Group Theory in Quantum Mechanics
Lecture 7 2315
Spectral Analysis of U(2) Operators

(Quantum Theory for Computer Age - Ch. 10 of Unit 3 )
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-3 of Ch. 5 )

Review of Lecture 6: C> symmetry is 2D oscillators and three famous 2-state systems
Review of Lecture 6: 2-State Schrodinger: in0:V(t))=H|V(t)) vs. Classical 2D-HO: 9*x=-KeX
Review of Lecture 6: Hamilton-Pauli spinor symmetry ( o-expansion in ABCD-Types) H=w, o,

Deriving a-exponential time evolution (or revolution) operator U=¢Mi=¢0uwpul
Spinor arithmetic like  complex arithmetic
Spinor vector algebra like  complex vector algebra
Spinor exponentials  like = complex exponentials (“Crazy-Thing”’-Theorem)
Geometry of U(2) evolution (or R(3) revolution) operator U=e =g o=yl
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field
Euler s state definition using rotations R(c,0,0), R(0,(3,0),and R(0,0,7)
Spin-1 (3D-real vector) case
Spin-1/2 (2D-complex spinor) case
3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

Polarization ellipse and spinor state dynamics
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(Review of Lect. 6) 21D harmonic oscillator equation solutions

1. May rewrite equation Me.|x)

-1
o m 0
X, 0 m,

2. Need to find eigenvectors |e,),

Then equations decouple to: €,)=-Ale,)=-¢,le,)

K |x> n acceleration matrix form:

|x> = —A| x> where: A=M"'.K

(ktk, <k,
kytky o~y ol_ | ™ m X
—ki, Kyt Xy =k, kythky, Xy
. m2 m2 )

2
_ wnen

l

e,)... of acceleration matrix such that: Ale,)=¢,|e,)=w’|e,)

> where € 1s an eigenvalue

and @, 1s an eigenfrequency

Note eigenvalue is square of eigenfrequency

To introduce eigensolutions we take a simple case of unit masses (m;=1=m>)

So equation of motion is simply: |x)

—K| x>

[ Eigenvectors |x)=|e,)are in special directions where |%)

—K|X> 1S

in same direction as |X>]
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(¢) Ammonia (NH3) Inversion States

/ p:i=Im Y, \
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Re x;

(Review of Lect. 6)  Three famous 2-state systems and two-complex-component coordinates
(a) Electron Spin-1/2-Polarization

Rabi, Ramsey, and
Schwinger 1954

Rev. Mod. Phys. 26 167 (1954)

John Stokes 1862

Proc. Soc. London 11 547 (1862)

Harter and Dos Santos
Am. J. Phys. 46 251 (1986)
J. Chem. Phys. 85 5560 (1986)

Feynman, Vernon,
and Hellwarth 1957

J. Appl. Phys. 28 49 (1957)
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Review of Lecture 6: C> symmetry is 2D oscillators and three famous 2-state systems
»Review of Lecture 6: 2-State Schrodinger: in0:V(t))=H|V(2)) vs. Classical 2D-HO: 0*x=-Kex
Review of Lecture 6: Hamilton-Pauli spinor symmetry ( o-expansion in ABCD-Types) H=w,0,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 6) in| (1)) =H|¥()) |x> =-K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C D( 52 2
9 = Vi | | -+ | | @ TS\ (x5, + 1y )+ C 3, _x2p1)+3 Py TX
¥, Xy +ipy a
Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 15-order equation i0\U=HWV
into pairs of real 1%-order differential equations. SH K
. . . (, = —FC = - h, =——<=—(Ax, + Bx +Cp)
— X, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - Cp, OMys. Classical ™1~ 3, Apy+ Bpy = Cxy P (4 By + Gy
_ _ Equations are Py SH
Xy = Bpl + Dp2 + C)Cl Py = —Bxl — sz + Cpl identical X, = a_pc = Bp,+ Dp, + Cxl py=— &x; = _(Bx1 + Dx, — Cpl)
2
Finally a 2 time|derivative|(Assume constant A, B, D, and et C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 +B*+C*|x,~(4B+BD)x,—C(4+D)p — _(4B+BD)x, —(B>+D*+C*)x, +C(4+D)p For constant
| J,~(48+ D), ~C(4+ D), (45+5D)x Jey+ €4+ D) Lo constan
-- For C=0 2 v
2, p2 X X K., K X
f1 _ | 4°+B°> 4B+BD | % Is form of 2D Hooke 3_2 T e T B 1
Xy AB+BD B>+D? X, harmonic oscillator ™| X, Xy Ky Ky X
ABD-to- Kjj or ks, connection formulae ky K k,
mK, =A"+B>=k+k,,  mK,=AB+BD=-k,, 3 Ty
m,K,, = AB+ BD =—k,,, m,K,, = B>+ D> =k, +k,.

. . . . | — X ey |
Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C==0) and square it!

0 A B-iC :(.8)2 A B-iC 2: 0° A+ B?+C? AB+ BD—i(AC +CD)
Il— = 1— = _—— =
o |\ B+iC D ot B+iC D o> | AB+BD+i(AC+CD) B>+ D*+(2

Conclusion: 2-state Schro-equation ih§|‘{’(t)> =H|'¥(r)) is like “square-root” of Newton-Hooke. \/ |%)=-K|x)
t
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

A-D[ 1 0 0 1 0 —i A+D[ 1 0
(Review of Lect. 6)  ~— 5 [O 1 ]+B[1 O}FC[i 0 ]Jr 2 (0 lj

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (complex, circular, chiral, cyclotron, Coriolis, centrifugal,

O

curly, and circulating-current-carrying...)

Motivation for coloring scheme: ’
The Traffic Signal \

: Moving waves
Standing waves @

(a) CHA-symmetry

(33) iAot

Fig. 10.1.2 Potentials for (a) C2A-asymmetric-diagonal, (ab) C2AB-mixed , (b) U(2)system.
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

A-D[ 1 0 0 1 0 —i A+D[ 1 0
(Review of Lect. 6)  ~— 5 [O 1 ]+B[1 O]+C[i 0 )Jr 2 (0 1J

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)

O

The {61, 64, 05, Gc } are best known as Pauli-spin operators {G1=009, 63=0x, Gc=Cy, 64=0 7 } developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

(a) CHA-symmetry

(ﬁﬁ) iAot

Fig. 10.1.2 Potentials for (a) C2A-asymmetric-diagonal, (ab) C2AB-mixed , (b) U(2)system.
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

A-D[ 1 0 0 1 0 —i A+D[ 1 0
(Review of Lect. 6)  ~— 5 [O 1 ]+B[1 O]JFC(i 0 )Jr 2 (0 1J

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {61, 64, 05, Gc } are best known as Pauli-spin operators {G1=009, 63=0x, Gc=Cy, 64=0 7 } developed in 1927.

O

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

In 1843 Hamilton invents quaternions {1, 1, j, k}. oy related by i-factor:  {6;=1=0y¢, iop=i=iCy, iCc =j=iCy, i04 =k=1i07}.

Each Hamilton quaternion squares to negative-1 (12 = j2? = k? = -1) like imaginary number i°=-/. (They make up the Quaternion group.)
q q g J giary

(a) CHA-symmetry (a-b) CHAE-symmetry (b) CHP-symmetry 1
(A 0) X2 A "2 @Z//
0D fast
X
Fig. 10.1.2 Potentials for (a) C2A-asymmetric-diagonal, (ab) C2AB-mixed , (b) U(2)system.
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

A-D[ 1 0 0 1 0 —i A+D[ 1 0
(Review of Lect. 6)  ~— 5 [O 1 ]+B[1 O}FC(i 0 )Jr 2 (0 1j

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {©1, 64, 05, Oc } are best known as Pauli-spin operators {G1=09, Op=0x, Gc=Cy, 64=0 7z } developed in 1927.

O

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

In 1843 Hamilton invents quaternions {1, 1, j, k}. oy related by i-factor:  {6;=1=0y¢, iop=i=iCy, iCc =j=iCy, i04 =k=1i07}.

Each Hamilton quaternion squares to negative-1 (12 = j2? = k? = -1) like imaginary number i°=-/. (They make up the Quaternion group.)
q q g J giary

Each Pauli 6y squares to positive-1 (6.2 = 6y? = 6 z2 = +1) (Each makes a cyclic C> group CZAZ{I, 64}, C"={1,03}, or C2C={1, oc}.)

(a) CHA-symmetry (a-b) CHAE-symmetry (b) CHP-symmetry <]
X

A0 X2 A 2
(() DJ fdst (

Fig. 10.1.2 Potentials for (a) C2A-asymmetric-diagonal, (ab) C2AB-mixed , (b) U(2)system.
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VS.

» Deriving o-exponential time evolution (or revolution) operator U=eHi=¢ 0 uut
3 Spinor arithmetic like  complex arithmetic
Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing”-Theorem)

Wednesday, February 4, 2015
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

()= P(0))

Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
evolution
operator

\_
Wednesday, February 4, 2015 13



OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

()= P(0))

Wednesday, February 4, 2015

Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
O T ) M e S P e D T e I ¥ evolution
S, \ BHC D) 2 (0 - 10 i 0 2 {01
- - 04=02 0p=0x  Oc¢=0Oy operator
\Key pieces of mathematical bookkeeping
14



4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
()= P(0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
O T ) M e S P e B T e B ¥ evolution
S _, \BhC D )2 0 - 10 o) 2001 )
- R 04=0z...9870x  OczOry: operator
—iG el —iwyt _
p— e ...... .'e 0 CUA A D ............
L . 2 A+ D
oot where: W=l wp [t= B t and: w,= 5
\Key pieces of mathematical bookkeeping We C )
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Wednesday, February 4, 2015

4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
()= P(0))
Hamilton generalized Euler’s expansion e ' =coswt —isinwt so matrix exponential becomes powerful. ABCD Time
—i A B-iC - _l‘A_D 10 1—iB 0 1 f—iC 0 —i .t_l'A+D 10 - €V0[Uti0n
ot _ o\ BHC D o 2 {0 -1 1 0 i 0 ) 2001 )
) S .04=0z.... 95T 0x  OcsOy: T operator
—10 ) —iwt —iGeGyt: —iwyt —
=e SO 0 ...... K 0 SOA (,UA A=D | e
: Ge _’._’t here: ¢ ot t 2 t and: w A+D
g 0= Ge(Q =ge. where: o= ¢, |=Ot= w, |[t= L W)=
9090 () B B B 0~ 5
_Key pieces of mathematical bookkeeping Pc we C )
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-
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
()= P(0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
O o PR e B VI T A E T (L evolution
e—iH-t —e B+iC D —e - 2 0 -1 1 0O i 0 ) 0 1
04502, .08=0x  Gezoy T operator
—10 0 —jwpt _iGeGyt: —iwpyt
=e :S[.). e 0 ...... . 0 SOA CUA A - D ............
: geQ _”_’t here: ¢ ot t 2 t and A+D
O 0= o)) =gew: where: o=| ¢, |[Fot= w, |[t= W)=
9090 () B B B 0= 5
\Key pieces of mathematical bookkeeping Pc we C )
Symmetry relations make spinors O v=03, Oy=0¢, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
Each o squares to one (unit matrix 1= -0 =0¢ *=0,> =0,” ). Each quaternion squares to -1 (-1=i-i=j-j=k-k) like i*=-1 for i =/-1.
GY GZ
1
o, 1
o, 1

U(2) generator product table

Wednesday, February 4, 2015
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
—iH't
()= W(0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
O T ) M e S P e B T e B ¥ evolution
Mt _ | BHC D _ 200 - 1 0 i 0 ) 2201 )5
[ S 04=02....9579x. ... O¢czOr: operator
—10,, 0 —jwat _iGect: —iwp't
:e :%.'e 0 :e ...... .'e 0 SOA wA A_D ............
: ge() =0 ’_’t where: o= © W=l w t 2 t and A+D
0- — o-. :O-.w. : = = JJ= o — . :w ==
9090 O B B B 0= 5
\Key pieces of mathematical bookkeeping Pc we C )
Symmetry relations make spinors O x =05, Oy=0c, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
Each o squares to one (unit matrix 1= -0 =0¢ *=0,> =0,” ). Each quaternion squares to -1 (-1=i-i=j-j=k-k) like i*=-1 for i =/-1.

Compute other products in G-algebra:
Ox * Oy

S A R L

o, =10,

o, 1
1
U(2) generator product table

Wednesday, February 4, 2015 18



4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
—iH't
()= W(0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
O o PR e B VI T A E T (L evolution
e, \ v D) 2 (0 -1 10 i 0 ) 2201 )5
[ S 04=02....9579x. ... O¢czOr: operator
—I0 0} —jwpt  —iGewrt: —iwyt
— e .SO 0 ...... . 0 SOA wA A - D ............
: ge() =0 ’_’t where: o= © W=l w t 2 t and A+D
0- — o-. :G.w. : = = JJ= o — . :w ==
9090 (p B B B 0 2
\Key pieces of mathematical bookkeeping Pc we C )
Symmetry relations make spinors O x =05, Oy=0c, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
Each o squares to one (unit matrix 1= -0 =0¢ *=0,> =0,” ). Each quaternion squares to -1 (-1=i-i=j-j=k-k) like i*=-1 for i =/-1.

Compute other products in G-algebra:
Ox * Oy

S A R R

Oy * Oy
0 =i |[ 0 1 |_[ = 0 |_ -1 0 - _io,
i 0 1 0 0 +i 0 +1
GY
1 o,

o, | -io, 1

U(2) generator product table
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
—iH't
()= W(0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
O o PR e B VI T A E T (L evolution
e, \ v D) 2 (0 -1 10 i 0 ) 2201 )5
[ S 04=02....9579x. ... O¢czOr: operator
—I0 0} —jwpt  —iGewrt: —iwyt
— e .SO 0 ...... . 0 SOA wA A - D ............
: ge() =0 ’_’t where: o= © W=l w t 2 t and A+D
0- — o-. :G.w. : = = JJ= o — . :w ==
9090 (p B B B 0 2
\Key pieces of mathematical bookkeeping Pc we C )
Symmetry relations make spinors O x =05, Oy=0c, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
Each o squares to one (unit matrix 1= -0 =0¢ *=0,> =0,” ). Each quaternion squares to -1 (-1=i-i=j-j=k-k) like i*=-1 for i =/-1.

