Group Theory in Quantum Mechanics
Lecture 17 31617

(Review of Lectures 15-16 with more detailed and rigorous derivations)

Projector algebra and Hamiltonian local-symmetry eigensolution

(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , OTCA Unit 5 Ch. 15 )
(PSDS - Ch. 4)

Review: Spectral resolution of D3 Center (Class algebra) and its subgroup splitting

Review: General formulae for spectral decomposition (D3 examples)
Weyl g-expansion in irep DV j(g) and projectors PFj
Pty transforms right-and-left
P -expansion in g-operators

Details omitted from Lecture 15-16

DHi(g) orthogonality relations Class projector character formulae
P" in terms of wg and kg in terms of P"

Review: Details of Mock-Mach relativity-duality for D3 groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Local |g)-basis and Global vs Local |PW)-basis

Review: Hamiltonian and D3 group matrices in global and local |PW)-basis
Hamiltonian local-symmetry eigensolution



* Review: Spectral resolution of D3 Center (Class algebra) and its subgroup splitting ‘
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* General formulae for spectral decomposition (D3 examples)
Weyl g-expansion in irep DV j(g) and projectors PFj
Pty transforms right-and-left
P -expansion in g-operators
D"i(g) orthogonality relations

Class projector character formulae
P" in terms of wg and kg in terms of P"
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General formulae for spectral decomposition (D3 examples)
Weyl g-expansion in irep DV j(g) and projectors PFj
* Pl transforms right-and-left ‘
P -expansion in g-operators
D"i(g) orthogonality relations

Class projector character formulae
P" in terms of wg and kg in terms of P"
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Spectral decomposition defines left and right irep transformation due to
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General formulae for spectral decomposition (D3 examples)
Weyl g-expansion in irep DV j(g) and projectors PFj
Pty transforms right-and-left
* P -expansion in g-operators
D"i(g) orthogonality relations

Class projector character formulae
P" in terms of wg and kg in terms of P"
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Plmn -expansion in g-operators Need inverse of Weyl form: 5| 2

°G
Derive coefficients p,‘fm( g)of inverse Weyl expansion: P2 =3 p,’;fm(g) g
g

Left action by operator f in group G ={1,...,f, g, h,...}:
°G °G
fP =73 plﬁ‘m(g) f-g= %pl’;‘m(f"lh) h , where: h=fg, or: g = f'h,
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Ptun -expansion in g-operators Need inverse of Weyl form:  g= /g
Derive coefficients p,‘fm( g) of inverse Weyl expansion: P! = EG p#m( g) g
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Derive coefficients p,‘fm( g)of inverse Weyl expansion: P2 =3 pfm( g) g
Left action by operator f in group G ={1,...,f, g, h,...}:
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fPIZn - 2 p#qn(g) fg = % p#m(f_lh) h , where: h = fg, or. g = f_lha
g
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Derive coefficients p,‘fm( g)of inverse Weyl expansion: P2 =3 pfm( g) g
Left action by operator f in group G ={1,...,f, g, h,...}:
°G °G
fPIZn - 2 p#qn(g) fg = % p#m(f_lh) h , where: h = fg, or. g = f_lha
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G
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Derive coefficients p,‘fm( g)of inverse Weyl expansion: P2 =3 p,’;fm(g) g
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Left action by operator f in group G ={1,...,f, g, h,...}:
°G °G
fP =73 plﬁ‘m(g) f-g= %pl’;‘m(f"lh) h , where: h=fg, or: g = f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G
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Derive coefficients p,‘fm( g) of inverse Weyl expansion:

Left action by operator f in group G ={1,...,f, g, h,...}:
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Derive coefficients p,‘fm( g)of inverse Weyl expansion: P2 =3 p#m( g) g
Left action by operator f in group G ={1,...,f, g, h,...}:
°G °G
fPIZn - 2 p#qn(g) fg = % p#m(f_lh) h , where: h = fg, or. g = f_lha
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G
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P’umn _expansion in g_operaz‘ors Need inverse of Weyl form: g

°G
Derive coefficients p,‘fm( g)of inverse Weyl expansion: P2 =3 p,’fm(g) g
g

Left action by operator f in group G ={1,...,f, g, h,...}:
°G °G
fP =73 p}’;‘m(g) f-g= %pl’;‘m(f"lh) h , where: h=fg, or: g = f'h,
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Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

Trace R(f'Pn‘:n) = %pfm (f_lh mceR(h) =p' (f_ll)TmceR (1) =p! (f_l)oG
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°G
Derive coefficients p,‘fm( g)of inverse Weyl expansion: P2 =3 p,’,;fm(g) g
g

Left action by operator f in group G ={1,...,f, g, h,...}:
°G °G
fP =73 p}‘fm(g) f-g= %pl’;‘m(f"lh) h , where: h=fg, or: g = f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

Trace R(f'Pn‘:n) = %pfm (f_lh mceR(h) =p' (f_ll)TmceR (1) =p! (f_l)oG

' Regular representation TraceR( Pn’;n ) 1s 1irep dimension ¢4 for diagonal Pn’,f Or zero otherwise:

Trace R(P! )=6mn€(“)
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°G
Derive coefficients p,‘fm( g)of inverse Weyl expansion: P2 =3 p,’fm(g) g
g

Left action by operator f in group G ={1,...,f, g, h,...}:
°G °G
fP =73 p}’;‘m(g) f-g= %pl’;‘m(f"lh) h , where: h=fg, or: g = f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

Trace R(f'Pn‘:n) = %pfm (f_lh mceR(h) =p' (f_ll)TmceR (1) =p! (f_l)oG

' Regular representation TraceR( Pn’;n ) 1s 1irep dimension ¢4 for diagonal Pn’,f Or zero otherwise:

Trace R(P! )=6mn€(“)

Solving for pffm(g) : p”fm(f) - %Tmce R(f_1 'Pnﬁ‘n ) Use left-action: f"l-Pn’jn = iEj Dn‘j,m(f'l) P!
R .
— oC % Dn‘;,m(f )Tmce R(P}Z,n) Use: Trace R(Pnl;n)zamng(u)
K(M)

—— pH (f'l)
OG nm

y g(u) °G y _1
Pmn=oG EDnm(g )g
g




P’umn _expansion in g_operaz‘ors Need inverse of Weyl form: g

Il
—_—
=M

°G
Derive coefficients p,‘fm( g)of inverse Weyl expansion: P2 =3 p,’fm(g) g
g

Left action by operator f in group G ={1,...,f, g, h,...}:
°G °G
fP =73 p}’;‘m(g) f-g= %pl’;‘m(f"lh) h , where: h=fg, or: g = f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

Trace R(f'Pn‘:n) = %pfm (f_lh mceR(h) =p' (f_ll)TmceR (1) =p! (f_l)oG

;Regular representation TraceR( Pn’;n ) 1s 1irep dimension ¢4 for diagonal Pn‘fm or 0 for off-diagonal Pn’;n

Trace R(P! )=6mn€(“)

mmmm ey : g(u)
Solving forpffm(g) ; p#m (f) = %Tmce R(f‘1 .Pn‘jn ): Use left-action: f‘l.Pn’;n =3 Dn‘j,m(f-l)P,f;,n i
1 Z(M)
- % Dn”;,m(f_l)Tmce R(Pn‘j,n) Use: Trace R(P* =5 (W)
g(u)

[ g \
_1 * :
DH (f ) = Dn‘;n(f) for unitary D! }

*

) P °G ) B ( y yORE: " . y \
P\ =—3D (g )g (P -— 3 D" (g)eg forumtaryDnm}




General formulae for spectral decomposition (D3 examples)
Weyl g-expansion in irep DV j(g) and projectors PFj
Pty transforms right-and-left
Mk -expansion in g-operators

* DH k(g) orthogonality relations ‘

Class projector character formulae
P" in terms of wg and kg in terms of P"



D#i-orthogonality relations

oo ,
g=3 Y XD, (g ) P/, 1isa valid expansion of any combination of g including P.
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D#i-orthogonality relations
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Simply substitute P for g:
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D#i-orthogonality relations

L ,
g=2 2 ED,ﬁn (g ) P/, 1isa valid expansion of any combination of g including P.
u m n

Simply substitute P for g:

’gu 'éu ! ! ! /
Pn!jn= 2 2 2 Dnl’;,n, (P’Zn) P,Z,n, => Dz,n, (Pnl;n) =0""5 . 6 Useful identity for later
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D#i-orthogonality relations

oo ,
g=3 3 3D, (g ) P/, 1isa valid expansion of any combination of g including P.
u m n

Simply substitute P for g:

’élu g‘u ! ! ! /
PIZ?Z: 2 2 2 DI’I‘L;’I’Z, (P’Zn) Pnl.:ll’l, = Dn‘l:/n/ (Pn‘ljn) = 6 H Mém'mén'n Useful ldem‘llnyI” later j
u m  n
. . y P G y _1 PG
Then put in g-expansion of P’ = e > D (g )g Pn‘;n= G D D";n (g) Y
g g

(for unitary D' )



