
Group Theory in Quantum Mechanics
Lecture 13 (2.28.17) 

Symmetry and Dynamics of CN cyclic systems(contd.)
(Quantum Theory for the Computer Age - Ch. 6-12 of Unit 5 )

(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 3-7 of Ch. 2 )

 Two wave archetypes: Pulse-Wave (PW) versus Continuous-Wave (CW) 
         Comparing spacetime uncertainty (Δx or Δt) with per-spacetime bandwidth (Δκ or Δυ)              
Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating ∞-Square-well waves to Bohr rotor waves
∞-Square-well wave dynamics
         SinNx/x wavepacket bandwidth and uncertainty
                    ∞-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
Bohr-rotor wave dynamics
         Gaussian wave-packet bandwidth and uncertainty
                    Gaussian Bohr-rotor revivals and quantum fractals
Understanding fractals using geometry of fractions (Rationalizing rationals)
        Farey-Sums and Ford-products
        Discrete CN beat phase dynamics (Characters gone wild!)
        The classical bouncing-ball Monster-Mash
Polygonal geometry of U(2)⊃CN character spectral function
       Algebra
       Geometry 
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It helps to introduce two archetypes of light waves and contrast them.

The first (PW) is a Particle-like Wave or part of a Pulse-Wave train.
The second (CW) is a Coherent Wave or part of a Continuous-Wave train.

(1) The PW archetype (2) The CW archetype
CW amplitude is NON-zero
everywhere except here...and here...and here...and here...

PW amplitude is ZERO
everywhere except here...and here...and here...

PW amplitude... φ

CWamplitude......is mostly flat

ZEROS. ...is mostly NON-zero with rounded crests and troughs.
...but has sharp PEAKS. ...but has sharp ZEROS.
...is best defined by where it IS. ...is best defined by where it IS NOT.

Ideal PW shape is a Dirac Delta function. Ideal CW shape is a cosine wave (cos(φ))

φ
φ

Space   x

Time
ct

Space   x

Time
ct

0.0                           0.5µm                     1.0µm       

1.0 
fsec 

0.0                           0.5µm                     1.0µm       

2.0 
fsec 

1.0 
fsec 

2.0 
fsec 

c =2.99792458·108m/s
  ≈3·108m/s
  ≈0.3 µm/fs ≈1 ft/ns

..or Cosine Wave  ...or Colored Wave

Must be 
dispersion-free
for this to be!

Web Simulation
1 CW ct vs x Plot

(ck = +2)

Web Simulation
1 PW ct vs x Plot
(ck mod 2 = 0)
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cos(φ)

+cos(2φ)

+cos(3φ)

+cos(4φ)

+cos(5φ)

+cos(6φ)

+cos(7φ)

+cos(8φ)

+cos(9φ)

+cos(10φ)

PW forms are also called
Wave Packets (WP)
since
they are
interfering
sums of
many
CW terms

CW terms are
also called
Color Waves
or
Fourier
Spectral
Components

CW terms interfering constructively
(narrow regions of peaks)

CW terms interfering destructively
(wide regions of zeros)

... and vice-versa ...
CW forms can be
made artificially
from PW sums ...

(this is digital
sampling or
digital-to-analog
synthesis.)

“pulse-packets”

(this φ-dimension is
time and/or space)

(10-Cosine Waves
make up this pulse)

φ=kx - ωt

5Tuesday, February 28, 2017



cos(φ)

+cos(2φ)

+cos(3φ)

+cos(4φ)

+cos(5φ)

+cos(6φ)

+cos(7φ)

+cos(8φ)

+cos(9φ)
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PW forms are also called
Wave Packets (WP)
since
they are
interfering
sums of
many
CW terms

CW terms are
also called
Color Waves
or
Fourier
Spectral
Components

CW terms interfering constructively
(narrow regions of peaks)

CW terms interfering destructively
(wide regions of zeros)

... and vice-versa ...
CW forms can be
made artificially
from PW sums ...

(this is digital
sampling or
digital-to-analog
synthesis.)

“pulse-packets”

(this φ-dimension is
time and/or space)

(10-Cosine Waves
make up this pulse)

φ=kx - ωt

As we’ll see, this is a terrible way
to make quantum CW...

WaveIt Web Simulation - Spectral Components Rightward 1-PW
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period = τ

τ/2

τ/5

τ/10

τ/50

PW widths reduce proportionally with more CW terms (greater Spectral width)

1 CW term
Δυ =υ=1/τ

2 CW terms
Δυ =2υ

5 CW terms
Δυ =5υ

10 CW terms
Δυ =10υ

50 CW terms
Δυ =50υ

Space-time width (pulse width) Spectral width (harmonic frequency range)

Δt = τ

Δt = τ/2

Δt = τ/5

Δt = τ/10

Δt = τ/50

1 10 20 30 40 50

2 10 20 30 40 50

5 10 20 30 40 50

10 20 30 40 50

10 20 30 40 50

MMoorree
WWaavvee--lliikkee

MMoorree
PPaarrttiiccllee--lliikkee

Fourier-Heisenberg product: Δt ·Δυ =1 (time-frequency uncertainty relation)

Δυ=1υ= fundamental frequency

Δυ=2υ

Δυ=5υ

Δυ=10υ

Δυ=50υ

(1 cosine wave)

(2 cosine waves)

(5 cosine waves)

(10 cosine waves)

(50 cosine waves)

(up to 2nd octave)

fundamental

this dimension is time this dimension is frequency or per-time

Less prone

to

interference

More prone

to

interference

(up to 5th)

(up to 10th)

Comparing spacetime uncertainty (Δx or Δt) with per-spacetime bandwidth (Δκ or Δυ)
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Comparing spacetime uncertainty (Δx or Δt) with per-spacetime bandwidth (Δκ or Δυ)

or this dimension is space... if this dimension is wavenumber or per-space...
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Fourier series worth remembering From Quantum Theory for Computer Age Unit 3 Chapter 7
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Fourier series worth remembering 
From Quantum Theory for Computer Age Unit 3 Chapter 7
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Fourier series worth remembering 
From Quantum Theory for Computer Age Unit 3 Chapter 7
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Fig. 12.2.6 Comparison of eigensolutions for 

(a) Infinite square well, and (b) Bohr rotor.
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From QTCA Unit 5 Ch. 12
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         Comparing spacetime uncertainty (Δx or Δt) with per-spacetime bandwidth (Δκ or Δυ)              
Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating ∞-Square-well waves to Bohr rotor waves
∞-Square-well wave dynamics
         SinNx/x wavepacket bandwidth and uncertainty
                    ∞-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
Bohr-rotor wave dynamics
         Gaussian wave-packet bandwidth and uncertainty
                    Gaussian Bohr-rotor revivals and quantum fractals
Understanding fractals using geometry of fractions (Rationalizing rationals)
        Farey-Sums and Ford-products
        Discrete CN beat phase dynamics (Characters gone wild!)
        The classical bouncing-ball Monster-Mash
Polygonal geometry of U(2)⊃CN character spectral function
       Algebra
       Geometry 
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ψ1(x)