Compute other products in G-algebra:

Oy * Oy

A o L e

1o )li o 0 —i 0 -1

o,=-10, o, =1i0,=-0,

o o

Y X
Ox Oz

0 —i 01_—10_1—10__10.
L I P B R e i 0 L1 o0 0 +i 0+l z
1o )l o -1 1 0 i

o, | -ioc, 1

U(2) generator product table
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
—iH't
()= W(0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
O o PR e B VI T A E T (L evolution
e—iH-t —e B+iC D —e - 2 0 -1 1 0O i 0 -2 |
) T 0u=0z.. Op=0x  QezOyi T operator
—10 QO —ilwnp-t —ié-o@-t,s —iwn-t
=e :S[.). e 0 ...... . 0 SOA CUA A - D ............
: geQ _”_’t here: ¢ ot t 2 t and A+D
O O= o) =0oeL) where: ©=| ©p, |[Fwt= w W)=
9090 () B B B 0= 5
\Key pieces of mathematical bookkeeping Pc we C )
Symmetry relations make spinors O x =05, Oy=0c, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
Each o squares to one (unit matrix 1= -0 =0¢ *=0,> =0,” ). Each quaternion squares to -1 (-1=i-i=j-j=k-k) like i*=-1 for i =/-1.

0,0, =i0,=—-0,0,
Ox 0z
O 11 0o |_[0-1]|__.0 —i - ic,
1o )lo -1 10 i
Oz Ox

|

Compute other products in G-algebra:
Ox * Oy

Rl O R P

Oy * Oy
0 =i |[ 0 1 |_[ = 0 |_ -1 0 - _io,
i 0 1 0 0 +i 0 +1
GY GZ
1 0, -—io,

o, | —io, 1

o, | io, - |
U(2) generator product table
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
—iH't
()= W(0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
O o PR e B VI T A E T (L evolution
o H_ B+iC D o 2 L0 -1 1 0 i 0 . 2 1)
- IR 04=02....9579x. ... O¢czOr: operator
—10 QO —ilwnp-t —ié-o@-t,s —iwn-t
=e .S[.).' e 0 ...... . 0 SOA CUA A_ D ............
: el =G oG A where: @ ot t 2 t and A+D
O = ge =0geoW: = @ —wl= W = - Wh=
9090 () B B B 0= 5
\Key pieces of mathematical bookkeeping Pc we C )
Symmetry relations make spinors O x =05, Oy=0c, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
Each o, squares to one (unit matrix 1 = =0, *=0,>=0," ). Each quaternion squares to -1 (-1=i-i=j-j=k-k) like i*=-1 for i =/-1.
Compute other products in G-algebra:
GX ° GY
M
10 )Li 0 0 —i 0 -1
0,0,=1i0,=-0,0, 0,0, =i0,=—-0,0, o, =1i0,=-0,
o o
oy o, Y X
0 =i Jfo 1| [-i 0o )_[-10__
O L 10 |0 -1)_ 0 - |__5 (z‘O)[le_(O +i)_l£0 +1]__IGZ
1o )l o -1 1 0 i 0 v
Oz Ox
. o o
1 0 0 1 0 1 |l 0 - . Y V4
NS oL ) 5 ) ——
ic, —io,
0 =i |[ 1 0 |_[0 i]_,01]_, ' .
i 0 JLo -1 i 0 10 oy | —io, 1 !
10 0 =i |_[ 0 =i |__,/ 01 ]__ o,| o, -—i 1
0o -1 )l i 0 —i 0 10

U(2) generator product table
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
O o PR e B VI T A E T (L evolution
M, BHC Do) 2 0 - 10 i 0 ) 2101 )r
) O 04m0z. 05=0x  GesOyi T operator
—10 QO —ilwnp-t —i&‘@'l‘j —iwn-t
:e :%.'e 0 :e ...... .'e 0 SOA wA A_D ..........
: geQ _”_’t here: ¢ ot t 2 t and A+D
O O= o) =0oeL) where: ©=| ©p, |[Fwt= w = L Wpy=
9090 QD B B B 0
\Key pieces of mathematical bookkeeping Pc we C )
Symmetry relations make spinors O x =05, Oy=0c, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
Each o squares to one (unit matrix 1= -0 =0¢ *=0,> =0,” ). Each quaternion squares to -1 (-1=i-i=j-j=k-k) like i*=-1 for i =/-1.
This holds for a spinor 0, based on any unit vectora = (a,,a,,a,) if aea=1=a *+a,’+a,’.
GY GZ
| 0, -io,
o, | —io, 1 I
o,| o, -—i 1

U(2) generator product table
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
()= P(0))
Hamilton generalized Euler’s expansion e ' =coswt —isinwt so matrix exponential becomes powerful. ABCD Time
—i A B—iC - _l‘A_D 10 1—iB 0 1 f—iC 0 —i .t_l'A+D 10 - €V0[Mti0n
e_iH-t — o B+iC D . 2 0 -1 1 0 i 0 ) - 2 0 1 ).
) Ol 040z, 08=0x. OczOyi T operator
—I0 0} —jwpt  —iGewrt: —iwyt
f— e SO 0 ...... e 0 SOA wA A - D ............
ol —FoC A where: p=| ¢ ot t 2 t and A+D
o 0= g0 =gl L p= =0t= w = Wwp=
9090 () B B B 0
Key pieces o athematical bookkeeping Pc we C )
Symmetry relations make spi1 Oy=03, Oy=0c,and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.

Each o, squares to one (unit matrix 1 =

This holds for a spinor 0, based on any unit vedtQra = (a,.a,,a,) if aea=l=a *+a,’+a,’.

*=0,”=0,”). Bach quaternion squares to -1 (-1=i-i=j-j=k-k) like i*=-1 for j =+/-1.

To see this just try it out on any a-component:

Oy o,
| 0, -io,
o, | —io, 1 I
o,| o, -—i 1

U(2) generator product table

Wednesday, February 4, 2015
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
()= P(0))
Hamilton generalized Euler’s expansion e ' =coswt —isinwt so matrix exponential becomes powerful. ABCD Time
—i A B—iC - _l‘A_D 10 1—iB 0 1 f—iC 0 —i .t_l'A+D 10 - €V0[Mti0n
e_iH-t — o B+iC D . 2 0 -1 1 0 i 0 ) - 2 0 1 ).
) Ol 040z, 08=0x. OczOyi T operator
—I0 0} —jwpt  —iGewrt: —iwyt
f— e SO 0 ...... e 0 SOA wA A - D ............
ol —FoC A where: p=| ¢ ot t 2 t and A+D
o 0= g0 =gl L p= =0t= w = Wwp=
9090 () B B B 0
Key pieces o athematical bookkeeping Pc we C )
Symmetry relations make spi1 Oy=03, Oy=0c,and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.

Each o, squares to one (unit matrix 1 =

This holds for a spinor 0, based on any unit vedtQra = (a,.a,,a,) if aea=l=a *+a,’+a,’.

*=0,”=0,”). Bach quaternion squares to -1 (-1=i-i=j-j=k-k) like i*=-1 for j =+/-1.

To see this just try it out on any a-component:

Oy o,
| 0, -io,
o, | —io, 1 I
o,| o, -—i 1

U(2) generator product table

Wednesday, February 4, 2015
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
()= P(0))
Hamilton generalized Euler’s expansion e ' =coswt —isinwt so matrix exponential becomes powerful. ABCD Time
—i A B—iC - _l‘A_D 10 1—iB 0 1 f—iC 0 —i .t_l'A+D 10 - €V0[Mti0n
e_iH-t — o B+iC D . 2 0 -1 1 0 i 0 ) - 2 0 1 ).
) Ol 040z, 08=0x. OczOyi T operator
—10 ) —iwt —iGeGyt: —iwyt —
f— e SO 0 ...... e 0 SOA wA A D ............
g =G ’_’t here: ¢ ot t 2 t and A+D
o 0= g0 =gel) where: o= ¢, |[=ot= w = Wwp=
9090 () B B B 0
Key pieces o athematical bookkeeping Pc we C )
Symmetry relations make spi1 Oy=03, Oy=0c,and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.

Each o, squares to one (unit matrix 1 =

This holds for a spinor 0, based on any unit vedtQra = (a,.a,,a,) if aea=l=a *+a,’+a,’.

=0, *=0,>=0," ). Each quaternion squares to -1 (-1=i-i=j-j=k-k) like i*=-1 for i =/-1.

To see this just try it out on any a-component:

Gaz =(cea)oea)=(u +a,0,+a,0,)a +a,0,+a,0,)

a,o.a +a,0 ,a,0, +a,0.a,0,
- +a,0,a 10,6,0,0, +a,0,a,0, Sort ax, ay, az,coefficients to right...
+a,0 ,a +a,0,a,0, +a,0,a,0,

Oy o,
| 0, -io,
o, | —io, 1 I
o,| o, -—i 1

U(2) generator product table

Wednesday, February 4, 2015
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
()= P(0))
Hamilton generalized Euler’s expansion e ' =coswt —isinwt so matrix exponential becomes powerful. ABCD Time
—i A B—iC - _l‘A_D 10 1—iB 0 1 f—iC 0 —i .t_l'A+D 10 - €V0[Uti0n
e_iH-t — o B+iC D _ 2 0 -1 1 0 i 0 ) - 2 0 1 ).
[ S 04=07...9879x . Oc¢cOr: operator
—10 ) —iwt —iGeGyt: —iwyt —
=e ¥ 0 ...... K 0 SOA (,UA A=D | e
ge() =0 ._’t where: o= ¢ W=l w t 2 t and: w A+D
O p= 00 =Cow L= “wit= = =
9090 () B B B 0~ 5
Key pieces o athematical bookkeeping Pc we C )
Symmetry relations make spi1 Oy=03, Oy=0c,and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
Each o, squares to one (unit matrix 1 = =0, *=0,>=0," ). Each quaternion squares to -1 (-1=i-i=j-j=k-k) like i*=-1 for i =/-1.

This holds for a spinor 0, based on any unit vedtQra = (a,.a,,a,) if aea=l=a *+a,’+a,’.

To see this just try it out on any a-component: =0ea=a,0,+a,0,+a,0, . Defining spinor-vector operaz‘or)

Gaz =(cea)oea)=(a,0, +a,0,+a,0,)a,0, +a,0,+a,0,)

aX aX +a,\’ aYGY +aX aZGZ aXaX +aXaY GY +a/\’aZ GZ S t ff . t l_ . ht
ort dx, Ay, Az,coeéejficients (o ri ..
= +a,0,da, +a,0,a,0, +a,0,a,0, = +a,a,0, +a,a,0,0, +a,a,0,0, X Wl Uz, g
+ClZGZaX +aZGZClYGY +aZGzaZGZ +aza/\,GZ -l-aZClYGZGY +aZaZGZGZ

Oy o,
| 0, -io,
o, | —io, 1 i
o,| o, -—i 1

U(2) generator product table

Wednesday, February 4, 2015 27



-
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
()= P(0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
O o PR e B VI T A E T (L evolution
e, \ v D) 2 (0 -1 10 i 0 ) 2201 )5
) T 0u=0z.. Op=0x  QezOyi T operator
—10 QO —ilwnp-t —ié-o@-t,s —iwn-t
=e :S[.). e 0 ...... . 0 SOA CUA A - D ............
: S0l —GeG: A where: o= © W= wp |t 2 t and A+D
O = Oge° =0goWw . p= =W I= = - Wh=
9090 () B B B 0= 5
\Key pieces ofyathematical bookkeeping Pc we C )
Symmetry relations make spi1 Oy=03, Oy=0c,and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
Each o, squares to one (unit matrix 1 = =0, *=0,>=0," ). Each quaternion squares to -1 (-1=i-i=j-j=k-k) like i*=-1 for i =/-1.

This holds for a spinor 0, based on any unit vedtQra = (a,.a,,a,) if aea=l=a *+a,’+a,’.

To see this just try it out on any a-component:

a0y +a,0yta0;, . Defining spinor-vector opemtor)

o =(Gea)cea)=(a .0, +a,0,+a,0,)a

a,o.a +a,0.a,0, +a,0,.a,0, a.a +a.a,0,0, +a,a,0,0,
= +a,0,a +a,0,a,0, +a,0,a4,0, = +a,a,0, +aya,0,0, +a,a,0,0,
+a,0 ,a +a,o0 ,a,0, +a,0,a,0, +a,a,0, +a,a,0,0, +a,a,0,0,

So-called anti-commutation( ¢,06,=-0,06, , 0,0,=-0,0, etc. ) Kkills off-diagonal terms:

[Soz 0= lj

o’=(6ea)cea)=(a,0, +a,0,+a,0,) a0, +a,0,+a,0,) s, o,
a.’1 +a,a,070, +a,a,040, | i0, -—io,
= —a,a,040, +a,’1 +a,ay070, =(a’+a,’+a,)1=1 o, |—io, 1 i
-a,a,040, —a,d;650, +a,’1 o,| o, -—i 1
U(2) generator product table
28
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VS.

