Group Theory in Quantum Mechanics
Lecture 1&.04.17
Vibrational modes and symmetry reciprocity: Induced reps

(Int.J.Mol.Sci14, 714(2013) p.755-774 , QTCA Unit 5 Ch. 15)
(PSDS - Ch. 4)

Review:Hamiltonian local-symmetry eigensolution in global and IdB&4P"-basis

Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

Ds# Co(ia) local-symmetry K-matrix eigensolutions
-direct-connection K-matrix eigensolutions
Dx# Ca(r+) local symmetry K-matrix eigensolutions

Applied symmetry reduction and splitting
Subduced irep®(D3)%C, =d%2& d'2&.. correlation
Subduced irep*(D3)%Cs =d%& d3&.. correlation

Spontaneous symmetry breaking and clustering: Frobenius Reciprocity , band structure
Induced repa(C)' Ds =D*&D(&.. correlation

Induced repl?(Cs)' Ds =D3%& D(&.. correlation

Dg symmetry and Hexagonal Bands
Cross product of the,@nd D; characters gives all p=D3 ! C, characters and ireps
Induced rep?(Cy)' De =D*&D(&.. correlation and tight-binding modes
Induced repd?(Cs)' Ds =D%& D(&.. correlation
Global vs.Local symmetry effects and U(12) super-degeneracy



*Review:HamiItonian local-symmetry eigensolution in global and |dB&4P"-basis ‘l
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D3 global-g group matrices inP®"-basis

D3 local-g group matrices inP®"-basis

R"(g)= TR (g)T - R(g) =TR®(g)T =

2) ) o) o
5 D(g)| ! g 3 D/ ( ) !
$ $ -

E E .
3o | () o, | v . orderingto § ! | |Du (g ' |Dy (g
1 $ * * !

% | | DyExl(g) Dylil ! - <COTC§ nltrate§ | ! | Dxil (g) ! DXEy1 () °
% £ 2 gio a.-g § E* E*
5 ! ! |[D,(9) D, - D-matrices § ' |D, (g ! |D, (g !
$ - $ \ .
- N L S I B R e I | I v O
R"(9)=TR(9)T - R"(g)=TR®(g)T = }{

) ) 1P 1) 1) 1 )b kB
; pA(g)| | ! ! ! $ DY (g)| ! | | ! !
$ y IPW"-base s -
s ! | D2(g)| ! ! ! _ g ! D2 (g) ! ! ! !
s 2 5 ordering to : = =
3o " | DPulg) t|Dyle) ' . concentrate§ || Dy (g) Dy (g)] |
% | | | Djl | Djl |Oca|.'g % | ! D;Xl* (g) Dyil* (g) | |
% i i D-matrices % = =
% | I D, (g) ! D, (g) | . and % I I | | D, (g) D, (g)
5 | . »p}| v o»pl, H-matricess | | o, (e) D, (g)

Global g-matrix component

Local g-matrix componen

/\O

0] in)= Db (9) (4.]g &)= D (6" = D¥ (0)

m'n




DsHamiltonianlocal- H matrices inlPW"-basis

PAY Py [PERE) |PE) P
Review excerpts of Lectur& 1 P ‘ W> P Xy> ‘ yx> W>
lg"-basis: $ coT T IPW"-hasis: $ I | H ! ! | |
$rory r; iy i i, ™ $
0G %r PR OO TR ;o % | | H, HxEyl | L
H — ' r a= 2 1 0 2 3 1 ' “"’, H :-r H -r — E1 E1 1
( )G it gY %ii TN ( ) =T (H), % l [ H, H, | ! |
%iz TR P PO A % v U H, H
Bly b oGy Pool v r v Hy Hy
o= (Pa|H P@-ﬂlf“ PolL) = (1 HPLPE () =" (I HPL[1) = <1|H|9>Dab( )= #rD ,(9)
(normy (normy (normp  g=p i g=1

H* =r,D¥ Q)+ r,D¥ (r")+r, D™ (r*)+i,D (i,)+i,D™ (i,)+i,D™ (i5) =ry+r+r, +i +i,+,

=r,+2r,+2,,+l,

H” =r, D)+, D" (r)+r, D" (r)+i,D""(i,)+i,D""(i,) +i,D " (i ) =r,+r,+r, -i -i,-i, =r,+2r, -2i,, -i,
HXX =T, D, (1)+rD (r Y41, D, (r Y +i, D, (|1)+| D, (| o)+, D, (|3) =(2r, 1,1, -i,-i,+2i.)2 |=r, -1, -i,+,
nyl—r D, (1)+rD (r)+r D, (r Y +i, D, (|1)+| D, (|2)+| D, (|3) =J3(- r+r, -i,+i,)/2 HE =0

Hy;—r D, (1)+rD (r)+r D, (r Y +i, D, (|1)+| D, (|2)+| D, (|3) =(2r,-r,-r, +i,+i,-2i,)/2 |=r, -, +H,, -,
(C2:{1,i3} ;# HXE; HXE; 2 1# 20,11, -i,-i,+2i, x/C—S(-r +r, -i,+i,) ?L

Local s_ymmetry # HyEXl H; & 28 \3( 14 H,)  20ren H L2 &

determines all level _ _ _
and eigenvectors with nerigt, 0 8 Choosing locaCa={1,s} symmetry with
just 4 real parametefs I, i i, & |OCal constrainig=ra*=rz andii=iz

\_ or:r,=r, anc i, =i,




=1 Dy

Spectral Efficiency: Same D(a),  projectors give a lot!

1t i 0,
x(111111)/6 L2 i, i, 1t i i, i
A1 1111 -Dfe X: (2 -1-1-1-1+2)s

Ry=(0 -1 1-1+1 Q)32
I?,%(Z /1 -1+1 +1 -2)/6

—(0 1-1-1+1 0)r3e

*FEigenstates (shown before)
*Complete Hamiltoni

ot N
H 15 5 h b
A -block H* 117 17y L&
P4 g-expansipn Az blOCk %rz éll %|2+|3 ¢ %’ "y '+I2
in Lect.17 p. 35-51 '3@5 ETI ) H i i
J

\
°Local symmetery eigenvalue formulae (Loca Symmetry=> off-diagonal=0)
4 N\ —r =r.*=
Co={1,i3} (== =r

Local symmetry
determines all 4evej

L=1,=1,*=1
1~ 271
Ai-level: H *2r +2] *|
gives, Axlevei H *2r - 21 -1
E-leve: H - r - i+
" E-leve: H - r + 1-1

