Group Theory in Quantum Mechanics
Lecture 4 @.22.15)

Matrix Eigensolutions and Spectral Decompositions

(Quantum Theory for Computer Age - Ch. 3of Unit 1)
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-3 of Ch. 1)

Unitary operators and matrices that change state vectors
...and eigenstates (“‘ownstates) that are mostly immune

Geometric visualization of real symmetric matrices and eigenvectors

Circle-to-ellipse mapping (and I'm Ba-aaack!)
Ellipse-to-ellipse mapping (Normal space vs. tangent space)
Eigensolutions as stationary extreme-values (Lagrange | -multipliers)

Matrix-algebraic eigensolutions with example M :( 431 ; )

Secular equation
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues" eigenvectors)

Operator orthonormality and completeness

Spectral Decompositions

Functional spectral decomposition
Orthonormality vs. Completeness vis-a -vis Operator vs. State

Lagrange functional interpolation formula
Proof that completeness relation is “Truer-than-true”

Diagonalizing Transformations (D-Ttran) from projectors
Eigensolutions for active analyzers
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Unitary operators and matrices that change state vectors
» ...and eigenstates (“‘ownstates) that are mostly immune
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Unitary operators and matrices that change state vectors

T¥)
/ T |\P> Fig. 3.1.1 Effect of
analyzer

represented by ket vector
> transformation ofv)
to new ket vector |V) .

input state )
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output state T [\V')| analyzer
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¥
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Unitary operators and matrices that change state vectors...

T¥)
/ T |\P> Fig. 3.1.1 Effect of
analyzer

represented by ket vector
> transformation ofv)
to new ket vector |V) .

input state )

> A

output state T |\¥)| analyzer
) T

...and eigenstates ( “‘ownstates) that are mostly immune to T...
I="le.l
Ilej' JleJ' Fig. 3.1.2 Effect of analyzer
on eigenkef !j "

'\
I I l |€-| IS only to multiply by
/ > \ J eigenvalue |
>

(TG =151,

eigenstatde;/ out| analyzer eigenstatde / in
(multiplied by” )| T

For Unitary operators T=U, the eigenvalues must be phase factors #=e" k
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Geometric visualization of real symmetric matrices and eigenvectors
Circle-to-ellipse mapping (and I'm Ba-aaack!)
Ellipse-to-ellipse mapping (Normal space vs. tangent space)
Eigensolutions as stationary extreme-values (Lagrange | -multipliers)
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Geometric visualization of real symmetric matrices and eigenvectors

Eigenvector

Circle-to-ellipse mapping
Study a real symmetric matrix by applying it to a circular array of unit vecters

1 1/2

/2 1 } maps the circular array into an elliptical one.

A matrix T= (
!
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Geometric visualization of real symmetric matrices and eigenvectors

Eigenvector

Circle-to-ellipse mapping
Study a real symmetric matrix by applying it to a circular array of unit vecters

1 1/2

/2 1 ) maps the circular array into an elliptical one.

A matrix T= (
|

Two vectors in the upper half plane survivevithout changing direction.
These lucky vectors are th&envectors of matrix T.

\el>=( 1)/&, \ez>=[ ‘11]/J§
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Geometric visualization of real symmetric matrices and eigenvectors

| eqler) |
Elgenvector y: Eigenvector

Eigenvector

Circle-to-ellipse mapping
Study a real symmetric matrix by applying it to a circular array of unit vecters

1 1/2

12 1 j maps the circular array into an elliptical one.

A matrix T= [
|

Two vectors in the upper half plane survivevithout changing direction.
These lucky vectors are th&envectors of matrix T.

‘£1>=( 1 ]/x/i, \ez>:[ ‘11 ]/\/5

They transform as followsT|e ) =¢/|e;)=15e;) , ad Tle,)=¢,|e,)=0.8¢,)
to only suffer length change given bigenvalues! ; = 1.5 and! » = 0.5
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Geometric visualization of real symmetric matrices and eigenvectors

| eqler) |
Elgenvector y: Eigenvector

Eigenvector

Circle-to-ellipse mapping
Study a real symmetric matrix by applying it to a circular array of unit vecters

1 1/29%

# o 1 & mMaps the circular array into an elliptical one.
(

A matrix T=
|

Two vectors in the upper half plane survivevithout changing direction.
These lucky vectors are th&envectors of matrix T.

‘81>:( 1]/&, \ez>=[ ‘11]/J§

They transform as followsT|e ) =¢/|e;)=15e;) , ad Tle,)=¢,|e,)=0.8¢,)
to only suffer length change given bigenvalues! ; = 1.5 and! » = 0.5

Normalization ({¢|c) = 1) is a condition separate from eigen-relatiops)=/,|/,)
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Geometric visualization of real symmetric matrices and ejgenvectors
Circle-to-ellipse mapping (and I'm Ba-aaack!) #
Ellipse-to-ellipse mapping (Normal space vs. tangent space)
Eigensolutions as stationary extreme-values (Lagrange | -multipliers)
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Geometric visualization of real symmetric matrices and eigenvectors

Eigenvector

Circle-to-ellipse mapping (and I'm Ba-aaack!)
Each vectoir) on left ellipse maps back to vector=T-1|r) on right unit circle.
Eachlc) has unit lengthc|c) = 1 =(r|T-1T-1|r) =(r|T-gr). (T is real-symmetricT =T=T7.)

L
T. T, % :

c¥cslfr¥T-L2¥rE( X y) oY %x 1
Tyx T)’ y
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Geometric visualization of real symmetric matrices and eigenvectors
81|81>

Eigenvector Eigenvector

Circle-to-ellipse mapping (and I'm Ba-aaack!)
Each vectoir) on left ellipse maps back to vector=T-1|r) on right unit circle.
Eachlc) has unit lengthc|c) = 1 =(r|T-1T-1|r) =(r|T-gr). (T is real-symmetricT =T=T7.)

" 1 2
) T Txyl(%)nx%

$ Log T

BTw Ty g #Y &

This simplibes if rewritten in a coordinate syst@mx,) of eigenvectord ;) and|! »)
whereT-9! ) =! 2! » andT-g! ») =1 52! 5, that is, T, T-1, andT-2 are each diagonal.

| é@lw (e f1le, lée : Tm%ww (/Tie,) I%ee ; 1
(& Tley) (&[T|e)) 4 B O &g (&,|T|&,) (&,|T]&,) 0 2’

c¥c:1:r¥T!2¥r=( X Yy
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Geometric visualization of real symmetric matrices and eigenvectors
81|81>

Eigenvector Eigenvector

Circle-to-ellipse mapping (and I'm Ba-aaack!)
Each vectoir) on left ellipse maps back to vector=T-1|r) on right unit circle.
Eachlc) has unit lengthc|c) = 1 =(r|T-1T-1|r) =(r|T-gr). (T is real-symmetricT =T=T7.)
12
Ty Ty O %
c¥c=1:r¥T!2¥r:( X Y )$ oo $ X
BT Ty g #Y &
This simplibes if rewritten in a coordinate systa@mx ;) of eigenvectorf ;) and|! »)
whereT-3! ) =1 /2! HyandT! o) =! 59! 5, that is,T, T-1, andT-2 are each diagonal.
| : y : 2w
(Tl (Tl % ny 0 % T (T e 0 X
BT (BTlh) g B0 e O[T (LT e B oo 1P

Matrix equation simpliPes to an elementary ellipse equation of thedawd+(/b)2=1.

) 2 2
oc— 81 0 X 3 X Xy
CeC=1]= X; X > =| L | +| =

0 & Xy € )
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Geometric visualization of real symmetric matrices and eigenvectors
Circle-to-ellipse mapping
Ellipse-to-ellipse mapping (Normal space vs. tangent space)
Eigensolutions as stationary extreme-values (Lagrange | -multipliers)
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Geometric visualization of real symmetric matrices and eigenvectors
(Previous pagesMatrix T maps vectofe) from a unit circlgc|c)=1 to T|c)=|r)on an ellips€ =(r|T-|r)

Ellipse-to-ellipse mapping (Normal vs. tangent space)

Tuesday, January 20, 2015

15



Geometric visualization of real symmetric matrices and eigenvectors
(Previous pagesMatrix T maps vectofe) from a unit circlgc|c)=1 to T|c)=|r)on an ellips€ =(r|T-|r)

Ellipse-to-ellipse mapping (Normal vs. tangent space)
Now M maps vectofq) from aquadratic form 1=(q|M|q) to vectorp)=M]|q) on surfacd =(p|M-|p).

I T O N 1 ={qM|q) = {qlp)= {pIM-/|p)

M maps|q) intoﬁ)>:M|q>

q)
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Geometric visualization of real symmetric matrices and eigenvectors
(Previous pagesMatrix T maps vectofe) from a unit circlgc|c)=1 to T|c)=|r)on an ellips€ =(r|T-|r)

Ellipse-to-ellipse mapping (Normal vs. tangent space)

e

—

S

Now M maps vectofq) from aquadratic form 1=(q|M|q) to vectorp)=M]|q) on surfacd =(p|M-|p).

I T O N 1 ={qM|q) = {qlp)= {pIM-/|p)

M maps|q) intoﬁ)>:M|q>

q)

Radii of|p) ellipse are
sguarerootsof eigenvalues
"e1and" €2

Radii of|q) ellipse axes are
inverse eigenvalue roots
1/"e1 andl1/"e2.
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Geometric visualization of real symmetric matrices and eigenvectors
(Previous pagesMatrix T maps vectofe) from a unit circlgc|c)=1 to T|c)=|r)on an ellips€ =(r|T-|r)

Ellipse-to-ellipse mapping (Normal vs. tangent space) "-“ ~(os 1

Now M maps vectofq) from aquadratic form 1=(q|M|q) to vectorp)=M]|q) on surfacd =(p|M-|p).
e 1 =(qMlq) = (qlp)= (pIM-'|p)

M maps|q) intoﬁ)>:M|q>

q)

Radii of|q) ellipse axes are
inverse eigenvalue roots
1/"e1 andl1/"e2.

