
Group Theory in Quantum Mechanics 
Lecture 14.5 (3.07.17)  

CN symmetry systems coupled, uncoupled, and re-coupled 
(Quantum Theory for the Computer Age - Unit 3-5 ) 

(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-12 of Ch. 2 ) 

Breaking CN cyclic coupling into linear chains 
           Review of 1D-Bohr-ring related to infinite square well 
           Breaking C2N+2 to approximate linear N-chain (Examples C2        C6       C14) 
               Band-It simulation: Intro to scattering approach to quantum symmetry 
                     How Band-It works:  Match each Ψ and DΨ,    Let L=0 at Right end  

Breaking C2N cyclic coupling down to CN symmetry  
        Acoustical modes vs. Optical modes 
        Intro to other examples of band theory 
        Avoided crossing view of band-gaps 

Finally! Symmetry groups that are not just CN  
        The “4-Group(s)” D2 and C2v  
        Spectral decomposition of D2 

                       Some D2 modes 
        Outer product properties and the Crystal-Point Symmetry Group Zoo 
        Polygonal geometry of U(2)⊃CN character spectral function.  
          Algebra 
             Geometry  

χ j(2π /n) =
sin π (2 j+1)/n( )
sin π /n( )

! !

The CPT subgroup of Lorentz Group
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Fig. 12.2.6 Comparison of eigensolutions for 

(a) Infinite square well, and (b) Bohr rotor.
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C6 symmetry: Elementary Bloch Hamiltonian H1B(6) (1st neighbor coupling)
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 HEB(14) gives eigensolution of a 6-by-6 constrained Bloch matrix HCM(6)
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n=14

 HEB(14) gives eigensolution of a 6-by-6 constrained Bloch matrix HCM(6) using its sine-waves only

WaveIt Web Simulation  
C14 Character Phasors 

http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=14&clock=true&docolor=true&ImWave=true&ReWave=true&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=14&clock=true&docolor=true&ImWave=true&ReWave=true&hand=true
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How Band-It simulation works (from QTfCA Unit 4 Chapter 13)
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Two kinds of C12 symmetry m-states are coupled by K-matrix: Even |reven〉 and odd |rodd〉 p-points. 
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Crossing equations for a pair of humps
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L L
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 Fig. 14.1.5 C2-symmetric double barrier .
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Intro to other examples of band theory

Fig. 14.1.7 Second (E= 6.117) resonance in L=0.5 well  
between two width=0.5 barriers(V=25) .
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Fig. 14.1.10 Triple-barrier double-well potential
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Bohr-It simulations assume ring-periodic-boundary conditions

Intro to other examples of band theory

Fig. 14.2.8 Multiplets for V=5. 
(W=15nm well ,L=5nm barrier)  for (N=3)-ring and  (N=6)-ring.



    

Band-It simulations line-non-periodic scattering conditions
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Fig. 14.2.8 Multiplets for V=5. 
(W=15nm well ,L=5nm barrier)  for (N=3)-ring and  (N=6)-ring.
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Here we display 
eigenvalues and 
eigenvectors while  
holding B constant 
and varying A. 
Obviously it can be 
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Completness 
Spec.decomps



D2 spectral decomposition: The old “1=1•1 trick” again 
Two C2 subgroup minimal equations and their projectors: 
  
  Rx2- 1 = 0,         Ry2- 1 = 0.  

   

Px
+ =

1+Rx
2

Px
− =

1−Rx
2

 1  = Px
+ + Px

−

Rx = Px
+ − Px

−
   

Py
+ =

1+R y

2

Py
− =

1−R y

2
 1  = Py

+ + Py
−

R y = Py
+ − Py

−

The old “1=1•1 trick” 
  
1 = 1 ⋅1 = Px

+ + Px
−( ) ⋅ Py

+ + Py
−( ) = Px

+ ⋅Py
+ + Px

− ⋅Py
+ + Px

+ ⋅Py
− + Px

− ⋅Py
−

   

P++ ≡ Px
+ ⋅Py

+ =
1+Rx( ) ⋅ 1+R y( )

2 ⋅2
=

1
4

1+Rx +R y +R z( )

P−+ ≡ Px
− ⋅Py

+ =
1−Rx( ) ⋅ 1+R y( )