Rigorous Global vs Local

Calculus begins on p.90 o
Lecture 17. Matrix forms o
p. 125-129 and p. 130-14¢

(éV)

w

and eigenvectors wi
iust 4 real parametel|s

w W




Review excerpts of Lecture 16
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Review excerpts of Lecture 16
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Review excerpts of Lecture 16
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* Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

Ds# Co(iz) local-symmetry K-matrix eigensolutions
x-direct-connection K-matrix eigensolutions
x# Cs(r+Y) local symmetry K-matrix eigensolutions



Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtoniai =M a rela-
tions of n-dimensional force vectorF, acceleration vectora, and mass operato
M=Mdl for Ds-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a =- K & matrix expression.
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Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtoniai =M a rela-
tions of n-dimensional force vectorF, acceleration vectora, and mass operato
M=Mdl for Ds-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a =- K & matrix expression.

v
2 - — b
I MI2X®= = KX
IX b

Compare classical equation to SchrodingerOs equation for qguantum moti

- ||a_- llb
1Mt e = H b

Recall U(2) vaR(3) Schrodinger v€lassical analogs in Lectures 6-7



Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtoniaik =M & rela-
tions of n-dimensional force vectorF, acceleration vectora, and mass operato
M=M4dl for D3-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a=- K & matrix expression.

v
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Compare classical equation to SchrodingerOs equation for qguantum moti

- nm a — ] llb
1Mt e = H b
b

Squared time generator (! | ;= H)? has classical form withK =H? and M =1 2.

112922 = Kapy® where: K = H?

Recall U(2) vaR(3) Schrodinger v€lassical analogs in Lectures 6-7



Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtoniaik =M & rela-
tions of n-dimensional force vectorF, acceleration vectora, and mass operato
M=M4dl for D3-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a=- K & matrix expression.
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- nm a — ] llb
1Mt e = H b
b

Squared time generator (! | ;= H)? has classical form withK =H? and M =1 2.

112922 = Kapy® where: K = H?
b

(H/!)-eigenvalues are quantum angular frequenciek, /! =" . (Like Planck axiom: !=1")

Recall U(2) vaR(3) Schrodinger v€lassical analogs in Lectures 6-7



Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtoniai =M a rela-
tions of n-dimensional force vectorF, acceleration vectora, and mass operato
M=Mdl for Ds-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a =- K & matrix expression.

v
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IX
b

Compare classical equation to SchrodingerOs equation for qguantum moti

- nm a — ] llb
1Mt e = H b
b

Squared time generator (! | ;= H)? has classical form withK =H? and M =1 2.

112922 = Kapy® where: K = H?
b

(H/!)-eigenvalues are quantum angular frequenciek, /! =" . (Like Planck axiom: !=1")

(K /M )-eigenvalues are classicatquared frequenciesk,,/M =! 2 .(Like HookeOs lawk/M =1 2))

Recall U(2) vaR(3) Schrodinger v€lassical analogs in Lectures 6-7



Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtoniai =M a rela-
tions of n-dimensional force vectorF, acceleration vectora, and mass operato
M=Mdl for Ds-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a =- K & matrix expression.

v
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Compare classical equation to SchrodingerOs equation for qguantum moti

- nm a — ] llb
1Mt e = H b
b

Squared time generator (! | ;= H)? has classical form withK =H? and M =1 2.

112922 = Kapy® where: K = H?
b

(H/!)-eigenvalues are quantum angular frequenciek, /! =" . (Like Planck axiom: !=1")

(K /M )-eigenvalues are classicatquared frequenciesk,,/M =! 2 .(Like HookeOs lawk/M =1 2))
Apart from normalization, eigenvectors of H and K are the same

Recall U(2) vaR(3) Schrodinger v€lassical analogs in Lectures 6-7



Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtoniai =M a rela-
tions of n-dimensional force vectorF, acceleration vectora, and mass operato
M=Mdl for Ds-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a =- K & matrix expression.

v
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Compare classical equation to SchrodingerOs equation for qguantum moti
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1Mt e = H b
b

Squared time generator (! | ;= H)? has classical form withK =H? and M =1 2.

112922 = Kapy® where: K = H?
b

(H/!)-eigenvalues are quantum angular frequenciek, /! =" . (Like Planck axiom: !=1")

(K /M )-eigenvalues are classicatquared frequenciesk,,/M =! 2 .(Like HookeOs lawk/M =1 2))
Apart from normalization, eigenvectors of H and K are the same

And, each eigewalue set corresponds to its respective energy spectrui

Recall U(2) vaR(3) Schrodinger v€lassical analogs in Lectures 6-7



Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

Ds# Co(iz) local-symmetry K-matrix eigensolutions
x-direct-connection K-matrix eigensolutions
x# Cs(r+Y) local symmetry K-matrix eigensolutions



Molecular K-matrix construction

Classical modes are eigenvectors of force-Peld matrik or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinatesx, based or
six D 3-labeled axes®? or |a!.

V(X) = | E!X|K IX"  where: |x" = Xa @', (a,b)=(1,rtr%ig,isis)
(k) a



Molecular K-matrix construction

Classical modes are eigenvectors of force-Peld matrik or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinatesx, based or
six D 3-labeled axes®? or |a!.

V(X) = E!X|K IX"  where: |x"=  xgla", (a,b=(,rir? i1,z i3)
(k) a
Each K componentK op="'a|K |b" Is @ sum over springk-constants that con-
nect axisx?® to axis- xb multiplied by factor (Q ¥ma)(Q ¥ ¥°) for projecting

spring-kOs end vectorR, and Ry, onto ¥ and ¥P° at respective connections.



Molecular K-matrix construction

Classical modes are eigenvectors of force-Peld matrik or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinatesx, based or
six D 3-labeled axes®? or |al.
V(X)= 5 XK [x" where: |x" = oxalat, (@0 =(1,rYr2,iq,i,,i3)
(k) a
Each K componentK op="'a|K |b" Is @ sum over springk-constants that con-
nect axisx? to axis-x? multiplied by factor ( R, ¥ %2)(R, ¥ ®¥°) for projecting
spring-kOs end vectorR, and Ry, onto ¥ and ¥° at respective connections.

Coupling kap=)a|Kb"
Sum kél@aiﬁa)(@biﬁb) for each spring,
connecting coordinate lines 10 % '<\

ki/fa
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Molecular K-matrix construction

Classical modes are eigenvectors of force-Peld matrik or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinatesx, based or
six D 3-labeled axes®? or |al.
V(X)= 5 XK [x" where: |x" = oxalat, (@0 =(1,rYr2,iq,i,,i3)
(k) a
Each K componentK op="'a|K |b" Is @ sum over springk-constants that con-
nect axisx? to axis-x? multiplied by factor ( R, ¥ %2)(R, ¥ ®¥°) for projecting
spring-kOs end vectorR, and Ry, onto ¥ and ¥° at respective connections.