Radii of|p) ellipse are
sguarerootsof eigenvalues
"e1and" €2

Tangent-normal geometry of mapping is found by using gradeimquadratic curveé =(q|M|q) .
bbb V((@MIg)=(qIM +Mlq) = 2M]q) = 2|p)
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Geometric visualization of real symmetric matrices and eigenvectors
(Previous pagesMatrix T maps vectofe) from a unit circlgc|c)=1 to T|c)=|r)on an ellips€ =(r|T-|r)

Ellipse-to-ellipse mapping (Normal vs. tangent space) "-“ ~(os 1

Now M maps vectofq) from aquadratic form 1=(q|M|q) to vectorp)=M]|q) on surfacd =(p|M-|p).
e 1 =(qMlq) = (qlp)= (pIM-'|p)

M maps|q) intoﬁ)>:M|q>

q)

Radii of|q) ellipse axes are
inverse eigenvalue roots
1/"e1 andl1/"e2.

Radii of|p) ellipse are
sguarerootsof eigenvalues
"e1and" €2

Tangent-normal geometry of mapping is found by using gradeimquadratic curveé =(q|M|q) .
bbb V((@MIg)=(qIM +Mlq) = 2M]q) = 2|p)

M1 maps |p) into |q)=M1|p) V{qM|q)/2=M|q)=|p)
>lq) —

(pMLjp)=1
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Geometric visualization of real symmetric matrices and eigenvectors
(Previous pagesMatrix T maps vectofe) from a unit circlgc|c)=1 to T|c)=|r)on an ellips€ =(r|T-|r)

=

Ellipse-to-ellipse mapping (Normal vs. tangent space) "-“ ~(os 1

Now M maps vectofq) from aquadratic form 1=(q|M|q) to vectorp)=M]|q) on surfacd =(p|M-|p).
e 1 =(qMlq) = (qlp)= (pIM-'|p)

M maps|q) intoﬁ)>:M|q>

q)

Radii of|q) ellipse axes are
inverse eigenvalue roots
1/"e1 andl1/"e2.

Radii of|p) ellipse are
sguarerootsof eigenvalues
"e1and" €2

Tangent-normal geometry of mapping is found by using gradeimquadratic curveé =(q|M|q) .
bbb V((@MIg)=(qIM +Mlq) = 2M]q) = 2|p)

M1 maps |p) into |q)=M1|p) V{qM|q)/2=M|q)=|p)
>lq) —

Original vector|q) lies

on gradient ({p|M-|p))
that is normal to tangent
to mapped curvat|p).

Mapped vectolp) lies
on gradient ({q|M|q))
that is normal to tangent
to original curveat|q).

(pMLjp)=1
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Geometric visualization of real symmetric matrices and eigenvectors
Circle-to-ellipse mapping
Ellipse-to-ellipse mapping (Normal space vs. tangent space)
Eigensolutions as stationary extreme-values (Lagrange | -multipliers)
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange | -multipliers)

Eigenvalues. of a matrixLL can be viewed as stationary-values ofjitadratic form Qr=L(r)=(r|L|r)

QL=¢

Quadratic curves
(r|L|r)=Q =const.
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange | -multipliers)

Eigenvalues. of a matrixLL can be viewed as stationary-values ofitadratic form Q=L (r)=(r|L|r)

Q: What are min-max values of the functi@rr) subject to theonstraint of unit norm:C(r)=(r|r)=1.

QL=¢

Quadratic curves
(riL|r)=Q=const.

S5 |
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange ! -multipliers)

Eigenvalues. of a matrixLL can be viewed as stationary-values ofitadratic form Q=L (r)=(r|L|r)
Q: What are min-max values of the functi@nr) subject to theonstraint of unit norm:C(r)=(r|r)=1.

A: At those values of); and vector for which theQ.(r) curve just touches the constraint cuGe).

QL=¢p
Quadratic curves P
(riL|r)=Q=const.
| ~ , 4 Eigenvector
Q=g / ' — af\ r)=le)
(5

I

=7/

S
"’// Eigenvector

Constraint curvg
(riry=C=

—

N
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange | -multipliers)

Eigenvalues. of a matrixLL can be viewed as stationary-values ofitadratic form Q=L (r)=(r|L|r)
Q: What are min-max values of the functi@nr) subject to theonstraint of unit norm:C(r)=(r|r)=1.

A: At those values of); and vector for which theQ.(r) curve just touches the constraint cuGe).

QL=¢p
Lagrange says such points have
gradient vector¥ O, andVC Quadratic curves s
: (riL|r)=Q=const.
proportional to each other.
= _ : 4 Eigenvector
VOr =\ VC, Q=g 7 : N =l )

| (557, where
crstanone/ [ A CEAL
_ 4 )

NG44/
’, Elgenvector
r)=l€9)
where
VQ =AVC

N\

¥

N
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange | -multipliers)

Eigenvalues. of a matrixLL can be viewed as stationary-values ofitadratic form Q=L (r)=(r|L|r)
Q: What are min-max values of the functi@nr) subject to theonstraint of unit norm:C(r)=(r|r)=1.

A: At those values of); and vector for which theQ.(r) curve just touches the constraint cuGe).

QL=¢p

Lagrange says such points have

gradient vector¥ O, andVC Quadratic curves L

: (riL|r)=Q=const.
proportional to each other.
VoL =1 VC. Qe _ A e
/ \ i N |r>_|81>
(55
7/,

Proportionality constant is

called aLagrange Multiplier. Constraint curve
(rir)=C=

where
VQL: AVC

Eigenvector
r)=len)

where
VQL: AVC

N
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange | -multipliers)

Eigenvalues. of a matrixLL can be viewed as stationary-values ofitadratic form Q=L (r)=(r|L|r)
Q: What are min-max values of the functi@nr) subject to theonstraint of unit norm:C(r)=(r|r)=1.

A: At those values of); and vector for which theQ.(r) curve just touches the constraint cuGe).

QL=¢p
Lagrange says such points have
gradient vector¥ O, andVC Quadratic curves s
: (riL|r)=Q=const.
proportional to each other.
= _ : 4 Eigenvector
VOr =\ VC, Q=g 7 : N =l )

Proportionality constarit is oo ”’ 2 where
called alagrange Multiplier. - 5% /4 -
grang /4 Cor<1:,‘|trr;':1:|rét: :curv g '//III%?/%"A \\gl,’,’,’f/f/%’ VQbVi—t;LVC
4 X !;"z";;","l,"’l J A=¢
5% - 1
ﬁ%f’, Eigenvector
é’,} / r)=len)
vz where
VQL:A«VC
with
KZSZ

Tuesday, January 20, 2015 27



Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange | -multipliers)

Eigenvalues. of a matrixLL can be viewed as stationary-values ofitadratic form Q=L (r)=(r|L|r)
Q: What are min-max values of the functi@nr) subject to theonstraint of unit norm:C(r)=(r|r)=1.

A: At those values of); and vector for which theQ.(r) curve just touches the constraint cuGe).

QL=¢p
Lagrange says such points have
gradient vector¥ O, andVC Quadratic curves s
: (riL|r)=Q=const.
proportional to each other.
= _ : 4 Eigenvector
VOr =\ VC, Q=g 7 : , =l )

Proportionality constant is

' where
called aLagrange Multiplier. - (% ///‘ _
grang P Co?jt:;':l:lrét: :curv §/1’/’/’//,/,,,/,/‘ VQbVi—t;LVC
d “%"g A=e
At eigen-directions the Lagrange multipler 'i, Eigenvector

r)=l€9)
where
VQ =AVC
with
x:82

equals quadratic formk=0.(r)=(r|L|r)
Or(r)=(erlLlen=¢r at [r)=lex)

¥

N
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange | -multipliers)

Eigenvalues. of a matrixLL can be viewed as stationary-values ofitadratic form Q=L (r)=(r|L|r)
Q: What are min-max values of the functi@nr) subject to theonstraint of unit norm:C(r)=(r|r)=1.

A: At those values of); and vector for which theQ.(r) curve just touches the constraint cuGe).

QL=¢p
Lagrange says such points have
gradient vector¥ O, andVC Quadratic curves s
: (riL|r)=Q=const.
proportional to each other.
= _ : 4 Eigenvector
VOr =\ VC, Q=g 7 : , =l )

Proportionality constarit is N

”/, 7 ,[” \

where

called aLagrange Multiplier. Constraint curye/ VQ =AVC
(XO=C=V/ T A NG/ with

At eigen-directions the Lagrange multipler 2. Eigenvector
equals quadratic form=0;(r)=(r|L|r) A r)=leg)
vz where

Or(r)=(erlLlen=¢r at [r)=lex) VQ =AVC
with
x:82

(r|L|r) is called a quanturxpectation value of operatoil atr.
Eigenvalues are extreme expectation values.

Tuesday, January 20, 2015 29



Matrix-algebraic eigensolutions with example M :( 41 )
Secular equation )2
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues” eigenvectors)
Operator orthonormality and Completeness

Tuesday, January 20, 2015
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

An eigenvector |€,) ofM is in a direction that is left unchangedMy

Mle,)=g,|ec), or (M-gd)e)=0 M|8>:[ 2 ; ][ ?]:g[ §) o ( 4;8 218 J[

g is eigenvalueassociated with each eigenvectar) direction.

4
3

N B

Tuesday, January 20, 2015
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|
Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=y g ; ;

An eigenvector |€,) ofM is in a direction that is left unchangedMy
'41%)600 x% 1%)6%"00/

' 4( !
Mle,)=¢¢e,), or: (M=-g]l)e,)=0 M|7) “$ 3 5 &ﬁ : '&_Iﬁ - or: g é 201 &% e %0k
S elgenvalueassomated W|th each eigenvecthy) direction.
A change of basis t({| A1) >} caliedonalizationgives

<81|M|£1> <81|M|82> ! <81|M|8n> g 01! O
<32|M|81> <82|M|82> ! <£2|M|Sn> _ 0 ¢ | 0

n n # n n n # n
(e./Mle;)) (g,[M]e,) ' (e,[M]e,) 0 01 g
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ g ; j

An eigenvector |€,) ofM is in a direction that is left unchangedMy

Mle)=¢e.), or (M—gl)e)=0 M|e)

_| 4 1
3 2

g is eigenvalueassociated with each eigenvectay) direction.

