Group Theory in Quantum Mechanics
Lecture 5 (12415

Spectral Decomposition with Repeated Eigenvalues

(Quantum Theory for Computer Age - Ch. 3 of Unit 1 )
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-3 of Ch. 1)

Review: matrixeigerstates (Ownstates) anddempotent projectors. ’ n~degeneracy case )

Operator orthonormality, completeness, and spectral decomposéi@Benerate e-values )
(Preparing for:Degenerate eigenvalues )

Eigensolutions with degenerate eigenvalues (Possible?... or not?)
Secular» Hamilton-Cayley-~Minimal equations
Diagonalizability criterion

$

Nilpotentsand OBad degeneracyO exampsst, » |, and:N=+_ .
Applications oNilpotent operators later on

Idempotents and OGood degeneracyO exaGpis:
Secular equation by minor expansion P
Example of minimal equation projection

Orthonormalization of degenerate eigensolutions
ProjectionP;-matrix anatomy (Gramian matrices)
Gram-Schmidt procedure o

11 %
11,
Lo
|

—_— = = =

11

Orthonormalization of commuting eigensolutions. Examplas: 1 - - and:H:{é . 2}
The old"1=1.1trick"-Spectral decomposition by projector spllttlng

Irreducible projectors and representations (Trace checks)
Minimal equation for projectoP=P2

How symmetry groups become eigen-solvers
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» Review: matrieigerstates (owrstates) anddempotent projectorS. i, -veyencracy case )
Operator orthonormality, completeness, and spectral decomposéi@Benerate e-values )
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Unitary operators and matrices that change state vectors...

T "
y I Fig. 3.1.1 Effect of
I \ analyzer
. <

output state T'|l "| analyzer
-

T

...and eigenstates ( “‘ownstates) that are mostly immune to T...

represented by ket vector
> transformation of |V)
to new ket vector T|V) .

Input state|l

2‘ lej>:8j leJ> — A Fig. 3.1.2 Effect of analyzer

on eigenket |€j)

I |e> is only to multiply by
/ > \ J eigenvalue €

> (Tej) =¢jlej))

eigenstatde;) out| analyzer eigenstatde ) in
(multiplied bye ) |1

For Unitary operatorsI'=U, the eigenvalues must phase factorsi=e
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Operator ortho-completeness, and spectral decomposition

(FOFZ Non-Degenerate eigenvalues ) H(M - gml)

Eigen-Operator-Projectors P, : b= ”ﬁ( £ —¢,)
k m
M Pk:!kPk = PkM e
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Operator ortho-completeness, and spectral decomposition

(FOFZ Non-Degenerate eigenvalues ) H(M - gml)

Eigen-Operator-Projectors P, : P = "f—k[( o)
k m
MP,=! P, =PM ik

Dirac notation form:
Mlg;)) (gj|=ex |ex) (x| = [ex) (4 M
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Operator ortho-completeness, and spectral decomposition

(FOFZ Non-Degenerate eigenvalues) $ (I\/I | o 1)

Eigen-Operator-Projectors P, : P = "g ()
k- m
MP.=¢,P. = P.M o

Dirac notation form:
Mlg;)) (gj|=ex |ex) (x| = [ex) (4 M

Eigen-Operator-P, -Orthonomality Relations

%0 if:ji" k
P if:j=k
% K

Dirac notation form:
[)) (]| ex) (x| =k |ex) (4
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Operator ortho-completeness, and spectral decomposition

(FOFZ Non-Degenerate eigenvalues ) H(M - 8m1)

; _ _ . . P = mk
Eigen-Operator-Projectors P, : k H( e —¢,)
MP,=¢ P, =PM Mk
Dirac notation form:

Mle)) (&j|=¢x |ex) (el = |er) (/M

Eigen-Operator-P, -Orthonormality Relations

¥ 0 ifii" k
Pij:"jkPk:$A) fJ_
%)Pk lf]—k

Dirac notation form:
[)) (]| ex) (x| =k |ex) (4

Eigen-Operator-P; -Completeness Relations

1= P, + P> +.+ P,

Dirac notation form:
1= |es) (e1]+ |e2) (e2| +..+ |€n) (€n]
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Operator ortho-completeness, and spectral decomposition

(FOFZ Non-Degenerate eigenvalues ) H(M - 8m1)

Eigen-Operator-Projectors P, : P = "f—k[ (e —e,)
k m

MP.=¢, P, =BPM mek

Dirac notation form:

Mle)) (&j|=¢x |ex) (el = |er) (/M

Eigen-Operator-P, -Orthonormality Relations
o) if i j#k

P ifij=k

Dirac notation form:

&) (&5l le) (el =6y [ex) (e

PP =38,P =

Eigen-Operator-P; -Completeness Relations
1= P, + P> +.+ P,

Dirac notation form:
1= |es) (e1]+ |e2) (e2| +..+ |€n) (€n]

Eigen-operators have Spectral Decomposition
of operator M= ¢,/P; + P> +..+ eaPwn

Dirac notation form:
M =¢e;|er) (e1]+e2]e2) (€2|+..4€n|en) (€4]

...and operator Functional Spectral Decomposition
of a function fiM)=fle)P; + flex) P> +..+ flen)Pn
Dirac notation form:

fIM) = fle))|er) (e1|+f(e2)|e2) (e2]+..+ flen) |en) (En]
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(Preparing fOrDegenerate eigenvalues )

» Review: matrieigerstates (owrstates) anddempotent ProJeCtOrS ryescracy cas ) é
Operator orthonormality, completeness, and spectral decompostbi@adte e-values )
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Operator ortho-completeness, and spectral decomposition

(FOFZ Non-Degenerate eigenvalues ) $ (M ! "ml) (FOI’Z Degenerate eigenvalues )

Eigen-Operator-Projectors P, : P = n?g( ( | ) > P

k

MszekPk = PkM mitk
Dirac notation form:

Mle)) (&j|=¢x |ex) (el = |er) (/M

Eigen-Operator-P, -Orthonormality Relations
0 if i j#k
P ifij=k
Dirac notation form:
&) (&1l-ex) (exl =0 |ek) (e

PP =5,P =

Eigen-Operator-P; -Completeness Relations
1= P, + P> +.+ P,

Dirac notation form:
1= |er) (er]+ |e2) (2| +.# |En) (]

Eigen-operators have Spectral Decomposition
of operator M= ¢,/P; + P> +..+ eaPwn

Dirac notation form:
M =¢e;|er) (e1]+e2]e2) (€2|+..4€n|en) (€4]

...and operator Functional Spectral Decomposition
of a function fiM)=fle)P; + flex) P> +..+ flen)Pn
Dirac notation form:

fIM) = fle))|er) (e1|+f(e2)|e2) (e2]+..+ flen) |en) (En]
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Operator ortho-completeness, and spectral decomposition

11 I
(FOFZ Non-Degenerate eigenvalues) $ (M! " 1) (FOI’ZDegenerate eigenvalues) $ (M ) ml)
" I #!
Eigen-Operator-Projectors P, : P = ”}ék ( - ) > P,k = -m_k ;n g
k® m g
MP.=!/ P =EM ik $ ( k - m)
| | > MPE, =¢F =F,M | #
Dirac notation form: m™* k

Mle)) (&j|=¢x |ex) (el = |er) (/M

Eigen-Operator-P, -Orthonomality Relations

%0 if:ji" k
P if:)j=k
% K

Dirac notation form:
[)) (]| ex) (x| =k |ex) (4

Eigen-Operator-P; -Completeness Relations
1= P, + P> +.+ P,

Dirac notation form:
1= |er) (er]+ |e2) (2| +.# |En) (]

Eigen-operators have Spectral Decomposition
of operator M= ¢,/P; + P> +..+ eaPwn

Dirac notation form:
M =¢e;|er) (e1]+e2]e2) (€2|+..4€n|en) (€4]

...and operator Functional Spectral Decomposition
of a function fiM)=fle)P; + flex) P> +..+ flen)Pn
Dirac notation form:

fIM) = fle))|er) (e1|+f(e2)|e2) (e2]+..+ flen) |en) (En]
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Operator ortho-completeness, and spectral decomposition

11 I
(FOFZ Non-Degenerate eigenvalues ) H(M —¢.1) (FOI’Z Degenerate eigenvalues ) $ (M ] ml)
" I #!
. ) ) - i p — mzk — m7K
Eigen-Operator-Projectors P, : k H(gk_gm) > P,k ;n g
MP =¢, P, =PM mek "k *m

> MP, =¢,P. =P. M

: . / /
Dirac notation form: . m# " k

Mle)) (/| =€k |ex) (24| = |ex) (4 M > (Dirac notation form is more complicated.)
To be discussed in this lecture.

Eigen-Operator-B, -Orthonomality Relations

%0 if:j"k
Pij:"jkPk:$A) : J
P if:j=Kk
%) k

Dirac notation form:
[)) (]| ex) (x| =k |ex) (4

Eigen-Operator-P; -Completeness Relations
1= P, + P> +.+ P,

Dirac notation form:
1= |es) (e1]+ |e2) (e2| +..+ |€n) (€n]

Eigen-operators have Spectral Decomposition
of operator M= ¢,/P; + P> +..+ eaPwn

Dirac notation form:
M =¢e;|er) (e1]+e2]e2) (€2|+..4€n|en) (€4]

...and operator Functional Spectral Decomposition
of a function fiM)=fle)P; + flex) P> +..+ flen)Pn
Dirac notation form:

fIM) = fle))|er) (e1|+f(e2)|e2) (e2]+..+ flen) |en) (En]

Thursday, January 22, 2015

12



Operator ortho-completeness, and spectral decomposition

(FOFZ Non-Degenerate eigenvalues) $ (I\/I | " 1) (FOI’ZDegenerate eigenvalues) l l (M B gm 1)
"’ #
Eigen-Operator-Projectors P, : P.= "g ( - ) > Pg — Em*Ek
k* m k
Mszngk = PkM mitk I I (gk — gm )

> M Pg =8kPg =Pg M
Dirac notation form: k k k EnFEy

Mle)) (/| =€k |ex) (24| = |ex) (4 M > (Dirac notation form is more complicated.)
To be discussed in this lecture.

Eigen-Operator-P, -Orthonormality Relations

-

0 if:j#k 0 If ie, #¢

PP.=6,P, = > P.P. =0, P =

J ok Jjk k Pk l:f:j:k 8] Ex 8j8k Ex Pg if :8J :8k
Dirac notation form: L “
€/} (g5]|ex) (x| =6k |ek) (k] s (Dirac notation form is more complicated.)

1o be discussed in this lecture.

Eigen-Operator-P; -Completeness Relations
1= P, + P> +.+ P,

Dirac notation form:
1= |es) (e1]+ |e2) (e2| +..+ |€n) (€n]

Eigen-operators have Spectral Decomposition
of operator M= ¢,/P; + P> +..+ eaPwn

Dirac notation form:
M =¢e;|er) (e1]+e2]e2) (€2|+..4€n|en) (€4]

...and operator Functional Spectral Decomposition
of a function fiM)=fle)P; + flex) P> +..+ flen)Pn
Dirac notation form:

fIM) = fle))|er) (e1|+f(e2)|e2) (e2]+..+ flen) |en) (En]
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Operator ortho-completeness, and spectral decomposition

(FOFZ Non-Degenerate eigenvalues) $ (|V| ! "ml)

— mik
Pk_

(FOI’Z Degenerate eigenvalues )

$ (M1

Eigen-Operator-Projectors P, : S ( [ v )
k* m
MP.=! P, =PM mitk

Dirac notation form:

Mle)) (&j|=¢x |ex) (el = |er) (/M

Eigen-Operator-P, -Orthonomality Relations

| _#]
—_  mT K
> =, —
B ()
_ _ "ko'm
> MP/k _!kl)_lk_l)_lkM !m#!k
> (Dirac notation form is more complicated.)

To be discussed in this lecture.

-

9 if )" k 0 if 1€, #¢,
P.P:!.P:A)O J > PP =6 P = /
Tk jk™k $ . - £ & EE, & .
%Pk |fI]—k / / ng l]Cg]:gk
Dirac notation form: S
€/} (g5]|ex) (x| =6k |ek) (k] s (Dirac notation form is more complicated.)

Eigen-Operator-P; -Completeness Relations
1= P, + P> +.+ P,

1o be discussed in this lecture.