Coupling Ka=)alKb" ) Diagonal Kaa= alKa" |
Sum kél@aiﬁa)(@biﬁb) for each spring,| ¥, Sum'! %kié‘@aif’a > for each spring
connecting coordinate lines 10 % P Xa connected to coordinate ling x
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Molecular K-matrix construction

Classical modes are eigenvectors of force-Peld matrik or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinatesx, based or
six D 3-labeled axes®? or |al.
V(X)= 5 XK [x" where: |x" = oxalat, (@0 =(1,rYr2,iq,i,,i3)
(k) a
Each K componentK op="'a|K |b" Is @ sum over springk-constants that con-
nect axisx? to axis-x? multiplied by factor ( R, ¥ %2)(R, ¥ ®¥°) for projecting
spring-kOs end vectorR, and Ry, onto ¥ and ¥° at respective connections.

Coupling Ka=)alKb" ) Diagonal t_(aaf)a|K’a" |
Sum k@@aiﬁa)(@biﬁb) for each spring,; K, Sum! %k@@aiﬁf)z for each spring
connecting coordinate lines 10 % P Xa connected to coordinate ling x
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Molecular K-matrix construction

Classical modes are eigenvectors of force-Peld matrik or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinatesx, based or
six D 3-labeled axes®? or |a!.

V(X) = E!X|K IX"  where: |x"=  xgla", (a,b=(,rir? i1,z i3)
(k) a
Each K componentK op="'a|K |b" Is @ sum over springk-constants that con-
nect axisx? to axis-xP multiplied by factor (F% ¥ma)(Q ¥ ¥°) for projecting

spring-kOs end vectorR, and Ry, onto ¥ and ¥P° at respective connections.
| 4 K (R, ¥12)? if ta=Db

K here: K g = g )
b abXg Xy Where ab % | k(Qa¥K>a)(Qb¥mb) if - L

(k)

V(X) = 5



Molecular K-matrix construction
Classical modes are eigenvectors of force-Peld matrikk or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinatesx, based or
six D 3-labeled axes®? or |a!.

V(X)= 3!x|K X" where: [x"=  xjla", (a,B)=(1,r}r2iyio,i3)

(k) a
Each K componentK op="'a|K |b" Is @ sum over springk-constants that con-

nect axisx? to axis-xP multiplied by factor (Q ¥ma)(Q ¥ ¥°) for projecting
spring-kOs end vectorR, and Ry, onto ¥ and ¥P° at respective connections.

N 4 h %(Qa¥g‘>a)2 if :a=Db
= = K here: Kgp = ‘8 ’ ’
V(x) = 5 et ISR R T T kR, ¥02) (R, ¥HY) if tak
: (k)
V(x)= g(! 2= g (Ra ¥x21 Ry ¥xP)?
I(k) k . (k) a’b 1 1
= o R¥exC kR ¥R, ¥E)xXaX,

(k) a (k) a¥b



Molecular K-matrix construction
Classical modes are eigenvectors of force-Peld matrikk or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinatesx, based or
six D 3-labeled axes®? or |a!.

V(X) = }!X|K IX"  where: |x"=  xgla", (a,b=(,rir? i1,z i3)

(k) a
Each K componentK op="'a|K |b" Is @ sum over springk-constants that con-

nect axisx?® to axis- xb multiplied by factor (Q ¥ma)(F% ¥ ¥°) for projecting
spring-kOs end vectorR, and Ry, onto ¥ and ¥P° at respective connections.

1! § KR, ¥w%)? f ra=b
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Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

Ds# Co(iz) local-symmetry K-matrix eigensolutions
x-direct-connection K-matrix eigensolutions
x# Cs(r+Y) local symmetry K-matrix eigensolutions



Ds# Ca(is) local-symmetry vibrational K-matrix eigensolutions Local Dy C,(i5) model

GenericK -matrix (Top row) |rl>,’%§i v
_ | . . .

AUK|g)=u t, 1 1, i i, g g Ky R ]
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Da# Co(i3) local-symmetry vibrational K-matrix ki, £ \ 12 N =K,
15t -row parametersgy,="!1|K |gp"=K 1p of the force matrix K ap: |il>\ ///, ) :
29 kA

D3! Cy(i3) model has internal k; (angular),k; (radial)] and external [ks(angular),kg(radial)]
constants between masses and lab frame.



Da# Co(iz) local-symmetry vibrational K-matrix eigensolutions
GenericK -matrix (Top row)

Local D C D(|3) model
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D3! Cy(i3) model has internal k; (angular),k; (radial)] and external [ks(angular),kg(radial)]
constants between masses and lab frame.
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Ds# Ca(is) local-symmetry vibrational K-matrix eigensolutions Local D C 2-(13) model
GenericK -matrix (Top row \\\ \
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D3! Cy(i3) model has internal k; (angular),k; (radial)] and external [ks(angular),kg(radial)]
constants between masses and lab frame.
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Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

Ds# Co(iz) local-symmetry K-matrix eigensolutions
* D-direct-connection K-matrix eigensolutions
x# Cs(r+Y) local symmetry K-matrix eigensolutions



Ds-direct-connection K-matrix eigensolutions
GenericK -matrix (Top row)

AKlg)=a1, 1 1, i i i3§ rl]

=(1/2)\(2+V3)=sin75°

N

N\ i,) | 1> cosl 5°=\/[(1+cos 30°)/2]

sinl 5°=\[(1-cos 30°)/2]

Ds-direct-connection vibrational K-matrix ) l.2| S =(12)(2-3)=cosT5°



Ds-direct-connection K-matrix eigensolutions
GenericK -matrix (Top row)

AK|g)=h 1, 1 1, 0 i, i3§

GenericK -matrix Dz projections

A]_ _ * . . .
K = [+ +r -1 -1,-1,

# K> KX ?L 14 2011 -ip-i, 420, \/C_S(-r1+r1 -, +i,)

ﬁt KEx1 K 0(?/Lo 2# \/é(' r1*'H‘1'i1'|'i2) 2r0-r1_r1*+i1+i2-2i3

O R0 QoA

l

rl\b

|1>

cos15°=V[(1+cos 30°)/2]
=(1/2)N(2+V3)=sin75°




Ds-direct-connection K-matrix eigensolutions

| ~_L|T>  coslso=v[(1+cos 30°)/2]
GenericK-matrix (Top row) ’\ /‘ =(1/2)N(2+V3)=sin75°