A change of basis t({|-’1>, !2>’°“|!n>}

I

caliedonalizationgives
ed "o 0 1 #4100
de‘[o0 D ( de'[o0 (
(eM|e)) (g|M]e,) - (e|M|e,) g 0 - 0 B 0 2! nd B 3 0
X = =
(e/M[e) (eM]e,) -~ (e[Me,) |_| 0 & - 0 # 4 : T 4 |
; : : : ot detoo 3 ”( detoo 21 ”(
(e.Mle)) (e, M[e,) - (&,|M]e,) 0 0 - & ' '
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix ™ =[ g ; j

An eigenvector I,

M|/ ) =1.]7,), or: (M™ 1 2)!,)=0

g is eigenvalueassociated with eigenvectg; )

(e|Mle)) (&|M]e,) - (e|M]e,) g 0
<82|M|81> <82|M|82> <82|M|en> _ 0 3.2
<8n|M|81> <8n|M|82> <8n|M|gn> 0 0

direction.
A change of basis to{| 81>’|82>’°“|8n>} caliedonalizationgives

0
0

S

n

First step in Pnding eigenvalues: Sobszular equation

| | | |
det/M ! "1 :('):(!'1)"("" +a,"" ' +a,"" +...+a

n:

1 +an)

ofM is in a direction that is left unchangedMy

MI/)

" 1% x % " x% "4l 1 % ox %" g%

4

EE 2&§y'&!§y'&0r:§ 3 20/ &iye #0O

det[ 0 . ]‘ det
0 2-¢
X and y=
det 4-¢ 1 det 4-¢ 1
3 2-¢ 3 2-¢
Only possible non-zero {X,Y} if denominator is zero, too!
$ 4 $1 0 $41 1
O=det|M ! det F =det '
Mt HEdete, 2 2 %0 19 % 3 20 ")

0=(4! ")2! "1 13=81 6"+"21 13="21 6" +5

34
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ g ; j

An eigenvector |!.) ofM is in a direction that is left unchangedMy

Mle)=e,le), or (M-e1)le,)=0 wle)-[ 4 i}[ ) ][ il or (458 e j[

g is eigenvalueassociated with eigenvectr,)  direction. L L RTrierorIirieroeiiesrosmossioesos

A change of basis to{| 81>, 82>’! 8>} caliedonalizationgives

0 1 4—-¢ O

det det
(e[M]e) (g|Mlg,) 1 (e]M]e,) e 01 0 0 2-¢ 3 0

X and Y=

(e[Mley) (eo[M[ey) 1 (e,|M]e,) | 0 & !0 4—¢ 1 4—¢g 1

" " ” " noomog det det
3 2-¢ 3 2-¢

(&|M]e) (e [M[e) 1 (e, [M]e,) 0 01 ¢

Only posible nonzero {x,y} if denominaor is zero, too!

4—¢ 1
3 2—¢&

where: 0=(4—£)2-€)—13=8—6e+£>—13=£>—6£+5
@ =—TraceM,! , a, = (—1)k2diagond k-byk minosof M,! , a,=(-1)" det|MD 0= &> —Trace(M)e + det(M)

First step in Pnding eigenvalues: Sobszular equation

R
0 detM-el|=0=(-1)"(e"+ae" +ae " +...+a, & +a)) O=det|M - ¢ - Ii=det

SHAEE
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j

An eigenvector |€.) ofM is in a direction that is left unchangedMy

M|/ =10, or (M"1,1)]1,)=0

g is eigenvalueassociated with eigenvectr,)  direction.
A change of basis to{| 81> €] €>} caliedonalizationgives

2/

g (AMIL) (LML) e (M) % a0 0 %
M

TN <"2'“.”"’2> i)

$
$
$ .
$ .o
$ (1 0 0 I %

ML) (ML) IMI
First step in bnding eigenvalues. So:bm:ular equation

! ! ! ! ! !
det{M-¢l|=0=(-1)"(e"+ae" +a,e™ +...+a, ¢ +a,)

where:
(a,="TraceM,! , a,=(11)"" diagona k-byk minorsof M,! , a, =(! 1)" det|M)

Secular equation hasfactors, one for each eigenvalue.

I N T S R
detMT "y =0=(1)" ("1 ")("t ")-("1 ")

u4 %X%"X% I|4(! 1 %X%"O%
1 1 "0
=% 3 2&%3/& ﬁy&

0 1 det

0 2-¢

4—¢ 1 det
3 2—¢€

$4 17,31 0|

5}‘3225}% 1

0=4-e)2—-€)—13=8—-6c+&’—13=€"—-6e+5
0=¢"—Trace(M)e +det(M)=¢€”—6e+5

det

det

0=det|M ! " #l|]=det

o=(/"1('"5) olet: /,=1 and: /,=5

Tuesday, January 20, 2015

36



Matrix-algebraic eigensolutions with example M :( g ; )
Secular equation
Hamilton-Cayley equation and projectors
Ildempotent projectors (how eigenvalues" eigenvectors)
Operator orthonormality and Completeness

Spectral Decompositions

Functional spectral decomposition
Orthonormality vs. Completeness vis-a -vis Operator vs. State
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j
An eigenvector |€.) ofM is in a direction that is left unchangedMy

Mle)=e,le,), o (M—gDfe)=0 wie)-| 3 i}[ ) ][ ﬂ or [ 52 ][

e iseigenvalumssociated with eigenvectpr,)  direction. i o e
Achange of basis td|/,)]/2)} |/n)}  callegonalizationgives .

det 0 1 det 4—¢ O
<81|M‘£1> <81|M|82> ! <81|M|8n> g 0 ! 0 0 2-¢ d 3 0
X da =
(e:M[g) (eM[e;) 1 (eMle,) | | 0 & 1 0 A_e 1 Y A-e 1
" o o s 2o s 2o
(e]Mle)) (e M]ey) 1 (e,|M]e,) 0 0 1 &
First step in Pnding eigenvalues: Sobezular equation Only possible non-zero {x,y} if denominator is zero, too!
N ) 4 po ) I a-e 1
det|M — g1/ =0=(-1) (8 +ae™ +a,e" +...+a £ +an) O—det|M—8'ﬂ—det( 3 9 ]—8[ 0 1 j—det( 3 o_g )‘
where: 0=(4! ")(2! ")! 18=81 6"+"21 18="21 6" +5

= —TraceM,! , a, =(-1)" Y diagond k-by-k mi fM,! , a,=(-1)"de/M
Cal race a, =(-1)" ) diagon y-k minorso a,=(-1)" det|M| ) 0="21 Trace(M)" +det(M) = "1 6" +5

Secular equation hasfactors, one for each eigenvalue.

| ! c{et|M!! "]J:!():(I! 1)"(!"! 1)(l "2)! (I n) O=("1D("5)solet: I =1 and: /, =5

(Eache replaced byM and eacls, by g, 1 givesHamilton-Cayleymatrix equatior).

| I | | | | | 0=M?-6M+51=M-11)(M-51)
' ST T 0=(M=-g1)(M=g,1)! (M-g,1)

) 00) (4 1) o 41) 10
@bviouslytrue ifM has diagonal form. (But, thatOs circular logic. Faith nee)ied!) 00 3 2 3 2 01
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|
Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=y g

N
XRo &

An eigenvector |€.) ofM is in a direction that is left unchangedMy
"4 1% x N " % "4 % x "0 %
M|8k>:8k|8k>, or: (M—8k1)|8k>=0 |V|| § i 2 &i v ' _’ﬁ v e or: % (3 2( | &g v e §0 o

&
g is eigenvalueassociated with eigenvectr,)  direction. Trying to solve by Kramer's inversion:

A change of basis to{| €1>,|82>,! €>} callegonalizationgives

" 9 det 0 det 4-e 0
(LMY (1M - (m)r)) o g 0 % 0 2-¢ 30
%<,|M|/> (IM[1) - <:|M|,>: %01 o0 x and y=
% 22 1 2E 2 2E n .:$§ 52 L : det( 4;8 21 j‘ det( 4;8 21 }|
: . —£ —€
3 (LML) (M) o i)y B0 0 g
1st step in bnding eigenvalues: Sabeeular equation Only possible non-zero {x,y} if denominator is zero, too!
! ! ! ! ! ! 4 1 1 0 4—e 1
n n n—-1 n-2 = — —c. 1= — —
detfM — 1| =0=(-1) (8 +ae"" +a,e"+E +a, € +an) O=det{M—¢-1 det( 3 9 ] 8[ 0 1 j det( 3 9 )‘

where:

- 0=(4! ")(2! ") 18=8! 6"+"*1 18="°16"+5
C a, =—TraceM,---, a, =(-1) Zdiagonal k-by-k minors of M-+, a, =(—1)" det|M] )

0="21 Trace(M)" +de(M) = "?! 6" +5

Secular equation hasfactors, one for each eigenvalue.
| | | | | | |
' ) da|M'! "1| io:(! 1)”('"! 1)(! 2)(l n) O=("1D("5)solet: I =1 and: /, =5

flﬁachle repllaceld b)hl/l anclj eaclzmk by g, 1 givesHamilton-Cayleymatrix equatiol. 0=M! 6M+51=(M! I'HM! 51)

I
0=(M-¢g1)(M=g,1)(M=-¢g,1) #0 0& #4 1 & # 4 1 & # 1 0&
1 (

@bviously true ifM has diagonal form. (But, thatOs circular logic. Faith nee)ied!) £0 0 . 503 2 ( 503 2 o f)o
Replacgth HC-factor by {) to makeprojection operatorspk=];! (M—¢1), p, = (1)(M! 5-1):1%)4! 5 2|15 ‘(g‘: fo !31 I13 f‘
p.=( 1 )Mt 1) (M) - |
=M1 1) 1 )(M1 1) (Assur?je"d.l’it%?te—values herei, -deyencracy dause) b, = (M! 1'1)(1):;;0 411 2,11 ((&: fog i <(gc

pn:.(M! "11)(M! ”21)"'( 1 )
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Matrix-algebraic method for finding eigenvector and eigenvalues

|

An eigenvector |!) ofM is in a direction that is left unchangedMy

4 1
3 2

Mle)=¢le). or: (M—gl)e)=0 M]e)

