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(D3 Algebra

2
o N Another
2 1 1 3 . 0 0 .
ro 1 i 0 i K,=1 Kk, =r+r’ |k, =i +i, +I, - N Maximal Set
r'ir 1 i, 1 1 K, K, K, K, _PA1 K /= J D3 Center ofOComl?utm
— _ - Mo eeron tit )perators
ifi, i, 1 r r’ k | x 2K, +K. 2K DAz (Allcornmuting
- 0perators) r
i i i,irr 1 r K. | K, 2K, 3, +3K, / T j PE
2 1 3 ¢ l l 1 r |')E1/ >
by =0 =12 f\ 7 r2 PE
A R e 22

Class-sum K, invariance: gK, =K

°G = order of group: (°D, =6)
°k, =order of classx,:  (°x, =1, °x, =2 '
Class minimal equation 2 '
;=3K +31
= 3K K +3%K, =9k, — )
0 K - 9 K, = (K -3 1)(K +31)(x -0 1) Class ortho-complete PX relations
K, = 1-PA1 + 1 + 1-PE =1 (Completeness) g X(a) X X X X
y K, =2 Bikk pla) a=A |1 1 1
Kk =2P1 420 - 1-PF () (' oo _
p . irrep characters: X"
K, =3P1-3P "+ 0P and dimensions: ¢« |¢=£ 12 -1 0
PA1=(K +K +K.)/6=(1+l‘+l‘2+i +i, +1,)/6 |p(®) _ g(a) ()"
oo e E Xk See P@ki derivation
=(K1+Kr—Kl.)/6=(1+r+r2—il—iz—i3)/6 g(“) G )* inLect 17 p. 77-89
E 2 =<5 2 X,
=2, -x +0)3=21-r-r")/3 . Gga"% 7




Review: [5-Stage Spectral resolution of D3 Center (All-commuting class projectors)

(D3 Algebra

1ir’ rii i, i
1 2 Q 2 o L L
r S T K, =1 Kk, =r+r |k, =1 +1, +1,
2 . .
rir 1:i, i; i K, | K, K, K,
—
L 2
i (i, ,il1l r r K K 2K, +K, 2K,
L 2
i, i, i,ir 1 r K, | K, 2K, 3, + 3K, /

°G = order of group:

°k , = order of classk :

Class-sum K, invariance:

°D, = 6)

Class minimal equation

—31(1( +3K, —9K/

gth =K

Cx, =1, °kx, =2

K° =3k +31

SN2 TS 2

f 7 T \
ka5 Ds Center
DA (All=cornrnuting
| Az ggerators)
DE1

Another

Maximal Set

of Commutin
Operators

r PE
11

2 E
r I'22

0 K -9« = (K -3 1)(K +31)(x -0 1) Class ortho-complete PK relations

K1=1°PA1+1° + 1PF
Kk =2-P1 4207 - 1-pF
K, =3P1-3p" 4+ 0PF

=1 (Completeness)

X =Trace D'“(g,)

¢'“=Trace D'”(1)

P =(K,+XK, +K,)6=(1+r+r

= (K, +K, K )6 =(1+r+r°—i —i,—1;)/6

2

P =2k, -k, +0)3=(21-r-r")/3

+i, +1, +1;)/6

and dimensions: ¢

P(a) EX(OC)*
g(a) °G .
_ e 3 X( )

\_ g=1 y

l
J
4 @ L X | xox %
K, =3 Kidi pe) a1 1 1
(@)

(@) / o _

irrep characters: X"
a=E |2 -1 0

g(a)

See P@,i derivation
in Lect 17 p. 77-89




Review: [5-Stage Spectral resolution of D3 Center (All-commuting class projectors)

(D3 Algebra

2
o N Another
2 1 1 3 . 0 0 .
ro 1 i 0 i K,=1 Kk, =r+r’ |k, =i +i, +I, - N Maximal Set
r'ir 1 i, 1 1 K, K, K, K, _PA1 K /= J D3 Center ofOComl?utm
— _ - Mo eeron tit )perators
ifi, i, 1 r r’ k | x 2K, +K. 2K DAz (Allcornmuting
- 0perators) r
i i i,irr 1 r K. | K, 2K, 3, +3K, / T j PE
2 1 3 ¢ l l 1 r |')E1I' »
by =0 =12 fN 7 r2 PE
S N e 22

Class-sum K, invariance: gK, =K

°G = order of group: (°D, =6)

°k, =order of classx,:  (°x, =1, °x, =2 :
. : 1

Class minimal equation 2 ~3x_+31

= 3 KK +3%K =9%, — "
0 K — 9 K. = (K -3 1)(K +31)(x -0 1) Class ortho-complete PK relations

J

K, = 1-PA1 + 1 + 1'PY =1 (Completeness) g (a) X | X% X
1 oy K p@ [goa 1 1 1
A E Kk E (OC) 1
K. =2P1+2 - 1-P - (a) / _ _
y . xi=Trace D™(g,) irrep characters: X"
K, =3P 1-3 + 0-P (“'=Trace D'*“(1) and dimensions.: a=L£ | 2 -1 0
P (K, +%, +K )V6=(+r+r> +i, +i, +i;)/6 (o) _ f(a) () | Find X(O‘) =@
PRy TR 172703 P }jX
) using i, coefficient
E 2 = S X o cee
=2k, -k, +0)3=(21-r-r")/3 . G ¢ ° G
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Spectral resolution to irreducible representations (or “irreps”’) foretold by characters or traces
RE(1) = RE(r)= RE(r*)= RE(i)) = RE(i,) = RO(iy) =

T T o e L A o N e T I A, |

P =(k + K+ K, 6= (1+r+r 24 i +i) /6= R(P )= /6 TraceR(P™)=1

e S S g S G Y
e S S g S G Y
e S S g S G Y
e S S g S G Y
e S S g S G Y
e e S g S G Y




Spectral resolution to irreducible representations (or “irreps”) is foretold by characters or traces

I3

Min-eq. of all P's : P°=P or (P-1)P=0
Allowed P eigenvalues: 1 or 0

PA1=(K1+ Ko+ K, )/6= (1+r+r2+i1+i2+i3)/6=> R(PA1 )=

RE(1) =

RE(r)=

RE(r*)=

1

ok ke ek e

N S U G

RE(i)) =

ok ke ek e
ok ke e ek e

ok ek ek e ek e

ok ke e ek e

/6

RE(i,) =

RO(iy) =

TmceR(PAl) =1

So: R(PAI) reduces to;|

-----




Spectral resolution to irreducible representations (or “irreps”) is foretold by characters or traces

I3

Min-eq. of all P's : P°=P or (P-1)P=0
Allowed P eigenvalues: 1 or 0

PA1=(K1+ K,+K;)/6= (1+r+r2+il+i2+i3)/6=> R(PA1 )=

=(K 1+ Ky K3 )/6= (14r+1°—i ~i,~1,)/6—= R(P )=

RE(1) =

RE(r)=

RE(r?) =
1 .
: 1
1 .
1
1
1
1
1
1
1
1
1
1
-1
-1
-1

RE(i)) =

e e e ek

/6

RE(i,) =

RO(iy) =

TmceR(PAl) =1

/6 TraceR(P )

So: R(PAl) reduces to;|

R(P )

-----

-----




Spectral resolution to irreducible representations (or “irreps”) is foretold by characters or traces

I3

Min-eq. of all P's : P°=P or (P-1)P=0
Allowed P eigenvalues: 1 or 0

PA1=(K1+ K,+K;)/6= (1+r+r2+il+i2+i3)/6=> R(P )=

=(K+ Ky K3 )6= (14141 =i —i,~i,)/6—= R(P )=

P"= (2K,-%,+0)3=(21-r-1’+0+0+0)/3 = R(P")=

RE(1) =

RE(r)=

RE(r*)=

1

e ek e ek

RY(i)) =

1
1 .

I |

I 1 1
I 1 1
I 1 1
I 1 1
I 1 1
I 1 1
I -1 -1
1 -1 -1
I -1 -1
-1 1 1
-1 1 1
-1 1 1
-1 0 O
-1 0 O
2 0 0
0o 2 -1
0o -1 2

/6

RE(i,) =

RO(iy) =

TraceR(PAl) =1

/6 TraceR(P )

3 TraceR(P")=4

So: R(PAl) reduces to;|

R(P )

So: R(PE) reduces to;]

.....

-----

-----
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Spectral resolution to irreducible representations (or “irreps”) is foretold by characters or traces
RC(1)= RO(r)= RE(r?) = RE(i)) = RE(i,) = RO(iy) =

4
D “(g)

R(PA1 )= /6 = TraceR(PAl) =1  So: R(PAlg) reduces to:

ke ek e ek
e ek e ek

ek ke e e

U
U
U
I
U
I
U
I
U

R = /6 TraceR =
C= 0 o )
-1 -1 111
-1 -1 111
2 -1 -1 0 0 0
12 1.0 0 0
repEy=| L -1 2000 s ucer(Py=4
0 0 0 2 -1 -1
0 0 0 -1 2 -1
0 0 0 -1 -1 1




Spectral resolution to irreducible representations (or “irreps”) is foretold by characters or traces

RC(1)= RO(r)= RE(r?) = RE(i)) = RE(i,) = RO(iy) =
L[ 1 1 - 1 1 1
r! 1 1 S 1 1 1
2 1 1 1 - - : 1 1 1
i 1 ’ -] - 1|1 ’ 1 T
i 1 1 1 - - 1 1 1
i 1 1 -1 1 1 1

1 1 1 1 1 1 4
D '(g)
1 1 1 1 1 1
1 1 1 1 1 1
R(PA1)= 6 = TraceR(PA1)=1 So: R(PAlg) reduces to:
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 -1 -1 -1
11 1 -1 -1 -1 - D ()
1 1 1 -1 -1 -1
R = /6 TraceR = R
() 11 () (P -g)
-1 -1 -1 1 1 1
-1 -1 -1 1 1 1
2 -1 -1 0 0 O
-1 2 -1 0 0 O
R(P")= -2 000 1, TraceR(P") =4
O 0o o0 2 -1 -1
o 0o o0 -1 2 -1
O 0 0 -1 -1 1



Spectral resolution to irreducible representations (or “irreps”) is foretold by characters or traces

