Group Theory in Quantum Mechanics
Lecture 3 12015

Analyzers, operators, and group axioms

(Quantum Theory for Computer Age - Ch. 1-2 of Unit 1 )
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-3 of Ch. 1)
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Non-diagonal projection operators and Kronecker Q@—products
Axiom-4 similarity transformation

Matrix representation of beam analyzers
Non-unitary “killer” devices: Sorter-counter, filter
Unitary “non-killer” devices: 1/2-wave plate, 1/4-wave plate

How analyzers “peek” and how that changes outcomes

Peeking polarizers and coherence loss
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. . Feynman-Dirac
Feynman amplitude axioms 1-4 Interpretation of

ny_/
(1) The probability axiom I ] k #
The first axiom deals with physical interpretation of amplitudes { /| ©"). :tgtrgﬂif:?grg:ﬁfiﬁgirse

Axiom 1: The absol N? N e ' babili - -
xiom e absolute square \< j k>\ =(j|&"y {j|k) gives probability for  from availablem-typestates

occurrence in state-j of a system that started in state-k'=1",2",..,or n' from one sorter

and then was forced to choose between states j=1,2,...,n by another sorter.

(2) The conjugation or inversion axiom (time reversal symmetry)
The second axiom concerns going backwards through a sorter or the reversal of amplitudes.

k'>*0f an amplitude< j‘ k'> equals its reverse: < j‘ k'>* = <k‘ j>

Axiom 2: The complex conjugate < Jj

(3) The orthonormality or identity axiom
The third axiom concerns the amplitude for "re measurement" by the same analyzer.
Axiom 3: If identical analyzers are used twice or more the amplitude for a passed state-k is one,

and for all others it is zero: .
\k)y=90., = Likj=k | _ Lk VYV YRNY
Ulk) =8 = 0if:j#k =R T e,

(4) The completeness or closure axiom

The fourth axiom concerns the "Do-nothing" property of an ideal analyzer, that is,
a sorter followed by an "unsorter" or "put-back-togetherer" as sketched above.
Axiom 4. Ideal sorting followed by ideal recombination of amplitudes has no effect:

(fm)= 1 (e )k m)

k=1
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(a) “Do-Nothing "Analyzer N =-30°

: analyzer input
| .. -polarized light | ) polarization
|
| L, /2=100°

~
~
~

out " in R "
No change if analyzer , ‘1“‘1‘-.1 “"‘L'-v..q_
does nothing “"‘1‘;‘-‘1‘-‘,

: : tilt of analyzer i
(b)Simulation [ ‘ l oo setting of
o o T B -qnq_ly;fe 1 %'I II llnplxlt |
| =300 polarization

2l =" =200°
S ~

S e

f=200°
analyzer activity angle #

1 b

> = 0

(# =0 means do-nothing)
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Imagine final xy-sorter analyzes output beam into x and y-components.

(a) “Do-Nothing " Analyzer Y| =-30°

: analyzer | input
| -polarized light . | r | polarization
~111 4% ' ¢ o \polarized gy i ’ 1 ~ /2=100
¢ Al 1.‘-‘- \ .x;‘ | ! . . = o
v I} _""‘-:":“:“:1‘:‘-7 \ﬁ@\‘%‘ ////, i in n

| ol l» ‘!ﬂ T

. t . , "’ -

No gZange if ;Zalyzer / ) ”’é ‘V ‘i‘;\;‘:ﬁ‘:\:&; ""Lt.q_“

does nothing 4 IDOZC”'Z.ZB J /lgh : ‘1‘;-,-,_":":‘

- - - . , tilt of analyzer :
Amplitude in x or y-channel 1s (b)Simulation o | N —ﬁﬂ]“:%' setting of
sum over x' and y-amplitudes A A ST ) E7IT il S lml.j utt
o . | —|.20° polarization
(x@iny=cos(0in—0O) X | ana,yzcr302lp e
(y’|®in>=8in(®in—@) @ *in " in o
with relative angle ©;;—0 , NMQQQQ
of Ojn to O-analyzer axes-(x',)") | jZZI/Z{
in products with final Xy-sorter: f . ﬁ: Eﬂﬂi
lab x-axis: {(x]xy=cos© = {y|p) analyzer activity angle # > - o0 i F
y-axis: (y|x")=sin® = -{x|)’). (# =0 means do-nothing) o L

x-Output is: {x|Oout)= {x|x XxOin)+{x|y Y} |Oin)y=cosOcos(Oin-0) - sinOsin(Ojn-0)=cos Oin
y-Output is: (y|Oout)= YxYx10im)+y W Oin)=sin®Ocos(@in-0) - cosOsin(O;n-0)=sin Oin.
(Recall  cos(a+b)=cosa cosb-sina sinb  and sin(a+b)=sina cosb+cosa sinb )

Conclusion:
(X|®out)= cos Oout = cos Ojn or: Oout=in so “Do-Nothing” Analyzer in fact does nothing.
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Abstraction of Axiom 4 to define projection and unitary operators