ψ2(x)

ψ3(x)

W

Zero-point energy

2nd transition
energy 5ε1

h
8MW2

2
ε1=

1st transition
("beat") energy 3ε1

n=3 32ε1

n=2 22ε1

n=1 12ε1

 ∞-Square well PE  (The story of prisoner-M)

From QTCA Unit 5 Ch. 12

knW= nπ    or:  kn = nπ/W 

  
x εn =ψ n x( ) = Asin knx( ) = Asin nπ x

W
⎛
⎝⎜

⎞
⎠⎟

  n=1,2,3,...∞( )
Boundary conditions:

Energy eigenfunctions:

= 9!1!4!1

= 4!1!1!1

23Tuesday, February 28, 2017



ψ1(x)

ψ2(x)

ψ3(x)

W

Zero-point energy

2nd transition
energy 5ε1
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("beat") energy 3ε1

n=3 32ε1
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x εn =ψ n x( ) = Asin knx( ) = Asin nπ x

W
⎛
⎝⎜

⎞
⎠⎟

  n=1,2,3,...∞( )
Boundary conditions:

Energy eigenfunctions:

Energy eigenvalues:   εn=KE=pn2/2M=(kn)2/2M

   
εn =
2

2M
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2 = 
2n2π2

2MW 2  = 12, 22, 32,...or n2( ) h2

8MW 2   

fundamental Bohr ∠-frequency ω1=2πυ1 
lowest transition (beat) frequency 
υ1 =(ε1-ε0)/h  (ε0 is defined as zero)

   
 = h

2π

ω1=2πυ1=2πε1/h=2πh/(8MW2)

 ∞-Square well PE  (The story of prisoner-M)

= 9!1!4!1

= 4!1!1!1
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ωbeat =ω2-ω1=

ε2 − ε1


= 22 −12


h2

8MW 2 =3 2π h
8MW 2 =3ω1 

ψ2(x)

ψ1(x)

Ψ(x,0)=
ψ1(x)+ψ2(x)

t = 0
−ψ2(x)

ψ1(x)

ψ1(x)

Ψ(x,t)=
ψ1(x)−ψ2(x)

t = τbeat/2

"Slosh!" "Slosh!"

Fig. 12.1.2 Exercise in prison. Infinite square well eigensolution combination "sloshes" back and forth.

From QTCA Unit 5 Ch. 12
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Energy eigenfunctions:
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εn =
2

2M
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2 = 
2n2π2

2MW 2  = 12, 22, 32,...or n2( ) h2

8MW 2   

   
 = h

2π

fundamental Bohr ∠-frequency ω1=2πυ1 
lowest transition (beat) frequency 
υ1 =(ε1-ε0)/h  (ε0 is defined as zero) ω1=2πυ1=2πε1/h=2πh/(8MW2) υ1=h/(8MW2)

 ∞-Square well PE  (The story of prisoner-M)
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SinNx/x wavepackets bandwidth and uncertainty

 
δ x − a( ) = x a
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2 !x = 2 /100

      Fig. 12.2.2 Ultra-thin prisoner M. 

Initial wavepacket combination of 100 energy states.

From QTCA Unit 5 Ch. 12

2 Δx=2π/100 
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SinNx/x wavepackets bandwidth and uncertainty
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SinNx/x wavepackets bandwidth and uncertainty

  
δ x − a( ) = x a = x εnn=1

∞∑ εn a = ann=1
∞∑ sin knx 
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SinNx/x wavepackets bandwidth and uncertainty
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From QTCA Unit 5 Ch. 12
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SinNx/x wavepackets bandwidth and uncertainty

  
δ x − a( ) = x a = x εnn=1

∞∑ εn a = ann=1
∞∑ sin knx 

an = 〈εn|a〉= (2/W) sin kn a  ( kn = nπ/W )
      

0.2 0.4 0.6 0.8 1

-0.2

-0.1

0.1

0.2

0.3

0.4

0.5

2 !x = 2 /100

      Fig. 12.2.2 Ultra-thin prisoner M. 

Initial wavepacket combination of 100 energy states.

  

Ψ x( ) = 2
W

sin kna
n

Nmax
∑ sin knx

       → 2
W

dk Δn
Δk

sin ka sin kx
0

Kmax
∫

       

From QTCA Unit 5 Ch. 12
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SinNx/x wavepackets bandwidth and uncertainty
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From QTCA Unit 5 Ch. 12
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SinNx/x wavepackets bandwidth and uncertainty
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SinNx/x wavepackets bandwidth and uncertainty
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SinNx/x wavepackets bandwidth and uncertainty
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From QTCA Unit 5 Ch. 12

"Last-in-first-out" effect. Last Kmax-value dominates and 
“inside”  K get "smothered" by interference with neighbors.

 n=(W/π) kn

2 Δx=2π/100 
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SinNx/x wavepackets bandwidth and uncertainty
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SinNx/x wavepackets bandwidth and uncertainty
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"Last-in-first-out" effect. Last Kmax-value dominates and 
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Ψ(x) peaks at (x=a) and goes to zero on either side 
at (x=a±Δx) with half-width Δx
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SinNx/x wavepackets bandwidth and uncertainty
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"Last-in-first-out" effect. Last Kmax-value dominates and 
“inside”  K get "smothered" by interference with neighbors.

Ψ(x) peaks at (x=a) and goes to zero on either side 
at (x=a±Δx) with half-width Δx

  sin Kmax (Δx)=0 , which implies: (Δx)Kmax = ±π
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SinNx/x wavepackets bandwidth and uncertainty
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at (x=a±Δx) with half-width Δx

  sin Kmax (Δx)=0 , which implies: (Δx)Kmax = ± π ,    or:   Δx= ± π / Kmax
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SinNx/x wavepackets bandwidth and uncertainty
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"Last-in-first-out" effect. Last Kmax-value dominates and 
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Ψ(x) peaks at (x=a) and goes to zero on either side 
at (x=a±Δx) with half-width Δx

  sin Kmax (Δx)=0 , which implies: (Δx)Kmax = ± π ,    or:   Δx= ± π / Kmax

Δx . |Kmax | = Δx . Δk = π  

From QTCA Unit 5 Ch. 12

 n=(W/π) k

2 Δx=2π/100 

40Tuesday, February 28, 2017



SinNx/x wavepackets bandwidth and uncertainty
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"Last-in-first-out" effect. Last Kmax-value dominates and 
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Ψ(x) peaks at (x=a) and goes to zero on either side 
at (x=a±Δx) with half-width Δx

  sin Kmax (Δx)=0 , which implies: (Δx)Kmax = ± π ,    or:   Δx= ± π / Kmax

Δx . |Kmax | = Δx . Δk = π   or:       Δx.Δp = π  = h/2 ∞-Well uncertainty relation
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SinNx/x wavepackets bandwidth and uncertainty
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"Last-in-first-out" effect. Last Kmax-value dominates and 
“inside”  K get "smothered" by interference with neighbors.