» Deriving o-exponential time evolution (or revolution) operator U=eHi=¢ 0 uut
Spinor arithmetic like  complex arithmetic
3 Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing”-Theorem)

Wednesday, February 4, 2015
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
()= P(0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful.
oA BHC ) AP0 gl 0L e 0 - AP0,
e, \ v D) 2 (0 -1 10 i 0 ) 2201 )5
- .. 04%02......0570x . 0cOx: T
=10, ©: —jwn-t —ié-oa-t,f —iwpt
— e :SZ')'. e 0 ...... . 0 SOA wA I{l_—D ..........
: ge(p =0 ’_’t here: ¢ oot t 2 ¢ and A+D
O O= o) =0oeL) where: ©=| ©p, |[Fwt= w = L Wpy=
9090 () B B B 0
\Key pieces of mathematical bookkeeping Pc we C

ABCD Time
evolution
operator

Symmetry relations make spinors{0 =03, Oy=0c¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-i0Oz }into a powerful U(2)-algebra.

0. 0p-products form a dot (e) and cross (X) U(2)-algebra that generalizes products 6vcy=i67z, Gz0y=iCy, GyGz=1i0yx, €etcC. ...

c,0,=(0cea)ceb)=(a, 0, +a,0,+a,0,)b,c, +b,c,+b,0,)

Oy o,
| 0, -io,
o, | —io, 1 I
o,| o, -—i 1

U(2) generator product table
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
()= P(0))
Hamilton generalized Euler’s expansion e ' =coswt —isinwt so matrix exponential becomes powerful. ABCD Time
—i A B-iC - _l‘A_D 10 1—iB 0 1 f—iC 0 —i .t_l'A+D 10 - €V0[Mti0n
ot _ o\ BHC D _ 2 {0 -1 1 0 i 0 ) 2001 )
[ 04=07z....9579x ... 9cOr: operator
—10 ) —iwt —iGeGyt: —iwyt —
—e SO 0" =¢ V7" K 0 © A W A=D | e
: g =G ’_’t where: p=| ¢ W= w t 2 t and: w A+D
O 0= Ge(Q =0eu" - B= —Got= 4= =
9090 () B B B 0~ 5
_Key pieces of mathematical bookkeeping Pc we C )

Symmetry relations make spinors{0 =03, Oy=0c¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-i0Oz }into a powerful U(2)-algebra.
0. 0p-products form a dot (e) and cross (X) U(2)-algebra that generalizes products 6vcy=i67z, Gz0y=iCy, GyGz=1i0yx, €etcC. ...
c,0,=(cea)ceb)=(a .0, 6 +a,0,+a,0,)b,0, +b,c,+b,0,)

ab,o,0, +ab,0,0, +ab,0,.0,
= +a,b,0,0, +a,b,0,0, +a,b,0,0,

+a,b,0,0, +a,b,0, +a,b,0,0,

o, | —io, 1 i

o,| o, -—i 1
U(2) generator product table
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
()= P(0))
Hamilton generalized Euler’s expansion e ' =coswt —isinwt so matrix exponential becomes powerful. ABCD Time
—i A B-iC - _l‘A_D 10 1—iB 0 1 f—iC 0 —i .t_l'A+D 10 - €V0[Mti0n
ot _ o\ BHC D _ 2 {0 -1 1 0 i 0 ) 2001 )
[ 04=07z....9579x ... 9cOr: operator
—10 ) —iwt —iGeGyt: —iwyt —
—e SO 0" =¢ V7" K 0 © A W A=D | e
: ge0 _”_’t here: ¢ ot t 2 t and: w A+D
O 0= e =geL) where: o= ¢, |=Ot= w, |[t= L wp=
9090 () B B B 0~ 5
_Key pieces of mathematical bookkeeping Pc we C )

Symmetry relations make spinors{0 =03, Oy=0c¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-i0Oz }into a powerful U(2)-algebra.
0. 0p-products form a dot (e) and cross (X) U(2)-algebra that generalizes products 6vcy=i67z, Gz0y=iCy, GyGz=1i0yx, €etcC. ...
c,0,=(0ea)ceb)=(a,0, +a,0,+a,0,)b,0, +b,c,+b,0,)

ab,o,0, +ab,0.,0, +ab,0,0, a.b. 1 +a,b,0,0, -a.,b,0,0,
= +a,b,0,0, +a,b,0,0, +a,b,0,0, = —a,b,0,0, +a,b,1 +a,b,0,0,
+a,b,0,0, +a,b,0, +a,b,0,0, +a,b,0,0, =-a,b,0,0, +a,b,1

o, | —io, 1 i

o,| o, -—i 1
U(2) generator product table
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

()= P(0))

Hamilton generalized Euler’s expansion e =coswf—isinwt so matrix exponential becomes powerful.

oA BHC ) AP0 gl 0L e 0 - AP0,
M, svic Do) 2 0 - 10 i0 ) 2001 )
- .. 04%02......0570x . 0cOx: T
—10 QO —ilwnp-t —ié-o@-t,s —iwn-t
j— e :S[.).' e 0 ...... . 0 SOA wA A_ D .........
: L o B B )
ol = ge( =ocew:t where: ©o=| ¢, |=wt=| w t= t and: w,=
9090 () B B B 0
\Key pieces of mathematical bookkeeping Pc we C

ABCD Time
evolution
operator

Symmetry relations make spinors{0 =03, Oy=0c¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-i0Oz }into a powerful U(2)-algebra.

0. 0p-products form a dot (e) and cross (X) U(2)-algebra that generalizes products 6vcy=i67z, Gz0y=iCy, GyGz=1i0yx, €etcC. ...

c,0,=(0ea)ceb)=(a,0, +a,0,+a,0,)b,0, +b,c,+b,0,)

ab,o,0, +ab,0.,0, +ab,0,0, a.b. 1 +a,b,0,0, -a.,b,0,0,
= +a,b,0,0, +a,b,0,0, +a,b,0,0, = —a,b,0,0, +a,b,1 +a,b,0,0,
+a,b,0,0, +a,b,0, +a,b,0,0, +a,b,0,0, =-a,b,0,0, +a,b,1
a.b,1 +a.b, ic, -a.b,io,
= —a,b, ic, +a,b,1 +a,b,i0,
+a,b, ic, -a,b,ic, +a,b,1

GY GZ
| 0, -io,
o, | —io, 1 i
o,| o, -—i 1

U(2) generator product table
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
()= P(0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
O o PR e B VI T A E T (L evolution
e—iH't —e B+iC D . 2 0 -1 1 0 i 0 ) 2 0 1
[ 04=0z...9870x  OczOry: operaior
—10 ) —iwt —iGeGyt: —iwyt —
— e .SO 0 ...... . 0 SOA wA A D ............
: ge(p =0 ’_’t where: o= © W= wp |t 2 t and: w A+D
O QY= Op =Geu L p= == 1= L wy=
9090 () B B B 0= 5
\Key pieces of mathematical bookkeeping Pc we C )

Symmetry relations make spinors{0 =03, Oy=0c¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-i0Oz }into a powerful U(2)-algebra.
0. 0p-products form a dot (e) and cross (X) U(2)-algebra that generalizes products 6vcy=i67z, Gz0y=iCy, GyGz=1i0yx, €etcC. ...

c,0,=(0ea)ceb)=(a,0, +a,0,+a,0,)b,0, +b,c,+b,0,)

aXbX +aXbY GY +aXbZ GZ a/\’b,\’ 1 +aXbY GY _aXbZGZ
= +a,b,0, +a,b,0,0, +a,b,0,0, = —a,b,0,0, +a,b, 1 +a,b,0,0, =(ab,+a,b, +a,b,)
+a,b,0, +a,b,0, +a,b,0,0, +a,b,0, -a,b,0,0, +a,b,1

a.b,1

= —a,b, i0

+a,b, ic, -a.b, io,

+a,b,1  +a,b, io,

+a,b, ic, -—a,b, i +a,b,1

o, | —io, 1 i

o,| o, -—i 1
U(2) generator product table

Wednesday, February 4, 2015 34



4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
()= P(0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
O o PR e B VI T A E T (L evolution
e—iH't —e B+iC D . 2 0 -1 1 0 i 0 ) 2 0 1
[ 04=0z...9870x  OczOry: operaior
—10 ) —iwt —iGeGyt: —iwyt —
— e .SO 0 ...... . 0 SOA wA A D ............
: ge(p =0 ’_’t where: o= © W= wp |t 2 t and: w A+D
O QY= Op =Geu L p= == 1= L wy=
9090 () B B B 0= 5
\Key pieces of mathematical bookkeeping Pc we C )

Symmetry relations make spinors{0 =03, Oy=0c¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-i0Oz }into a powerful U(2)-algebra.
0. 0p-products form a dot (e) and cross (X) U(2)-algebra that generalizes products 6vcy=i67z, Gz0y=iCy, GyGz=1i0yx, €etcC. ...

c,0,=(0ea)ceb)=(a,0, +a,0,+a,0,)b,0, +b,c,+b,0,)

a.b, +a,b,0,0, +a.,b,0,.0, a.b. 1 +a,b,0,0, =-a.b,0,
= +a,b,0, +a,b,0,0, +a,b,0,0, = —a,b,0,0, +a,b,1 +a,b,0,0, =(a.b,+a,b, +a,b,)1 +i(a,b,—a,b,)
+a,b,0, +a,b,0, +a,b,0,0, +a,b,0, -a,b,0,0, +a,b,1

a.b,1

= —a,b, i0

+a,b, ic, -a.b, io,

+a,b,1  +a,b, io,

+a,b, ic, -—a,b, i +a,b,1

o, | —io, 1 i

o,| o, -—i 1
U(2) generator product table
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
()= P(0))
Hamilton generalized Euler’s expansion e ' =coswt —isinwt so matrix exponential becomes powerful. ABCD Time
—i A B-iC - _l‘A_D 10 1—iB 0 1 f—iC 0 —i .t_l'A+D 10 - €V0[Mti0n
ot _ o\ BHC D _ 2 {0 -1 1 0 i 0 ) 2001 )
[ 04=07z....9579x ... 9cOr: operator
—10 ) —iwt —iGeGyt: —iwyt —
—e SO 0" =¢ V7" K 0 © A W A=D | e
: ge0 _”_’t here: ¢ ot t 2 t and: w A+D
O 0= e =geL) where: o= ¢, |=Ot= w, |[t= L wp=
9090 () B B B 0~ 5
_Key pieces of mathematical bookkeeping Pc we C )

Symmetry relations make spinors{0 =03, Oy=0c¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-i0Oz }into a powerful U(2)-algebra.
0. 0p-products form a dot (e) and cross (X) U(2)-algebra that generalizes products 6vcy=i67z, Gz0y=iCy, GyGz=1i0yx, €etcC. ...

c,0,=(0ea)ceb)=(a,0, +a,0,+a,0,)b,0, +b,c,+b,0,)

ab,o,0, +ab,0.,0, +ab,0,0, a.b. 1 +a,b,0,0, -a.,b,0,0,
= +a,b,0,0, +a,b,0,0, +a,b,0,0, = —a,b,0,0, +a,b,1 +a,b,0,0, =(a,b,+a,b,+a,b,)1 +i(a,b, —a,b,)o .
+a,b,0,0, +a,b,0, +a,b,0,0, +a,b,0,0, =-a,b,0,0, +a,b,1 +i(a,b, —a.b, )Gy,
_
a.b,1 +a.b, ic, -a.b,io,
= —a,b, ic +a,b
+a,b, io,

o, O,
| i, -—lo,

o, | —io, 1 i

o,| o, -—i 1
U(2) generator product table
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
()= P(0))
Hamilton generalized Euler’s expansion e ' =coswt —isinwt so matrix exponential becomes powerful. ABCD Time
—i A B-iC - _l‘A_D 10 1—iB 0 1 f—iC 0 —i .t_l'A+D 10 - €V0[Uti0n
ot _ o\ BHC D _ 2 {0 -1 1 0 i 0 ) 2001 )
[ S 04=07z....9579x ... 9cOr: operator
—10 ) —iwt —iGeGyt: —iwyt —
=e SO 0 ...... K 0 SOA (,UA A=D | e
: ge() =0 ._’t where: o= ¢ W=l w t 2 t and: w A+D
O 0= Ge(Q =0eu" - B= —Got= t= o=
9090 () B B B 0~ 5
_Key pieces of mathematical bookkeeping Pc we C )

Symmetry relations make spinors{0 =03, Oy=0c¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-i0Oz }into a powerful U(2)-algebra.
0. 0p-products form a dot (e) and cross (X) U(2)-algebra that generalizes products 6vcy=i67z, Gz0y=iCy, GyGz=1i0yx, €etcC. ...
c,0,=(0ea)ceb)=(a,0, +a,0,+a,0,)b,0, +b,c,+b,0,)

ab.o.,0, +ab,o.,0, +ab,0,0, a.b. 1 +a,b,0,0, —-a,b,0,0,

= +a,b.0,0, +a,b,0,0, +a,b,0,0, =—a,b .0 0, +a,b,1 +a,b,0,0, =(a.b,+a,b, +a,b)1 +i(a,b,—a,b,)o
+i(a,b, —a,b,)o,|
—— +i(a.b,—ab, )0,

+a,b,0,0 +a,b,0, +a,b,0,0, +a,b, 0,0, -a,b,0,0, +a,b,1

a.b,1 +a,b, ic, /—a,b, i0,
= —a,b, ioc N +a,b +a,b, i0

+a,b, io, l/—azby i0 X +a,b,1

o, | —io, 1 i

o,| o, -—i 1
U(2) generator product table
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
—{ A BoiC ]-t —iA_D( Lo ]-t—iB[ 01 )-t—z’C[ 0 - ]-t—iA—i_D[ Lo ]-t evolution
S _, \BhC D )2 0 - 10 i 0 ) 201 )
........ 04=0z.....9570x . 0OcOr: operaior
—l0 0 —jwyt  —jGelyti —lwpt —
— e .SO 0 ...... 0 SOA UJA A D ............
: el =G oG A where: = ¢ W= wp |t 2 t and: w A+D
O QY= Op =Geu L p= == 1= L wy=
9090 () B B B 0= 5
\Key pieces of mathematical bookkeeping Pc we C )