RE(1) = RE(r)= RE(r*)= RE(i)) = RE(i,) = RO(iy) =
L[ 1 1 - 1 1 1
r! 1 1 SR 1 1 1
2 1 1 1 - : 1 1 1
i 1 ’ -] - 1|1 ’ 1 T
i 1 1 1 - 1 1 1
i 1 1 -1 1 1 1
1 1 1 1 1 1 y
D '(g)
1 1 1 1 1 1
1 1 1 1 1 1
R(PA1 )= 6 = TraceR(PAl) =1 So: R(PAlg) reduces to:
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 -1 -1 -1
11 1 -1 -1 -1 D" (e)
1 1 1 -1 -1 -1
R /6 TraceR = R
() 11 () (P -g)
-1 -1 -1 1 1 1
-1 -1 -1 1 1 1
2 21 -1 0 0 0 / )
-1 2 -1 0 0 O
p" D"
RpEy=| L -1 2000 0 pcer(Py=4 R(P%g) “
0 0 0 2 -1 -1 DF f
o 0o o0 -1 2 -1 pf  pF
0 0 0 -1 -1 1 bt




Spectral resolution to irreducible representations (or “irreps”’) foretold by characters or traces

RY(1)=
11
! 1
2 1 -
I 1
12 :

TmceR(PAl) =1

TraceR(P )

TraceR(P") =4

RE(r)=

So: R(PAlg) reduces to:

R(P ~g)

R(P"g)

RE(r*)=

D “(g)

RE(i)) = RE(i,) = RO(iy) =

W:‘R(g) reduces to:
(

4
D (g)

D “(g)
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Spectral resolution to irreducible representations (or “ireps’”’) foretold by characters or traces
RY(1)= RY(r)= RY(r*)= RY(i)) = RY(iy) = RY (i) =

{R%(g2)}has lots of empty space and looks like it could be reduced.
But, {R(g)} cannot be diagonalized all-at-once. (Not all ¢ commute.)

Nevertheless, {R(2)} can be block-diagonalized
all-at-once into “‘ireps” A;, /-, and rwo E;‘s R(g) reduces to:

/ A
D (g)

D “(g)

11 12

21 22




Spectral resolution to irreducible representations (or “ireps’”’) foretold by characters or traces
RY(1)= RY(r)= RY(r*)= RY(i)) = RY(iy) = RY (i) =

{R%(g2)}has lots of empty space and looks like it could be reduced.
But, {R(g)} cannot be diagonalized all-at-once. (Not all ¢ commute.)

Nevertheless, {R(2)} can be block-diagonalized

all-at-once into “ireps” A;, A, and two E;‘s R(g) reduces to:
We relate traces of {R%(g)} : / (o)
= 1 rl,r2 i, .11
(g)G ay ety i) A |1 e D " (g)
TraceR%(g)=| 6 0 0 X8 PR
. N D D
+x (2) - : -
to D3 character tablle::2 255 | 22 21 0 A . ‘52 IE DzzE .
(2)= 1}y {rr'} {i,.i,i} 6 0 0 E
. . . . D
x"(@=1 1 1 1 "
X (g)= _ \ o o o o D
x'(@=|2 -l 0




Spectral resolution to irreducible representations (or “ireps’”’) foretold by characters or traces

R(1)= RO(r)= RC(r*)= RE(i)) = RE(i,) = RO(iy) =
1 1 - - - .. : 1 1 - 1 - I 1
7! -1 - 1 - - - - | -1 - - - 1 1 - -
7'2 . 1 . . 1 . 1 .......... 1 . 1 . . . 1
il . 1 . . 1 O N 1 1 ..... . 1 . 1 . .
i . 1 S I I 1 1 . . . 1 . 1 ..... . . 1
i3 ..... 1 1 . . 1 . 1 . 1 1 .....
{R%(g2)}has lots of empty space and looks like it could be reduced.
But, {R(g)} cannot be diagonalized all-at-once. (Not all ¢ commute.)
Nevertheless, {R(2)} can be block-diagonalized
all-at-once 1to “treps " A;, A>, and rwo E s R(g) reduces to:
We relate traces of {R%(g)} : / 1)
- 1} (' e’y (i Li,i
(2) {1} 1 FoA 1°1 3} 4 y, D " (e)
G x '@ |1 1 1
TraceR7(g)=| 6 0 0 E E
. . D D
+X (g) - 11 12
to D3 character tablle::2 255 | 22 21 0 A . ‘52 IE DzzE . .
(g)= | {1} A{r,r'} {i.i,i,} 6 0 0 . . . . pE ot
XAI (g) = 1 1 1 1 12
X (g) = - \ . . . . D21E DzzE
x"(@)=1] 2 -1 0

So{R“(g)} can be block-diagonalized into a direct suma® of “ireps” R%(g)=D"'/(g)®D"(2)®2DE/(g)
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Subgroup splitting and correlation frequency formula: (D G)| H)

(irep = irreducible representation)
Symmetry reduction of G to HC G involves splitting of G-ireps D™ (G) into smaller H-ireps d®(H)

D(OL)(G)\LHE D(OL)([{) is reducible to: Treducer D(a)([{)ﬂreducer - a)d(a)([{) @f(b)d(b)([{) @

( 3 \

)

fo=3

R

2

I

T . DY — =

@

v

2\

reducer reducer

« Jb)e

\<

1) =2
b

e )

The following derives formulae for integral HC G correlation coefficients f@(D®(G)| H)



Subgroup splitting and correlation frequency formula: (D G)| H)

(irep = irreducible representation)
Symmetry reduction of G to HC G involves splitting of G-ireps D™ (G) into smaller H-ireps d®(H)

D(OL)(G)\LHE D(OL)([{) is reducible to: Treducer D(a)([{)ﬂreducer - a)d(a)([{) @f(b)d(b)([{) @

( 3 \

)

fo=3

R

2

I

T . DY — =

@

v

2\

reducer reducer

« Jb)e

\<

1) =2
b

e )

The following derives formulae for integral HC G correlation coefficients (D (G)| H)

TraceD' Py = 0" Since each d” (P is an ('"-by-0" unit matrix



Subgroup splitting and correlation frequency formula: (D G)| H)

(irep = irreducible representation)
Symmetry reduction of G to HC G involves splitting of G-ireps D™ (G) into smaller H-ireps d®(H)

D(OL)(G)\LHE D(OL)([{) is reducible to: Treducer D(a)([{)ﬂreducer - a)d(a)([{) @f(b)d(b)([{) @

( 3 \

)

fo=3

R

2

I

T . DY — =

@

v

2\

reducer reducer

« Jb)e

\<

1) =2
b

e )

The following derives formulae for integral HC G correlation coefficients f@(D®(G)| H)

TraceD' Py = 0" Since each d(P")is an ¢"-by-0"unit matrix

1
f = WTmceD(a) (P



Subgroup splitting and correlation frequency formula: (D G)| H)
(irep = irreducible representation)

Symmetry reduction of G to HC G involves splitting of G-ireps D™ (G) into smaller H-ireps d®(H)

D(u)(G)lHE D(OL)([{) IS reducible fo: Treducer D(a)([{)ﬂreducer = a)d(a)([{) @f(b)d(b)([{) @

( :d(a): ‘\ _ \ j(a ) :3
J@ \

.G
T (a)(h) _ N

reducer reducer e o o b)) —
- g+ \< S =2

2k

e )

The following derives formulae for integral HC G correlation coefficients f@(D®(G)| H)

TraceD'*(P")= £ -0 Since each d"”'(P"")is an (" -by-0"" unit matrix
Class ortho-complete

ector relati 24 1 » 1 " o
/pm]ec or relations (p \) O = TraceD( (PP = E x " TraceD™ (k)

10 of
E(O!) " claé;e}s
P(a) — (05) Ky
°G kgGXk .
o) )
PO Ly
="

. J




Subgroup splitting and correlation frequency formula: (D G)| H)
(irep = irreducible representation)

Symmetry reduction of G to HC G involves splitting of G-ireps D™ (G) into smaller H-ireps d®(H)

D(u)(G)lHE D(OL)([{) IS reducible fo: Treducer D(a)([{)ﬂreducer = a)d(a)([{) @f(b)d(b)([{) @

( :d(a): ‘\ _ \ j(a ) :3
J@ \

.G
T (a)(h) _ N

reducer reducer o o o | ap) —
- - \< S =2

2k

e )

The following derives formulae for integral HC G correlation coefficients f@(D®(G)| H)

TraceD'(P")= £ -0 Since each d” (P"")is an ("-by-0" unit matrix
Class ortho-complete

projector relations (p.24) O 1 TmceD(“)(P(b)) E %" TraceD'™ (k)

g /(@) A Ve H classes -y —/
PO =L A, e
kG f(b) - E KkX/Eb)* (a)
p®) _ L T % Hi’“é%f
= OH kEHXk S k )

N J Character relation for frequency f of d ") of subgroup H in D | H of G
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Atomic (-level or 20+ 1-multiplet splitting (=0, s-singlet

E _
Formula from p.44 | 2=
(b) _ (0 () t=4.. 4 (=1, p-triplet
Example: ((=4) f = 03 ZE K X = —= 20+1=3
% =i
Crystal-field splitting: O(3)DD3 symmetry reduction
0, OR R, SYMMETRY (Flg 561 PSDSZ// - M
el //// 1 ) SYMMETRY



Atomic (-level or 20+ 1-multiplet splitting (=0, s-singlet

E, _
Formula from p.44 2=
(b) _ (0 () £=4. 4 (=1, p-triplet
Example: ({=4) f D E K Xk = 51 204 ]=3
classes 1
"D, | A; (=2, d-quintet
Crystal-field splitting: O(3)DD3 symmetry reduction 2041=5
0, OR R, SYMMETRY (Flg 561 PSDSZ// - M
el //// 1 ) SYMMETRY



Atomic (-level or 20+ 1-multiplet splitting (=0, s-singlet

E j—
Formula from p.44 L 2=l
v _ 7 0 (=4 .. A, (=1, p-triplet
Example: (=4) / °n. E Ky Xk === 51 20+1=3
classes 1
"D, | A; (=2, d-quintet
Crystal-field splitting: O(3)DD3 symmetry reduction 2041=5
04 OR Ry SYMMETRY (Fig. 5.6.1 PSDSZ// & M 623, ﬁS@pt@l‘

e © o 2+1=7



Atomic (-level or 20+ 1-multiplet splitting
Formula from p.44
Example: (=4) [ = OD E o 1