Ψ(x) peaks at (x=a) and goes to zero on either side 
at (x=a±Δx) with half-width Δx

  sin Kmax (Δx)=0 , which implies: (Δx)Kmax = ± π ,    or:   Δx= ± π / Kmax

Δx . |Kmax | = Δx . Δk = π   or:       Δx.Δp = π  = h/2 ∞-Well uncertainty relation
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Wavepacket explodes! 

t = 0.0004!1

t = 0.0008!1

t = 0.0012!1

t = 0.0016!1

t = 0.0020!1

Re"(x,t)  Im"(x,t)

Envelope |"(x,t)|

Time given in units of period τ1 (slowest phasor of ground level). 
fundamental zero-point period τ1 =1/ν1

red line___|Ψ|

blue line__Re(Ψ)

cyan line__Im(Ψ)
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Wavepacket explodes! 

t = 0.0004!1

t = 0.0008!1

t = 0.0012!1

t = 0.0016!1

t = 0.0020!1

Re"(x,t)  Im"(x,t)

Envelope |"(x,t)|

Time given in units of period τ1 (slowest phasor of ground level). 
fundamental zero-point period τ1 =1/ν1 is

   

τ1 =
2π
ω1

= 2π
ε1

= h
h2 / 8MW 2 = 8MW 2

h

red line___|Ψ|

blue line__Re(Ψ)

cyan line__Im(Ψ)

45Tuesday, February 28, 2017



Wavepacket explodes! 

t = 0.0004!1

t = 0.0008!1
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Envelope |"(x,t)|

Time given in units of period τ1 (slowest phasor of ground level). 
fundamental zero-point period τ1 =1/ν1 is

   

τ1 =
2π
ω1

= 2π
ε1

= h
h2 / 8MW 2 = 8MW 2

h

   

Vn =
dωn
dk

= 1


dεn
dk

= 1

2

2M
dk2

dk

=
2kn
2M

= nπ
MW

= hn
2MW

εn-level classical velocity:

red line___|Ψ|

blue line__Re(Ψ)

cyan line__Im(Ψ)
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Wavepacket explodes! 

t = 0.0004!1

t = 0.0008!1

t = 0.0012!1

t = 0.0016!1

t = 0.0020!1

Re"(x,t)  Im"(x,t)

Envelope |"(x,t)|

Time given in units of period τ1 (slowest phasor of ground level). 
fundamental zero-point period τ1 =1/ν1 is

   

τ1 =
2π
ω1

= 2π
ε1

= h
h2 / 8MW 2 = 8MW 2

h

   

Vn =
dωn
dk

= 1


dεn
dk

= 1

2

2M
dk2

dk

=
2kn
2M

= nπ
MW

= hn
2MW

εn-level classical velocity:

εn-level classical round
 trip time Tn(2W)

  

Tn(2W ) = 2W
Vn

= 2W 2MW
hn

= 4MW 2

hn

= 1
2n

8MW 2

h
=
τ1
2n

red line___|Ψ|

blue line__Re(Ψ)

cyan line__Im(Ψ)
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Wavepacket explodes! 

t = 0.0004!1

t = 0.0008!1

t = 0.0012!1

t = 0.0016!1

t = 0.0020!1

Re"(x,t)  Im"(x,t)

Envelope |"(x,t)|

Time given in units of period τ1 (slowest phasor of ground level). 
fundamental zero-point period τ1 =1/ν1 is

   

τ1 =
2π
ω1

= 2π
ε1

= h
h2 / 8MW 2 = 8MW 2

h

   

Vn =
dωn
dk

= 1


dεn
dk

= 1

2

2M
dk2

dk

=
2kn
2M

= nπ
MW

= hn
2MW

εn-level classical velocity:

εn-level classical round
 trip time Tn(2W)

  

Tn(2W ) = 2W
Vn

= 2W 2MW
hn

= 4MW 2

hn

= 1
2n

8MW 2

h
=
τ1
2n

εn-level 1-way time Tn(W)

  

Tn(W ) = Tn(2W ) / 2 =
τ1
4n

= 0.0025τ1  for: n=100( )

red line___|Ψ|

blue line__Re(Ψ)

cyan line__Im(Ψ)
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Wavepacket explodes! 

t = 0.0004!1

t = 0.0008!1

t = 0.0012!1

t = 0.0016!1

t = 0.0020!1

Re"(x,t)  Im"(x,t)

Envelope |"(x,t)|

Time given in units of period τ1 (slowest phasor of ground level). 
fundamental zero-point period τ1 =1/ν1 is

   

τ1 =
2π
ω1

= 2π
ε1

= h
h2 / 8MW 2 = 8MW 2

h

   

Vn =
dωn
dk

= 1


dεn
dk

= 1

2

2M
dk2

dk

=
2kn
2M

= nπ
MW

= hn
2MW

εn-level classical velocity:

εn-level classical round
 trip time Tn(2W)

  

Tn(2W ) = 2W
Vn

= 2W 2MW
hn

= 4MW 2

hn

= 1
2n

8MW 2

h
=
τ1
2n

εn-level 1-way time Tn(W)

  

Tn(W ) = Tn(2W ) / 2 =
τ1
4n

= 0.0025τ1  for: n=100( )
"Last-in-first-out" effect (Wave is mostly wrinkles from n=100)

red line___|Ψ|

blue line__Re(Ψ)

cyan line__Im(Ψ)
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Two wave archetypes: Pulse-Wave (PW) versus Continuous-Wave (CW) 
         Comparing spacetime uncertainty (Δx or Δt) with per-spacetime bandwidth (Δκ or Δυ)              
Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating ∞-Square-well waves to Bohr rotor waves
∞-Square-well wave dynamics
         SinNx/x wavepacket bandwidth and uncertainty
                    ∞-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
Bohr-rotor wave dynamics
         Gaussian wave-packet bandwidth and uncertainty
                    Gaussian Bohr-rotor revivals and quantum fractals
Understanding fractals using geometry of fractions (Rationalizing rationals)
        Farey-Sums and Ford-products
        Discrete CN beat phase dynamics (Characters gone wild!)
        The classical bouncing-ball Monster-Mash
Polygonal geometry of U(2)⊃CN character spectral function
       Algebra
       Geometry 
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t = 0.5000!1
= 1.5!beat

t = 1.0000!1
= 3.0!beat

Wavepacket explodes! (Then revives)

  
τ1 = 2n Tn (2W ) = 8ML2

h

Zero-point period τ1 is just enough time for "particle" in εn-level to make 2n round trips.