& Is eigenvaluassociated with eigenvect
A change of basis to{| €)|€) €>}

direction.

o)

Trying to solve by Kramer's inversion:

$

¥
)

|
With example matrix M=y

K G 8

4
3

N =

_~

X
y

X
y

4-¢
3

I

2] caliedonalizationgives
0 1 4—¢
o det det
$< M7 (M2 b (ML) .A’;!l 0! oX% . [ 0 2-¢ ]‘ and v ( 3 ‘
S (LIMIL) (LMI) L {LMIL) g0t 0 ol a-e T aze
s TS SN N 2 e 2—s
3 (Ml ML) L (Ml §0 01 1k
1st step in Pnding eigenvalues: Sabeeular equation Only possible non-zero {x,y} if denominator is zero, too!
U T $4 17, .%1 0 $41
i =0=(11V("" +, "4, "2 LE " O=det|M ! "#|=det | =det
det|M ! ]J—O—(!l)( +a,"" +a,""*+E +a,, +an) e | U8 3 2 ) %o 1 2 e% o1
where: : 0=(4! ")(2! ")! 18=81 6"+"21 18="21 6" +5
Cal:!TraceM,---, a,=(11)"" diagonad k-by« minosof M,---, a, =(! 1) det|M| ) , ,
0="21 Trace(M)" +det(M)="?! 6" +5
Secular equation hasfactors, one for each eigenvalue.
| | | | | | |
' "~ det|M ._gll:.O:(._l)n(;g_81)(8_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5
flﬁachle repllaceld b)hl/l and eaclzmk b|y8k1 givesHamilton-Cayleymatrix equatior. 0=M21 6M+5M =(M ! "M ! 5")
S ST\ (A RSV (VR b0 08 #a4 1 & #4 18,108
: : : ~ . : : %00 0(_%{03 2(! &0 3 +5f’0 1 (
@bwously true ifM has diagonal form. (But, thatOs circular logic. Faith nee)ied!)
Replaceth HC-factor by {) to makeprojection operatorspfg (M-¢1) :(1)(|\/|_5.1):[ 4;5 2}5 ]:( ‘31 _13 )
p1:( 1 )(M_gzl)! (M_gnl) A aj . | h
m I In _V r ((/';I ~deqgeneracy daise —_
p.=(M=g1)( 1 ) (M-g1) (Assu stincte-values hereii, - yeneraey tunse) (M —11)(1) = 4-1 1 |_[ 31
. E;#E # 3 2-1 31
pn=(|\/|—811)(|\/|—821)!( 1 ) 1 1

Eachpk containsigen-bra-ketsince: M-! 1)pk=0 or: Mp«=! kpx=p«M .

Mp1=£

'z\

|
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Matrix-algebraic eigensolutions with example M= g ; ;(
Secular equation
Hamilton-Cayley equation and projectors
Ildempotent projectors (how eigenvalues" eigenvectors)

Operator orthonormality and Completeness

Idempotent means.: P-P=P
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Matrix-algebraic method for finding eigenvector and eigenvalues

PP = pj$ (M! "ml) = $ (ij! "mpjl) Mp,=¢p,=pM

mitk mitk

Multiplication properties op;:

%0 if i j#k
Pjpk:%&k( Pt mpj):pj%#k( ;! m):f(g‘pk%k("k! ") ifij=k

With example matrix

p1=(|\/|—5-1)=(

p2=<M—1-1)=(

-1
3

31
31

1
-3

|

|
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2Ty a3

Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

4
3

p,p.=p;$ (M! "ml):$ (ij! "mpjl) Mpy =& =P M P1=(M—5'1)=( _31 13 )
mitk mitk o —
Multiplication properties of, : : T plpz:(
. p2=<M—1-1>=( )
%0 if:j#k 31
pjpkzﬁk("jpj! "mpf):pf%k("f! "m):.& 0, ("' ") ifii=k
( m#tk .:. ......... %
Last step: [TM=¢,2) : poMISD_1# 1 11 &
makeldempotent Projectors: Pk:H(gpk—g )= "’lik[(g e : T arsy 4z 3
(Idempotent means: P-P=P) A N M) 1#3 1 &

N B

0
0

|

0
0

|

43
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p P, =ij(M—8m1)=H(P,-M_3ij1) Mp,=!p,=pM p,=(M! 5'1):%)!31 |13 <(94
m#k m#k o .
Multiplication properties of 5 #3 18
f o L op, =M T =g
0 if . j#k 31
pc=[I(ep,-ep)=pI1le-€)= b [T(e,~e,) iF1i=t
m#k eV ecocscsosc e
Last step: [T(M-¢,1) : o (MUSD_1# 1 118&
makeldempotent Projectors: Pk:H(gpk . )= ”ﬁ(g - oAy 413 3 (
(Idempotent means: P-P=P) e e L_MITD)_1#3 1 &
0 if: ik Mp,=¢p, =p,M P51 4%(03 1 (
Pij = S implies : .
P i:j=k MP,=¢,P, = PM

° |
Matrix-algebraic method for finding eigenvector and eigenvalues . With example matrix M=,

PP, =

4
3

|

N B

o O

Ro 4

o o

Tuesday, January 20, 2015

44



Matrix-algebraic eigensolutions with example M :( 4 1 )
Secular equation 3 2
Hamilton-Cayley equation and projectors
Ildempotent projectors (how eigenvalues” eigenvectors)
Operator orthonormality and Completeness

Factoring bra-ket
into Ket-Bras

-
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° |
Matrix-algebraic method for finding eigenvector and eigenvalues . With example matrix M=, ‘3‘ ; ;
pipk=p1$ (M! "ml):$ (ij! "mpil) Mp,=¢,p, =pM p1=(|\/l—5.1):( P )
Mtk mitk . 3 -3 B 0O 0
Multiplication properties of;: ; 3 1 plpf( 0 0 )
0 . D p=(M-11)=
( ) ( ) %0 ifj#k o 31
p.pk:$ "p.! "mp. :p.$ "o ”m =& woyom PR . )
S T e ( pk%k( ! ) If,.Jk Factoring bra-kets intoket-Bras
Last step: [I(M-¢.1) : p o (M! ST _ 1# 1 11 & # 2 ( : ) ‘|
makeldempotent Projectors: P, = ——x = .k T E JE (=X h1 3 ) k =)0
" 4 M) TTEe) gt H U
(]dempotent means. P'P=P) K " K ™/ . “Gauge” scale factors that only affect plots
Y Mp,=€,p, = : M!IT) _1#3 1 & ( )
0 lf]-‘/—'k | pk. WPy pk : P2 ( ) _ 03 ( :kz%l &)\7 ‘ 2>< 2‘
Pij — o implies : . 5!1) 4§ 3 1 %’E
e =k MP.=¢,P,.=PM °

46
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

pjpk = p]H(M _eml) = H(pJM _8mp11)

m#k m#k

Multiplication properties op;:

PPy

m#k m#k

Last step:

makeldempotent Projectors: P, =
(Idempotent means: P-P=P)

= H(ejpj —empj)= ij(ej _gm) -

P

$ (1)

m#tk

0 if . j#k

PR =1 b

if:j=

k

m#tk

“Gauge” scale factors that only affect plots

Mp,=!p, =pM :(M—S-l):( el ]
3 -3 1o o089
=M 11)—( 3 1) ook
0 ifj#k ) 131
pkg(ek €n) ’]i] :k ..... Factoring bra-kets intok@t-Bras
$ (M"/,1): M-51) _1( 1 -1 ( )
:"g( ) . Y @-5 4l -3 3 :4{1 /v letel
TN
"k " m

N—
;/
NI W
'eh
N
N [
~————
Il

Mpkzgkpk:pkM . (M 11) 1/ 3 1 _t %
implies c 2T (5-)) "4l 31 R ! &) (&.]
: 2
MP =P =PM : @0[
. — 3/4
Eigen-bra-ket or .
projectors 8y$w P |82>=k2 Y (82|=(3/2 1/2) k y€—
of matrix:
M—(4 1)
3 2 5/4 3|/2
| |
(M 51) ' (M-11)
P =
L-5) &$ 2T (5-1)
L _1( 31
4{ 3 3 4( 3 1
11 (3 1
_ 4 4 i B 4 4
3 3 B 301
4 4 4 4
1 — -1 \
2
=k| ®( : " ykl =k2[ f ]@( 2 1 )/k2
! ] e, Y=k 12 2
= &)l . AR = e&)e)
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Ildempotent projectors (how eigenvalues” eigenvectors)
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Factoring bra-kets
into Ket-Bras

Tuesday, January 20, 2015

48



° |
Matrix-algebraic method for finding eigenvector and eigenvalues . With example matrix M=,

Mp.=!p,=pM

pjpk = p]H(M—Eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties op;:

| ast Step: $ (M" Iml) ........
makeldempotent Projectors: P, = $ (ka" / ): ng 1) ;N
(Idempotent means: P-P=P) D et n) b

$0 if:j!k Mp.=&p, =p.M
P.Pk :% - implies : : ?