Symmetry relations make spinors{O =03, Oy=0¢, 0Oz =04 } or quaternions {i=-iO v, j=-iOy, k=-i07 }into a powerful U(2)-algebra.
6. 0-products form a dot (@) and cross (X) U(2)-algebra that generalizes products 6v6y=ic7z, Gz0v=iGy, GyOz=i0y, etc. ...

c,0,=(0ea)oeb)=(a,0, +a,06,+a,0,)b,0, +b,c,+b,5,)
+i(a,b, —a,b,)

a.b +a,b,0,0, +a,b,0,0, a.b. 1 +a,b,0,0, -a.b,0,

= +a,b b b = —a,b b1 b =(a,b, +a,b, +a,b1  tia;by—ab,)o

= +a,b,0, +a,b,0,0, +a,b,0,0, = —a, o, +a,b, +a,b,0,0, (a,b,+a,b,+a,b,) z9x 710y
+a,b.0, +a,b,0, +a,b,06,06, +a,b.0,0, -ab,0c,06, +a,b,1 +i(a,by —ayb,)o,

Write the product in Gibbs dot (@) and cross (X) notation. (Guess where Gibbs got his {i,j,k, i X j°k, etc.} notation!)

c.0,=(Gea)Geb)= (ash) + i(axb)es

o, | —io, 1 i

o,| o, -—i 1
U(2) generator product table
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
O o PR e B VI T A E T (L evolution
S _, \BhC D )2 0 - 10 i 0 ) 201 )
) T 04502, 05m0x L OesOy T operator
—I0 0 —fjwpt —zcowt —iw)t —
— e SO 0 ...... 0 SOA wA A D ............
' geQ A where: = ¢ W= wp |t 2 t and: w A+D
o o= Ge( =Geiy L p= == 1= L wy=
9090 () B B B 0= 5
\Key pieces of mathematical bookkeeping Pc we C )

Symmetry relations make spinors{O =03, Oy=0¢, 0Oz =04 } or quaternions {i=-iO v, j=-iOy, k=-i07 }into a powerful U(2)-algebra.
6. 0-products form a dot (@) and cross (X) U(2)-algebra that generalizes products 6v6y=ic7z, Gz0v=iGy, GyOz=i0y, etc. ...

c,0,=(0ea)ceb)=(a,0, +a,0,+a,0,) b0, +b,c,+b,0,)
+i(a,b, —a,b,)

a.b +a,b,0,0, +a,b,0.0, a.b,1 +a,b,0,0, -a.,b,0,

= +a,b b b = —a,b b1 b =(a,b, +a,b, +a,b,1  tilab, —ab,)o

= +a,b,0, +a,b,0,0, +a,b,0,0, = —a, oy +a,b, +a,b,0,0, (a.b,+a,b, +a,b,) z z)9y
+a,b,0, +a,b,0, +4a,b,6,0, +a,b.0, —a,b,0,0, +a,b,1 +i(a,by —a,b, )0,

Write the product in Gibbs dot (@) and cross (X) notation. (Guess where Gibbs got his {i,j,k, i X j°k, etc.} notation!)

c.0,=(Gea)Geb)= (ash) + i(axb)es

(Recall complex variable result.)

A*B=(A, +1A)*(B, +1iB,) —iA,)(B, +1iB,) o, o,
:(AXBX+AYBY +ZAX Y_AYBX = A.B) + i(AXB)Z 1 iGZ —iGY
o, | —io, 1 i
o,| o, -—i 1
U(2) generator product table
39
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VS.

» Deriving o-exponential time evolution (or revolution) operator U=eHi=¢ 0 uut
Spinor arithmetic like  complex arithmetic
Spinor vector algebra like  complex vector algebra
¥ Spinor exponentials  like  complex exponentials (“Crazy-Thing”-Theorem)
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ' = coswt —isinwt so matrix exponential becomes powerful. ABCD Time
—i A B-iC - _l‘A_D 10 1—iB 0 1 f—iC 0 —i .t_l'A—I_D 10 - €V0h/lt10n
e_iH-t — o B+iC D — o 2 0 -1 1 0 i 0 ) - 2 0 1 ).
- IR 04=07z....9579x ... 9cOr: operator
—10 QO —ilwnp-t —i&‘@'l‘j —iwn-t
_e :%..e 0 :e ...... ‘.e 0 SOA wA A_D ............
. g =G ._’t here: ¢ ot t 2 t and A+D
o o= g0 =0 where: o= ¢, |=Ot= w, |[t= L W=
9090 () B B B 0~ 5
_Key pieces of mathematical bookkeeping Pc we C )

Symmetry relations make spinors{O =03, Oy=0¢, 0Oz =04 } or quaternions {i=-iO v, j=-iOy, k=-i07 }into a powerful U(2)-algebra.
Hamilton 1s able to generalize Euler’s complex rotation operators e “and e 7. (Recall Euler - DeMoivre Theorem.)

. 1, 1, 1, 1 1
e =1+ (~ip) + o (i) + o (i) + 5 (i) = [ —— e =

o1 m o1 [cos ]

Note even powers of (-i) are £/ —i(yp ) —i(sing)

and odd powers of (-i) are +i.:

GY GZ
1 0, -io,
o, | —io, 1 i
o,| o, -—i 1
U(2) generator product table
41
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
O o PR e B VI T A E T (L evolution
S _, \BhC D )2 0 - 10 i 0 ) 201 )
- . 04502..... 08T0x  Oc¢TOy: T operaior
—l0 0 —jwyt  —jGelyti —lwpt —
— e SO 0 ...... 0 SOA wA A D ............
' geQ _’._’t where: = ¢ W= wp |t 2 t and: w A+D
o o= g =geL) . = == = o=
P 0, B B P 0=
\Key pieces of mathematical bookkeeping Pc we C )

Symmetry relations make spinors{O =03, Oy=0¢, 0Oz =04 } or quaternions {i=-iO v, j=-iOy, k=-i07 }into a powerful U(2)-algebra.

Hamilton 1s able to generalize Euler’s complex rotation operators e and e ¥ (Recall Euler - DeMoivre Theorem.)

e . 1, o, 1, & 1, 4 1, 1,
e " =14 (—ip)+ o (Hie) + o (i) + (i) = [l —51¢ e = leosy]
Note even powers of (-i) are £/ —i(p + %@3 ) —i(siny)
and odd powers of (-i) are +i.: (_i)o — 41, (_i)l — i (—i)2 —_1, (—i)3 — 4, (—i)4 — 41, (_l-)s —_i, efc.

Oy o,
1 0, -io,

o, | —io, 1 i

o,| o, -—i 1

U(2) generator product table
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e P (0))

\Key pieces of mathematical bookkeeping

Hamilton generalized Euler’s expansion e =coswf—isinwt so matrix exponential becomes powerful.

oA BHC ) AP0 gl 0L e 0 - AP0,
o~ _ U B+ic D) 2 (0 - 10 i 0 ) 2001 )r
- 0. 04=02z.....0570x  QcOy: T
=10, ©: —jwn-t —iB'OQ-t.E —iwpt
=e :%-'6 0 =e ... e 0 PA WA A__D
. . . . '_> N ~ 2
ol = geo(p =gl where: p=| © =Wit=| wp |[t= t and: w
9090 () B B B 0
Yc We C

ABCD Time
evolution
operator

Symmetry relations make spinors{O =03, Oy=0¢, 0Oz =04 } or quaternions {i=-iO v, j=-iOy, k=-i07 }into a powerful U(2)-algebra.
Hamilton 1s able to generalize Euler’s complex rotation operators e “and e 7. (Recall Euler - DeMoivre Theorem.)

: 1 1 1 1 1
—ip . (s 2 (s 3 il 4.“: - 2 . 4“. —
e =1+( zgo)—i—Z!( ip) —|—3!( ip) —1—4!( ip) 1 2!90 -|-4!90 ]

. 1,
— iy 0¥ )

=) =+1, (=)' =—i, (i)’ =-1, (i)’ =+i, (=)' =+1, (-i)’ =—i, etc.

[cos ]

Note even powers of (-i) are £/ —i(sin )

and odd powers of (-i) are +i.:

Hamilton replaces (-i) with —ic in the e~ power series above to get a sequence of terms just like it.

. 0 __ . 1_ . . 2 _ . 3 . 4 . 5 .
(—ic.) =+1, (=io_ ) =—io_, (-ic )" =-1, (=io, ) =+io_, (—ic ) =+1, (=io_ )" =—io_, etc.

(77 - . )
Unit spinor vector

(cep) . .
o, = f =(0ep)p

P00, T+ P05+ PO

Vei +0, +o.
. J
GY GZ
1 0, -io,
o, | —io, 1 i
o,| o, -—i 1

U(2) generator product table
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ' = coswt —isinwt so matrix exponential becomes powerful. ABCD Time
—i A B-iC - _l‘A_D 10 1—iB 0 1 f—iC 0 —i .t_l'A—I_D 10 - €V0[Mt10n
e_iH-t — o B+iC D — o 2 0 -1 1 0 i 0 ) - 2 0 1 ).
- IR 04=07z....9579x ... 9cOr: operator
—10 QO —ilwnp-t —ia-og_()-t,s —iwn-t
_e :%..e 0 :e ...... ‘.e 0 SOA wA A_D ............
. g =G ._’t where: p=| ¢ W= w t 2 t and: w A+D
o o= oeQp =0ewr L B= —Cot= f= o=
9090 () B B B 0~ 5
_Key pieces of mathematical bookkeeping Pc we C )

Symmetry relations make spinors{Ox =0z, Oy=0¢, 0z=04 } or quaternions {i=-iOy, j=-iOy, k=-i07 }into

a powerful U(2)-algebra.

Hamilton 1s able to generalize Euler’s complex rotation operators e and e ¥ (Recall Euler - DeMoivre Theorem.)

. 1,
¢ =1 (i) + - (—i)’

1
_|__
3!

(i)' + (i) = 1

L,

1
41

4

2

+ ]

[cos ]

1
+ =’

Note even powers of (-i) are £/ )

and odd powers of (-i) are +i.:

—i(y —i(singp)

Hamilton replaces (-i) with —ic in the e~ power series above to get a sequence of terms just like it.

=) =+1, (=)' =—i, (i)’ =-1, (i)’ =+i, (=)' =+1, (-i)’ =—i, etc.

(Unit spinor vector)
(Gep)

%

=(Gep)y

P00, T+ P05+ PO

- \/ 2 2 2
Dy TP TPc
. 0 __ . 1_ . . 2 _ . 3. . 4 . 5 _ .
(—io,)) =+1, (=io_ ) =—io_, (-io )" =-1, (=io_ ) =+io_, (—ic ) =+1, (—ic ) =—io_, etc. \_ Y,
. . . R . -, —1i0 PN = A
This allows Hamilton to generalize Euler’s rotation e ¥ to ¢ ' #* for any (0&0 =(0ep)=p,0,+p,0,+p,0,=(Ce Lp)@
=] — i si lizes to: [ ¢ ""=1cosp — io,sin
e =1 COSY I SNy generalizes to. QY © Q
GY GZ
1 0, -io,
o, | —io, 1 i
o,| o, -—i 1
U(2) generator product table
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% N
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
o . . —iwpt
"P(t)> ¢ H t‘\P(O)> = (1cosp— i, sinp)e 0
Hamilton generalized Euler’s expansion e ' = coswt —isinwt so matrix exponential becomes powerful. ABCD Time
—i A B-iC - _l‘A_D 10 1—iB 0 1 f—iC 0 —i .t_l'A—I_D 10 - €V0[MthVl
e_iH-t — o B+iC D . 2 0 -1 1 0 i 0 ) - 2 0 1 ).
[ S 04=02....9570x. . OczOy: 7 operator
—10 QO.: —1wWn't — ':_'o_’- —lwpt
—e Spe 0 —e lO'LOte 0 © A W A=D | e
. g =G ._’t where: p=| ¢ W= w t 2 t and: w A+D
O 0= Ge(Q =0eu" L B= —Cot= f= o=
9090 () B B B 0~ 5
_Key pieces of mathematical bookkeeping Pc we C )

Symmetry relations make spinors{O =03, Oy=0¢, 0Oz =04 } or quaternions {i=-iO v, j=-iOy, k=-i07 }into a powerful U(2)-algebra.

Hamilton 1s able to generalize Euler’s complex rotation operators e and e ¥ (Recall Euler - DeMoivre Theorem.)

~
i . 1, 5 1. . 1, . . 1, 1, The
e =1+(-ip)+  (—ip) +5(—w)3+ﬁ(—w) =1 —51¢ e = leosy] Crazy Thing

Note even powers of (<i) are +] — (e + %gp‘”’ ) —i(sing) Theorem:

and odd powers of (-i) are +i.: (=)’ =41, (=i) =—i, (=Y ==L, (=i) =+i, (=i)' =41, (=i}’ =—i, etc. e

Hamilton replaces (-i) with —ic in the e~ power series above to get a sequence of terms just like it.