Axiom 4:  (j"|m"y=>_(j"|k) (k|m’) may be “abstracted"” three different ways
k=1

Tuesday, January 20, 2015



Abstraction of Axiom 4 to define projection and unitary operators
Axiom 4:  {j'"\m"y=>_(j""|k) (k|m") may be “abstracted" three different ways
k=1

Left abstraction gives bra-transform:

o-"\iz]v"w (K

Recall bra-ket
Transformation Matrix

Tonw={m| n'y
' <x‘x'> <x|y'> ?L:! cos' (sin’ 9
Y Ob) & Fosint cost &

S
—
=

=

_
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Abstraction of Axiom 4 to define projection and unitary operators

Axiom 4:  {j'"\m"y=>_(j""|k) (k|m") may be “abstracted" three different ways
k=1

Left abstraction gives bra-transform: Right abstraction gives ket-transform.
=220 k) (k] m')=>_ |k) (k|m’)
k=1 k=1

Recall bra-ket
Transformation Matrix

Tm,n’:<m| I’l/>
(=) (o) :[ cosd  —sind J
<y|x'> <J’|y'> sin@  cos6
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Abstraction of Axiom 4 to define projection and unitary operators

Axiom 4:  {j'"\m"y=>_(j""|k) (k|m") may be “abstracted" three different ways
k=1

Left abstraction gives bra-transform: Right abstraction gives ket-transform.
=220 k) (k] m')=>_ |k) (k|m’)
k=1 k=1

Center abstraction gives ket-bra identity operator:

1=3|) (k| = |k) (K| =S &) (K =...
k=1 k=1 k=1

Recall bra-ket
Transformation Matrix
Tonw={m| n'y

)
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Abstraction of Axiom 4 to define projection and unitary operators

Axiom 4:  {j'"\m"y=>_(j""|k) (k|m") may be “abstracted" three different ways
k=1

Left abstraction gives bra-transform: Right abstraction gives ket-transform.
=220 k) (k] m')=>_ |k) (k|m’)
k=1 k=1

Center abstraction gives ket-bra identity operator:
1=)_|k) (k|=2_|K) (K |=>_|K7) (K |=...
k=1 k=1 k=1
Resolution of Identity into Projectors {|1)(1|,|2)(2|..} or {|1)(1"], | 2")(2'|..} or {|17) (17,127 (2""]..}
Pi=|1){(I], P2=|2)(2|,.. or Pig=|1")(1'|, Pas= |2")(2'| etc. p,eoti braier

Transformation Matrix
Tonw={m| n'y

)
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Abstraction of Axiom 4 to define projection and unitary operators

Axiom 4:  {j'"\m"y=>_(j""|k) (k|m") may be “abstracted" three different ways
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Abstraction of Axiom 4 to define projection and unitary operators

Axiom 4:  (j''\m")=>_(j"|k) (k|lm’) may be “abstracted" three different ways
k=1

Left abstraction gives bra-transform: Right abstraction gives ket-transform.:
=220 k) (k] m')=>_ |k) (k|m’)
k=1 k=1

Center abstraction gives ket-bra identity operator:
1=0_|k) (k| =22 &) (K| =2 [ K7) (K | =...
k=1 k=1 k=1
Resolution of Identity into Projectors {|1)(1|,|2)(2|..} or {|1") (1], |2/)(2"|..} or {| 1) (1"], |2"7)(2"]..}

Pi= ‘]><1’7 P2= ‘2><2‘7 or Pig= ’]/><]/’7 P2g= ’2/><2/’ etc. Recall bra-ket

---------------------------------------------------------------------------------