J

Eigen-bra-ket or

TheP; areMutually Ortho-Normal - * (1) () % projectors gy$

as areora-ket &#and$#4nsideP;Os §<,2|_,1> (10) % of matrix:

109 M=(§ ;)
#0168 |

(0 if . j#k

pjpk:H(gjpj_8mpj):ij(gj_8m)=< p.[](e.-¢,) if:j=k

. “Gauge” scale factors that only affect plots

) }
5 _ (M 11>:1[3 1) /

|82>:k2

P _(M-51)
(I-5)

N
XRo &

4
3

#11 1 &

pI:(M!5'1):%0 (
313

(o0 o0
w #31& p1p2—£00)
p.=(M! I =gs ™ |

Factoring bra-kets intoket-Bras

M-51) 1( 1 -1 : ( y )
p = ):_[ ]:kl L le) e
= |

41 -3 3

)

2

41 3 1

R = N =

%ﬁk—)x

1/2
1/2

< (&]=02 172)k~—

UM

&5 P

k[
1/2

|81>:k1

-3/2
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[ ‘3‘

|

o =

pp,=p;$ M! ",1)=% (ij! "mp,-l) Mp =/ p,=pM © , _m-51)=| 1 1!
mitk mitk : 3 -3 (0o
Multiplication properties of;: ; 3 1 PP271 0 0
0 . . : pZZ(M_ll):
)= 8 ()= (1) e ;
p.pk:$ "p,! "mp. :p.$ "o "m =& woyow TR . )
e R ( p"%k( ) lf,.] ....... : Factoring bra-kets intoket-Bras
Last step: I $ M) L Mesn 11 o) [ ®( ;o )_‘8><8‘
makeldempotent Projectors: Pk:$ [ — ): mé" (1) ST R O T A koY
(Idempotent means.: P'P=P) ik e ik eomi “Gauge” scale factors that only affect plots
] :I ju : — |- ¢ 1 ( E 5 )
0 if ik Mp, =!p, =pM . P2=(M ll)zl 3 1 —k, I 2 2 =‘82><82‘
PJPk :i o implies : . 5-1) 4| 3 1 % k,
Bt UTE L MRERRM Do of
: Eigen-bra-ket or [ .
TheP; areMutually Ortho-Normal - * (1|1 (1]1,) % projectors &2 €5 )=k, . (&) ]=(32 112)kye—
as areora-ket &#and$#4nsideP;Os §<-’2I-’1> (10) % of matrix:
: P11 09 =(4 1)
EXRE | 3 |2 | W
: 0000000 _ . - M_l.l
...and theP; satisfy a . P = (1\(41_;1) &P P, = ( 7 _1))
Completeness Relation: P4+p :! 1 0%
1= Pi+ P2 +..+ Py L TR 14 =%( 13 ‘31] =l(3 !
—SHBHSSHBHS.+SHBHS © =) )" 4|0, [ i 4( >
1 — -/ 1
o 4 Jels CH N
: i 1/2 2
| €)=k
— [e)el I i B - el
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Matrix-algebraic eigensolutions with example M :( 4 1 )
Secular equation 302
Hamilton-Cayley equation and projectors
Ildempotent projectors (how eigenvalues” eigenvectors)
Operator orthonormality and Completeness

» Spectral Decompositions E

Functional spectral decomposition
Orthonormality vs. Completeness vis-a -vis Operator vs. State

Factoring bra-kets
into Ket-Bras
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Matrix-algebraic method for finding eigenvector and eigenvalues . With example matrix M=[ g ; j
PP, = ij(M_gml) = H(ij_gmpjl) Mp,=¢,p, =pM p,=(M! 5'1):?0! I ((&
ok ek : $£3 13 ‘o o03
Multiplication properties of : #1018 PP2T# 0 0 &
: P, =MD =g,
0 if %k £3 1
pp.=[1(ep;—€.p,)=pI1(e;-¢.)=+ e ) iftizk \
o AT p",l;!(g" £) lf,.] ....... : Factoring bra-kets intoket-Bras
Last step: . $ (M 10) sy 161 e f )(1 .1) e
makeldempotent Projectors: Pk:$ € k"! ): mé" (177 N T “4¢13 3 ( &{ou 3 2/ k, M
(Idempotent means. P'P=P) NP ~ ™ “Gauge” scale factors that only affect plots
L Cep.=pM | #3 18& ( )
0 itijek  MPoERRMD o NI 18318 py ) SpAT
Pij — o implies : : (511 4 ‘3 1 go— k,
Pk It I= k MP =¢ P =PM @ L 5/1
M LI “ Eigen—bm—ket
projectors %Lz /2 |&,)=k, ;Z <« (&)= 172)ke—
of matrix: /
TheP; areMutually Ortho-Normal ele) (e]e,) M=(4 1J
as areora-ket &#fand$#9ansideP;Os ele) (e]e,) 32 P
2[€1 2|€2 P—(M_S'l) =(M—ll)
11089 La-9) T5-D
T # 11 -1 1( 31
e 0 1 % 57 50
...and theP; satisfy a Lo -
Completeness Relation: 1089 B - { ]
. I:)1"'|:)2_;l;y5 .
1= Pi+ P, +.+ P, 0 1 & 1 !
=$HUBHB PHIBHSE .. +SHIBHSD =" M+ 0| —k]{ S ]@( 2 =k{ : ]@( 2 o ykz
- le)el - el

(Eigen-operatorM P.=!,P. then gipectral Decompositioof operatoM\
M=MP,+MP,+..+MP,=¢P +£,P,+..+¢P,

. _J
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: : : : : . . . ! $
Matrix-algebraic method for finding eigenvector and eigenvalues . With example matrix M=y ‘3‘ ; g
: (
pp.=p,$ M! ",1)=9 (ij! "ml’jl) Mp,=¢,p,=pM -M1 5= 'L 1 ‘(g‘
m#tk mi#tk fo '3 0 0
Multiplication properties op;: w1 12 3 1 & PP = o
% if i #k %3
PP =9 ("jpj! "mpj)=pj$ ("f! "m):& P ("1 ") = - e
mith mitk (o e Factoring bra-kets intoket-Bras
Last step: ; [IM-e1):  m-51) 1 1 ) [} ®( e )_‘8><8‘
makeldempotent Projectors: Pk:H(g . - ”ﬁ(g ) . ' @5 4 -3 3 )7 = ko
(Idempotent means: P-P=P) LAV Sml L AT Emd
" . . =1 - : : ( § ’ )
i 0 If ! K Mpk. ' =P M : 2 = _ (M-11) 1 51 =k, | ® — :‘82><82‘
Pj P = PR implies : 5-) 4( 3 1) ¢ L k,
% Pk It J B MP = P = PkM : Eigen-bra-ket ?£| [
@Poococooecoc00ccc0s00000000000 00 o projectors B &y )=t, 123 B (&,]=(n 12)ke
of matrix:
: M= [?: ; ] y 7 1(2 T ]I 5 3‘/2
TheP; areMutually Ortho-Normal - (1) () % —isD ‘ o (] p M-I
] - 11 12/ -5 Po(5-1
as areora-ket &#fand$#4nsidePOs . g (AIRAIARY :1[ | _IJ 1[(3 1)]
. 4 |_3 13 R (&) 1=(112 -112)rk, ! f T
108 eI at
01 1 - EE—
. RREREEE ¢ :k[ _22 ]@( Lo yk,i =k2{ z ]@( Pl )/kz
...and theP; satisfy a . N «‘Ieo:k,_;jj _ e
Completeness Relation: pip-| 10 R
1= P1+ Py +..+ P, : oo 4 T 2
—SHBHSSHCHS <SHBHS | —|e) (e +]e.) el :[ 3 2 }ZIF’I”F’z SnaszE=n Lo s,
(Eigen-operatorMPk:!kPk then giveectral Decompositioof operatoM\
M=MP +MP, +..+MP,=¢P +¢,P, +..+¢P,
. J
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Matrix and operator Spectral Decompositons : M=£ 4 1 j
: 3 2

pjpk=p,-11(M—8m1)=]1(ij—8mp,-1) Mp.=gp,=pM  © , - 5-1):’%,!31 Ilsf‘ | X
m# m# : . _ 0 O
Multiplication properties o : : #1318 PP2Z# 0 0 &
: o D P =MD =g 0
( ) ( ) 0 if . j#k 31
p.pk:H g.p.—gmp. :pH 8.—8m =< _ Y
J mit J T p"g(g" £) l{]k Factoring bra-kets intoket-Bras
Last step: N | (U IR R I L )_MM
makeldempotent Projectors: Pk:H(gk . ):nﬁ(e - . ' @5 4 -3 3 ) 7 = K U
(Idempotent means: P-P=P) LA Tl LR T ( )
_ _ . L 1 s 1
pp -l YK rzp;_g-kpk_pkM 5 Pz:(lé—ll)l):%[ 2 ” ] ® zkzz lex)ien
= P o _k Iplies . . >
AV MP,=¢,P, =PM :

TheP; areMutually Ortho-Normal - * (1) () %
as arébra-ket &#fand$##insideP;Os g (1)

...and theP; satisfy a .
Completeness Relation: P1+P2:£ 1 (i )

1= P11+ P> +...+ Py . |4l$ ! 711 %$ |§ %$
=SHIBHHSHBHS- +SHBHS 1 =|e,)(e)|+]e,) (e, M=y 5 5 g=R+5P =111 +52)(2]=1% Lo g;sﬁ - ;

(Eigen-operatorM P.=¢,P, then giypeectral Decompositioof operatoM\
M=MP,+MP,+..+MP,=¢P +£,P,+..+¢P,

...andFunctional Spectral Decompositiadf any functiorffM) of M

. f(M)== f(g,)P, + f(e,)P, +...+ T (¢,)P, )
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Matrix and operator Spectral Decompositons M :[ 4 1 j
3 2
p.p.=p,JIM-¢,0)=TT(pM-¢,p,1)  Mp,=/,p,=pM plz(M_s.D:{ -1 j
m#k m#k 3 -3 _! 0 0 $
Multiplication properties op;: I ( . j PP2"#0 0 &
( [0 if . j#k P>~ L3
pp. =[] g.p.—emp.):p.H(e.—em)=< ~ ik
o e p"g(g" &) lf,.] ........ Factoring bra-kets intok@t-Bras
Last step: $ (i) sy a1 [ 3| )
makeldempotent Projectors: Pk:$ (,pk", ):mé"(, ) . Y (1-5 4 -3 3 =k 3 k, =leute
(Idempotent means: P-P=P) M o e T
. 3 1
0 if . j! k TR TR = == =k ® =
PP, :ﬁ f_]. implies : © 7 (5-)) 4( 3 1) o1 K, 22)(¢
%Pk l][]_k MPk= kPk=PkM E
The P; areMutually Ortho-Normal (ele) (ele,)
as arenra-ket &#and$#6nsideP;Os (ee) (e]e,)
(10
0 1
...and theP; satisfy a :
Completeness Relation: 1 0
P+P =
1= P11+ P> +...+ Py . 1 |4l$ ! Zl '%$ '2 Zl,$
=SHIBHHSHBHS +SHBHS 1 =|e)(e|+]e,) (e M=y 5 5 g=R+5P =111 +52)(2]=1% Lo §6+5§ - ;
(Eigen-operatorMPk:! P, then gieectral Decompositioof operatOtM\ Exanlle: [ 3o 143590 5%_q
M=MP +MP, +..+MP, =P +&P,+..+¢P 50:[ 2 5 ]150{ R ]*550[ - ]-i[ 153 <4