AK|g)=h 1, 1 1, 0 i, i3§

GenericK -matrix Dz projections

K = lo I+ o+, H k,
K = [+ +r -1 -1,
! KEl KEl $ ! * . . . \/_ * . . $
Ho o & L# ool -l-1,+ 2, 3(-nt-liH,) g
# E E &___# ; L* . . x . ) ] & -
" Ky K2 27 30 1+ i+ 20,-r, -1, +l,+l.,-2 i1
% \/_( URIP) 07171 172 =3 Op 1| , sinl 5°=\[(1-cos 30°)/2]
Ds-direct-connection vibrationak-matrix 37| > =(1/2)N(2-V3)=cos75°
[} 1! 'rt 'r? lig! I lig!
ky(co2 75| |Kicos 78| |k cos15 | |kycos15 ki cos 75 ki(cos 75
A A - A !
1K |gy! = +c0s?15 ) 40515 | |acos75% | [&cos15 s 4c0s 75 $ # cos 15 )
= Kk _ ki _k _ki@# 3 | ki2+ 3)| |l ka
4 4 - 4 - 4 2




Ds-direct-connection K-matrix eigensolutions
GenericK -matrix (Top row)

AK|g)=h 1, 1 1, 0 i, i3§

GenericK -matrix Dz projections

cos15°=V[(1+cos 30°)/2]
=(1/2)V(2+V3)=sin75°

K = Fo T+, o+, Hg k,
K = [+ +r -1 -1,
e e B! i fAlrar iy 8
Ho o & L# ool -l-1,+ 2, 3(-nt-liH,) g
# E; E; &_E# ; L* . . x . . ] & -
v K K g VB( 1t H,) 20 -2 % l1|1 sin15°=V[(1-cos 30°)/2]
,7 O
Ds-direct-connection vibrationak-matrix _ArT| > =(1720N(2-V3)=cosT5
[ 1! r! 'r? li! lis! lis!
ky(co2 75| |Kicos 78| |k cos15 | |kycos15 ki cos 75 ki(cos 75
1K |go! = +cos?15 ) acos 15 acos 75 acos 15 | |peos 75 | cog 15)
" _ ke _ ke _k@# 3) | k@+ 3| |k
4 4 - 4 - 4 2
.o ek ke ke kD 3k 3K
K = ro+r+r, +H 4+, AT ;"o T %
K - I‘0+I’1+I‘1*-i1-i2-i :k1+ﬁ+ﬁ| kikik _ %! 3K _
| $ | C C 474222 2 2
» Koo K & 1g 20711y -iy-i,+20, J3(r ) -i ) g
¥ KE KD 08/‘0 2if J3( 1 i H,) 2 -rer L2, 08/‘0



Ds-direct-connection K-matrix eigensolutions
GenericK -matrix (Top row)

(1K|g,) =

o L I 1y 1

GenericK -matrix Dz projections

KAl
K

! E, E,
, KE K
#FKE KR

[+ +r
$ .
& 1 20,-1,-1, -1,-1,+2I,

& - .
0% 2# \/:_3( I +I‘1-I1+I2)

5 §

Fo+T 1+ H, H

1 ~lmlo-ls

\/é('r1+r1*'i1+i2)

20,-1,-1, +H, +H,-21,

Ds-direct-connection vibrationadk-matrix

|Op!

1!

1 12

Vi
r! Iﬁ/ '

klg

||2.

cos15°=V[(1+cos 30°)/2]
=(1/2)V(2+V3)=sin75°

sinl 5°=V[(1-cos 30°)/2]
_ r~| > =(1/2)V(2-V3)=c0s75°

|13!

ky(co2 75| |Kicos 75| |kycos15 | [kicos15 ki cos75 ki(cos 75
1K |gy! = +cos215) [0S 1% | |4acos7% | |écos15 4c0s 75 | cos 15)
= Ky _ ﬁ _ ﬁ k1(2# 3) _ k1(2+ 3) _ ﬁ
4 4 4 - 4 2
. ek k ko 3Kk 3K
K = ro+r+r, +H 4+, AP ;"o T %
K = R A T T LT VL T T T T
l l . o 44 2 2 2 2 2
# K>I<Ex1 KEl flég 1# 2r0_r1_r1 "1'|2+2|3 \/§(-r1+r1 '|1+|2) ?L
# K5 KT 08/‘0 2ff J3( 1 - L) 2r-rr L2, 08/‘0
L1 kokokok kS i
L 25%_2 k1+k1§_ 4 §
# :
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Ds-direct-connection K-matrix eigensolutions
GenericK -matrix (Top row)

AKlg)=a1, 1 1, i i i3§

GenericK -matrix Dz projections

KAl
K

! E, e 3
tH Kxx Kx

|Op!

E &
K %

Ds-direct-connection vibrationadk-matrix

& 1y

Pl P e P P S

P PR AR W P

20,-1,-1, -1,-1,+2I,

1!

1

\/§(-r1+r1*—i1+i2)
2% J3( v i) 20 rer L HL-20

12

O R0 QoA

lig!

cos!5°=V[(1+cos 30°)/2]
=(1/2)V(2+V3)=sin75°

sinl 5°=V[(1-cos 30°)/2]

!

A2 > =1203@-B3)=cos75°

lig!

ky(co 75| |K1cOS 78] |kycos15 | [kicos15 ki cos 75 k1(co2 75

"1|K |gy! = +cos?15) |[AcoS 1% | |acos73 | |&cos15 g | |fcos 75 | |# co15)
= kq = K = Ky _ ka@#  3) . ku(2+  3)| | ky
N 4 -4 T 4 2

Ds-direct-connection vibrational K-matrix eigenvalueg/M="! n?

KAl

3K,

\OR0 o Qo o A




Ds-direct-connection K-matrix eigensolutions
GenericK -matrix (Top row)

<1‘K‘gb>:'!' LR PO PR P! isé rllﬁ

cos!5°=V[(1+cos 30°)/2]
=(1/2)V(2+V3)=sin75°

GenericK -matrix Dz projections
K = ro+r+r, +H 4+, +H, P
K = [+ 41, =iy -i - !
! KE KE $ I ‘. . . \/— £ .. $
T X &:E 2ro'rl'rl "1'|2+2|3 3("’1'”1 "1+|2) &
# KEx1 K §b 2# \/é(' r1*'|'r1'i1'|'i2) 2r0-r1-r1*+i1+i2-2i3 @6 llll

sinl 5°=V[(1-cos 30°)/2]

2 = — o
Ds-direct-connection vibrationak-matrix Are| > =(U/2)VE-3)=cosT5

19 11 i r? Ji1! 15! 13!
ky(co 75| |K1cOS 78] [kicos15 | |kicos15 ki cos 75 k1(co2 75
"1|K |gy! = +cos?15) |[AcoS 1% | |acos73 | |&cos15 g | |fcos 75 | |# co15)
= ki = ﬁ — ﬁ _ki(2#  3)| | ki(2+ 3) _ ﬁ
. 4 4 - 4 2

Ds-direct-connection vibrational K-matrix eigenvalueg/M="! n?