Transformation Matrix

wnit kets [x):and |y) 4 T[Z i

~~~~~~~~ Y () Ofy) ) \ sino  coss
) GlEl ) Rk (el ) (1 0
OIRLY GIR) bRl iRty Lo o
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Abstraction of Axiom 4 to define projection and unitary operators

Axiom 4:  (j''\m")=>_(j"|k) (k|lm’) may be “abstracted" three different ways
k=1

Left abstraction gives bra-transform: Right abstraction gives ket-transform.:
=220 k) (k] m')=>_ |k) (k|m’)
k=1 k=1

Center abstraction gives ket-bra identity operator:
1=0_|k) (k| =22 &) (K| =2 [ K7) (K | =...
k=1 k=1 k=1
Resolution of Identity into Projectors {|1)(1|,|2)(2|..} or {|1") (1], |2/)(2"|..} or {| 1) (1"], |2"7)(2"]..}

Pi= ‘]><1’7 P2= ‘2><2‘7 or Pig= ’]/><]/’7 P2g= ’2/><2/’ etc. Recall bra-ket

---------------------------------------------------------------------------------

Transformation Matrix

Projections:of unit vector |x/) onto To=(m| 1)
unit kets [xyand ) o ey D i L) G S e (i 8
e yr =y |5 #Olr) Oly) § F s cos

ORI (4RI (o)
MR (YR ]Y) 0 1
Projections of general state |\V) ...

e g 1"
Py! #=bHPI" #
Hr

P I"# =x#HE!" #

|/ x
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Abstraction of Axiom 4 to define projection and unitary operators

Axiom 4:  (j''\m")=>_(j"|k) (k|lm’) may be “abstracted" three different ways
k=1

Left abstraction gives bra-transform: Right abstraction gives ket-transform.:
=220 k) (k] m')=>_ |k) (k|m’)
k=1 k=1

Center abstraction gives ket-bra identity operator:
1=0_|k) (k| =22 &) (K| =2 [ K7) (K | =...
k=1 k=1 k=1
Resolution of Identity into Projectors {|1)(1|,|2)(2|..} or {|1") (1], |2/)(2"|..} or {| 1) (1"], |2"7)(2"]..}

Pi= ‘]><1’7 P2= ‘2><2‘7 or Pig= ’]/><]/’7 P2g= ’2/><2/’ etc. Recall bra-ket

---------------------------------------------------------------------------------

Transformation Matrix
Tm,n/:<m‘ n/>

[<xx'> () [ 058 —sind

........ y <y|x> <y|y> sin@ cosf
e GlE) ) (k) (e ) (1 o)
IR [x) (P y) IR ]x) QIR ]Y) 0 0

Projections of general state |\V) ...
..must add up to|V) !"#:!-y-#;i;!-"-;h; """""" 1"
—

"4 | "
P.|V) + P,|U) =|U) /ljx## IxHE!" #
Ix
(P + Py)‘\m :‘\m

Y3
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Abstraction of Axiom 4 to define projection and unitary operators

Axiom 4:  (j''\m")=>_(j"|k) (k|lm’) may be “abstracted" three different ways
k=1

Left abstraction gives bra-transform: Right abstraction gives ket-transform.:
=220 k) (k] m')=>_ |k) (k|m’)
k=1 k=1

Center abstraction gives ket-bra identity operator:
1=0_|k) (k| =22 &) (K| =2 [ K7) (K | =...
k=1 k=1 k=1
Resolution of Identity into Projectors {|1)(1|,|2)(2|..} or {|1") (1], |2/)(2"|..} or {| 1) (1"], |2"7)(2"]..}

Pi= ‘]><1’7 P2= ‘2><2‘7 or Pig= ’]/><]/’7 P2g= ’2/><2/’ etc. Recall bra-ket

Projections ofumt vector ] X/ > onto Tmnsf)mfzﬁon Matrix

. ' m,n’ m‘ n >
unit kets |x):and \y} : | D)8 1 e (e 8

S % | ° '> <y|y'> & # sin'  cos’
. 7\

e GlE) ) 9 e (10

QIR [x) ([P ]) ! ) (YIB]Y) 0 0
Projections of general state |\V) ... # ...and so Pn projectors
..must add up to|V)  p gy ='y#$"# """""" 1" must add up to identity operator..

: e nyp o " =

Px‘\If> i Py‘\If> :‘\If> Px! #—')C#&' # 1 Px + Py

W Ix#

|
(Px + P)|V) =) /
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Abstraction of Axiom 4 to define projection and unitary operators

Axiom 4:  (j''\m")=>_(j"|k) (k|lm’) may be “abstracted" three different ways
k=1

Left abstraction gives bra-transform: Right abstraction gives ket-transform.:
=220 k) (k] m')=>_ |k) (k|m’)
k=1 k=1

Center abstraction gives ket-bra identity operator:
1=0_|k) (k| =22 &) (K| =2 [ K7) (K | =...
k=1 k=1 k=1
Resolution of Identity into Projectors {|1)(1|,|2)(2|..} or {|1") (1], |2/)(2"|..} or {| 1) (1"], |2"7)(2"]..}

Pi= ‘]><1‘7 P2= ‘2><2‘7 or Pig= ’]/><]/’7 P2g= ’2/><2/’ etc. Recall bra-ket

---------------------------------------------------------------------------------

Transformation Matrix
Tonw={m| n'y

<x’x'> <x|y'> | cos® —sin6
it B H

........ y <y > <y|y'> sinf  cosf
e GlE) ) ) D) ) (10
IR [x) ([P ]y) Plx) ([P[y) 0 0
Projections of general state |\V) ... W ...and so P, projectors