...andFunctional Spectral Decompositiadf any functiorffM) of M
JM)= f(81)P1 +f(82)P2 + "'+f(8n)Pn

.
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Matrix and operator Spectral Decompositons

=p,JI(M-¢,1)=T](pM-¢,p,1) Mp,=¢,p, =pM
m#k m#k
Multiplication properties op;:
( 0 if . j#k
pjpk=g(ejpj—empj)=pjg(gj—em)= o [1(e.—¢,) if:j=k
m#k et ecccccccne
Last step: . [T(M-¢,1) : (M-51) 1
makeldempotent Projectors: P, = L= . 1T a-5) 4
(Idempotent means: P-P=P) g(g"_g’") g(g"_g’“) :
n Mp,=¢p, =pM (M- 11) 1
0 . | k k kIMk k :
PP, :f} lf]_ implies: -2 (5-1) 4
o b Tk MP,=¢,P,=PM °

TheP; areMutually Ortho-Normal

_ N <81| 81> <81| 82>
as arébra-ket &#and$#/4nsideP;Os

(e,le)) (&5le;)

...and theP; satisfy a
Completeness Relation:
1= P1+ P +...+ Py

. 4 1
= SHIGHS SHIGHS . +SHIGHS © M :[ 3 2

(Eigen-operatorMPk:! P t.hen giveectral Decompositioof operatOtM\ E)fanllez
50 _
M=MP, +MP,+..+MP,=¢P +&,P, +..+¢ P, W3 o0&
...andFunctional Spectral Decompositiadf any functiorffM) of M
g FM)= F(E)P; + f(2,)P, + ..+ f (€, )P, M =[ s 2 ]

j—1a+5pz—u1><14+52><2—1( ; 5]

M:[4 1}
3 2
#1171 1 &
=(M! 51)= 3{0 |3(
o e 09
(M1 1) = 3{031

Factoring bra-kets intoket-Bras

(L2 ]®—(3 e

3 3 3 k,

[ > lj =k, : ] ® ( = ):‘82><82‘
3 1 : k,

Lo 3 1
4 4
- +5
4 4
! 1 [ $ I 3 1 $ I . 1
10f 1T gussog 4 d g1y 1435% 5% 1 $
#0202 & #1 & #3353 5043
N 3 1
4 4 4 4
=+1 S +/5 -
4 4 4 4
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Matrix-algebraic eigensolutions with example M=' 4 1 $
Secular equation #3028
Hamilton-Cayley equation and projectors
Ildempotent projectors (how eigenvalues” eigenvectors)
Operator orthonormality and Completeness

Factoring bra-kets
into Ket-Bras

Spectral Decompositions
Functional spectral decomposition

» Orthonormality vs. Completeness vis-a -vis Operator vs. State é
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Orthonormality vs. Completeness

pjpk = p]H(M—Eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties op;:

Mp.=!p,=pM

p,=(M-5

p,=(M-1

M:[4 1j

3 2
1o o0$

plp2_#0 0&{

—1
3 1

oe(

1
-3

|

|

) 0 if:jzk 1
p.pk=H(8.p.—8mp.):p.H(8.—8m = ik \
o U e p"g(g" €) l{] ........ Factoring bra-kets intoket-Bras
Last step: I § (LR VO TR Y A N )_‘8><8‘
makeldempotent Projectors: P, = vk =5 4l 33 ) 4 2 ko
— H(gk_gm) H(gk_gm) . t : 1
(Idempotent means. P'P—P) K K . “Gauge” scale factors that only affect plots
e, =pM L VOoN )
0 ifijrk PSARERMG p BT T o e
Pij: p S implies - . 5-1) 4| 3 1 ; k,
s MPeP =PM 1 g off
Eigen-bra-ket or [ .
TheP; areMutually Ortho-Normal (ele) (ele,) | Projectors Y12 €5 )=k, S (&,=(r2 172)/kye—
as arenra-ket &#and$#6nsideP;Os (e)e) (ele,) | Of matrix:
, _(4 1)
‘1089 =
#0116 I3|2 | W
........ _ . . M_l.l
...and theP; satisfy a = (1\(41_;1) &$ = ( (5 _1))
Completeness Relation: P4+p 1089
seyrirg B ST SR 42
—SHRHSSHIRHES.SHIEHS & =|' )" |+],)()

({ %% ,8p-orthonormality with {B#%,&E%-completene\s

<x|y>:5x,y=<x|l|y>=<x|81><81|y>+<x|82><82|y>. 1 — -/
k| e )k
{ $#%,%%-orthonormality with {5:%,8p-completeness E .
\_ <8i|8j> :5i,j:<8i|1‘8j>:<8i|x><x‘8j>+<8i|y><y‘8j> ) = e |81>:k1

1/2
-3/2
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

P if:)=k
& "«
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =5.P={ 0 gk 1=P,+P,+...+P,
SRl TR P if:j=k
|BIBIBHBHE=" nSHBHS Or: &IBHAE" i 1=$HBH SHIBHS ... +SHIBHS
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6P ={ 0 M=k 1= P;+P>+...+P,
e Tl g if =k
[HOBIBHBHE" 1 SHBHS Or: &IBHUE" ji 1=SHOBHS SHBHS ... +SHOBHS

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.
(" )

{|x),|y) }-orthonormality with {z;),|e.) }-completeness
(xy)=6,, = (x[1]y)=(x|&,){&)| y)+{x] &, )(&,| ¥)-

{|e1),|e2) }-orthonormality with {x),|y) }-completeness
<5i|8j> =9,,=(¢g/1 81>:<8i x}(x‘gj>+<gi y><y‘8j>
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =/ P :%"O itk 1= P; 4P, +..4P,
J e % P =k
[HIBHBHBHE" kSHBHS O &3SHU" jic 1=$HIRHS-SHIBHS .. +SHBHS

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.
~ N

{|x),|y) }-orthonormality with {z;),|e.) }-completeness
(xy)y =1, =(x[1]y) = (x D)+ )
dy)=rxy)= 10" 1M+ (0" () +..

Dirac "-function

{|ez>,|ez>}—orthonormality with {x),ly)}-completeness

(1]15) =" =) = (PO )+ )

\ _/

However Schrodinger wavefunction notation ! (x)=8x$ Yhows quite a difference...
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =5 P ={ AT A 1= P, +P, +...+P,
SRl TR P if:j=k
|BIBIBHBHE=" nSHBHS Or: &IBHAE" i 1=SHBHH-SHOBHD .. +SHIBHS

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.
~ ™

{|x),|y) }-orthonormality with {z;),|e.) }-completeness
(xy)=6,, = (x[1]y) = (x|&, )(&,|y)+ (x|, ){&,] y).
(Ky)=txy = "0 M+ ,00" () +..

Dirac "-function

{|e1),|e2) }-orthonormality with {x),|y) }-completeness
<8i|8j> =6, =&, 1“°’j>:<8i x><x‘81>+<gi y><y‘8j>

<8i ‘ €; > = 6i,j = ---'H//:(X)‘//j )+, (V) +...> J-Xm//:(X)l//j (X)
\_ _J

However Schrodinger wavefunction notation ! (x)=8&x3 Yhows quite a difference...
...particularly in the orthonormality integral.
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Matrix-algebraic eigensolutions with example M=' 4 1 $
Secular equation "3 26
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues” eigenvectors)
Operator orthonormality and Completeness

Factoring bra-kets
into Ket-Bras

Spectral Decompositions

Functional spectral decomposition
Orthonormality vs. Completeness vis-a -vis Operator vs. State

-«

» Lagrange functional interpolation formula

Proof that completeness relation is “Truer-than-true”
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A PVOOfOfPVOjQCtOV COMpZéf@I/ZGSS (Truer-than-true by Lagrange interpolation)
Compare matrixompleteness relation andfunctional spectral decompositions

H(M_Sml) H(l\/l —8ml)
L=P1+P,+. 4P, = %Pk = 2 mﬁk(gk ] f(M)= f(g)P + f(g,)P, +..+ f(g,)P, = 2 f(e )P, = 2 f(e,) ﬁ(ek e )
with Lagrange interpolation formula of functionf{x) approximated by its value Atpointsx;, x2,E xw.
N
N 11 (x— X; )
L(f(X)= 3 f(x )& (x) whee B (x)=-1=
k=1
jl;[k(xk -x))
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A Proof of Projector Completeness (Truer-than-true)
Compare matrixompleteness relation andfunctional spectral decompositions

H(M_‘gml) H(l\/l —Sml)
1=P1+P2+...4+Pn = ZP Zmlﬂ([ 8k £ f(M):f(gl)Pl"'f(gz)Pz+---+f(8n)Pnzg,f(gk)szg,f(ek) ﬁ(gk_gm)
with Lagrange interpolation formula of functionf{x) approximated by its value Atpointsx;, x2,E xw.
N
N I1 (x— X )
_ j;tk J
L(f(0))= X f(x)P(X) where: B (x)=
k=1
jl;[k(xk -x))

Each polynomial termP,,(x) has zeros at each pomitx; except wherex=x,,. ThenP,(x.)=1.
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A Proof of Projector Completeness (Truer-than-true)
Compare matrixompleteness relation andfunctional spectral decompositions