If ( (@)2= -1

e(v ) =1cos, +(v:)sing

(—io, ) =+1, (—io, ) = —io_, (=io, ) =-1, (—i%)3 =+io_, (—io, ) =41, (—io, )y = —io_, elc. - J
This allows Hamilton to generalize Euler’s rotation e ¥ to e_i%gp for any (0&0 =(0ep)=p,0,+p,0,+p,0,=(Ce Cp)@
e =1 Cosy — 1 Sing generalizes to: ( e 7= Icosy — io,siny )
GY GZ
1 0, -io,
o, | —io, 1 i
o,| o, -—i 1

U(2) generator product table
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
—iH- : : —iwpt
"P(t)> = H t‘\P(O)> = (1cosy— i, sinp)e 0
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
O o PR e B VI T A E T (L evolution
St \ BHC D)2 (0 - 10 i 0 ) 201 )
- . 04502..... 08T0x  Oc¢TOy: T operaior
—10,, 0 —jwat _iGect: —iwp't
—e :S?.-e 0" =¢ V7" e 0 ©A WA A-D |
' ge(p =G ._’t where: = ¢ W= wp |t 2 t and: w A+D
O QY= Op =Geu L p= == 1= L wy=
9090 () B B B 0= 5
\Key pieces of mathematical bookkeeping Pc we C )

Symmetry relations make spinors{O =03, Oy=0¢, 0Oz =04 } or quaternions {i=-iO v, j=-iOy, k=-i07 }into a powerful U(2)-algebra.

Hamilton 1s able to generalize Euler’s complex rotation operators e ¥and €. (Recall Euler - DeMoivre Theorem.)

; . ]. . 2 ]. . 3 ]. . 4 ]- 2 1 4
e " =14 (—ip)+ o (Hie) + o (i) + (i) = [l —51¢ e = leosy] g The
' ' ' o ' Crazy Thing
Note even powers of (-i) are £/ —i(p + 5@‘9’ ) —i(siny) Theorem:
and odd powers of (-i) are +i.: (=)’ =41, (=i) =—i, (=Y ==L, (=i) =+i, (=i)' =41, (=i}’ =—i, etc. If ( 2= 1
. . {
Hamilton replaces (-i)) with —ic, in the e power series above to get a sequence of terms just like it. Then: |
. o e e e()7 =Teos, +( )sin:
(—ic,)) =+1, (=io_ ) =—io_, (=ic )" =-1, (=io ) =+io_, (—ic ) =+1, (=io ) =—io_, etc.\_

This allows Hamilton to generalize Euler’s rotation € to e_i%gp for any (0&0 =(0ep)=p,0,+p,0,+p,0,=(Ce Cp)@

e =1 CoOsy — I siny generalizes to: ( e "=1cosy ~— i o, siny )
GY GZ
! B ' o . ) 6. P A R .
Here: @ = -1 Here: = —io, =—i(0ep)=—I (G®) 1 10y 0y
gp 2 .
Crazy thing is oy | —io, 1 !
just N-1 o,| ic, —i 1

U(2) generator product table
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»-) Geometry of U(2) evolution (or R(3) revolution) operator U=e =0t
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
2D Spinor vs 3D vector rotation

NMR Hamiltonian: 3D Spin Moment m in B field
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4 )

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
—7H- . . —7 -t ;
"P(t)> =¢H t“}’(O)> =(1cosp— i, sing)e 0 evolution
operator

. . . —Q o« o . .
Hamilton generalized Euler’s expansion e = cosQt —isinQ¢ so matrix exponential becomes powerful.

| A B-iC A-D[ 1 0 o 0 1 . 0 —i A+D| 1 0
| i _ i —iB —iC| " i f . o .
o HT _ B+iC D —e 2 {0 -1 1 0 i 0 2 101 _ e—l(wOGO + WeG )t _ e—lwo't(

1coswt—io sin w-t)

04=07 OB=Ox Oc=Oy ¥
e '"=1cosp — isiny
YA YA A=-D generalizes to:
- - 2 A+D
where: ©=| ¢, |[FW-=| wp |f= -t and: wy = T : —\
B 2 Ce “=1cosy - io sing )
\ Yc We C

4 5 )
The @

Crazy Thing
Theoem:

Then: . ( o

e(\) 0 =lcose+(§ft)sine
\_ J

(0.0=B*3)=00,+2,0,+2,0,=E*3)p)

G . o A . 6‘. -
Here: : —lO'Lp = —l(o' P LP) = — ( LP)
' @
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4 . )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time

"P(f)> = e_iH't“P(O)> = (1cosp—io evolution

,sin w)e
operator

. . . —Q . . . .
Hamilton generalized Euler’s expansion e = cosQt —isinQ¢ so matrix exponential becomes powerful.

; A B-iC A-D[ 1 0 o 0 1 . 0 —i A+Df 1 0
. —i _ = ‘t—iB =iC| =i 't ' o '
e—zH-t — e B+iC D —e 2 0 -1 1 0 i 0 2 0 1 _ e—l(wOGO + WeG )t _ e—lwo't(

1coswt—io sin w-t)

04=07 OB=Ox Oc=Oy 2
e V=1 cosp — ising
YA YA A=-D generalizes to:
here: (o L B 2 . _A+D
where: ©=| ¢, |[FW-=| wp |f= -t and: wy = T : —\
B 2 Ce “=1cosy - io sing )
w
\ e C C )
10
€ 1[0_1]%1_ 10 s —i 0 lsin
1o 1 Y 1 Ya Example 1:
N | AorZ (" ¥ )
_ | o8y, Tising, 0 e o0 rotation The
0 cosp, —ising, 0 " Crazy Thing
Theorem:
If ( =1
U
Then:
E(\) 0 zlcose+(§})sinej

(0,0=(628)=0,0,+9,0,+¢,0,=E*$)7)

N . o A . 6‘. -
Here: : —lO'Lp = —l(o' P LP) = — ( Lp)
' @
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_{ A B-iC }t _Z.A—D[ 1o
- - 2 _
e Ht _ e B+iC D _ e 0 -1

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

()= W(0)) = (1cosp—io

. . . —Q . . . .
Hamilton generalized Euler’s expansion e = cosQt —isinQ¢ so matrix exponential becomes powerful.

T e
10 i

—1 A+D
.t_li
0

ABCD Time |

. —iwyt evolution
,sin w)e
operator

10 j
( 01 :e_l(woao T wea )t :e_lwo't(lcoswt—ia sinw-t)

04=07 OB=Ox Oc=Oy 2
e '"=1cosp — isiny
YA YA A=-D generalizes to:
- - 2 A+ D
where: ©=| ¢, |[FW-=| wj, t= -t and: Wy = e : N\
B 2 Ce “=1cosy - io sing )
w
L Pc C C y
10
€ Z[O - ]SOA— 10 feosp —4 0 lsin
o 1 ®, 1 Y Example 1:
N | AorZ 4 ¥
_ | cosp, —ising, 0 e o rotation The @
0 cosp, —ising, 0 e Crazy Thing
Theorem:
_] 0 —i , 2— _
. [ i 0 ]%: 10 leosp —i | 0 7 |sing Example 2: it ( 1
0 1 ¢ 7 0 ¢ CO’” Y Then:
_ | cosp, —sing, rotation e(\)e =lcose+(§;)sine
sing,  cosg, N\ \ /

(0,0=(628)=0,0,+9,0,+¢,0,=E*$)7)

% . o . . 6‘. .
Here: : —lO'@ =_l(0"QP)=—l( LP)

Y
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: )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
J— / . . . _ o .t .
w(0))=e M p(0)) =(1cosy— io_sing)e o evolution
operator

. . . —iQ . e . .
Hamilton generalized Euler’s expansion e = cosQt —isin Q¢ so matrix exponential becomes powerful.

[ 4  B-iCc | A-Dl 1 0 |, . (o0 1], . [0 =], .A4tD[ 1 0 )
. —1 . t —1 2 0 1 t—iB Lo —iC| 0 t—ziz 0 1 » + G5 )t ot
gt _, \ BHC D =e - _ b =e i(wgag + wea) —e "% (lcoswt—ia sinw-t)
C4=072z OB=0Ox Oc=0Oy 2
e '"=1cosp — isiny
YA YA A=-D generalizes to:
- - 2 A+ D
where: ©=| ¢, |FW-=| wp |f= -t and: wy = T : —\
B (e T=1cosp — i 0,siny )
w
L Yc C C J
10
& Z[O 1]%1— 1.0 cosY, —1 0 sin
1o 1 Y 1 Ya Example 1:
N | AorZ (" ¥ )
_ | cosp, —ising, 0 _ e ¥ rotation The @
0 cosp, —ising, 0 e Crazy Thing
Theorem:
o =i 2
i O : = -
e [ i 0 ] ‘|10 cosep, — i 0 — sing, Example 2: It ( 1
0 1 / i 0 CorY Then:
_ | cosp, —sing, rotation e(\)e =lcose+((~)sine
sing,  cosg, \S - J
Let: (=01 (0.0=(E0@)=,0,+2,0,+p,0,=(E 7))
¢~O%P) = U0 = TP {05 — io,sinp=1cos—i (o ®P)siny
Example 3: = 1cos —i0 4,4 Sin —i0 Py SN — 0 Q- sin
Any p=wt-axial ® AP ALY B¥YpSMy cPc Sy
rotation = O Neospo—i| 1 9 1o sinp—il © 1 |o,sinp—i| © = |@.sin
. ] p=il o |Pasing=i| L gpsing=i| 1 0 |Ocsing
cosp—ip,sing  (—ipg —Pc)sing
| (=idn+ o0 )sin COSY +1p , Sin A C A )
¥YBT¥C ¥ ¥ YA ¥ Here: = —l0_ = —l(O‘ [ ) LP) =—1
3 i W,
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4 C )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
_m B L —iwnt evolution
“P(t)> = H t“P(O)> = (1cosy— i, sinp)e 0
operator
Hamilton generalized Euler’s expansion e " = cosQt —isinQ¢ so matrix exponential becomes powerful.
| —i( A Bic ]-z —iA;D [ Lo j-t—iB( 01 J-t—iC[ v ]'t—iA;D[ Lo ) | L .
o Ht_ , \ B+iC D —e 0 - 1_ v b 0 0 1) _ gmilwg0q *wea)t _ =ithg t(lcoswt— i sinw-t)
04=07z OB=0Ox Oc=0Oy '
e '"=1cosp — isinyp
YA YA A=-D generalizes to:
- I _ 2 . _A+D
where: ©=| ¢, |FW-=| wp |f= » -t and: wy = e_l-%@_ L cos . —\
= © o, sing )
w
L Pc C C J
—z[ 10 ]soA (0 i
0 —1 . 1 0 . 0 . = R
€ = [ 0 1 CosY, —1 [ o sm e, Example ] e [z 0 ] C: 1 0 cosep, — i [ 0 — sing, Example -
N | AorZ 01 ! CorY
_ | cosw, Tising, 0 :[ e A 0 ] rotation | cosp, —sing, rotation
0 cosp, —ising, 0 e | sin Yo COSQ,
We test these operators by making them rotate each other....
(Ge)

Here: : —io, =—i(Ge p)=—i
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

‘\{I(t)> = MY ‘ ‘P(O)> = (1cosp— i, sin gp)e_iwo't

. . . —i1Q . e . .
Hamilton generalized Euler’s expansion e ' = cosQt —isin Q¢ so matrix exponential becomes powerful.
g P p

ABCD Time )

evolution
operator

[ 4 B-iC A-D[ 1 0 |, .0 1), .{0 —i], 44D 0 )
—i . 't -1 5 0 1 t—iB Lo —iC| 0 I—1—— | ) + 06 )t Ot
. N — o) — . . .
g Mt _, \ BHC D =e : = ¢ (Wo0p T wea)t _ i (lcoswt—za smw-t)
04=07 O0B=Ox Oc=0Oy '
e '"=1cosp — isiny
YA “A A=-D generalizes to:
- - 2 A+ D
where: ©=| ¢, |FW-=| wp |f= -t and: wy = T : —\
B (e “=1cospy — io0,sinp
Yc We Y J
\_ ¢ Y,
[1 0
{5 e (0 5)
0O -1 |1 0 : 0 . —il ©c :
e = cosp, —i sing, Example |: o L1 ‘110 cosp —i 0 —i sin Example 2:
0 1 —1 0 1 ¢ 0 ¢
N | Aor”Z ! CorY
_ COsS@p, —1i81yY, 0 _ B_WA 0 rotation cosp,, —sin o rotation
0 cosp, —ising, 0 e | sing,  cosg,

. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.

% . o . . 6‘. .
Here: : —lO'@ =_l(0"QP)=—l( LP)
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

‘\{I(t)> = MY ‘ ‘P(O)> = (1cosp— i, sin gp)e_iwo't

. . . —i1Q . e . .
Hamilton generalized Euler’s expansion e ' = cosQt —isin Q¢ so matrix exponential becomes powerful.
g P p

ABCD Time )

evolution
operator

[ 4 B-iC A-D[ 1 o | .0 1) .0 —i) .4D[ 1 0 )
i . t i : t—iB . t—iC| o [T | _ L .
. N — o) — . . .
g Mt _, \ BHC D =e 0 : = ¢ (Wo0p T wea) _ lwot(lcoswt—za smw-t)
04=07 O0B=Ox Oc=0Oy '
e '"=1cosp — isiny
YA “A A=-D generalizes to:
- - 2 A+ D
where: ©=| ¢, |FW-=| wp |f= -t and: wy = T : —\
B (e “=1cospy — io0,sinp
Yc We Y J
\_ ¢ Y,
[1 0
{5 e (0 5)
0O -1 |1 0 : 0 . —il © :
e = cosQ, —1 sing, Example |: o L1 ‘110 cosp —i 0 —i sin Example 2:
0 1 —1 0 1 ¢ 0 ¢
N | Aor”Z ! CorY
_ COsS@p, —1i81yY, 0 _ e_w“ 0 rotation cosp,, —sin o rotation
0 cosp, —ising, 0 e | sing,  cosg,

. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.
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4 : )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
_iH- : : —iwpt '
‘\{f(;)> = H "‘“P(O)> = (1cosy— o, sinp)e 0 evolution
operator
Hamilton generalized Euler’s expansion e " = cosQt —isinQ¢ so matrix exponential becomes powerful.
| —i[ A Bic ]-z —iA;D [ 1 01 ]-t—iB( (1) ! j-t—iC[ v )'t—iA;D( Lo ) | L .
e—zH-t — e B+iC D — e 0 - - 0 i 0 0 1 _ e—l(uJOGO + weaG )t _ e—za)o t(lcoswt— i sinw-t)
04=07z O0B=0Ox Oc=0Oy p
e '"=1cosp — isiny
YA YA A=-D generalizes to:
- - 2 A+D
where: ©=| ¢, |FW-=| wp |f= -t and: wy = T : —\
B (e T=1cosp — i 0,siny )
w
L Pc C C J
—z[ 10 ]soA (0 i
0 -1/ |1 0 . 0 |. —i 0 =i |
€ = cosp, —1 sin ey, Example 1z e [z 0 ] 0: 1 0 cosp . —i 0 — sin g Example -
0 1 —1 0 1 c 0 ¢
N | Aor”Z ! CorY
_ COsS@p, —1i81yY, 0 _ B_WA 0 rotation B cosp,, —sin o rotation
0 cosp, —ising, 0 e | sin Yo COSQ,

. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.