A =
Koo 3 E: Eigenvectorsn terms of B# Cy(i3) Ex-vectors
K = 0
I $ K El :KI El + E'I' %‘i:% El ,

. . ¢ a3k 3K g) [ Hox | | o /&2 2| g+
y K K2
ﬁ XX X ge# 4 4 & E, ! - E, 31 E,

B E, # 3 3 & K =K by —= = , g=(xorvy).
KK %#:1 fo& g(')> #gx> g>%ﬁ g<'>>

4



Mixed local symmetry D ; model

cos!5°=V[(1+cos 30°)/2]
=(1/2)V(2+V3)=sin75°

1|§/ k; ’/'\1150

i1
1 5 sinl 5°=\[(1-cos 30°)/2]
r ~| > :(]/ 2)\}(2'\!3):(:05750 Vector x-bend )
E, -
A _ x(-) Genuine vibration modes (-
K = 3K, v
[, A\ A [0\ ’.'/ :’\',
K > — 0 i '_(; | Low-frequency modes .U/ | [ -1
yy . o I' -/l ‘/Il |F. |F 1_1 I|+|| -]
L 3k 3K 3 T 7]
! K El K El $ # & \4 I‘) / \ / l\ -.:T ,"’ ;
# e T & #4040 & ’ V2
# e ke & # 3k 3k &
KK g 3 3 |
T 4 4 0/ N

http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3
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Vector x-translation

o/

http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3

http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3
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90
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Vector y-translation
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Mixed local symmetry D ; model

| 1> cosise= \f[(l+cos 30°)/2]
=(1/2)V(2+V3)=sin75°

1|§/ k, /\

&\
i
” D

sinl 5°=\[(1-cos 30°)/2]
r~| > =(1/2)V(2-V3)=c0s75°

Vector x-bend

//i 7 E/ | ‘ .
K Q — 3k1 o X(-) Genuine vibration modes” ™~ },-(./ )
K = 0 ; ' ¥ Low-frequency modes , y ‘ f.
! $ ey EHE >=| 1] E >+ >=( ]yl
3 3 | '. :l | I','-l,' \+1] \+1]
# o T & g 4 4§ - V12
# e kB & # 3k 3k &
TSR LE S
1] 4 4 0/ [+1)
| ll‘
| -1 |
E: Eigenvalues: 3% 0 | |
2 / Vector x-translation 1/ Vector y-translation
! NO )
E; Ei torsy L § 41 3 " - it
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Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

Ds# Co(iz) local-symmetry K-matrix eigensolutions
x-direct-connection K-matrix eigensolutions
x# C3(r+Y) local symmetry K-matrix eigensolutions‘



Da# Ca(r+) local symmetry K-matrix eigensolutions
GenericK -matrix (Top row)

AKlg)=a1, 1 1, i i i3§

UK |gy)=4 T ir -ir 0 O og

Da# C3(r+1) local symmetry vibrational K-matrixset: r,=r =!

r0-|_r1+r1 +|1+|2+|3

K = o+ +r -i, -i, -1,
| K E: KEl $ | .. . Ne
# Ky & lu 2ry-r -1 -l -1, + 2, 3(-1,

%

+r, -1, +1,)

f}':KEX1 KEl & 2# \/é(, r1*+r1_i1+i2) 2|‘O-rl-r1* +i1+i2_

model

12)
Da# Ca(r=1) |14
local
symmetry

r,, ad: i,=i,=i,=0
= rO
= rO
! $
[ \/_
f]gi # iy &
& H
%rl_—r Iy # Hr ?3 r0 g()



Da# Ca(r+) local symmetry K-matrix eigensolutions

AKlg)=a1, 1 1, i i i3§

UK |gy)=4 T ir -ir 0 O og

Da# C3(r+1) local symmetry vibrational K-matrixset: r,=r =!

K2 =

K = o +r+r -

r0-|_r1+r1 +|1+|2+|3

L, -1, 5

| | . .. .
Ko Ko 21# 2r -1, -1 -0, -0, +2i,  N3(-1

+r'h+@

#KEXl KElog/LZ# J3( -0 i) 2r - - i -

model

12)
Da# Ca(r=1) |14
local
symmetry

r,, ad: i,=i,=i,=0
= rO
= rO
$ ! N
& # T3 &
& AN
3 Opr=r="r, # HIr 2 o A
i,=i,=i5=0

Ds# C3(r+) local symmetry vibrational K-matrix eigenvalueg/M=! ?

KM = I
K = [,
| ' . !
S KE KSR g r tird 3( bt 0 g
—H #
Ko KB 08/‘0#+|r§ r, go # 0 ro'rf’g



Datf C3(r+?) local symmetry K-matrix eigensolutions 12/

local
(1K|g,) = P A A A g symmetry /|1>
model > J
iz)
(UK. |gy)=4 1o ir -ir 0 0 0% .
)
D3t C3(r+1) local symmetry vibrational K-matrixget: r,=r=!r, , ad: i,=i,=i,=0
KXAQ = r0+l’1+r1*+i1+i2+i3 :rO
K = o+ +r -i, -i, -1, =T,
ks ke o i 2, VE(ener ity S b on T
K KE 08/‘;2# J3( -0 i) 2r - - i+, - 2, 08;0 : _# HER go
i;=i,=i,=0

Da# C3(r+t) local symmetry vibrational K-matrix eigenvalueg/M=! ?

E1 Eigenvectorsn terms of B# Co(i3) Ei-vectors

KM = I
K = r ! $
O K 5 =K 5 +i 2 &L:ﬁﬂ/_— 5
= = i V3 V3 (1) W OX 2 : (D ’
Ko K, [, —Ir o+ 5 0 8(1); g ay /op 9\t
= = | $
& & -3 V3 )
K K Hey 0 11y <o haka BVl BoleL L 3 o),
9(2), W gX gy /oy?2 9(2)5




Da# Ca(r+) local symmetry K-matrix eigensolutions

Da# Ca(r+)
local
symmetr \)/G

model |
Q
\

Srong
C; coupling
limit

\ S > s =

Ve(/itor Right polarized
/ El

R()

$
K 4 B &1 &
gy [$/2 9D,
$
K " = &i='r[ =
2
gy [$/2 9(2);

http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3
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/

/
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N //

Right circular-tranglation
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A
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-~ Left circular-translation
E,
R(+)
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* Applied symmetry reduction and splitting
Subduced irep*(D3)%C; =d%2& d'2&.. correlation