H(M_gml) H(M —Sml)
1=P1+Po+...+P, = ;Pk = % nﬁ(gk _gm) JFM)=f(e)P + f(&,)P, +..+ f(g,)P, = ;k,f(gk)Pk = ;k,f(ek) ﬁ(Sk _gm)
with Lagrange interpolation formula of functionf{x) approximated by its value Atpointsx;, x2,E xw.
N
N 1] (x $ x )
_ _ j#k J
L(f(x))= I3 f( )P (x)  where: P, (x)=-%
- " (xk $ x )
j#k J

Each polynomial termP,,(x) has zeros at each pomitx; except wherex=x,,. ThenP,(x.)=1.
So at each of these points this L-approximation becomes éxget)= f(x;) .
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A Proof of Projector Completeness (Truer-than-true)
Compare matrixompleteness relation andfunctional spectral decompositions

[T(M-¢,1) Op(M#!,1)
1=P14+P, +.. 4P, = %Pk = % nﬁ(gk o) FOM) = fP+ f(I )P+ f(1,)P, = ':k )P, = ':k fU) %%(!k A1)
m=z=k m$k
with Lagrange interpolation formula of functionf{x) approximated by its value Atpointsx;, x2,E xw.
N
S - . jl;[k(x e )
L(f(x))= 151 f(x)@,(x) where: P (x)=-%
jl;[k(xk B xj)

Each polynomial termP,,(x) has zeros at each pomitx; except wherex=x,,. ThenP,(x.)=1.
So at each of these points this L-approximation becomes éxget)= f(x;) .

If f{x) happens to be a polynomial of degieé or less, thel(f{x))= f{x) may be exact everywhere
7 N

Pm (x) X= g“ Xum(X) x =1 xipm(x)
m=1 m=1

1=

S M=

1
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A Proof of Projector Completeness (Truer-than-true)
Compare matrixompleteness relation andfunctional spectral decompositions

Op(M#! 1) [T(M-g,1)
_n N | Q% ik
1=P1+P2+...+Pn = . Pk - . %(,k #!m) JM) = f(e)P + f(g,)P, + ...+ f(g,)P, :gEk,f(gk)Pk zgk,f(gk) H(‘Sk _gm)
m$k m#k
with Lagrange interpolation formula of functionf{x) approximated by its value Atpointsx;, x2,E xw.
N
N 11 (x— X; )
L(f(X)= 3 f(x )& (x) whee B (x)=-1=
k=1
I1 (xk - X, )
j#=k J

Each polynomial termP,,(x) has zeros at each pomitx; except wherex=x,,. ThenP,(x.)=1.
So at each of these points this L-approximation becomes éxget)= f(x;) .

If f{x) happens to be a polynomial of degieé or less, thel(f{x))= f{x) may be exact everywhere
N
=3 P,(x) =3 x P (x) X2= glenpm(x)
m= m=1 m=

One point determines a constant level line,

X1
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A Proof of Projector Completeness (Truer-than-true)
Compare matrixompleteness relation andfunctional spectral decompositions

%(M#!ml) [T(M=-eg,1)
—n — I m$k m#k
1=Pr+Po+..+Pn = I e = w0l #! L) f(M):f(gl)P]+f(82)P2+m+f(8")P"zg'f(gk)Pk:eEk'f(gk) [1(e.-¢,)

m$k m#k

with Lagrange interpolation formula of functionf{x) approximated by its value Atpointsx;, x2,E xw.
N

N ] -I;Ik(x_xj)
L(f(X)): kélf(xk)al)k(x) wherer £, (x) =5
J];[k(xk—xj)

Each polynomial termP,,(x) has zeros at each pomitx; except wherex=x,,. ThenP,(x.)=1.
So at each of these points this L-approximation becomes éxget)= f(x;) .

If f{x) happens to be a polynomial of degieé or less, thel(f{x))= f{x) may be exact everywhere

1:{\] P (x) ng x P (x) 2= | xrzan(x)
m=1 =

m=1 m=1

One point determines a constant level line, two separate points uniquely determine a sloping

X] X1 X2
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A Proof of Projector Completeness (Truer-than-true)
Compare matrixompleteness relation andfunctional spectral decompositions

[T(M-¢,1) Op(M#!,1)
_ _ mzk _ _n - m$k
1=P14+Py+.. 4Py _Z:Pk _g e —e) FO)= fU)P+ f(1)P,+ .+ f(I )P, = ) fUOP = ) fU (f/()(!k#!m)

mzk m$k

with Lagrange interpolation formula of functionf{x) approximated by its value Atpointsx;, x2,E xw.
N

\ _';'#k(x$ xj)
L(f()=1 f(x)&(X) whee B (x)=-
k=1 .
j#k(xk $ xj)
Each polynomial termP,,(x) has zeros at each pomitx; except wherex=x,,. ThenP,(x.)=1.
So at each of these points this L-approximation becomes éxget)= f(x;) .

If f{x) happens to be a polynomial of degieé or less, thel(f{x))= f{x) may be exact everywhere

1=3 P (x) =3 x, P, (x) x2= 1 x2P.(x)
m=1 m=1 m=1

One point determines a constant level line, two separate points uniquely determine a sloping
three separate Roints uniguely determine A parabola

X] X1 X2 X1 X2 X2
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A Proof of Projector Completeness (Truer-than-true)
Compare matrixompleteness relation andfunctional spectral decompositions

Op(M#! 1) Op(M#! 1)
_n — 1 m$k — _n _n m$k
1=P1+P2+...4Pn = . P = L Op(l #1) JM) = fUDPR+ U+ .+ f(1)P, = ) JUOP = ) AGHN 0$/0(!k#!m)
m$k m$k
with Lagrange interpolation formula of functionf{x) approximated by its value Atpointsx;, x2,E xw.
N
N 11 (x— xj)
L(f(x)= > f(x)®(x)  whee R ()= X
- I1 (xk — X, )
j#k J

Each polynomial termP,,(x) has zeros at each pomitx; except wherex=x,,. ThenP,(x.)=1.
So at each of these points this L-approximation becomes éxget)= f(x;) .

If f{x) happens to be a polynomial of degieé or less, thel(f{x))= f{x) may be exact everywhere
N
m= m=1 m=1

One point determines a constant level line, two separate points uniquely determine a sloping
three separate points uniguely determine a parabola, etc.

Lagrange interpolation formula( Completeness formula asx( M and asg ( ! and asPi(xr) ( P«
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A Proof of Projector Completeness (Truer-than-true)
Compare matrixompleteness relation andfunctional spectral decompositions

Op(M#! 1) [T(M-g,1)
—n - bk m#k
1=P1+Po+...+P, = . Pk = . %(,k#,m) f(M):f(&)P]+f(82)P2+"-+f(8n)Pn:gEk,f(gk)Pk:g,f(gk) H(gk_gm)

m$k m#k

with Lagrange interpolation formula of functionf{x) approximated by its value Atpointsx;, x2,E xw.
N

N J];Ik(x—xj)
L(f(x)) = kélf(xk)'Pk(X) where: P, (x)= z
]l;lk(xk _xj)

Each polynomial termP,,(x) has zeros at each pomitx; except wherex=x,,. ThenP,(x.)=1.
So at each of these points this L-approximation becomes éxget)= f(x;) .

If f{x) happens to be a polynomial of degieé or less, thel(f{x))= f{x) may be exact everywhere

1:m§=1 Pm (X) xzmgzl x P (x) xzszilxiPm (x)

One point determines a constant level line, two separate points uniquely determine a sloping
three separate points uniguely determine a parabola, etc.

Lagrange interpolation formula( Completeness formula asx( M and asg ( ! and asPi(xr) ( P«

All distinct valued ;) !2)...) !y satisfy* Pi=1.
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A Proof of Projector Completeness (Truer-than-true)
Compare matrixompleteness relation andfunctional spectral decompositions

Op(M#! 1) Op(M#!,1)
_n —n m$k _ _n . mS$k
L=P1+Py+.. +P, = ) P, = () FMY= ()P + FU )P, +.t f(I,)P, = ) fUL)P = ) F) (f/()(!k#!m)
m$k m$k
with Lagrange interpolation formula of functionf{x) approximated by its value Atpointsx;, x2,E xw.
N
N jl;[k(x— X )
L(f(x))= El F(x)&(X) whee B (x)=-

Each polynomial termP,,(x) has zeros at each pomitx; except wherex=x,,. ThenP,(x.)=1.
So at each of these points this L-approximation becomes éxget)= f(x;) .

If f{x) happens to be a polynomial of degieé or less, thel(f{x))= f{x) may be exact everywhere

N
1=m!:1 Pm (x) X= n!:ilxm P (X) xzszilxiPm (x)

One point determines a constant level line, two separate points uniquely determine a sloping
three separate points uniguely determine a parabola, etc.

Lagrange interpolation formula( Completeness formula asx( M and asg ( ! and asPi(xr) ( P«

All distinct valued ;) !,)...) !y satisfy* P,=1. Completeness @uer than true as is seen fav=2.

P1+P2:};[1 (M—ejl) 1 (M—ejl)
I (sl—ej)

Jj#l

N _ (M-g,1) +(M—811) _ (M-g,1)-(M-¢g]1) _—gltel
I1 (82—8]-) (e1-€)  (e,-¢) (e1-¢,) (=€)

j#l

=1 (for all ej)
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A Proof of Projector Completeness (Truer-than-true)
Compare matrixompleteness relation andfunctional spectral decompositions

H(M—sml) TI(M-e,1)

m#k mzk
1=P1+Po+. 4P, = ZP ZH e f(M)= ()P, + f(&,)P, +..+ f(g,)P,= . f(g )P =D f(g,) )
k £y £ k~ ©m

m#k mzk

with Lagrange interpolation formula of functionf{x) approximated by its value Atpointsx;, x2,E xw.
N

N I1 (x—xj)
L(f(0)= 3 f(x)R(x) where: B (x)=-
k=1
jl;[k(xk‘xj)

Each polynomial termP,,(x) has zeros at each pomitx; except wherex=x,,. ThenP,(x.)=1.
So at each of these points this L-approximation becomes éxget)= f(x;) .