Any 2-by-2 o,-matrix may be rotated by any R(®) matrix acting twice (fore-and-aft™!) to give:aff’mtated) :R(CP)UMR_l(Cp):R(Cp)a MRT(CP)

(G%)

Here: : —io, =—i(Ge p)=—i
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cosp, —singy,

singp,  cosy,

1 0
0 —1

|

R (e.)

cosp,  singy,

—sing, cosy,

[,

Z or A

Y or C

e )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
_iH- : : —iwpt '
‘\{f(;)> = H "‘“P(O)> = (1cosy— o, sinp)e 0 evolution
operator

Hamilton generalized Euler’s expansion e " = cosQt —isinQ¢ so matrix exponential becomes powerful.
| _{ A Beic }t _Z.A;D[ 1 o1 ] t_l.B( (1) I J t—iC[ 0 ~i }t_l.A;D( 1 0 ).t | o |

e Mt _p \ BHC D =e 0 Y P 0 1) griwgq +wea)t _ =iy t(l coswt — io sinw-t)

04=07z O0B=0Ox Oc=0Oy p
e '"=1cosp — isiny
YA YA A=-D generalizes to:
- - 2 A+D
where: ©=| p, |FW-=| wj, t= -t and: Wy = ~io o ) .\
B (e T=1cosp — i 0,siny )
w
L Pc C C J
—i[ 1 0 ]SOA {0 —
01 |1 0 . 0 |. —i 0 =i |
e = CosSp, —1 s, Example - e [z 0 ] 0: 1 0 cosp. —i 0 — sin Example -
0 1 —1 0 1 c . 0 C
N | Aor7 ! CorY
_ COsS@p, —1i81yY, 0 _ B_WA 0 rotation B cosp,, —sin o rotation
0 cosp, —ising, 0 e | sin Yo COSQ,

. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.

Any 2-by-2 o,-matrix may be rotated by any R(®) matrix acting twice (fore-and-aft™!) to give:aff’mtated) :R(CP)UMR_l(Cp):R(Cp)a MRT(CP)

R(gpc) - 0, -

% . o . . 6‘. .
Here: : —lO'@ =_l(0"QP)=—l( LP)
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o{,
—iH- B+i D
e th:e iC

: )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
J— / . . . _ o .t .
w(0))=e P (0)) :=(100$p—10¢suupyglw0 evolution
operator

. . R . —iQ .. . .
Hamilton generalized Euler’s expansion e = cosQt —isin Q¢ so matrix exponential becomes powerful.
A—D[ 10

B—iC

].t ¥
=e€

0 -1

j.t_,-g(? éj.t_ic[(? . jAzD[é gj. S
: :e_l(wooO +w.c)t:e_lwot(lc:oscut—ia sinw-t)

2 2
Cos™ p, —sin” p,

2sinp, cosy,,

2s8inp, cosy,,

< 2 2
sin” ¢, —cos” g,

04=07 O0B=Ox Oc=0Oy '
e '"=1cosp — isiny
YA YA A=-D generalizes to:
- - 2 A+ D
where: ©=| ¢, |FW-=| wp |f= -t and: wy = T : —\
B (e T=1cosyp - io,sing )
e “c C
\_ J
—z[ 10 ]soA (0
01 |1 0 . 0 |. —Z[Q Z](pc .
€ = [ 0 1 |S8FaT? [ 1 [P Example 1. e VT2 é (1) cos,, —i [ 0 BZ sing,, Example 2:
N | Aor”Z ! CorY
_ COsS@p, —1i81yY, 0 N _ B_WA 0 rotation _ cosp,, —sin o rotation
0 cosp, —ising, 0 e sing, cosg,,

. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.

Any 2-by-2 o,-matrix may be rotated by any R(®) matrix acting twice (fore-and-aft™!) to give:aff’mtated) :R(CP)UMR_l(Cp):R(Cp)a MRT(CP)

R(e.) - o, R'(e) ZorA
| cosg, —sing, 1 0 cosp, sing, ﬁ
sing,  cosg, 0 -1 —sing, cosy,

Y or C

% . o . . 6‘. .
Here: : —lO'@ =_l(0"QP)=—l( LP)
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
f— / . . . _ . .t .
w(0))=e M p(0)) =(1cosy— io_sing)e o evolution
operator

. . . —iQ . e . .
Hamilton generalized Euler’s expansion e = cosQt —isin Q¢ so matrix exponential becomes powerful.

| A B-iC A-D| 1 0 5o 0 1 . 0 —i A+D|l 1 0
. —i . ‘= ‘t—iB t—iC| =i 't . o .

1coswt—io _sin w-t)

04=07 O0B=Ox Oc=0Oy '
e '"=1cosp — isiny
YA YA A=-D generalizes to:
- - 2 A+ D
where: ©=| ¢, |FW-=| wp |f= -t and: wy = T : —\
B (e T=1cosyp - io,sing )
e “c C
\_ J
—z[ 10 ]soA (0
01 |1 0 . 0 |. —Z[Q Z](pc .
€ = [ 0 1 |S8FaT? [ 1 [P Example 1. e VT2 é (1) cos,, —i [ 0 BZ sing,, Example 2:
N | Aor”Z ! CorY
_ COsS@p, —1i81yY, 0 N _ B_WA 0 rotation _ cosp,, —sin o rotation
0 cosp, —ising, 0 e sing, cosg,,

. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.

Any 2-by-2 o,-matrix may be rotated by anyR($) matrix acting twice (fore-and-aft) to give: o\ * TOaed :R(CP)UMR_l(Cp):R(Cp)a MRT(CP)

L
Rlp) - o, - R'(s) Zor A
_ cosp, —sing, 1 0 ] cosp, sing, ﬁ

sing,  cosg, 0 —1 —sing, cosy,

2 s 2 s
cos”p, —sin”p,  2sing, cosy,

Y or C

. . 2 2
2sinp, cosp,  sin” @, —cos @,

|1 0 ]congoU—l—

0 -1

= O, cos2¢p,+ O, sin2p’

% . o . . 6‘. .
Here: : —lO'@ = —l(o- ° LP) = ( LP)
- o
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4 )

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
—iH: : - —lwpt -
W)= M|w(0)) =(1cosp—io_sinp)e 0 evolution
operator

. . . —iQ . e . .
Hamilton generalized Euler’s expansion e = cosQt —isin Q¢ so matrix exponential becomes powerful.

[ 4  B-iC A-D[ 1 o | .0 1) .0 —i) .4D[ 1 0 )
. —i . ‘= ‘t—iB t—iC| f—i—— t . o .

1coswt—io _sin w-t)

O04=07 Op=O0Ox Oc=Ovy ¥
e '"=1cosp — isiny
YA YA A=-D generalizes to:
here: G L B 2 d: _A+D
= % io,sing )
rc “c C
\_ J
—z[ 10 ]soA (0 i
0 —1 . 1 0 o 0 . —z[ ) ]<p0 .
€ = [ 0o 1 | [ 1 [P Example 1: e ' "7 = L Olaosp —i [ U 7 lsing, Example 2:
N | AorZ 01 Pl CorY
_ COsS@p, —1i81yY, 0 _ B_WA 0 rotation B cosp,, —sin o rotation
0 cosp, —ising, 0 e | sing,  cosg,

. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.

Any 2-by-2 o,-matrix may be rotated by any R(®) matrix acting twice (fore-and-aft™!) to give:al(f'mtated) :R(CP)UMR_l(Cp):R(Cp)a MRT(CP)
R(SOO) - 0, R™ (900)

cosp, —sing, 1 0 ]
0 —1

sing,  cosg,
2 s 2 s
cos @, —sin" @,  2sinp, cosy,

cosp, sing,

—sing, cosy,

Zor A axis@ equals €-o. here
ﬁ (The 3D-rotation 1s by 2, twice the 2D angle . )

. . 2 2
2sinp, cosp,  sin” @, —cos @,

|1 0 ]congoU—l—

0 -1

0  > or: 3=2¢pc =60°
= O, cos2¢p,+ O, sin2p;

A

% . o . . 6‘. .

Here: : —lO'@ = —l(o- ° LP) = ( LP)
- o
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4 )

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
f— / . . . _ . .t .
w(0))=e M p(0)) =(1cosy— io_sing)e o evolution
operator

. . . —iQ . e . .
Hamilton generalized Euler’s expansion e = cosQt —isin Q¢ so matrix exponential becomes powerful.

| A B-iC A-D| 1 0 5o 0 1 . 0 —i A+D|l 1 0
. —i . ‘= ‘t—iB t—iC| =i 't . o .

1coswt—io _sin w-t)

O04=07 Op=O0Ox Oc=Ovy ¥
e '"=1cosp — isiny
YA YA A=-D generalizes to:
here: G L B 2 d: _A+D
= % io,sing )
rc “c C
\_ J
—z[ 10 ]soA (0
0 —1 11 0 o 0 . —z[ 0 —i ]<p0 .
€ = [ 0o 1 | [ 1 [P Example 1: e ' "7 = L Olaosp —i [ U 7 lsing, Example 2:
N | AorZ 01 Pl CorY
_ COsS@p, —1i81yY, 0 _ B_WA 0 rotation B cosp,, —sin o rotation
0 cosp, —ising, 0 e | sing,  cosg,

. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.

Any 2-by-2 o,-matrix may be rotated by any R(®) matrix acting twice (fore-and-aft™!) to give:al(f'mtated) :R(CP)UMR_l(Cp):R(Cp)a MRT(CP)
R(SOO) - 0, R™ (900)

cosp, —sing, |[ 1 ] cosp,  sing, 1z (The 3D-rotation 1s by 2, twice the 2D angle . )
0 —1

sing,  cosg, —sing, cosy,
2 s 2 s
cos @, —sin" @,  2sinp, cosy,

. . 2 2
2sinp, cosp,  sin” @, —cos @,

110 0 1 |.
=l ]congoc—l— | sin 2, 1 Wp |
= O cos2p + o sin2 = w
A LCRN e \/2+2+2 B\/2+2+2
PATPRTPC W WATWpTW o
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
f— / . . . _ . .t .
w(0))=e M p(0)) =(1cosy— io_sing)e o evolution
operator

. . . —iQ . e . .
Hamilton generalized Euler’s expansion e = cosQt —isin Q¢ so matrix exponential becomes powerful.

| A B-iC A-D| 1 0 5o 0 1 . 0 —i A+D|l 1 0
. —i . ‘= ‘t—iB t—iC| =i 't . o .

1coswt—io _sin w-t)

04=07 O0B=Ox Oc=0Oy '
e '"=1cosp — isiny
YA YA A=-D generalizes to:
here: G L B 9) d: _A+D
= % io,sing )

Yc “c C Y,

_i[ 1 0 ]SDA (0
0 -1 |1 0 10 | —Z[Q Z]‘% -
€ = [ 0 1 |CBFaT? [ 0 —1 |7 Example I: ¢ " "/ =1 (1) cosp., —1i [ o sing,, Example 2:
N | AdorZ 0 00 CorY
_ CoOs@p, —1811 @, 0 N _ 6_2('0‘4 O rotation _ cosp,, —sin o rotation
0 cosp, +ising, 0 " sing, cosg,,

. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.