In time τ1 ground ε1-level particle does 2 round trips, 
                             ε2-level particle makes 4 round trips, 
                             ε3-level particle makes 6 round trips,..,

At time τ1, M undergoes a full revival and "unexplodes" into his original spike at x=0.2W,
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t = 0.5000!1
= 1.5!beat

t = 1.0000!1
= 3.0!beat

Wavepacket explodes! (Then revives)

  
τ1 = 2n Tn (2W ) = 8ML2

h

Zero-point period τ1 is just enough time for "particle" in εn-level to make 2n round trips.

In time τ1 ground ε1-level particle does 2 round trips, 
                             ε2-level particle makes 4 round trips, 
                             ε3-level particle makes 6 round trips,..,

At time τ1, M undergoes a full revival and "unexplodes" into his original spike at x=0.2W,
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t = 0.5000!1
= 1.5!beat

t = 1.0000!1
= 3.0!beat

Wavepacket explodes! (Then revives)

  
τ1 = 2n Tn (2W ) = 8ML2

h

Zero-point period τ1 is just enough time for "particle" in εn-level to make 2n round trips.

In time τ1 ground ε1-level particle does 2 round trips, 
                             ε2-level particle makes 4 round trips, 
                             ε3-level particle makes 6 round trips,..,

At time τ1, M undergoes a full revival and "unexplodes" into his original spike at x=0.2W,

But, after only 50 round-trips  
M's wave does a partial revival 
as it makes an upside down-delta 
function around x=0.8W.
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φ=0 φ=πφ=-π

W
W W

(a) Infinite Square Well at t=0 (b) Bohr Rotor at t=0

φ=0 φ=πφ=-π

L =2W

(c) Half-time revival at t=τ/2 (d) Half-time revival at t=τ/2

Bohr-Image

wave

“Flipped”

revival

πt = 0.5000!1
= 1.5!beat

t = 1.0000!1
= 3.0!beat

After only 50 round-trips  
M's wave does a partial revival 
as it makes an upside down-delta 
function around x=0.8W.

All ∞-well peak must be made of
sine wave components.

   So how is the ∞-well “flipped
revival explained?

Review: ∞-Square well PE  paths analyzed using Bohr rotor paths
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φ=0 φ=πφ=-π

W
W W

(a) Infinite Square Well at t=0 (b) Bohr Rotor at t=0

φ=0 φ=πφ=-π

L =2W

(c) Half-time revival at t=τ/2 (d) Half-time revival at t=τ/2

Bohr-Image

wave

“Flipped”

revival

πt = 0.5000!1
= 1.5!beat

t = 1.0000!1
= 3.0!beat

After only 50 round-trips  
M's wave does a partial revival 
as it makes an upside down-delta 
function around x=0.8W.

4. Bohr rotor half-time revival
is same-side-up copy of initial 
peak on opposite side of ring.
So that upside-down Bohr-image 
will appear upside-down on the 
other side at half-time revival. 

1.
All ∞-well peak must be made of
sine wave components.

2. Bohr rotor peak made of sine wave 
components is anti-symmetric, so an 
upside-down mirror image peak must 
accompany any peak.

3. So how is the ∞-well “flipped
revival explained?

Review: ∞-Square well PE  paths analyzed using Bohr rotor paths
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t = !1/3

t = !1/5

t = !1/7

t = !1/9

Fig. 12.2.5 The "Dance of the deltas." Mini-Revivals for prisoner M's wavepacket envelope function.

At fractional times τ1/n M undergoes a number of fractional revivals
red line___|Ψ|

blue line__Re(Ψ)

cyan line__Im(Ψ)
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Two wave archetypes: Pulse-Wave (PW) versus Continuous-Wave (CW) 
         Comparing spacetime uncertainty (Δx or Δt) with per-spacetime bandwidth (Δκ or Δυ)              
Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating ∞-Square-well waves to Bohr rotor waves
∞-Square-well wave dynamics
         SinNx/x wavepacket bandwidth and uncertainty
                    ∞-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
Bohr-rotor wave dynamics
         Gaussian wave-packet bandwidth and uncertainty
                    Gaussian Bohr-rotor revivals and quantum fractals
Understanding fractals using geometry of fractions (Rationalizing rationals)
        Farey-Sums and Ford-products
        Discrete CN beat phase dynamics (Characters gone wild!)
        The classical bouncing-ball Monster-Mash
Polygonal geometry of U(2)⊃CN character spectral function
       Algebra
       Geometry 
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m = 4

m = 3

m = 2

m = 1

m = 0

m = -4

m = -3

m = -2

m = -1

Levels
for

Quadratic (Bohr-Rotor) Spectrum
ωm=Bm2
km=±m

ωm

km=±m
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m = 4

m = 3

m = 2

m = 1

m = 0

m = -4

m = -3

m = -2

m = -1

Levels
for

Quadratic (Bohr-Rotor) Spectrum
ωm=Bm2
km=±m

ωm

km=±m

          

4S

H-2|S|

!!(k)

k0 k12k6k-6

N=24

024

1224

-624

BohrBloch
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ωm
km

Vphase=
m2
m=

m=

m = 4

m = 3

m = 2

m = 1

m = 0

m = -4

m = -3

m = -2

m = -1

Possible wave velocities
for

Quadratic (Bohr-Rotor) Spectrum
ωm=Bm2
km=±m

B

B

ωm

km=±m

ωm
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ωm
km

Vphase=
m2
m=

m=

m = 4

m = 3

m = 2

m = 1

m = 0

m = -4

m = -3

m = -2

m = -1

Possible wave velocities
for

Quadratic (Bohr-Rotor) Spectrum
ωm=Bm2
km=±m

B

B

ωm

km=±m

ωm

m=0, ±1, ±2, ±3,...are momentum quanta 
in wavevector formula: km=2πm/L    (km=m   if: L=2π)
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ωm
km

Vphase=
m2
m=

m=

m = 4

m = 3

m = 2

m = 1

m = 0

m = -4

m = -3

m = -2

m = -1

Possible wave velocities
for

Quadratic (Bohr-Rotor) Spectrum
ωm=Bm2
km=±m

B

B

ωm

km=±m

ωm

Em= (km)2/2M = m2[h2/2ML2]= m2 hυ1 = m2 ω1 

m=0, ±1, ±2, ±3,...are momentum quanta 
in wavevector formula: km=2πm/L    (km=m   if: L=2π)
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ωm
km

Vphase=
m2
m=

m=

m = 4

m = 3

m = 2

m = 1

m = 0

m = -4

m = -3

m = -2

m = -1

Possible wave velocities
for

Quadratic (Bohr-Rotor) Spectrum
ωm=Bm2
km=±m

B

B

ωm

km=±m

ωm

Em= (km)2/2M = m2[h2/2ML2]= m2 hυ1 = m2 ω1 

m=0, ±1, ±2, ±3,...are momentum quanta 
in wavevector formula: km=2πm/L    (km=m   if: L=2π)

fundamental Bohr ∠-frequency ω1=2πυ1 
and lowest transition (beat) frequency υ1 =(E1-E0)/h
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m2- n2
km-kn

Vgroup= = m ± n
=(m ± n)B

ωm ωm-ωn B
km

Vphase=
m2
m=

m=

ωm−ωn
m − n = m+n

=4,
=3,
=2,
=1,

m = 4

m = 3

m = 2

m = 1

m = 0

m = -4

m = -3

m = -2

m = -1

=7,
=6,
=5,
=4,
=3,
=2,
=1,

=3,
=2,
=1

Possible wave velocities
for

Quadratic (Bohr-Rotor) Spectrum
ωm=Bm2
km=±m

B

B

ωm

km=±m

Em= (km)2/2M = m2[h2/2ML2]= m2 hυ1 = m2 ω1 

m=0, ±1, ±2, ±3,...are momentum quanta 
in wavevector formula: km=2πm/L    (km=m   if: L=2π)

fundamental Bohr ∠-frequency ω1=2πυ1 
and lowest transition (beat) frequency υ1 =(E1-E0)/h

Note: Vgroup usually faster than Vphase
(That happens if we ignore Mc2 !) 

