Group Theory iIn Quantum Mechanics
Lecture Qi.29.15)

Spectral Decomposition of Bi-Cyclic{CU(2)) Operators

(Quantum Theory for Computer Age - Ch. 7-9 of Unit 3)
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-3 of Ch. 2)

Review:How symmetry groups become eigen-solvers

How C> (Bilateral " g reflection) symmetry is eigen-solver

C2 Symmetric two-dimensional harmonic oscillators (2DHO)
G (Bilateral " g reflection symmetry conditions:
Minimal equation ofig and spectral decomposition o#(&)

C2 Symmetric 2DHO eigensolutions
G Mode phase character table
G Symmetric 2DHO uncoupling amiixed mod@rojector algebra
2D-HO beats and mixed mode geometry

Three famous 2-state systems and two-complex-component coordinates

ANALOGY:U(2) vs R(3)2-State Schrodingen:#$ (1)% H|$ (t)%vs.Classical 2D-HO #%x=- K¥x
Hamilton-Pauli spinor symmetry! (-expansion ilABCD-TypesH=&,! ,
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» Review:How symmetry groups become eigen-solvers
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Review:How symmetry groups become eigen-solvers

Suppose you need to diagonalize a complicated opéfadnod knew thak commutes
with some other operatofs andH for which irreducible projectors are more easily found.

KG=GK br GKG=K or GKG =K (Here assumingnitary
KH=HK br HKH=K or HKH =K G =Gt andH =H?)

This mean«K isinvariantto the transformation by andH
and all their product&H, GH?2, G2H,.. etc.and all their inverses |H ,.. etc.

The groupGk ={1, G, H,.. }so formed by such operators is calledyamnmetry groujor K.

In certain ideal casesk&matrix(K%s a linear combination of matrice®s G% H%.. fromG K)
Then spectral resolution §T1% G% H%, } also resolvesK %

We will study ideal cases brst. More general cases are built from this idea.
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How C; (Bilateral " g reflection symmetry is eigen-solver

» C. Symmetric two-dimensional harmonic oscillators (2DHO)
G (Bilateral " g reflection symmetry conditions:
Minimal equation ofig and spectral decomposition o#(&)

ANALOGY:2-State Schrodinger:#:|$ (t)% H|$ (t)%versus
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C2 Symmetric two-dimensional harmonic oscillators (2DHO)

2D HO ObinaryO bases and codgb,x:} 2D HO Matrix operator equations
(a) unit base state (b) unit base stat Dktk, Tk, S
j— j— j— 1 f— o — 0 I $ # 2 2 &-I $
IO!’le 2! (o |1I=[y!=[-1! 73 L A '|v| M gy g
< # X & Z ko, Ktk & x, &
O A 1 T
1 ~I_.T 12 =0 1 | %! $
%=1 X _oq Koy %% More conventional
# Ky Ky 8 % & coordinate notatio
%) = K {xoxal (0 {xa,x2)
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C2 Symmetric two-dimensional harmonic oscillators (2DHO)

2D HO ObinaryO bases and codgb,x:} 2D HO Matrix operator equations
(a) unit base state (b) unit base stat 'tk Tk $
T, ! e a0 2 2
IO!:Ix!—IZ! —(o) |1!—Iy!—|-1!:7:j ;# Y 22. ﬁ M M g‘;& X z
y 0 M| # 3 & z Tk Ktk g#xz &
S h A d M M 0
T %=0 =0 Xl ko kS, 8
(c) equilibrium zero-state | =4 e ' & More conventional
-~ i) 21 Koo 8 % & coordinate notatio
) = K ) Doxad( {xaxed
)(0=0 x1=0

(a) PE Contours

2D HO kinetic energy T{yv») 2D HO potential ener%y V{(xXx2)

T=%ml*12+%mz*§ v =%(k1+k12)xf! k12X1X2+§( 2+k12)X§
" 0
-2 imjx =30k whae k=g 15 e - B
- Ko Ky TKp
% g_i;]:”’15‘!12Flz_g_)z:_(kﬁklz)xﬁklzxz .
d% g—ijzmﬂz:”z:‘g—z: (bt ), 2D HO Lagrange equations Q:‘) o
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How C; (Bilateral " g reflection symmetry is eigen-solver

C. Symmetric two-dimensional harmonic oscillators (2DHO)
G (Bilateral " g reflection symmetry conditions:
Minimal equation ofig and spectral decomposition o#(&)

ANALOGY:2-State Schrodinger:#:|$ (t)% H|$ (t)%versus
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C2 Symmetric two-dimensional harmonic oscillators (2DHO)

2D HO ObinaryO bases and codgb,x:} 2D HO Matrix operator equations
(a) unit base state (b) unit base stat 'tk Tk $
I:I:l:1 ::-:07 ! $ # 2 2&-' $
|O.‘ X!=[2! (0 |11!=[y!=[-1! 71 ’ % i 'M M ogu g
1 # 3 & Z ki,  kitky, & x, &
------------- T
Ik K. 8! $ :
_og 11 P12 n 1 o More conventional
# Ku Ky 8 % & coordinate notatio
) = oK) Dol ( {xaxd

C2 (Bilateral " g reflection) symmetry
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C2 Symmetric two-dimensional harmonic oscillators (2DHO)

2D HO ObinaryO bases and codgb,x:} 2D HO Matrix operator equations
(a) unit base state (b) unit base stat 'tk Tk $
—Ixi=[2! =|* —i=l-11=|0 4 $ # 2 2 &y $
o'==l2! =[5 [A1=lyi=}-11 73 LhSE T W Ex
# 3 & Z ki,  kitky, & x, &
| M M &
k. k.9 X, $ :
—vy 11 12 o 71 o More conventional
# Ku Ky 8 % & coordinate notatio

Y) = K[ Do (o {xxg

C. (Bilateral " s reflection symmetry conditions:
Ky ! K1 K, and:K, ! k! Ky, ="k, (Let: M=1)

ﬁan Ky, & # g k & #1 0& #0 1&
ko By  CRey (PR
%0 21 22

K= Kd + kag,
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C2 Symmetric two-dimensional harmonic oscillators (2DHO)

2D HO ObinaryO bases and codgb,x:} 2D HO Matrix operator equations
(a) unit base state (b) unit base stat 'tk Tk $
j— j— j— 1 f— o — 0 I $ # 2 2 &-I $
|0 =[x!=[2! (o) |1I=[y!=[-1! ﬁ L A '|v| M gy g
# 3 & Z ki,  kitky, & x, &
‘ TR
> 12 e
= = (-l-) =0 = ! $! $ .
%=1 %=0 e %=1 _oy K1 K2 2, %2 More conventional
# Ku Ky 8 % & coordinate notatio
) = Ko Doxat( {xaxd

C2 (Bilateral " g reflection symmetry conditions: K-matrix is made of its symmetry operators in
Ky ! K1 K, and:K, ! k! K, ="k, (Let: M=1)

y A group G={1," g} with product tablec2 1,

o Ki1 Kpp _# K k &_ #1 o0& # 0 1 &

0 E =04, (= K% ( +K % ( 111 7,

$ Ky Ky k K 0 1 1 o N
K= K4 + ki, ——
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C2 Symmetric two-dimensional harmonic oscillators (2DHO)

2D HO ObinaryO bases and codgb,x:}
(a) unit base state

0l=[x1=[2! :(3)

(b) unit base stat
|1!=|y!=|-1! =7ﬁ

e F12
%=1 %=0 x1=0

C2 (Bilateral " g reflection symmetry conditions:

Ky ! K1 Ky, and:Ky,! k! K., ="k, (Let: M=1)
Ky Kp& #y k& #1 0& #01&
00 E:OO (:KO (+ % (
%Ky Ky k K °0 1 1 0
K= Kd + ki,

2D HO Matrix operator equations

| . $
| ‘ $ # ki +Kp5 Ki» 2 " g
# Leg=r# M Mgy 1 g
# 1 & z ki, Ktk & %, &

M M %
—p U &# g More conventional
# Ky K 2 8 % & coordinate notatio
*) = Ko x) Doxad( {x,xe}

K-matrix is made of its symmetry operators in

group G={1," g} with producttablec2 1 7
111 /4

/ /
] B " B 1

Symmetryproduct tablegives C group representations group basi§|0%--1|0%)1% [1%= g|0%)| %

; (1an) (afare) 2

. (1] 1)
(1 olt/1) (o) g

1 0%

$ <1| B|’ > %_"
Bo1e U ln) (e, B

0 1%
0 &
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How C; (Bilateral " g reflection symmetry is eigen-solver

C. Symmetric two-dimensional harmonic oscillators (2DHO)
G (Bilateral " g reflection symmetry conditions:
Minimal equation ofig and spectral decomposition o#(&)

ANALOGY:2-State Schrodinger:#:|$ (t)% H|$ (t)%versus
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C. Symmetric two-dimensional harmonic oscillators (2DHO)

(a) unit base st?tle\ (b) unit base sta}tei | . j# K +k, 'k, ?J .
Ol=lx!=[2! = I=jyl=|-11= | -

jO!=Ix!=| 0 [11=]y!=|-1! ﬁ:l é‘;ﬁ I:(/I kMk g##xlg

0 2 2 KKy )
mw o kmgm mm P g
|_> 12 l_ Ko |_> Ky | | $
0~ _ou K K i# Mg |

% X &

#
1000048 # Ky Ky X ]
mmlk Aty W %) = 'K |x) { X1,%2}
K12 I 1

n

Kiy! K1 Ky, and:iKp,! k! K, ="k, (Let: M=1)

group G={1," g} with producttablec_ | 1 .
Ky Ko # g & #41 0& # & 2 5
% = 04 (:KoO (+koO ( 1 1 o
% Ky Koy k kK "0 1 :
oglog 1

K= Kd + k&

Symmetryproduct tablegives C group representations group basi§|0%--1|0%)1% [1%= g|0%)| %

$ (1)) (2arg) P g g el (arelre) P 1w

$ L) (o)) y B0 18 S0 a1) (ulela) B2 0a

Minimal equation of' g is: " g%=
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C. Symmetric two-dimensional harmonic oscillators (2DHO)

(a) unit base state (b) unit base stat 'k + - $
lol=|x!=|2! = 1 1=\=|-11= 7% ! $ # SRALE i & $
o [11=lyi=] PR A VR VR
R & H oK K +k, & x, &
off 2 2 2 2
OB - e
1 I__y 12 | K1 |_> Ky | 3! $
%=1 _i g Kir Ko on 1 g |
# Koy Koy 8 % ¢ !
' 100100
mmlk Aty W %) = K |x) { X1,%2}
1 K12 L%
xO:
n
K‘ll! K | K22 gnH'Kzl k!l K..="k (Lef |\'/|::|__) _
group G={1," g} with product tablec | 1
Ky, K& # g & #1 0& # & 2 5
% 2200 (:KoO (+koO ( 1 1 /4
%K, Ky, k K £0 1 3 2
K= K1 + k — 1=

Symmetryproduct tablegives C group representations group basi§|0%--1|0%)1% [1%= g|0%)| %