If f{x) happens to be a polynomial of degieé or less, thel(f{x))= f{x) may be exact everywhere

- 7, (¥ 1 xm, () =3 (¥
m=

m=1 m=1
One point determines a constant level line, two separate points uniquely determine a sloping
three separate points uniguely determine a parabola, etc.

Lagrange interpolation formula( Completeness formula asx( M and asg ( ! and asPi(xr) ( P«

All distinct valued ;) !,)...) !y satisfy* P,=1. Completeness @uer than true as is seen fav=2.
pop, o rest) - (MRS () (wist) (Mesn)s(vEst) ssiesi

Tars) - (e (5es) (sea) T (3es)  (4v)

However, onlyselect values! , work for eigen-formd P,=! .\Pr or orthonormalityP,P:=" 1 Px.
J J

=1 (forall ;)
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Matrix-algebraic eigensolutions with example M :( 4 1 )
Secular equation 302
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues” eigenvectors)
Operator orthonormality and Completeness

Factoring bra-kets
into Ket-Bras

Spectral Decompositions

Functional spectral decomposition
Orthonormality vs. Completeness vis-a -vis Operator vs. State

Lagrange functional interpolation formula
Proof that completeness relation is “Truer-than-true”

» Diagonalizing Transformations (D-Ttran) from projectors é

Eigensolutions for active analyzers

Spectral Decompositions with degeneracy
Functional spectral decomposition
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Diagonalizing Transformations (D-Ttran) from projectors

. . . . , #o00& (11!

Given our eigenvectors and their Projectors_ M!S _ 1% 1 11&_, g2 ( 2 ' )=\*><*\
| RTINS T 13{0!;§ k A
b MIID_1#3 1 & :kﬁ;%&)
TR LR %! 2 k,

———
\STRRON)
DO =

N ——
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors_(M! 51) _1# 1 11 &_kﬁz)% &) ( : ! )‘\*><*\
| T s a4z g3 (T E A

S —kﬁjo%&) (; %)
2T 61y a3 10 7 2%%2

Load distinct bras! ;| and(! -| into d-tranrows, kets|! ;) and|! ;) into inversed-trancolumns
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Diagonalizing Transformations (D-Ttran) from proje(ctor)s
11 & #oL& |1
| ) _

- - [ ] [ ] I 1 #
Given our eigenvectors and their Projectors_ (M!S _ 1% 1 k% é Z%) (%)
| (1r's) 4¢3 3 %! K,
#1& >
p -MITDH_1#3 1 k% > 2 =[*)(*)]

SRNCTEIRE L B R S S

Load distinct brag! ;| and{! ;| into d-tranrows, kets|! ;) and|! ;) into inversed-trancolumns
) # 1 & # 1 &

=2 2 el 2 2 ) dugl (e

e /
(/1,/5,)0 (L,2) d"Tran matrix (12)0 (/,,!,) INVERSE d" Tran matrix
f;o<!1x> <!1‘y> ?:;% %((& ﬁ;o<x-'1> <x-'2> ((&:f;)% %((&
(L) o) b3 2 80 @0l Ol b @5 3!
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectorlsl.:(l\(dl;;l):%( ] ]=kl %3 ®@:\gl><gl\
! . _

1
I)ZZ(M—1.1)=1 31 ]
G-1) 4 3 1 !

Load distinct brag! ;| and{! ;| into d-tranrows, kets|! ;) and|! ;) into inversed-trancolumns

( 1 A 1 \
fed=( 2 3 Med=(2 1 Qe 2 fea| 7L
\ L 2 ) 2 )
(£),€,) = (1,2) d=Tran marix (1,2) < (¢,,&,) INVERSE d—Tran matrix
1-62 &,
CIRCIEY :(% - \ (x|e,) (x]e,) :( 1 %\
(@) (b)) (33 ) | Dl Dle) )[4

UseDirac labeling for all componentg so transformation is OK
S0 () %S KD (KT % G () % (k) (k) %
g 3 (GIKN) (BIK]L)

S (1) (50y) o § OB ORI &8 O10) 1) &

1,1 % " 11 % "
$2 )2 ( 4 1 % (S22 o 1 0%
Bloie o Fi2a 5y #osa
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Diagonalizing Transformations (D-Ttran) from projectors

11

Given our eigenvectors and their Projectorﬁ.:%zi( ] ]=kl % ®#:‘gl><gl‘
! . _

M-t 131}

(-1 4 31 R

Load distinct brag! ;| and{! ;| into d-tranrows, kets|! ;) and|! ;) into inversed-trancolumns
) # 1 & # 1 &

(R RN S Y NS SRS S

TS X $2°"7
(!1,/5,)0 (1,2) d" Tran matrix (1,2)0 (/,,!,) INVERSE d" Tran matrix
# & #1 .1 & # & # 1 1 &
%<.’1x> <"1y> (:gﬂ)i 2 ( , %<x'll> <x.2> (= gA) 2 (
0 0
(ol (L) C @3 107 @00 () gy 1!
UseDirac labeling for all components so transformation is OK

\/\/U)

(el el) {<m> (e
(e} {ealy) | [ OIE) (oKl

53

1
2
1
2
Check inverse-d-tran is really inverseyofir d-tran.
P () ()

] (e (dea) | [ (elKle) (elKes)
<y|81> <y|82> <82|K|€1> <82|K|82>

|- (e

7~ N\
I

ol NP

NI NI

NIw NI

(1) () % 0l 0l % 0
2510 (L12) g2 ) @) & 100 (L)1) g
;5)%-% (;%i% _ "1 0%
$3 1 $y3 1 - 20 18
#2 2 & #/2 2 &
81
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Diagonalizing Transformations (D-Ttran) from projectors
Given our eigenvectors and their Projectorls._(M—S-l)_g( 1 -1 ]=k1 % ®( 2 ):‘glxgl‘

| ' @-5 4| -3 3 = k,
3 1
M-11) 1( 3 1 2 (? 5)
2 Teon alz1) el | ¥k =lea) e
2 2

Load distinct brag! ;| and{! ;| into d-tranrows, kets|! ;) and|! ;) into inversed-trancolumns
) # 1 & # 1 &

=3 s hl=(s ) sl =g

%2 ' $2°7
(!1,/5,)0 (1,2) d" Tran matrix (1,2)0 (/,,!,) INVERSE d" Tran matrix
§)<!1x> <-’1y> ((&:Z;)% %((& jjo<x"1> <x'2><(& 1;)1 %((&
%0<!2x> <!2y>( 9$/0§ %( ,¥O<y!1> <y!2>( %A)i %'(

UseDirac labeling for all components so transformation is OK

g () (o) S g Gllx) il P (o) (lra) g (Kl (]| )
3 (51 () g §< K|x) (K] >&£<y| ) 015) & B LK) (LK) g

% %

B NS " 11 "
$2 )2 ( §41|% ($§§ _ §10%
3 3 1"
%3 & 3 2& ) 1s 0 °& .
Check inverse-d-tran is really inverseyofir d-tran. In standard quantum matrices inverses are C

1

2

- ST

{<el|x> (&1]) N (e} (x]e,) ][ (&,[1]e,) <ellez>] "

(@) (el) J{ Cle) Cle |7 {eltla) e | o (1]x) (1) % g () (s
. |

x 1) (x|, f%l
{] [] - (pe) REM b o 3 <“>< )

|
!1> <y‘!2>'&
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Matrix-algebraic eigensolutions with example M=' 4 1 $
Secular equation "3 26
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues” eigenvectors)
Operator orthonormality and Completeness

~

Factoring bra-kets
into Ket-Bras

Spectral Decompositions

Functional spectral decomposition
Orthonormality vs. Completeness vis-a -vis Operator vs. State

Lagrange functional interpolation formula
Proof that completeness relation is “Truer-than-true”

Diagonalizing Transformations (D-Ttran) from projectors
Eigensolutions for active analyzers

Spectral Decompositions with degeneracy
Functional spectral decomposition
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Matrix products and eigensolutions for active analyzers

Consider a5j tilted (01=P1/2=n/4 or 1=90j) analyzer followed by a untilted$=0) analyzer.
Active analyzers have both paths open and a phase$fifbetween each path.

Here the brst analyzer h@3=90;. The second h&22=180;.
!

! ouTSleod. .. a=0d [
gl ' $ElyS
; 7 | || L
4 i 11
Hﬁ\.ﬁ ; %

YEL Loy e U P
EETI. CIEET B ﬂ

The transfer matrix for each analyzer |s a sum of projection operators for each open path
multiplied by the phase factor that is active at that path. Apply phase éd&dr=e-i7/2 to

top path in the brst analyzer and the faet®2 =e-iT to the top path in the second analyzer.

11 1 -1 1-i  -1-i
T 2 :e—lﬂ' XY (X| + — e_m: O T 1 e xl + ’ ’ :e—iﬂlz 2 2 + 2 2 — 2 2
(=B 1= & ¢ (W= p)r=e 2 20 22| E 2
2 2 2 2 2 2
The matrix producT (total)=T(2)T(1)relates input stat¢¥’|N) to output state$¥OUT) =T (total)¥IN)
1-i —l-i “l+i 1+i -l LR
T(total):T(2)T(1):[ -1 O) 2 2 _ 2 2. _ inl4 \/_ \/— ~ \/E \/5
0 1)) =i 1-i Zloi 1-d -t L i L
! 2 2 2 2 V2 J— V2 f
We drop the overall phase™/4 since it is unobservabl&(total) yields two eigenvalues and projectors.
! #omg i &
oz vz
8/0 i 1+1§ ﬁjo"lﬂ/a j & f;olh/a "
12700 "1=0,0r ! =+1, " 1 ® 2 ¥ g 1+\/§E g ..1+\/§E
, gives projectors Pa= T ) = o2 y Py = o2
ST W ST N T g Coa=t A (L2 ot Bey B1s o [ 1)
=|+1) ':|+1>
0 [l EEAR
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