..must add up to|V)  p gy ='y#$"# """""" 1" must add up to identity operator...
. o . _
Px‘\If> 4 Py‘\:[j> =‘\If> Px! #=Ix#&!" # 1 P. + P

" 10 10 00
P! Ix#  and identily matrix...( 0 1 j=( 0 0 ]+( 0 1 ]

|
(Px + P)|V) =) /
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Abstraction of Axiom 4 to define projection and unitary operators

Axiom 4:  (j''\m")=>_(j"|k) (k|lm’) may be “abstracted" three different ways
k=1

Left abstraction gives bra-transform: Right abstraction gives ket-transform.:
=220 k) (k] m')=>_ |k) (k|m’)
k=1 k=1

Center abstraction gives ket-bra identity operator:
1=0_|k) (k| =22 &) (K| =2 [ K7) (K | =...
k=1 k=1 k=1
Resolution of Identity into Projectors {|1)(1|,|2)(2|..} or {|1") (1], |2/)(2"|..} or {| 1) (1"], |2"7)(2"]..}

Pi= ‘]><1‘7 P2= ‘2><2‘7 or Pig= ’]/><]/’7 P2g= ’2/><2/’ etc. Recall bra-ket

---------------------------------------------------------------------------------

Transformation Matrix
Tm,n/:<m‘ I”l/>
<x’x'> <x|y'> zz;? cos' (sin’ P
'> <y|y'> & sin”  cos’

Plx) (dP]y) ]( 3 ]

Plx) (IP]y)

]
]
]
I
]
]
]
]
q:t:n:._
T
=
=

=(

|
OIP|x)  (IP|y) 0

[ (APJx) (&P

Projections of general state |\V) ... W ...and so P, projectors
..must add up to|V)  p gy :'y#$" #\) """" 1" must add up tolidentil)l; opemtOPr...
_ P "# =Ix#E!" # = Px =
Pi[V) + P,|V) =|T) Y 2N ' $€ . 11 08_'1 0810708
/ x#  and identity matrix..# ( | § # ¢ o & # (o | &

(P + P)|Y) =|¥) Sl # .as required by Axiom 4.
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Unitary operators and matrices that do something (or “nothing”)

output state T‘!

-

|| ! Fig. 3.1.1 Effect of
analyzer
represented by ket vector
> transformation ofv)

to new ket vector |V) .
input state v

anayzer

¥
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Unitary operators and matrices that do something (or “nothing”)

output state T‘!

-

|| ! Fig. 3.1.1 Effect of
analyzer
represented by ket vector
> transformation ofv)

to new ket vector |V) .
input state v

anayzer

¥

First is the “do-nothing” identity ogemtor 1.
1=k {kl= ) x| + Dol = P+ Py
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Unitary operators and matrices that do something (or “nothing”)

output state T‘!

-

|| ! Fig. 3.1.1 Effect of
analyzer
represented by ket vector
> transformation ofv)

to new ket vector |V) .
input state v

anayzer

¥

First is the “do-nothing” identity ogemtor 1.
1=k {kl= ) x| + Dol = P+ Py

and matrix representation.

11 09

''1 09 0 0%

#0 1% #0 0&  #o 16
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Unitary operators and matrices that do something (or “nothing”)

|| ! Fig. 3.1.1 Effect of
analyzer
represented by ket vector
> transformation ofv)

to new ket vector V) .
input state v

output state T | "| analyzer

) T

First is the “do-nothing” identity ogemtor 1.
1=k {kl= ) x| + Dol = P+ Py

and matrix representation. 10 10 0 0
o1 ) loo) " o1

Next is the diagonal “do-something” unitary™* operator T...

T=X|k)e? k{k|= |x)e (x| + [y)e? »'(y| = e & P, + e P,

and its matrix representation: ( ciex (e 0 [0 o
0 e 0 0 0 e'
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Unitary operators and matrices that do something (or “nothing”)

|| ! Fig. 3.1.1 Effect of
analyzer
represented by ket vector
> transformation ofv)

to new ket vector |V) .
input state v

output state T | "| analyzer

i T

First is the “do-nothing” identity ogemtor 1.
1=k {kl= ) x| + Dol = P+ Py

and matrix representation. 1 0 1 0 0 0
01) (oo) " lo1

Next is the diagonal “do-something” unitary™* operator T...

T=X|k)e? k{k|= |x)e (x| + [y)e? »'(y| = e & P, + e P,

and its matrix representation: 0 [ e 0 L0 o
0 oI 0 0 0 e ™

*Unitary here means

inverser-'= TT= TT =transpose-conjugdt
(Time-Reversal-Symmetry)

Tuesday, January 20, 2015 25



Unitary operators and matrices that do something (or “nothing”)

|| ! Fig. 3.1.1 Effect of
analyzer
represented by ket vector
> transformation ofv)

to new ket vector |V) .
input state v

output state T | "| analyzer

i T

First is the “do-nothing” identity ogemtor 1.
1=k {kl= ) x| + Dol = P+ Py

and matrix representation. 11 0% 1 1 09 0 0%
= +
Y018 %0 0% ¥o 14