2 ⋅2
=

1
4

1−Rx +R y −R z( )

P+− ≡ Px
+ ⋅Py

− =
1+Rx( ) ⋅ 1−R y( )

2 ⋅2
=

1
4

1+Rx −R y −R z( )

P−− ≡ Px
− ⋅Py

− =
1−Rx( ) ⋅ 1−R y( )

2 ⋅2
=

1
4

1−Rx −R y +R z( )

  

1   = (+1)P++ + (+1)P−+ + (+1)P+− + (+1)P−−
     (completeness is first)

gives irrep projectors

reducible 
projectors

Completness 
Spec.decomps



D2 spectral decomposition: The old “1=1•1 trick” again 
Two C2 subgroup minimal equations and their projectors: 
  
  Rx2- 1 = 0,         Ry2- 1 = 0.  

   

Px
+ =

1+Rx
2

Px
− =

1−Rx
2

 1  = Px
+ + Px

−

Rx = Px
+ − Px

−
   

Py
+ =

1+R y

2

Py
− =

1−R y

2
 1  = Py

+ + Py
−

R y = Py
+ − Py

−

The old “1=1•1 trick” 
  
1 = 1 ⋅1 = Px

+ + Px
−( ) ⋅ Py

+ + Py
−( ) = Px

+ ⋅Py
+ + Px

− ⋅Py
+ + Px

+ ⋅Py
− + Px

− ⋅Py
−

   

P++ ≡ Px
+ ⋅Py

+ =
1+Rx( ) ⋅ 1+R y( )

2 ⋅2
=

1
4

1+Rx +R y +R z( )

P−+ ≡ Px
− ⋅Py

+ =
1−Rx( ) ⋅ 1+R y( )

2 ⋅2
=

1
4

1−Rx +R y −R z( )

P+− ≡ Px
+ ⋅Py

− =
1+Rx( ) ⋅ 1−R y( )

2 ⋅2
=

1
4

1+Rx −R y −R z( )

P−− ≡ Px
− ⋅Py

− =
1−Rx( ) ⋅ 1−R y( )

2 ⋅2
=

1
4

1−Rx −R y +R z( )

   

1   = (+1)P++ + (+1)P−+ + (+1)P+− + (+1)P−−

Rx = (+1)P++ + (−1)P−+ + (+1)P+− + (−1)P−−

     (then Rx eigenvalues)

gives irrep projectors

reducible 
projectors

Completness 
Spec.decomps



D2 spectral decomposition: The old “1=1•1 trick” again 
Two C2 subgroup minimal equations and their projectors: 
  
  Rx2- 1 = 0,         Ry2- 1 = 0.  

   

Px
+ =

1+Rx
2

Px
− =

1−Rx
2

 1  = Px
+ + Px

−

Rx = Px
+ − Px

−
   

Py
+ =

1+R y

2

Py
− =

1−R y

2
 1  = Py

+ + Py
−

R y = Py
+ − Py

−

The old “1=1•1 trick” 
  
1 = 1 ⋅1 = Px

+ + Px
−( ) ⋅ Py

+ + Py
−( ) = Px

+ ⋅Py
+ + Px

− ⋅Py
+ + Px

+ ⋅Py
− + Px

− ⋅Py
−

   

P++ ≡ Px
+ ⋅Py

+ =
1+Rx( ) ⋅ 1+R y( )

2 ⋅2
=

1
4

1+Rx +R y +R z( )

P−+ ≡ Px
− ⋅Py

+ =
1−Rx( ) ⋅ 1+R y( )

2 ⋅2
=

1
4

1−Rx +R y −R z( )

P+− ≡ Px
+ ⋅Py

− =
1+Rx( ) ⋅ 1−R y( )

2 ⋅2
=

1
4

1+Rx −R y −R z( )

P−− ≡ Px
− ⋅Py

− =
1−Rx( ) ⋅ 1−R y( )

2 ⋅2
=

1
4

1−Rx −R y +R z( )    

1   = (+1)P++ + (+1)P−+ + (+1)P+− + (+1)P−−

Rx = (+1)P++ + (−1)P−+ + (+1)P+− + (−1)P−−

R y = (+1)P++ + (+1)P−+ + (−1)P+− + (−1)P−−

R z = (+1)P++ + (−1)P−+ + (−1)P+− + (+1)P−−

     (...and so forth)

gives irrep projectors

reducible 
projectors

Completness 
Spec.decomps



D2 spectral decomposition: The old “1=1•1 trick” again 
Two C2 subgroup minimal equations and their projectors: 
  
  Rx2- 1 = 0,         Ry2- 1 = 0.  