D#i-orthogonality relations

oo ,
g=3 3 3D, (g ) P/, 1isa valid expansion of any combination of g including P.
u m n

Simply substitute P for g:

’glu g‘u ! ! ! /
PIZ?Z: % nE/l, % DI’I‘L;’I’Z, (P’Zn) Pnl:/nr = Dn‘l:/n/ (Pn‘l’fl’l) = 6 H Mém'mén'n Useful ldentllnyV later ]
. . RN PG
B} “o_ uof ol
Then put in g-expansion of P’."n KYe gDnm (g )g Pn‘;n= G %D}f}jﬂ(g) Y
u | pu u'u u /?(M) < i (- <\ fi ' DY
Dm’n’ (Pmn) =0 6m’m5n’n - Dm’n’ L °G g Dnm (g ) g) or unitary nm



D#i-orthogonality relations

oo ,
g=3 3 3D, (g ) P/, 1isa valid expansion of any combination of g including P.
u m n

Simply substitute P for g:

Pn!;n= 2 g gDnl/;’,n’ (P}Zn) Pn‘;,,n, = D,[;Li,,n, (Pn’jn) = 5M’M5m,m(5nfn Useful identity for later ]
u m n
Then put in g-expansion of P! = r O§D“ (g_l)g P — a OSDM* (g) o
L EG o nm / mn._ o o mn
| . ’ , /Q(M) °G » \\ . u
DIZ’H' (Pn‘l;n) = 6" M(Sm’man’n - D}Z’n’ k °G g Di{llm (g )g) (for unltary Dnm )

wu g u | -Lpw
0 6m’m6n’n - °G %Dnm (g )Dm'n'( g)



D#i-orthogonality relations
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£33 304 (¢)pr,
Slmply substitute P for g:

1s a valid expansion of any combination of g including P.

VA L ,
-3 3 EDH”;n( )P,;;,n, 5SS 5

m'm-n'n

D“I( )

Useful identity for later j

((M) °G
2D,
G g

6““6 s u’ (f(u)

Then put in g-expansion of P! =

D“I( )
mn

( )

DH
ye g

m'm-n'n mn

g(u)
—3D,,
Gg

SHHS S5, =

mm- n'n

( _I)DZH( g) or:

(W) °; *
Bly= <3 Dl (2]

(

(for unitary D! )

(m) ©
SWHS S !
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Famous D" orthogonalzly relation
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D#i-orthogonality relations

s

£33 304 (¢)pr,
Slmply substitute P for g:

1s a valid expansion of any combination of g including P.

[ ) )
E 2 E Dnlj n ( ) Pnl;’n’ DM' ( ) 6" M(Sm m(Sn " Useful identity for later ]
. y ((M) °G u 1 E(M) °G "
Then put 1n g-expansion of 3%= °G g D? ( )g Pn!;n - 2 DM ( )g
. o =<
DY ( ) SHUS 5 = D% /N)EDM ( —1) ) 4 N
i nimin = D L °G g g} (forunitaryD}fl‘m )
g(u) 1 , g(u) ,
5##5’% ménn - °G %DM ( )Dz'n'( g) O 6MM6m mann - °G E DM ( )DZ'H'( g)
Ly \_ Famous D" orthogonalzly relation )
Put g’-expansion of P into P-expansion of g=3 3 > D! ( g) | (Begin search for
f —~ wmn much less famous
u TARNE M , ~1\ D" completeness
Pmn — G E D 8 relation)
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D#i-orthogonality relations
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£33 304 (¢)pr,
Slmply substitute P for g:

1s a valid expansion of any combination of g including P.

E § §DZ o ( )P,Zn DY ( ) SHH 5.0 Useful identity for later ]
. ((M) °G 1 f(“) °G "
Then put in g-expansion of %= G %DM ( )g P/ = 2 D" ( )g
D, 2] oMk, . 5, =D (s DD“C 1)) 4 )
mn ( ) mim m”L"G% ( )g) (forunitaryD}fl‘m)
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D#i-orthogonality relations

s

g=2 2 2Dn’j:n, (g ) PY . s a valid expansion of any combination of g including P.
u m n

Simply substitute P for g:
G

Pn’jn=§ 3 gD;fn,(Pn’;n)Pnﬁ,'n, — D;‘fn,(Pn’jn) S L O Useful identity for later ]
Th . . ¢ ph ((“) °G u 1 y E(M) °G M*
en put in g-expansion ot P, = o > D ( g )g P! = e D Dmn( g)g
| 8 = g
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mn'\“mn| mm-n'n "~ m'n’k °G g nm \ & g} (fOI' unitary D}‘gm )
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oH \_ Famous D" orthogonality relation )
Put g’-expansion of P into P-expansion of g=3 3 > D! ( g) | ;iff};’;;i‘;gzﬁg
o 5 ) wm n NA—
pH AR GDM ( ,_1) , VA P oG { DV completeness
mn o g nm\ & 8 g=EEED"Zn(g) oG 2D#m(g, )g' relation)
— Y T e z
e g(“)ﬁ“f“ ............................. ,
2= 3 333D (g)ok, ()

o u G mn



D#i-orthogonality relations
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g=2 2 E,D,Z:nr (g ) PY . s a valid expansion of any combination of g including P.
u m n

Simply substitute P for g:
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u m n
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o
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s

g=2 2 E,D,Z:nr (g ) PY . s a valid expansion of any combination of g including P.
u m n

Simply substitute P for g:
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D#i-orthogonality relations
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g=2 2 2Dn’j:n, (g ) PY . s a valid expansion of any combination of g including P.
u m n

Simply substitute P for g:
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g=2 2 E,D,Z:nr (g ) PY . s a valid expansion of any combination of g including P.
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Simply substitute P for g:
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P much less famous
YO D wm n N D+ complet
pH E DU (g,_l)g, il y P G y 1\ comp.e eness
. mn o o nm ¥ g = %% %Dmn (g) oG g Dnm g g relation)
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g=2 2 2Dn’j:n, (g ) P“ s a valid expansion of any combination of g including P.
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Simply substitute P for g:
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General formulae for spectral decomposition (D3 examples)
Weyl g-expansion in irep DV j(g) and projectors PFj
Pty transforms right-and-left
P -expansion in g-operators
D"i(g) orthogonality relations

Class projector character formulae And review of all-commuting class sums
P" in terms of kg and kg in terms of P"



Class projector and character formulae

Review of all-commuting class sums (Recall Lagrange coset relations in Lect.14 p.14)

Total-G-transformation Y nechgh! of g repeats its class-sum kg an integer number °ng =6/, of times.

OG O
-1_o . 0 _
> hgh "= nx, where: n, =

= K
h=1 g

= order of g-self -symmetry group {m such that ngn_1=g}

°G
Suppose all-commuting operator C=3 C,g commutes with all h in group G so hC=Ch or hCh-=C.
g=]



Class projector and character formulae

Review of all-commuting class sums (Recall Lagrange coset relations in Lect.14 p.14)

Total-G-transformation Y nechgh! of g repeats its class-sum kg an integer number °ng =6/, of times.
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= order of g-self -symmetry group {m such that ngn_1=g}

°G
Suppose all-commuting operator C=3 C,g commutes with all h in group G so hC=Ch or hCh-’=C.
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Then C must be the following linear combination of class-sums K.

D hCh_1 < C= 1 > C  (Trivial assumption)



Class projector and character formulae

Review of all-commuting class sums (Recall Lagrange coset relations in Lect.14 p.14)

Total-G-transformation Y nechgh! of g repeats its class-sum kg an integer number °ng =6/, of times.
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Class projector and character formulae

Review of all-commuting class sums (Recall Lagrange coset relations in Lect.14 p.14)

Total-G-transformation Y nechgh! of g repeats its class-sum kg an integer number °ng =6/, of times.

OG O
—1 o o
> hgh™ '=°n K where: °n_ =
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Class projector and character formulae

Review of all-commuting class sums (Recall Lagrange coset relations in Lect.14 p.14)

Total-G-transformation Y nechgh! of g repeats its class-sum kg an integer number °ng =6/, of times.

OG O
—1 o o
> hgh™ '=°n K where: °n_ =

= order of g-self -symmetry group {m such that ngn_1=g}
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°G
Suppose all-commuting operator C=3 C,g commutes with all h in group G so hC=Ch or hCh-’=C.
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Class projector and character formulae

Review of all-commuting class sums (Recall Lagrange coset relations in Lect.14 p.14)

Total-G-transformation Y nechgh! of g repeats its class-sum kg an integer number °ng =6/, of times.
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-1_o . 0 _
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= K
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Class projector and character formulae

Review of all-commuting class sums (Recall Lagrange coset relations in Lect.14 p.14)

Total-G-transformation Y nechgh! of g repeats its class-sum kg an integer number °ng =6/, of times.