Dirac notation form:

1= |es) (e1]+ |e2) (e2| +..+ |€n) (€n]

Eigen-operators have Spectral Decomposition
of operator M= ¢,/P; + P> +..+ eaPwn

Dirac notation form:
M =¢e;|er) (e1]+e2]e2) (€2|+..4€n|en) (€4]

...and operator Functional Spectral Decomposition
of a function fiM)=fle)P; + flex) P> +..+ flen)Pn
Dirac notation form:

fIM) = fle))|er) (e1|+f(e2)|e2) (e2]+..+ flen) |en) (En]

A\ 4

(Dirac notation form is more complicated.)
To be discussed in this lecture.
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Operator ortho-completeness, and spectral decomposition

(FOFZ Non-Degenerate eigenvalues )

$ (m! " 1)

— m#k
Pk -

(FOI’Z Degenerate eigenvalues )

I](M-¢,1)

Eigen-Operator-ProjectorsP, :

$ ()

> P — 8m?'—'€k
€k

H (ek—gm)

MP, =¢ P, =PM m#k
Dirac notation form: e EmTEy
Mle)) (/| =€k |ex) (24| = |ex) (4 M > (Dirac notation form is more complicated.)
1o be discussed in this lecture.
Eigen-Operator-P, -Orthonormality Relations
P 1f -/ /
0 lf‘]¢k N EO If..j#.k
PP =5,P = o > PP =",P =% .
P ifij=k e p it =
& i Tk
Dirac notation form:
€/} (g5]|ex) (x| =6k |ek) (k] s (Dirac notation form is more complicated.)
1o be discussed in this lecture.

Eigen-Operator-P; -Completeness Relations

1= P; + P2 +.+ Py > 1=P + P +.+ P

& €2 €,

Dirac notation form:

1= |es) (e1|+ |e2) (2| +.+ |en) (g4] > (Dirac notation form is more complicated.)

10 be discussed in this lecture.

Eigen-operators have Spectral Decomposition
of operator M= ¢,P; + P2 +..+ enPy > M= 81P + 82P +... 1t &, P

Dirac notation form:

M =g;|er) (e1|+e2|€2) (€2|+..+€n|€n) (€n] > (Dirac notation form is more complicated.)

...and operator Functional Spectral Decomposition

of a function fiM)=  fle)P; +fle)) P> +..+ flen)Py > f(M)=f(¢g )Pgl+ f(&, )P82+ ..tf(g, )Pgn

Dirac notation form:

fIM) = fle))|er) (e1|+f(e2)|e2) (e2]+..+ flen) |en) (En]

\4

(Dirac notation form is more complicated.)
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Eigensolutions with degenerate eigenvalues (Possible?... or not?)
» Secular» Hamilton-Cayley-~Minimal equations
Diagonalizability criterion

-

Thursday, January 22, 2015
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Eigensolutions with degenerate eigenvalues (Possible?... or not?)
What if secular equation (det|M-¢;1]- 0) of N-by-Nmatrix H has !-repeated €;-roots {€;,, €1,... €1,} ?

If so, it’s possible H can’t be completely diagonalized, though this is rarely the case.

Thursday, January 22, 2015
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Eigensolutions with degenerate eigenvalues (Possible?... or not?)
What if secular equation (det|M-¢;1]- 0) of N-by-Nmatrix H has !-repeated €;-roots {€;,, €1,... €1,} ?

If so, it’s possible H can’t be completely diagonalized, though this is rarely the case.
It all depends upon whether or not the HC equation really needs its repeated factors.

Thursday, January 22, 2015
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Eigensolutions with degenerate eigenvalues (Possible?... or not?)
What if secular equation (det|M-¢;1]- 0) of N-by-Nmatrix H has !-repeated €;-roots {€;,, €1,... €1,} ?

If so, it’s possible H can’t be completely diagonalized, though this is rarely the case.
It all depends upon whether or not the HC equation really needs its repeated factors.

Suppose each eigenvalue ¢; 1s | -fold degenerate so secular equation (SEq) factors as follows:
I -

S(s):0=(—1)N (8—81)'1 (8—82)!2 E(e—ep)!p where: !1+!2+E +!p=N
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Eigensolutions with degenerate eigenvalues (Possible?... or not?)
What if secular equation (det|M-¢;1]- 0) of N-by-Nmatrix H has !-repeated €;-roots {€;,, €1,... €1,} ?

If so, it’s possible H can’t be completely diagonalized, though this is rarely the case.
It all depends upon whether or not the HC equation really needs its repeated factors.

Suppose each eigenvalue ¢; 1s | -fold degenerate so secular equation (SEq) factors as follows:
— — I n N " Il 1] l 2 = 1" I p . = —_—
S(r)=0=("1)" (1)t (1) 2 E(rm )7 whee 1 pp HE 41 =N

Then the HC equation (HCeg) 1s a matrix equation of degree /V with H replacing € in SEqg: S(¢) — S(H)

S(a)=0=("1)"(H" 1) 1" 1) % (0" 1 1) P where: 11 +E +1 =N
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Eigensolutions with degenerate eigenvalues (Possible?... or not?)
What if secular equation (det|M-¢;1]- 0) of N-by-Nmatrix H has !-repeated €;-roots {€;,, €1,... €1,} ?

If so, it’s possible H can’t be completely diagonalized, though this is rarely the case.
It all depends upon whether or not the HC equation really needs its repeated factors.

Suppose each eigenvalue ¢; 1s | -fold degenerate so secular equation (SEq) factors as follows:
N ! ly 2 ! .
S(e) =0=(-1)" (e-g) " (e-&,) 2 E(e—g,)” where: ! +1,+E +! =N
Then the HC equation (HCeg) 1s a matrix equation of degree /V with H replacing € in SEqg: S(¢) — S(H)
—o—(_1\" '] ' ' . . _
S(H)=0=(-1) (H-g1) (H-g,1) & (H-g,1) " where: | +! +E +! =N
The number ! is called the degree of degeneraof eigenvalue &y.
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Eigensolutions with degenerate eigenvalues (Possible?... or not?)
What if secular equation (det|M-¢;1]- 0) of N-by-Nmatrix H has !-repeated €;-roots {€;,, €1,... €1,} ?

If so, it’s possible H can’t be completely diagonalized, though this is rarely the case.
It all depends upon whether or not the HC equation really needs its repeated factors.

Suppose each eigenvalue ¢; 1s | -fold degenerate so secular equation (SEq) factors as follows:
— — I n N n gl " 62 1" Kp . —_—
S(r)=0=("1)" (rm )t (1) (1 r,)” whee ppige e =N
Then the HC equation (HCeg) 1s a matrix equation of degree /V with H replacing € in SEqg: S(¢) — S(H)
— — In N n gl " 52 n fp . —_—
S(H)=0=("1)"(H" 1) (H" 1) 2 (H" 1 1) P where: (prip+ .+l =N
The number ! is called the degree of degeneraof eigenvalue &y.

The minimum power integers /i <!, that still make S(H)= 0, form the minimal equation (MEqg) of H.

0=(r1)" (mr 1) () 2E (Hy 7 1)P where: by +E +p =N, # N
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Eigensolutions with degenerate eigenvalues (Possible?... or not?)
What if secular equation (det|M-¢;1]- 0) of N-by-Nmatrix H has !-repeated €;-roots {€;,, €1,... €1,} ?

If so, it’s possible H can’t be completely diagonalized, though this is rarely the case.
It all depends upon whether or not the HC equation really needs its repeated factors.

Suppose each eigenvalue ¢; 1s | -fold degenerate so secular equation (SEq) factors as follows:
N 0 0 ¢
S(e) =0= (—1) (8—81) : (8—82) 2 ...(e—ep) P where: €1+€2+...+€p:N

Then the HC equation (HCeg) 1s a matrix equation of degree /V with H replacing € in SEqg: S(¢) — S(H)

S(H)=0=(-1)"(H-g2) (H-£,2) 2. (H-g,1) " where: ¢ +0,+...4/ =N
The number ! is called the degree of degeneraof eigenvalue &y.

The minimum power integers /i <!, that still make S(H)= 0, form the minimal equation (MEqg) of H.

O:(—l)N(H — 1)} (H-e,1) 2E (H —epl)up where: U+ +E +i =N <N

"1f (and only if) just one (ux=1) of each distinct factor is needed, then H is diagonalizable.\

0=(-1)" (H-g 1) (H-2,1)'E (H-£,1) whee p=N,, <N
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Eigensolutions with degenerate eigenvalues (Possible?... or not?)
What if secular equation (det|M-¢;1]- 0) of N-by-Nmatrix H has !-repeated €;-roots {€;,, €1,... €1,} ?

If so, it’s possible H can’t be completely diagonalized, though this is rarely the case.
It all depends upon whether or not the HC equation really needs its repeated factors.

Suppose each eigenvalue ¢; 1s | -fold degenerate so secular equation (SEq) factors as follows:

S(e) =0=(-1)" (e-g,)* (e-e,)2 . e-e,)

Then the HC equation (HCeg) 1s a matrix equation of degree /V with H replacing € in SEqg: S(¢) — S(H)

p . .
whee: Clot. .+l S N

S(H)=0=(-1)"(H-g1) }(H —821)€2...(H —gpl)fp where: /40 ..+ =N
The number ! is called the degree of degeneraof eigenvalue &y.

The minimum power integers /i <!, that still make S(H)= 0, form the minimal equation (MEqg) of H.

O:(—I)N (H —sll)ul(H —821)“2 (H —epl)up where: ,u1+,u2+...+up:NM|N <N

"1f (and only if) just one (ux=1) of each distinct factor is needed, then H is diagonalizable.\

0=(11)" (Hr "a)i(H1 ") (H1 " 1) wherer p=N,, #N
/6 (M1 ,1)

This 1s true since this p-th degree equation spectrally decomposes H into p operators: P, = lg" (1. 7)
I

1#
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Eigensolutions with degenerate eigenvalues (Possible?... or not?)
What if secular equation (det|M-¢;1]- 0) of N-by-Nmatrix H has !-repeated €;-roots {€;,, €1,... €1,} ?

If so, it’s possible H can’t be completely diagonalized, though this is rarely the case.
It all depends upon whether or not the HC equation really needs its repeated factors.

Suppose each eigenvalue ¢; 1s | -fold degenerate so secular equation (SEq) factors as follows:
I

_a_{(_ 1\ '1 2 E 'p . < _
S(e) =0= (—1) (8—81) (8—82) E (e—ep) where: ! +! +E +! p_N
Then the HC equation (HCeg) 1s a matrix equation of degree /V with H replacing € in SEqg: S(¢) — S(H)
_n_ N "1 Lo ' p . z _
S(H)=0=(-1) (H-£1) {H-g,1) % (H-£,1) "where: | +! +E +1 =N
The number ! is called the degree of degeneraof eigenvalue &y.

The minimum power integers /i <!, that still make S(H)= 0, form the minimal equation (MEqg) of H.

O:(—l)N (H—g,1) " (H-g,1)2E (H—epl)up where: i+ U+E +u=Ny, <N

"1f (and only if) just one (ux=1) of each distinct factor is needed, then H is diagonalizable.\

o=(11)"(n! ") (0! "1)'E (H! "pl)l where: p=N,, #N

ZT](M-¢,1)

EmFEk

This 1s true since this p-th degree equation spectrally decomposes H into p operators: P, = (e
k  ©m

8m¢8k

H= e/iPs, + a2Pg, +...4 spng that are ortho-complete: ng Pe, = 0i Pg,
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Eigensolutions with degenerate eigenvalues (Possible?... or not?)
Secular» Hamilton-Cayley-~Minimal equations

» Diagonalizability criterion

-

Thursday, January 22, 2015
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A diagonalizability criterionhas just been proved:

(

.

In general, matrixd can make an ortho-complete setlbc;fj if
and only if, thed minimal equation has no repeated factors.
Then and only then is matrix fully diagonalizable.

J

Thursday, January 22, 2015
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A diagonalizability criterionhas just been proved:

" In general, matrixtI can make an ortho-complete setlbc;fj if
and only if, thed minimal equation has no repeated factors.
Then and only then is matrix fully diagonalizable.