   

Px
+ =

1+Rx
2

Px
− =

1−Rx
2

 1  = Px
+ + Px

−

Rx = Px
+ − Px

−
   

Py
+ =

1+R y

2

Py
− =

1−R y

2
 1  = Py

+ + Py
−

R y = Py
+ − Py

−

The old “1=1•1 trick” 
  
1 = 1 ⋅1 = Px

+ + Px
−( ) ⋅ Py

+ + Py
−( ) = Px

+ ⋅Py
+ + Px

− ⋅Py
+ + Px

+ ⋅Py
− + Px

− ⋅Py
−

   

P++ ≡ Px
+ ⋅Py

+ =
1+Rx( ) ⋅ 1+R y( )

2 ⋅2
=

1
4

1+Rx +R y +R z( )

P−+ ≡ Px
− ⋅Py

+ =
1−Rx( ) ⋅ 1+R y( )

2 ⋅2
=

1
4

1−Rx +R y −R z( )

P+− ≡ Px
+ ⋅Py

− =
1+Rx( ) ⋅ 1−R y( )

2 ⋅2
=

1
4

1+Rx −R y −R z( )

P−− ≡ Px
− ⋅Py

− =
1−Rx( ) ⋅ 1−R y( )

2 ⋅2
=

1
4

1−Rx −R y +R z( )    

1   = (+1)P++ + (+1)P−+ + (+1)P+− + (+1)P−−

Rx = (+1)P++ + (−1)P−+ + (+1)P+− + (−1)P−−

R y = (+1)P++ + (+1)P−+ + (−1)P+− + (−1)P−−

R z = (+1)P++ + (−1)P−+ + (−1)P+− + (+1)P−−

     (completeness is first)

   

C2
x 1 Rx

+ 1 1
− 1 −1

×
C2

y 1 R y

+ 1 1
− 1 −1

=  

C2
x ×C2

y 1 ⋅1 Rx ⋅1 1 ⋅R y Rx ⋅R y

+ ⋅+ 1⋅1 1⋅1 1⋅1 1⋅1
− ⋅+ 1⋅1 −1⋅1 1⋅1 −1⋅1
+ ⋅− 1⋅1 1⋅1 1⋅(−1) 1⋅(−1)
− ⋅− 1⋅1 −1⋅1 1⋅(−1) −1⋅(−1)

gives irrep projectors

Shortcut notation for getting D2 character table

reducible 
projectors

Completness 
Spec.decomps



D2 spectral decomposition: The old “1=1•1 trick” again 
Two C2 subgroup minimal equations and their projectors: 
  
  Rx2- 1 = 0,         Ry2- 1 = 0.  

   

Px
+ =

1+Rx
2

Px
− =

1−Rx
2

 1  = Px
+ + Px

−

Rx = Px
+ − Px

−
   

Py
+ =

1+R y

2

Py
− =

1−R y

2
 1  = Py

+ + Py
−

R y = Py
+ − Py

−

The old “1=1•1 trick” 
  
1 = 1 ⋅1 = Px

+ + Px
−( ) ⋅ Py

+ + Py
−( ) = Px

+ ⋅Py
+ + Px

− ⋅Py
+ + Px

+ ⋅Py
− + Px

− ⋅Py
−

   

P++ ≡ Px
+ ⋅Py

+ =
1+Rx( ) ⋅ 1+R y( )

2 ⋅2
=

1
4

1+Rx +R y +R z( )

P−+ ≡ Px
− ⋅Py

+ =
1−Rx( ) ⋅ 1+R y( )

2 ⋅2
=

1
4

1−Rx +R y −R z( )

P+− ≡ Px
+ ⋅Py

− =
1+Rx( ) ⋅ 1−R y( )

2 ⋅2
=

1
4

1+Rx −R y −R z( )

