basis) as follows.

o[ S 8) S

Monday, January 16, 2017
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Introducing Dirac bra-ket notation
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Transformation matrix 7,,,,=(m| »") is array of dot or scalar products (dot products) of unit vectors
or direction cosines. [ (x

%) (x]v) ][ 050 —sin6 ][ (xex) (xey) ]
<y|x'> <y|y'> sin@ cosé (yox') (y.y')
{ e Oo[

components
of |\If> :

<X ‘ \Ij> :\Ijx

[ 0)=,

Any state |¥) can be expanded in any basis {(x|,(y|}

)=l )+ [)0])
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Transformation matrix 7,,,,=(m| »") is array of dot or scalar products (dot products) of unit vectors
or direction cosines. [ (x

%) (x]v) ][ 050 —sin6 ][ (xex) (xey) ]
<y|x'> <y|y'> sin@ cosé (yox') (y.y')

)
{0
components .
of |\If>
<x‘\j[j> :\Ijx ................... '
O [0)=0" !

Any state [U) can be expanded in any basis { (x| ,M}

¥)=[x) )+ [5) (o)
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Transformation matrix 7,,,,=(m| »") is array of dot or scalar products (dot products) of unit vectors

(x) () ][ 050 —sin6 ][ (xex) (xey) ]
<y|x'> <y|y'> sin@ cosé (yox') (y.y')

or direction cosines. [

{3 (L0
components components
of |\If> of ’\If>
N S/ — N\o..... (X! |[W) =Wy
0w) \Ify O/ [W) =Wy

V| }, ...etc
<))+

Any state |¥) can be expanded in any bas1s {{x], M} or {(x'

=)+ [)]) -

V)
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Transformation matrix 7,,,,=(m| »") is array of dot or scalar products (dot products) of unit vectors

(x) () ][ 050 —sin6 ][ (xex) (xey) ]
<y|x'> <y|y'> sin@ cosé (yox') (y.y')

or direction cosines. [

{3 L0
components components
of |\If> of ’\If>
(e[ W) W (X' |W)=Wy
<y\\If>—\Ify O/ [ W)=,

1}, ...etc
)= w) + [0 = Ix >< %) +

Any state |¥) can be expanded in any basis {{x], M} or {{x'

VYY)

Transformation matrix 7o, relates {{x|¥),{y|¥})} amplitudes to {{x'| V) ( yr\{' )}

(LR - (FHm @S] =
Ole) )L Ol Ol ) | Yol O o

<
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Transformation matrix 7,,,,=(m| »") is array of dot or scalar products (dot products) of unit vectors

(x) () ][ 050 —sin6 ][ (xex) (xey) ]
<y|)|c'> <| > sin@  cos6 (yox') (yoy')

or direction cosines. [

{00 > {01
components O components
of |\If> of ’\If>
(x| ) :\Ifx .......... \o..... (! [ W) =T
V=1, / O/ [ W)=,
Any state |¥) can be expanded in any basis {{x], M} or {{x'|,()/|},
=) + [P = [+ )]
Transformation matrix Tp, relates {{x|¥) (y|¥)} amplitudes to {{x'|W),(y'|¥})} .
Gw) ]Gl Gl | ) [ oo | Gl Gl | e G- Dir
Ohe) |08 b | D) A REERIEY 2 i
Proof: (xl=(ele’) (¢ + (/) (/] implies: (x| B)=(xl¥)'[) +(x]y/) | 0)
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Transformation matrix 7,,,,=(m| »") is array of dot or scalar products (dot products) of unit vectors

or direction cosines. [ (x ) (] ) ]:[ sl —ing ]:[ (xox') (xoy) }
<y|x'> <y|y'> sin@  cos@ (yox') (y.y')

{00 {10713
components \ components
of |\If> R \ﬁﬁ of ’\If>
(e[ (| U=
<y\\If>—\Ify O/ [ W)=,
Any state |¥) can be expanded in any basis {{x] ,M} or {{x'|,()/|},
)= le) + [01%) = [e)lE) + [)0])
Transformation matrix 7o, relates {{x|W){ y@amplitudes to {(xX'|W),(y/|¥)} .
o) [ ) () ) e ) [ v, ) [ e Gy [ v, ] e
OI¥) | L O1) Ob) L 1) ¥ OF) O L o
Y

Proof (x| ={xlx) (x| +(x] y) (/] implies: (e[ W) = {oel) [0 e ) (/[
W= |y
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Transformation matrix 7,,,,=(m| »") is array of dot or scalar products (dot products) of unit vectors

<x\|x'> (x]») ]_[ c0sO —sind ]:[ (xox') (xev) }

or direction cosines.
sinf  cos6 (vex') (vey')

y)
{00 {01
components O \ components
of [D): W of [W):
<x|\1;>:\1;x-..‘....._;....-::' .......... \o..... (X' |W)=Wy
W)=, ’ V)=
Any state |¥) can be expanded in any basis {{x], M} or {{x'|,()/|},
)=l #) + DIOPE) = [e)lw) + ]
Transformation matrix Tpm, . relates {{x|¥) (y|¥)} amplitudes to {{(x'|\},()/ [\If/>; .
W) () 6 Y ) [ ] ey () [ . i
OFF) ) Ol Ob L O]) o) L0 ) s o
Inverse (f=T*=-1) matrix T »m relates {{ x'|¥),( y'|¥)} amplitudes to {(x|¥),(y|¥)}
Hybrid

LPx' _ <x"x> <x"y> Gibbs—DiraC
oo L O Ol Sl Ug-i)

[ <y:|r:3 ][
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