3 classes
K ED;5

Crystal-field splitting: O(3)DD3 symmetry reduction
(Fig. 5.6.1 PSDS) _ ~—— 2

> SYMMETRY

Oy OR Ry SYMMETRY

—— —— — — — —

20+1 b,

(=0, s-singlet
20+1=1

(=1, p-triplet
20+1=3

(=2, d-quintet
20+1=5

(=3, f-septet
20+1=7

(=4, g-nonet
20+1=9

(=5, h-(11)-let
20+1=11



Atomic (-level or 20+ 1-multiplet splitting (=0, s-singlet

E _
Formula from p.44 L 2=l
v _ 7 0 (= 4:,_.j~ji___..:: 211 (=1, p-triplet
Example: ({=4) / °D, Cl;es K Xk _E— E, 20+1=3
k, ED; | A; (=2, d-quintet
Crystal-field splitting: O(3)2>Ds symmetry reduction and DIng splitting 2+]=5
04 OR Ry SYMMETRY (Fig. 5.6.1 PSDSl// 3 M 623, ﬁS@pl‘@l‘
el o Q 20+1=7
: el ilo Dl 0. :
B B ) ,, ( L | ) 8 (I'IT'(R_;‘;(R) ) (=4, g-nonet
DEG:QN;:\ACY \\\ o : . D:': ..... D, g M 264—] :9
\\\\ . (=5, h-(11)-let

20+1=11



Atomic (-level or 20+ 1-multiplet splitting (=0, s-singlet

E p—
Formula from p.44 e
) _ 5, © (=4 . A, (=1, p-triplet
Example: ((=4) f °n. E K Xk = gl 20+1=3
classes 1
"D, | A; (=2, d-quintet
Crystal-field splitting: O(3)2>Ds symmetry reduction and DIng splitting 2W+]=35
04 OR R, SYMMETRY (Fig. 5.6.1 PSDSL// 3 ™ 623, f-S@ptet
//:,/f—L 4 Q 20+1=7
0 Lt jio Do B -
g AN A R (y) : D“( ' ) e (ﬁWR;‘;m ) V=4, g-nonet
it L . T ( b N e 20 1=9
Aoktaip 2 (=5, h-(11)-let
U(2) characters hp  SiD 26+ D R(3) character 2bel=11
from Lecture 14.5 p.93: x' ()= - where: 20+1
(or end of this lecture) " sin— is P-orbital dimension



Atomic (-level or 20+ 1-multiplet splitting

Formula from p.44
Example: ({=4)

Crystal-field splitting: O(3)DD3 symmetry reduction and DIng splitting
(Fig. 5.6.1 PSDS) _ -

O4 OR R, SYMMETRY

20 +1

DEGENERACY ~

U(2) characters

from Lecture 14.5 p.93:

(or end of this lecture)

— —— — — — — —

x'(©)]| ©=0 2?” o4
(=0 1 1 1
1 3 0 -1
2 5 -1 1
3 7 | |
4 9 0 1
5 11 -1 -1
6 13 1 1
7 15 0 -1

(=0, s-singlet

o 20+1=1
(=4 A (=1, p-triplet
(b) _ (b)* (£) = ’
f OD E K X = g’ 20+]=3
3 classes 1
K, ED; A; (=2, d-quintet
| 20+1=5
a svmrsrnv £:3’ ﬁseptet
o 20+1=7
D w ' '
() Q ( Dm ' ) ‘M& (fD"—(R;‘;(m ) £:4, g—l’lOl’l@f
: i D__“' ..... D, — Lo7my 20+1=9
. (=5, h-(11)-let
sin QUEDT b3 haracter 20+1=11
x'( - )= ;’; where: 20+1
sm; is V-orbital dimension
ol
1 (©) = sin(/ +5 )©
. 0O
sin —
2



Atomic (-level or 20+ 1-multiplet splitting

E,
Formula from p.44 ' )
* =7 !
Example: ( V=4 ) f "= o 2 K kX/Eb) " = E,
D3 classes L)
K ED3 A;
Crystal-field splitting: O(3)DD3 symmetry reduction and Dlng splitting
0, OR R, SYMMETRY (Flg 561 PSDSl// % M
N g ~ . = SYMMETRY
0 Ef’_//_/_/ e - D, R ..... A m
ol hadsdlie o (8§ = ¢ D*(R) ( Dy ) ‘Me ( D’(R)
DEGENERACY > ~ : R e by, ‘M
U(2) characters hp  SiD 20+ Dm R(3) character
from Lecture 14.5 p.93: x' ()= ; where: 20+1
(or end of this lecture) " sin— is P-orbital dimension
0 _ 21 : !
x (©) 0=0 3 7 ' (©) = sin(/ +3)©
(=0 1 1 1 Sin9
1 3 0 -l 2
2 5 -1 1 ...and D3 character table from p. 24:
3 7 =1 @@= {1y '} {i.i,i;}
4 9 0 1 A
(g)= 1 1 1
5 11 -1 -1 x(®)
6 | 13 1 1 |X ®- -
7 15 0 -1|x'(®=|2 -l 0

)

(=0, s-singlet
20+1=1

(=1, p-triplet
20+1=3

(=2, d-quintet
20+1=5

(=3, f-septet
20+1=7

(=4, g-nonet
20+1=9

(=5, h-(11)-let
20+1=11



Review:Spectral resolution of D3 Center (Class algebra)
Group theory of equivalence transformations and classes
Lagrange theorems
All-commuting class projectors and Ds-invariant character ortho-completeness
Spectral resolution to irreducible representations (or “irreps”’) foretold by characters or traces
Subgroup splitting and correlation frequency formula: @ (D (G)|H)
Atomic l-level or 20+ 1-multiplet splitting
D3 examples for (=1-6 ‘

Group invariant numbers.: Centrum, Rank, and Order



Atomic (-level or 20+ 1-multiplet splitting (=0, s-singlet

E p—
Formula from p.44 e
) _ 07 0 =4 A, (=1, p-triplet
Example: ({=4) / °n. 2 K Xk = 51 20+1=3
classes /
"D, A; (=2, d-quintet
Crystal-field splitting: O(3)DD3 symmetry reduction and Dlng splitting 2W+]=35
o onm smery (118 5.0.1 PSDS) _~ Y . (=3, f-septet
i st e ; Q 20+1=7
0 i T Dol - A
£ S B () ,, ( D“ ' ) ‘M& (I—DTR;‘;(R) ) (=4, g-nonet
T . NG T e 2019
e % (=5, h-(11)-let
U(2) characters hp  SiD 26+ D R(3) character 2bel=11
from Lecture 14.5 p.93: x' ()= ; where: 20+1
(or end of this lecture) " sin; is V-orbital dimension
y 27
x©)]0=0 — =« sin(/ +2)© .
: %' (@)= (5) ARCIFA AN &
/=0 1 1 1 Sin — /=0 1 i 14,
@ 3.0 -) 2 1 . 1 | 04,84.0E,
2 5 -1 1 ...and D3 character table from p. 24:
3 7 =1 @@= {1y '} {i.i,i;}
4 9 0 1 A
(g)= 1 1 1
5 11 -1 -1 x"(®)
6 | 13 1 1 |X ®- -
7 15 0 -1|x'@®=|2 -l 0




Atomic (-level or 20+ 1-multiplet splitting

E;
Formula from p.44 oa ) )
% = 1
Example.' (824) f(b) OD 2 KkX/(cb) Y = E;
3 classes E;
K ED3 A;
0: OR R, SYMMETRY . X - A5 : . AL ek
0 . f’_//_/_/ £ . D, W .... ' 2t o]
P Saetlite oW (5G = 0 DY(R) ( Dy 1. ) ‘Me ( D*(R)
DEG:N;:!ACY N - : D by, ‘M
b C(2r+1
U(2) characters 2 sm( t+m R(3) character
from Lecture 14.5 p.93: x' ()= j’; where: 20+1
(or end of this lecture) " sin— is (-orbital dimension
, 27 n
Xx©®)|0=0 — =z sin(/ +2)0
x'(© =0 g | g g
( 3.0 -) - I I
2 5 -1 1 ...and Dj3 character table from p. 24:
i ; (1) _11 (g) = {1} {r'r’} {i,,1,,i;} 3 0 -1
)= 1 1 1 0x“(2)=|0 0 0
s oo | X @ X8
6 | 13 1 1 |Xx ®= - x (&)= -
7 15 0 -1|x"@®=] 2 -1 0 Iy (g)= |2 =1 0

(=0, s-singlet

20+1=1

(=1, p-triplet

20+1=3

(=2, d-quintet

20+1=5

(=3, f-septet

20+1=7

(=4, g-nonet
) 20+1=9

(=5, h-(11)-let

20+1=11

14,
04,84 -DE,



Atomic (-level or 20+ 1-multiplet splitting

E;
Formula from p.44 i y
) _ Br g 0 = ]
Example: ({=4) / °D, Cl;es K Xk =" 51]
K ED3 A;
Oy OR R, SYMMETRY - i - - . A st
- 4 f’_//_/_/_’_/_ b . D, R ..... ' 2t Tn
. RS D“(m-( Dy 1.0 ) Wg ( D’(R)
DEG:N;:!ACY N = : Do e ‘ﬂ)}
b (201
U(2) characters 2 sm( t+m R(3) character
from Lecture 14.5 p.93: x' ()= j’; where: 20+1
. n .
(or end of this lecture) sm; is P-orbital dimension
. 27
x©)]0=0 — =« sin(/ +2)© .
: %' (@)= (5) ARCIFA AN &
/=0 1 1 1 Sin — _ .
I | 3 0 -1 2 : | Tl 1
(2 5 -1 1) ...and Ds character table from p. 24: 1 5
3 7 =1 @@= {1y '} {i.i,i;}
4 9 0 1 A
(g)= 1 1 1
5 11 -1 -1 x(®)
6 | 13 1 1|Xx ®= §
7 15 0 -1|x'@®=|2 -l 0

(=0, s-singlet

20+1=1

(=1, p-triplet

20+1=3

(=2, d-quintet

20+1=5

(=3, f-septet

20+1=7

(=4, g-nonet
) 20+1=9

(=5, h-(11)-let

20+1=11

14,
04,84 -DE,
14, @2E,



Atomic (-level or 20+ 1-multiplet splitting

E;
Formula from p.44 oa ) )
) _ O 5 O Bl 5 :
: — K = E
Example: ({=4) / °D, Cl;es Xk — £
K ED3 A;
Oy OR R, SYMMETRY i & - : . AL ek
0 . f’_//_// # £ . D, R ..... ' 2t o]
P 2 Alige ol (BG = T DY(R) ( Dy 1.0 ) ‘Me ( D*(R)
DEG:N;:!ACY N - : R e by, ‘M
) (20+1
U(2) characters 2 sm( t+m R(3) character
from Lecture 14.5 p.93: x' ()= j’; where: 20+1
(or end of this lecture) " sin— is P-orbital dimension
, 27 n
x©)]0=0 — =« sin(/ +2)© .
7' @)= (3) ARCIFAR A
1 3.0 -1 2 : | .
(2 5 -1 1) ...and Ds character table from p. 24: 1 5
3 7 =1 @@= {1y '} {i.i,i;}
A2 0 a1 1 5 1 1
5 11 -1 -1 Ix'"(@)=11 1 1
6 | 13 1 1|Xx ®= -
7 15 0 -1|x'@®=|2 -l 0 X (g)=
2x"(g)= |4 -2 0