$ (1)) (2arg) P g g el (arelre) P 1w

$ L) (o)) y B0 18 S0 a1) (ulela) B2 0a

Minimal equation of' g is: " g%=
or:"g2* 1=0=("g* 1)("s+1)
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C. Symmetric two-dimensional harmonic oscillators (2DHO)

(a) unit base state (b) unit base stat 'Ktk 'k, $
1 2 2
WERE |2'—o> 1= |y'|1'6ﬁ LIS A VIR VIR S
i & 7 Tky Ktk X &
(( 2 2 2 2
IS R
1 I__> 12 I K1 I-» Ky | $| $
=1 _i g Kin Koo on 1 g |
# Ky Ky 8 % &, !
r 10000000
mm, alillty W %) = K |x) { X1,%2}
1 K12 I 1
xO:

Ki;=K=K d:K,,=k=K Let: M=1
11 22 ANC-Kqp 12="K, (Le ) group G={1," s} with product tablec | 1

K., K 2 B
11 12 _( K k ]_K[l Oj+k( ] 1 1 I
Koy Ko, k K 0O 1

lalls 1
K= K& + ké

Symmetryproduct tablegives C group representations group basi§|0%--1|0%)1% [1%= g|0%)| %

s (1) (1)) %_él 0% g (tlel1) (1lralrs) ?%0 1%
3 OG) (o) g Fotd  FUufn) (o) B0k
Minimal equation of' g is: " g?=

or:"g2* 1=0=("g* 1)("s+1)

with eigenvalues:
{Ix*("e)=+1,x" (") =" 1}
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C2 Symmetric two-dimensional harmonic oscillators (2DHO)

(a) unitbasestajltle\ (b) unltbasesta?teﬁ ! k +k, 'k, $
1=} |2'—0/ [L1=ly=f1i=| RS DA VIR VIR R
Ho +
Wﬁ ulum m mQA # R &, s |l\</:2 K Mklz gf X, &
l.; 12 l 12 l-» 1 | $| %
_i g Kii K on 1 g |
# Ky Ky 8 % & !

f Q0000000

M SR %) = K |X) {X1,%2}
1 K12 I 1
XO:

n

K. ! K' K, and:K,, ! k! K., ="k, (Let: M=1) Lo

H = . e group G={1," &} with product tablec | 1

# Kk, K, & # & # & # & 2 -

o 1t 12 (=g KK kgt O ChkgY 1] 1 |

WK, Kyt £k kL 7¢0 107§ N
"Bl B

K = Ka + k&
Symmetryproduct tablegives C group representations group basi§|0%--1|0%)1% [1%= g|0%)| %

() (1) %y gm g (1lelt) (arere) B g g
B0 Ga1) (eaie)p RO 18 F(fr) (oieia) g B o0&

Minimal equation of' g is: " g%=1
or " e 2 1=0=('g* 1)(" s+ 1) Spectral decomposition ofCs) into {P*,P" }

_ptyp!
with eigenvalues: L=P+P
(e =+1x () =" 1) ", =PUP
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C2 Symmetric two-dimensional harmonic oscillators (2DHO)

| + ! $
s # Ky k12 I\ka I
PR B e ok, 8
f‘ p t 2 2 N 2 X2
TG AT T P e B g
12 [ N 1 | k12 | k1 I |
_i g Kir Koo 2# X 2 |
' <> # Ky Ky 8 % & )
ML iy W o= K| {x%2)
1 12 I
n
Ki,! K! K,, and:K,! k! K,="k,, (Let: M=1) } _
. . group G={1,"s} with product tablec_| 1
K, K # & # & #
0% 11 122:00]{ ClEKot 9 kg 11 !
WK, Kyl £k K 0 10 7¢ N
K= K4 + ké -

Symmetryproduct tablegives C group representations group basi§|0%--1|0%)1% [1%= g|0%)| %

§ () (afafrg) * g g )y (gl g L w

$011) (ot )y F0 18 S0 ) (s B 0k

Minimal equation of's is: " 8 2=1 pr=t*'p 3

or " e 2 1=0=('g* 1)(" s+ 1) Spectral decomposition ofCs) into {P*,P" } S
_ bty D

with eigenvalues: 1 =P+P ot _ (!5 _g

(X8 = 41X ("e) =* 1) "p=P P 23

Nl Nl

= - Pt -projectors:

N~ Nl

NI Nl

%
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+Cz Symmetric 2DHO eigensolutions
G Mode phase character table
G Symmetric 2DHO uncoupling
2D-HO beats and mixed mode geometry

ANALOGY: Versus
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C. Symmetric 2DHO eigensolutions

K = K4 | klz'

K k& ke &_Z;kl-i_kl k&
bk K 3 Zf’lowfo'kl o ¢ R
Co(! 5) spectrally decomposed int®{,P }projectors: p+:1+2' B:% i ij
1 =p*+P # 2 2&
noo_ ! ) K
,=PTLP (M g2 G
............. 2 $ 1 1
#(2 2 &

Eigenvalues of s : |
(e) =+1,) ("e) = 1)

19
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C2 Symmetric 2DHO eigensolutions c,

K = Kd 1 kg K-matrix is made of its symmetry operators
/

| K50 &—ikl o the iIngroup G={1" B}Wlth product table Bl
é" 1 Zf"lo‘ @ 1k, Kk, y

1 |
Co(1 &) spectrally decomposed int@Y{,P }projectors: p* :“T-B:$ ? ? '
1 =P"+P #2101 8&
| — | " (y
8PP R 2 o
Eigenvalues of s : 2 3G 5 g

() =+ () =% 1)
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C. Symmetric 2DHO eigensolutions

K= kd 1kt K-matrix is made of its symmetry operators
o +k, 'k, & /
ingroup G={1," g} Wlth product table Bl

§00 1( 12{"10(%).12 k1+k122 / 11 %
Cao(! =) spectrally decomposed int&{,P" }projectors: p* :“T'B:% 22
1 =P"+P" # 2 2&
GB:.P+:_P_ P(_l(!B_é% élfyc
............. 2 $ 1 1
Eigenvalues of s : #(2 2 &

(') =+1Lx ("e) =* 1)

Eigenvalues oK=K&a - kisa & :

e*(K) =K* kiz, £"(K) =K +ka2
=k = K1+2ki2

C,
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C. Symmetric 2DHO eigensolutions

K = K& ! k.,
1 & Ttk kg, &
=%
é"o 1( klzf"l 0‘ % 1k, k1+'<12£
Co(1 5) spectrally decomposed int®{,P" }projectors: p*=
1 =P"+P'
=PTLP

Eigenvalues of s : |
(e) =+1,) ("e) = 1)

Eigenvalues oK=Kdl - ki2a &

1+O'B B

e*(K) = K* ko,

e (K) =K +ki2
= ki+2ki2

NI~ Nl

NI~

I
NI~

NIER, Nl

NTERINR

1
|

K-matrix is made of its symmetry operators | 1 !,

iIn group G={1," g} with product tabl

S S

N

N I

c,| 1 !/,

/ /
A |

of & & )Mt

factored projectors

o & 3 )
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C. Symmetric 2DHO eigensolutions

Z | A C,| 1 og
T @ #k12 . K-matrix is made of its symmetry operators | 1 o,
L& gty kg o5 |0 1
=%
§° 1( klzf"l o( % 1, k1+k12£ iIngroup G={1" B}Wlthlproductltaiole B|YB
Ca(1 &) spectrally decomposed int®4,P’ Yprojectors: p*=1*’ ? i , :% ff . @ £ o4 °8/L° +)(+
1 =P"+P 2 28 $ 2y
factored projectors
r =p*t1 P "1 1% 1%
_B _____ p)zl)!B:$ 2 )2':$\/§: 1 )1 /0|)><)|
Eigenvalues of s : ' 11 § I # 2

(') =+1Lx ("e) =* 1)

Eigenvalues oK=K&a - kisa & :

e*(K) =K* kiz, ¢ (K) =K +ki2
=k = K1+2ki2

S S
N lll—‘ s\“*

—t
-]

Diagonalizing transformati

k1+ kl 5
k1+ k12

IQ‘
Nl N

Ny (RS

(D-tran) of K-matri

0
0 kpt2k,
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C2 Symmetric 2DHO eigensolutions e |1

K = K& - k,ao,

K(é il‘kﬂ[i é][ itk ke
Kip Ktk

Ca(1 s) spectrally decomposed int€{,P" }projectors: p*=

1 =P"+P'

Eigenvalues of s : :
{Ix*("e)=+1,x" ("e) =" 1}
Eigenvalues oK=K&a - kisa & :
e*(K) =K* kiz, ¢ (K) =K +ki2
=k = K1+2ki2

K-matrix is made of its symmetry operators | 1 !/,

ingroup G={1"s} with product table 's|'s 1
1 1% 17
1+ 2 2 _$ 2 1 1 %
_$ 2 2 _ 11 %
B_$ 1 1'% :( B2 2 & )
# 2 2& B g
R e e L e e P e e P e R EE LT LT PR L EPE * factored projector
1)! "}>—1%$f‘%' %
) - _$ 2 'z _3$ V2 1)1 %
Pty T8 (e s a0
___________ #2 2 & B ha
Diagonalizing transformation (D-tran) of K-matri
1 1% o, L 1% %
$\52$ Ktk Tk .%ﬁ \5::$k1 o
1 11 | ' 1 11, 0 2 '
$ 5 25&§ ki k1+k12&§& 2&§ kKi+2k, &
"""" (D-tran)
1 1 %
$ V2 2! _
$ 1 17
22 2 og

Sunday, February 1, 2015
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C. Symmetric 2DHO eigensolutions

K = K1 ! k,",

| = 0

%) !k12

ky * Ky, E

Co(1 5) spectrally decomposed int®{,P" }projectors: p*=

1 =P"+P'

Eigenvalues of s : :
{Ix*("e)=+1,x" ("e) =" 1}
Eigenvalues oK=K&a - kisa & :
e*(K) =K* kiz, € (K) =K +ki2
=k = K1+2ki2

#k1+k12 LKy &

K-matrix is made of its symmetry operators | 1 !/,

in group G={1," g} with product tablg " B|°B

______________________________

C,| 1 !,

/ / 1

1 1 vl
1+o0 ) N2 11 )
| 2 f}z 2 ®('ﬁ___ﬁ_)_|+><+|
2 2

------- - factored projector

2 le( £ 2 )

Diagonalizing transformation %D’-’t’rén) of K-matri

|k 0
|0 kp2ky,

(D-tran)
" %

S—

&
(al+) () 4

;
3 (%) (x[') g

(D-tran is its
own inverse
In this case!)