P−− ≡ Px
− ⋅Py

− =
1−Rx( ) ⋅ 1−R y( )

2 ⋅2
=

1
4

1−Rx −R y +R z( )    

1   = (+1)P++ + (+1)P−+ + (+1)P+− + (+1)P−−

Rx = (+1)P++ + (−1)P−+ + (+1)P+− + (−1)P−−

R y = (+1)P++ + (+1)P−+ + (−1)P+− + (−1)P−−

R z = (+1)P++ + (−1)P−+ + (−1)P+− + (+1)P−−

     (completeness is first)

   

C2
x 1 Rx

+ 1 1
− 1 −1

×
C2

y 1 R y

+ 1 1
− 1 −1

=  

C2
x ×C2

y 1 ⋅1 Rx ⋅1 1 ⋅R y Rx ⋅R y

+ ⋅+ 1⋅1 1⋅1 1⋅1 1⋅1
− ⋅+ 1⋅1 −1⋅1 1⋅1 −1⋅1
+ ⋅− 1⋅1 1⋅1 1⋅(−1) 1⋅(−1)
− ⋅− 1⋅1 −1⋅1 1⋅(−1) −1⋅(−1)

   

C2
x 1 Rx

+ 1 1
− 1 −1

  ×   
C2

y 1 R y

+ 1 1
− 1 −1

  

=  

C2
x ×C2

y 1 ⋅1 Rx ⋅1 1 ⋅R y Rx ⋅R y

+ ⋅+ 1⋅1 1⋅1 1⋅1 1⋅1
− ⋅+ 1⋅1 −1⋅1 1⋅1 −1⋅1
+ ⋅− 1⋅1 1⋅1 1⋅(−1) 1⋅(−1)
− ⋅− 1⋅1 −1⋅1 1⋅(−1) −1⋅(−1)

   =   

D2 1 Rx R y R z

+ ⋅+ 1 1 1 1
− ⋅+ 1 -1 1 -1
+ ⋅− 1 1 −1 −1
− ⋅− 1 -1 −1 1

gives irrep projectors

Shortcut notation for getting D2 character table

reducible 
projectors

Completness 
Spec.decomps



D2 spectral decomposition: The old “1=1•1 trick” again 
Two C2 subgroup minimal equations and their projectors: 
  
  Rx2- 1 = 0,         Ry2- 1 = 0.  

   

Px
+ =

1+Rx
2

Px
− =

1−Rx
2

 1  = Px
+ + Px

−

Rx = Px
+ − Px

−
   

Py
+ =

1+R y

2

Py
− =

1−R y

2
 1  = Py

+ + Py
−

R y = Py
+ − Py

−

The old “1=1•1 trick” 
  
1 = 1 ⋅1 = Px

+ + Px
−( ) ⋅ Py

+ + Py
−( ) = Px

+ ⋅Py
+ + Px

− ⋅Py
+ + Px

+ ⋅Py
− + Px

− ⋅Py
−

   

P++ ≡ Px
+ ⋅Py

+ =
1+Rx( ) ⋅ 1+R y( )

2 ⋅2
=

1
4

1+Rx +R y +R z( )

P−+ ≡ Px
− ⋅Py

+ =
1−Rx( ) ⋅ 1+R y( )

2 ⋅2
=

1
4

1−Rx +R y −R z( )

P+− ≡ Px
+ ⋅Py

− =
1+Rx( ) ⋅ 1−R y( )

2 ⋅2
=

1
4

1+Rx −R y −R z( )

P−− ≡ Px
− ⋅Py

− =
1−Rx( ) ⋅ 1−R y( )

2 ⋅2
=

1
4

1−Rx −R y +R z( )    

1   = (+1)P++ + (+1)P−+ + (+1)P+− + (+1)P−−

Rx = (+1)P++ + (−1)P−+ + (+1)P+− + (−1)P−−

R y = (+1)P++ + (+1)P−+ + (−1)P+− + (−1)P−−

R z = (+1)P++ + (−1)P−+ + (−1)P+− + (+1)P−−

     (completeness is first)

   