(=0, s-singlet

20+1=1

(=1, p-triplet

20+1=3

(=2, d-quintet

20+1=5

(=3, f-septet

20+1=7

(=4, g-nonet
) 20+1=9

(=5, h-(11)-let

20+1=11

14,
04,04 .QF,
14, ©2E,



Atomic (-level or 20+ 1-multiplet splitting

E;
Formula from p.44 ' )
* = g 1
Example: ({=4) [ = D 2 Ko 2 = E,
3 classes E1
K ED3 A;
0: OR R, SYMMETRY . i X - : . AL ek
0 . f’_//_/_/_/ £ . D, R ..... ' 2t o]
. R (g =3 D“(m-( Dy_1.0 ) Wg ( D’(R)
DEG:N;:!ACY N = : Dot D, ‘ﬂ)}l
b C(20+1
U(2) characters 2 sm( t+m R(3) character
from Lecture 14.5 p.93: x' ()= j’; where: 20+1
(or end of this lecture) " sin — is P-orbital dimension
, 27 n
Xx©®)|0=0 — =z sin(/ +2)0
: %' (@)= (5) ARCIFA AN &
1 3 0 -1 2 : | .
2 5 -1 1 ...and Ds character table from p. 24: 1 5
G | 7 1 D (= |1y {r'r’} { i} 3| >
4 9 0 1 A
(g)= 1 1 1
5 11 -1 -1 x (@)
6 | 13 1 1 |X @)= -
7 15 0 -1|x'@®=|2 -l 0

(=0, s-singlet

20+1=1

(=1, p-triplet

20+1=3

(=2, d-quintet

20+1=5

(=3, f-septet

20+1=7

(=4, g-nonet
) 20+1=9

(=5, h-(11)-let

20+1=11

14,

04,04 -BE,
14, @®2E,
14,024 ®2E,



Atomic (-level or 20+ 1-multiplet splitting (=0, s-singlet

Formula from p.44 | 0=l
v _ 0 0 L=4:. A (=1, p-triplet
Example: ({=4) f=3 D ZE KXk = 51] 20+1=3
", 4 (=2, d-quintet
20+1=5
0, OR R, SYMMETRY e r o (=3, f-septet
e it | 20+1=7
4 E\f’_/_/_/ _____ ! ng)‘( Z::‘:) ..... D,_, ) e (W(m ) (=4, g-nonet
oEGENERACY o . 5 bl [omg / 20+1=9
T (A el | (=35, h-(11)-let
U(2) characters , 2 sin 20+ Dm R(3) character 2+1=11
from Lecture 14.5 p.93: X (—)= j’; where: 20+1
(or end of this lgcture) " sin; is P-orbital dimension
. b3
X'(©)]6=0 == = (@) S +(§)® oy | 4 pr g
/=0 1 1 1 Sin — /=0 1 i 14,
1 30 -1 2 i . 1| o4,@0.0E,
2 5 -1 1 ...and Ds character table from p. 24: 1 > 114, @2k
g T —ID @= |} {0} {ibiy) 3|1 > | s eoE,
Al —
5 TR R U 1 1 7 1 -1
6 | 131 1| X BT il ' @=]1 1 1
7 15 0 -1|x'@®@=] 2 -1 0

x (g)= -
2x"(g)= 14 -2 0




E] — _
Formula from p.44 £=4, g-none
(b) (b)* (=4 Aj 20+1=9
Example: ((=4) D 2 K - E
D3 classes oy
K, ED; Al
& 1 * * &
F == 3 ot = (e o e b+ et k)
D3 classes D
K, €D,
U(2) characters
from Lecture 14.5 p.93:
(or end of this lecture)
) 21
x©)]0=0 — =« sin(/ +2)© .
: %' @)= (3) IAROIFA f
/=0 1 1 1 Sin — /=0 1 14,
L3 0 - 2 ! 1 |o@ieE,
2 5 -1 1 ...and Ds character table from p. 24: | > |14, @28,
C3 7 1 —5 (g)= | {1} {r'r’} {i,i,,i} 3 1 2 | 14,824.®2E,
4 9 0 1 A
(g)= 1 1 1 4 1 3
5 11 -1 -1 %8
6 | 13 1 1|X @ -
7 15 0 -1|x'@®=|2 -l 0




Formula from p.44
Example: (=4) [ = oD E o 1
3 cl:lésgj
& 1 &
= D3 ZE Ko A =3 D o LT Tl
K, €D,

(E))* ., (I=4)
+ K120 X200 Xi20°

(=4, g-nonet
20+]1=9

(E)* (0= 4))

+ “K 1500 X500 X150

1 : : "
-~ (1229 + 2--170 + 301 )
6
U(2) characters
from Lecture 14.5 p.93:
(or end of this lecture)
) 21
x©)]0=0 — =« sin(/ +2)© .
: %' @)= (3) IAROIFA f
(=0 1 1 1 Sin — _ 14,
5 (=0 1
1 30 -l 1 1 | 04,04.0E,
2 5 -1 1 ...and Ds character table from p. 24: =, | > |14, @28,
C3 7 1 —3 (g)= | {1} {r'x’} {i i} 3 1 2 | 14,024 .92E,
4 9 0 1 A
()= 1 1 1 4 1 3
5 11 -1 -1 x(®)
6 | 13 1 1 |X @ §
7 15 0 -1|x'@=]2 -l 0




E] — a
Formula from p.44 £=4, g-nonet
b _ (b)* 0 (=4 Aj 20+1=9
Example: ((=4) fU=ap 2 K = E
D3 classes L
K ED; Al
(Ep) () 5 (1= 1 (B, (1=4) (E)*,,  (I=4) (Ey)*
= °D E K Xk = °D, ( Ko Xoo ™ Xoe + °K 1500 X120 Xin0e + °K 500 X150 Xisoe
s
1 % %k k
-~ (1229 + 2--170 + 301 )
6
f(E1) 3
U(2) characters
from Lecture 14.5 p.93:
(or end of this lecture)
27
‘©10=0 = =z : 1 .
*© 3 (@)= SO gy g gt
/=0 1 1 1 in 2 o0 | 1 14,
1 3 0 -1 2 1 1 |04,84.9E,
2 5 -1 1 ...and Dj; character table from p. 24: 2 1 2 |14, @2E,
3 7 L -1 @@= {13 {r'r'} {.i.i} 3 1 2 | 14,024.@2E,
( ) 1°72°73
4 9 0 1 A 4 2 3 T3E
(g)= 1 1 1 !
5 11 -1 -1 x(8)
6 | 13 1 1|Xx ®= -
7 5 0 -1|x'@®=|2 -l 0

(1=4)"

/



E _
Formula from p.44 ] £=4, g-nonet
b _ (b)* 0 (=4 Aj 20+1=9
Example: ((=4) fU=ap 2 K = E
D3 classes L
K ED;3 Al
(E)) (" (14 1 (E)*,, (6=4) (B, (1=4) (E,)*
= °D E K Xk = °D, ( Ko Xoo ™ Xoe + °K 1500 X120 Xin0e + °K 500 X150 Xisoe
EE
1 ES %k %k
-— (129 + 2--1"0 + 301 )
6
f(E1) — 3
1 %k k %k
U(2) characters f 6 ( -9+ 2-1:0 + 3 °1)=
from Lecture 14.5 p.93:
(or end of this lecture)
27
‘©10=0 = =z : 1 .
*© 3 (@)= SO gy | g gt
/=0 1 1 1 Gin 2 —o | 1 14,
1 3 0 -1 2 1 . | | 04,840,
2 5 -1 1 ...and D3 character table from p. 24: 2 1 2 |14, @2E,
3 / 1 -1 (g)= {1} {rl,rZ} {il,izaig,} 3 1 2 14,024 ,B2E,
@ 9 0 D5 4 | 2 3 | @1laBE,
(g) = 1 | 1 !
5 11 -1 -1 x (@)
6 | 13 1 1 |X @)= -
7 15 0 -1|x'@®=|2 -l 0

(1=4)"

/



/

E _
Formula from p.44 1 £=4, g-nonet
F e S e £=4 o 26+1=9
Example: ({=4) 5 D3 2z Xk = P
K, &D; ey
FOE o E iy B 5 =L( (), (t=4) Lo (), (t=4) Lo o (E)F,,  (1=4)]
oD z k Xk °D, Ko Xoo Xoe 120°X120° X120° 180°X180° X180°
3 classes
K, €D,
1 \ ; "
=g(1-2-9 2--17-0 + 3-0-1 )
f(El) = 3
1 * * *
U(2) characters foo= 6 ( -9+ 2-1-0 3 °1)=
from Lecture 14.5 p.93: ay 1 ¥ " ]
(or end of this lecture) Jo= g( -r-9 + 2-1-0 3.1 '1)=2
21
‘©®10=0 — SOV
X (©) 3 T XK(@)= sin(/ +2)® f(a)(f) fAl fEl
/=0 1 1 1 in 2 o0 | 1 14,
1 3 0 -l 2 1 . 1 |0,e10E,
2 5 -1 1 ...and Dj character table from p. 24: 2 1 2 |14, @2k,
3 7 1 —1 (g)= {1} {rl,rz} {il’iZ’i3} 3 1 2 1‘/4’@2 B2E,
6 | 13 1 1|Xx ®= -
7 15 0 -1|x'@=]2 -l 0