ST
S-S
ey

\/
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C. Symmetric 2DHO eigensolutions

. C, B
K= kd = kv, K-matrix is made of its symmetry operators ! g
10| 0 1 |_| ‘thkn —hp Il 1
K( . 1] klz[ - ]_[ S k1+k12] ingroup G={1,"&} Wlthlproldtjoct"ta}al((:;0 B
Ca(! 5) spectrally decomlposed int®Y,P" Jprojectors: p* :1+2' 2§ 2 2 = “/15 (3 i 4 Z": +)(+
1 =pP"+P #2 2& § plg
' LR e - factored projector
L =P' P! 1,1 %: P
BT P =t a=% 2 2 S8E (g L L )y
Eigenvalues of s : . 2 3,1 1 § 0z o 2
X' =+l (") = 1) D.ag'arian'z*.'m'g''tir;a'h‘s‘far'ma'To'h‘X B-tran) of K-matri
Eig(e;valgelf oKzIfé(iLK; k|1<2é|f: 5 [ ktk,  —ko, ] fg s _[ Kk 0 J
e*(K) = 12, € =K +Kki12 1 -1 - S T N 2
=k = k1+2ka>2 2 V2 ; R N2i V2 ot
""""""""""""""""""""""""""""" (D-tran)
-------------------- 1 1 %
------------------ $ '
(o) (o) % % 0w () B 0 % YR,
g (0 () Pl P g () () g . $ 2 A
B (o) g # ke ktka g F0gl) (%) g 20 k2, g " x4y (k1) ¥
X|*) 4l
-- - -- $
G () (o) %8 Gl (i) 28 Gel+) () 200 (oKle) (kD) % 30 o)
. .= &
B (1) () g (elkpe) OolK]x) g8 (of+) (of!) g & (KI¥) (K[ g (D-tran is its
Full Dirac notation own inverse
In this case!)
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C. Symmetric 2DHO eigensolutions
K = K_& | kpé g

1 & Flgtk, lk, &

#1 0 & # 0 A : B . :
K%,O - (! kl?%"l o(_@ ., k1+k12£ iIn group G={1," g} with product t

H

Co(1 5) spectrally decomposed int®{,P" }projectors: p*=
1 =P"+P"

Eigenvalues of s : :
{x*("e)=+1,x" (") =" 1}

1+ch=
2

Nl Nl
NI~ Nl

K-matrix is made of its symmetry operators | 1 !/,

abl
1 5

®(:

____________________________________

C,| 1 !,

/ /
" B " B 1

factored projector

3 )

Eigenvalues oK=K& - kisa & : S5 b 0/‘; k+k, 1k, % A \é% ko0 %
cH(K) =K* ki, ¢ (K) =K +kpo $ T S g T
(K) . (K) e 5 LR Tk ke &iﬁi.[;.”__;_’& 50 K2k, %
e T e e (D-tran)
----------------------------------------- "1 1 %
--------------------------- .r""——_--— ——""‘——— $ 2 2 _
% <+ x1> <+ x2> 70 kitky, Ky 7 $ <x1|+> <x1|'> %:$ ky o X ;Jli IJ% o
B (x) (o) g B ko Frha e F(o[t) (o) g 20 k2, g s (al*) (xlr)
(o) (o) %8 Gelil) (el o) %8 Cafe) () 90 5 (k[ Gy % 8
ﬁ <! x1> <' x2> &ﬁ <x2|K|x1> <x2|K|x2> &ﬁ <x2|+> <x2|!> '& ﬁ <! |K|+> <! |K|'> & (D-tran is its
“.Full Dirac notation.” own inverse
- g in this case!)
T(+ x)AKAT(E + %)
27
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C. Symmetric 2DHO eigensolutions

C,| 1 /.
K= Kd 1 g . K-matrix is made of its symmetry operators | 1 !/,
# & # & 7 k. + | | .
Koot 2 (1 kpop” (:%|<1 G2 Tl ¢ ingroup G={1"e} with product table 's|’s 1
£0 1081 00 g 1, kit o o T %
. " - . +_1+'IB—$ 2 ?'_$:\/§El 1 1-?/0—
Co(! &) spectrally defomlposed Inte{,P }projectors: p*= Tt e R ( $ 5 o5 #)(+
1 =P"+P #2 2& R g
P L LE LT PP PP Fom e - factored projector
I :P+| P| ' " 1 1%: :l_:%
"8I P  pDlaig 2 2 UgAT L a0ty
Eigenvalues of s : 2 £ 1 e V22 &
e =+1x" ('e) =" 1 . Diagonalizing transformation (D-tran) of K-matri

Cigenualues ok =K - ke o s b Al 1k B A AT o
e*(K) =K* kiz, " (K) =K +ku2 1 g oDl 11l T § 0 k42
=k =ki+2ki2 % V2 2 E&§ B &ﬁﬁ 2: & #O ke
B T (D-tran)
e T e T e L oL
N % o % ol | % % %ﬁ .J5 =
g (Pa) (o) Ptk gy 0 g0l (x| S e 0 52 A
D) (o) § ke Kroa §Oo) (olt) g $0 k2o 5 () ()
X|*) 4l
-- - - -- $
o (o) (o) %6 (i) (ulKp) %8 Gule) (xfr) % 3 (lKJe) (i) 20 2000
. . . = &
B0 () g8 Ok (elKo) of Ool+) (ef') 5 & ([K[+) ([K]!) (D-tran is its
“.Full Dirac notation.” own inverse
- 3 in this case!)

T(E+%)x0%= 4% S
T(x+ %), X%= *% T(x+ x)aKaT(x+ %)’

X1%=T (£ + X),+%
’XZ%:T (i + Xj)1*%

T &+ X)=Tk+ )
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C2 Symmetric 2DHO eigensolutions
G Mode phase character table
G Symmetric 2DHO uncoupling
2D-HO beats and mixed mode geometry

ANALOGY: Versus
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C. Symmetric 2DHO eigensolutions

K= Kd = ks K-matrix is made of its symmetry operators
K( 1 O] klz[ X o) [k1+k12 a2 ] ingroup G={1," &} with product table

01 —Kp Ktk L4 1 l%;.\f% y
; X : _ _$ 2 2 _$WN2' " 1 1 %
Co(! &) spectrally defomlposed Inte{,P }projectors: p*= > 5 _g A SO ( $ 5 o5 #)(+
1 =P"+P #2 2& % plg
LR R factored projector
=pP*l P' L1 % %
Bt . P =t a=% 2 2 S8E (g L L )y
Eigenvalues of : : 2 $.1 1 $hp VB2 2
J . 5 ' 5 B2 2 8% e
{Ix*("e) = +1, X ("e) =" 1} 5 Dlag'c')'ri%iﬁ'z“l'rig"t'r'eih's'fb'r'rﬁéfi'd" D"t'r'an) of K-matri
Eigenvalues oK=Kd - ki2a & $§f§ Z |<1+|<12 k., g; (' fg % ; k o %
e*(K) =K* kiz, & (K) =K +k2 $1 iy @ Kk, ktk i :ﬁ 0 kt2k, !
&
=k1 = ki+2ki2 B 2 _2 _______ 2 i 8@ \F \F i
D-tran
C, mode phase character tables | ¢ 1 %
plsposmon 2 V2o V2
_ - 111,
p=0 p= 22 2 &
ol ]_ @@ G (ul) ()
2 norm:§ (x,|+) (x,|!) &
N2 (D-tranis its
m=1 1 - 1 own inverse
2 In this case!)
m IS wave-number

or OmomentumO
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C. Symmetric 2DHO eigensolutions
K = K1 ! K "

12 B K-matrix is made of its symmetry operators
KoL 0% 0 AR U in group G={1," e} with product table
gOOI( 2§010(%(0. k1+k12£ g p B 1p1%"_%
. i ottt g2 20 SN2, 1 1 %
Co(! &) spectrally defomlposed Inte{,P }projectors: p*= > 5 _g A SO ( $ 5 o5 #)(+
1=P+P #2 28& % g
LR LT EEEE factored projector
+1 D T o
=Pl P 11 % L%

_B o : P):l)!B:$ 2 )§'3$\/§'( 1 )1 /°|)><)|
Eigenvalues of s : E 2 ﬁ )3 3 '& § )J% 2 2.2
Ix'("e) =+L X" ("e) =" 1} Dlag'c')'ri%iﬁ'z“l'rig"t'r'eih's'f(')'r'rﬁé[To'" D"t'r'an) of K-matri
Eigenvalues oK=Kd& - kiza 5 : $§f§ = |<1+|<12 k., % (' fg % ; k 0
e*(K) =K* ki, ¢ (K) =K +ki2 $7 L § Kk, ktk ey :ﬁ 0 kt2k, !

&
=k1 =ki+2ki2 B 2 _2 _______ 2 i 8@ \F \F ’
1 D-tran
(@) Even mode |+!=[0,! =|1 12 C, mode phase character tables | 1 1 %
p|sposmon V2 V2
$ 1 117
B2 2 &

111]]

| i p=0 p=1
e o I | @@ 5 (el ()
Xg=12 X=112 2 norm:$ (x|+) (x,[!) g

A W2 (Dranisits
own inverse
In this case!)

Sunday, February 1, 2015 31



C. Symmetric 2DHO eigensolutions

K= Ka #k12' . K-matrix is made of its symmetry operators
1&g Ktk Tk
=%
é" 1( klzf"l o( % 1k, k1+k12£ ingroup G={1,"&} W|th1proldtjoct"ta}alc(:;}0
: ’ . 1+! 2 2 _$ it %
_ _$ 2 2 _% Nz 1 1%
Co(! ) spectrally defomlposed INt®Y{,P }projectors: p*= . B "$ 1 1078 ( $ 5 j e +)(+]
1 =P*+P' # 2 2& 3% fie
. ot b P CCELE L SRR 0/1% factored projector
A P):1)132$% CRE 1 N 222D
Eigenvalues of s : . 2 31 1 § 5 ﬁ.ﬁ- -----
(e =+1X ('e) =* 1} Dlag'é'riéli'zi'rig"t'réih's'fb'r'rﬁéﬂ'd" D"t'r'an) of K-matri
Eigenvalues oK=Kd - ki2a & $§f§ Z |<1+|<12 Lk, % (' ﬁ ;kl 0o
e*(K) =K* kiz, ¢ (K) =K +ki2 $ iy § ki, Ktk 11! $ 0 Kkt+2k
&
:kl :k1+2k12 % _2 _______ 2 2 8@ \/’ \/’ 2
D-tran
C, mode phase character tables | ¢ 1 %
D is position 2 Jf f =
p=0  p=1 NN

s Ual+) (xr)
norm:§ (xl+) (x|!) g

}) A 12 <
N2 - (D-tran is its
m=1 1 - 1 @ @ own inverse
2 In this case!)

m 1S wave-number
or GmomentumO

(b) Odd mode " 1=[1,) =

X=112 X=-112

Sunday, February 1, 2015

32



C. Symmetric 2DHO eigensolutions

K = K& ! Kk,

é"o 1( klzf"l o( % Tk, Ktk

Ca(1 s) spectrally decomposed int€{,P" }projectors: p

1 =P"+P"

K-matrix is made of its symmetry operators
L& Tk, tk, &
=% E ingroup G={1," g} Wlth product table

1 1% 1%
1+! — 3 $ :\/5' " %
— B_-$ 2 2'_9 N2} 11 /0
- 2 _$ 1 1" ) l:. ( ﬁ,l/.i_-_\_/é_ & +><+|
# 2 28& B g
------------------------------------ Femeemee--  factored projector
1 ! " 1 % ! \/l_. %
"B5_$ 2 2 232 ";)1/0
2 $)1_ 1_' E$)l_:'(§_\/j2_ _____ |)><)|
#'2 2 & -ﬁ JE-..&