(o]

°G
> hgh_1= OngKg ,  where: °n_=

~ g o
h=1 o

= order of g-self -symmetry group {m such that ngn_1=g}

°G
Suppose all-commuting operator C=3 C,g commutes with all h in group G so hC=Ch or hCh-’=C.
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Then C must be the following linear combination of class-sums K.
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General formulae for spectral decomposition (D3 examples)
Weyl g-expansion in irep DV j(g) and projectors PFj
Pty transforms right-and-left
P -expansion in g-operators
D"i(g) orthogonality relations
Class projector character formulae

* P" in terms of wg and kg in terms of P" ‘




P¥in terms of kg

Kg in terms of PV



P¥in terms of kg
(W irep characters x\"(g) given by trace definition: X “ (g) = Trace D" (g) = ) D,ﬁm (g)

m=1

Kg in terms of P"



P¥in terms of kg
Vi

(Wt irep characters XW)(g) given by trace definition: X “ (g) = Trace D" (g) = > D,ﬁm (g)
m=1

(W all-commuting class projector given by sum PY=pH + P4 + ..+ P*  of g irep projectors vs. g )
i (1) © *
0 °G
B L5 o)
g
for unitary D
i _1
Dl (2) =Dl (27 )

Kg in terms of P"



P¥in terms of kg

(W irep characters x\"(g) given by trace definition: X “ (g) = Trace D" (g) = ) D,ﬁm (g)
m=1

(W all-commuting class projector given by sum P'=p* + P& 4+ + P*
o

P (. UG
P'=3 P, =<=3 3 Dy fe)e=——3x"(g)e
m=1 g m=1 g

Vi
. . )
of| irep projectors vs. g
u g(u) °G M*
Pmn= °G E Dmn (g) g
g
for unitary D
* -1
Dl (2) =Dl (27 )
\_ Y,

Kg in terms of P"



P¥in terms of kg

Vi
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Details of Mock-Mach relativity-duality for D3 groups and representations ‘
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Local |g)-basis and Global vs Local |PW)-basis



Details of Mock-Mach relativity-duality for D3 groups and representations

“Give me a place to stand...
and I will move the Earth”
Archimedes 287-212 B.C.E

IdeaS Of dualltY/ I‘elathlty gO Way baCk (...VanVleck, Casimir..., Mach, Newton, Archimedes...)

Lab-fixed (Extrinsic-Global)R.S.,..vs. Body-fixed (Intrinsic-Local)R.S.,.

Lab Based Opcrations z-Crank docs Body Based Opcrations
§ | opeations dl RS
R(000) or R(00y) e/ g
. V-Crank does
commute _w1th Y ermtion

| “Mock-Mach”
N | relativity principles

S B rp=R)

"Spe“?“;,iﬂ?s S|1 >:=§'1 1)

Z-Crank does
operations

R(-000) or R(00-y)

S R(0B0)

...for one state |1) only!

...But how do you actually make the R and R operations?
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| lyvith lab axes fixed




local -wave i
3
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(After i1l )
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3
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. 1 wa\L p) ket \Juo } L periy ilivzvave pzck_etE(J £> |l‘>

1 |2 r i]@i3
ro |1 i ;i
2| r 1|, ;i
(ip|is i2|1(r)r?
iy iy iz|r2 1| r
iy |iy i (r 2|1

i1i2=l‘




local-wave ;
3
bases

Lab-fixed (Extrinsic-Global) operations&axes fixed

o oD=lb) i
12 lwzae]{ocket }26 \ 12

2 (After iy ) wave packet moyes
| lyvith lab axes fixed

with lab axes fixed

1)=r|1)=|r)

1 |2 rli

r?|r 1

ro|1 r2|i

iz i,
iy ;13
i3 1) Iy

i1i2=l‘




Details of RELATIVITY-DUALITY for D,
y

local-wave ;
3
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Lab-fixed (Extrinsic-Global) operations&axes fixed

i 21zl
12 lwza 6:]1; cket }26 \

| lyvith lab axes fixed

I I
Body-fixed (Intrinsic-Local) operations appear
to move their rotation axes (relative to lab)

o °
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while lab axes moVve
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wave packet moyes
with lab axes fixed

1 |2 rli
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iz i,
iy ;13
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Details of RELATIVITY-DUALITY for D,
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D ,-defined Wz

local-wave ;
3
bases

Lab-fixed (Extrinsic-Global) operations&axes fixed

i 21zl
12 lwza e]p; cket !26 \

| lyvith lab axes fixed

I I
Body-fixed (Intrinsic-Local) operations appear
to move their rotation axes (relative to lab)

o °

I 1>=J12>
wave packet fixed, ¥
while lab axes moVve

\f’;/'(After T2 )

After T2
(veiwed in /

lab frame)
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wave packet moyes
with lab axes fixed
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1 |l r
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iz i,
iy ;13
i3 1) Iy




Details of RELATIVITY-DUALITY for D,
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D ,-defined Wz

local-wave ;
3
bases

Lab-fixed (Extrinsic-Global) operations&axes fixed

i 21zl
12 lwza e]p; cket !26 \

| lyvith lab axes fixed

I I
Body-fixed (Intrinsic-Local) operations appear
to move their rotation axes (relative to lab)

o °
I 1>=J12>
wave packet fixed, ¥

while lab axes moVve

\f’;/'(After T2 )

wave packet fixed
X while lab axes move

(veiwed in /

lab frame)

11

After Tﬁz

2 (After iy ) wave chket m0| es> | >
with lab axes fixed

1 |l r

r?|r 1

iz i,
iy ;13
i3 1) Iy




local-wave ;
3
bases

Lab-fixed (Extrinsic-Global) operations&axes fixed
y

11

L b=]iy)

| lyvith lab axes fixed

I
Body-fixed (Intrinsic-Local) operations appear
to move their rotation axes (relative to lab)

i2 1>=

[ ]
J12>
wave packet fixed v

while lab axes move

o o o

101 >=11
wave packet fixed

X while lab axes move

(veiwed in /

lab frame)

I

After Tﬁz

1 (2 r il@ij,
ro |1 i ;i
2| r 1|, ;i
Gi)|i; i 1@r2
iy iy iz|r2 1| r
iy |iy i (r 2|1
1)=r1 r
wave chketm(J es> | > (After i1y )
with lab axes fixed
i3
il
..but, THEY OBEY THE N
SAME GROUP TABLE. =T
implies:
111y 1>=ll 12>=1“1>

)

!3



local -wave i
3
bases

Lab-fixed (Extrinsic-Global) operations&axes fixed

L=l

i

1
Body-fixed (Intrinsic-Local) operations appear
to move their rotation axes (relative to lab)

i,|1)= J12>
wave packet fixed
while lab axes move

wave packet fixed

2 - -
1 r< r 'I@'j’
r (1 r i 1; 1)
X lr 1
i 1) 1@r

iy iy iz|r2 1| r

@

iy |iy i (r 2|1

i,i,|1)=r|1)=|r)

wave packet moyes
with lab axes fixed

i3
i
...but, THEY OBEY THE B
SAME GROUP TABLE. Iiy=r
implies:

...and Mock-Mach principle g| 1>=Ag-1y iji,="7
1)—1'2

(veiwed in /

lab frame)

X while lab axes move

After 1172

(veiwed in

lab frame)




Details of Mock-Mach relativity-duality for D3 groups and representations
) Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local) (

Compare Global vs Local |g)-basis and Global vs Local |PW)-basis




Compare Global vs Local |g)-basis vs. Global vs Local |PW)-basis

D3 glObal r2 r i] i2 @
group r|1 r2® iy b
product r’lr 1| Gy

i) |1 r r?
table o el

i (3(r° 1 r

iyli, ij|r r’ 1

Change Global to Local by switching
...column-g with column-g

....and row-g with row-g T

(all others are
self-conjugate)

Just switch r with rl=y2 .

D3 local

group
table

vy

W W

£

1’1'2

i; i (0

1 r
rZ 1

i2® i]
@ i] i2

=l
;)

i (3
i) i

i, I

1 r r?
1 r
r r? 1




Compare Global vs Local |g)-basis vs. Global vs Local |PW)-basis

D, global

group
product
table

2
r

i; i (i3

r
r?

1

re|(iy i; i

i, (iy iy

i
i

W

r
1
r
5 i
i]@

i, I

1 r r
1 r
r r? 1

Change Global to Local by switching "« «

D3 global

projector
product
table

...column-P with column-PT

....and row-P with row-PT

Just switch r with ri=r2 .

(all others are
self-conjugate)

D3 local

group
table

31

1’1'2

YV hww

i, i (y

1 r
rZ 1

i2® i]
@ i] i2

=11
Sy

i (3
i) i

i, I

1 r r?
1 r
r r? 1

o; [p 2 pE PSP P
AN 2k R

ol | PLPL
B N .

P

c “ad

P(m)P(n)= 5mn5b

(Fust switch P withp: =P~ )

A &7

AP Py Pl P P,
Al Al . . ) . .

D3 local P;Zl; """" . P;Iyz
projector P 0 P 0
product Pfy 0 Pr| 0 Pfy
table <:1>f Py © Py 0
Pyl |10 Pl o Py

BB =0, By




Compare Global vs Local |g)-basis
Example of RELATIVITY-DUALITY for D ~C;.