ωm
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m2- n2

km-kn
Vgroup= =

m ± n

=(m ± n)B

ωm ωm-ωn
B

km
Vphase=

m2

m
=

m=

ωm−ωn
m − n = m+n

=4,
=3,
=2,
=1,

m = 4

m = 3

m = 2

m = 1

m = 0

m = -4

m = -3

m = -2

m = -1

=7,
=6,
=5,
=4,
=3,
=2,
=1,

=3,
=2,
=1

Possible wave velocities
for

Quadratic (Bohr-Rotor) Spectrum

ωm=Bm2
km=±m

Possible wave velocities
for

Linear (Optical) Spectrum

ωm=C|m|1
km=m

Vgroup =±C
Vphase =±C

B

B

(co-propagating)

m - n
Vgroup= m ± n

C

ωm

km=±m

ωm
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[Harter, J. Mol. Spec. 210, 166-182 (2001)]
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C2
02

12

r0

0°

0°

0°

180°

t = 0

1/4

1/2

3/4

0°

45°

-45°

-45°

0°

45°

-45°

|+〉

revivals

or beats

|−〉

|+〉+|−〉
√2

|+〉+i|−〉
√2

|+〉−i|−〉
√2

|+〉−|−〉
√2

(φ= 0) (φ= π)

parity

states

even +45°

odd -45°

localized x

flipped y

L

R

Optical

E(t)
Coupled

Pendular1
Fundamental Beats and 2-Level Transitions: The “Mother of all symmetry” is C2
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-15 -10 -5 0 5 10 15 = m

t = 1/128

t = 1/64

t = 1/10

t = 0
2Δx = 0.04(π/2)

Δm = 16

1
32

1
64

1
16

1
12

1
10

1/11

1/13
1
14
1/15

0
1

t = 1/256

Known as a
“boxcar”
spectrum

(sinNx)/x has a 
“boxcar spectrum”
with very complicated
space-time revival paths

WaveIt Web Simulation
“Boxcar” distribution
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=Quantum_Carpet_BCar_wMBars
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=Quantum_Carpet_BCar_wMBars
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-30-25 -20 -15 -10 -5 0 5 10 15 25 30 35 = m20

t = 1/100

t = 1/32

t = 1/10

t = 1/200

t = 0
2Δx = FWeMx

Δm = HWeMm=16

Gaussian wave has a 
Gaussian spectrum
with comparatively simple
space-time revival paths

(Gaussian wave
properties are
derived in several
pages below…)

WaveIt Web Simulation
Gaussian distribution 
w/ component waves

WaveIt Web Simulation
1 PW Gaussian distribution 

w/ Linear Dispersion

[Harter, J. Mol. Spec. 210, 166-182 (2001)]

69Tuesday, February 28, 2017

http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=Quantum_Carpet_wMBars
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=Quantum_Carpet_wMBars
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=Quantum_Carpet_wMBars
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=Quantum_Carpet_wMBars
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=1PW_R_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=1PW_R_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=1PW_R_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=1PW_R_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=1PW_R_2016HP
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=1PW_R_2016HP
http://www.sciencedirect.com/science/article/pii/S0022285201984498
http://www.sciencedirect.com/science/article/pii/S0022285201984498


Two wave archetypes: Pulse-Wave (PW) versus Continuous-Wave (CW) 
         Comparing spacetime uncertainty (Δx or Δt) with per-spacetime bandwidth (Δκ or Δυ)              
Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating ∞-Square-well waves to Bohr rotor waves
∞-Square-well wave dynamics
         SinNx/x wavepacket bandwidth and uncertainty
                    ∞-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
Bohr-rotor wave dynamics
         Gaussian wave-packet bandwidth and uncertainty
                    Gaussian Bohr-rotor revivals and quantum fractals
Understanding fractals using geometry of fractions (Rationalizing rationals)
        Farey-Sums and Ford-products
        Discrete CN beat phase dynamics (Characters gone wild!)
        The classical bouncing-ball Monster-Mash
Polygonal geometry of U(2)⊃CN character spectral function
       Algebra
       Geometry 

70Tuesday, February 28, 2017



Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

  
Ψ(φ,t=0) = 1

2π
e
− m

Δp

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2

ei mφ

m=−∞

∞
∑

Let constant Δp be momentum-m “spread”
or uncertainty

Δp
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

  
Ψ(φ,t=0) = 1

2π
e
− m

Δp

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2

ei mφ

m=−∞

∞
∑

  
= 1

2π
e
− m

Δp

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2
+i mφ

m=−∞

∞
∑

Complete the square in exponent 
to simplify φ-angle wavefunction.

Let constant Δp be momentum-m “spread”
or uncertainty

Δp
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

  

Ψ(φ,t=0) = 1
2π

e
− m

Δp

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2

ei mφ

m=−∞

∞
∑

               = 1
2π

e
− m

Δp

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2
+i mφ+

Δp
2
φ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2
−

Δp
2
φ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2

m=−∞

∞
∑

  
= 1

2π
e
− m

Δp

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2
+i mφ

m=−∞

∞
∑

Complete the square in exponent 
to simplify φ-angle wavefunction.

Let constant Δp be momentum-m “spread”
or uncertainty

Δp

  
Add and subtract :

Δp
2
φ

⎛

⎝
⎜

⎞

⎠
⎟

2
−

Δp
2
φ

⎛

⎝
⎜

⎞

⎠
⎟

2

in exponent...
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

  

Ψ(φ,t=0) = 1
2π

e
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Δp
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∞
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    e
− m
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−i
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2
φ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2
  

m=−∞

∞
∑    e

−
Δp
2
φ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2

Complete the square in exponent 
to simplify φ-angle wavefunction.

Let constant Δp be momentum-m “spread”
or uncertainty

Δp

  
Add and subtract :

Δp
2
φ

⎛

⎝
⎜

⎞

⎠
⎟

2
−

Δp
2
φ

⎛

⎝
⎜

⎞

⎠
⎟

2

in exponent...