Eigenvalues of s : |
(e) =+1,) ("e) = 1)

1 .Oq

--------------------------------

%n

Eigenvalues oK=Kd - kisa & : $f§ k1+k12 1k, % f' Jli A kK 0 %
€+(K) = K* k12, g (K) = K +k12 $ 7L 'l - 0 2
Ky — kit 2K $ \/Ef § Kip Ktk && ( f # ki+2k;, g
1 (D-tran)
Even mode [+!=[0,! =4 |r2 C, mode phase character tables | L L %
plsposmon 2 {2 f .
NN )

111]]

p_

] m=0 1

X=112 X=112 |, 2
"1=|1.] =

Odd mode " 1=I1, _1)I|z 1

2

=1
1
-1

m 1S wave-number

or OmomentumO

X =112 X=-1/12

norm:g (x|+) (x|!1) %

T,
un

(D-tran is its
own inverse
In this case!)
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C. Symmetric 2DHO eigensolutions

-

G Mode phase character table
G Symmetric 2DHO uncoupling
2D-HO beats and mixed mode geometry

ANALOGY: Versus
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C2 Symmetric 2DHO uncoupling
2D HO Matrix operator equations are coupled{xi,x}-basis
LY Ltk Tk Yok Y
# 8 ¥ Tk, Ktk 6F X% &
H) = K X)
. (% |i§_.' (i) (xfKpx) B (x)x)

F o) & F Golka) (ulKl) 8 Gole) &
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C2 Symmetric 2DHO uncoupling

2D HO Matrix operator equations are coupled{ix,x2}-basis...but are uncoupled in{+ ,* }-basis

65k e $n S TENTREIE %
X8 # Tk, KTk, 6F X% & 2 ¥ o B0 kt2k, ghx g
%) = - K X) %) = K [x)
L 0al) 3L (kD) (fK]x) B (glx) ® L) P (]| TR % (+x)
# &="# &t & $ 1% '$ '
#al%) & # (OolK]q) OglK]g) 8 (olx) & B g 2 (e (1K) g8 (11X g
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C2 Symmetric 2DHO uncoupling

2D HO Matrix operator equations are coupled{ix,x2}-basis...but are uncoupled in{+ ,* }-basis

LY Ltk Tk Yok Y

# 8 Ok, KTk, 6F X% &

H) = K X)

. 4 \>>§ (afKPx) (xlK %) 3, () §

5 ) & 8 ki) (el B Gl &

k) = I K )
g () %:! s (HK[+) TRk %8 (+x) %
Ol e 3 I i) b ()
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C2 Symmetric 2DHO uncoupling

2D HO Matrix operator equations are coupled{ix,x2}-basis...but are uncoupled in{+ ,* }-basis

;!# 4 2 ;# k.+k12 P Z_:# X z % | K, 0 X,
#l g ® Tk, kthk, & x, & X_ 0 k2K, X_
W= ok Wo -k

;!# (] %) 3:- ;# ([ Klx) (K ]xy) ZI# (x1[x) 2 (+%) . +|K| (+x)

# (x| ) & ¥ (0, |K|x)  (x,]K|x,) 5% (xa]%) B (—|%) |K| —|x)

C2 Symmetrlc ZDH(DJ_nCOUpled dynamICS E|genbravectors (+ = Jli 12 (1= é 'J%
, o Each mode runs independently

5 M+ (kx, - 0 % (+)-mode at frequenay,= v/ (ki/M) LA LA
2 MY +(k+2Kk,)% o % 0 & (* )-mode at frequenays = v/ (kit+2ki2)/M Eigenket vectors: |+)= % 4 ;&’ ||>:§ 'z i&
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C2 Symmetric 2DHO uncoupling

2D HO Matrix operator equations are coupled{ix,x2}-basis...but are uncoupled in{+ ,* }-basis

o | ktky o~k X X, Kk, 0 X,
X, -k, Ktk ) | 0 k+2k, X_
W -k

| X)
iy | Oalpa) (K Dg) (] (+]%) (K |+) Trkd
(<Xﬂ>] [<X2KX1> (alK ) ]( <X2X>] [<x>]_( W][
C2 Symmetric 2DHQ@ncoupled dynamicS  eigenbravectors: ¢=(2 2) e1=( 3 2

Each mode runs independently

! 0 [ 1]

g MY, + (KD, ./0_ 0 % (+)-mode at frequenay,=+v/(ki/M) T -
%, . _ Eigenket vectors: [+)=§ ¥ ., |1)=§ 2

$ M +(k+2k,)x g #0 &  (*)-mode at frequenay = v/ (ki+2kiz)/M 2 3 A

Spectral decomposition of initial stateO) (X1 x) =(1,0):

1!x(0):(P++P..)¥)O ggf_§>(f f)ﬁgo(g O (5 f%)ﬁ’goo(
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C2 Symmetric 2DHO uncoupling

2D HO Matrix operator equations are coupled{ix,x2}-basis...but are uncoupled in{+ ,* }-basis

AN L PR PR I

# 8 Ok, KTk, 6F X% & S g $0 k1+2k12&§x,&

%) = - K x) %) = K [x)

L Ol 3 Galipx) (xlK ) 3 (alx) S (af) Y (el ) T % () %
<X2| ) & # OglK]x) (lK]o) é?<xz| >§; §<||x ) gw '|K|'>&§<l|x

C2 Symmetric 2DHQ@ncoupled dynamicS  eigenbravectors: ¢4 2) e1=( 3 2

Each mode runs independently

1 0 "
$ M&, + (k1)x /0 % (+)-mode at frequenay.= \/(kllM) ’ | ) A % . !
$ Mt +(k+2k )X o % 0& (*)-mode at frequenay = v/(ki+2ki2/M Eigenket vectors: |+) 21y | >‘§ I

Spectral decomposition of initial st%éo) (X1 x) =(1,0):

{;1& 1 1#1&0/‘/% 2o P 1
11x(0) = (P, +P)§)o . g} E) (fﬁ)ﬁ’goo (+¥g% é) (ﬁﬁ)gf"o (

#1&:#1& ------------- # 1

x(0) = %I ((f)+% (=515 =% (;Jf;;"--; fL
Pl 1 gt
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C2 Symmetric 2DHO uncoupling

2D HO Matrix operator equations are coupled{x,x}-basis...but are uncoupled in{ + ,* }-basis

! ' ' " 0 0] 0)
#’ﬁiz.#kﬁlﬁz Ko g#)&z $>’<+/|$1 0 /6xl/°
g # Ok, KK, 6F X% & 2 X 9 80 Kk+2k, &ﬁx,&
%) = - K x) %) = K [x)
L 0a®) 2 (K x) (elK]) B (xfx) S o (+fx) 0 (e[ Tade) K (+fx)
-1$ $
o) & 7 (olkln) (elKlx) 8 (o) § 3010 § IR (K1) ()
C2 Symmetric 2DHQ@incoupled dynamicCs  eigenvravectors: ¢1={ £ &) ¢1=(4
Each mode runs independently
MK, + (k)X _| 0 (+)-mode at frequenay,= v/ (ki/M) ;fi % $J15 .
MR+ (k2K )X 0 (* )-mode at frequenay = v/(ki+2ki2)/M slgenketvectors: ey v e

Spectral decomposition of initial staté0)=(x1 x) =(1,0): Mixed mode dynamics

# 1 & # 1 &
1 & #1& o & L\ &
1XO=CP)ge s (=7 O (4 8o (250 (43
o f: £ LE o 5 D 128 Jo
# ; & ' # 1 & .- #1 & # 1 &
x(0) =% ¥ E(f)+%fz é(é)=é|+>+é|">=%i £+%fl (
L7 L P> 0 gzl

#1& &
so:x(t)=e" é 2+e't% E

0
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C2 Symmetric 2DHO uncoupling
2D HO Matrix operator equations are coupled{ix,x2}-basis...but are uncoupled in{+ ,* }-basis
oMkt e gung I
g # Ky KK, 6 X% & $H o B0 kt2k, &ﬁx,&

%) = - K x) %) = K [x)

L Ol 3L OglK]x) (K Pg) B (xfx) $ (o) 70 (oK) Tatde) <+|x> o

$ =19$ $
<xz|>§; # (/K %) <x2|K|xz>§?<xz|>§; B (1K) g 8 (e (K[ g (]x)

C2 Symmetric 2DHQ@ncoupled dynamicS  eigenbra vectors: ¢=( 2 2) <'|=(é
, cy Each mode runs independently
MX, + (k)x, 72" 0 % (+)-mode at frequenay,=V/(k/M) L% 1
% Eigenket vectors: [+)=§ ¥ . 1y=3 2
2 MY +(k+2Kk,)% o % 0 & (* )-mode at frequenays = V/(ki+2kiz)/M ﬁf_ X ' M
Spe%tral dgcomposmon of |n|t;|§1I st%éo) (xa %) =(1,0 Mixed mode dynamics
1 1

1!X(O):(P++P..)9§OO f‘ ?J 2) (j—})%)é ((&+;’£/gg §) (fz i )934)0 (

#;&:#_

1 1 & # 1 &
X(0 O V2 1y 405 V2 1y=1 LIy =042 %..2(
X(0) = ff E(f)+£ﬁ E(@) SR+ o 1 £+go 10

#1 & # 1 &
o x(t)=¢ "% 2+e 10 2
%5 % 2 (
AM modulation results
e ity gil:t $

# &

;!#Xl(t) $_# 2 &
B (t) & # ity Ji(t &
2(t) ;e e S

1 2 %
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C2 Symmetric 2DHO uncoupling

2D HO Matrix operator equations are coupled{ix,x2}-basis...but are uncoupled in{+ ,* }-basis

Ly $ 1y - | . o o . %

#Rl&:.#k%ku K 2#)(13 $k+'/:!$k1 0 /X./

g # Ok, KK, 6F X% & 2R o B0 Kk+2k, &ﬁ X g
H) = - K X) %) = K X)

|
L Oal) 3 (alKp) (glK]xg) B (xlx) ® @ﬁ>%|"@Wh FW¥1%<W@%
<X2| ) g $<X2|K|X1> (%|K]%) f% (%]x) é () %M K1) &§< X)
C2 Symmetric 2DHQ@Incoupled dynamiCSs  eigenbra vectors: ¢1={ 4

Each mode runs independently

A A

] 0 "
M&, + (k)x, /0 % (+)-mode at frequenay,= v/ (ki/M) " 4 % A
: % _ Eigenket vectors: [+)=§ ¥ ., |1)=§ 2
$ MY +(k+2k,)x o #0 &  (*)-mode at frequenay = v/(ki+2ki2)/M S i 2 11
Spe%tral dgcomposmon of |n|t;|§1I st%éo) (xa %) =(1,0 Mixed mode dynamics
1& 75 #18& 7 & L&
1!x(0) = P++P.. % sz +9° 11
#o1 & C# L& e #18& # 1 &
x(Q) =% ((1)+% " (D)= |H+5]")=%2 (+% . (
§f§f gﬁéﬁ*ﬁ ” %%g%é(

H 1L & # 1 &
so:x(t) =€ %" £+e' 10p ° (
2

e ¥ R LI 1.