E _
Formula from p.44 ] £=4, g-nonet
) _ (b)* ) /=4 A 20+1=9
Example: ({=4) f 5 E K X —— k;
D3 classes E,
K ED; Al
(Ep) 1y (129 1 (B, (1=4) (B, (1=4) (B,  (1=4)
f= °D E K Xk =§( oXoo XooF KX Xioe  F KigoeXiso Xisoo
3 classes 3
K ED;
1 % %k k
-— (129 + 2--1"0 + 301 )
6
f(E1) — 3
1 % %k %
U(2) characters foo= 6 ( -9+ 2 O+ 3 1)=
from Lecture 14.5 p.93: ay 1 ¥ " ]
(or end of this lecture) S = 6 ( -r-9 + 210 + 31 1) =2
21
‘©10=0 = =z : 1 .
X (©) 3 Xg(@)= sm(f +2)® f( )(f) fAl f fEl
=0 1 11 sin — (=0 | 1 .| 14
1 3 0 -l 2 1 . 1 |0,e10E,
2 5 -1 1 ...and Dj character table from p. 24: 2 1 2 |14, @2E,
3 7 1L -1 (@@= {1} {r'r*} {i.i.i,} 3 1 2 | 14,021.02E,
5 11 -1 -1 _ 5 1 4 | 14,524 .B4AE,
© 3 1 1) XE (8)= - G 3 4 |34,821.24E))
7 15 0 -1|x'®=]2 -1 0 7 2 5 | 24,03.1.®5E,

Note : €=6‘13 1 1\=

12 0 0 ‘:A1@2[A1@ D2E ] (£=6 1s 1% re-cycling point)



Spectral splitting in symmetry breaking foretold by character analysis (on p. 38)
U(6)>D; ROU(6))|D; =D"(2)&D " (2)®2D"(g)

...................... E,
— L (=0 A
4 (=1
. ) | o s E;
Crystal-field splitting: O(3)DD3 symmetry reduction and D" | D3 splitting
— ............ E]
(a) A E, - E
A CO N I A A A,
/=0 1 . . 14,
1 - l 1 |04,®4.8E, /=73 !
2 1 2 |14, @2 = v
3 1 2 | 14,024 @2E, A,
5 1 4 | 14,024 ,@4E, (=4 A
6 3 4 | 34,®24.@4E, E’— {EE I
7 | 2 5 | 24,@31.85E, 4,
E;
E;
D3 character table: (=5 4
o = ]
(2)= [ {1} {r'r’} {ii,i,} e Z?,
x'(@=| 1 1 1 :
RGE | | —
X (8)= - E — 6 E]]
x'(gs= | 2 -1 0 =
E’ ......... A]




Review:Spectral resolution of D3 Center (Class algebra)
Group theory of equivalence transformations and classes
Lagrange theorems
All-commuting class projectors and Ds-invariant character ortho-completeness
Spectral resolution to irreducible representations (or “irreps”’) foretold by characters or traces
Subgroup splitting and correlation frequency formula: @ (D (G)|H)
Atomic l-level or 20+ 1-multiplet splitting
D3 examples for (=1-6
* Group invariant numbers: Centrum, Rank, and Order ‘



{D3 Algebra

/ Srra——

T

Ao

| D; Center )

(All-cornemutirig
0OQErEItors)

Another

Maximal Set

of Commutin
Operators

11

PEq

i
I

X.J/-AJJ -rJ2 -rJ3

2 PE
r Pzz

| ] 2 ® ® ®
3 k=1 ri+r i+,

Pi=1 1 1 s

V%= Trreducible representation (irrep) dimension or level degeneracy P51 1 -1y
For symmetry group or algebra G PE =2 -1 03

Centrum: K(G)=X, ep(c) (f 06)0 =Number of classes, invariants, irrep types, all-commuting ops

Rank:  p(G)=X ) (f OC)I =Number of irrep idempotents Pn(%), mutually-commuting ops

irrep(o

Order:  °(G)=X, ., () (f 06)2 =Total number of irrep projectors Pg% or symmetry ops



2nd-Stage spectral decompositions of global/local D3 K
* Splitting class projectors using subgroup chains D3;DC>and D3O C;3
Splitting classes



Spectral reduction of non-commutative “Group-table Hamiltonian™

D Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D
3 3
Correlate D, characters with its subgoup(s) C,(i)

D3DCx(p3)




Spectral reduction of non-commutative “Group-table Hamiltonian™

D Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D
3 3
Correlate D, characters with its subgoup(s) C,(i)

Dy <=1 r'+r’ i +i+, C,x-1 i

Pi=1 1 16 2 =[1 1]n
Pi=1 1 -1y pl2=l1 -1|n
PE=2 -1 03




Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i)
Dy <=1 r'+r’ i +i+, C,x-1 i
Pi=[1 1 1/s 2 =1 1]
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D,>C, 0, 1,
shows which products of ndi=| 1
class projector P with nA2= -1
C,-unit 1 =p"2+ p'> will nfF=11 1

make IRREDUCIBLE P(%)




Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i)
Dy <=1 r'+r’ i +i+

1T C2 k=1 1,
Pi=[1 1 1/s 2 =1 1]
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D,>C, 0, 1,
shows which products of ndi=| 1
class projector P with nA2= -1
C,-unit 1 =p"2+ p'> will nfF=11 1

make IRREDUCIBLE P/%)
Rank p(D3)=4 implies
there will be exactly 4
“C,-friendly” irep projectors
P(@ ] =p(o) (p02 + p] )

R




Spectral reduction of non-commutative “Group-table Hamiltonian™

D Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D
3 3
Correlate D, characters with its subgoup(s) C,(i)

D3 k=1 r’+r’i +i_+

1T C2 k=1 1,
Pi=[1 1 1/s 2 =1 1]
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D,>C, 0, 1,
shows which products of ndi=| 1
class projector P with nA2= -1
C,-unit 1 =p"2+ p'> will nfF=11 1

make IRREDUCIBLE P/%)
Rank p(D3)=4 implies

—0 1
there will be exactly 4 1 =p”+p-
“C,-friendly” irep projectors Pli= PAO]O :
22
P@] =p@(p’2 4+ pl?) Pi=| . P

=R+ B P: | B, P




Spectral reduction of non-commutative “Group-table Hamiltonian™

D Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D
3 3
Correlate D, characters with its subgoup(s) C,(i)

Dy «=1 r'+r i +i+, C,x-1 i
Pi=1 1 16 2 =[1 1]n
Pi=1 1 e pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D,>C, 0, 1,
shows which products of ndi=| 1
class projector P with nA2= -1
C,-unit 1 =p"2+ p'> will nf=11 1
make IRREDUCIBLE P/%)
Rank p(D3)=4 implies
there will be exactly 4 1 =p02 4 5
“C,-friendly” irep projectors Pli= PAOJ 0
P ] =P(oc)(p02+ p]z ) PAZ: : o PlAzfz
=R} + PP P:= P 0, 1212
PL=Plip02 =PU(1+i,)2=( 1+ '+ r2+i+i+i, )6
PA2—P42 L=PL(1-0)0=( 1+ri+r?-i - i,-1, )6
2o2 Pipl —PE(1+1 )2=(21-r'-r’-1 - i +2i,)/6
P’ =Plp/> =PE14,)n=21-r-r’+i + i 2i, )6




2nd-Stage spectral decompositions of global/local D3 K
* Splitting class projectors using subgroup chains D3;DC>and D3O C;3
Splitting classes



2nd-Stage
Spectral reduction of non-commutative “Group-table Hamiltonian™

D Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D
3 3
Correlate D, characters with its subgoup(s) C,(i)

Standing-wave
Subroup chain

D3DCx(p3)




2nd-Stage
Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C,don’t commute)

Standing-wave Ce Y
Subroup chain Q/‘O{\

D3DCx(p3) @\\\

2

Moving-wave I .

Sub hai X Ny
iy &/




2nd-Stage

Spectral reduction of non-commutative “Group-table Hamiltonian™

D, Example

2nd Step: Spectral resolution of Class Projector(s) of D,

Correlate D, characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C,don’t commute)
Cyx=1 1" r

D3 k=1 ri+rii +.+

R Mt C2 k=1 1,
Pi=[1 1 1/s 2 =1 1]
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D,>C, 0, 1,
shows which products of ndi=| 1
class projector P with nA2= -1
C,-unit 1 =p"2+ p'> will nfF=11 1
make IRREDUCIBLE P,{ a)
Rank p(D3)=4 implies ) ;
there will be exactly 4 1 =p”+p-
“C,-friendly” irep projectors Pli= PAOI 0
p@] =P(0c)(p02+ plz ) pi=| . Péfz
=R} + PP P:= P 0, 1212

pAi=pip0> =PA’(1+i3)/2=( I+ ri+ri+i+i+i, )6
PA2—I"42 12 =P2(1. J2=( 1+ri+ri-i - i,-i, )6

2o2 Pipl —PE(1+1 )2=(21-r'-r’-1 - i +2i,)/6
P’ =Plp/> =PE14,)n=21-r-r’+i + i 2i, )6

Let:

= |2

1
1

1 1

e &*3

e* ¢

/3

/3




2nd-Stage

Spectral reduction of non-commutative “Group-table Hamiltonian™

D, Example

2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C,don’t commute)

Dy «=1 r'+r i +i+, C,x-1 i
Pi=[1 1 1/s 2 =1 1]
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D,>C, 0, 1,
shows which products of ndi=| 1
class projector P with nA2= 1
C,-unit 1 =p"2+ p'> will nfF=11 1
make IRREDUCIBLE P,{ a)
Rank p(D3)=4 implies ) ;
there will be exactly 4 1 =p”+p-
“C,-friendly” irep projectors Pli= PAOI 0
p@] =P(0c)(p02+ plz ) pi=| . Péfz
=R} + PP P:= P 0, 1212

PA=Plip02 =PU(1+i,)o=( 1+ r+r¥+i+ i2+ i,)6

PA2—P42 L=P(14,)2=( 1+r'+r7-i, -

,-1,)/6

2o2 Pipl —PE(1+1 )2=(21-r'-r’-1 - i +2i,)/6
P’ =Plp/> =PE14,)n=21-r-r’+i + i 2i, )6

Let: Cyx=1 1" r
g=e¢ 27/ p=11 1 1|3
pi= 11 ¢ &*3
p= 1 &% ¢ |13
Same for Correlation table: DsOCy 05 15 2,
ndi= |1
n= |1 :
nt = 1 1




2nd-Stage

Spectral reduction of non-commutative “Group-table Hamiltonian’

2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C,don’t commute)

D, Example
Dy «=1 r'+r i +i+, C,x-1 i
Pi=[1 1 1/s 2 =1 1]
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D,>C, 0, 1,
shows which products of ndi=| 1
class projector P with nA2= -1
C,-unit 1 =p"2+ p'> will nfF=11 1
make IRREDUCIBLE P/ a)
Rank p(D3)=4 implies ) ;
there will be exactly 4 1 =p”+p-
“C,-friendly” irep projectors Pli= PAOI 0
p@] =P(0c)(p02+ plz ) pi=| . Péfz
=R} + PP P:= P 0, 1212