. J

"If (and only if) just one (ux=1) of each distinct factor is needed, then H is diagonalizable.\

0=(r1)" (k") (e 1) E (HY 1) where: p=N, # N

$ (m"r.1)

m#!k

since this p-th degree equation spectrally decomposes H into p operators: P, = !$ (1.7

.

1o

H = e/Pg, + e2Pg, +...4 5pP5p that are orthonormal: ng Pc, = 0k Pg,

and complete: 1 =Pg, + P, +...+ ng

Thursday, January 22, 2015
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» Nilpotentsand OBad degeneracyO exampBss:
Applications oNilpotent operators later on

b 1%
0 b@u

and:N=(% |

-

Thursday, January 22, 2015
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Nilpotents and “Bad degeneracy’ examples: B:[ g E j , and. NZ(

Repeated minimal equation factors means you will not get an ortho-complete set of P;.

Even:one repeat is fatal...
"""""" ~>(like this |)

o=(H1 " 2)2{H1 1) ..

0
0

1
0

|

Thursday, January 22, 2015
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Nilpotents and “Bad degeneracy” examples: B:( g é j , and: NZ( - j

Repeated minimal equation factors means you will not get an ortho-complete set of P;.
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Nilpotents and “Bad degeneracy” examples: B:( g é j , and: NZ( - )

Repeated minimal equation factors means you will not get an ortho-complete set of P;.

Then squaring N puts back the missing (H-¢,1)-factor that completes the zero minimal equation.

N?=(H-g,1) (H-¢,1)?EE =0
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Nilpotents and “Bad degeneracy” examples: B:( g é ) ,and: N=#, , ;

Repeated minimal equation factors means you will not get an ortho-complete set of P;.

---------------

Then squaring N puts back the missing (H-¢,1)-factor that completes the zero minimal equation.
(The other extra (H-<21)... factors

N 2 _ ( H_ 811)2 ( H — 82 1) 2 E E -0 cannot keep N? from being zero.)
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Nilpotents and “Bad degeneracy” examples: B=4 g 11) &, and: N=i 0o ;

Repeated minimal equation factors means you will not get an ortho-complete set of P;.

- mm mmEEmoEm oo omom

0=(H-¢,1)%(H-e,1)'E , but iN=(H —ed) (H-g,1)'E E # 0o

Then squaring N puts back the missing (H-¢,1)-factor that completes the zero minimal equation.
(The other extra (H-<21)... factors

N 2 _ ( H_ 811)2 ( H — 82 1) 2 E E -0 cannot keep N? from being zero.)

Such an operator is called a nilpotent operatobr, simply a nilpotent.
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Nilpotents and “Bad degeneracy” examples: B:( g é } ,and: N=#, , ;

Repeated minimal equation factors means you will not get an ortho-complete set of P;.

R R B R R NN |

0=(H-e1)2{H-e,1)"..., but iN=(H - e,1) (H-g,1)......# O

Then squaring N puts back the missing (H-¢,1)-factor that completes the zero minimal equation.
(The other extra (H-<21)... factors

2_ AV T 2 _ t keep N? from being zero.)
_ | | — cannot keep 0 g
NZ=(H 1 " 2) (HY ",1)2 0

Order-2 Nilpotent: Non-zero N whose square N? is zero.

Such an operator is called a nilpotent operatobr, simply a nilpotent.

Thursday, January 22, 2015



Nilpotents and “Bad degeneracy” examples: B= g é %, and: NZ[ - ]

Repeated minimal equation factors means you will not get an ortho-complete set of P;.

Then squaring N puts back the missing (H-¢,1)-factor that completes the zero minimal equation.
(The other extra (H-<21)... factors

N 2 :( H— 81 1)2 ( H — 82 1)2 E E — O cannot keep N? from being zero.)

Order-2 Nilpotent: Non-zero N whose square N? is zero.

Such an operator is called a nilpotent operatobr, simply a nilpotent. A nilpotent is a troublesome
bete noir for basic diagonalization, but a key feature of Non-Abelian symmetry analysis.
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Nilpotents and “Bad degeneracy” examples: B= g 11) %, and: NZ[ - ]

Repeated minimal equation factors means you will not get an ortho-complete set of P;.

R R B R R NN |

Then squaring N puts back the missing (H-¢,1)-factor that completes the zero minimal equation.
(The other extra (H-<21)... factors

N2:(H _¢ 1)2(H _e 1)2 — () cannot keep N? from being zero.)
1 2 oooooo -

Order-2 Nilpotent: Non-zero N whose square N? is zero.

Such an operator is called a nilpotent operatobr, simply a nilpotent. A nilpotent is a troublesome
bete noir for basic diagonalization, but a key feature of Non-Abelian symmetry analysis.

For example, consider a 'bad' degenerate matrix. (...not just a "bad cop" but a real "crook"!)

!b1$
B =
o b8
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Nilpotents and “Bad degeneracy” examples: B= g é %, and: NZ[ - ]

Repeated minimal equation factors means you will not get an ortho-complete set of P;.

- mm mmEEmoEm oo omom

Then squaring N puts back the missing (H-¢,1)-factor that completes the zero minimal equation.
(The other extra (H-e21)... factors

N2:(H . 811)2(H _ 821)2 E E — () cannot keep N? from being zero.)

Order-2 Nilpotent: Non-zero N whose square N? is zero.

Such an operator is called a nilpotent operatobr, simply a nilpotent. A nilpotent is a troublesome
bete noir for basic diagonalization, but a key feature of Non-Abelian symmetry analysis.

For example, consider a 'bad' degenerate matrix. (...not just a "bad cop" but a real "crook"!)

(b1 Tra +De
B_[Ob) TxﬂB) EitBI

Secular equation has two equal roots (e=b twice): S(! ) =12"™0p! +h? = (! " b)2 =0
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Nilpotents and “Bad degeneracy” examples: B= g 11) &, and: N=i oo ;

Repeated minimal equation factors means you will not get an ortho-complete set of P;.

- mm mmEEmoEm oo omom

0=(H-e1)2{H-e,1)"..., but IN=(H-e,1) (H-g,1)h......% O

Then squaring N puts back the missing (H-¢,1)-factor that completes the zero minimal equation.
(The other extra (H-e21)... factors

N2:(H . 811)2(H _ 821)2 E E — () cannot keep N? from being zero.)

Order-2 Nilpotent: Non-zero N whose square N? is zero.

Such an operator is called a nilpotent operatobr, simply a nilpotent. A nilpotent is a troublesome
bete noir for basic diagonalization, but a key feature of Non-Abelian symmetry analysis.

For example, consider a 'bad' degenerate matrix. (...not just a "bad cop" but a real "crook"!)

Bz( (l;) tl) ) —TraxJB) +[ietB|
Secular equation has two equal roots (¢=b twice): § (! ) = 12™Dpl 4+ p? = (! ! b)2 =0 )
This gives HC equation: ~ S(B)=B?! 2bB+b*1=(B! b1}’ =0 =( 8 (1) )
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Nilpotents and “Bad degeneracy” examples: B=¢ /&, and: N=# 4 44
Repeated minimal equation factors means you will not get an ortho-complete set of P;.

Then squaring N puts back the missing (H-¢,1)-factor that completes the zero minimal equation.

5 (The other extra (H-e21)... factors
N°=(H-g,1) (H-¢&,1)?EE =0

cannot keep N? from being zero.)

Order-2 Nilpotent: Non-zero N whose square N? is zero.

Such an operator is called a nilpotent operatobr, simply a nilpotent. A nilpotent is a troublesome
bete noir for basic diagonalization, but a key feature of Non-Abelian symmetry analysis.

For example, consider a 'bad' degenerate matrix. (...not just a "bad cop" but a real "crook"!)

''b 1 $
B = -T +DetB)|
#0 b raiB) v

Secular equation has two equal roots (e=b twice): S(! ) =12™opl +b® = (! " b)2

0
. . . 2 2 2
This gives HC equation: S(B) =B“! 2bB+b“1 :(B! bl) 0 =
This 1n turn gives a ) ”
. . . (
nilpotent eigen-projector: N=B! bl= 8 (1) '
&

54)
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Nilpotents and “Bad degeneracy” examples: B= g i %, and: N=4 X

O -

Repeated minimal equation factors means you will not get an ortho-complete set of P;.

Then squaring N puts back the missing (H-¢,1)-factor that completes the zero minimal equation.
(The other extra (H-e21)... factors

N2:(H . 811)2 (H . 821)2 E E =y | cannot keep N? from being zero.)

Order-2 Nilpotent: Non-zero N whose square N? is zero.

Such an operator is called a nilpotent operatobr, simply a nilpotent. A nilpotent is a troublesome
bete noir for basic diagonalization, but a key feature of Non-Abelian symmetry analysis.

For example, consider a 'bad' degenerate matrix. (...not just a "bad cop" but a real "crook"!)

B :£ (l;) tl) } —TraxJB) +[ietB|
Secular equation has two equal roots (e=b twice): S(! ) =12™opl +b® = (! " b)2 =0 ,
|
This gives HC equation: ~ S(B)=B*-2bB +b*1=(B- b1)2 —0=y 0 1 ;
This 1n turn gives a 0 0%

. . . "o 1 %
nilpotent eigen-projector: N=B! pl=

0 0&
...which satisfies: N2 =0 (but N | o) and: BN =bN = NB
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Nilpotents and “Bad degeneracy” examples: B:( 8 é } ,and: N=#, ;8

Repeated minimal equation factors means you will not get an ortho-complete set of P;.

Then squaring N puts back the missing (H-¢,1)-factor that completes the zero minimal equation.
(The other extra (H-e21)... factors

N 2 — ( H_¢ 1)2 ( H—eg 1) 2 .y cannot keep N? from being zero.)
1 2 oooooo -

Order-2 Nilpotent: Non-zero N whose square N? is zero.

Such an operator is called a nilpotent operatobr, simply a nilpotent. A nilpotent is a troublesome
bete noir for basic diagonalization, but a key feature of Non-Abelian symmetry analysis.

For example, consider a 'bad' degenerate matrix. (...not just a "bad cop" but a real "crook"!)

B:( b 1 ] TracdB)  +DetB|

0 b \‘ v

Secular equation has two equal roots (e=b twice): S(! ) =12™opl +b® = (! " b) ,
This gives HC equation: ~ S(B)=B2! 2bB+b*1=(B! b1)* =0 =( 0 1 ]
This 1n turn gives a ,
nilpotent eigen-projector: N=B! bl =

2—

0 1%
0 0&
...which satisfies: N2 =0 (but N | o) and: BN = 5N = NB

This nilpotent N contains only one non-zero eigenket and one eigenbra. |5) :( 1 j (8 :( 0 1 )
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Nilpotents and “Bad degeneracy” examples: B:( g i } ,and: N=#, ;8

Repeated minimal equation factors means you will not get an ortho-complete set of P;.

Then squaring N puts back the missing (H-¢,1)-factor that completes the zero minimal equation.
(The other extra (H-e21)... factors

2 _ 1 2 T 2 — t keep N? from being zero.)
— I 1 — cannot keep rom being zero
N (H n 11) ( n 21) 000000 O

Order-2 Nilpotent: Non-zero N whose square N? is zero.

Such an operator is called a nilpotent operatobr, simply a nilpotent. A nilpotent is a troublesome
bete noir for basic diagonalization, but a key feature of Non-Abelian symmetry analysis.

For example, consider a 'bad' degenerate matrix. (...not just a "bad cop" but a real "crook"!)

I
B=y g ;L) ; -TraﬁB) +|3€tB|
(
Secular equation has two equal roots (e=b twice): S(! ) = 12™2b! +b* = (! ! b)2 ,
This gives HC equation: ~ S(B)=B?-2bB+b?1=(B-b1)’ =0 = ( 01 ]
This 1n turn gives a . 00

: : : %
nilpotent eigen-projector: N=B! 5l = 8 (1) 3
&

...which satisfies: N2 =0 (but N | 0) and: BN =HN = NB

0
0

!
This nilpotent N contains only one non-zero eigenket and one eigenbra. |5) =, (1) ; (8 :( 0 1 )
0

These two have zero-norm! (<b‘ b> =0)
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Nilpotents and “Bad degeneracy” examples: B:( g é } , and: NZ[ - ]

Repeated minimal equation factors means you will not get an ortho-complete set of P;.

el e e e e R e |

0=(H—811)52.5(H—821)1E., but; iNz(H—ell)l(H—ezl)lE E £«

Then squaring N puts back the missing (H-¢,1)-factor that completes the zero minimal equation.