AM modulation result e oL’ L
e' |(+t+e' i( .t $
;!# X (t) $_ﬁ 2 g
Fx. ()& # Ji(t it &
Xo(t) ;e e S
2 %
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C2 Symmetric 2DHO uncoupling

2D HO Matrix operator equations are coupled{ix,x2}-basis...but are uncoupled in{+ ,* }-basis

;#5‘!12 ?!#k”‘lz kg g#xlz ;m.%:!;kl 0 %X?/O
#l8 W Tk Ktk 6 x, & 2% o B0 k+2k, &ﬁ X &
%) = - K x) %) = K [x)

RCALY $:. L (alK ) (ufKxg) 3 (ulx) 3 (+K) <+|K|+ m% (+]x)
o) B # (rlKlm) (rlK ) 8 () 8 §<.| =8 i) (1K) () s
C2 Symmetric 2DHQ@ncoupled dynamicS  eigenbravectors: =2 2} ¢1<|

Each mode runs independently

x

S

' , 0 o
MX,+ (k). /0 % (+)-mode at frequenay,=+v/ (kM) _ s b % 2
S e § N _ Elgenketvectors:|> 2, =% V2
$ MX +(k+2k,)x g #0 & (* )-mode at frequenays = V/(ki+2kiz)/M 2L 3
Spe%tral dgcomposmon of |n|t;|§1I st%éo) (xa %) =(1,0 Mixed mode dynamics
1& 07 #18& 7 7 1 &
1'x(0)=(P, +P. =% ¥ 1 1 +9%° 1 "1
o= )9500( % 2 p.(..f...f.??_f‘jp__( %L 5)(ff)?{°o(
# ; & ' # \/l_ & ..o #1& # 1 &
x() =267 (()+%7 (D) =14)+ 51" =% (%
gﬂf gﬁéﬁ al**al) g{oég % (

H 1L & # 1 &
so:x(t) =€ %" £+e' 10p ° (
2

%)_ %) 2 b alb .alb
ia_ b ii SN
AM modulation result ez 2
l . .
' , e'tvell! 2 GG )y (), B
" X (t) $:# 2 &_ € 2 ﬁ e 2 +e 2 &
o) § # it gict & 2 B ) (i, §
H# & " e 2 'e 2 0/
2 %

Nl

-
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C2 Symmetric 2DHO uncoupling

2D HO Matrix operator equations are coupled{ix,x2}-basis...but are uncoupled in{+ ,* }-basis

oMyt e g% [J&+ ][k 0 ]{

R & * Ky KK, & X & 'S 0 kpt2ky, X
#) = K X) %) = . X)
L) S L (K] (K] B (lx) (+#) (K] +) Ty ) (%)
<X2| ) féo z ([ K[x) (K |x5) f%# (%|X) f%c [ (—|#) ]_( Mm (%)

C2 Symmetrlc 2DHCDJ_nCOUp|ed dynamlcs E|genbravectors (+|= (JE Jli) (! (é 'J%)

Each mode runs independently

0 [ 1]
% M, + (k)x, 7 0 % (+)-mode at frequenay,=V/(k/M) . LA
2 MY +(k+2Kk,)% o ﬁ 0 & (* )-mode at frequenay = v/ (ku+2ki2)/M Eigenket vectors: |+)=g ﬁf_ '&’ |->—§ 14 l&
Spe%tral dge(:composmon of |n|t;|§1I st%éﬂ) (%) =(1,00 Mixed mode dynamICS . en
1 1 ]{1. f
1& o 2 #1& o, 0 L\ 1 & 3ol g cos( 2 Pt
% 11 % 1 "1 [ 1 EL he :
1|X(O) (P + P, )500 ( g 2) ,(_*_E___:/?_)%O (+¥g v E) (-:/?--\-/5--)9500 ( J (+ )-mode F :;.
\/_ : (I \/E : I- ----- .___.._._.:. : .--___-___. . ) \r =
A R AL " =N &1
1 ' 1 & _.---7T #1 & # 1 & o N i Carrier .
V2 ["&" T ‘ﬁ‘ i cos( o+ .
}O=2"7 ((+8 ((D=El0+al)=0) (v (A TEw | & e
&5 £ 5 g Uz O R T L.
# 1 & # l & _ £ ’y Y i ?r'llll Probhoag s ﬂf\.
:x(t)=€" %" (+e"1% T ok B e
¥ 2 gz R T T, "":*"% ( ;;Ts AR yV
100% AM modulation resuItFJ’e TR +2e A A | A
! i( Lt it $ ' . | , $
e'(+e CGHC)Y ), (), B - (@ t
B & # it gitt & 2 B, (o, § B (&
] 2 % 0 2 &i

Sunday, February 1, 2015 45



C2 Symmetric 2DHO uncoupling

2D HO Matrix operator equations are coupled{ix,x2}-basis...but are uncoupled in{+ ,* }-basis

( Y ]__ itk —kip ][ ol J )

Y | ~ki, Rtk ||X gk, o g 0 k+2k, &§ X o
W= xR W< k]
Cal®) || (alKln) GalKlxg) | Galx) (4 % <+|K|+ ) % (+]x) ?/c

( (x| H) ] [ (oK) (K xg) ]( (%] %) ] §<'|k ) e B m (!

C2 Symmetric 2DHQ@ncoupled dynamiCS  eigenbra vectors: ¢={ 3 ) m:(l n

Each mode runs independently

% k0 Mo %

z_
- Bow

0 (1]
$ MK, + (k)x, 7 0 % (+)-mode at frequenay,=v/(ky/M) . - -
§ MH +(k+2k,)X ﬁ 0& (*)mode at frequenay = V/(ki+2kiz)/M Slgenketvediors: =g Lo 1T
Spe%tral dge(:composmon of |n|t;|§1I st%éﬂ) (x: %) =(1,0: Mixed mode dyﬂam|c_§ﬁ a— o
1 1 Hip n'e
1& o 2 #1& o, 0 L\ 1 & 32 o
y 1o o 1o L1 :
1XO)=(P. P (= "% O (& &), (Ty2 O (& 4 Jwo ¢ S (+)modg |
V2 . L a V2 : [ i St ¢
f18 # 18 o #1 & -' =N (L 3
18 1 & L.een #1 & # 1 \‘ L camier T
2 _. At i‘ i cos( o+
x(0)=%" §(fz)+;%;--i é(é)=é|+>+é| >=°/gi £+%--2; g TN < ﬁ!-: ._} > o2
é 2 £ J2 % 2 % 2 it@ }E_ ,, E:E .EE_SIr:.CZ /o
#18& #o1 & .-"_ "y Yol o i ﬂ%
0 x(t) =€ %% (+e % 2 ( R Y vEsaEaansasasasnyt: ]
610 g Ji (¢ ymoad VTS Y
ii 2 e 2 % g : axis : CEM
100% AM modulation result§ = =¢ 2 €25 .z g2’ b R
b gitit gt $ | . $
e N (@SE0I NN (AT D NN (ST ED N P (GO
! Xl(t) $ ﬁ 2 gzel 2 t# el 2 t+e| 2 t &= e' Ii((;;()tﬁ cos 2 g
% %) gb #eiti it & 2 & o o, § L &
5 % "e 2 'e 2 % # 5 &

Note thd phase
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C. Symmetric 2DHO eigensolutions
G Mode phase character table
G Symmetric 2DHO uncoupling
» 2D-HO beats and mixed mode geometry

ANALOGY: Versus
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2D-HO beats and mixed mode geometry

(&)

r® #=0

r* #s)

14 {
revivalg ™

or beats

1/2

//)T\

Oj

Coupled Optical
Pendula E(t)
even  +45;

[+ 99 7;1
ww
C A
2
parity
states odd  -45j

localized X

erGo<t

12 & ]
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2D-HO beats and mixed mode geometry
0 — 1 — Coupled Optical
A Ovisualization gaugeea) [ (# O) [ (# $) Pendpula E(t)

We holdthese twdixed...

1/4 )
revivals
or beats

1/2
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2D-HO beats and mixed mode geometry
0 — 1 — Coupled Optical
A Ovisualization gaugeea) [ (# O) [ (# $) Pendpula E(t)

We holdthese twdixed...

.and letthese twgdtate at beat frequency

1/4 )
revivals
or beats

1/2
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A Ovisualization gaugeea)

2D-HO beats and mixed mode geometry

° #=0)

1 (#=9) Coupled Optical

We holdthese twdixed...

.and letthese twgdtate at beat frequency

t=1/6

1/2

Pendula E(t)

1/4 )
revivals
t=1/4 or beatq
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A Ovisualization gaugeea)

We holdthese twdixed...

2D-HO beats and mixed mode geometry

r® #=0

r* #s)

.and letthese twgdtate at beat frequency

t=1/6

revivals

1/4

Coupled Optical

Pendula E(t)
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Three famous 2-state systems and two-complex-component coordinates
ANALOGY: )/ersus
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Three famous 2-state systems and two-complex-component coordinates
(a) Electron Spin-1/2-Polarization

( A
Spin-up ' #
|17=[#" = -
!
Spin-dn 3 B
[2"=[$" =[#"%|& "+

( A
%l! 1]

op|! "

\ /

$"9% & "

/ p,=Im?!, \
Re !,

P2
y =

Rabi, Ramsey, and
Schwinger 1954

Rev. Mod. Phy26 167 (1954)
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Three famous 2-state systems and two-complex-component coordinates
(a) Electron Spin-1/2-Polarization

Spin-up

17=#

v

Spin-dn
12"=|$"

& -

= [ oA |8, "+

( A
o
%ll 1]

\ /

$"98|8. "

(b) Photon Spin-1-Polarization

Plane-x %
|1"=|x" Ir
Planeym
12"=]y”

(
%[

% "

\

\

/

yogl "

,

\

/ p.=Im!, \
Re !,

P2

\@XZ /

Px
\
X
py
©,

Rabi, Ramsey, and
Schwinger 1954

Rev. Mod. Phy26 167 (1954)

John Stokes 1862

Proc. Soc. Londofl 547 (1862)

Harter and Dos Santos
Am. J. Phys46 251 (1986)
J. Chem. Phys855560 (1986)
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Three famous 2-state systems and two-complex-component coordinates
(a) Electron Spin-1/2-Polarization

Spin-up 3
=147 Q) e

Spin-dn 3
12"=|$"

( ! ) ( A
| 4 ]! "
'$ oB|! "
\ / \ /
=1 |8 "+ & "

(b) Photon Spin-1-Polarization

Plane-x %
| 17=]x" | "=
Plane-y M

12"=]y”

2R / \

X %[ "
Y \%| |
:lXII%I ||+|y||%|| [ ] ]

(c) Ammonia (NH3) Inversion States

N-UP
|1"=|UP"

0.0

N-DN Q

I2II:| DN 11

("=

( \
(o

(DN
\ /

9ON|("

\

(% Pl( L] ] \

/

=|UP"%P|( "+[DN"IBN|( "

/ p.=Im!,
@é;.