Subduced irep%(D3)%C; =d%& d3&.. correlation



Applied symmetry reduction and splitting: Subduced D&{D3)%C, =d%& d2&.. correlation



Applied symmetry reduction and splitting: Subduced D&{D3)%C, =d%& d2&.. correlation
D,! C, P relabe/split D’ relabel /reduce "’ relabel /split

A PA=P P%=PR}x " D™C,ld*> " Ih§ 1"
P =P"P=P " D#C, ! d ")
Ei PE1:PE1P02 +PE1P12 n DEl#C2 I n ! E $ ! 0,

=P, +P5 d® %d |



Applied symmetry reduction and splitting: Subduced D&{D3)%C, =d%& d2&.. correlation

D,! C, P relabel/split D’ relabel/reduce " relabel/split D,! C,| 0O,

A Ph=pPApY= P(Qloz " D™#C,! d” "R T A 1 "
P =P P =P " D#C,Id" " IS ! "

E, Pe=P=pP% +pP=pP: " D=#C, ! AR E, 1

=P, +P5 d® %d |



Applied symmetry reduction and splitting: Subduced D&{D3)%C, =d%& d2&.. correlation

D,! C, P relabel/split D’ relabel/reduce " relabel/split D,! C,| 0O,
A PA=PAP%=P} " D™C,ld» " /A 1" A 1 "
P"=P"P"=P " D'#C,!d IS "
E, Po=P"P% +P=P2 " D=#C,! AR E, 1
=P, +P" d* %d |

Applied symmetry reduction and splitting: Subduced D&{D3)%C; =d%& d3&.. correlation



Applied symmetry reduction and splitting: Subduced D&{D3)%C, =d%& d2&.. correlation

D,! C, P relabel/split D’ relabel/reduce " relabel/split D,! C,| 0O,
A PA=PAP:=PY " DMC,1d% " I%$ 1" A 1 "
P =P P =P " D#C,Id" " IS ! "
E, Pe=P=pP% +pP=pP: " D=#C, ! AR E, 1
= P5, +P5 d° %d |

Applied symmetry reduction and splitting: Subduced D&{D3)%C; =d%& d13&.. correlation
D,! C, P relabel/split D’ relabel /reduce "’ relabel/split

A PA=PAP%=p} " D™#C,! d> " I%§ 1%
P*=pP“P*=R, " D#C,ld» " /"$ /"

E, P==P%P: +P=P*> " D=#C,! VA I A
=pP% +P& d* %d* Ly

155 2323



Applied symmetry reduction and splitting: Subduced D&{D3)%C, =d%& d2&.. correlation

D,! C, P relabel/split D’ relabel/reduce "' relabel/split D,! C, |0,
A PA=P P%=PR}x " D™C,ld*> " Ih§ 1" A 1 "
P"=P"P=P " D'#C,! d A X
E, Pe=P=pP% +pP=pP: " D=#C, ! AR E, 1
=P, + P d* %d |

Applied symmetry reduction and splitting: Subduced D&{D3)%C; =d%& d13&.. correlation

D.! C. P relabel/split D’ relabel/reduce "' relabel/split
3 3 /P / /P D3DC3 03 13 23
A, Pi=p“P%=PRx " D“C,ld» " In$ 1" A
P =p"pPY%= P0303 " D#HC, d® "G s i
E, Ph=phps +phpz= " DEl#C3! A A
=P +P d" %od* | 0™ 5 L

155 2323



Applied symmetry reduction and splitting
Subduced irep*(D3)%C; =d%2& d'2&.. correlation
Subduced irep%(D3)%C; =d%& d3&.. correlation

* Spontaneous symmetry breaking and clustering: Frobenius Reciprocity , band structure
Induced rep?(C)' D3 =D*&D(&.. correlation

Induced repla(Cs)' D3 =D%*& D(&.. correlation



Applied symmetry reduction and splitting: Subduced D&{D3)%C, =d%& d2&.. correlation

D,! C, P relabe/split D’ relabel /reduce "' relabel/split D,! C,| 0,
A PA=PAP%=PY " DMC, I d% " 1hg 1" A |1 | DMDy!C,!d*
P =P“P"=P " D'#C,! d "Ihg "1 D (D,)! C,!d
E, Po=P=P% +P%pPh " DE#C, ! A N E, 1 1| D®(D,)!C,!d>"d
=P +P" d® %d | d(C,) D,
Spontaneous symmetry breaking | DA D™
and clustering: Induced regi(C,)' D3 =D%&D(&.. correlation d"(C,) D,
D" D™

Applied symmetry reduction and splitting: Subduced D&{D3)%C; =d%& d13&.. correlation

D,! C, P relabe/split D’ relabel /reduce "’ relabel/split D,! C,|0, 1, 2,
A PAZPAPR=PS " DMC, 1 d% " IA$ 1 A |1 " | DMDy)!Cytd™
P=P“P%=P, " D#C,ld* " 17§ 1% 1 " " | D¥(Dy)!C,!d™>
E Po=P%“P: +P“pP* " D#C,! "1R$ E, " 1 1| D%(D,)!C,! d=" d
=P +Po, d* %d* 1% d®(C,) D,
IDA" D
Spontaneous symmetry breaking d*(C,) D,
and clustering: Induced regi(Cs)' D3 =D*&D(&.. correlation | DE:

d*(C,) Dy
| D"



Frobenius Reciprocity Theorem

Number of D' in d“(K)! G = Number of d“ in D' (G) " K



Frobenius Reciprocity Theorem

Number of D' in d“(K)! G = Number of d“ in D' (G) " K

..and regular representation
D,! C |0,=1
A 1

1
E, 2




Frobenius Reciprocity Theorem

Number of D' in d“(K)! G = Number of d“ in D' (G) " K

..and regular representation

D,! C,

0,=1,

A

E,

1

1
2

D,! C,|0,
A |1
E, |1

1,

23




| structure

&Dg I C, characters and ireps

* Ds symmetry and Hexagonal Bands
Cross product of the,@nd D; characters gives




Hexagonal D-family-1Dsn! Ds! D33! C;
RZ Rx of the32 crystal point groups 6 Fig. 3.1.1 PSDS
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Ry 1 / U4
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D3Group
Oslide-rule@
J
DeGroup
Oslide-ruleO 1 2
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|2
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D¢ symmetry and Hexagonal Bands
Dg Is theouter produci! ) productD;! C, of D3 andC,. (RequiresC, to commute with all oD3.)