  Extract binomial :

− m
Δp

−i
Δp
2
φ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:
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Complete the square in exponent 
to simplify φ-angle wavefunction.

Let constant Δp be momentum-m “spread”
or uncertainty
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⎠
⎟
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⎟
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

m=0, ±1, ±2, ±3,...are momentum quanta in wavevector formula: km=2πm/L    (km=m   if: L=2π)

Complete the square in exponent 
to simplify φ-angle wavefunction.

Let constant Δp be momentum-m “spread”
or uncertainty
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

m=0, ±1, ±2, ±3,...are momentum quanta in wavevector formula: km=2πm/L    (km=m   if: L=2π)

Complete the square in exponent 
to simplify φ-angle wavefunction.

Let constant Δp be momentum-m “spread”
or uncertainty
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

m=0, ±1, ±2, ±3,...are momentum quanta in wavevector formula: km=2πm/L    (km=m   if: L=2π)

Gaussian integral:

e− x
2
dx

−∞

∞

∫ e− y
2
dy

−∞

∞

∫ = e−(x2+y2 ) dxdy∫∫

= e−r
2
rdr

0

∞

∫ dθ
0

2π

∫ = 2π e−r
2 dr2

20

∞

∫ = π

Complete the square in exponent 
to simplify φ-angle wavefunction.

Let constant Δp be momentum-m “spread”
or uncertainty
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⎥

  then:  A Δp,φ( )  Δp dK−∞
∞∫ e− K( )2 = Δp π

where:
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

m=0, ±1, ±2, ±3,...are momentum quanta in wavevector formula: km=2πm/L    (km=m   if: L=2π)

It is a Gaussian distribution, too

Complete the square in exponent 
to simplify φ-angle wavefunction.

Let constant Δp be momentum-m “spread”
or uncertainty

Δp
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  then:  A Δp,φ( )  Δp dK−∞
∞∫ e− K( )2 = Δp π

where:
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

m=0, ±1, ±2, ±3,...are momentum quanta in wavevector formula: km=2πm/L    (km=m   if: L=2π)

It is a Gaussian distribution, too

Complete the square in exponent 
to simplify φ-angle wavefunction.

Let constant Δp be momentum-m “spread”
or uncertainty
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where:
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

Em= (km)2/2M = m2[h2/2ML2]= m2 hυ1 = m2 ω1 

m=0, ±1, ±2, ±3,...are momentum quanta in wavevector formula: km=2πm/L    (km=m   if: L=2π)

fundamental Bohr ∠-frequency ω1=2πυ1 and lowest transition (beat) frequency υ1 =(E1-E0)/h
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It is a Gaussian distribution, too
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where: Δφ = 2
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  or: ΔφΔp = 2

Gaussian uncertainty relation
(Compare to  Δx . Δk = π  for ∞-Well)

Complete the square in exponent 
to simplify φ-angle wavefunction.

Let constant Δp be momentum-m “spread”
or uncertainty
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Two wave archetypes: Pulse-Wave (PW) versus Continuous-Wave (CW) 
         Comparing spacetime uncertainty (Δx or Δt) with per-spacetime bandwidth (Δκ or Δυ)              
Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating ∞-Square-well waves to Bohr rotor waves
∞-Square-well wave dynamics
         SinNx/x wavepacket bandwidth and uncertainty
                    ∞-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
Bohr-rotor wave dynamics
         Gaussian wave-packet bandwidth and uncertainty
                    Gaussian Bohr-rotor revivals and quantum fractals
Understanding fractals using geometry of fractions (Rationalizing rationals)
        Farey-Sums and Ford-products
        Discrete CN beat phase dynamics (Characters gone wild!)
        The classical bouncing-ball Monster-Mash
Polygonal geometry of U(2)⊃CN character spectral function
       Algebra
       Geometry 

82Tuesday, February 28, 2017



[Harter, J. Mol. Spec. 210, 166-182 (2001)]
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[Harter, J. Mol. Spec. 210, 166-182 (2001)]
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Δm = 9

2Δx = 4 %

-15 -10 -5 0 5 10 15 = m

1/1

0/1
1/1

2Δx = 4 % 0/1
Time t (units of fundamental period     ) τ1

Coordinate     φ   (units of 2π )

0/1

1/10

1/5

3/10

2/5

1/2

3/5

7/10

4/5

9/10

1/1

3/4

1/4

1/21/40-1/4-1/2

1/2
1/4

0
-1/4

-1/2

(Imagine "wrap-around" φ-coordinate) 
+π /2

−π /2

+π−π

3/4

1/4

0/1

1/2

1/1

Time t 

[Harter, J. Mol. Spec. 210, 166-182 (2001)]
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Web simulation
Also, try testing or else markup

http://www.uark.edu/ua/modphys/markup/WaveItWeb.html

Click here….

..then here….

http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=Quantum%20Carpet
or:

Starts with Gaussian Ψ(φ,t)
at  φ=0 on Bohr wave ring
that expands and “beats”

φ=0

φ=0

φ=0

φ=±π

φ=+πφ=-π

φ=+πφ=-π
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Web simulation
Also, try testing or else markup

http://www.uark.edu/ua/modphys/markup/WaveItWeb.html

Click here….

..then here….

http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=Quantum%20Carpet
or:

time 
t=0.29Tmax

t=0.25Tmax

t=0.20Tmax

t=0.10Tmax

φ=0

φ=0

φ=±π

φ=+πφ=-π
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Set this and then click here….
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Δm = 9

2Δx = 4 %

-15 -10 -5 0 5 10 15 = m

1/1

0/1

1/2

1/4

1/6
1/7

1/3

1/5

2/5

2/7

3/7

1/8

Wave packet starts hereZeros start here Zeros start here

Time t
(units of τ1)

Coordinate φ
(units of 2π)

1/1

0/1
0 1/4 1/2-1/2 -1/4

N-level-system and revival-beat wave dynamics 
(9 or10-levels (0, ±1, ±2, ±3, ±4,..., ±9, ±10, ±11...)  excited) Zeros (clearly) and “particle-packets” (faintly) have paths 

labeled by fraction sequences like: 0
7
, 1
7
, 2
7
, 3
7
, 4
7
, 5
7
, 6
7
,1
1

1
7

2
7

3
7

4
7

5
7

6
7

4
7

5
7

6
7

1
1

0
1

[Harter, J. Mol. Spec. 210, 166-182 (2001)]
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Two wave archetypes: Pulse-Wave (PW) versus Continuous-Wave (CW) 
         Comparing spacetime uncertainty (Δx or Δt) with per-spacetime bandwidth (Δκ or Δυ)              
Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating ∞-Square-well waves to Bohr rotor waves
∞-Square-well wave dynamics
         SinNx/x wavepacket bandwidth and uncertainty
                    ∞-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
Bohr-rotor wave dynamics
         Gaussian wave-packet bandwidth and uncertainty
                    Gaussian Bohr-rotor revivals and quantum fractals
Understanding fractals using geometry of fractions (Rationalizing rationals)
        Farey-Sums and Ford-products
        Discrete CN beat phase dynamics (Characters gone wild!)
        The classical bouncing-ball Monster-Mash
Polygonal geometry of U(2)⊃CN character spectral function
       Algebra
       Geometry 
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