@)
®,

Pup
@XU
DN
XDN
\ /

/

\

/

\

P

Rabi, Ramsey, and
Schwinger 1954

Rev. Mod. Phy26 167 (1954)

John Stokes 1862

Proc. Soc. Londofl 547 (1862)

Harter and Dos Santos
Am. J. Phys46 251 (1986)
J. Chem. Phys855560 (1986)

Feynman, Vernon,
and Hellwarth 1957

J. Appl. Phys2849 (1957)

Fig. 10.5.1
QTCA Unit 3 Chapter 10
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Three famous 2-state systems and two-complex-component coordinates

- - —_—

Charles H. Townes, Who Paved Way for the Laser in Daily Life, Dies at

99

By ROBERT D. McFADDEN  JAN. 28, 2015

Charles Townes in 1955. Eddie Hausner/The New York Times

(c) Ammonia (NH3) Inversion States

N-UP
|1"=|UP"

0.0

N-DN e

I2lI:| DN 11

("=

(

\

(o

(DN

A

/

Ehe New York Eimes Most Popular | Video | My Account

Today's Headlines Thursday, January 25, 2015

He had an “a-ha!” moment. Sitting on a park bench in Washington one April
morning in 1951, pondering how to stimulate molecular energy to create
shorter wavelengths, he conceived of a device he called a maser, for
microwave amplification by stimulated emission of radiation. It would use
molecules to nudge other molecules, and amplify their thrust by getting
them to resonate like tuning forks and line up in a powerful beam.

He and two graduate students, James P. Gordon and H. J. Zeigler, built his
maser in 1953 and patented their creation. It was the first device operating
on the principles of the laser, although it amplified microwave radiation
rather than infrared or visible light radiation.

Five years later, Dr. Townes and Dr. Schawlow, who was his brother-in-law
and would win the 1981 Nobel Prize in Physics for work on laser
spectroscopy, drew a blueprint for a laser. They called it an optical maser, a
term that never caught on, and through Bell Laboratories they secured the
first laser patent in 1959, a year before Dr. Maiman’s first working model.

Pup
/ \ Feynman, Vernon,

(0 n \

YO P|( y and Hellwarth 1957

upP J. Appl. Phys2849 (1957)
— = DN
" Fig. 10.5.1
% N |( X QTCA Unit 3 Chapter 10
\ / DN

=|UP"%P|( "+[DN"IBN|( "
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2D harmonic oscillator equations ((@ : |
. . (@ —
Withoutobvious G or G, symmetry . "Q -
kl k12 k2 / ] \ _:
. - ./' / | ”(\I —
J‘”Hja_ mp — () “ () a— mp —‘iiiiiia— / | '/,' - _,E
: o _
X, =0 X,=0 / S| ]
|IIII|IIII+II1II|IIII| |IIII|IIII¢II2II|IIII| ,/' /'/ l _
Fig. 3.3.1 Two 1-dimensional coupled oscillators ’/ /" E
I m,/ —
| ,‘/ 1;
kl : ' I 1 L//mZ | )
HH' TT1 1T !2 l:II3I3I3|(I)II2IO|IIII|:III|O| )
iq. 3.3. oupled pendulums Ig ne Imensional coupled oscillato
\AAAAAA/ WAAAAA \AAAAAA e snsme
I_y X_X]_ I —X2
2D HO klinetic e?ergy T{y\w) 2D HO potentlal energ]?/ V{(XX2) Lagrangian L=T-V
:Erqxlz+§mz}<§ (k1+k12) L kXX (k +I<12)
1 + | o4
= (M|} ~Lik|x) whee k=g 4Rz Mz
2 g lky ktk, g

2D HO Lagrange equations

|T0/ |
dt% : o T = F X1 = (ke +kpp) % + % f#ml 0 3 kli j#k1+k12 K, $! X $

. #0”5%55%#'k12 K, + ki, &#Xz

| T %
dt ﬁl X, & =My = Fy = (= kX (k + I<12) Matrix operator notation:

Mil) = " Kilx)

2D HO Matrix operator equations
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2D harmonic oscillator equation solutions

Withoutobvious G or G, symmetry |
1. May rewrite equatiormil#)=1Ki|x) in accelerationmatrix form:  |#)=1A|x) whee A=M'1iK

LY Lm0k, Tk, Y Y oy om omog x ?

40 8 # 0 4 K, + x & o K, + &#x

> % m, &, Kip Kotk 6 % & 4 " ky, Ktk o 2@%
# m, m, &

2. Need to findeigenvectorg, ) |e,).... of acceleration matrix such thale,)=¢,|e,)=w?le,)

Then equations decouple tde,)=! Ale,)=! " |e,)=!#e,) where " is an eigenvalue
and# _is an eigenfrequency

Note eigewalueis square of eigerfrequency

To introduce eigensolutions we take a simple case of unit mgsseis=my)

So equation of motion is simply#)=1K x}

[ Eigenvector$) =le,} are in special directions whigthe ! K|x) is in same diredﬁﬁ»a as
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ANALOGY:2-State Schrodinger#($ (t)%H|$ (t)%versusClassical 2D-HO #2x=- K¥x
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ANALOGY:2-State Schrodinger:#:|$ ()% H|$ (t)%versusClassical 2D-HO #2xx =- K¥x

(@) =H]r (1) #)=1Ki|x)
First start with 2-by-2 Hermitiars¢lf-conjugatematrix ~ Hjk matrix must
" A B!iC fVo_H obey: (Hjk)*= H;

“$B+ic D &
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ANALOGY:2-State Schrodinger:#:|$ ()% H|$ (t)%versusClassical 2D-HO #2xx =- K¥x
11 (1) =H]t (1) #)=1Ki]x)

First start W|th 2-by-2 Hermitiars¢lf-conjugatgmatrix ~ Hj matrix must
_ A BliC Y% o obey:(Hj)*= Hy

H
2 pric D & \
that operates on 2-D complex Dirac ket vedts Both have 4 parameters

L% xeip W e (2=242)

a1
|!>_$!2&$X2+'p2&$32&
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ANALOGY:2-State Schrodinger:#:|$ ()% H|$ (t)%versusClassical 2D-HO #2xx =- K¥x
! (1)) =H] (1) #)=1Ki|x)

First start W|th 2-by-2 Hermitiars¢lf-conjugatgmatrix ~ Hj matrix must
_ A Bl!iC % . 1 obey:(Hjx)*= H;

H
2 pric D & \
that operates on 2-D complex Dirac ket vedto Both have 4 parameters

L% xeip W e (2=242)

UL
|!>_$!2&$X2+'pz&$az&

Separate reak and imaginaryx parts of$xamplitudes
to convert theeomplex1storder equatiom#$= H$
into pairs ofreal 15torder differential equations.
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ANALOGY:2-State Schrodinger:#:|$ ()% H|$ (t)%versusClassical 2D-HO #2xx =- K¥x
it (1)) =H]| (1)) ) =1 Ki|x)

First start with 2-by-2 Hermitiars¢lf-conjugatematrix ~ Hjk matrix must
H :( A B-iC |_| obey:(Hjk)*= Hyj

B+iC D
that operates on 2-D complex Dirac ket vedto Both have 4 parameters

L% xeip W e (2=242)

| V=g 1

) %1 > 8 $x2+|p2 2 %az 8 1 )=l (1)
Separate reak and imaginanpx parts of$xamplitudes 't
to convert theomplex1storder equationit:$= H$ | # xq+ipy & # A B)ic & x+ip &
into pairs ofreal 15torder differential equations. 'thszz “¥B+ic D (fxzﬂpz
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ANALOGY:2-State Schrodinger:#:|$ ()% H|$ (t)%versusClassical 2D-HO #2xx =- K¥x
i () =H] (t)) %)=1K .

First start W|th 2-by-2 Hermitiars¢lf-conjugatgmatrix ~ Hj matrix must
. A BliC% obey:(Hj)*= Hy

H
“#B+ic D & ‘\y\
that operates on 2-D complex Dirac ket vedto Both have 4 parameters

L% xeip W e (2=242)

a1
|!>_$!2&$X2+'p2&$az& |

| it () =H[" (1)
Separate reak and imaginaryx parts of$xamplitudes t

to convert theomplex1storder equatioi$= H$ | # o +ipy & # A B)ic & x+ip &
into pairs ofreal 15torder differential equations. 'thszz “¥B+ic D (szﬂpz

— —_ V1
% = Ap, +Bp,! Cx b ="' A B! Cpy # %) Wp2+lm+|8p2) iCx, &

X, = Bp, + Dp, +Cx, b, =! Bx ! Dx,+Cp ﬁn&z) p2 fo1+ Dx,) Cp; +iBp, +iDp, +iCx

x)
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ANALOGY:2-State Schrodinger#:|$ ()% H|$ (t)%versusClassical 2D-HO #4x =- K¥x
it [ (1) = H|w(t) #)=—K i|x)

First start W|th 2-by-2 Hermitian (self-conjugate) matrix

Y =5 A BliC % L Then start with classical Hamiltoniaiiesigned to give same resu
B+iC D &

that operates on 2-D complex Dirac ket vedtoy 5
Loyl T e e =2 (PF+2)+ B+ mupy)+ Clxup Py )+ = P2+ )
| $-2& $X2+'p2& %az&

Separate reak and imaginaryx parts of$xamplitudes

to convert theeomplex1storder equation#:$= H$

into pairs ofreal 15torder differential equations.

X = Ap, +Bp,! Cx, b =! Ag! Bx,! Cp,
X, = Bp, + Dp, +Cx, b, =! Bx ! Dx,+Cp
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ANALOGY:2-State Schrodinger:#:|$ ()% H|$ (t)%versusClassical 2D-HO #2xx =- K¥x
1 (1) =H () #) =1 Ki[x)

First start W|th 2-by-2 Hermitian (self-conjugate) matrix

Y =5 A BliC % L Then start with classical Hamiltoniaiiesigned to give same resu
B+iC D &

that operates on 2-D complex Dirac ket vedtoy

n " n A D
)= 1, %" x +ip Hc25(1’12+x12)+B(x1x2+p1p2)+C(x1P2! x2p1)+5(19§+x§)
$!2&$X2+'pz&$az& )

to convert theeomplex1storder equation#:$= H$
into pairs ofreal 15torder differential equations.

I'H, _ O "H.
X, = Ap, +Bp,! Cx, b =! Ag! Bx,! Cp, X = ,pl " Cx, =1 % —!(Ax1+Bx2+Cp2)
X, = Bp, + Dp, +Cx, b, =! Bx ! Dx,+Cp XZ:!IHC=Bp1+Dp2+Cxl b,=! ':’I)_(lc:! (BX1+Dx2! Cpl)
- P2 2
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ANALOGY:2-State Schrodinger:#:|$ ()% H|$ (t)%versusClassical 2D-HO #2xx =- K¥x
1 (1) =H () #) =1 Ki[x)

First start with 2-by-2 Hermitian (self-conjugate) matrix

H :§ A BliC f’/oz H Then start with classical Hamiltoniaipesigned to give same resu
B+iC D &

that operates on 2-D complex Dirac ket vedtoy

. A D
o [ 2 ) & Ho =22 +3¢ )+ B+ pups) + €= 3Py )+ S { 3 45
Y ) | xetin ) | &

to convert theeomplex1storder equation#:$= H$
into pairs ofreal 15torder differential equations.