Next is the diagonal “do-something” unitary™* operator T...

T=X|k)e? k{k|= |x)e (x| + [y)e? »'(y| = e & P, + e P,

and its matrix representation: 0 [ e 0 L0 o
0 oI 0 0 0 e ™

*Unitary here means

inverser-'= TT= TT =transpose-conjugdt
(Time-Reversal-Symmetry)

Most “do-something” operators T' are not diagonal, that is, not just |x){x| and |y){y| combinations.

T'=X|K e 8(K|= |x)e? 3(x'| + |)/)el 13()/| = e $Pg+ e 19 Pg
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Unitary operators and matrices that do something (or “nothing”)

|| " Fig. 3.1.1 Effect of
analyzer
represented by ket vector
transformation ofWw)

to new ket vector |V) .
input state v

output state T | "| analyzer

i T

First is the “do-nothing” identity ogemtor 1.
1=k {kl= ) x| + Dol = P+ Py

and matrix representation. 11 09 L 1 0% L0 09

#0 1& #0 0&  H#o 1 &

Next is the diagonal “do-something” unitary™* operator T...

T=X|k)e? k{k|= |x)e (x| + [y)e? »'(y| = e & P, + e P,

and its matrix representation: ( iz g (e 0 [0 o
0 e 0 O 0 e

*Unitary here means

inverser-'= TT= TT =transpose-conjugdt
(Time-Reversal-Symmetry)

Most “do-something” operators T' are not diagonal, that is, not just |x){x| and |y){y| combinations.

T'=X |k )e (K |= |x)e? (x| + |))e? »#()/| = e #Pig+ el ¥ Pg
(Matrix representation of T is a little more complicated. See following pages.)
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Review: Axioms 1-4 and “Do-Nothing’’vs *“ Do-Something” analyzers

Abstraction of Axiom-4 to define projection and unitary operators
Projection operators and resolution of identity
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Diagonal unitary operators
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How analyzers “peek” and how that changes outcomes
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Classical Bayesian probability vs. Quantum probability

Feynman (j|k)-axioms compared 1o Group axioms
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Unitary operators U satisfy “easy inversion” relations: U= UT= UT"

They are “designed” to conserve probability and overlap

so each transformed ket |V/)=U|W) has the same probability (V|V)=(V'|V")=(¥|UTU|¥)
and all transformed kets |®')=U|®) have the same overlap (V|®)=(1V'|D")=(P|UTU|D)
where transformed bras are defined by (V/|=(¥|UT or (®'|=(®|UT implying 1=UTU=UU"
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Unitary operators U satisfy “easy inversion” relations: U= UT= UT"

They are “designed” to conserve probability and overlap

so each transformed ket |V/)=U|W) has the same probability (V|V)=(V'|V")=(¥|UTU|¥)
and all transformed kets |®')=U|®) have the same overlap (V|®)=(1V'|D")=(P|UTU|D)
where transformed bras are defined by (V/|=(¥|UT or (®'|=(P|UT implying 1=UTU=UUT

Example U transfomation:
Ix’)zUIx)z cos() |x> + sin() |y>

Iy’_zqu* [y )=Uly)=-sin® Ix) + cos ly) U4 "
\ s | \ X
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Unitary operators U satisfy “easy inversion” relations: U= UT= UT"
They are “designed” to conserve probability and overlap
so each transformed ket |V/)=U|W) has the same probability (V|V)=(V'|V")=(¥|UTU|¥)
and all transformed kets |®')=U|®) have the same overlap (V|®)=(1V'|D")=(P|UTU|D)
where transformed bras are defined by (V/|=(¥|UT or (®'|=(P|UT implying 1=UTU=UUT

Example U transfomation:
Ix’)zUIx)z cos() |x> + sin() |y>

'y’.Zm@_ [y )=Uly)=-sin® Ix) + cos ly) U4 "
\ s 1 \ X

Ket definition: |[x")=Ulx) implies: UT|x")=|x) implies: (x|={('|U implies: (x|U"=(x'|
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Unitary operators U satisfy “easy inversion” relations: U= UT= UT"

They are “designed” to conserve probability and overlap
so each transformed ket |V/)=U|W) has the same probability (V|V)=(V'|V")=(¥|UTU|¥)

and all transformed kets |®')=U|®) have the same overlap (V|®)=(1V'|D")=(P|UTU|D)
where transformed bras are defined by (V/|=(¥|UT or (®'|=(P|UT implying 1=UTU=UUT

Example U transfomation:
Ix’)zUIx)z cos() |x> + sin() |y>

|y’_2in I |y’>=U|y>=—sin(I) Ix) + cos() |y>
9 X7 V4 U
"\ \

Ket definition: [x")=Ulx) implies: UT|x")=|x) 1mphes (x|=('|U implies: (x|UT=(x|