Coordinate φ
(units of 2π)

1/1

0/1
-1/2 -1/4

1/d2

2/d2

3/d2

n2/d2

14/d1
13/d1
12/d1

n1/d1
(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

•
•
•

•
•
•

n1/d1 and n2/d2 path
fractions

numerator/denominator

[Harter, J. Mol. Spec. 210, 166-182 (2001)]
92Tuesday, February 28, 2017

http://www.sciencedirect.com/science/article/pii/S0022285201984498
http://www.sciencedirect.com/science/article/pii/S0022285201984498


Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

Coordinate φ
(units of 2π)

1/1

0/1
-1/2 -1/4

1/d2

2/d2

3/d2

n2/d2

14/d1
13/d1
12/d1

n1/d1
(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

•
•
•

•
•
•

n1/d1 and n2/d2 path
fractions

numerator/denominator

[Harter, J. Mol. Spec. 210, 166-182 (2001)]
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

Coordinate φ
(units of 2π)

1/1

0/1
-1/2 -1/4

1/d2

2/d2

3/d2

n2/d2

14/d1
13/d1
12/d1

n1/d1
(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

•
•
•

•
•
•

n1/d1 and n2/d2 path
fractions

numerator/denominator

[Harter, J. Mol. Spec. 210, 166-182 (2001)]
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

Coordinate φ
(units of 2π)

1/1

0/1
-1/2 -1/4

1/d2

2/d2

3/d2

n2/d2

14/d1
13/d1
12/d1

n1/d1
(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

•
•
•

•
•
•

n1/d1 and n2/d2 path
fractions

numerator/denominator

[Harter, J. Mol. Spec. 210, 166-182 (2001)]
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n1+n2
d1+d2

tx=

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

n2/d2
- t

1/2 -φ
= 1/d2

Coordinate φ
(units of 2π)

1/1

0/1
-1/2 -1/4

n1/d1 - t
1/2 -φ = -1/d1

(φx ,tx)

1/d2

2/d2

3/d2

n2/d2

14/d1
13/d1
12/d1

n1/d1
(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

x

n1/d1 and n2/d2 path
intersection time

(Farey-Sum)

•
•
•

•
•
•

d1n2-n1d2
d1+d2

φx=

n1/d1 and n2/d2 path
intersection point

(Ford-Cross)

n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

Solving:

n2
d2

− t

n1
d1

− t
= −

d1
d2

[Harter, J. Mol. Spec. 210, 166-182 (2001)]
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n1+n2
d1+d2

tx=

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

n2/d2
- t

1/2 -φ
= 1/d2

Coordinate φ
(units of 2π)

1/1

0/1
-1/2 -1/4

n1/d1 - t
1/2 -φ = -1/d1

(φx ,tx)

1/d2

2/d2

3/d2

n2/d2

14/d1
13/d1
12/d1

n1/d1
(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

x

n1/d1 and n2/d2 path
intersection time

(Farey-Sum)

•
•
•

•
•
•

d1n2-n1d2
d1+d2

φx=

n1/d1 and n2/d2 path
intersection point

(Ford-Cross)

n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

Solving:

n2
d2

− t

n1
d1

− t
= −

d1
d2

n2
d2

− t = −
d1
d2
n1
d1

+
d1
d2
t

[Harter, J. Mol. Spec. 210, 166-182 (2001)]
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n1+n2
d1+d2

tx=

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

n2/d2
- t

1/2 -φ
= 1/d2

Coordinate φ
(units of 2π)

1/1

0/1
-1/2 -1/4

n1/d1 - t
1/2 -φ = -1/d1

(φx ,tx)

1/d2

2/d2

3/d2

n2/d2

14/d1
13/d1
12/d1

n1/d1
(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

x

n1/d1 and n2/d2 path
intersection time

(Farey-Sum)

•
•
•

•
•
•

d1n2-n1d2
d1+d2

φx=

n1/d1 and n2/d2 path
intersection point

(Ford-Cross)

n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

Solving:

n2

d2

− t

n1

d1

− t
= −

d1

d2

n2

d2

− t = −
d1

d2

n1

d1

+
d1

d2

t

          = −
n1

d2

+
d1

d2

t

[Harter, J. Mol. Spec. 210, 166-182 (2001)]
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n1+n2
d1+d2

tx=

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

n2/d2
- t

1/2 -φ
= 1/d2

Coordinate φ
(units of 2π)

1/1

0/1
-1/2 -1/4

n1/d1 - t
1/2 -φ = -1/d1

(φx ,tx)

1/d2

2/d2

3/d2

n2/d2

14/d1
13/d1
12/d1

n1/d1
(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

x

n1/d1 and n2/d2 path
intersection time

(Farey-Sum)

•
•
•

•
•
•

d1n2-n1d2
d1+d2

φx=

n1/d1 and n2/d2 path
intersection point

(Ford-Cross)

n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

Solving:

n2

d2

− t

n1

d1

− t
= −

d1

d2

n2

d2

− t = −
d1

d2

n1

d1

+
d1

d2

t

          = −
n1

d2

+
d1

d2

t

 n2 + n1 = d2t + d1t

[Harter, J. Mol. Spec. 210, 166-182 (2001)]
99Tuesday, February 28, 2017

http://www.sciencedirect.com/science/article/pii/S0022285201984498
http://www.sciencedirect.com/science/article/pii/S0022285201984498


n1+n2
d1+d2

tx=

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

n2/d2
- t

1/2 -φ
= 1/d2

Coordinate φ
(units of 2π)

1/1

0/1
-1/2 -1/4

n1/d1 - t
1/2 -φ = -1/d1

(φx ,tx)

1/d2

2/d2

3/d2

n2/d2

14/d1
13/d1
12/d1

n1/d1
(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

x

n1/d1 and n2/d2 path
intersection time

(Farey-Sum)

•
•
•

•
•
•

d1n2-n1d2
d1+d2

φx=

n1/d1 and n2/d2 path
intersection point

(Ford-Cross)

n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

 [John Farey, Phil. Mag.(1816)] 

Solving:

n2

d2

− t

n1

d1

− t
= −

d1

d2

n2

d2

− t = −
d1

d2

n1

d1

+
d1

d2

t

          = −
n1

d2

+
d1

d2

t

 n2 + n1 = d2t + d1t
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n1+n2
d1+d2

tx=

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

n2/d2
- t

1/2 -φ
= 1/d2

Coordinate φ
(units of 2π)

1/1

0/1
-1/2 -1/4

n1/d1 - t
1/2 -φ = -1/d1

(φx ,tx)