!HC_ . _ O "H.
X = Ap, +Bp, -Cx, b, =—Ax — Bx,-Cp, QM vs. Classical *ﬁm— AP +Bp, " Cx = %, =1 (A% +Bx, +Cp)
Equations are . .
X, = Bp,+ Dp, +Cx b, =—-Bx,— Dx,+Cp, identical L b=t e (,+ Dx, ! Ca)

-p2 2
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ANALOGY:2-State Schrodinger:#:|$ ()% H|$ (t)%versusClassical 2D-HO #2xx =- K¥x
1 (1) =H () #) =1 Ki[x)

First start with 2-by-2 Hermitian (self-conjugate) matrix

H :§ A BliC f’/oz H Then start with classical Hamiltoniaipesigned to give same resu
B+iC D &

that operates on 2-D complex Dirac ket vedtoy

' A D
w P | xeie ) [ & Ho =2 P2+ )+ B, + mupa) +C 0, ! 2omy) + —{ P2 )
Y ) | xetin ) | &

to convert theeomplex1storder equation#:$= H$
into pairs ofreal 15torder differential equations.

— | -1 | | M Cl ical )t]_:!i:Ap1+Bp2" Cx, =1 ”"HC =1 (Ax1+ Bx2+Cp2)
— X, = Ap, + Bp, ! Cx, b =1 Ax; ! Bx,! Cp, QM vs. Classica I'p, X,
_ —1 Bl Dr.+C Equations are b .

Xy =Bp +Dpy+Cxy | py = Bxy ! Dxy +Cpy Identical %, =——<= Bp,+ Dp,+Cx) b,=! - &=!(By+Dx,! Cp)

!I'p,

\ ¥ = ap, + Bp, | Ct, #, = Bp, ¥ Db, +CX
=1 A(Ax, + Bx, +Cp,)! B(Bx,+Dx,! Cp,)! C(Bp,+Dp,+Cx,) =1 B(Ax, +Bx, +Cp,)! D(Bx,+Dx,! Cp,)+C(Ap,+Bp,! Cx,)
_,(A2+Bz+cz)x,(AB+BD)x,C(A+D) —I(AB+BD) ,( 2. 12 2) For constant
= ! ! P, = x ! [B?+D?+C?|x,+C(A+D)p, ABC andD
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ANALOGY:2-State Schrodinger:#:|$ ()% H|$ (t)%versusClassical 2D-HO #2xx =- K¥x
1 (1) =H () #) =1 Ki[x)

First start W|th 2-by-2 Hermitian (self-conjugate) matrix

Y =5 A BliC % L Then start with classical Hamiltoniaiiesigned to give same resu
B+iC D &

that operates on 2-D complex Dirac ket vedtoy

" " " A D
1oy |1 iR a Ho =2 P2+ )+ B, + mupa) +C 0, ! 2omy) + —{ P2 )
$!2&$X2+'pz&$az& )

to convert theeomplex1storder equationt$= H$
into pairs ofreal 15torder differential equations.

IH, )  OH,
— % = Ap +Bp,—-Cx, — b =—Ax —Bx,-Cp, QII;/I vs. Classical %177, = AP+ B O% = ~(A%+Bx+Cpy)
quations are
% =Bp +Dp,+Cx | b, =-Bx-Dx+Cp identical = ';; = Bp, + Dp, +Cx, b, =—8&|:; =—(Bx+Dx,~Cp)
Finally a 249 time| derivative (AssumeonstantA, B, D,andlet C=0) gives 2d-order classical Newton-Hooke-like equatigh; ="K i|x)
\§, = Ab, + Bb, | CX, %, = B, ¥ Dp, +Cx,
=1 A(Ax +Bx,+Cp,)! B(Bx +Dx,! Cp)! C(Bp,+Dp,+Cx) =1 B(Ax, +Bx, +Cp,)! D(Bx,+Dx,! Cp,)+C(Ap,+Bp,! Cx,)
=1 (A2+82+02)x1! (AB+BD)x,! C(A+D)p, =1 (AB+BD)x,! (BZ+D2+C2)XZ+C(A+ D)p, ;Oé gonstggt
B,C, an
T 2 $! $ For C=0 % " g % " K. KWy %
# 1 g=ry ATB ABJ’BDggxl& s form of 2D Hooke —$x1 jtl'—)$ 1 Mz g
#% & # aAB+BD B*+D? & X &  harmonic oscillator 18 % 5 B g B Ky Kypghxyg
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ANALOGY:2-State Schrodinger:#:|$ ()% H|$ (t)%versusClassical 2D-HO #2xx =- K¥x
1 (1) =1 (1) #) =1 Ki[x)

First start W|th 2-by-2 Hermitian (self-conjugate) matrix

Y =5 A BliC % L Then start with classical Hamiltoniaiiesigned to give same resu
B+iC D &

that operates on 2-D complex Dirac ket vedtoy

n " n A D
)= 1, %" x +ip Hc25(1’12+x12)+B(x1x2+p1p2)+C(x1P2! x2p1)+§(1’§+x§)
$!2&$X2+'pz&$az& )

to convert theeomplex1storder equationt$= H$

into pairs ofreal 1s-order differential equations. 'Y IH,

— X, =Ap +Bp,! Cx, — P =! Ax! Bx,! Cp, QM vs. Classical =75 = A+ BR," O PG = A+ B+ )
| Equations are . P
%, = Bp, + Dp, +Cx I Bx, ! Dx, +Cpy Identical %= pC—Bp1+ Dp, +Cx, p2=—&X;:‘(BX1+DX2—Cp1)
2
Finally a 29 time denvat@ (AssumeonstantA B, D,andlet C=0) gives 2d-order classical Newton-Hooke-like equatigh)="K i|x)
\ §, = | CX, ) = Bb, + Db, +CX,
= A(Ax1+ Bx2+Cp2 )1 B(Bx, + szl Cp,)! C(Bp, +Dp,+Cx) =1 B(Ax, +Bx, +Cp,)! D(Bx,+Dx,! Cp,)+C(Ap,+Bp,! Cx,)
(a2 r2. 2 _ 2, 0242 For constant
=1 (A +B“+C )x1 (AB+ BD)xz! C(A+ D) P, =1 (AB+ BD)xl! (B +D°+C )x2+C(A+ D)pl AB.C. andD
Ly S ) sy For C=0 2t % % "k k. By %
i gy ATYB ABJ’BD%)&& Is form of 2D Hooke !—2$X1:($k1j:)$ 1 M2 g T
# % % # AB+BD B2+D2 8 % &  harmonic oscillator 19 % o Bl o BKy Ky X g

ABD to Kj or ka connection formulae
lell‘A +B? =k k. mK,=AB+BD =1k,
m,K,, = AB+BD =1k, m2K22‘B2+D2 Ky +Kpo.
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ANALOGY:2-State Schrodinger#:|$ ()% H|$ (t)%versusClassical 2D-HO #4x =- K¥x
it [ (1)=H¥(t) #)=1Ki|x)

First start W|th 2-by-2 Hermitian (self-conjugate) matrix

H :§ A Bl!iC % Ly Then start with classical Hamiltoniaipesigned to give same resu
B+iC D &

that operates on 2-D complex Dirac ket vedtoy

" " " A D
1oy |1 iR a Ho =2 P2+ )+ B, + mupa) +C 0, ! 2omy) + —{ P2 )
$!2&$X2+'pz&$az& )

to convert theeomplex1storder equationt$= H$
into pairs ofreal 15torder differential equations. Ly -
— % = Ap +Bp,! Cx, — P, =! Ax! Bx,! Cp, QM vs. Classical %177, =4n* " % b=t o=t (A B +Cpy)

Equations are .
%, = Bpy + Dp, +Cx B! DX +Cpy identical t,= I’Z = Bp, + Dp, +Cx, b, =! ,,:; =1 (Bx +Dx, ! Cp)
L2
Finally a 29 time denvat@ (AssumeonstantA B, D,andlet C=0) gives 2d-order classical Newton-Hooke-like equatigh)="K i|x)
\ §, = | CX, ) = Bb, + Db, +CX,
= A(Ax1+ Bx2+Cp2 )1 B(Bx, + szl Cp,)! C(Bp, +Dp,+Cx) =1 B(Ax, +Bx, +Cp,)! D(Bx,+Dx,! Cp,)+C(Ap,+Bp,! Cx,)
(a2 r2. 2 _ 2, 0242 For constant
= (A +B%+C )x1 (AB+BD)x,! C(A+D)p, =1 (AB+BD)x, ! (B +D?+C )x2+c(A+ D)p, AB.C. andD
- For C=0 2
2 2
|| A+B® AB+BD | % Is form of 2D Hooke 8—2 S
%) AB+BD B?+D? )| % harmonic oscillator 2| %, X
ABD to Kj or ka connection formulae ST
MKy, = A2+ B2 =k +k, MK, =AB+BD=!kp, " m
m,K,, = AB+BD =1k, mK,,=B?+D? =k, +k, - -

> X=X 1 —>'Y_
Here is an operator view of the QM-Classical connection: Take Schrodinger op&tatoH (with C=0) and square it!
1 A B% 195 "AB%, !? " A2+B2 AB+BD
T8 (O =3 ( )— .
it B Dg P& $B D& AB+BD B?+D? g
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ANALOGY:2-State Schrodinger:#:|$ ()% H|$ (t)%versusClassical 2D-HO #2xx =- K¥x
|1 (1) =H] () #) =1 Ki[x)

First start W|th 2-by-2 Hermitian (self-conjugate) matrix

Y =5 A BliC % L Then start with classical Hamiltoniaiiesigned to give same resu
B+iC D &

that operates on 2-D complex Dirac ket vedtoy

" " " A D
1oy |1 iR a Ho =2 P2+ )+ B, + mupa) +C 0, ! 2omy) + —{ P2 )
| $!2&$X2+'pz&$az& )

to convert theeomplex1storder equationt$= H$
into pairs ofreal 15torder differential equations.