To represent external {..T,U,V,... }switch g :;_\gT on top of group table

RY(D) =
(1

RO(r) =

1

RO =

N

1 . . . ..
10

G(iy_
R (1])_

1

1 .

RG(i2)=

|

oo 1

1.
-1

RG(i3)=
N

)




Compare Global vs Local |g)-basis

Example of RELATIVITY-DUALITY for D ~C, &Zﬂ \ERAR
— SV 1|r" r|i; b (iy

To represent external {..T,U,V,... }switch g :;\gT on top of group table el 1) i i
RO(1) = RO(F) = RO - RO )= RO ) - RO(i ) - r’lr 1] () i
(1 N 1 .. e | N\ [ .1 . N[ | e . @ i]@ig 1 r 1'2
1. . S I I [ I IR (R N I T .o R

R 1 | O |

1 ) 10t . o o .o
A T I I 1 A PP T I VRS FRR N I TR I R
SRS I U IR ) RS EN) N SRR AR I (SRR S @ .
RESULT: J
Any R(T)

commute (Evenif T and U do not...)

with any R(U).
...and T-U=V if & only if T-U=V.

To represent internal {..T,U,V,... } switch g\:“ng on side of group table

|
D, local
glg-table

RO(1)=

N

RO(Y) =

RG(f2) _

1 ..

RG(ij)=
AN T

1.

-1

RG(i2)=

S A N
A T B

-1

RG(ij)=

rr2i1 i2®

rZ 1

iZ@ i]
@ iI i2

i (3
iy i

i, 1

1 r r?
r°1 r
r r? 1




Compare Global |PW)-basis vs Local |PW)-basis

Matrix “Placeholders” ;) for GLOBAL g operators in D

4, Al N 4, A + £ P P P
4, g = ch(g)P Q/y(g)P Q; ( g)PXX D &EXy + ij(g) yX + Q,y(g) Vy
@(X(g)/;lz ' ' ' A II . A ( Sl ‘ ...... \ " ...... \ { ...... \ - .o
Q'YDED p 1 1 ........
. . . I IV N T I .. .. R .. R P El. . 1.
SNSRI 2 IS 1PN B 2 O 72 N N 2 A W A =
) 'DXXny ...... . ) | | T ..
Dnyyy ...... ) . 1




Compare Global |PW)-basis vs Local |PW)-basis

Matrix “Placeholders”

A
A 1
N g = NP +Dy2(g)P
o T P
2 l
| [;.y Dt b . L 4
xx Dxy A ,
. DyX Dyy E . _Q(X ...... +L%/y .
: . D XX ny ' )
Dyx Dyy ...... ) .
A
— 4, 1 A
= D) +0, <P
/Qgé(g) - II . \ ( A
s AR B -
. 'DXX°ny.=A] ...... +A2""
. . . D DX Qx ...... l%/y .o
E XX g Xy
Dy - D, . S
. DyX . Dyy ) ’

. R L ™ S S

P for GLOBAL g operators in D

Q( (: g)PXX
N
E 1

E
* Qy(g)ny + l%,x(g) Pyx
O Vo \
+Q(y . . +Q’X N R R +Q/y .
. -1

=L
D E
D.( g)PXX * Ify(g)ny T D (© Pyx

© ‘” ...... AU R \ {’ ...... \

T o N IV B D |
. E 1 . . E . 1 . E ...... E .
. +Q(X . . 1 .. +Q{y . . 1 +Q/X . . . +Q’y .

...... | T




Compare Global |PW
Matrix “Placeholders”

A g =
N N
y
E
) ) DXXny
Dnyyy E
: 'Dxxny
nyyy
g —
er : ..
Dy - Dg - |
. 'EDxx 'EDX-‘Y
. Dy - Dy .
. Dyy .Dyy

nleP +Q2(g)P
B
A ...... A
N *0y
)
—A -
BieP ' 1P
I|. . (ol
Vo
...... N A2 . . . .
...... D3l
)

)
+ Qx(g)PXX D, (g)ny + D, () Pyx
l ...... \ " ...... \ (’ ...... \
. +Q(X . .o +Q{y . N I +I%IX R | R +1%/y .
. . 1 . 1 . N .
. 1

N-basis vs Local |PW)-basis

P for G’LOBAL g operators in D

Note how any global g-matrix commutes with any local g-matrix

a b A B A B a b

c d |- Ai - B - Al - Bl|lc d -
~ita b||C D C D a b
c d C D C D c d

aA bA i aB bB Aa Ab i Ba Bb

cA dAi cB dB Ac Adi Bc Bd

aC bC i aD bD Ca Cbi Da Db

cC dCicD dD Cc Cdi Dc Dd

E -
D E
Qx(g)Pxx *D Py +D@Pyx
c { ...... A P R \ (’ ...... \I
. E 1 . . El- 1 . El- - ..
. +Q(X . . 1 . +Q(y . -1 +l%’X . N
...... ) 1.




*Hamiltonian and D3 group matrices in global and local |PW)-basis ‘
Hamiltonian local-symmetry eigensolution



Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33) "
w)°d; *
[PW)-basis are projected by P! = i—G > D" ( g) o = P}fl‘nj acting on original ket |1)
g



Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33)
[PW)-basis are projected by P! =

=Pl 1)

P G *
_put : . L
o % D" (g) g =P"" acting on original ket [1) to give.

norm



Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33)

(W) °; *
PW)-basis are projected by P* = £ D* = P*T acting on original ket |1) to give:
1 g(u) °G *
)= Pl - 5 DY, (2)le)

norm OG - norm o



Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33)

() °¢; *
PW)-basis are projected by P* = £ D* = P*T acting on original ket |1) to give:
p mn OG % mn g g nm
(w) °G %
‘ ,!:m>= P,,l,/fn‘1> : = ‘ D Dn’;n ( g) ‘ g> subject to normalization:

norm  °(;-norm g

2

u >= Y P#mPn‘Jn\1>
mn
norm

M!
m'n’




Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33) »
w)°d; %
[PW)-basis are projected by P! = é—G > D! ( g) g = P}fl‘n;r acting on original ket |1) to give:
g

‘ ,’fm>= P]Zn‘1> L o gDn‘j: (g) ‘ g> subject to normalization:

norm  °(;-norm g
mn '

2 mm 2
norm norm

‘Ll,’
m'n'




Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33) ”
w)°d; %
[PW)-basis are projected by P! = é—G > D! ( g) g = P}fl‘n;r acting on original ket |1) to give:
g

‘ ,‘fm>= P]Zn‘1> L o gDn‘j: (g) ‘ g> subject to normalization:

norm OG - norm o

Ve WP Pinlt) s BN s 5 wtere: norm = (1] - Jg

norm norm

Ml
m'n'




Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33) ”
w)°d; %
[PW)-basis are projected by P! = é—G > D! ( g) g = P}fl‘n;r acting on original ket |1) to give:
g

‘ ,’fm>= P]Zn‘1> L o gDn‘j: (g) ‘ g> subject to normalization:

norm OG - norm o

Ve WP Pinlt) s BN s 5 wtere: norm = (1] - Jg

norm norm

u
mn

‘Ll,’
m'n'

Left-action of global g on irep-ket

é.u
)= 3 Divn (&) )

Y



Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33) ”
w)°d; %
PW)-basis are projected by P* = £ D* = P*T acting on original ket |1) to give:
mn OG mn g g nm
g

(w) © *
‘ i!:m>= Prtffn‘l>n0im =5 Gi:orm §D;Z , ( g)‘g> subject to normalization:

Ve WP Pinlt) s BN s 5 wtere: norm = (1] - Jg

norm norm

u
mn

‘Ll,’
m'n'

Left-action of global g on irep-ket

é.u
)= 3 Divn (&) )

Y

Matrix is same as given on p.23-28

<1P1L¢’n gin>= Dn‘li’m(g)

Y



Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33)
g(u) °G *

[PW)-basis are projected by B = —— E D, ( )g = P}fl‘n;r acting on original ket |1) to give:
1 g(.u) °G *

u \_ pu _ u . T

‘ mn>_ Pmn‘1>n0rm =G norm }g: D (g) ‘ g> subject to normalization.

s ,’;‘m>=< \P,ffman‘in\ 1) 5 [Py, ‘21> 514 & where: norm=J{1]PL 1) =\/g

norm’ norm
Left- ffm> Left-action of local & on irep-ket ,ﬁfm> is quite different
Vis
g )= 3Dk ()| ) gl - gpr 1) =

" ¢ Use
S : Mock-Mach
Matrix is same as given on p.23-28 _ P” g‘ > / O commuatior

A and

u
m'n

4 =D (2)

Y



Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33) »
w)°d; %
[PW)-basis are projected by P! = {—G > D! ( g) g = P}fl‘n;r acting on original ket |1) to give:
g

(w) © *
‘ i!:m>= Prtffn‘l>n0im =5 Gi:orm §Dn‘j , ( g)‘g> subject to normalization:

()< SPEERI) gy RIS i s re o - JEET) - |

2 m'm mm- n'n
norm norm
Left-action of global g on irep-ket ffm> Left-action of local & on irep-ket ,ﬁfm> is quite different
Vis
8 I‘l’/lL’l}’l>= E’Dn‘l;'m(g)‘ 1!711';1> g‘ U >= gPM ‘1> °G

m mn mn g(ﬂ) Use
. . - Mock-Mach
Matrix is same as given on p.23-28 _ Pn‘l;ng‘1> G ommutation

A and

u
m'n

Y

“>=D“f () . el
mn mm =P’/‘an 1‘1>\@‘ mnverse



Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33) ”
w)°d; %
[PW)-basis are projected by P! = é—G > D! ( g) g = P,fnj acting on original ket |1) to give:
g

(w) © *
‘ gm>= szatn‘1>n0im =5 Gi:orm %GD;Z , ( g)‘g> subject to normalization:

<ffm ffm>= APE Pl uus <1‘P,5n\21>=5u'u5 s where: ”0”””‘=\/<1‘P;52‘1>=\/g

2 m'm mm- n'n
norm norm
. . u ) — . . . .
Left-action of global g on irep-ket mn> Left-action of local & on irep-ket ,ﬁ‘m> is quite different
Vis
u\_'§ pH u o
)= 3 i) 1) g, )-gee 1) [
m mn mn K(‘u) Use
Matrix is same as given on p.23-28 _p¥5l1) G Mock-Mach
----- compute g right action------------------..___ = mng‘ > (n) commutarion
u wo\_ pH ( ) E R ( and
m'n| 8| mn |= Pmm\&

» 1 _1 °G < inverse
R IR o e ACanl IS R NS

m'=1n"=1




Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33)

() °¢; *
[PW)-basis are projected by P* = _{ZG > DY (g) o= P’i‘nj acting on original ket |1) to give:
g
1 g(‘“) °G *
u \_ pu _ u . T
‘ mn>_ Pmn‘1>n0rm =G norm % D (g) ‘ g> subject to normalization.

Ve WP Pinlt) s BN s 5 wtere: norm = (1] - Jg

Ml
m'n'

norm norm
: : u : — . L
Left-action of global g on irep-ket mn> Left-action of local & on irep-ket ,ﬁ‘m> is quite different
Vis
U \_'§ pH u 0
)= 3 i) 1) g, )-gee 1) [
m
T T ¢ Use
Matrix is same as given on p.23-28 _p¥5l1) G Mock-Mach
----- compute g right action---------------.____~ - mng‘ > (n) commutation
<“, gl >=D“, () G T ‘ o
mn mn mm u -1 u u u — _ M" -1 °G < mverse
P o= '21 Zlean,n,Dm,n,(g ) =P o ‘1> /z(“)
m=1ln=

u T

YR oY /Ry
’El Pmn’ Dnn’(g )
n =




Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33)

() °¢; *
[PW)-basis are projected by P* = _{ZG > DY (g) o= P’i‘nj acting on original ket |1) to give:
g
1 g(‘“) °G *
u \_ pu _ u . T
‘ mn>_ Pmn‘1>n0rm =G norm % D (g) ‘ g> subject to normalization.

Ve WP Pinlt) s BN s 5 wtere: norm = (1] - Jg

Ml
m'n'

norm norm
: : u , — . . : :
Left-action of global g on irep-ket mn> Left-action of local g on irep-ket ,ﬁ‘m> is quite different
Vis
w\_§ pu u >
)= 3 i) 1) g, )-gee 1) [
m mn mn K(‘u) Use
Matrix is same as given on p.23-28 _p¥5l1) G Mock-Mach
------ compute g right action-------------------.__ = mng‘ > (n) commutation
5 B m—— RN M and
<;P1La’n B gm>= Dil;it’m(g) u 1 £ 4 u pu u TN M 1 °G inverse
m'=ln'=1 ‘- 7 : u \ (¥
oS . % D™ ( —I)PM 11) |C
_ L pU s u - = ’ ’5‘ > W
= ,El P Dur(g) A=l s s ()
gop L mn e sl




Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33) »
w)°d; *
[PW)-basis are projected by P* = é—G > D! ( g) g = P;‘nj acting on original ket |1) to give:
g
1 g(u) °G *
u \_ pu _ u . T
mn>— P n‘1>n0rm ST T— g D’ ( g)‘g> subject to normalization.
u o pu u (1)
o PRIy ORI i s e e T
m'n’| mn 2 m'm ) m'm-n'n nn °G
norm norm
Left-action of global g on irep-ket ffm> Left-action of local & on irep-ket ,ﬁ‘m> is quite different
Vis
8 i‘ljm>= E’Dn‘l:’m(g)‘ 5111';1> g‘ U >= gPM ‘1> °G
" T i ¢ Use
Matrix is same as given on p.23-28 _ °G Mock-Mach
s P ----- compute g right action---------------.____~ = Pn!;ng‘ 1> (n) commutation
<M' g\ >= D,, (g) | 1 Ui N f o inc\l,’;fse
P,an_ = E 2 PngnPnpf:'n'Dz'n’ (g ) = P,ifng_l‘1> o <
m'=1n'=1 = u g(ﬂ)
R B S Y
- ’El Pmn’ Dnn’ () n'=1 nn mn’ ¢
n =] T rscr s cc s s s s s s s s s s s s s s s e e e e e e e e EEEE e e EEEEEEEEEEEE®®S:S:S:"
M




Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33)
g(u) °G *

[PW)-basis are projected by P! = o % D ( g) g = P;‘nj acting on original ket |1) to give:

1 /g(ll'l’) OG % . . .
‘ u >= P ‘1> = > D" (g)‘g> subject to normalization:
mn mnl ™" norm — ° (5 - norm - mn
u pu u (1)
o OB iy OE) iy s e some TR = [
mn | mn 2 mm 2 mm nn nn oG
norm norm
Left-action of global g on irep-ket ffm> Left-action of local & on irep-ket ,ﬁ‘m> is quite different
Vis
U \_'§ pH u o
) 328l ) et -z [
" i i ¢ Use
Matrix is same as given on p.23-28 U — °G Mock-Mach
----- compute gl right action------------------..___~ = Pmng‘ 1> (n) commutation
<“, gl & >= D", (g) 5 o T ‘ and
mn mn mm u -1 u u u — R | °G < mverse
m'=ln'=1 "% 7 : o \ ox
s u  -l\pu : °G
-1 = D ' P " 1 -
= 3 P Di(g7) n2= | mn (& P ‘ > S
n':l )

M
-1
- 2 D#n'(g )‘ gm'>
n'=1
Local g-matrix component

_ ~1 *
<g¢n’ g‘ gm>= D#n'(g ) = Dif’n(g)




Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33)
g(u) °G *

[PW)-basis are projected by P! = o % D ( g) g = P}fl‘n;r acting on original ket |1) to give:

1 g(u) °G *
‘ H >= | ‘1> = > D¥ (g)‘g> subject to normalization.
mn mnl "L norm — ° (5 - norm - mn
u o pu u (1)
e PPy QU)o (T - [
mn | mn 2 mm 2 mm nn nn OG
norm norm
Left-action of global g on irep-ket ffm> Left-action of local & on irep-ket ,ﬁfm> is quite different
Vis
8 i‘ljm>= E’Dn‘l;’m(g)‘ 5111';1> g‘ U >= gPM ‘1> °G
m mn mn f(‘u) Use
Matrix is same as given on p.23-28 _ °G Mock-Mach
& P ----- compute g7l right action------------—.._ = Pn!;ng‘ 1> (n) commutation
<“, g“>=DM, (g) 5 o T ‘ and
mn mn mm u -1 u u u — R | °G < mverse
Pmng =2 2 Pman'n'Dm'n’ () - P,fl,;ng ‘1>«’
m' =1n'=1 KM g(ﬂ)
s u  -l\pu : °G
-1 = D ' P " 1 -
= ,El P’ilntn, D#n’(g ) n'2=1 nn (g ) mn‘ > /(1)
el M =
M
1
= ZlD}ffn,(g )‘ ffm>
n =
Global g-matrix component Local g-matrix component
u W o\_ pu _ -1 *
<m’n g‘ mn>_ Dm’m(g) <;l:m’ g‘ffm>= D#n’(g )=D;‘7'n(g)




D; global-g group matrices in |PW)-basis D3 local-g group matrices in |PW)-basis

R"(g)= TR (g)7" =

R [ee) [ [eR) [eR) [
()| |
. (g) Dj} : : ordering to
Ey By concentrate
. . <
Pule) Dol 1 globalg
- | D, (g) nyl D-matrices
E E
Dyx1 (g) Dyyl
Global g-matrix component Local g-matrix component

u
m'n

g‘ iitm>= DZ’m(g) <gm’

als, )= Dl (a7 =Dl (2)