1/d2

2/d2

3/d2

n2/d2

14/d1
13/d1
12/d1

n1/d1
(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

x

n1/d1 and n2/d2 path
intersection time

(Farey-Sum)

•
•
•

•
•
•

d1n2-n1d2
d1+d2

φx=

n1/d1 and n2/d2 path
intersection point

(Ford-Cross)

n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

[Lester. R. Ford, Am. Math. Monthly 45,586(1938)]          [John Farey, Phil. Mag.(1816)] 
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Two wave archetypes: Pulse-Wave (PW) versus Continuous-Wave (CW) 
         Comparing spacetime uncertainty (Δx or Δt) with per-spacetime bandwidth (Δκ or Δυ)              
Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating ∞-Square-well waves to Bohr rotor waves
∞-Square-well wave dynamics
         SinNx/x wavepacket bandwidth and uncertainty
                    ∞-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
Bohr-rotor wave dynamics
         Gaussian wave-packet bandwidth and uncertainty
                    Gaussian Bohr-rotor revivals and quantum fractals
Understanding fractals using geometry of fractions (Rationalizing rationals)
        Farey-Sums and Ford-products
        Discrete CN beat phase dynamics (Characters gone wild!)
        The classical bouncing-ball Monster-Mash
Polygonal geometry of U(2)⊃CN character spectral function
       Algebra
       Geometry 
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20 3 4 51 7 8 9 106 12 13 14 1511 17 18 19 2016-1-2-3

1
1

v1=(1,1)
v0=(0,1)

(a) 0
1

Numerator Axis N

D
en
om
in
at
or
Ax
is
D

Unit Real Interval Farey Sum 
related to 

vector sum
and

Ford Circles
1/1-circle has

diameter 1

v2=(1,2)=v0+v1

Farey-Sum of fractions 0/1 and 1/1 is 1/2  
         That is vector sum v0+v1 = (1,2) = v2

[Li, Harter, Chem.Phys.Letters 
633, 208-213(2015)]

[Li, Harter, Chem.Phys.Letters (2015)]
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and
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v2=(1,2)=v0+v1

Farey-Sum of fractions 0/1 and 1/1 is 1/2  
         That is vector sum v0+v1 = (1,2) = v2

                          This vector v2 

           points to real value 
1/2 =0.5 

[Li, Harter, Chem.Phys.Letters 
633, 208-213(2015)]

[Li, Harter, Chem.Phys.Letters (2015)]
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[Li, Harter, Chem.Phys.Letters (2015)]
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U of A Physics Day 2000
(Quantum computer simulation)

That makes an ∞-ly deep “3D-Magic-Eye” picture
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Two wave archetypes: Pulse-Wave (PW) versus Continuous-Wave (CW) 
         Comparing spacetime uncertainty (Δx or Δt) with per-spacetime bandwidth (Δκ or Δυ)              
Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating ∞-Square-well waves to Bohr rotor waves
∞-Square-well wave dynamics
         SinNx/x wavepacket bandwidth and uncertainty
                    ∞-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
Bohr-rotor wave dynamics
         Gaussian wave-packet bandwidth and uncertainty
                    Gaussian Bohr-rotor revivals and quantum fractals
Understanding fractals using geometry of fractions (Rationalizing rationals)
        Farey-Sums and Ford-products
        Discrete CN beat phase dynamics (Characters gone wild!)
        The classical bouncing-ball Monster-Mash
Polygonal geometry of U(2)⊃CN character spectral function
       Algebra
       Geometry 
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WaveIt Web Simulation 
C3 Character Phasors 

WaveIt Web Simulation 
C4 Character Phasors 
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A C3 “Three-fold Moment”
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=Quantum%20Carpet
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Ψ(x,t) for t=0.52
-40 -35 -30 -25 -20 -15 -10 -5 0 5 10 15 20 25 30 35 40 =m

|m| = 30 Δm = 5|m| = 30
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Two wave archetypes: Pulse-Wave (PW) versus Continuous-Wave (CW) 
         Comparing spacetime uncertainty (Δx or Δt) with per-spacetime bandwidth (Δκ or Δυ)              
Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating ∞-Square-well waves to Bohr rotor waves
∞-Square-well wave dynamics
         SinNx/x wavepacket bandwidth and uncertainty
                    ∞-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
Bohr-rotor wave dynamics
         Gaussian wave-packet bandwidth and uncertainty
                    Gaussian Bohr-rotor revivals and quantum fractals
Understanding fractals using geometry of fractions (Rationalizing rationals)
        Farey-Sums and Ford-products
        Discrete CN beat phase dynamics (Characters gone wild!)
        The classical bouncing-ball Monster-Mash
Polygonal geometry of U(2)⊃CN character spectral function
       Algebra
       Geometry 
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Classical introduction to
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   or:    Y ⋅v2 = const.

is analogous to:   Δx ⋅ Δp = N ⋅
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http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=3000
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Two wave archetypes: Pulse-Wave (PW) versus Continuous-Wave (CW) 
         Comparing spacetime uncertainty (Δx or Δt) with per-spacetime bandwidth (Δκ or Δυ)              
Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating ∞-Square-well waves to Bohr rotor waves
∞-Square-well wave dynamics
         SinNx/x wavepacket bandwidth and uncertainty
                    ∞-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
Bohr-rotor wave dynamics
         Gaussian wave-packet bandwidth and uncertainty
                    Gaussian Bohr-rotor revivals and quantum fractals
Understanding fractals using geometry of fractions (Rationalizing rationals)
        Farey-Sums and Ford-products
        Discrete CN beat phase dynamics (Characters gone wild!)
        The classical bouncing-ball Monster-Mash
Polygonal geometry of U(2)⊃CN character spectral function
       Algebra
       Geometry 
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Trace-character χj(Θ) of U(2) rotation by Cn  angle Θ=2π/n 
is an (j=2j+1)-term sum of e-imΘ over allowed m-quanta m={-j, -j+1,…, j-1, j}.
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For Cn  angle Θ=2π/n this χj has 
a lot of geometric significance.
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where: j=2j+1
is U(2) irrep dimension

 

χ j (2π
n

) =
sinπ

n
(2 j +1)

sinπ
n

=
sinπ

j

n
sinπ

n

 


j
= 1

Integer j for n=12

χ0(2π/12)=1


j
= 3


j
= 5


j
= 7 j=3

j=2

j=1

j=0

χ1(2π/12)=2.732..

χ2(2π/12)=3.732..

χ3(2π/12)=3.732..

χ4(2π/12)=2.732..


j
= 2

1/2-Integer j for n=12


j
= 4


j
= 6


j
= 8

j=3/2

j=1/2

j=5/2

j=7/2

χ1/2(2π/12)=1.932...

χ3/2(2π/12)=3.346...

χ5/2(2π/12)=3.864...

χ7/2(2π/12)=3.346...

χ9/2(2π/12)=1.932...
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