PA=Plip02 =PU(1+i,)o=( 1+ r+r¥+i+ i2+ i,)6

PA2—P42 L=P(14,)2=( 1+r'+r7-i, -
202 Pipl2 =PE(14,)2=(21- 1! r- i, -

,-1,)/6

i,+2i,)/6

P’ =Plp/> =PE14,)n=21-r-r’+i + i 2i, )6

Let:

Rank p(D3)=4 implies
there will be exactly 4
“Cj-friendly” irreducible projectors
P(@ ] =p(o) (p03 n p] 3 4 p23 )
P(Oc) + P(a) + P(Oc)

3 3

/3
/3
/3

C3 k=1 r’ r’
p03’= I 1 1
ph=11 ¢ &*
p23— 1 €* ¢
3

ni= 1

nAz— 1 -
nk = 1 1




2nd-Stage

Spectral reduction of non-commutative “Group-table Hamiltonian

2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C,don’t commute)

D, Example
Dy «=1 r'+r i +i+, C,x-1 i
Pi=[1 1 1/s 2 =1 1]
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D,>C, 0, 1,
shows which products of ndi=| 1
class projector P with nA2= -1
C,-unit 1 =p"2+ p'> will nfF=11 1
make IRREDUCIBLE P/ a)
Rank p(D3)=4 implies ) ;
there will be exactly 4 1 =p”+p-
“C,-friendly” irep projectors Pli= PAOI 0
p@] =P(0c)(p02+ plz ) pi=| . Péfz
=R} + PP P:= P 0, 1212

pAi=pip0> =PA’(1+i3)/2=( I+ ri+ri+i + i2+ i, )6
PA2—I"42 12 =P2(1. J2=( 1+ri+ri-i - i,-i, )6

2o2 Pipl —PE(1+1 )2=(21-r'-r’-1 - i +2i,)/6
P’ =Plp/> =PE14,)n=21-r-r’+i + i 2i, )6

Let:

Rank p(D3)=4 implies
there will be exactly 4
“Cj-friendly” irreducible projectors
P(@ ] =p(o) (p03 n p] 3 4 p23 )
P(Oc) + P(a) + P(Oc)

3 3

C3 k=1 r’ r’
p=11 1 1|3
ph=11 € ¢&*
p= 11 €* & |3
3
ndi= 1
nAz— 1 -
nt = 1 1
Ji _p03+p]3+p23
Pii= ]540
P42— 6 )
E_ E PpE
P P Bf,

29

L1,

3




2nd-Stage

Spectral reduction of non-commutative “Group-table Hamiltonian™

D, Example

D3 k=1 ri+r’ 11+12+13
Pi=1 1 1/s
P=1 1 -1)6
PE=2 -1 0|3

D3D Cz Correlation table

shows which products of

class projector P with
C,-unit 1 =p"2+ p'> will
make IRREDUCIBLE P/%)

Rank p(D3)=4 implies
there will be exactly 4
“C,-friendly” irep projectors
P@] =p@(p’2 4+ pl?)
-t R

2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C,don’t commute)

C,x=1 i,
p”? =1 1|r
pl2=|1 -1|»2
D,>C, 0, 1,
ndi=| 1
nA2= 1
nf=11 1
1 =p02+p12
Pli= PA01202 :
Pl - TRy
P"=| Py 50, 1212

PL=Plip02 =PU(1+i,)2=( 1+ '+ r2+i+i+i, )6
PA2—P42 L=PL(1-0)0=( 1+ri+r?-i - i,-1, )6

2o2 Pipl —PE(1+1 )2=(21-r'-r’-1 - i +2i,)/6
P’ =Plp/> =PE14,)n=21-r-r’+i + i 2i, )6

Let:

Rank p(D3)=4 implies

there will be exactly 4
“Cj-friendly” irreducible projectors

p@] =P(oc)(p03 n pl 34 p23)
* — P(Ot) + P(OO + P(G)

3 3

C3 k=1 r’ r’
p=11 1 1|3
ph=11 € ¢&*
p= 11 €% ¢ |13

3
ndi= 1
nA2= 1 -
nt = 1 1

Ji _p03+p]3+p23
Pi= ]())Ao
Pi=p! 6
E_| .~ PpE
P P3 1, ]; ),

P62153=P41p03 =P(1+ r’+ r)3=( 1+r+r’+ i+i+i)e

B =P p" =PL(1+ r'+ r?)3=( 1+r+r’-i,-

i,-i,)/6

1 1— PEp]3 = PE(1+ eI+ 8*1‘2)/3 =1+ eI+ e*r? )/3

E_ En23 —
B:=Pp

PE(1+ e+ el‘2)/3 (1+ e* 1+ er? )/3



2nd-Stage spectral decompositions of global/local D3
Splitting class projectors using subgroup chains D3;DC>and D3O C3

Splitting classes *




2nd-Stage

2nd Step: (contd.)While some class projectors P(® split in two,

so ALSO DO some classes K,

Rank p(D3)=4

idempotents
P

P5‘2152=P41pO2 =P (1+i,)2=( 1+ ri+ri+ E i )/6
PlflszA?p]? =P42(1-i3)/2=( I+r'+ri-0 - i- )/6

Bf: PLpl2 = PE(14,)2=(21- /-1’ E;- i}#ﬂ)%
£ =Plp> = PE(14,)2=(21- -1 H,+ ip21)6 | B

A

class K szlzts into Kl and K,

r'+r’ i +i +

4 different
idempotent

Centrum K(D3)=3
idempotents

P()

l "2 73
1 116
1 -1ye
-1 03

* P{5)

P(f({3=l’4’p03 =PV (1+r’+ r?)3=( 1+
PA2=P‘12 U =P(1+ v+ r?)n=( 1+

1313 PEp]3 =PE(1+ e+ e#r?)3=(1+
=PI+ er'+ e ¥?)3=(1+

PE splits into PE = —Pf +PE 0 % *

PE splits into PE=P", + B,

+i+i+1,)/6

-, -1,)6

1

He*r )3

c=p—27i/3

+er< )/3

class x splzts intox_,and K,

Compare ahead to Lect. 17 p. 12



2nd-Stage

2nd Step: (contd.)While some class projectors P(* split in two,

so ALSO DO some classes

Rank p(Dg)=4

idempotents
P

P(f({2=l’41p02 =P(1+,)2=( 1+ri+ri+ E i
PA=Pip!? =P1(14,)2=( 1+r'+r’-i,- i]

1352— Pip2 = PE(14,)2=(21-r'-r?- ﬁ - i
E=Ppl =PE(1-i,)2=(21: 1! 1’ H, 1

.

PE splits into PE= —Pf +PE

1,0,

7‘ $

class K Sp?lts into Kl and K,

I/':7/'2 i:iZ
must must
equal  equal
v i]
For Local
D3Z)C2('l3)
symmetry

i, is free parameter

i,)/6
-i))/6

4 different
idempotent

* P{5

) /6 PEp2 3 =

Rank p(D3)= 4

parameters in
either case

PE splits into PE=P", + B,

f X\

D3 k=1 r'+rli 1]+12+13
Centrum k(D4)=3 Pi=1 1 1/s
idempotents Pi=1 1 -lys
P PE=2 -1 03
BB B iy~ BB )
R)Ij(i=P42p03 =P42(1+ r1+ r2)/3:( 1_|_ r]+ r2 _ i] _ 12 ) i3 )/6
PE . PEp]3 - PE(1+ e+ 1) 3=(1+Her + 6417 )3 ~2mif3
PE(1+ e 1+ ¢ 1‘2)/3 (1+ ri+er )/3 e

class x_ splzts intox_,andx_,

l:l]:lzzlj,

For Local
D;OC4(")
symmetry

r,andr, are free




3rd-stage spectral resolution to irreducible representations (ireps) and Hamiltonian eigensolutions
* Tunneling modes and spectra for D3> C>and D3DCs local subgroup chains

RA



Centrum k(D ,)=3
el.”l rum K(D,) D3 -
idempotents
P((X) PA]:
Pi=
PE -

3rd and Final Step:

=1 r'+r’i +HH,
1 1T 1ye
1 1 -1y
2 -1 03

Rank p(Dg)=4
idempotents
P{%)

Pdi= P=PUpl? =PU(14i ) 2=( 1+ 1+ r+ i+ ;)6

po= Pi=Plp” =PU(14)2=( 1+r+r’-j, - i]

; )/6

BL= Bh=Pp’ = P/ (1+i,)2=21-r-r*-i - i
By= Ri=Ppl=P/1i)2=2L r-r’++ i

Spectral resolution of ALL 6 of D3 :

+@ )/6

-21)/6



Centrum K(D4)=3

idempotents

P((X) PAI:

r’+r?

l]+l2+l3

|
DO — T

1
1
-1

1 /6

-1 /6
03

3rd and Final Step:
Spectral resolution of ALL 6 of D3 :

The old ‘g-equals-1-times-g-times-1’ Trick

Rank p(Dg)=4
idempotents
P{%)
Pdi= P=PUpl? =PU(14i ) 2=( 1+ 1+ r+ i+ ;)6
];/:’322: 1)1124122=P’42‘p12 =P42(1_i3)/2:( 1+ r]_l_ r2_ i] _ iz _ )/6

BL= Bi=P'pl2 =PI+ )2=1-r'-r*-|,- i,2i})6
By= Ri=Ppl=Pi1i)n=2L r-r’ 4 + i)

A A, E EN. . (DA A, E E
g=1-g-1= (Px,x + Py,y + Px,x + Py )'g (Px,x + Py,y + Px’x + Py,y)

2y

Compare ahead to Lect. 17 p.14



Centrum K(D4)=3 AT e Rank p(Dg)=4
idempotents D3 gl 1, idempotents
P(OL) PAIZI | 1 /6 P}g%)
P=1 1 -1)e Pii= Pli=Plip" =PU(1+i)2=( 1+r'+ 1+ i+igi)e
PE=2 -1 0ys Bi= B=Pp! =PU(14))o=( 1+ e - - i)-1,)
BL= Rh=Pp’ = PE(1+i,)2=(21-r- r’-i,- i,+2i, )6
PL= PL=Pp/ =PL1-i.)2=(21-1'- ¥ H,+ 1126
° y’y 1212 p 3 ] 2 @
3rd and Final Step:

Spectral resolution of ALL 6 of D3 :
The old ‘g-equals-1-times-g-times-1’ Trick
g=1'g1=P.  +P . +P +P )g- P +P +P +P)
g=1-g'1=P'-g:P"+ 0 + 0 + 0
+ 0 + P gP + 0 + 0
E E E E
+ 0 + 0 +P g-P . +P -g-P
E E E E
+ 0 + 0 +P gP +P -gP

Ptun g-expansion
in Lect.17 p. 35-51 Compare ahead to Lect. 17 p.14-18



Centrum K(D4)=3 IPulmyar Rank p(Dg)=4
idempotents D3 gl 11+12+13 idempotents
P(O() PAIZI | 1 /6 P,/(l%)
P=1 1 -1)e Pi= PA1=P41 02 =P1(1+i,)2=( 1+ri+1r’+ E + i+ )/6
P°=52 -1 03 Bi= P=Plpl =Pl )= 1ers rd - i)
BL= Rh=Pp’ = PE(1+i,)2=(21-r- r’-i,- i,+2i, )6
Bi= Bi=Pp2=PL(14,)2=21:r-r T, ] 2))/s
3rd and Final Step:

Spectral resolution of ALL 6 of D3 :
The old ‘g-equals-1-times-g-times-1’ Trick
g=1'g1=P.  +P . +P +P )g- P +P +P +P)
g=1-g-1=Pﬁ;-g-Pﬁ;+ 0 + 0 + 0
+ 0 + P gP + 0 + 0

P/-g-P =D"(gP" + 0+ 0 +PgP +P 2P,

X, X XX ; " " "

P gP =D (gP°P + 0 ¥ 0 P, g P, +F 8P,
PogP.=D.,@F P -gP, =D (2P ¢ etucile
XX XX X oy 6

X,

where:

: (@)
Projectors P~

E E ,
Py,y. 8 P - Dy X (g) Pfy 8 PE - Dy Y (g) Order °(D,) =6



Centrum K(D4)=3 IPulmyar Rank p(Dg)=4
idempotents D3 gl 11+12+13 idempotents
P(O() PAIZI | 1 /6 P,/(l%)
P=1 1 -1)e Pi= PAI—PAI 02 =P1(1+i,)2=( 1+ri+1r’+ E + i+ )/6
P°=52 -1 03 Bi= P=Plpl =Pl )= 1ers rd - i)
BL= Rh=Pp’ = PE(1+i,)2=(21-r- r’-i,- i,+2i, )6
BS= 1?%" =Ppl>=P:(1-i,)2=21-r'-r 2] )6
3rd and Final Step:

Spectral resolution of ALL 6 of D3 :

The old ‘g-equals-1-times-g-times-1’ Trick
g=1'g1=P.  +P . +P +P )g- P +P +P +P)
g=1-g-1=DAl(g)PA1 + 0 + 0 + 0

+ 0 + D (gP " + 0 + 0

+ 0 + 0 +D; (g)P. +D; y(g)

Pﬁ;'g'Pﬁ; - D% (g)PAl
P gP =D"(g)P +0 + 0 +D (2P, +D (2P,
Needto Define

P -g-P. =D (2P P -gP =D, (8P, 6 Irreducible

. . - - Projectors P{*)
P g P = Dyx(g) P g P - D)’)’(g) Order °(D,) =6

where:



Centrum K(D4)=3 IPulmyar Rank p(Dg)=4
idempotents D3 gl 11+12+13 idempotents
P((X) PAIZI | 1 /6 P,/(l%)
P=1 1 -1)e Pi= PA1=P41 02 =P1(1+i,)2=( 1+ri+1r’+ E + i+ )/6
P°=52 -1 03 Bi= P=Plpl =Pl )= 1ers rd - i)
BL= Rh=Pp’ = PE(1+i,)2=(21-r- r’-i,- i,+2i, )6
Bi= Bi=Pp2=PL(14,)2=21:r-r T, ] 2))/s
3rd and Final Step:

Spectral resolution of ALL 6 of D3 :

The old ‘g-equals-1-times-g-times-1’ Trick
g=1-g-1=(P" +P-+P  +P ) g P +P - +P_ +P)
g=1-g-1=D" (g)P“‘l +D " (g)P + Dx,x(g)PE +D, (2P,

+D! (g)P’ + D! (g)P’,
where:

Pxfgc. g- Pé; - D% (g)PAl

P .-gP =D (gP
’ Need to Define
P -g-P. =D (2P P -gP =D, (8P, 6 Irreducible

X,
: (a)
Projectors P, "/

E E E ,
Py,y. 8 P - Dy X (g) Py,y. 8 PE - D)’ Y (g) Order °(D,) =6



Centrum K(D4)=3 AT e Rank p(Dg)=4
idempotents D3 gl 1, idempotents
P(OL) PAIZI | 1 /6 P}g,o}%)
P=1 1 -1)e Pii= Pli=Plip" =PU(1+i)2=( 1+r'+ 1+ i+igi)e
PE=2 -1 0ys Bi= B=Pp! =PU(14))o=( 1+ e - - i)-1,)
BL= Rh=Pp’ = PE(1+i,)2=(21-r- r’-i,- i,+2i, )6
PL= PL=Pp/ =PL1-i.)2=(21-1'- ¥ H,+ 1126
° y’y 1212 p 3 ] 2 %E
3rd and Final Step:

Spectral resolution of ALL 6 of D3 :
The old ‘g-equals-1-times-g-times-1’ Trick
g=1-g-1=(P" +P +P +PyE ) g (P +P +P +Pfy)

Y

g=D"(g)P"'+D"(g)P +D, (2)P, +D, (2)P, +D, (2P  + D, (2P

Six D, projectors: _4 idempotents + 2 nilpotents (off-diag.)
1 v ¥ i i i

1 2 3
Ri=(1 1 11 1 Ds 1 v v i i 1 i i i
’ 1 2 3 1 2 3
pl=(1 1 1-1-1 -1)/s

ggig/--z 1 -1 +2

RE=(0 -1 1 -1+1 03z
BA=(0 1 -1 -1+1 O)N3»

BY=(2 -1 -1+1+1 -2)/s

Compare ahead to Lect. 17 p.18-21



Centrum K(D4)=3 AT e Rank p(Dg)=4
idempotents D3 gl 1, idempotents
P(OL) PAIZI | 1 /6 P}g,o}%)
P=1 1 -1)e Pii= Pli=Plip" =PU(1+i)2=( 1+r'+ 1+ i+igi)e
PE=2 -1 0ys Bi= B=Pp! =PU(14))o=( 1+ e - - i)-1,)
BL= Rh=Pp’ = PE(1+i,)2=(21-r- r’-i,- i,+2i, )6
PL= PL=Pp/ =PL1-i.)2=(21-1'- ¥ H,+ 1126
° y’y 1212 p 3 ] 2 %E
3rd and Final Step:

Spectral resolution of ALL 6 of D3 : I
The old ‘g-equals-1-times-g-times-1" Trick  P@=wmZ, Do

A E E . . A E E
g=1-g-1= (Px,x + Py,y + Px,x + Py )'g (Px,x + Py,y + Px,x + Py,y)

Y

g=D"(g)P"'+D"(g)P +D, (2)P, +D, (2)P, +D, (2P  + D, (2P

Six D, projectors: _4 idempotents + 2 nilpotents (off-diag.)
1 v ¥ i i i

1 2 3
Ri=(1 1 11 1 Ds 1 v v i i 1 i i i
’ 1 2 3 1 2 3
pl=(1 1 1-1-1 -1)/s

Bi=(2<1 -1 -1 -1+2

RE=(0 -1 1 -1+1 03z
BA=(0 1 -1 -1+1 O)N3»

BY=(2 -1 -1+1+1 -2)/s

Compare ahead to Lect. 17 p.18-21



Centrum K(D4)=3

2|3
r+r l]+l2+l3

idempotents

P

s

|| .
N — ™|

o

|

o

/6

/3

3rd and Final Step:
Spectral resolution of ALL 6 of D3 :

The old ‘g-equals-1-times-g-times-1’ Trick

Rank p(Dg)=4

idempotents
P

Pli= P(;j({2=PA1p02 =P(1+,)2=( 1+r'+r’+ E e 50 )/6

Bi= PA=Plpl =P (14)0=( 1+r+r’-j

l]-l

i,-1,)/6

BL= Rh=Pp’ = PE(1+i,)2=(21-r- r’-i,- i,+2i, )6
By= RE=Ppl=P/(1d)0o=L-r’-r’ i+ i}2i])e

g=1-g-1=(P" +P, +PE +PE) g (P +P, +PE +PE)
g=D"(gP"'+D"(g)P +D, (2P, + Dyy(g)PE +D, (8)P, + D, (g)P,

oy

Six D, projectors: _4 idempotents + 2 nilpotents (off-diag.)

]20..
1rr1]1213

RU=(1 1 1 1 1 Dls
BL=(T T I-I-1 -1)s

where D, irreducible representations

are: D (g)=+1, D" (g)==/,
DE(1)=((1) ?),DE(r)= o _‘f DE(r?)=

200. ]200
i |, 1 r r i i

Ba=(

L

-1 -1 -1 +2

BA=(0 1 -1 -1+1 O)N3»

aDE(i1 )=

IENE
2 N4

Z 2

,DE(iz )= O

aDE(i3 )=( !

g=3 3 3 Do) P
P(})= (norm)ZgDe(Z’%g)g

—

RE=(0 -1 1 -1+1 03z
BY=(2 -1 -1+1+1 -2)/s

)



Global (LAB) symmetry D3> C2 i, pro jecl‘or states  Local (BOD) symmetry
L) =1RI) 3

L0y =T,R[1)= Py 1)
— lzl(ym>i3” 1>:(_J)b |(m)>

U5) =PI

Local @ commute through
to the “inside” to be a g'

12000
1 v r i i, i,

BL=(T T I -1-1 -1)s

Here the “Mock-Mach™
is being applied!

i3global )
anti-symmetry  RE=(CQ -1 1 -1+1 O)N32
K > RE=(2 -1 -I+1 +1 -2)/s

Ket norm factors detailed
in Lect.17 p.23-30

BE=(2 -1 -1 -1 -1+2)/s
BL=(0 1 -1 -1+1 O)N3»

i, global ()

anti-symmetry

o > 1
1; global 3

RU=(T 1 1 I 1 DI

| (x) symmetry . D*(=  D(r)= Di(r*)= D (i,)= D(i,)= D'(i,)=
DA‘(g)=+},D ") =+/, D"(i )=- ( 10 ) - o R 5 3 4 i ( 1 0 )
q LA IV N O i Lol