Ds global-g group matrices in |PW)-basis Ds local-g group matrices in |PW)-basis

R (e)= O (o)1 - ¥ (g) - (g)r -
P§1> |ny‘;2> P)§1> P£C1> val> PyEy1> P)f}> ‘Py‘i2> P§1> PyExl> P)f;1> ‘PyEyI>
( phi(g)| - ) ( D" (g)
DAz(g) . . . . ‘P(M)>-base . DAz*(g) . .
. (g) Dj} - - ordering to ' - n) (e Djvl (¢)
Ey Ey concentrate Ep* E*
Dy (g) Dy < global-g i xx (g) i Xy (g)
El El . El El
D, (g) D, D-matrices ' ' D, (g) ' D, (g)
E E E* E*
Dyxl (g) Dyyl Dyxl (g) yyl (g)
here
Local g-matrix
is not concentrated
Global g-matrix component Local g-matrix component

u
m'n

g‘ gm>= Diffzt’m(g) <il;tm’

als, )= Dl (a7 =Dl (2)




Ds global-g group matrices in |PW)-basis D3 local-g group matrices in |PW)-basis

R (o) e )1 - R (g)- 7 (8] -
P§1> |ny‘;2> P)§1> P)fc1> P)§1> PyEy1> P)f}> ‘Py‘i2> P)§1> PyExl> P)f;1> ‘P)f/l
[ ph(g)| \ [ D" (g)
DA2 (g) . . . . ‘P(M)>-base . DAz*(g) . .
E E; ) E* E*
D, (g) D, - : ordering to - | Dy (g) - | Dy, (g)
Ey Ey concentrate Ep* E*
D, (g) D, . . global-g _ w () _ Xy
D_ (g) nyl D-matrices ' ' Dyxl (g) : le (g)
E E E* E.*
D, (e) D, D, (g "
RP(g)=TRC (g)T" = T
Pxx1> ‘PW2> Pxx1> ny1> Pyxl> PW1> Local g-matrix
[ ph(g)| - . . . C) is not concentrated
p™(g)
p.'(g) - Dxil (g) - here |
£, £ global g-matrix
P« | P9 |« s not concentrated
E E
D, (g) D, (¢)
DEI . DEl
X Yy
Global g-matrix component Local g-matrix component

u
m'n

g‘ il:m>= DZ’m(g) <gm’

als, )= Dl (a7 =Dl (2)




Ds global-g group matrices in |PW)-basis D3 local-g group matrices in |PW)-basis

R (o) 7)1 - R (g)- 0 )7 -
P;’C1> ny;2> P)§1> Pf)}> P§1> PyEy1> P)f}> ‘PyAy2> P)f}> PyExl> Pf;1> ‘P}f/l
[ ph(g)| S [ D" (g)
DAz(g) . . . . ‘P<“)>-base . DAZ*(g) . .
E E , Er* Ey*
D, (g) D, - : ordering to ' -~ |pu (e - | Dy (g
Ey Ey concentrate Ey* Ey*
e le) 2y - - global-g P = (8 pr —
D, (g) nyl D-matrices ' ' Dyxl (g) ’ Dyyl (g)
E E E* E*
. . . ' Dyxl (g) Dyyl : : : Dyxl (g) : Dyyl
R ()= T (o) - }{ R*(e)= 7 (2)7 - }{
Pj}> ny;2> Pj}> P§1> Py’fg> PyEy1> P§1> va2> Pxfg> P§1> Pyx1> ‘Pfyl
| D(g) | ")
D" (g) \P(”»jbase o) .
E - ordering to pE Pr
1 1 1 1
D.(g) - |D,le) - concentrate ' | Dy (g) Dy (g)
o I B I B L I
5 3 D-matrices o P
Dyx (g) . Dyy (g) . and ' ) ) . Dxx (g) ny
D)il . Djl H-matrices . . . . chl*(g) Dj}l*
Global g-matrix component Local g-matrix component

u
m'n

g‘ il:m>= DZ’m(g) <gm’

als, )= Dl (a7 =Dl (2)




Hamiltonian and D3 group matrices in global and local |PW)-basis
*Hamiltonian local-symmetry eigensolution ‘



D3 Hamiltonian local- H matrices in |PW)-basis

H matrix in ) H matrix in
g)-basis. [PW)-hasis:

0 0 . .
G 7. 1, 4 l l l
— 2 1 0 2 3 1
(H)G - E rgg - ) ) )
g=1




D3 Hamiltonian local- H matrices in |PW)-basis

A E E E E
P) [Py) [PL)P) PP
H matrix in N I H matrix in ( H™ : : : :
o " nh h L B
A N -pasis -
g)-basis. S IPW)-basis. .| H . .
7"1 1”0 I"] l3 ll 12 - -
(0 . . . .
G 7. r, r l l l xx xy
_ > Ty L B _ _
(H)G= E rgg= . . . (H)P=T(H)GTT= ) . HE] HEI
L - .
L 4 i L Iy N ' ' ' - | H, H,
l l l 7; 7. 7, E| E|
3 L h on LR loH]

H:b = <Pn‘L1La H

P)




D3 Hamiltonian local- H matrices in |PW)-basis

H matrix in
|g)-basis:

(H)G - EGrgg -
g=1

H :b = <Pn‘L1La

P! )

|
L =[P ) =Bl [1)
norm

(w) °G 2
I N R (][

"G -norm g
subject to normalization (from p. 116-122):

,/ (thch will cancel out)
°G  So, fuggettabout it!

H matrix in
PO -hasis:

XX

/ HAl

PA1> \P

Yy

)

")

v) \PE‘>

yy>

H

E}
XX
Eq

yX

Ep
Xy
E

Yy

E}
XX

Ej

yXx

S

Ey
Xy
£

Yy




D3 Hamiltonian local- H matrices in |PW)-basis

Al El EI El El
Pxx > ‘Pyy > PXX > ny > Pyx > Pyy >
H matrix in e H matrix in ( H* :
, o " N h L L () .
|g)-basis: S [PW)-hasis: .| H
n " B h b o o
0 . . .
G 12 1, 4 l l l XX Xy
_ > Iy L ko f — —
(H),= 3 re- (), =T (H), T - -
_ i iy I, ¥, ¥, T P ¢ ' - |H, H
= i By h ) »
. . . Eq E
L 4 3 I Ty n ' ' ' - | H, H,
I I I v, 1, T Fl £l
32 1 1 2 Y0 w Hy,

H :b = <Pn‘L1La

Pn!;?>=< Pa‘l;nH nb >
(norm)?

@’mjector con]ugatzon )22 3D

(m)(nl)" = m)(m

(PM f — PM
\ mn nm /

g(u) °G 2
)= PV = o S P ()]

subject to normalization (from p. 116-122):

S (thch will cancel out)
°G  So, fuggettabout it!




D3 Hamiltonian local- H matrices in |PW)-basis

A E,
Pxx> ‘Pyy> xx> XY> ‘P > yy>
H matrix in e H matrix in ( HA :
, o N h h L 4 () .
|g)-basis: S [PW)-basis. .| H : .
n " B h b o -
[0} . . . . o
G r 1 7 l l l XX xy
_ > N Ty h ko h _ _
(H) - E 7 g= . . . (H)P=T(H)GTT= . ] HE] HEI
- li l3 12 7"0 7"] 7"2 yx yy
o . . El El
L h B Ty 7 ' ' ' - | H, H,
l l l 1 7. v E| El
3 L 4 o Rk . H,

H, = (P, >—£LP“H 1)=(1[HPP}[1)
(norm)? MOC k— Mac h (norm)?
commutation
rr=rr
(p.89)
1 g(u) °G *
mn> PM 1>n0rm - °(; - norm g D"Zn (g)‘g>

subject to normalization (from p. 116-122):

,/ (thch will cancel out)
°G  So, fuggettabout it!




D3 Hamiltonian local- H matrices in |PW)-basis

Py) [By) [PL)PY) [BD)P))
H matrix in L H matrix in / HY | -
g)-basis: o 2 h hoh P hasis:
&/~ DASLS. n T 7 i3 i1 i2 e . ? .El £
°G vy 1,V I, I, 1 . . o o
H) = - 2 1 0 2 3 1 H) = T H TT _ ; ;
( )G g2=1 gg il' i3 i2 7'0 I’] ’”2 ( )P ( )G . . ny Hyy
Lo L Iy T ' ' ' ' HxE)i H)Z]/
B L h o nn ; H;y’
H,, = (P, [H|E) = (1P, HES|1) = (1/HE, P|1) =0, (1| HE; |1

Use P! -orthonormality

P‘ur, /PM =(SM’M(S ' PMr

mn mn nm mn

(p.18)




D3 Hamiltonian local- H matrices in |PW)-basis

Py) [By) [P)[Ry) [P
H matrix in A A A A A H matrix in ( HY |
|g)-basis: . [PW)-basis. .| H
n " 1 8 4 b B B
°G v r ry, I, I, I . . xx o
H) = - 2 1 0 2 3 1 H =T H TT _ ; ;
( )G g2=1 gg il' i3 iz 7’0 I’] ’”2 ( )P ( )G . . ny Hyy
Lo L Iy T ' ' ' ' Hxi H)Z]/
L L h IR ;i HyEy’
G
H,, =Py, [H|P;) = (P, HE} |1) = (1| H;, P 1) =3, (11 HP|L) = 5 (1|H|g)D, ()
norm norm norm g=1
1 g(u) °G *
)= Pl 1) - 5 Dl (2)[e)

norm OG - norm g

subject to normalization (from p. 116-122).

norm = \/<1‘P,f;‘1> = @ (which will cancel out)

So, fuggettabout it!