Ket definition: |y/)=Uly) implies: U'|)/)=|y) implies: (y|=(/|U implies: (y|U"=(|

lx
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Unitary operators U satisfy “easy inversion” relations: U= UT= UT"

They are “designed” to conserve probability and overlap
so each transformed ket |V/)=U|W) has the same probability (V|V)=(V'|V")=(¥|UTU|¥)

and all transformed kets |®')=U|®) have the same overlap (V|®)=(1V'|D")=(P|UTU|D)
where transformed bras are defined by (V/|=(¥|UT or (®'|=(P|UT implying 1=UTU=UUT

Example U transfomation:
Ix’)zUIx)z cos() |x> + sin() |y>

| />. | />=U| >=—sin(I) Ix) cos( | >
W ylx’) )’ ) y/I‘J_Iw
"\ AN

Ket definition: |[x")=Ulx) implies: UT|x")=|x) implies: (x|={('|U implies: (x|U"=(x'|
Ket definition: [//)=Ul|y) implies: UT|))=|y) implies: (y|={(/|U implies: (y|UT={|

lx

...iImplies matrix representation of operator U

[ <x;_I_I_I_¥_>__._<__X__‘_%__¥_>___]_:[___<__X_f%_"_'>§ (x

y,> ]_( cosp —sing
<y‘U‘X> <Y‘U|Y> <yx’> <y y’> sin  cos@
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Unitary operators U satisfy “easy inversion” relations: U= UT= UT"
They are “designed” to conserve probability and overlap

so each transformed ket |V/)=U|W) has the same probability (V|V)=(V'|V")=(¥|UTU|¥)
and all transformed kets |®')=U|®) have the same overlap (V|®)=(1V'|D")=(P|UTU|D)
where transformed bras are defined by (V/|=(¥|UT or (®'|=(®|UT implying 1=UTU=UU"

Example U transfomation: (Rotation by 6=30°)

Ix’)zUIx)z cos() |x> + sin() |y>
|y’_2m$ |y’>=U|y>=—sin(1) |x> + cosq) |

. %J_\

Ket definition: |[x")=Ulx) implies: UT|x")=|x) implies: (x|={('|U implies: (x|U"=(x'|
Ket definition: [//)=Ul|y) implies: UT|))=|y) implies: (y|={(/|U implies: (y|UT={|
...Implies matrix representation of operator U in either of the bases 1t connects is exactly the same

p Ol G0 § LT ) £ snd 8 10, (1400 :
1)) &

lx
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Unitary operators U satisfy “easy inversion” relations: U= UT= UT"
They are “designed” to conserve probability and overlap

so each transformed ket |V/)=U|W) has the same probability (V|V)=(V'|V")=(¥|UTU|¥)
and all transformed kets |®')=U|®) have the same overlap (V|®)=(1V'|D")=(P|UTU|D)
where transformed bras are defined by (V/|=(¥|UT or (®'|=(®|UT implying 1=UTU=UU"

Example U transfomation: (Rotation by 6=30°)
Ix’)zUIx)z cos() |x> + sin() |y>

|y’_2in |y’>=U|y>=—sin(1) |x> + cos() |y>
@ X7 V4 U
W \

Ket definition: [x")=Ulx) implies: UT|x")=|x) 1mphes (x|=('|U implies: (x|UT=(x|
Ket definition: [//)=Ul|y) implies: UT|))=|y) implies: (y|={(/|U implies: (y|UT={|
...iImplies matrix representation of operator U in either of the bases 1t connects is exactly the same.

lx

[ <x.y_es_>____<_ac__91_y__>___]___[___@c__%?}; <>][¢¢ _______ (<]l (el }

| Olulx) Gluly) | Gle) ) | sing coso Wlul) (o)

D020 L (U l) (U ) gy () (el §_ L ot sine S (U lv) xu ) g
Ut FOU L) () & # 0 () g ®rsn oot BTF (jue) (v ) &
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Unitary operators U satisfy “easy inversion” relations: U= UT= UT"
They are “designed” to conserve probability and overlap

so each transformed ket |V/)=U|W) has the same probability (V|V)=(V'|V")=(¥|UTU|¥)
and all transformed kets |®')=U|®) have the same overlap (V|®)=(1V'|D")=(P|UTU|D)
where transformed bras are defined by (V/|=(¥|UT or (®'|=(®|UT implying 1=UTU=UU"

Example U transfomation: (Rotation by 6=30°)
Ix’)zUIx)z cos() |x> + sin() |y>

|y’_2in |y’>=U|y>=—sin(]) Ix) + cos() |y>
9 X7 V4 U
"\~ \

Ket definition: [x")=Ulx) implies: UT|x")=|x) 1mphes (x|=('|U implies: (x|UT=(x|
Ket definition: [//)=Ul|y) implies: UT|))=|y) implies: (y|={(/|U implies: (y|UT={|

...i1mplies matrix representation of operator U in either of the bases 1t connects 1s exactly the same.

lx

(dulx) () ][ Gl o) | [...99?.(?---:_8_1_1?? _______ (ulv) ()
Olulx) Guly) )L aly) ) ) sing cosg (U} (o))
So also 1s ! x|U |x) (x|U $ xxx-;c-'"5$ ! ; $ ! x'|U |x' x'|U |y $
oo, R I O B b a8 101 101
ut COIU ) O L) g F O )iy FosnCcos 8 T (U ) (U [) o
(Y ) | Axiom-3 consistent with
| WY Y | inverse U =tranpose-conjugate Ut = U™