'H, _ . L "Hg
— % =Ap,+Bp,! Cx, — b =!Ax! Bx,! Cp, QM vs. Classical *=7, = A" B C% =t (A + B, +Cpy)
| Equations are . " H
%, = Bp, + Dp, +Cx I Bx, ! Dx, +Cpy identical %= pc = Bp, + Dp, +Cx, b, =! x; =1 (B, +Dx, ! Cp)
2
Finally a 29time denvat@ (AssumeonstantA B, D,andlet C=0) gives 2%-order classical Newton-Hooke-like equatigh;="Ki|x)
S | CX, R, = Bb, + Dp, +C,
=1 A(Ax1+ Bx2+Cp2 )1 B(Bx, + szl Cp,)! C(Bp, +Dp,+Cx) =1 B(Ax, +Bx, +Cp,)! D(Bx,+Dx,! Cp,)+C(Ap,+Bp,! Cx,)
1 (a2 R2. 2 _ 2,124 2 For constant
=1 (A +B2+C )x1 (AB+BD)x,! C(A+D)p, =1 (AB+BD)x, ! (B +D2+C )x2+c(A+ D)p, AB.C. andD
! $ 2 $! $ For C=0 2 % " g
4 g=r y A°+B ABJ’BD%)&& Is form of 2D Hooke —$X1 ($X1j—
# 4 % # AB+BD BZ2+D? X, &  harmonic oscillator P % g % g
ABD-to- K or ka connection formulae Ky .
mK,, = A+ B’ =k +k,, MK, =AB+BD =1k, 5 m
mszl‘AB"’BD_' K2 MKy, = B*+D” =k, +k;,. A -

> X=X 1 —>
Here is an operator view of the QM-Classical connection: Take Schrodinger op&tatoH (with C= O) and square it!
I "AB% " 108 " A 0/3 12 " A2+B2 AB+BD
T8 Qs =3 ( )— .
It #B D& #1t& #B D& AB+BD B?+D? &

. . . | . ., . . 2 z ~ -
Conclusion: 2-state Schro-equathnﬁ| (t))=H|" (t)) Is like Osquare-rootO of Newton-H@thF! Ki|x)
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ANALOGY:2-State Schrodinger:#:|$ ()% H|$ (t)%versusClassical 2D-HO #2xx =- K¥x
|1 (1) =H] () #) =1 Ki[x)

First start W|th 2-by-2 Hermitian (self-conjugate) matrix

HZ% A Bl!iC % . o Then start with classical Hamiltoniaipesigned to give same resu
B+iC D &

that operates on 2-D complex Dirac ket vedtoy

n n n A D
B i K Ho =2 P2+ )+ B, + mupa) +C 0, ! 2omy) + —{ P2 )
b= $ % N
L2 g #x2%ipy g B ax g N

to convert theeomplex1storder equationt$= H$
into pairs ofreal 15torder differential equations.

IH "
. . = C— Bp." C =1 B C
—xl = Ap,+Bp,! Cx, —p ="' Ax;! Bx,! Cp, ng/l vs.t_CIassu:al ST, TARTER T O Py =t (#g+ Bry+Cpy)
_ Byl Dot quations are . .
= Bp, + Dp, + Cx; Py = BXy: DXy TPy iIdentical X, =—==Bp, + Dp, +Cx b, = XC =! (Ble’szI Cpl)
pz 2
Finally a 29 time denvat@ (AssumeonstantA, B, D,andlet C=0) gives 2d-order classical Newton-Hooke-like equatidh;="'Ki|x)
\ §, = Ab, + Bb, | CX, ) = Bb, + Db, +CX,
=1 A(Ax +Bx,+Cp,)! B(Bx +Dx,! Cp)! C(Bp,+Dp,+Cx) =1 B(Ax, +Bx, +Cp,)! D(Bx,+Dx,! Cp,)+C(Ap,+Bp,! Cx,)
(a2 r2. 2 _ 2, 0242 For constant
= (A +B%+C )xl! (AB+BD)x,! C(A+D)p, =1 (AB+BD)x, ! (B +D?+C )x2+c(A+ D)p, AB.C. andD
Ly S 5l x $ For C=0 2" . %ty % %, %
# 2, p2 K K
# 1 g=ry A B AB+ED & Is form of 2D Hooke —$X1 ( jtl'—)$ 11 M2 g 4
#% & # pAB+BD B2+D? X2 @( harmonic oscillator 18 % 5 B g B Ky Kypghxyg
ABD-to- K; or ka connection formulae Ki o e Kp
mK, =A"+B* =k +k,, mK,=AB+BD=\k,, | ey
2 2 \ 1
mszl—AB+BD:! ks mK,, = B> +D? =k, +k,. N

> X=X 1 —>!
Here is an operator view of the QM-Classical connection: Take Schrodinger op&tatoH (with C- O) and square it!
0 # A BUiC& #!& # A Bric&, .12 F o a24p2ec? AB+BD" i(AC+CD) &
l— =05 . ( %b—( %o, ( ) —_/0 (
B+ic D itt "¢B+iC D % AB+BD +i(AC +CD) B°+D*+C*  (

. . . | . ., . . 2 z ~ -
Conclusion: 2-state Schro-equathnﬁ| (t))=H|" (t)) Is like Osquare-rootO of Newton-H@thF! Ki|x)
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ANALOGY:2-State Schrodingen#|$ (t)% H|$ (t)%versusClassical 2D-HO #2x =- K¥x
* Hamilton-Pauli spinor symmetry! (-expansion ilABCD-TypesH=&,! ,
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operakbinto four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A Blic% "1 0% "0 1% "0 1i% _ "0 0%
$B+iC D & B0 o0& P10 Fi o0a Cgo 1y teutbBlerClcrbes

_A-Df 1 0 |, pf 01|, o0~ | A*D[ 1 0
2 |0 -1 1 0 0 2 o1
H=2"D 5, 4B 6, +C oo +2FD

/7 A LN 2

Cp

Symmetry archetype# (Asymmetric-diagond B (Bilateral-balanced)C (complex, circular, chiral, cyclotron, ...
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operakbinto four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B'lC% "10%"01% "O!i% "oo°/
=A ++D =Ae;;+B( g +C(~+De
§B+iC D & %o o& %1 0& %, 0 & %O & 11+ B(g+C(¢ 22

156 0 1i % AtD 1 0 X
0 & o0& 2 %0 1z

! A+D
2/(A +B gs +C (c\ t—— (o

Symmetry archetype#& (Asymmetric-diagondB (Bilateral-balanced)C (complex, circular, chiral, cyclotron, Coriolis, centrifugal,

_AI'D "1 0% _" o
- C+ B
T2 $0 118 $1

curly, and circulating-current-carrying.)

@ Moving waves

Standingwaves

Motivation for coloring scheme:
The Traffic Signal
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operakbinto four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A wu:% | o% "o 1% "O!i% "0 oW
=A ++D =Ae;;+B( g +C(~+De
§B+iC D & %o o& %1 0& §, 0 & %O & 11+ B(g+C(¢ 22

_AID 1 0 A0 1 0 1ihA+D 1 0N

= r+ B

"2 $0 118 $102 $i o0& 2 %018
| A+D

= (o *B (g +C (c_ # (o
2 A b

Symmetry archetype#& (Asymmetric-diagondB (Bilateral-balanced)C (complex, circular, chiral, cyclotron, Coriolis, centrifugal,

curly, and circulating-current-carrying.)

Motivation for coloring scheme:
The Traffic Signal

Standingwaves @ Moving waves

(@) CoA-symmetry

(A 0) X5
0D fdst

Fig. 10.1.2 Potentials for (&J2A-asymmetric-diagona(ab) C2AB-mixed, (b) U(2)system.
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operakbinto four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B'lC% | of’/o "0 1%+C"0 !ifVo+D

0
§B+iC D & A%o 0&+B§1 ()'& %i 0 & %O = Aej; +B( g +C( ¢ +Dey,

%
&
% % " . 0% %
_A'D 1o|0+301|0+C0lz,°A+D 1 0
2%0!1& %10& i 0 & 2%01&

Al D A+ D
+ (0

2/ A N
Symmetry archetype#& (Asymmetric-diagondB (Bilateral-balanced)C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {!1,!a,!s,! c}are best known aBauli-spin operatorg '1= !0, ! s=!x,! c=!v,! a=! 2z} developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elek#eitschrift fYr Physik43) 601-623

(@) CoA-symmetry

(A O) X5
0D fdst

Fig. 10.1.2 Potentials for (&J2A-asymmetric-diagona(ab) C2AB-mixed, (b) U(2)system.
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operakbinto four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B'lC%A"l o% "o 1% "o !i%+D"O o/

2B+iC D & %0 O& %1 0& §| 05 %0 =Ae;;+B( g +C( ¢ +Dey

_AID 1 0 Ao 0 1 0 1i S AYD 1 0/
= . +B
2 $0 118 $108& $i o0& 2 %0 1%
A+D
= +B (B +C (C + (0

|

. ( .

22 A LN 2
Symmetry archetype#& (Asymmetric-diagondB (Bilateral-balanced)C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {!1,!a,!s,! c}are best known aBauli-spin operatorg '1= !0, ! s=!x,! c=!v,! a=! 2z} developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elek#eitschrift fYr Physik43) 601-623

In 1843 Hamilton inventquaterniong 1, i, ], k}. !, related byi-factor: {! 1=1="1o,i! e=i=i! x, il c=j=il v, i! a=k=i! 2}.

(@) CoA-symmetry

(A O) X5
0D fdst

Fig. 10.1.2 Potentials for (&J2A-asymmetric-diagona(ab) C2AB-mixed, (b) U(2)system.
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operakbinto four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A. B-1C Al L O gl 01 |4¢ Q_I +p| 90 = Aey; + Bog +Coc + Dey,
B+iI1C D 0O O 1 0 I O 0 1

1 D" % " % " . O " %
_A'D 1 0 |0+B§o 175,017 4+D 1 0"
1 0

T2 #0118 & i 0& 2 %018

Al D A+D

2 /( A +5 gB +C ( C\ + 2 ( 0
Symmetry archetype#& (Asymmetric-diagondB (Bilateral-balanced)C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {!1,!a,!8,! c}are best known aBauli-spin operatorg !'1=!o,!e="!x,! c=!v,! a=! 2z} developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elek#eitschrift fYr Physik43) 601-623

In 1843 Hamilton inventquaterniong 1, i, ], k}. !, related byi-factor: {! 1=1="1o,i! e=i=i! x, il c=j=il v, i! a=k=i! 2}.
Each Hamilton quaternion squaresemativel (12 =) 2=k 2=-1) like imaginary number=-1. (They make up the Quaternion grou

(@) CoA-symmetry

(A O) X5
0D fdst

Fig. 10.1.2 Potentials for (&J2A-asymmetric-diagona(ab) C2AB-mixed, (b) U(2)system.

Sunday, February 1, 2015 81



ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operakbinto four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A Blic% "1 0% "0 1% "0 1;% "o 0%
$ p+ic D |&_A§0 0&+B§1 ()'&+C§i 0 '&+D§O 1'&_Aell+B(B+C(C+D622
I n 0/ (y 1 (y n (y
:A-D 1 O -(i|-B 0 1.O+C O !|'°+A+D 1 O"
2 %O '] & %1 0 & I 0 & 2 %O 1 &
A+D
+ (o

Al' D
H= — (A +B (g +C (¢ 5
7 A N
Symmetry archetype#& (Asymmetric-diagondB (Bilateral-balanced)C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {!1,!a,!s,! c}are best known aBauli-spin operatorg '1= !0, ! s=!x,! c=!v,! a=! 2z} developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elek#eitschrift fYr Physik43) 601-623

In 1843 Hamilton inventquaterniong 1, i, ], k}. !, related byi-factor: {! 1=1="1o,i! e=i=i! x, il c=j=il v, i! a=k=i! 2}.

Each Hamilton quaternion squaresemativel (12 =) 2=k 2=-1) like imaginary number=-1. (They make up the Quaternion grou
Each Paull , squares tpositivel (! x2=!v2=1 22=+1) (Each makes a cycli€z groupC,"={1,! a}, C,"={1,! &}, or C,={1,! c}.)

(a) CoA-symmetry (a-b) Co*B-symmetry

(A O) X5
0D fdst

Fig. 10.1.2 Potentials for (&J2A-asymmetric-diagona(ab) C2AB-mixed, (b) U(2)system.
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