D6 :D3!C2 :{1’r1r21i11i21i3}!{11 RZ}
| product ands Operators pefine hexagonal generatdr of subgrougCs ={1, h, h? h3, h* h%
D6 — D3 l C2 - {11 r1 r21 il1 i21 |3 ’ 1'RZ1 r'R21 r2'R21 il'RZ1 |2 21 |3 Z}

D6 — D3| C2 :{1, h2, h4, i]_, i2, |3 y h31 h51 h ’ j11 j21 J3 }

Note:h? =r andh® =R, andh* =r?andh®=r.R,
£ |, h(so;)
Dg
vy
'3 h* 0O y

J1

NOTE:
Thei, andj, donotflip over the potential plot.

Electrostatic potentiaf(" ) doesn't care which way is "up." Wells remain wells, and barriers remain barriers uiiizopdirations.




D¢ symmetry and Hexagonal Bands
Dg Is theouter produci! ) productD;! C, of D3 andC,. (RequiresC, to commute with all oD3.)

D6 :D3!C2 :{1’r1r21i11i21i3}!{11 RZ}
| product ands Operators pefine hexagonal generatdr of subgrougCs ={1, h, h? h3, h* h%
D6 — D3 l C2 - {11 r1 r21 il1 i21 |3 ’ 1'RZ1 r'R21 r2'R21 il'RZ1 |2 21 |3 Z}

D6 — D3 ! C2 :{1’ h2’ h4’ il’ i21 i3 ) h3’ h5’ h b) jl’ j2’ j3 }
Note:h? =r andh® =R, andh* =r?andh®=r.R,

L h2 h(60i)
De

DeGroup
Oslide-ruleO

h4

J1

NOTE:
Thei, andj, donotflip over the potential plot.

Electrostatic potentiaf(" ) doesn't care which way is "up." Wells remain wells, and barriers remain barriers uiiizopdirations.




RecallC, ! C, =D, characters made
of two C, groups Lecture 14.5 p.80

C,|1 C)|1 R,
+ 11 1
1 11
C,"Cj |14 R #| IR, R IR,
Ht H #L H H
B H H H H H
# #He o | M) D)
# e IINE”: I IGE” () BRNIRE: ()
D, |1 R, R,
+=A 11 1|1 1
= +=A |1 1| 1 -1
'=B |1 1|11 !1
'=B,|1 1|11 1
TNote
common

notation




RecallC, ! C, =D, characters made
of two C, groups Lecture 14.5 p.80

C, ! C3 =C4 characters made
of C, x C;Cartesian product

C,|1 C)|1 R,
+ (1 1
! 1 !1
C,"Cj |14 R A| LR, R,
H # # # #
= H H # #H H
# #Heol# | IH!D) IR D)
# xRN N () W= ()
D, |1 R, R,
+=A |1 1 1 1
= +=A |1 -1| 1 1
'=B |1 1 (!'!'1 '1
'=B, (1 1|11 1
TNote
common
notation

Cj|1 rlor?
2|1 0,1 1 1
L1 7
2, |1 17 1
C,"CJ |18 1¢' 1%°| p® /¢ 1 @°?
0, 1§ 18 1§18 9 9
$, | 1§ ¥ e g g
= @, |18 19" 1y | e 19T 19
0, |18 1§ E|E e e
$, 18 1§ 17|18 g g7
@, |18 ¢ 1y | e T g
C6y 0 120" 240' | 180" !60 60’
O |16 18 19| 1§ 1§ 19
2 |16 ¢ 1¢7|1E 1y 19’
= 4, |18 1§ ¢ | 1E 97 Y
3 |18 18 IE | 1E e e
5, |18 1¥ 17| ie g gt
L |18 197 g | gt oy




Cross product of the £and D; characters gives all p=D3! C, characters.

Dy, |1 {rr?} {iyinis}
cz|1 R
M) |1 1 1 (AZ) = 12
e 1l
11(g) | 2 0
J
DeGroup ’ ()
)slide-ruleO 1 i ’
Ja i ﬂl
| i
5 =3
Ja 1
< h?/, 2 >
11 i1 ho J 2

RecallC,! C, =D, characters mad&Always-the-sames Back-and-forthC

of two C, groups Lecture 14.5 p.80

D #C5 | 1 {rrd} {iniyig| 1R, {rr3®, {iLisig}®,
AKA) |19 14 19 19 19 19
AKA |18 19 14 19 19 14
E,%A) |28 -18 04 28 14 0%
ALSE(B) 14 148 18 18" 1) 1K' 1) 1K' 1)
AZﬂB) 14 18 -19 18" 1) 14" 1) 14" 1)
E4B) |24 -14 04 |2%"1) -1%"1) 0%" 1)
Dy " C5 |1 {n2n?} {igizigh | 0® {nbe] {ipinis)
A |1 1 1 1 1 1
A |11 1 1 1 1
E,o |2 A 0 2 M 0
1 1 1 1k -1
B |1 1 1 1k 1
E, |2 A 0 #2 |1 0
Unit translation
or
60i hex rotationh
determines
Ao VS By Y-rotation
(+1) vs(-1) or
180j flip J3
determines
X1 VS X2

(+1)vs(-1)

OddvsEven



Cross product of the £and D; ireps gives all @=D3! C; ireps.

Z Z X
Oj 120;j -120; 13 180j 180; Z 4 Z Y
180; -60; +60; 18; 180j 180;
g= 1, r=h® . r2z=h* i i , iy, h® . h¥=h® , n¥%=ht . phiE, L RLE, L hiigE
p(g)=]| 1 , 1 1 1 1 1 1 1 1 1 1, |1
D2(g)=| 1 , 1 1 , 1 o 1 1. 1, |1 , 1 a4 a
b B8k 1 Bay 1 Bak V33 b 3oy 1| YBak 1 Baka V3§
DE2(9)=§10$ﬁ2 2 & 2 2 & 3 2 & 3 2%%10$ o$§2 2 & 2| p & 3 7 &3 22#1(
01&#@-}#&-&#&1#@1 0 -1% 1% V3 -1 gs-3 f1 g3 1 gz#V3 1 q 1
3 2@0#2 2%?2 2%,#2 2& tt 5 2%)#2 2%0#2 zg%#z 2%)
D7(g)=| 1 | 1 1 1 1 T 1 1 1 1 1
D(g)=| 1 , 1 1 , 1 , 1 1| a4 1, |4 , 1 1 1
b4 BEk 1 Bk 1 Bk BE /sl Baw1 Ba1 Bar 1 By
DEl(g):_§10$z2 2 & 2 2 & 3 2 & 7 2%#10$ 1 0¥ 2 2 &2 2 &2 2 & 32 23#“?
Po1Bis a2 a8is 150 15800 af loalis 18 1555 1556 15 P08
3 2g;# 2 & 2%,#2 2%, 22?}#2 2%)#2 2%2 2%)
Unit translation
or Y-rotation
60i hex rotationh or
determines 180; flip j3
Ap VS By determine:
(+1)vs(-1) X1 VS X2
. (+1) vs(-1)
|~
3

OAlways-the-sames Back-and-forthC

OddvsEven




Cross product of the £and D; ireps gives all @=D3! C; ireps.