Any 2-by-2 o,-matrix may be rotated by any R(®) matrix acting twice (fore-and-aft™!) to give:al(f'mtated) :R(CP)UMR_l(Cp):R(Cp)a MRT(CP)

cosp,, —sing,

Rle,) - o, - R'(s,) / cora Re) - o, - R(p)
B

cosp, —sing, 1 0 ] cosp, sing, 0 1 cosg, sing,
0 -1 10

sing,  cosg,. —sing, cosgp, —sing, cosp,
2 s 2 .
— . 2 2
cos’ @, —sin" ¢, 2sing, cosp, —2sin, cosg, cos” g, —sin” @,

sing,,  cosp,

2sIin ¢ , cos sin? — cos? 9 . 9 .
Yo 5% e Ye Cos™ @, — s, 2sin Y, Cosp,

|1 0 ]congoU—l—

0 -1

= O, cos2¢p,+ O, sin2p;

0 1

CoS2¢p,,

= —0, sin2p.+ 0, cos2yp,

(' The 3D-rotation is by 2, rwice the 2D angle .)
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» Geometry of U(2) evolution (or R(3) revolution) operator U=eHi=¢- 0t
¥ The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
2D Spinor vs 3D vector rotation

NMR Hamiltonian: 3D Spin Moment m in B field
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—iC A+D( 1 o) 4-D[ 1 o 0 1 0 i Notation for
H= = +— + B +C .
B+iC D 2 0 1 2 0 —1 1 0 i 0 2D Spinor space

= ®, O, + @, Oy +0p Op +O- O, =a)060+m06:w01+w0w

A A A

Symmetry archetypes: A4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gop, 63=0Cy, Gc=0Cy, C4=0C 7 }
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—iC A+D( 1 o0 A-D( 1 0 0 1 0 i Notation for
H= = +— + B +C .
B+iC D 2 0 1 2 0 —1 1 0 i 0 2D Spinor space

= ®, O, + @, O, +0p Op +O- O, :a)060+a)00:a)01+w6w

= QO 1 + QA SA +QB SB +QC SC :QOI+ QeS

1 1 i :
5 0 0 5 0 — Notation for
~AXDE 10, ypy| 2 28] % |+ac ? s
2 0 1 o -1 L i 3D Vector space
0" component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

Symmetry archetypes: A (Asymmetric*diagonal)| B (Bilateralfbalancedﬂ C (Chirachircular-complex... )

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gop, 63=0Cy, Gc=0Cy, C4=0C 7 }
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
. . Notation for
H:( 4 B—ZC):A-FD(I OJ+A—D(1 O)JrB[o 1)+C[o —zj J

B+iC D 2 0 1 2 0 —1 1 0 i 0 2D Spinor space

= ®, O, + @, O, +0p Op +O- O, :a)060+moo:a)01+w6w

= QO 1 + QA SA +QB SB +QC SC :QOI+ QeS

1 1 i :
5 0 0 5 0 — Notation for
AP L0, 4 p) 2 +2B] % |+2c ? %
2 0 1 o -1 L i 3D Vector space
0" component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

A

Symmetry archetypes: A (Asymmetric*diagonal)| B (Bilateralfbalancedﬂ C (Chiral*circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gop, 63=0Cy, Gc=0Cy, C4=0C 7 }

The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=69, S;=Sx, Sc=Sy, S4=S 7}
(Often labeled {Jv, )y, )7z })
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—iC A+D( 1 o A-D( 1 0 0 1 0 i Notation for
H= = +— + B +C .
B+iC D 2 0 1 2 0 -1 1 0 i 0 2D Spinor space

= ®, O, + ®, O, +w, Op +O- O, :a)060+moo:a)01+w6w
= QO 1 + QA SA +QB SB +QC SC :QOI+ QeSS

1 1 ] .
5 0 0 5 0 — Notation for
AP L0, 4 p) 2 +2B] % |+2c ? %
2 0 1 o -1 L i 3D Vector space
0" component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

A

Symmetry archetypes: A (Asymmetric*diagonal)| B (Bilateralfbalancedﬂ C (Chiral*circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gop, 63=0Cy, Gc=0Cy, C4=0C 7 }

The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=69, S;=Sx, Sc=Sy, S4=S 7}
(Often labeled {Jv, )y, )7z })

. A-D
Notation for DA 5 4+ D
. where: 0= -t=| w, |t= -t and: @, =
2D Spinor space B 2
A  B-iC Oc C

_l[ .l-
—iH- B+iC D ] —i(WNCn + DGt —iWnt —] OG- —iwnt —IiC, Wt —iwn-t ) )
e HT_, : =e (@90 ) — ¢ W0l gmt W0 _ ;T IO _ T (lcosa)-t—zo'wsma)-t)
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

(4 B-ic)_4+D( 1 0 ), A4-D[ 1 o0 0 1 0 —i Notation for
H= = +— + B +C 2D Sp;

B+iC D 2 Lo 1 2 |0 -1 1 0 i 0 Spinor space
= w0, O, + w, o0, +wp Oy +W, Op =0y0,+0eG6=w0yl+0s,
= L 1 + Q, S, +Qz S, +Q- S, =Qp1+ QeS

1 1 i .
A+ D 5 0 0 5 0 —5 Notation for
- POy 4-p)| 2 +2B] % |+2c ?
2 0 1 0o _L 1 i 3D Vector space
2 2 2
0" component
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum
Symmetry archetypes: 4 (Asymmetricidiagonal)| B (Bilateraﬁbalancedﬂ C (Chirachircular—complex... )
The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0x, Gc=0Cy, C4=0C 7 }
The {1, Su4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=69, Ss=Sx, Sc=Sy, S4=S7}
(Often labeled {Jv, )y, )7z })
. A—-D
Notation for DA 5 4+ D
] where: 0= -t=| w, |t= -t and: @, =
2D Spinor space B 2
_{ A B-iC ) ) @c C
e—iH-t _e B+iC D _ e—z(a)oao + Weo)r _ e—za)o-te_i oGt _ e—za)o-te—zcwa)-t _ e—za)O-t (lcosa)'t . iO'w sina)'t)
—_7 #o_" —1 . _‘_'.. —7 . Q . Q
= (821 T QS)t_ mikdyet —i (b1eS =" I[ICOS—t—iGw Sln_tj
2 2
Notation for ) 24 A-D 4iD
where: @=Q-t=| Q, |i= 2B -t and: Q) =
3D Vector space
Q. 2C
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

(2D-Spinor)

A B-ic |_A+D[ 1 0 ), 4-D[ 1 0 0 1 0 —i Notation for
H= = +— + B +C 2 :

B+iC D 2 Lo 1 2 |0 -1 1 0 i 0 D Spinor space
= w0, O, + w, o0, +wp Oy +W, Op =0y0,+0eG6=w0yl+0s,
= L 1 + Q, S, +Qz S, +Q- S, =Qp1+ QeS

1 1 i .
A+ D 5 0 0 5 0 —5 Notation for
- 0 4-py| 2 128 2 \y2c : f
2 0 1 0o _L 1 i 3D Vector space
2 2 2
0" component
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum
Symmetry archetypes: 4 (Asymmetricidiagonal)| B (Bilateraﬁbalancedﬂ C (Chirachircular-complex... )
“Crank’”’ The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0x, Gc=0Cy, C4=0C 7 }

vector The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=69, S;=Sx, Sc=Sy, S4=S 7}
4 )
On Wy A—D (Often labeled {Jv, )y, )7z })
. - 2
A I B B Notation for DA — i D
L We , where: 0=0-1t=| w, |t= -t and: o, =
- ¢ ) ) 2D Spinor space b B 0" 2
[ 4 B-iC e C
H- - B+iC D ! —i(w\O + WeG)t  —int — (G- —iWyt —i0, Wt  —iwyt
e M= : =e 070 =g 0TI W0 - ;70T 0™ — o710 (lcosw-t—icw sina)-t)
“Crank”’ _ =iyl + QeS)t  _ —iQyt —i (teS _ —iQyt Qt . . L
(3D-Vector) =e =e e =e 10037 -0, smT
vector
4 ) .
O N _ Notation for 24 A-D
- - A-D where: ©=Q-1=| @, |t=| o2z |tand: @ =272
= Op [Frr=) Yy t=1 28 |t 3D Vector space ' b e -0
O 2 2C £2c
\_ J
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» Geometry of U(2) evolution (or R(3) revolution) operator U=e =0t
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
2D Spinor vs 3D vector rotation

NMR Hamiltonian: 3D Spin Moment m in B field
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
R(3):3D Spin Vector {Sx, Sy, Sz}-space (real)

U(2):2D Spinor {|")|Y)}-space (complex)

1) spin “dn”
C}m -
1) spin “dn”

) -
C%’;é ) -
1) spin “dn”

s

\ / ’T> spin “
4} spin “dn”
)

C/ 1) spin

Mp )

up )

{(up )

State vector [W)=| 1) (1|9)+| 1) (1 ¥)

1

|

v )
N

¥
\Pi

o)

COSE —siné
2

2
B

sin—  cos—
2

2

B

COS—
2

p

Sin —
2

COS—

Sin —

COS—

sin —

Life in 2D Spinor space is “Half-Fast”

o)

SRy

Sl i

Spin vector S=|X)(X|S)+|Y)(Y|S) +|2)(Z|S)

_ O O

i

Sy cosf 0 sinf 0
s, |=| o 1 o 0
S, —sinf 0 cosp 1

sin 3 \/5/2
= 0 = 0
cos 3 1/2
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

U(2):2D Spinor {|")|Y)}-space (complex)

a3

| i, spin “dn”

o
N

|¢> spin “dn”

L/

|¢> spin “dn”

with

™)

((up )
m-phase

\T> spin “up”

\T> spin “up”

State vector [W)=|1)(T/%)+] ) (| W)

5

)

(Only “half-way” home after 2r =360° rotation)

B

COS—
2

p

SIn —

COS—

Sin —

COS—

SIn —

B

COS—

B

Sin —

(

—_— O
N

S 6L

I
w|~wg‘
o

R(3):3D Spin Vector {Sx, Sy, Sz}-space (real)
Spin vector S=|X)(X|S)+|Y)(Y|S) +|2)(Z|S)

/ / Sx sin 3 0
T ‘ S, cos 3 —1

2
Il

-
Il

-

Sx sin 3 1

Sy |= 0 = 0
— S, cos 3 0

Y
X Y-rotation
by ©=3=270°

Sx sin 3

S, |=| o |=

S, cos 8

Sy 1

Sy [=| 0
— s 0

Ydrotation
y ©=3=360°

Life in 2D Spinor space is “Half-Fast” and needs ©=4m1=720° to return to original state
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» Geometry of U(2) evolution (or R(3) revolution) operator U=e =0t
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
2D Spinor vs 3D vector rotation

» NMR Hamiltonian: 3D Spin Moment m in B field
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Hamiltonian for NMR: 3D Spin Moment Vector m=(m,, m,, m,) in field B=(Bx, By, B-)

H-m-B-go-B=| 57 SV &% =ng[ ) - ) +ng[ . ) +gB¥£ N j
g +igBy —gB, 0 -1 1 0 i 0
= gB, 0, + gBy 0y +gBy 0, =0eG=00,
Notation for
R A A 2D Spinor space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0Cy, Gc=0Cy, C4=0C 7 }
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Hamiltonian for NMR: 3D Spin Moment Vector m=(myx, m,, mz,) in field B=(Bx, By, B:)

g +igBy —gB, 0 -1 1 0 i 0
= gB, 0, + gBy 0y +gBy 0, =0eG=00,
Notation for
R A A 2D Spinor space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0Cy, Gc=0Cy, C4=0C 7 }

The driving ©=Qt crank vector defined by ABCD of Hamiltonian H . Notation for
~N 3D Vector space
a A-D
=Q-t=| (2 |'t=| 2B |t
2 2C

Tivo views of Hamilton crank vector Q(@,0) whirling Stokes state vector S in ABC-space.
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Hamiltonian for NMR: 3D Spin Moment Vector m=(myx, m,, mz,) in field B=(Bx, By, B:)

H-m-B-go-B=| 57 SV &% =ng[ ) - ) +ng£ . ) +gB¥( N ]
g +igBy —gB, 0 -1 1 0 i 0
= gB, 0, + gBy 0y +gBy 0, =0eG=00,
Notation for
R A A 2D Spinor space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0Cy, Gc=0Cy, C4=0C 7 }

The driving ©=Qt crank vector defined by ABCD of Hamiltonian H . Notation for
- N 3D Vector space
Oa 25 A-D By
O=| 0, |=Q-t=| 2, |t=| 2B t=g| B, |t
e 2 2C B
\ C C Y y

For fermion spin that Q is the gB-field!

Tivo views of Hamilton crank vector Q(@,0) whirling Stokes state vector S in ABC-space.
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Hamiltonian for NMR: 3D Spin Moment Vector m=(myx, m,, mz,) in field B=(Bx, By, B:)

H-m-B-go-B=| 57 SV &% =ng[ ) - ) +ng£ . ) +gB¥( N ]
g +igBy —gB, 0 -1 1 0 i 0
= gB, 0, + gBy 0y +gBy 0, =0eG=00,
Notation for
R A A 2D Spinor space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0Cy, Gc=0Cy, C4=0C 7 }

The driving ©=Qt crank vector defined by ABCD of Hamiltonian H . Notation for
- N 3D Vector space
Oa 25 A-D By
O=| 0, |=Q-t=| 2, |t=| 2B t=g| B, |t
e 2 2C B
\ C C Y y

For fermion spin that Q is the gB-field!
Q: But, how is a spin state-|\) or spin vector-S defined?

Tivo views of Hamilton crank vector Q(@,0) whirling Stokes state vector S in ABC-space.
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Hamiltonian for NMR: 3D Spin Moment Vector m=(myx, m,, mz,) in field B=(Bx, By, B:)

g +igBy —gB, 0 -1 1 0 i 0
=gB, 0, + gBy 0, +gBy Oy =We5=00G,
Notation for
R A A 2D Spinor space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0Cy, Gc=0Cy, C4=0C 7 }

The driving ©=Qt crank vector defined by ABCD of Hamiltonian H . Notation for
- N 3D Vector space
Oa 25 A-D By
O=| 0, |=Q-t=| 2, |t=| 2B t=g| B, |t
e 2 2C B
\ C C Y y

For fermion spin that Q is the gB-field!
Q: But, how is a spin state-|\) or spin vector-S defined?

C A: By U(2) group operator |(t)) =R[@]|(0)).