(The other extra (H-e21)... factors

N2:(H . 811)2(H _ 821)2 E E — () cannot keep N? from being zero.)

Order-2 Nilpotent: Non-zero N whose square N? is zero.

Such an operator is called a nilpotent operatobr, simply a nilpotent. A nilpotent is a troublesome

bete noir for basic diagonalization, but a key feature of Non-Abelian symmetry analysis.

For example, consider a 'bad' degenerate matrix. (...not just a "bad cop" but a real "crook"!)
B :£ g ; } —TraxJB) +[ietB|
Secular equation has two equal roots (¢=b twice): § (! ) =12"™0pl +p? = (! ! b)2

This gives HC equation: ~ S(B)=B*-2bB+b°1=(B- bl)2
This 1n turn gives a ) ”
: : : 0 1
nilpotent eigen-projector: N=B! bl = '
P SEIPIO) % 0 0&

...which satisfies: N?=0 (butN = 0) and: BN = bN = NB

I
S O
I
q:’:-—
o O
O
Sk A,

!
This nilpotent N contains only one non-zero eigenket and one eigenbra. |b> :# é $, <b‘ :( 0 1 )
0

These two have zero-norm! (<b‘ b> =0) The usual idempotent spectral resolution is no-go.
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Nilpotentsand OBad degeneracyO examphss;; , |, and:N
Applications oNilpotent operators later on

—'0 1%
—#0 0§

-

Thursday, January 22, 2015
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As shown later, nilpotents or other "bad" matrices are valuable for quantum theory.

N =|1)(2| is an example of an elementary operatog,, = |a)(b|

Thursday, January 22, 2015
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As shown later, nilpotents or other "bad" matrices are valuable for quantum theory.

N =|1)(2| is an example of an elementary operatog,, = |a)(b|

N and its partners comprise a 4-dimensional U(2) unit tensor operator space

U(2) op-space {e;=|1)(1], en=|1)(2|, e=[2)(1], ex»n=|2)(2];

109 oo 10 o0$ 1l o0 0%
<en>_#0 0 &0’ <e12>_#0 0 &o’ <e21>_#1 <22>

0 &’ “#o 1 &

They form an elementary matrix algebra; ., = 6x € of unit tensor operators.

The non-diagonal ones are non-diagonalizable nilpotentoperators
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As shown later, nilpotents or other "bad" matrices are valuable for quantum theory.

N =|1)(2| is an example of an elementary operatog,, = |a)(b|

N and its partners comprise a 4-dimensional U(2) unit tensor operator space

U(2) op-space {e;;=|1)(1

, 612:’1> <2

, e=|2)(1

. en=[2)(2]y

11 09 ' o 1 9% ' o 09 ' o 09
<e11> <e12> <e21> <e22>

#0908 #0008 “#q 0 & “#o 18

They form an elementary matrix algebra; ., = 6x € of unit tensor operators.

The non-diagonal ones are non-diagonalizable nilpotentoperators

Their co-Dimensional cousins are the creation-destructiom;'a; operators.
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Secular equation by minor expansion
Example of minimal equation projection

P;

The old"1=1.1 trick"-

P=p>

|
#

“ b
0

1
b

Idempotents and OGood degeneracyO exalﬁplé:

B 1

$
%

P T

e

— e =

"X

o o

O -

Thursday, January 22, 2015

49



An example of a 'good' degenerate (but still diagonalizable) matrix
is the anti-diagonal "gamma" matrix G (a Dirac-Lorentz transform generator)

G =

/

0

0
0
1

0

0
1
0

0

1
0
0

)

0
0

0

SEq:

S(/)=de|G" /1 =de

ll!
0

0
1

0

ll!

1
0

B R A

.

Idempotents and “Good degeneracy” example: G=%:

1

0
1
II!

0

e

1
0

0
II!
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Idempotents and “Good degeneracy” example: G=

An example of a 'good' degenerate (but still diagonalizable) matrix
is the anti-diagonal "gamma" matrix G (a Dirac-Lorentz transform generator)

5#00013 "I 0 0 1
0010 0o "/ 1 0
G=# & < s()=delG" 1] = de
#0 10 0& SEq (1)=de] | 0 1 "I 0
#1.0 0 08 1 0 0 "!

| has a 4t degree Secular Equation (SEq)
— (Cix1l diag df5) | 3 + (Z2x2 diag minors(f) ! 2 — (3-3x3 diag minors@f) ! 1 + (4x4 determinant@f) ! 1=0
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Idempotents and “Good degeneracy” example: G=

S 1}
o1
A
1 . . .
An example of a 'good' degenerate (but still diagonalizable) matrix
is the anti-diagonal "gamma" matrix G (a Dirac-Lorentz transform generator)

(000 1) 10 0 1

0010 0 "I 1 0
G= - s(1)=det|G" 11| = det

0100 SEq (1)= et | o 1 1 o

.1 0 0 0, 1 0o o0 "/

| has a 4t degree Secular Equation (SEq)
14— (C1x1 diag df5) | 3 + (3-2x2 diag minors@f) | 2 — (323x3 diag minors(@f) ! 1 + (4x4 determinant(@f) ! 1=0
VY()\J
Trace 0f5=0
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ldempotents and “Good degeneracy” example: G=;§

1 %

B R A
- — H — o —

1 &

An example of a 'good' degenerate (but still diagonalizable) matrix
is the anti-diagonal "gamma" matrix G (a Dirac-Lorentz transform generator)

o 0

#

g=#9 0
#0 1

#1 0

0
1
0
0

19
&
)
0 &

0 %

SEq:

S(&)=det|G - e1] = det

| has a 4t degree Secular Equation (SEq)

4 — (X1x1 diag df5) ! 3 + (3-2x2 diag minors@f) | 2 — (3-3x3 diag minors(@f) ! 1 + (4x4 determinant(@f) ! 1=0
W

0

Trace of5=0

M(12)=0

0
0
0

M (13)

0

00 o
M(14) = -1

0

1
10

M(23)=!1
0

1

1
M(24)=0
00 0

0

M(34)=0

00
00

- 0 0 1
0O - 1 O
0O 1 - O
1 0 0 -¢
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ldempotents and “Good degeneracy” example: G=

o J
T
A R
1 - -
An example of a 'good' degenerate (but still diagonalizable) matrix
is the anti-diagonal "gamma" matrix G (a Dirac-Lorentz transform generator)

4!#00012 "I 0 0 1

0010 o "/ 1 0
G=*# & Eg-  S(!)=delc" 11 =de

#0 10 0& SEq ()=delcr g 0 1 "I 0

#1 0 0 0& 1 0 0 "I

| has a 4t degree Secular Equation (SEq)
4 — (X1x1 diag df5) ! 3 + (3-2x2 diag minors@f) | 2 — (3°3x3 diag minors(@f) ! 1 + (4x4 determinant(@f) ! 1=0
\/WO'\J )

Trace ofS=0 M(12) =0 M(@123=0 M(234=0

o O o
= O O

M(13) M(23)=!1 M (124) =0

0 0
0 0

1
0

1 0
MAH=1'1 M(24=0 M(34)=0 M(134) =0

00 O 00 00 0 1
00

0

0

1
10

0
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ldempotents and “Good degeneracy” example: G=

AR -
— o — '_\ - —

—_— = =

[
!
!
1

An example of a 'good' degenerate (but still diagonalizable) matrix
is the anti-diagonal "gamma" matrix G (a Dirac-Lorentz transform generator)

(0 0 0
G =

—_ O O
o = O
o O =

\

1

o O O

\

J

SEq:

S(e) = det‘G — 81| =det

| has a 4t degree Secular Equation (SEq)

4 — (X1x1 diag df5) ! 3 + (3-2x2 diag minors@f) ! 2 — (3°3x3 diag minors(@f) ! 1 + (4x4 determinant(@f) ! 1=0
(N

0
Trace of5=0

M(12)=0

M(14)=11

0

1
10

M(23=-1

0

1

1

M (24) =0

0

0

0

M(34)=0

00
00

M(123=0

o O o
= O O

M(124)=0

0 0
0 0

1
0

1 0
M(134)=0
0

0

0 1

- 0 0 1
0O - 1 O
O 1 - O
1 0 0 -¢

M(234)=0

+1
detG =

= (-1)

—_ O O
oS = O
o O =

0 1
1 0

=(=D(=1)

=+1

= (=D
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Idempotents and OGood degeneracyO exagg
Secular equation by minor expansion
Example of minimal equation projection

<

P;

The old"1=1.1 trick"-

P=p>

-

o O

S =

XRo &

-
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Idempotents and “Good degeneracy” example: G=

.01
R
1.
1 - - .

An example of a 'good' degenerate (but still diagonalizable) matrix
is the anti-diagonal "gamma" matrix G (a Dirac-Lorentz transform generator)

(00 0 1

G =

\

—_ O O

o = O

o O =

o O O

\

J

SEq:

ll!
0

0
1

S(!/)=det|G" /1] = det

| has a 4t degree Secular Equation (SEq) with repeat pairs of de

s(/)

=0=

14202 41= (1 1)1 +)

0O 0 1
10
1 "7 0
o o "/

generate roots (! ;==%1)

Thursday, January 22, 2015

57



Idempotents and “Good degeneracy” example: G=

|
$|
$|
$1

An example of a 'good' degenerate (but still diagonalizable) matrix
is the anti-diagonal "gamma" matrix G (a Dirac-Lorentz transform generator)

;!#0 0 0 13 "I 0 0 1
"

g=#0 0 1 0g SEq:  S(!)=defG" 1=def O " 10

#0 1 0 0 1 "I 0

100 06 1 0 0 "I

| has a 4t degree Secular Equation (SEq) with repeat palrs of degenerate roots (! ;=*£1)
S( )—0—84—28 +1= (8 1) (£+1)
G has a 4t degree HC equation (HCeq) with G replacing ! in SEg: S(!' ) — S(G)

§(G)=0=G*-2G2+1=(G-1)*(G+1)’
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Idempotents and “Good degeneracy’ example: G=

|
$|
$|
$1

An example of a 'good' degenerate (but still diagonalizable) matrix
is the anti-diagonal "gamma" matrix G (a Dirac-Lorentz transform generator)
( )
O 0 01 "

0 0 1
00 10 0 "/ 1 0

G= . s(1)=dd|c" 11 =dea
0100 SEq. ()=delcr g 0 1 "I 0
L 100 0 1 0 0 "I

| has a 4t degree Secular Equation (SEq) with repeat pairs of degenerate roots (! ;=*£1)
S(1)=0=14"21241=(1"1)*(1 +1)
G has a 4t degree HC equation (HCeq) with G replacing ! in SEg: S(!' ) — S(G)
S(G)=0=G*-2G? +1=(G-1)*(G+1)’
Yet G satisfies Minimal Equation (MinEq) of only 27 degree with no repeats.
0=(G-1D)(G+1)
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Idempotents and “Good degeneracy’ example: G=

|
§|
$|
$1

An example of a 'good' degenerate (but still diagonalizable) matrix
is the anti-diagonal "gamma" matrix G (a Dirac-Lorentz transform generator)

(00 0 1 ) “1 0 0 1

00 1 0 0 "/ 1 0
G-= Eqs-  S(!)=delc" 11 =de

010 0 SEq ()=delcr /] 0 1 "I 0

.1 0 0 0 1 0 0 "!

| has a 4t degree Secular Equation (SEq) with repeat pairs of degenerate roots (! ;=*£1)
s(1)=0=14" 22 +1=(1" 1) (1 +1)
G has a 4t degree HC equation (HCeq) with G replacing ! in SEg: S(!' ) — S(G)
s(G)=0=G*1 2G2+1=(G! 1)°(G +1)°
Yet G satisfies Minimal Equation (MinEq) of only 2nd degree with no repeats. So P, formulae work!
0=(G-1)(G+1 I1 (M-¢,1)
p - e

) H (gk_gm)

Em#FEK
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Ildempotents and “Good degeneracy” example: G=

S 1}
o1
A
1 . . .
An example of a 'good' degenerate (but still diagonalizable) matrix
is the anti-diagonal "gamma" matrix G (a Dirac-Lorentz transform generator)

(000 1) 10 0 1

0010 0 "I 1 0
G= - s(1)=det|G" 11| = det

0100 SEq (1)= et | o 1 1 o

.1 0 0 0, 1 0o o0 "/

| has a 4t degree Secular Equation (SEq) with repeat pairs of degenerate roots (! ;=*£1)
S(1)=0=14"21241=(1"1)*(1 +1)

G has a 4t degree HC equation (HCeq) with G replacing ! in SEg: S(!' ) — S(G)
5(G)=0=G*-2G62+1=(G-1)*(G+1)’

Yet G satisfies Minimal Equation (MinEq) of only 2nd degree with no repeats. So P, formulae work!