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Unitary operators U satisfy “easy inversion” relations: U= UT= UT"
They are “designed” to conserve probability and overlap

so each transformed ket |V/)=U|W) has the same probability (V|V)=(V'|V")=(¥|UTU|¥)
and all transformed kets |®')=U|®) have the same overlap (V|®)=(1V'|D")=(P|UTU|D)
where transformed bras are defined by (V/|=(¥|UT or (®'|=(®|UT implying 1=UTU=UU"

Example U transfomation: (Rotation by 6=30°)
Ix’)zUIx)z cos() |x> + sin() |y>

|y’_2in |y’>=U|y>=—sin(]) Ix) + cos() |y>
9 X7 V4 U
"\~ \

Ket definition: [x")=Ulx) implies: UT|x")=|x) 1mphes (x|=('|U implies: (x|UT=(x|
Ket definition: [//)=Ul|y) implies: UT|))=|y) implies: (y|={(/|U implies: (y|UT={|
...iImplies matrix representation of operator U in either of the bases 1t connects is exactly the same.

[m -sing J <x5?..’??---.<.?€.9l%.>_-.]_;.[--I-@C__E—’_-C_-'_}: (). _:[___9915_@___—_9_&@ """""

lx

sng cosp

| , e ) (ol
203801 [ XU (Xu'ly) |_[ (<1 (1Y) [ cosg sing ] (qutlx) (<]u"ly)
< <y’|x> <y’|y>5 —sing cos¢ <y’|UT X/> <yf|U‘r|yf>

the inverse
| Ok

-
_______

inverse U =tranpose-conjugate Ut = UT"

_ [ cosp sing )_ (oY {5]x) | Axiom-3 consistent with
—sing cos¢ <x| >* >*
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Review: Axioms 1-4 and “Do-Nothing’’vs *“ Do-Something” analyzers

Abstraction of Axiom-4 to define projection and unitary operators
Projection operators and resolution of identity

Unitary operators and matrices that do something (or “nothing”)
Diagonal unitary operators
Non-diagonal unitary operators and 1-conjugation relations

»Non—diagonal projection operators and Kronecker Q—products
Axiom-4 similarity transformation

Matrix representation of beam analyzers
Non-unitary “killer” devices.: Sorter-counter, filter
Unitary “non-killer” devices: 1/2-wave plate, 1/4-wave plate

How analyzers “peek” and how that changes outcomes

Peeking polarizers and coherence loss
Classical Bayesian probability vs. Quantum probability

Feynman (j|k)-axioms compared 1o Group axioms
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" )=Ulx)= cos® Ix) + sin® ly) (XU|x) (x[U]y) J_[ (Xx) (xy) ]

PR — ( (ol ofuls) )7 Obe) ()
cosw§n¢ U\ | [ cos —sing ( cos¢ —sing ]
| Zoct | X =

' singg  cos@ singg  cos@

[ (¥IPl¥) (P ]) ][ (W) () ) ] )

Projector Py=|x) (x| in ! -tilted polarization bases {|x"}, |//)} is not diagonal. { (|ulxy (U] ]

o) o))

IR L) R ) | ) O )
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X )=Ulx)= cos® |x) + sindy ly) { (x[Ulx) (x]U]y) J_[ () (o)) ]

|yf_2in9+ |y’|>TU|y>=—sin(I) |x> + cos() Iy>/|_|y> <y|U‘x> <y\U|y> B <y|x'> <y‘y’>
coswx ) U
Coso |

| | sino | cos¢p —sing _ cos¢) —sing

| | \ + [ sin  cosq@ ( sin  cosq® J

Projector Py=|x) (x| in ! -tilted polarization bases {|x"}, |//)} is not diagonal. (Julx) (]u]y)
O ) (Y} || O O) () Ol (o))
YIRS (YIRSY) L YP9x) (V)

Projector Px=|x) (x| is what is called an outer or Kronecker tensor (®) product of ket |x) and bra (x|.
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" )=Ulx)= cos® Ix) + sin® ly) (x| U] ) (x]U] ) J_[ (o) (a7} ]

Y duo 'y,:Uly y=sin@ L) + cost |y>/'_|y> {<y|Ux> Olul) || O G
coswjn¢ U\ | [ CoOsp —sng ( COsp —Sng ]
| cosd | A : = :

| sng  cos sng  cosp
Projector Py=|x) (x| in ! -tilted polarization bases {|x}, [/)} is not diagonal. (Julx) (]u]y)
; (<P|x) (x[P[1) f’/":é (o) (a]t) (et {x]or) 78 [ O|olx) (v|uly) ]
3 0P P g & Oledet) () g

Projector Px=|x) (x| is what is called an outer or Kronecker tensor (®) product of ket |x) and bra (x|.

{<x'a|x'> (IR H (W) () H (x]x) ]@)(
IR (IR L ) (07]x) 07]x)
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X )=Ulx)= cos® |x) + sindy ly) { (x[Ulx) (x]U]y) J:[ () (o)) ]

)] |y’|>fUIy>=-sin¢ bx) + coso W/—m Olulx) Ofuly) | Ol Oly)
coswx> U
Cost |

| < sing \ Ix [cosd) —sin¢ :( CoS¢ —sin¢]

singg  cos@ singg  cos@

Projector Py=|x) (x| in ! -tilted polarization bases {|x"}, |//)} is not diagonal. (culxty (x|l 0

[ (Rl (e ) ][ ()l (s)(al) } 3 o) () g
(ee) () 7L b))

Projector Px=|x) (x| is what is called an outer or Kronecker tensor (®) product of ket |x) and bra (x|.

) ) || ) b)) ]®( N