L ) 1

g(iaeﬁ"zcierfts D" ( g)r1 are irreduc;g’ble representations (ireps) of g
1
1

Al(g)= 1 | s ! 1

(g)= {1\ A A A A A (_1\

1 - 2 2 2 2 > 5 3 3 { 0

|00 3130 T ) e
s 2 2 2 2 ) ) > 3




D3 Hamiltonian local- H matrices in |PW)-basis

H matrix in

H matrix in

XX

PA1> \P

/ HAl

Yy

v) \PE‘>

yy>

g)-basis: I PO -hasis: H -
0 o Hy
e (W), =7 (H), 7" - o g
boh B Ty h - xFy1
L L 4 nn . H,
............. - e
= (PLHIRS) = (UPLHPS 1) - (t|HELBL 1) - 5, (HES D - S (1 HIg)D, (5)= 3,1, (o)

g(u) °G
"ljm>= P’il”tn‘1>noim - °(; - norm % DM ( )‘g>

subject to normalization (from p. 116-122):
norm = \/ 1‘ ﬂ/

g(iaeﬁ"lcierlzts D" ( g)r1 are zrreduczble representations (lreps) of g
1
1

(whzch will cancel out)
So, fuggettabout it!

i ) 1




D3 Hamiltonian local- H matrices in |PW)-basis

) |Py) P[Py \PE‘> V)
H matriv in o H matriv in |
|g)-basis. ooz e PO -hasis: | H
s ' noryorn kb g | ' - -
°G vy o ¥, I, I, I xx Xy
H) = E . §= 2 1 0 2 3 1 ‘ H =T H TT _ ; ;
(") - oo Ty ( o= . N
L L o N ' ' ' ' Hxi HxEy1
l3 ZZ ll 7"1 7"2 VO )‘Z H;;
........... o *G )
H, = (P, P,:z>—jﬂ 1) = (1HR,B[1) =5, (1/HP,[1) - 2__{1_Iy_lg_>pab (8)= %D (¢)
nOI"m norm norm g= g=

H" =, D" (D)+ 1, D" (r')+r, DY (r*)+i D" i)+ i,D"(i,)+ i,D"" (i,)=r, +1,+1, +i,+i,+i,

Coefficients D! are iyreducible representations (ireps) of g
g= 1 i

R e T T B I T R I A AN
D\ (g)= 1) [@_IJ L_ﬁ_lJ L_ﬁ IJ L@IJ Lo -1)
’ 2 2 2 2 2 2 2 2




D3 Hamiltonian local- H matrices in |PW)-basis

Py) [By) [PL)Py) \PE‘> )
H matric in 7”07”27’1111213 H matriv in / A .
-basis: : ST T PW)_pasis: : .
o N Bk b P i
°G v r ry, I, I, I . . xx o
H) = o — 2 1 0 2 3 1 H =T H ]—ﬂL: ; ;
( ) E=l” g I N ( )P ( )G . : ny Hyy
Lo 3 N ' ' ' ' HxE)i HxEy1
L L 4 i RN | yi HyEy]
H, =(P. Péé}-l_l_“ )[1) = <1|HP“ILJ_>2 IIHEJJ Ellng>Dab g)=>rD,, (g)
norm norm norm """""" g=1

H" =, D" ()+ D" (r')+ rl*DA‘ (r)+i, DV (i)+i,D"(i))+ D" (i) =r,+r,+r, +i,+i,+i,

H" =5, D" (D)+r,D ")+, D (r)+i,D " (i)+i,D " (i,) +i,D " (i) =1, +1,+r, -i,-i,-i,




D3 Hamiltonian local- H matrices in |PW)-basis

A E, E, E, E,
PI) |P)) [PL)Py) [PL)E)
H maz_rix in ’; ..... ;/' ..... .I/'......l ..... i ..... i.... H mal‘]/ix l-n / HAI .
. v 2 h b I (W) .
|g)-basis. ' ST [PW)-basis: . | H
n " 7 B h L |- B 5
o L
G vy 1o r, 1 l l ™ 4
_ > Ty L B - -
(H) - E s g - . (H) =T(H) 71T = E] E
= i. I, 1, ¥, 1, T P G ' ' H H
= i B b Ty 71 ¥ w
. . . E| Ey
L h B L T N ' ' ' | H, H,
I, I, I, 1, I T ‘ . .
32 49 11 207 w Hy,

------------------------------------

B[P ) = (PP 1) - ([P RELD =6, 1| HEZ D) - 21|H|g>Dab ¢)= D’ (g)

nOl’m norm 2 norm ............

H, = (B},

H" =r0DA1 (I)+ rlD (r+ rl*D (r)+ le (zl)+ 12D (12)+ 13D (13) —1’0+r1+r1 +i,+i,+i,
H" =5, D" (D)+r,D ")+, D" (r)+i, D "(i)+i,D " (i,) +i,D " (iy) =1, +1,+r, -i,-i,-i,

H. = Do (1)+ 5D, (") + 1 Do () + D, (i) + iy Do (i) + D, (i) =Qry =11 -1, -1, 42712

Coefficients D* (g) are irreducible vepresentations (ireps) of g
g =

r 11 12 13




D3 Hamiltonian local- H matrices in |PW)-basis

A E, E, E, E,
PI) |P)) [PL)Py) [PL)E)
H maz_rix in ’; ..... ;/' ..... .I/'......l ..... i ..... i.... H mal‘]/ix l-n / HAI .
. 0 o h h b L () .
|g)-basis. ST [PW)-basis: . | H
n " 7 B h L |- B 5
o L
G vy 1o r, 1 l l ™ 4
_ > Ty L B - -
(H) - E s g - . (H) =T(H) 71T = E] E
= i. I, 1, ¥, 1, T P G ' ' H H
= i B b Ty 71 ¥ w
. . . E| Ey
L h B L T N ' ' ' | H, H,
in I, I, 1B I F ‘ . .
32 49 11 207 w Hy,

------------------------------------

B[P ) = (PP 1) - ([P RELD =6, 1| HEZ D) - 21|H|g>Dab ¢)= D’ (g)

}’lOl"m norm 2 norm ............

H, = (B},

H" = rOD ")+ rlD (rH+ rl*DA‘ (r’)+ llD (l1)+ 12D (12)+ 13D (13) —1’0+r1+r1 +i,+i,+i,

H" =1, D" D)+rD " (r')+r, D" (r)+iD " (i)+i,D " (i,) +i,D " (i,) =t +F,+7, -i,-i,-,

H' =D (W)+rD. (M +r'D. (r)+iD. (i) +i,D.. (i,)+i,D.. (i) = -5 -r -i-i, +2i,)/2

H =D )+ 1D, (7Y + 1D, (D) +iD., (i) +iyDs, (i) + D, (i) =3 (-1 4, iy +i, Y2 =H

g(ioeﬁ?cierlzts D" ( g)rl are irreducible repre

r’

itations (ireps) of g

21((3: i@ /_11@\//_1;%\ /_lll@\ /_1_11 \ —11
Duse)- (%1) L;_%J t‘;—%J L—% %J Lé;J ((1)_1)




D3 Hamiltonian local- H matrices in |PW)-basis

) |Py) P[Py \PE‘> V)
H matric in o H matric in |
|g)-basis: voe T PO -hasis: . H . .
5 ' noryorn kb g | ' - -
°G By 1, Py Iy I, I ‘ ' ' xx xy
H) = E . g _ 2 1 0 2 3 1 ‘ H) = T H TT _ ; ;
(") - oo Ty ( =, . N
L L o N ' ' ' | H ; H xFy1
oI, & onor T ; H ;y]
.
H < Pn!;?> _ﬂ_ y > <1|HPM 1)_VJ_> 1|HU_> E 1|H|g>Dab ) ErgDab (g)
(norm)? (norm)? (norm)? Gyttt 2=1

H" =r, D" D)+ r, D" (r')+r, D" (r*)+ i, D" (i)+ ,D"(i,)+ i,D""(i,) =1, +1,+r, +i,+i,+i,
H' =5, D" (D)+r,D ")+, D (r)+i,D " (i)+i,D " (i,) +i,D (i) =1, +1,+r, -i,-i,-i,

E|

=r,D._()+rD_(r"+r'D._(r)+iD. (i)+ izD; (i) +i D; (iy) =Qr,-r -1 -i,-i,+2i,)/2

XX

E

- rDE*(1)+rDE*(r1)+r*DE*(r2)+iDE (ll)+12D (12)+l D. (13) =3 (-1 +r i +i,)/2 =H .