0=(G-1)(G+1) $ (M"7/,1)
Two ortho-complete projection operators are derived by Projection formula: P, = "”%k ( Ty )
"k m
100 1 "9 o0 %
PG:G_(_I)lzl O 1 1 O G_G!(1)1_1$ 0O 1 11 0 :
oH=(-1) 2 0 1 10 P”_II!I_EgO ' 1 0
1001 2110 0 1 &
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Ildempotents and “Good degeneracy” example: G=

o 1}
o1
A
1 . . .
An example of a 'good' degenerate (but still diagonalizable) matrix
is the anti-diagonal "gamma" matrix G (a Dirac-Lorentz transform generator)

00 0 19 "I 0 0 1

9001 0% 0 "/ 1 0
G=# & SEg:  S|!/)=de|G" /1 =de -

#0 1 0 0 & 9 ()=aalc" /1 0 1 "I 0

100 06 1 0 0 "!

| has a 4t degree Secular Equation (SEq) with repeat palrs of degenerate roots (! ;==41)
S( )—0—84—28 +1= (e 1) (e+1)
G has a 4t degree HC equation (HCeq) with G replacing ! in SEg: S(!' ) — S(G)
s(G)=0=G*1 262 +1=(G1 1)’ (G+1)’
Yet G satisfies Minimal Equation (MinEq) of only 2nd degree with no repeats. So P, formulae work!
0=(G-1)(G+1 $ (M"7/,1)
Two ortho-complete projection operators are derived by Projection formula: P, = "”%k ( K )

100 1 1 0 0 -1 .
pC G- _1] 01 1 0 b _G=(1 11 0 1 -1 0
Tosl=(-1) 20 0 1 1 0 <+ -1-(1) 20 0 -1 1 0
100 1 10 0 1
Each of' these -Iii‘_(_ij_é_é_t_é)_r_é_ contains two hnearly ‘independent ket '(')'f bra vectors:
‘ ) 4 ‘ ) ' 0 $ ‘ ) 1 $ ‘ ) ! O $
b)_1%0& L) 1%1¢ L)_1%9 & L) 1%, 8
L=7 [#O&\lﬁ—&—f#l R Y I AL R - - AP
#1 #0 9% #18 0 &
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Ildempotents and “Good degeneracy” example: G=

|
§|
$|
$1

An example of a 'good' degenerate (but still diagonalizable) matrix
is the anti-diagonal "gamma" matrix G (a Dirac-Lorentz transform generator)

(000 1) £ 0 0 1

0010 0 —¢ 1 O
G= Eo-  S(e)=de|G—e1l = det

0100 >k ()= det|G —e1 0 1 - O

100 0) 1 0 0 -¢

| has a 4t degree Secular Equation ( SEq ) with repeat pairs of degenerate roots (! ;==41)
2
S( ) 0=e*—2e"+1= (8 1) (e+1)
G has a 4t degree HC equation (HCeq) with G replacing ! in SEg: S(!' ) — S(G)
2 2
S(G)=0=G*1 2G?+1=(G! 1) (G +1)
Yet G satisfies Minimal Equation (MinEq) of only 2nd degree with no repeats. So P, formulae work!
0=(G-1)(G+1 $ (m"r,1)
Two ortho-complete projection operators are derived by Projection formula: P, = "”%k ( Ty )
"k m

g1 001/ 10 0 %
G:G!(!1)1:l$0 110, PG_G!(I)I_lgo [ 11 0.
S+t 28011 0 (1) 280 111 0
2 10018 #1100 0 18
Each of' these -Iii‘_(_)_J_é_é_t_(_{r_é_ contains two hnearly ‘independent ket '(')'f bra vectors:
I 0 1 0 ) These 4 are more than
1,) = W)_ 1o \1>:M:i : \—1>=‘_ll): Ly o \—1>:‘_12): LI 1 | linearly independent...
L Lo | LT Yod2 V20 o 2| A
| 0 O o | --they are orthogonal.
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An example of a 'good' degenerate (but still diagonalizable) matrix
is the anti-diagonal "gamma" matrix G (a Dirac-Lorentz transform generator)

5#00012 £ 0 0 1

0010 0 —¢ 1 0
G=*# & SEqg: S(e)=de|G -l =det

#0 10 0& 1 (€)= det|G ¢ 0 1 —-e O

#1 0 0 0& 1 0 0 -¢

| has a 4t degree Secular Equation ( SEq ) with repeat pairs of degenerate roots (! ;=*£1)
2

S(e) 0=e*—2e*+1= (e 1) (e+1)

G has a 4t degree HC equation (HCeq) with G replacing ! in SEg: S(!' ) — S(G)
2 2

s(G)=0=G*1 26?2 +1=(G! 1)7(G +1]

Yet G satisfies Minimal Equation (MinEq) of only 2nd degree with no repeats. So P, formulae work!
0=(G-1)(G+1 $ (M"7/,1)

Two ortho-complete projection operators are derived by Projection formula: P, = "”%k ( Ty )
"k "m
i 0 1 #
" 5 1 0 0 1 '/( 1 0 0 -1
ﬁ_G.(.l)1:l$0 110 b _G=(1 11 0 1 -1 0
+H1(11) 280 1 1 0 1 1-(1) 20 0 -1 1 0
# } 00 1& 10 0 1

Bra-Ket repeats may need to be made orthogonal Two methods shown next:

independent...
1. Gram-Schmidt orthogonalization (harder) 2. Commuting projectors (easier)

e orthogonal.
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Orthonormalization of degenerate eigensolutions
ProjectionP;-matrix anatomy (Gramian matrices)
Gram-Schmidt procedure

The old"1=1.1 trick"-

P=p>

-

o O
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XRo &

1 U
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Orthonormalization of degenerate eigensolutions

The G example is unusually convenient since components (P;);2 of projectors P; happen to

be zero, and this means row-1 vector (j;| is already orthogonal to row-2 vector |j2):

(jilj2) = 0
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Orthonormalization of degenerate eigensolutions

The G example is unusually convenient since components (P;);2 of projectors P; happen to
be zero, and this means row-1 vector (j;| is already orthogonal to row-2 vector [j2):  (ji]j2) =

ProjectionP;-matrix anatomy (Gramian MatriCES) -« - - --sw-wwswsrmrmmsrmrmsmmsrmsmmss s .

If projector P; is idempotent (P; P;= P;), all matrix elements (P;),« are row,-columng-e-products (j, L]k)
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Orthonormalization of degenerate eigensolutions

The G example is unusually convenient since components (P;);2 of projectors P; happen to
be zero, and this means row-1 vector (j;| is already orthogonal to row-2 vector [j2):  (ji]j2) =

ProjectionP,-matrix anatomy (Gramian MatriCES) - ----------s-wsresreresrearemremremrmrmseresessaseaseaseaecaeeeeaas -
If projector P; is idempotent (P; P;= P;), all matrix elements (P;),« are row,-columng-e-products (j, L]k)

(Pj) | (Pj) = (Pj)
ky
C e e K, REAR
b, b, b, b, b, b, ks i Jopl
k, .
k5
k6
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Orthonormalization of degenerate eigensolutions

The G example is unusually convenient since components (P;);2 of projectors P; happen to
be zero, and this means row-/ vector (j 1| is already orthogonal to row-2 vector j2): (ilj2) =

ProjectionP;-matrix anatomy (Gramian MAtriCES) --------s----srrswsrmerurmrmasurmemsiresnseeseecee e -
If projector P; is idempotent (P; P;= P;), all matrix elements (P;),« are row,-columng-e-products (j, L]k)

e) - G
.|k
k

K| . . .. 0K
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Orthonormalization of degenerate eigensolutions

The G example is unusually convenient since components (P;);2 of projectors P; happen to
be zero, and this means row-1 vector (j;| is already orthogonal to row-2 vector [j2):  (ji]j2) =

ProjectionP,-matrix anatomy (Gramian MatriCES) - ----------s-wsresreresrearemremremrmrmseresessaseaseaseaecaeeeeaas -
If projector P; is idempotent (P; P;= P;), all matrix elements (P;),« are row,-columng-e-products (j, L]k)

) | (P) = (P)

.| OK) |-

/

(F‘lj)34= bs= k3= (]'3‘]'4) = (b‘k) =bek = biki+brko+bsks+bikst+bsks+beks
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Orthonormalization of degenerate eigensolutions

The G example is unusually convenient since components (P;);2 of projectors P; happen to
be zero, and this means row-1 vector (j;| is already orthogonal to row-2 vector [j2):  (ji]j2) =

ProjectionP;-matrix anatomy (Gramian MatriCES) - - -rwsrsreremmremsrmmressseseseessearesseee e -
If projector P; is idempotent (P; P;= P;), all matrix elements (P;),« are row,-columng-e-products (/bL/k)

(Pj) - (Pj)

.| Ok)|.

/

(F‘Jj)34= bs= k3= (]3‘]4) = (b‘k) = Dok = biki+brko+bszks+biks+bsks+beks

W) | S
(k) | <
en GR R ©W EB O | 3 S | k) Quasi-Dirac notation
bra row p=3rd ) | = shows vector relations
k) | S
6lk) E

71
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Orthonormalization of degenerate eigensolutions

The G example is unusually convenient since components (P;);2 of projectors P; happen to
be zero, and this means row-1 vector (j;| is already orthogonal to row-2 vector [j2):  (ji]j2) =

ProjectionP;-matrix anatomy (Gramian MatTICES) -« -----s-r-wrsrrsrsrmrmrmrmsmsrmsissriasss s .
If projector P; is idempotent (P; P;= P;), all matrix elements (P;),« are row,-columng-e-products (j, L]k)

(Pi) ( i) = (PJ)
! $j#~ K, 2 | ol . $
ﬁ . g#, K, & ﬁ o] g
wb b b b b bogh . k| Sk JoR[. - &
i .4 & 4 /s & #*. . A &
# & ¥ ' o # / &
i : & Ks & B : f&%
# Ke S . / :
(F‘Jj)34= bs= k3= (]3‘]4) = (b‘k) = Dok = biki+brko+bszks+biks+bsks+beks
(k) | §
Qlky | L
Gy GR) @3 G4 G5 @6 | \(3Ik) § _ (blk) Quasi-Dirac notation
bra row p=3r4 @) | 3 shows vector relations
CISYRS
©6lh) | S
S

Diagonal matrix elements (Pj)iw = rowk-columnk-o-product (kljx)= (k|k) is km-norm value (usually real)

ap) | @k
@h) | @K
Ch 0R) e G4 ©B ¢e | (3p) | Gk 0P R
«D &2 I l4) &) (ko) (4p) | (4fk) Co kR

Gp) | (6K e SR
©p) | 6k
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Orthonormalization of degenerate eigensolutions

The G example is unusually convenient since components (P;);2 of projectors P; happen to
be zero, and this means row-/ vector (j 1| is already orthogonal to row-2 vector j2): (ilj2) =

ProjectionP;-matrix anatomy (Gramian MatriCES) -« -------r-rsrrrarareraramamamaiamaraiarasese s .
If projector P; is idempotent (P; P;= P;), all matrix elements (P;),« are row,-columng-e-products (j, L]k)

G R

.| Ok)|.