C2
x 1 Rx

+ 1 1
− 1 −1

×
C2

y 1 R y

+ 1 1
− 1 −1

=  

C2
x ×C2

y 1 ⋅1 Rx ⋅1 1 ⋅R y Rx ⋅R y

+ ⋅+ 1⋅1 1⋅1 1⋅1 1⋅1
− ⋅+ 1⋅1 −1⋅1 1⋅1 −1⋅1
+ ⋅− 1⋅1 1⋅1 1⋅(−1) 1⋅(−1)
− ⋅− 1⋅1 −1⋅1 1⋅(−1) −1⋅(−1)

   

C2
x 1 Rx

+ 1 1
− 1 −1

  ×   
C2

y 1 R y

+ 1 1
− 1 −1

  

=  

C2
x ×C2

y 1 ⋅1 Rx ⋅1 1 ⋅R y Rx ⋅R y

+ ⋅+ 1⋅1 1⋅1 1⋅1 1⋅1
− ⋅+ 1⋅1 −1⋅1 1⋅1 −1⋅1
+ ⋅− 1⋅1 1⋅1 1⋅(−1) 1⋅(−1)
− ⋅− 1⋅1 −1⋅1 1⋅(−1) −1⋅(−1)

   =   

D2 1 Rx R y R z

++ = A1 1 1 1 1

−+ = A2 1 -1 1 -1

+− = B1 1 1 −1 −1

−− = B2 1 -1 −1 1

gives irrep projectors

Shortcut notation for getting D2 character table

reducible 
projectors

Completness 
Spec.decomps

Note 
common 
notation



Breaking CN cyclic coupling into linear chains 
           Review of 1D-Bohr-ring related to infinite square well 
           Breaking C2N+2 to approximate linear N-chain (Examples C2        C6      C14) 
               Band-It simulation: Intro to scattering approach to quantum symmetry 
                     How Band-It works:  Match each Ψ and DΨ,           Let L=0 at Right end  

Breaking C2N cyclic coupling down to CN symmetry  
        Acoustical modes vs. Optical modes 
        Intro to other examples of band theory 
        Type-AB Avoided crossing view of band-gaps 

Finally! Symmetry groups that are not just CN  
        The “4-Group(s)” D2 and C2v  
        Spectral decomposition of D2 

                       Some D2 modes 
        Outer product properties and the Crystal-Point Symmetry Group Zoo 
        Polygonal geometry of U(2)⊃CN character spectral function 
          Algebra 
             Geometry  

χ j (2π /n) =
sin π (2 j+1)/n( )
sin π /n( )

! !Breaking C2N+2 to approximate linear N-chain (Examples C2        C6      C14)!

The CPT subgroup of Lorentz Group



Fig. 2.8.1 PSDS



Fig. 2.8.2 PSDS



Breaking CN cyclic coupling into linear chains 
           Review of 1D-Bohr-ring related to infinite square well 
           Breaking C2N+2 to approximate linear N-chain (Examples C2        C6      C14) 
               Band-It simulation: Intro to scattering approach to quantum symmetry 
                     How Band-It works:  Match each Ψ and DΨ,           Let L=0 at Right end  

Breaking C2N cyclic coupling down to CN symmetry  
        Acoustical modes vs. Optical modes 
        Intro to other examples of band theory 
        Type-AB Avoided crossing view of band-gaps 

Finally! Symmetry groups that are not just CN  
        The “4-Group(s)” D2 and C2v  
        Spectral decomposition of D2 

                       Some D2 modes 
        Outer product properties and the Crystal-Point Symmetry Group Zoo 
        Polygonal geometry of U(2)⊃CN character spectral function 
          Algebra 
             Geometry  

χ j (2π /n) =
sin π (2 j+1)/n( )
sin π /n( )

! !Breaking C2N+2 to approximate linear N-chain (Examples C2        C6      C14)!