R)=RE1)
external £AB internal BOD

symmety label-e  symmety label-b
GLOBAL LOCAL

GLOBAL LOCAL

(i) =0,
| X-symmelry
’ i 0K

GLOBAL LOCAL
(iy) =0, (i3) =0,
x-symmetry |y X-Symmetry
i, oK




PW-L5 DWig
Spectral Efficiency: Same D(a),  projectors give a lot!
1 i i

Rl=(1 1T 1 1 1 Dfs
BL=(T 1 1-1-1 -Ds

i i i 1r’12111213

1 ¢ ri
E=(2 -1 -1 -1 -1+2)/s |BE=(0 -1 1 -1+ O)N32
0 1 -1 -1+ OAs2 |By=(2 {1 -1+ + -2)/s

E
IJ),E
*Figenstates (shown before)
Complete Hamiltoni .
H 1+t L iy
Apblock — [H¥ 1 1507l L&

TR M_MWT
;

chr ) el g 124l -
5 h'h I IS URE UML)

J

\
*Local symmetery eigenvalue formulae (Local Symmetry=> off-diagonal=0)

NELERSE LSS TS

A plevel: F 27 +2i 41, Rigorous Global vs Local

. .3 | Calculus begins on p.90 of
- A ,-level: + - 21"

Sves. E2_ l:jil: Z _2’; _ 211. +L5 Lecture 17. Matrix forms on

Pl g-expansion Elevel: 1 - 1+ ZZ p. 125-129 and p. 130-146.

in Lect. 17 p. 35-51




e

=(-1)° |(m)>

i) =1i,P{I|1)

Global (LAB) symmetry D3> C2 i, pro jector states  Local (BOD) symmetry
_ L)) =LP{ )= P
1) =P4|1) )

1)

— lzl(am)iSﬂ 1 >:(_])b |(m)>

=

i, global ()

. Q™
anti-symmetry /@

i 3 local

A, >

XX

o > 1

1; global 3
(x) symmetry

i D)= D'(r)=
DY(g)=+1, D" (t")=+/, D"(i, )=~ ( 10 ) o
‘ o 1) |/

i, global ()

anti-symmetry

DI(r*)= D"(i,)= D"(i,)= D"(i,)=
T I N R B (1 0 )
SR CH N B A C T B VR B




When there is no there, there...

Nobody Home
where LOCAL

and GLOBAL

—
@\
U

XX
o > 1
1; global 3

(x) symmetry




(a) Local D DCZ(Z ;) model  (b) Mixed local symmetry D , model
Il > \\l,,‘1> cos!5°=V[(1+cos 30°)/2]
,’%’ W) ,’\ /‘ =(1/2)N(2+V3)=sin75°

sinl 3°=V[(1-cos 30°)/2]
r~| > =(1/2)\(2-V3)=c0s75°

See p. 12-45 of

Lecture 18
MolVibes Web Simulation
3 Atom with C3v symmetry

MolVibes Web Application: http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html



http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3

(a) Local D ;oC 2(1 ;) model

i

L

ALULAR L] g 2
/

r

i3>

Vector mode
E /
yx

Scalar mode
A,
XX

See p. 12-45 of
Lecture 18

MolVibes Web Simulation
3 Atom with C3v symmetry



http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3

Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C,, angle ©=2n/n

is an (#=2j+1)-term sum of e#m® over allowed m-quanta m={-j, -j+1, ..., j-1, j}. [ \
—i0/2 . e '
x"*(©) = traceD"*(©) = trace ¢ o x'(©)=traceD'(®) =trace| - 1
(spinor-j=1/2) ) " (vector-j=1) L . o )

Excerpts from Lecture 13 page 135-146 (also Lecture 14.5 p. 93-104)



Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e#® over allowed m-quanta m={-j, j+1,..., j-1, j}.

(o \
1/2 1/2 e ' 1 1
x (O®)=traceD" " (O)=trace . X (@) =traceD (®)=trace 1
(spinor-j=1/2) ) " (vector-j=1) L . o )
Y(O) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e .0
X1/2(®) =¢ 2+4e? = ZCOS% (spinor-j=1/2)
30 30
X3/2(®)=e 2 4., +e? =2003—+2005ﬁ
50 50
X5/2((~))=e 2 + ... +el2 =200$® 39 >0

—+2Cc0S—+2CcoSs—
2

Excerpts from Lecture 13 page 135-146



Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e#® over allowed m-quanta m={-j, j+1,..., j-1, j}.

(o \
12 12 e ' 1 1
x (O®)=traceD" " (O)=trace . X (@) =traceD (©)=trace 1
(spinor-j=1/2) ) " (vector-j=1) L . o )
Y(O) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e e
x?(©@)=¢ 2+e?2 = ZCOS9 (spinor-j=1/2) %0 (@) = Y ~1
2 (scalar-j=0)
o 2 - .
P@)=e 2 +.. +e 2 =2c08—+2c0s— (@)= +1+6© =1+2c0sO
6 6 (vector-j=1)
X5/2((~))=e_17 +... +el7 =200$® 59 >0

5+ 2cos— +2cos— X2(®) e 29 4 %% =1+2¢c0sO +2¢c0s20

(tensor-j=2)

Excerpts from Lecture 13 page 135-146



Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e#® over allowed m-quanta m={-j, j+1,..., j-1, j}.

(o)
12 1/2 e y 1 1
x (O®)=traceD" " (O)=trace . x (©)=traceD (O)=trace| - 1
(spinor-j=1/2) ) " (vector-j=1) L . o )

Y(O) involves a sum of 2cos(m ©/2) for m>0 up to m=j.

o 0 |
x'?(©) = ¢ 24e? = ZCOS% (spinor-j=1/2) %0 (@) = Y ~1

30 30

(scalar-j=0)

2 — ¢ 30
X (@)=e "2 4. te? =2cos—+2cos

(@) =e© +1+¢© =1+2c0sO

o o (vector-j=1)
52 — = S 30 50 2 ~i20 i20
e CIEX: +... +e =2COSE+20087+ZCOS— x (®)=e +.e” =1+2cos®+2cos20
, : : : : : : . (tensor-j=2)
Y(©) i1s a geometric series withratio €'© between each successive term.

Xj(®) = TraceD(j)(@)) = e 4 o7 OUD 4 7002 J7D 4 et
1 (©)e© = 71O+ +i0(j-1)
Subtracting gives:

X] (@)(1 _ e—z®) _ _e—l@(]+1) + +10)j

Excerpts from Lecture 13 page 135-146



Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e#® over allowed m-quanta m={-j, j+1,..., j-1, j}.

(o)
12 1/2 e y 1 1
x (O®)=traceD" " (O)=trace . x (©)=traceD (O)=trace| - 1
(spinor-j=1/2) ) " (vector-j=1) L . o )

Y(O) involves a sum of 2cos(m ©/2) for m>0 up to m=j.

o 0 |
x'?(©) = ¢ 24e? = ZCOS% (spinor-j=1/2) %0 (@) = Y ~1

30 30

(scalar-j=0)

2 — ¢ 30
X (@)=e "2 4. te? =2cos—+2cos

(@)= +1+6© =1+2c0sO

50 50 (vector-j=1)
5/2 — = S 30 50 2 20, 20
X' (O@)=e %2 +.. +e 2 =2COSE+20087+ZCOS— x (O)=e +.°7 =1+2cos® +2co0s20
, : : : : : : . (tensor-j=2)
Y(©) 1s a geometric series withratio €© between each successive term.
¥’ (©) = TraceD(J)(@)) = ~O0U=D | m00G=2) J=D  o*i0
Xj(®)e—i® _ ,~10(j+1) +i®(j-1)
. S . . o] o] 1
Subtracting/dividing gives ¥/(O) forrjnula. 0] _ -i0(j+]) e+l®(]+5) B e—l@(J+5) SinO(j + 5)
O) = . = =
& ©) 1—€_l® +i9 —i9 . ©
e 2 —e 9) SIn —

Excerpts from Lecture 13 page 135-146



Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e#® over allowed m-quanta m={-j, j+1,..., j-1, j}. [ \
e_l ° .
~i6/2
- 1 1
x"*(©) = traceD"*(©) = trace € . X (@) =traceD (®)=trace| - 1
(spinor-j=1/2) . l (vector-j=1) \ o0 )
Y(O) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e 0
x?(©@)=¢ 2+e?2 = ZCOS9 (spinor-j=1/2) %0 (@) = Y ~1
2 (scalar-j=0)
ELS 2 C 30 ' '
P@)=e 2 +.. +e 2 =2c08—+2c0s— (@)= +1+6© =1+2c0sO
2 2 (vector-j=1)
5/2 -2 e S 30 50 2 20 20
' (@)=e 2 +.. +e? =200$E+20037+20037 X (@)=e""" +.°7 =1+2c08O +2c0s20

' . (tensor-j=2)
Y(©) i1s a geometric series withratio €'© between each successive term.

% (©) = TraceDV) (@) = 79 4 (710U | =00-2) |

X](@)e—l@ — e—l@(]+1)

j-1) +i10j

+ €

Fe +10(j-1)

Subtracting/dividing gives »/(O) formula. 0] _ -i0(j+]) e+i®(j+%) B e—i®(j+%) SinO(j + %)
x'(©)= _i® B e ) B
e % -e )
- g T 1A -
For €, angle ©=27/n this )/ has sin—(2j+1) sin— Character Spectral Function
L j 2T n n —9;
a lot of geometric significance. X' (—)= —— p- where: F=2j+1
" Sin — Sin — is U(2) irrep dimension
\_ n n Y,




Polygonal geometry o U(Z)DCN character spectral function

Excerpts from
Lecture 14.5
page 93-103

()" n-gon segments
"/ (21t/n ):sin(%] )/sin L

J
U =2j+1]

4 snT(2j+1) sin mt!  Character Spectral Function)
Xj(zjt) __n / _ n where: ¥ =2j+1
n sin”™ sin > is U(2) irrep dimension
\_ n n

J

-« ]/Sin% >

n=12 (-
Sin(%fj )/sinZ:

L on/s)=1
1/2

x''“(2n/5)=1.618...

=(1+5)/2=

L on7)=1 -
2 2m/7)=1.802... W om/12)=1.932..  (2n/12)=3.732..

L ons7)=2.247.. Loni2=2732. ) (2n/12)=3.864...

P om/7)=2.247... P om/12)=3.346.. ¥ (2n/12)=3.732..