(F‘JJ)34—b4—k3— (]3‘]4) ( |k)= Dek = biki+boko+bsks+baiks+bsks+beks
! s, \ aols S, s
y g )< & ¢
2 0D 0R CR O 0B O &% ak) S S (0K) & Quasi-Dirac notation
£ bra row p=3ud gﬁ SRS & : & shows vector relations
! & GR|S g # ¢
# (61k) E &
Diagonal matrix elements (Pj)iw = rowk-columnk-o-product (kljx)= (k|k) is km-norm value (usually real)
an | SRR
@) | @lk) N I K normalized vectors
Gl) GR) ¢13) G4 ¢G5 ¢l | @b) | @lk) | ebten | - ket= |ji)=|j V(K| k)
Ky (k12) (KI3) (kl4) (KI5) (KI6 A1) | (@4lk N o
TR E5|b; ESVC; . e (.\3\::\\: bra:<lk|=(]k‘/\/(k’k)
(61b) | (6lk) R R A S0: (Jikl k)=
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Orthonormalization of degenerate eigensolutions
ProjectionP;-matrix anatomy (Gramian matrices)

» Gram-Schmidt procedure ,

The old"1=1.1 trick"-
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Orthonormalization of degenerate eigensolutions

The G example is unusually convenient since components (P;);2 of projectors P; happen to

be zero, and this means row-1 vector (j;| is already orthogonal to row-2 vector [j2):  (ji]j2) = 0
Gram-Schmidt procedure

Suppose a non-zero scalar product (j;|j2)#0. Replace vector [j2) with a vector [j2)=|ji ;) normal to (j;| ?
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Orthonormalization of degenerate eigensolutions

The G example is unusually convenient since components (P;);2 of projectors P; happen to

be zero, and this means row-/ vector (j;| is already orthogonal to row-2 vector |j2):  (ji|j2) = 0
Gram-Schmidt procedure

Suppose a non-zero scalar product (j;|j2)#0. Replace vector [j2) with a vector [j2)=|ji ;) normal to (j;| ?

Define: |j2)= Ni|ji) + N2|j2) such that: (j;|j2)=0= N; (j:|j1) + N2 (j1|j2)
...and normalized so that: (jz|j2)=1= N2(j:|j;)+ N1 N2[(:1|j2)+ G2lji) ]+ N22(j2|j2)
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Orthonormalization of degenerate eigensolutions
The G example is unusually convenient since components (P;);2 of projectors P; happen to
be zero, and this means row-/ vector (j;| is already orthogonal to row-2 vector |j2):  (ji|j2) = 0

Gram-Schmidt procedure
Suppose a non-zero scalar product (j;|j2)#0. Replace vector [j2) with a vector [j2)=|ji ;) normal to (j;| ?

Define: |j2)= Ni|ji) + N2|j2) such that: (j;|j2)=0= N; (j:|j1) + N2 (j1|j2)
...and normalized so that: (jz|j2)=1= N2(j:|j;)+ N1 N2[(:1|j2)+ G2lji) ]+ N22(j2|j2)

Solve these by substituting: =- N2 (j1|j2)/(j1|j1)
to give: 1 N22 (jilj2)?/Giiljr) - N22[Girli2)+ G2lin]Gili2)/Gialjin) + N22(jzlj2)
1/N2? = (j2|j2) + Gy G+A- - GG - G2linGiliz)/ Gl
1/N22= (j2|j2) - GalinGili2)/Girljn)

Thursday, January 22, 2015 77



Orthonormalization of degenerate eigensolutions

The G example is unusually convenient since components (P;);2 of projectors P; happen to
be zero, and this means row-/ vector (j;| is already orthogonal to row-2 vector |j2):  (ji|j2) = 0

Gram-Schmidt procedure
Suppose a non-zero scalar product (j;|j2)#0. Replace vector [j2) with a vector [j2)=|ji ;) normal to (j;| ?

Define: |j2)= Ni|ji) + N2|j2) such that: (j;|j2)=0= N; (j:|j1) + N2 (j1|j2)
...and normalized so that: (jz|j2)=1= N2(j:|j;)+ N1 N2[(:1|j2)+ G2lji) ]+ N22(j2|j2)

Solve these by substituting: =- N2 (j1|j2)/(j1|j1)
to give: 1 N22 (jilj2)?/Giiljr) - N22[Girli2)+ G2lin]Gili2)/Gialjin) + N22(jzlj2)
1/N2? = (j2|j2) + Gy G+A- - GG - G2linGiliz)/ Gl
1/N22= (j2|j2) - Golj)Gilj2)/Gialjin)

So the new orthonormal pair is: )= 1j)
1

JGliD

| | | N,Gil i), . .
2 :Nl 1 +N2 )= 1. 1 +N2 2
) =N|j)+ N, i) Glio i)+ N, 7))
B (]1|]2 1 : (J1‘]2
[' ) ul\m' 1)) Gl _<jzljl><jl|jz>(|]2) (j |1>| ‘)]
| ) —
V (]1|]1)
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Orthonormalization of degenerate eigensolutions

The G example is unusually convenient since components (P;);2 of projectors P; happen to
be zero, and this means row-/ vector (j;| is already orthogonal to row-2 vector |j2):  (ji|j2) = 0

Gram-Schmidt procedure
Suppose a non-zero scalar product (j;|j2)#0. Replace vector [j2) with a vector [j2)=|ji ;) normal to (j;| ?

Define: |j2)= Ni|ji) + N2|j2) such that: (j;|j2)=0= N; (j:|j1) + N2 (j1|j2)
...and normalized so that: (jz|j2)=1= N2(j:|j;)+ N1 N2[(:1|j2)+ G2lji) ]+ N22(j2|j2)

Solve these by substituting: =- N2 (j1|j2)/(j1|j1)
to give: 1 N2 (jilj2)?/Giiljir) - N2[Gialjz)+ G2lin1Ginliz)/Ginlin) + N22(jz|j2)
1/N2? = (j2|j2) + Gy G+A- - GG - G2linGiliz)/ Gl
1/N22= (j2|j2) - Golj)Gilj2)/Gialjin)

So the new orthonormal pair is: i) = [i2)
1

- JG i

| | o NGy, .
=N N = — N
o) = Ny| i)+ Ny j,) G i)+ Ny j,)
o (ulio) 1 o (i) ]
N - — . . . . 2 1
2["2) (Mjl)"l)) (1 GG (" AL
(R HTS

OK. That’s for 2 vectors. Like to try for 37
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Orthonormalization of degenerate eigensolutions

The G example is unusually convenient since components (P;);2 of projectors P; happen to
be zero, and this means row-/ vector (j;| is already orthogonal to row-2 vector |j2):  (ji|j2) = 0

Gram-Schmidt procedure
Suppose a non-zero scalar product (j;|j2)#0. Replace vector [j2) with a vector [j2)=|ji ;) normal to (j;| ?

Define: |j2)= Ni|ji) + N2|j2) such that: (j;|j2)=0= N; (j:|j1) + N2 (j1|j2)
...and normalized so that: (jz|j2)=1= N2(j:|j;)+ N1 N2[(:1|j2)+ G2lji) ]+ N22(j2|j2)

Solve these by substituting: =- N2 (j1|j2)/(j1|j1)
to give: 1 N22 (jilj2)?/Giiljr) - N22[Girli2)+ G2lin]Gili2)/Gialjin) + N22(jzlj2)
/N2 = (j2|j2) + G G+A- - GG - G2linGiliz)/Giljn)
1/N22 = (jo|j2) - (G2ljnGilj2)/Giljr)

So the new orthonormal pair is: )= i)
|

JGD

. . _ \NCRIBN .
2=N1 1+N2 2 )= - 1+N2 2
[5,)=N]i)+N,|j,) Gl i)+ N,i,)
EGHIBN 1 (il ]
:N2 2 - . . 1 — . . . . 2
[" AL )) n )_(Jz|11)(1112)(|1 =Gl
[ RELSEATS

OK. That’s for 2 vectors. Like to try for 37
Instead, let’ try another way to “orthogonalize” that might be more elegante
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+Orthonormallzat|on of commuting eigensolutions. Examml:.@: .
The old"1=1.1trick"-Spectral decomposition by prOJector spl
Irreducible projectors and representations (Trace checks)
Minimal equation for projectoP=P?2

How symmetry groups become eigen-solvers
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I
1 )

t'u

/(

ng

and:H={é B 2}
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Orthonormalization by commuting projector splitting

The G projectors and eigenvectors were derived several pages back: (And, we got a lucky orthogonality)

1001 "1 0 0 11%

+61:(3—(—1)1:1 0110 PG_G!(1)1:E$ 0 1 11 0
+1-(-1) 2/ 0 1 1 0 () 280 111 0
\roorj) #11.0 0 1&

‘11) lﬁ(l)g ‘12) llﬁ(l)é ‘11) 1;:2:(1)% ‘12) 1%?%
‘11>_$__2#0 & ‘12>_$__2# | & )= L2 270 & "1,)= S Lt &
# 1 & #0 &% #q & 0 %

Thursday, January 22, 2015

82



Orthonormalization by commuting projector splitting

The G projectors and eigenvectors were derived several pages back: (And, we got a lucky orthogonality)

o 01 1 0 0 -1
G G-(-)1_1 0 1 1 0 PG_G_(I)]':l 0 1 -1 0
+1-(-1) 2 0 1 1 0 =) 2 0 -1 1 0
._____:1 001 ...... L .70 0 1)
) abed k) 180% . fa) 3 1) "
170 1 1 0 1 1
i S - & # & | = = # &
\a>&&ﬁo&\1z>& I#l&w 5 &zog;\l» 5 &ﬁ'lé‘b
1

Dirac notation for G-split: c0mpleteness relcmon using elgenvectors 1s the followmg

A A B 1 O A
= P, + P + Py + Py,
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Orthonormalization by commuting projector splitting

The G projectors and eigenvectors were derived several pages back: (And, we got a lucky orthogonality)

1001 1 0 0 -l
o _G-(-11_1/ 01 1 0 s G-(1 1| o 1 -1 o
1<) 2l 0110 T2 0 a1 o
Nrpooery L7l 0 0 1
1 0 1 0
PN Y I RN TN i T VI PR
J2 42| 0 J2 2| 1 J2 V2| o J2 2] -1

1 0

Dirac notation for G-splitéwmpleteness relation using eigenvectors is the following:

1=P°+P5= |u){L]  + L)L+ WL+ L))

- :P11 * : Plz N F??ll * F,)— L
Each of the original G projectors are split.in two parts with one keflbrg in each.

1001 0 00 0 L1000 ;od*oo%

1 ] 1 11 0.

P1G:P1+P1:E 0000120110 P,GI:!1+P,1——$O 09 O.+_$O O.

1 2 21 0000 2l 0 1 1 O 1 2 280 00 O 280 !'1 1 0
1001 0000 #1100 1& %0 0 0 0&
= Wl o+ L)y =l e )0
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Orthonormalization by commuting projector splitting

The G projectors and eigenvectors were derived several pages back: (And, we got a lucky orthogonality)

L1001 1 0 0 -1

PG G'(!]-l:l%O 1 1 0. PG_G—(I)I_l 0 1 =1 0

#1111 2;0 110" (1) 2l 0 -1 10

¥roovie L1 0.0 1

| IO | O

IR TR N R R

Vo 2o | T2 2] Yoo 2] o SNSRI
1 0

Dirac notation for G-split: c0mpleteness relatlon using elgenvectors 1s the followmg

T (0 R % (X B S RS BRI GN

B ,Pll " g P12 i PTII i E{jlz

Each of the original G prOJectors are split1 1n two parts with one ket—bra in each.
'1001% ‘o000 0% ;10“0!1?/0;00’00?/c
Pe =P, +P, _140000g140110g peop 4p, =150 00 0., 150 1 110,
L 2200 00& 2#0 1 1 0& 1 "2 280 00 0' 250 1!1 1 0O
#1001% #0000 0% #1100 1& #0 0 0 0&

= W+ = W+ i)ty

There are %-/y many ways to split G projectors. Now we let another operator H do the final splitting.
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Orthonormalization of commuting eigensolutions.

Suppose we have two mutually commuting matrix operators: GH=HG
.1 L0

the G=| - 1 L | from before, and new operator H= 2 S 2

1 . . . I
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Orthonormalization of commuting eigensolutions.

Suppose we have two mutually commuting matrix operators: GH=HG
1111 L2
l

the G= from before, and new operator H=| =~ = = ?

e H

|
| & 2.