The CPT subgroup of Lorentz Group



Fig. 2.11.1 PSDS

Crystal-Point Group Zoo 
having 32 groups 

(Showing 
 16 Abelian 

Crystal Groups)

Abelian 
means 

all its elements 
commute

The other 16 
crystal-point groups 

are  
Non-Abelian

Non-Abelian 
means 

some elements 
do not commute



Fig. 2.11.1 PSDS

Crystal-Point Group Zoo 
having 32 groups 

(Showing 
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Crystal Groups)
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means 
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commute

The other 16 
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are  
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means 

some elements 
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From p. 93-101 
Character Trace of 

n-fold rotation 
where: ℓj=2j+1 

is U(2) irrep dimension
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) =
sinπ
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Fig. 2.11.1 PSDS

Crystal-Point Group Zoo 
having 32 groups 

(Showing 
 16 Abelian 

Crystal Groups)

Abelian 
means 

all its elements 
commute

The other 16 
crystal-point groups 

are  
Non-Abelian

Non-Abelian 
means 

some elements 
do not commute

From p. 93-101 
Character Trace of 

n-fold rotation 
where: ℓj=2j+1 

is U(2) irrep dimension

 

χ j (2π
n

) =
sinπ

n
(2 j +1)

sinπ
n

=
sinπℓ

j

n
sinπ

n

 

To be a crystal-point group 
the Character Trace of 
n-fold vector rotation 

for: ℓ1=2+1=3 
must be an integer 

χ1(2π
n

) =
sinπ

1
(2 j +1)

sinπ
n

=
sin 3π

n
sinπ

n

= integer  

sin 3π
2

sinπ
2

= −1 (n=2 ok)

sin 3π
3

sinπ
3

= +1 (n=3 ok) 

sin 3π
4

sinπ
4

= +1 (n=4 ok)

sin 3π
5

sinπ
5

= G+  (n=5 NO!) 

sin 3π
6

sinπ
6

= +2 (n=6 ok)

…But, 
n=7 to ∞ 
are not ok
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Fig. 2.2.2 PSDS

Fig. 2.11.1 PSDS

Crystal-Point Group Zoo 
having 32 groups 

(Showing 
 16 Non-Abelian 
Crystal Groups)

Abelian 
means 

all its elements 
commute

The other 16 
crystal-point groups 

are  
Abelian

Non-Abelian 
means 

some elements 
do not commute

Log-histogram of 
all groups of order 

°G=1 to 64 
Abelian shown in Black
Non-Abelian in WhiteWhite

Clearly 
most groups are

Non-Abelian

O
rd

er
 °G

Group “census”



C6 is product C3× C2 (but C4 is NOT C2× C2)  

   

C3 1 r r2

0( )3 1 1 1

1( )3 1 e2π i /3 e−2π i /3

2( )3 1 e−2π i /3 e2π i /3

  ×   

C2 1 R

0( )2 1 1

1( )2 1 −1

  =  

C3 × C2 1 r r2 1 ⋅R r ⋅R r2 ⋅R

0( )3 ⋅ 0( )2 1⋅1 1⋅1 1⋅1 1⋅1 1⋅1 1⋅1

1( )3 ⋅ 0( )2 1⋅1 e2π i /3 ⋅1 e−2π i /3 ⋅1 1⋅1 e2π i /3 ⋅1 e−2π i /3 ⋅1

2( )3 ⋅ 0( )2 1⋅1 e−2π i /3 ⋅1 e2π i /3 ⋅1 1⋅1 e−2π i /3 ⋅1 e2π i /3 ⋅1

0( )3 ⋅ 1( )2 1⋅1 1⋅1 1⋅1 1⋅ (−1) 1⋅ (−1) 1⋅ (−1)

1( )3 ⋅ 1( )2 1⋅1 1⋅1 e−2π i /3 ⋅1 1⋅ (−1) e2π i /3 ⋅ (−1) e−2π i /3 ⋅ (−1)

2( )3 ⋅ 1( )2 1⋅1 e−2π i /3 ⋅1 1⋅1 1⋅ (−1) e−2π i /3 ⋅ (−1) e2π i /3 ⋅ (−1)



C6 is product C3× C2 (but C4 is NOT C2× C2)  

   