S

xy

E

S

=1,D, (1)+r1D (r)+rD (r)+zD (z)+12D (12)+1Dyy(l) =y 117+, +i, (2,2

g(ioeﬁ?cierlzts D,i‘,l , ( g) are lrreduczble represent S (irellzs) of g /

Yy

D (g)- ¥ ¥ '
0 HEE B




D3 Hamiltonian local- H matrices in |PW)-basis

BE) [By) [RO)ES) BB
H matric in s H matvix in (|
g)-basis: oo b2 [PW)-basis. .| H L
g | 7"1 1”0 I"] i3 il i2 | E E
°G vy 1, ¥y, I, I, I ‘ ' . o o
H) = E ” g _ 2 1 0 2 3 1 . H) = T H TT _ E1 ;
(") - oo Ty ( =, . N
oW B L Ty n w H,
B L 4 nhn . H,
P
H,, = (P, Pn”2>-ﬂ|_ WP (1) = (1HP, L[ =6, (1 HPL L) = E 1|H|g>Dab g)=>rD,, (s)
}’lOI”m nOl"m norm """""" g=1

H" =r, D" D)+ r, D" (r')+r, D" (r*)+ i, D" (i)+ ,D"(i,)+ i,D""(i,) =1, +1,+r, +i,+i,+i,
H' =5, D" (D)+r,D ")+, D (r)+i,D " (i)+i,D " (i,) +i,D (i) =1, +1,+r, -i,-i,-i,

E|

=r,D._()+rD_("+r'D._(r)+iD. (i)+i,D. (i,)+i,D. (i) =Q2r,1-r i -i,+2i)/2

XX

Ej

=1,D, () +1D, (X +5 D, (r*)+iD,, (i) +i,D,, (i,) +i,D,, (i;) =N3(-1+1 i, +i,)2 =HE

S

xy

Ey

S

—rOD (1)+r1D (r)+rD (r)+zD (z)+12D (12)+1Dyy(z) =(2r,-r, I’1+ll+lz -21,)/2

Yy

f A oL . £ ..
Ho Hy | 1| 2rn-n -i-i+2i, V3Cr 4" +i,)

E E . . . . .
H_ H_ 2 \/5(—7‘1*+I’1—ll+lz) 21,11, +i +i,-2i,

yx Yy




D3 Hamiltonian local- H matrices in |PW)-basis

Py) [By) [P)[Ry) [P
H matric in o H matriv in (g
, 0 2 nhoh o B .
g)-basis: ' ST PO -hasis: H
n"nh T s 4 b o 5
°c B BTy I, Iy _ - Xy
(H)G - E rgg - . . . (H)P = T(H)GTJr = E| E|
g=1 L L L, I, 1n » »y
L L o N x; x;
b L honnor yi H yEy]
oG : "
Hab < Pn!;)> _l_l_ ; H > <1|HPM Pn | z 1|HP | ) E 1|H|g>Dab ) Er Dab (g)
I’lOl"I’l’l norm norm """""" g=1
H" =, D" W)+ r,DY(r")+r, D" (r)+i, D" (i)+ i,D" " (i,)+ i,D" (i,) =r,+r,+r, +i,+i,+i, =1, +2r,+2i,, +,
H" =1, D" (D)+r,D ()1, D (r)+i,D " (i)+i,D " (i,) +i,D (i) =1, +1,+F, -i,-i,-i, =1, +2r, -2i,, -i,
=D _)+rD._ (M+r'D_(r)+iD._ (i)+i,D. (i,)+i,D. (i) =Qr,-r-r -i-i,+2i)2 =, -5 i, +i,
H, =1,D, ()+rD, (") +7r D, (") +iD, (i) +i,D,, (i) +i,D,, (i) =N3(-1+1 i, +i, V2 =H " | =0
H, =rD, (1)+rD M +r D, (r )+iD,, (zl)+12D (i) +i, Dyy (i) =Qr-r-r +i+i,-2i)2  |=r, -, +i, i,

£y
XX
E

yx

H
H

Ey
Xy
E

yy

* . . .
1| 2r-r,-r, -1,-i,+21,

\/5(—;3 +r1>k—i1 +1,)

2\ B(=r"4r-i+iy)  2n-r -+ 4L -2

_ ro'rl'llz"'ls 0
0 o-h=lp-l

Choosing local C;={1,i3} symmetry with
local constraints ri=ri*=

* . .
For:ry=n and:i, =i,

o and ij=i>




D3 Hamiltonian local- H matrices in |PW)-basis

Py) [By) [P2)Py) [BL)RY)
H matric in r()"z'”llllzlg H matriv in [ s
. o : : W)\ _ o
|g)-basis. o n g 0§ IPW)-basis. H -
°G v r ry, I, I, I xx xy
H) = - 2 1 0 2 3 1 H) = T H TT _ B ;
( )G g2=1 g N T (H), =T (H), w oW
L L o N x; x;
seh ) S T R «
OGE sk °G - oF
Hab = <Pn‘l;a H Pn!;)> =( 1 j a‘l:nHPn!;) 1> = <1|HPa‘l;nl)(nb_1)> = 5mn<1|Hl?a!;)|1)> = E<1|H| g>;Dab (g) = Er Dab (g)
norm)? norm)? norm)? gl T g=1
H" =, D" W)+ r,DY(r")+r, D" (r)+i, D" (i)+ i,D" " (i,)+ i,D" (i,) =r,+r,+r, +i,+i,+i, =1, +2r,+2i,,+1,

H

Ej
XX

Ej

H

Xy

E

H

Yy

((722{1,i3}

N\

Local symmetry
determines all levels
and eigenvectors with
just 4 real parameters

~

J

Ey
XX
£

VX

1

2

* o, . .
21y -1,-1, -i,-1, 421,

=1,D(D)+ 1D () + 1 D)+ i, D (@) +,D () +i,D (i)
=r,D._()+rD_(r"Y+r' D) +iD. (i)+i,D. (i,)+i,D. (i,)
=r,D,()+nD, (r"Y+n D, (r*)+iD, (i)+i,D, (i,)+i,D, (i)

=D, ()+rD, (rY+5r D, (r)+iD, (i)+i,D, (i,)+i,D,, (i)

* . .

=21, -1;-1; -i,-i,+2i,)/2

=y - -l

=31 47 i+, )2 =HE | =0

=21, -1; -1, +i,+i,-2i,)/2

\/5(—1’1 +r1*—i1+i2)

\/5(—1’1 +1-1+1,)  21,-1-1 L -2,

=1y - Fl, -l

|

R REZ

0

0
o -l s

Choosing local C,={1,i3} symmetry with
local constraints ri=ri*=rz and i;=i

* . .
For:ry=r and:i, =i,




PW-L5 DWig
Spectral Efficiency: Same D(a),  projectors give a lot!
1 i i

Ri=(1 1 I 1 I Dk
BL=(T 1 1-1-1 -Ds

i i i 1r’12111213

1 ¢ ri
E=(2 -1 -1 -1 -1+2)/s |BE=(0 -1 1 -1+ O)N32
0 1 -1 -1+ OAs2 |By=(2 {1 -1+ + -2)/s

B
IJ),E
*FEigenstates (shown before)
sComplete Hamiltoni .
H ' 5 ivhr
A -block H? A il-'b- L&

i3 ws<vf+r2-a+a>T
;

) =Lyl g 17417 -
574thT  H Rk

\ J
°Local symmetery eigenvalue formulae (Local Symmetry=> off-diagonal=0)
rl=r2=rl*=r, i1=i2=i1*=i

A]—Ievel:[—] top +2l'+i3 FFOWlLeﬁ ]6p. 101
gives.' A ylevel: H *2r - 21 -i},
E -level: H -~ r - i+i3’
Ey-level: H  r+ i‘i3

Ptun g-expansion
in Lect. 17 p. 35-51




Global (LAB) symmetry D3> CZ i, pro jQCtOV states  Local (BOD) symmetry

3le 31>

1) =1, oy =p() 1) =TRy1)= Py
eb e
= pimi T|1>:(_ 1)b |(M)>
eb 3

i; global ()
anti-symmetry

s &
~—

i; local () ®

anti-symmetry /@

i 3 local
(x) symmetry,

i; global (v)

XX
o > 1
1; global 3

(x) symmetry




When there is no there, there...

Nobody Home
where LOCAL

and GLOBAL

—
@\
U

XX
o > 1
1; global 3

(x) symmetry




(a) Local‘ D>DC2(1 ;) model  (b) Mixed local symmetry D , model
i

- \l,)‘ 1> cosl| 50—\}[(1+cos 30°)/2]
\/“ =(1/2)V(2+V3)=sin75°

sinl 5°=V[(1-cos 30°)/2]
r~| > =(1/2)N(2-V3)=cos75°

MolVibes Web Simulation
3 Atom with C3v symmetry

MolVibes Web Application: http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html



http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3

Scalar mode
A,
XX

Vector mode
E /
yx

(a) Local D 3°C,(i3) model

1?> N

~]

,/—ﬂHHHH‘

200000008

MolVibes Web Simulation
3 Atom with C3v symmetry

N\

L


http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3