Tivo views of Hamilton crank vector Q(@,0) whirling Stokes state vector S in ABC-space.
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» Euler s state definition using rotations R(c,0,0), R(0,3,0),and R(0,0,7)
» Spin-1 (3D-real vector) case
Spin-1/2 (2D-complex spinor) case
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Euler s state definition using rotations R(c,0,0), R(0,(3,0),and R(0,0,7)
Spin-1 (3D-real vector) case

Euler Angle Dial

o
Azimuthal coordinate)

Euler Angle Dial
B

(Polar coordinate)

An
astronomer’s
diagram

3T7X3

| —>1
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
Spin-1 (3D-real vector) case

Third rotation R(a00) Second rotation R(030) First rotation R(OOy)

Sets the (3 dial
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
Spin-1 (3D-real vector) case

Third rotation R(a00) Second rotation R(030) First rotation R(OOy)

Sets the (3 dial

))=(R(a00)) (R(0B0)) (R(007))

coso. -sina 0 \( cosf 0 sinf3 \( cosy -smy O
=| sma cosa O 0 1 O smy cosy O
. 0 0 1 ){ -sinf3 0 cosf oo 0 1,
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
Spin-1 (3D-real vector) case

Third rotation R(a00) Second rotation R(030) First rotation R(OOy)

Sets the ,B dial

))=(R(a00)) (R(0B0)) (R(007))

coso. -sina 0 \( cosf 0 sinf3 \( cosy -smy O
=| sma cosa O 0 1 O smy cosy O
. 0 0 1 ){ -sinf3 0 cosf oo 0 1,

o) =R(oPy)Jex)  ley)=R(chy)ley)  |ez)=R(abr)le,)

<ex coscrcos fcosy —sinocsiny  -coscrcos Bsiny —sincrcosy (cosocsin 3
(<eA|R(aﬁ}/)|eB>)= <eY sino cos fcosy +cosasiny  -sinocos fsiny +cosocosy | sinosin 3
—Cos Y sin sin’ sin cos
<ez ysinf3 ysinf3 9 p )

Note lab frame polar coordinates
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
Spin-1 (3D-real vector) case

Third rotation R(a00) Second rotation R(030) First rotation R(OOy)

Sets the (3 dial

(R(or))=(r(a00))  {rog0))  {r(oor)

coso. -sina 0 \( cosf 0 sinf3 \( cosy -smy O
=| sma cosa O 0 1 O smy cosy O
. 0 0 1 ){ -sinf3 0 cosf oo 0 1,

o) =R(oPy)Jex)  ley)=R(chy)ley)  |ez)=R(abr)le,)

<ex coscrcos fcosy —sinocsiny  -coscrcos Bsiny —sincrcosy (cosocsin 3
(<eA|R(aﬂ}/)|eB>)= <eY sino cos fcosy +cosasiny  -sinocos fsiny +cosocosy | sinosin 3
<ez ( —cosy sin 3 siny sin 3 | cos B )j

Note lab-frame polar coordinates of Z(body)

...and body-frame polar coordinates
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,)
Spin-1 (3D-real vector) case

BOD frame view LAB frame view
Zl-B Polar angles of Bz Polar angles of
lz LAB zenith z=x3 are 7 BOD zenith z=x3 are
e : V| (azimuth angle=—, ;! y (azimuth angle=q,
—Y polar angle=— ) i polar angle=p )

, .
X' ,=-X,81n 0c+x2cos o

Fig. 10.4.3-4 Mechanical device demonstrating Euler angles (o.,3,y)
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)

Spin-1 (3D-real vector) case

BOD frame view

Polar angles of
LAB zenith z=x3 are

(azimuth angle=—,

polar angle=— )

o\

’/ __ . .
X' ;=X,C0S OlTX,SIn oc/,

—X 3
zenith

LAB frame view
Polar angles of

BOD zenith 7=x 3 are

(azimuth angle=q,
polar angle=p )

, .
X' ,=-X,81n oc+x2cos o

Fig. 10.4.3-4 Mechanical device demonstrating Euler angles (o.,3,y)

Euler Angle Dial An

astronomer’s
(Polar coordinate) diagram

Euler Angle Dial ,
Y y
(Twist coordinate)

(a)
Euler
angle

goniometer

Euler Angle Dial

(0
Azimuthal coordinate)
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)

s Euler Angle Dial An
Euler Angle Dial j astronomer’s

(Polar coordinate) diagram

Spin-1 (3D-real vector) case

(Twist coordinate)

(@)

BOD frame view LAB frame view f::;:
Polar angles of Polar angles of goniome‘té;

LAB zenith z=x3 are BOD zenith 7=x 3 are

(azimuth angle=—, (azimuth angle=q,

polar angle=— ) polar angle=p )

zenith

B | Axis-Angle Dial
: o
Dial (Crank Polar Angle)

Axis-Angle Dial
0]

Rotational Analog Computer] (Crank Azimuth Angle)

, 3
X' ,=-X,81n oc+x2cos o

Fig. 10.4.3-4 Mechanical device demonstrating Euler angles (o.,3,y)
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» Euler s state definition using rotations R(c,0,0), R(0,3,0),and R(0,0,7)
Spin-1 (3D-real vector) case
3 Spin-1/2 (2D-complex spinor) case

Wednesday, February 4, 2015

87



Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)

...................................................................................

‘ a> =R (&67)‘ T> SZ OI’lglnal (1) Rotate by y

= R[ozaboutZ:-R[ﬁaboutY]-R[vaboutZ]‘T> Spln State |1> around Z
. B . B |
_ e 2 0 oo - 6_% 0 |: A |T> . (2) Rotate by B y
— ) Z% _ ﬁ é Z% : around Y S
e Sin COS 0 e : 0

2 2 S, S,

.........................................................

(3) Rotate by o
around Z

~
S -
-
~
=~ -
>

General Spin Stateé
'¥)=R(opy)|T)-
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)

a) =

R{a)|1)
Rl about 7|

—€

-R[Fabout Y |-R|~yabout Z]‘ T>

Cosﬁ —sinﬁ il
2 e 2 0
ol
sinﬁ cosﬁ 0 e?2
2
_Z'O‘_V
2 Siné A
oty
2 Cosé 0
_% _ T, + ipl
T, + ip2

...................................................................................

Original |
Spin State |1)

............................

(2) Rotate by 3
around Y

.........................................................

(3) Rotate by o

around Z %

General Spin Stateé
'¥)=R(opy)|T)-

(1) Rotate by y
around Z

v
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» 3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
- Asymmetry S4 =Sz, Balance Sg =Sx, and Chirality Sc =Sy
Polarization ellipse and spinor state dynamics
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

Each point {E,E>} defines 2D-HO phase space or analogous W-space given by 2D amplitude array:
This defines real 3D spin vector (S4, Sk, Sc) “pointing” to a polarization ellipse or state.

1 I( « a Ir « # 1
AsymmetrySAza(a|GA|a)=—( a; a )( o ]{ : ]=[a1a1—a2a2] =5[x12+p12—x§—p§]

2 0 -1 )| a | 2
1 1 # * 0 1 aq | * *
Balance 5325(6403‘61):5( a a )( L0 J :5|:a1a2 +a2a1] :|:p1p2 +x1x2]
a
. . 1 1 * % -1 a —1 * *
Chirality SC:E(a|GC|a):E( a  a )( (l) Ol ] 1 =?l[ala2—a2al]:[xlpz—xzpl]
a

T, + ’zlpl
T, + z’pQ
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states

Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

@ /8
: . : - e %cos—
Each point {£},E>} defines 2D-HO phase space or analogous ‘¥-space given by 2D amplitude array: | & |_| & T®, |_ , o2
This defines real 3D spin vector (S4, Sz, Sc) “pointing” to a polarization ellipse or state. a, z, + 1, 61'% sin 2
4 )
1 I 1 0 a Ir « . Iro 2 2 2 2B 2P 1
Asymmetry S 4 =5(a|GA|a)=5( a, a, )[ 0 —1 )[ . J =5[a1al —azaz] =5[x1 +p; — x5 —p2]= E[COS ——sin 5] ZECOS'B
1 Y O ap | 1 o« 0 oty o=y aty a-y| B. Bl_1 :
Balance SB_E(a’GB’a)_E( a  a )( Lo J . —5[0102 +a2a1} —[plpz +x1x2] —I[—sm sin 08— cos—— |cossin —2cosocsmﬁ
o 1 1/ « 0 —i a —ir , oa+y . o—y a-y a+y} B.BlI. .
Chiral Sc=—lalo =—( ) =— — = - =[| cos sin — COS +—SIn——— |coS—sin— |=—sina sin
irality S¢ 2(a| cla) S\ @ a [ C 0 ] ) 5 [‘haz a2a1:| [xlpz x2p1:| { > > > RN D) P
2 J
SR --1-- ~Y.:§Sinocsin[3
S"E:E;SG‘Si?? ........

General Spin Stateé
'¥)=R(0py)|T)-
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states

Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

Each point {E1,E>} defines 2D-HO phase space or analogous P-space given by 2D amplitude array: | & | _| % +tw | A
This defines real 3D spin vector (S4, Sk, Sc) “pointing” to a polarization ellipse or state. a, z, +1p,

1 | 1 0 a Ir o« * Ira, 2 2 2 2B 2B
Asymmetry S 4 =5(a|GA|a)=§( a, a, )L 0 —1 )[ . ] =5[a1a1 —a2a2] =5[x1 +p; — x5 —p2]= E[COS ——sin 5]

1 1 +« 0 1 a Ir o« « . o+Y . a-y o+y o—y B . B
Balance  Sg :5(61’0'3’0)= 5( a  a )( {0 ) . =5[a1a2 +aza1} =[p1p2 +x1x2] =I[—sm sin + cos 5 cos 5 cosEsm—

i a —ir « . _ _
Chirality S¢ Z%(a|6c|a)=%( aik a; )[ (z) Ol j alz =7l[a1a2—a2a1]=[x1p2—x2p1] =1[cosa+ysina2y—cosazy—sinaTﬂ/}cosgsing
azimuth

General Spin Stateé
'¥)=R(0py)|T)-

-
~ -
-

Nes

e 2

ey

o
e 2 sin

COS —

G

1
= —CoS8
5 cos

-

S -
~
-
S -
>
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states

Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

Each point {E1,E>} defines 2D-HO phase space or analogous P-space given by 2D amplitude array: | & | _| % +tw | A
This defines real 3D spin vector (S4, Sk, Sc) “pointing” to a polarization ellipse or state. a, z, +1p,
1 I 1 0 a Ir » * Ira 2 2 2 2B 2P
A try S, =—\alo =—( ) =— - =— +p; — x5 — = —[cos” ——sIn" —
symmetry S, 2(a| ala) e @ [ 0 —1 ] . 5 |:a1a1 a2a2] 2[x1 PL—X; Pz] 2[ 2]
1 R YR (V| a | 11 o« £ o Laty . o-y a+y _a-y| B . B
Balance S _E(a’GB’a)_E( a, a, )( L0 J . —5[010‘2 +a2a1} —[plpz +x1x2] —I[—sm sin 5 + cos cos 5 cosEsm—
o 1 IR Y 0 —i a | i o« _ _ o+y . o—vy o—y . o+y B . B
Chirality S = E(a|ac|a) = E( a, a, )[ : 0 ] . _E[al ar — ara ]—[xl D> —X> D1 ] —I{cos sin S oS '—smT COSESIHE
azimuth
. S ST R
(a) Real Spinor (b) 2-Phasor (c¢) 3-Dimensional Real R
S,(;OSG*S

Space Picture U(2) SpinorPicture R(3)-SU(2)Vector Picture

“*%~>=Re¥
\\V“%

W1 = x +ipy = ¥l el
Wy = Xy+ip, = ¥, 10,

(2D-Oscillator Orbit) p1=Im'y e
) A \ SOV IR ,~
x1 Re'V E SA P .:
pr=Im%¥» : X . E
NiReY oy : - General Spin State:
xp=Re¥» 2 ' ; :

~ 1
~

Sx -
SA=(P1* ¥ - ¥2F P2
Sgp=M1*¥Y2 + ¥Yo*¥)2
Sc=MW1*¥2 - ¥o*¥1)/2i

Fig. 10.5.2 Spinor, phasor, and vector descriptions of 2-state systems .

¥)=R(aBy) | T)

Nes

€

ey

o
e 2 sin

2 cos

G

1
=—cosf3

-

-
=~ o~

-
S -
>
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» 3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
Asymmetry S4 =Sz, Balance S =Sx, and Chirality Sc =Sy

¥ Polarization ellipse and spinor state dynamics
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Polarization ellipse and spinor state dynamics

(a)
Stokes Vector
ABC-Space

(b)
Polarization
Xy-Space

Fig. 10.B.3 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).
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Polarization ellipse and spinor state dynamics A T JH crank-Q vector
X

for negativeﬁ?2

S(0) ~ |-B
)

%JB > Nwy
| |y[ " )
%.

Fig. 10.5.5 Time evolution of a -type beat. S-vector rotates from A to C to -A to -C and back to A.

(a)
Stokes Vector
ABC-Space

' ‘||x>

(b)
Polarization
Xy-Space

Fig. 10.B.3 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).
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Polarization ellipse and spinor state dynamics

(a)
Stokes Vector
ABC-Space

' Mm

(b)
Polarization
Xy-Space

Iy>[

S(0

-A

< H crank-Q vector

for negativeﬁ?2

-B
e

IR)

¢

Fig. 10.5.5 Time evolution of a -type beat. S-vector rotates from A to C to -A to -C and back to A.

Fig. 10.5.6 Time evolution of a C-type beat. S-vector rotates from A to B to -A to -B and back to A.

|X(15°))

1X(30°))

7

e

Ix<45°>>=|{+)>

|X(60°))

Fig. 3.4.5 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).
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U(2) World : Complex 2D Spinors
2-State ket V)=

Xl LPl \/Ne'i‘x/zcosB 2
—0y
2

. — e-1Y/2
OL_;[
) \PQ, VNel®%2ginB/2
R(3) World : Real 3D Vectors /4 B-iC
S 1B cosor
V) State Nompes H-Operator &%c D
Spin Vector Sc | = Nsin sino. % Angular Ve]_OCity
S S4 Ncosf3 — Q: Qp 2B QsinVcos@
(fOI’ o=15° B=450) X 150)> |X 150°)\> Qc|=|2¢C |=| QsinVsing
w § _ Qy A-D \Qcosd
IL) B#45 <
- S0 _Ji o))
1X(30°)) H crank-Q vector
(for @=75° ¥=65°)
x(459))=](+)) C

ﬁJB - R

[X(60°)) , -
= = A X(120°))
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