(First, it 1s important to verify that they do, in fact, commute.)

ot a2 00200 12 11
GH:%!!1!.$! ot 20 320000 30 1 2.$!!1!.:HG
$1 11 1'$2 1 L1 $000 2 $2 1 1 1S
B1 10108 210 13800208 B 21 1Rl 11y
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Orthonormalization of commuting eigensolutions.
Suppose we have two mutually commuting matrix operators: GH=HG
-1 s

the G=| - 1 I | from before, and new operator H= 2 2

Problem: ! - - - B
Find an ortho-complete projector set that spectrally resolves both G and H.
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Orthonormalization of commuting eigensolutions.
Suppose we have two mutually commuting matrix operators: GH=HG
-1 .2

the G=| - 1 I | from before, and new operator H= ; 2

Problemt ! - - - B
Find an ortho-complete projector set that spectrally resolves both G and H.

Previous completeness for G:

1= PG + PY
1 0 0 1 1 0 0 -I
1ot to | 1o 1 -1 o0
200 1 1 0 20 -1 1 0
1 0 0 1 -1 0 0 1

oo G- Gl (1t

=P = +1-(-1) P17 (1)
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Orthonormalization of commuting eigensolutions.
Suppose we have two mutually commuting matrix operators: GH=HG

o1 .. 2
the G=| - 1 I | from before, and new operator H= o 2
Find an ortho-complete projector set that spectrally resolves both G and H.
Previous completeness for G: Current completeness for H:
1= Py + P 1= P + P
100 1% "1 0 0 11X 1010 1 0 -1 0
:1$0110.+1301l10. _lto1o1 1 30 1 0 -1
2$0 1 1 0" 2% 0 1 1 o0° 21010 2l -1 0 1 O
21 001& ®11. 0 0 1 & 0101 0 -1 0 1
G-(-1)1 G! |1
=P+G1 = +1_((_3) +P!Gl: !1!(1 (Left as an exercise)
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Orthonormalization of commuting eigensolutions. Examples: . - -

The old"1=1.1 trick"-Spectral decomposition by projector splitting
Irreducible projectors and representations (Trace checks)
Minimal equation for projectoP=P2

How symmetry groups become eigen-solvers

and:H=

R )
P -

¥R Rr -
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Orthonormalization of commuting eigensolutions.

Suppose we have two mutually commuting matrix operators: GH=HG

I R T
$ 1
the G=¢ ' ' 1 '
$1 11 1
Problen# 1 ! ! ! &

1=

1
110
21 0

Solutioh:'

from before, and new operator H=

G
PJrl +

0O 0 1

1 1T O +l
I 1 O 2
0O 0 1

1

0

0
-1

G

P—l

0

1
-1

0

0
-1

1

0

—1
0
0
1

Current completeness for H:

1=

N | —

1
0
1

0

2 . .
2 .
Find an ortho-complete projector set that spectrally resolves both G and H.
Previous completeness for G:

H
P+2

_— O = O

—_— O

2 .

2

_0 = O

_|_

The old"1=1.1trick"-Spectral decomposition by projector splitting

Multiplying G and H completeness relations
— G G H H GpH GpH GpH GpH
1=1.1= (P+l+ P_l)(P+2 + P_2) —1= (P+1P+2 +PCP PP 4 P_lP_Z)

H
P—Z

0

(Left as an exercise)
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Orthonormalization of commuting eigensolutions.
Suppose we have two mutually commuting matrix operators: GH=HG

L% 112 1
$ ' $ '
the GZ% : i } : '~ from before, and new operator H:% ; : : ? :
Problem#! ! ! !& 2121 1 e
Find an ortho-complete projector set that spectrally resolves both G and H.
Previous completeness for G: Current completeness for H:
_ G G _ .
1= P+1 + P! 1 1= Pg + P!H2 (Left as an exercise)
;1001.%$100!1f’/< ;1010?/0$10!10|‘V<
_1go110.,130 1 11 0, _Igo o 1 120 10 11
240 1 1 0" 2;0!11 o' 2%1010' 2;!10 1 0 °
. 1 0 0 1 17 0 0 1 0O I 0 1 o '1 0 1
Solutm%: . . . .

The old"1=1.1trick"-Spectral decomposition by projector splitting
Multiplying G and H completeness relations gives a set of projectors

=11 = (P+Gl + P--Gl)(sz + P--Hz) =1= (Pflez +PCPH +PCPH + P..Glp..HZ) /

GH GpH —

$1111°
1%1 111
481 1 1 1

1

&1 1 1

R N e e’
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Orthonormalization of commuting eigensolutions.

Suppose we have two mutually commuting matrix operators: GH=HG

the G=

1=

hBARH =
OOH

-1
2

Solutlo% l

OHHO

1 -

1 -
Problemt ! -
Find an ortho-complete projector set that spectrally resolves both G and H.

Previous completeness for G:

G
P+1

SO+ = O

1

b O O

+ P!Ci

"1 0 0 11*%

1 $ 1

L1320 1 110
260 11 1 0" .

g ®11 0 0 .1&

from before, and new operator H=

%

Current completeness for H:

1=

N
‘\
= O

H
I:)+2

o r o
_ O -

0O 10

b O = O

_|_

Pl"z (Left as an exercise)
1 0 -1 0
O 1 0 -1
-1 0 1 O
O -1 0 1

The old"1=1.1 trick"- Speetral decomposmon by projector splitting
Multlplymg G and-H' completeness relations gives a set of projectors

1=11= (PG + PG)(P‘f+ P, ) 1= (PﬁP+2 +POP + PSP +P..GIP..2) /

A

PGH #PGPH —

+1,+2 +1

I

Ro

U
S g Sy
S S O Y

+2

O S W Gy WY

R N e e’ -
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Orthonormalization of commuting eigensolutions.
Suppose we have two mutually commuting matrix operators: GH=HG

1 L2
the G=| - 1 L | from before, and new operator H= 2 S 2
Problemt * - - - . 2
Find an ortho-complete projector set that spectrally resolves both G and H.
Previous completeness for G: Current completeness for H:
1= Pfl + P_G1 1= PE + PIHz
1:0 0 1 1 0 0 -l ;1 0 1 ol‘i/fj_.—g"f 0
_1 0:1 10 Lo -0 _lgo 1o g0 1
200 0:1 1 0 20 -1 1 0 _%$—1'010'2$!10
L1001 10 0 1) .7 201018 #0 11
Solution:; ~ © /v 7 T 7

The old"1=1.1 trick"-Spectral deecmposition by projector splitting
Multiplying G and H comipleteness relations gives a set of projectors

v -
1=1'1= (P,S:t ;I-_l_’.ﬁ)_(_PPZ + P..‘f) =1= (Pflpfz +PCPL + PSP + R.Glp.g) /

-
......
.....

GH GpH _ GH 2,G2H _
l)+1,+2 # 1)+1P+2 - l)+1," 2 # 1)+1P" 2
$1111° $1 "1 "1 1"
g&llllg 1% 1 1 1%
461 11 1) 4&"1 1 1 "1)
%111 1{ %1 "1 "1 1}
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Orthonormalization of commuting eigensolutions.
Suppose we have two mutually commuting matrix operators: GH=HG

1 L2
the G=| - 1 I | from before, and new operator H= 2 S 2
Problemt ! = - - . 2
Find an ortho-complete projector set that spectrally resolves both G and H.
Previous completeness for G: Current completeness for H:
1= Pfl + P!G1 1= sz + P_g (Left as an exercise)
100 1% "1 %9 0 11% 10 10 1 0 -1 0
_120 1 1 00,130 111 0 o101 |10 1 0 1
2$011o'2§on‘\10' 2l 10102 -1 0 1 0
1 & 110 0. 1 & 70101 0 -1 0 1
Solutlo% \ k

The old"1=1.1trick"-Spectral deComposmon by projector splitting
Multiplying G and H completeness relatlons gl'ves a set of projectors

1=1!1:(Pﬁ+1>ﬁ)(1>g+1>..H2) 1= (PGP +POP!] +PG1P+2+P¢*P ) /

. 'ﬁ
GH G H GH G H GH G
P, #P P P ., #P P P, #POPS

1 Ill Ill 1 ' $ 1 Ill 1 Ill !

o

I
Ro
U
N T S
—_—
—
R0 Ro Ro Ro 4P
,_:-
U
[E—

R e e e’ -
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Orthonormalization of commuting eigensolutions.
Suppose we have two mutually commuting matrix operators: GH=HG

|
theG:'i1

Problem: !

from before, and new operator H=| =~ =~ = 2

2

2
2

Find an ortho-complete projector set that spectrally resolves both G and H.

Previous completeness for G:

Current completeness for H:

1= P + P'Gl 1= P n p"
;1 00 1% 00 11 % o1 o 1'/;'0
2%8 i i 8?%%8 !11 |1I\“*g\; =% (1) (1) ‘1) (1) +% 31:' (1)

Solutlo% 001& #1100 1 & 01 0 1 A0

The old"1=1.1trick"-Spectral decompOSmOn by projector spllttlng
Multiplying G and H completeness relations gives.a set of prOJectors

~5
I
Se ]
'
/]
R .
N

A F

1=1!1= (Pf1+Rf3l)(P+2+B.2) 1= (PflP+2+PGP + PSP + PP

GH GpH GH GpH _ GH GpH _ GH GpH _
Pl # PP, = P # PPy P # PP, P # PP =
$111212° $1 222" $1 11 10 $1 1 "1
g&llllg 181 1 1"1% %01 1 M 1%}%1 1"1"1%
4111 1) 4&"1 1 1 "1) 4&1 "1 1 "1) 4&"1 "1 1 1)
%111 1{ %1 "1 "1 1¢{ &"1 1 "1 1¢ &"1 "1 1 1 {

-1
0

(Left as an exercise)

0
-1

Thursday, January 22, 2015

97



Orthonormalization of commuting eigensolutions.

Suppose we have two mutually commuting matrix operators: GH=HG

I L .2
$ 1
the GZ% : i ? : * from before, and new operator H= 2 2
Problem?1 ! ! !& .2

Find an ortho-complete projector set that spectrally resolves both G and H.
Current completeness for H:

Previous completeness for G:

1= PS + PS 1= P +

110011100—1 1;1010?/01;

2 01102 0 411 o 321010 '3
Solutigh:l 0 0 1 10 0 1 $0 10 18 %

The old"1=1.1trick"-Spectral decomposition by projector splitting

Multiplying G and H completeness relations gives a set of projectors and ei

(Left as an exercise)

11 0~
0 !1.
1 0

1 &

%in—relations for both:

7

GH GpH — GH GpH — GH GpH — GH GpH _—
I:)+1,+2#P+1P+2_ I:)+1,"2"J:'£P+1F)"2_ I:)"1,+2#F)"1P+2_ F)"1,"2#P“1P"2_
$1111° $1 12122 $1 11 10 $1 1 m1m
1%1 111 1841 1 1 "1% %01 1 M 1% 11 1 M "1%
4111 1) 4&"1 1 1 "1) 4&1 "1 1 "1) 4&"1 "1 1 1)
%111 1{ %1 "1 "1 1¢{ &"1 1 "1 1¢ &"1 "1 1 1 {

GPJ)' =GPYP, = PC)

g gh

GH _ GpH _ pG H _ jHpGH
HPS!' = HPJ P = PUHP) =1 ]1P

A\

~

,h
>
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Orthonormalization of commuting eigensolutions.
Suppose we have two mutually commuting matrix operators: GH=HG

I I L2
$ 1
the ngi i } : from before, and new operator H= o 2
Prol_alerr%1 e . 2
Find an ortho-complete projector set that spectrally resolves both G and H.
Previous completeness for G: Current completeness for H:
1= Pﬁ + P—(:;L 1= PFZ + Pg (Left as an exercise)
1001 1 0 0 -1 "1 010% "1 0 11 0%
_o11o0 |, 0o 1 -10 :130101.+1$010'1.
2l 0110 2l 0 -1 1 0O 2%1010'2;!1010'
..1 0 0 1 -1 0 0 1 010 1& O !'17 0 1 &
Solution:

The old"1=1.1trick"-Spectral decomposition by projector splitting
Multiplying G and H completeness relations gives a set of projectors and ei%in—relations for both:

— —(pG G H Hl_71 -[pGpH GpH GpH GpH
1—1!1_(1’+1 +P..1)(P+2 +P..2)—1—(P+1P+2 +P_ P +POP, +P. 11’..2) / ((GPGH _ GPCpH _ OpGH )
gh = Fghh =€

g g.h

GH GpH _ GH GpH _ GH GpH _ GH GpH _
Pl #POP, = P # PP, = P, # PP, = P, # PP = HPCH = gpCpH = pCpypH = s HpGH

\ : \ : g,h — g h —~g h —"h~gh
21111) 31 "] 1) 21 "1 1 "1) ?LI 1 "1 "1)\ Yy
Tgl 111§ Igmt 1 1 "t g™t 1 "1 1§ lg1 1 "1 "1
41 1 1 1) 4&"1 1 1 "1) 4& 1 "1 1 "19) 4&"1 "1 1 1)
%1 11 1¢ %1 "1 "1 1 ¢ %"1 1 "1 1¢ %"1 "1 1 1}

...and a the same P’ projectors spectrally resolve both G and H.