C3 1 r r2

0( )3 1 1 1

1( )3 1 e2π i /3 e−2π i /3

2( )3 1 e−2π i /3 e2π i /3

  ×   

C2 1 R

0( )2 1 1

1( )2 1 −1

  =  

C3 × C2 1 r r2 1 ⋅R r ⋅R r2 ⋅R

0( )3 ⋅ 0( )2 1⋅1 1⋅1 1⋅1 1⋅1 1⋅1 1⋅1

1( )3 ⋅ 0( )2 1⋅1 e2π i /3 ⋅1 e−2π i /3 ⋅1 1⋅1 e2π i /3 ⋅1 e−2π i /3 ⋅1

2( )3 ⋅ 0( )2 1⋅1 e−2π i /3 ⋅1 e2π i /3 ⋅1 1⋅1 e−2π i /3 ⋅1 e2π i /3 ⋅1

0( )3 ⋅ 1( )2 1⋅1 1⋅1 1⋅1 1⋅ (−1) 1⋅ (−1) 1⋅ (−1)

1( )3 ⋅ 1( )2 1⋅1 1⋅1 e−2π i /3 ⋅1 1⋅ (−1) e2π i /3 ⋅ (−1) e−2π i /3 ⋅ (−1)

2( )3 ⋅ 1( )2 1⋅1 e−2π i /3 ⋅1 1⋅1 1⋅ (−1) e−2π i /3 ⋅ (−1) e2π i /3 ⋅ (−1)

   

                                                      =   

C3 × C2 = C6 1 r = h2 r2 = h4 R = h3 r ⋅R = h r2 ⋅R = h5

0( )3 ⋅ 0( )2 = 0( )6 1 1 1 1 1 1

1( )3 ⋅ 0( )2 = 2( )6 1 e2π i /3 e−2π i /3 1 e2π i /3 e−2π i /3

2( )3 ⋅ 0( )2 = 4( )6 1 e−2π i /3 e2π i /3 1 e−2π i /3 e2π i /3

0( )3 ⋅ 1( )2 = 3( )6 1 1 1 -1 -1 -1

1( )3 ⋅ 1( )2 = 5( )6 1 e2π i /3 e−2π i /3 -1 -e2π i /3 −e−2π i /3

2( )3 ⋅ 1( )2 = 1( )6 1 e−2π i /3 e2π i /3 −1 −e−2π i /3 −e2π i /3



Breaking CN cyclic coupling into linear chains 
           Review of 1D-Bohr-ring related to infinite square well 
           Breaking C2N+2 to approximate linear N-chain (Examples C2        C6      C14) 
               Band-It simulation: Intro to scattering approach to quantum symmetry 
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χ
3/2(2π/12)=3.346...

χ
2(2π/12)=3.732...
χ
5/2(2π/12)=3.864...
χ
3(2π/12)=3.732...

Character Spectral Function 
where: ℓj=2j+1 

is U(2) irrep dimension
 

χ j (2π
n

) =
sinπ

n
(2 j +1)

sinπ
n

=
sinπℓ

j

n
sinπ

n
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Character Spectral Function 

where: ℓj=2j+1 
is U(2) irrep dimension

 

χ j (2π
n

) =
sinπ

n
(2 j +1)

sinπ
n

=
sinπℓ

j

n
sinπ

n

 

l
j
= 1

Integer j for n=12

χ
0(2π/12)=1

l
j
= 3

l
j
= 5

l
j
= 7 j=3

j=2

j=1

j=0

χ
1(2π/12)=2.732..

χ
2(2π/12)=3.732..

χ
3(2π/12)=3.732..

χ
4(2π/12)=2.732..



Polygonal geometry of U(2)⊃CN character spectral function
Character Spectral Function 

where: ℓj=2j+1 
is U(2) irrep dimension

 

χ j (2π
n

) =
sinπ

n
(2 j +1)

sinπ
n

=
sinπℓ

j

n
sinπ

n

 

l
j
= 1

Integer j for n=12

χ
0(2π/12)=1

l
j
= 3

l
j
= 5

l
j
= 7 j=3

j=2

j=1

j=0

χ
1(2π/12)=2.732..

χ
2(2π/12)=3.732..

χ
3(2π/12)=3.732..

χ
4(2π/12)=2.732..

l
j
= 2

1/2-Integer j for n=12

l
j
= 4

l
j
= 6

l
j
= 8

j=3/2

j=1/2

j=5/2

j=7/2

χ
1/2(2π/12)=1.932...

χ
3/2(2π/12)=3.346...

χ
5/2(2π/12)=3.864...

χ
7/2(2π/12)=3.346...

χ
9/2(2π/12)=1.932...