Z Y4 X
Oj 120; -120; 1B 180; 180; <4 - Z y
180; -60; +60; 18; 180; 180;
g= 1 r=h? r2=h* iy i iy h? h% =h° h%2=ht h%i,=i, h%,=, hi,5=i
D)= 1, 1 | .1 .1 T A 1 ! | 1 !
D2(g)4 1 1 | , 1 N 1 ! , 1 ., 1, h
! $! $ ! $ ! $ ! $! $! $! $
I P RN DI B D (DY AR PR I D D I DY
DE2(9)2-10$#2 2 g# 2 2 &# 2 2 a# 2 2 &' 1 0% 1 0% 2 2 g 2 |2 a# 2 2 g# 2 2 &' 1|0
SRR RS R A T R AR R
R 2 &% 2 2 &% 2 2 &% 2 2 #2 o 2 &% o |2 &% 2 2 &% 2 2
D7(g)g 1 1 1 1 1 1 1 1 1 , 1 1 1
D)= 1 1 .1 , 1 , 1, 4 1, 1, J | , 1 !
| $ ! $! $! $ | $! $ ! $! $
B I D P P TV I B B T Y PR P
DEl(g):# 10 ’# 2 2 &’# 2 2 &,# 2 2 &’# 2 2 &’# 1 0 # 10 ’# 2 2 &’# 2 2 &’# 2 2 &’# 2 2 &,# -1 C
0 1% s 4 §E 4 fEa 1 EAs 1 EToaWio a1 85 1 §E agis oo g a1k
P2 2832 2882 2872 26 P2 282 282 28832 2§
Unit translation
or Y-rotation
60; hex rotationh or
determines 180; flip |
i 3
Dy ! Cy(js) | 0, |1, Dy ! Cyh) |05 1. 2, 3 4. 5 A, VS B, detelrmi:i)r%es
A 1 A - (+1) vs(-1) X1 VS X2
A 1 Ay 1 (+1)vs(-1)
E2 1 1 E2 (1] (1] 1 (1] 1 1
1 1
B, 1 B, 1
E:I- 1 1 E:I- (1] 1 (1] n n 1




D¢ Band structure |
and related ]

Induced

representations
Mac OS-9)

Dg! Cy(h)| 0 1, 2, 35 4, 5

'_)
1
1
>,
8

T I'nL‘_I T

LDy~ A" E)" E
Odd Band or Cluger

0D ~A" B B B

Even Band or Cluger




D¢ Band structurérocaixo= 15n8m

kl = 005NhA
and related k- 0 Nim'

iInduced
representations
Mac OS-9)

symmetridPu
(radial) on Global

symmetridP1 .
(radial) onLocal

antisymmetridP2.
(angular) onGlobal

antisymmetrid2,
(angular) on_ocal”

. + 1 DRI I IR -

..................

2+
axis

2
axis




Dg Band structure
and related

The testing conbg:

http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C6vN6_Testing

iInduced
representations
(Web MolVibes)

(;(- ' () | www.uark.edu/ua/modphys/markup/MolVibesWeb.htmI?scenario=C8vN6_Testing

@  Q search

w8

Most Visited = @@ Getting Started & Harter-Soft ¥4 Bohrit & Relativit ¥ Relawavity ¥ 1SIS [~ MaleOutlook

Local Control Scenarios Resume Set T=0

Zero Amps

Erase AT = 0.025 :

t = 1908.85
kO = 1.50 (Local)
k1=0.03

Spring Constants {N/m} ——

{' <
| l'
| l
| . |
|| p |
/

7/

ORORGRGRAEIO TS

7

O U

Ay
P0202

E,
B

20,

E
B3 P

1.5

Frequency w {rad Hz}

143


http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C6vN6_Testing

[ Spring Constants {N/m}
k0 = 1.50 (Local)-..

k1 =003
k2 =000
k3 =000
symmetridPi1
(radial) on Global
i3 .1
axis |
symmetridPi; ¢
(radial) onLocal
ra
axis
Spring Constants {N/m}
kO = 1.50 (Local}-,
k1 =003
k2 =000
k3 =000
antisymmetridP2.

(angular) onGIoba\
13 «dee NS0 N

axis |

antisymmetrid?z2
(angular) onLocal’

I2 -
axis

Spring Consténts {N/m}

{= 308 80 Frequency @ {rad Hz} t=413.99
15 148 k0 = 1.50 (Local}..
A 1 <kl =003
0,0, symmetric -ow
. 3 = 0.
.| PEL [pE: antisymmetric
{5 B3| P, g SU ppressed
pB, — Globa
o e
.~":.‘ - - 13 aaferanss
. Pl}? 12: axis'
= . E E Los
\ (/) Plzfz Poz f2 |
Y Y PDL|B .
' / S| Tkl Pozlz symmetrid?,;
' mcal Q P2 (radial) on Local
"1 - -0 F "1
axis axis axis
t=239724 Ty | " Spring Constits {N/m} {=43853

1.5

k0 = 1.50 (Localj-,

. k1=003 -

sym metric: -omw
k3.=0.00

antisymmetric
P12
suppressed

148

848

antisymmetridPi .
(angular) onLocal
o

axis



U(12)-Supersymmetry: Whery Band structurepproaches single 12-fold degeneracy
Setting mutually orthogonal external @onnection springs (and tiny,keo,.. coupling)

Spring Constants {N/m} __——— t =299 88 Frequency w {rad Hz}
k0 =150 (Local) _— Yy
k1=003 7 Q
k2 = (](K) ,/'/
k3 =0.00 4
g OXS
| 159
| |
| {5 <G
\ |

Even moderateikcoupling lifts a band of single-doublet-doublet-singlet above 6-fold degenerate

Spring Constants {N/m} __——— t=141.78 Frequency @ {rad Hiz)
k0O = 1.50 (Local) - TN 1.5
o @
k2=000 2 —l%
3 = 0.00 A
el 00/ PEz Pﬁz i
( ; D 1,1,170,1; .
STeRNA AN |
,, 0,0,| % 1,0,
:' ‘l Al
| IFe By
| PE E B 0.5
2 2 1
| IEOES R QLA xH) ¥
A IpEi |pEi
O O Q P’z‘z P0212 Plzlz o

_ Local symmetry-asxmmetry IS well broken
as strictly radial or angular paths are avoided by masses off x-ax