(G =(+1) Pfll,iz +(+1) PET2 +(! I)P!Gl,tlrz +(11) P!Gllj 2) (H =(#2)PU, +(12) P, +(#2) P, + (1 2) R
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Orthonormalization of commuting eigensolutions. Examples:
Irreducible projectors and representations (Trace checks)

Minimal equation for projectoP=P2
How symmetry groups become eigen-solvers

# 1

The old"1=1.1 trick"-Spectral decomposition by projector split

—_— = = e

!
1
!
|
|

%

t!i?\g

and:H={é
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Irreducible projectors and representations (Trace checks)
Another Problefiow do you tell when a Projector PJ or P> is ‘splittable’ (Correct term is reducible.)

1= P + P 1= P + P
1 0 0 1 0 0 - 1 0 0 1 0 0
_11 01 0 |, 1l o 1 -1 0 1o 10 o1 o
21 0 1 0] 2 0 -1 1 0 2 010 | 2 0 1 0
0 0 1 -1 0 0 1 0 0 1 0 0 1
The old"1=1.1 trick"
Multiplying G and H completeness relations gives a set of projectors and eigen-relations for both:
1:1!1:(P +P )(P +P ):1:(P P +PCPT +PEP! + PCP
Pe =GPCP ' =I"P
peH #pCpl = pC #pCpT = pCH #pPCP! = pCH # PCP! =
| | | | P& =HPUP! =PCHP, =1 'P
$1111° $1 111 $1 "1 1 $1 1 v1 o1
191 1 1 1% 1%"1 1 1 "1% 1%1 1 1 3 191 1 "1 "1%
461 11 1) 4&"1 1 1 "1) 4&1 "1 "1y 4&"1 "1 1 1)
%1 1 11{ &1 "1 "1 1{ &"1 1 "1 1¢ &"1 "1 1 1

...and a_the same Pgh" projectori spectrally resolve both G and_ H. B B
(G=(+1)p5, +(+1)ell, (1 )P, +(: 1)11% (H=(+2)PG, +(=2)PS, +(+2) P, + (—2)1)_‘}13)
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Irreducible projectors and representations (Trace checks)

Another Problefiow do you tell when a Projector PJ or P> is ‘splittable’ (Correct term is reducible.)

Solutiort’s all in the matrix Trace= sum of its diagonal elements.

...and a the same P} projectors spectrally resolve both G an_d H. ] ] )
(G=(+)PS, +(+)PGT + (-)PTL+ (-)PTL) (H=(+2)PS L, +(-2)PET, +(+2)PT L, +(-2)PT)
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Irreducible projectors and representations (Trace checks)
Another Probleliiow do you tell when a Projector P’ or Py is “splittable’ (Correct term is reducible.)

Solutiort’s all in the matrix Trace= sum of its diagonal elements.

_ Trace P;; )=2 so that projector is reducible to 2 irreducible projectors. (In this case: PS =pPS +pS!
1= PS + PS 1= P + P
; :
GH _ pGpH _ GH _ pGpH _
l)+1,+2 =PP,= P+1,—2 =P P, =
1111 1 -1 -1 1
il1111]1-11 1 1
41111 4 11 1 -1
1111 1 -1 -1 1

...and a the same P_}' projectors spectrally resolve both G an_d H. ] ] )
(6= (PE+ ()P, (P + (P L) (H=(2)PE, +[ PR, + (P (9P
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Irreducible projectors and representations (Trace checks)

Another Probleiiow do you tell when a Projector P; or Py} is “splittable’ (Correct term is reducible.)

Solutiort’s all in the matrix Trace= sum of its diagonal elements.

_Trace PS )=2 so that projector is reducible to 2 irreducible projectors. (In this case: PC = pfliz + PS':

- Trace P5'1,)=1 so that projector is irreducible.

.....................

_ G G _ H ¥
1= P + P 1= P, + P,
/7 N\ /7 N\ 7 N\ /7 N\
" BGH 4 pGpH — GH 4, pGpH — -

$1111° $1 "1 "1 1
11 1 1 1% 1%01 1 1 "1%
48111 1) 4&"1 1 1 "1)
%111 1{ %1 "1 "1 1}

...and a the same Pf,‘f project01_'s spectrally_ resolve both G and H.
(G _ (+1) pCH (+1) Pfl'iz + (—1) Pﬁiz +(—1)Pf31'i ) CH = (+2)P+GLEIL2 + (! z)Pflf!{z + (+2)P!G1,}J1r2 + (! 2)1)!(;512

+1,+2
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Irreducible projectors and representations (Trace checks)
Another Probleliiow do you tell when a Projector Py’ or Py is “splittable’ (Correct term is reducible.)

Solutiort’s all in the matrix Trace= sum of its diagonal elements.

~ Trace P5; )=2 so that projector is reducible to 2 irreducible projectors. (In this case: PC =P5" +PC]

| +1,+2 +1,!
. Trace P©" )=1 so that projector is irreducible.

Sl +1,+2

.....................

1= PS + PS 1= P n P
_____ GH GaH _ GH GaH _ -

P, # PSP = pCH # PCP!

21 11 1) 31 "1 "1 1 )

Igl 111§ Lgmt 1 1 "1

41 1 1 1) 4&"1 1 1 "1)

%1 11 1{ %1 "1 "1 1}

...and a the same P’ projectors spectrally resolve both G and H.

(G =(+1)Po, + (+ 1) P, + (1 1) RS, + () 1)1)!(}1?2) (H =(#2)PU, (1 2) P, +(#2) P, + (1 2) P
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Orthonormalization of commuting eigensolutions. Examml:.@: i? |
The old"1=1.1trick"-Spectral decomposition by prOJector spllt
Irreducible projectors and representations (Trace checks)
Minimal equation for projectoP=P2

How symmetry groups become eigen-solvers

ting

and:H=

31259996969 =

. — N .

N — — o —

—_—e— = N

— o — N - —

X
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Irreducible projectors and representations (Trace checks)

Another Probleliiow do you tell when a Projector P’ or Py is “splittable’ (Correct term is reducible.)

Solutiort’s all in the matrix Trace

Trace P{; )=2 so that projector is reducible to 2 irreducible projectors. (In this case: PS =pSH_ +pSH
Trace P}}'.,)=1 so that projector is irreducible.
Trace1)=4 so that is reducible to 4 irreducible projectors.

4 p

-

Minimal equation for an idempotent projector is: P2=P or: P2-P = (P-0-1)(P-1-1) =0
So projector eigenvalues are limited to repeated 0’s and I’s. Tracecounts the latter.
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P
Orthonormalization of commuting eigensolutions. Examml:.@: S
The old"1=1.1trick"-Spectral decomposition by prOJector spllt
Irreducible projectors and representations (Trace checks)
Minimal equation for projectoP=P2

How symmetry groups become eigen-solvers

1 and:H:{;::?J
tlg o
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How symmetry groups become eigen-solvers

Suppose you need to diagonalize a complicated operator K and knew that K commutes
with some other operators G and H for which irreducible projectors are more easily found.

KG=GKor GKG=K or GKGI=K (Here assuming unitary
KH=HK or HIKH=K or HKH=K Gi=G1 and Hi=H")
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How symmetry groups become eigen-solvers

Suppose you need to diagonalize a complicated operator K and knew that K commutes
with some other operators G and H for which irreducible projectors are more easily found.

KG=GKor GKG=K or GKGI=K (Here assuming unitary
KH=HK or HIKH=K or HKH=K Gi=G1 and Hi=H")

This means K is invariantto the transformation by G and H
and all their products GH, GH?2, G2H,.. etc. and all their inverses GT,HT,.. etc.
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How symmetry groups become eigen-solvers

Suppose you need to diagonalize a complicated operator K and knew that K commutes
with some other operators G and H for which irreducible projectors are more easily found.

KG=GKor GKG=K or GKGI=K (Here assuming unitary
KH=HK or HIKH=K or HKH=K Gi=G1 and Hi=H")

This means K is invariantto the transformation by G and H
and all their products GH, GH?2, G2H,.. etc. and all their inverses GT,HT,.. etc.

The group gk —{1, G, H,.. }so formed by such operators is called a symmetry groufbor K.
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How symmetry groups become eigen-solvers

Suppose you need to diagonalize a complicated operator K and knew that K commutes
with some other operators G and H for which irreducible projectors are more easily found.

KG=GKor GKG=K or GKGI=K (Here assuming unitary
KH=HK or HIKH=K or HKH=K Gi=G1 and Hi=H")

This means K is invariantto the transformation by G and H
and all their products GH, GH?2, G2H,.. etc. and all their inverses GT,HT,.. etc.

The group gk ={1, G, H,.. }so formed by such operators is called a symmetry groujbor K.

In certain ideal cases a K-matrix (K) is a linear combination of matrices (1),(G),(H),... from k.
Then spectral resolution of {(1),(G),(H),.. } also resolves (K).
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How symmetry groups become eigen-solvers

Suppose you need to diagonalize a complicated operator K and knew that K commutes
with some other operators G and H for which irreducible projectors are more easily found.

KG=GKor GKG=K or GKGI=K (Here assuming unitary
KH=HK or HIKH=K or HKH=K Gi=G1 and Hi=H")

This means K is invariantto the transformation by G and H
and all their products GH, GH?2, G2H,.. etc. and all their inverses GT,HT,.. etc.

The group gk ={1, G, H,.. }so formed by such operators is called a symmetry groujbor K.

In certain ideal cases a K-matrix (K) is a linear combination of matrices (1),(G),(H),... from k.
Then spectral resolution of {(1),(G),(H),.. } also resolves (K).

We will study i1deal cases first. More general cases are built from these.
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» Eigensolutions for active analyzers é
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Matrix products and eigensolutions for active analyzers

Consider a 45° tilted (0= 1/2=n/4 or f]=90°) analyzer followed by a untilted (§2=0) analyzer.
Active analyzers have both paths open and a phase shift e-i£2 between each path.
Here the first analyzer has €27=90°. The second has Q2=180°.

YouT) ko] ol 0, 'PIND
¥ =ly)
f%f | IN
: X sl
wﬁ\. ;

W R 5 20, =
jc32=1 Ecr N IR P ﬂ
The transfer matrix for each analyzer is a sum of projection operators for each open path
multiplied by the phase factor that is active at that path. Apply phase factor e-i€21 =e-iT/2 to

top path in the first analyzer and the factor e-i€22 =¢-iT to the top path in the second analyzer.

$1 1) 21 1) 21!| !1'i')

1" # i & '| i’ 2 2 2 2
T)= e =58 OF  T()=e et ly=e e 2 20he 2 24k 22
%2 2! %2 2| & 2 R

The matrix product T(total)=T(2)T(1) relates input states |'¥'JN) to output states: |YOUT) =T(total)|'YIN)

1= —1-i “1+i 1+ -1 -1

T(total):T(Z)T(l):[ -1 0) 2 2 | 2 2 |_qina «/5 JE _ JE J2

0 1)p -1 1= L -1 -1

2 2 2 2 J2 J— V2 42

We drop the overall phase e-iT/4 since it is unobservable. T(total) yields two eigenvalues and projectors.
-1 i
NN
1 “1442 1+v2 -
A%-0A-1=0,0r: A=+1, -1 2 2 —i 1442 i 142
, gives projectors Py= 1_(_1) - 2\/5 » Pa4= 2\/5

[e:3=, 907 1=tz || OUT$|'ﬂE b Bz ke loae e gz on ] ! ny $

=|+1% =[+13$
! s IH-135%
i =
0 [ ] M
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