SULAEORNC A ) (]x)

|
(]x) (v
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" )=Ulx)= cos® Ix) + sin® ly) (x| U] ) (x]U] ) J_[ (o) (a7} ]

PR — Mw Club )L ) O
cosw§n¢ U\ | [ cos¢p —sin@ ( cos¢p —sing ]
| Zoct | X =

' singg  cos@ singg  cos@

[ (X|Plx) (xR ][ (XIX)(4x) (XIx)(4) ] )

Projector Py=|x) (x| in ! -tilted polarization bases {|x"}, |//)} is not diagonal. [ (x|u]x) (x|u]y) ]

lulx) (yuly)

YIRS IRfY) | Y PO0d) (X y)

Projector Px=|x) (x| is what is called an outer or Kronecker tensor (®) product of ket |x) and bra (x|.

e

al

X))
o)

V' ('] x)
) (]x)

N

() (]
)

) {x AT
) (o ]®( 1) <x‘y>)

P
X

‘P
X
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X )=Ulx)= cos® |x) + sindy ly) { (x[Ulx) (x]U]y) J:[ () (o)) ]

Y, ) |y’|>f>U|y>=-sin(b x) + cos) Iy>/|_|y> (v|ulx) (y|Ul|y) W) 1)
| X
COSMSM U\ |x [ Cos¢ —sing :( cos¢ —sing ]

\
| singg  cos@ singg  cos@

[ (X|Plx) (xR ][ (XIX)(4x) (XIx)(4) ] )
(AR (VIPdY) || (VI000) (X))

Projector Px=|x) (x| is what is called an outer or Kronecker tensor (®) product of ket |x) and bra (x|.
(Bx) (X[BJY) | _
WIRX) {YB]Y)

The x'y'-representation of Px: P, =|x)(x] %[

Projector Py=|x) (x| in ! -tilted polarization bases {|x"}, |//)} is not diagonal. { (|ulxy (U] ]

o) o))

(<) x

) (x (x]%)
(v x)ix

) X |
’ %)

¥) Y

) .
(dy) ]®( b} (7))

COSp

]@( cosp —sing )

I
00 (for ¢=0)

—sSng

:[ cos’¢y  —singcosp

—sngcosp  sn®¢
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X )=Ulx)= cos® |x) + sindy ly) { (x[Ulx) (x]U]y) J:[ () (o)) ]

ly” 1y )=Uly)=-sin0 | cos® |
ot TTRTtY ga, Olul) (e 7 G Gl)
cosvsm U\ I [ cos¢ —sing :( cosp —sing ]

\
| ' singg  cos@ singg  cos@

Projector Py=|x) (x| in ! -tilted polarization bases {|x"}, |//)} is not diagonal. $
g (IRI) () g ()]t (o)t 2 RARMRARNE

3 Or ) (R ) g § ey ()l )

Projector Px=|x) (x| is what is called an outer or Kronecker tensor (®) product of ket |x) and bra (x|.
EEREIER] :
WIRx) R Y)

The x'y'-representation of Px: P, =|x)(x| e[ cosp ]@( cosp —sing )

—sing@

B cosqu —sin@cos¢ _( 1 O}
—sin¢coso sin2¢) 00 (for ¢=0)

The X'y'-representation of Py: P, =)y %[ sing ]@)( sing  coso )

4 cos®

_ sin2<p sIn@cos@ :( 0 0}
sinpcosg  cos> ¢ 0 1 (for ¢=0)

<x!‘U‘x!> <x!‘U‘y!> ?

SURIEE

Jae) )
(]e)

X))
o)

Y <x x>
)

) ] ’\
) %)

A0 ]®( () o))
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Review: Axioms 1-4 and “Do-Nothing’’vs *“ Do-Something” analyzers

Abstraction of Axiom-4 to define projection and unitary operators
Projection operators and resolution of identity

Unitary operators and matrices that do something (or “nothing”)
Diagonal unitary operators
Non-diagonal unitary operators and 1-conjugation relations

Non-diagonal projection operators and Kronecker Q—products

»Axiom# similarity transformation

Matrix representation of beam analyzers
Non-unitary “killer” devices.: Sorter-counter, filter
Unitary “non-killer” devices: 1/2-wave plate, 1/4-wave plate

How analyzers “peek” and how that changes outcomes

Peeking polarizers and coherence loss
Classical Bayesian probability vs. Quantum probability

Feynman (j|k)-axioms compared 1o Group axioms
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Axiom-4 similarity transformations (Using: 1=X|k){k| )

Axiom-4 1s basically a matrix product as seen by comparing the following.

ERGILY

1"
- (2

(m)y=Cfalm)= £ (i) (k[ m)

(1)) (12) - (17]n) Py (2 -
b ||y @) ) || o) ) -

Tuesday, January 20, 2015

47



Axiom-4 similarity transformations (Using: 1=X|k){k| )

Axiom-4 1s basically a matrix product as seen by comparing the following.

(lmty=(irfalm) = £ (k) k|

) () -
(

(")
prime \

fo

L double — prime )

k=1

- (n"[n)
unprimed

fo

L double — prime )

ey Q2 -
ey @2y - @l
[y (o2} - (n
( prime \
Tkm' fo
unprimed)

\

T(b" < Db)=T(b"< b)eT(b«b")
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Axiom-4 similarity transformations (Using: 1=X|k){k| )

Axiom-4 1s basically a matrix product as seen by comparing the following.

(1 m)y=(tfmty = (k) Gk m)
ey ) e @y [y @) e el | [ Ay @2 Q)
@y @2y - @) ) @) @2) e @0 | G 2]2) e 2fe)

oy ) ey |y ) ) | Gl () ()

prime Y0 ) unprnmed Y0 ) prime 4

T $ _ N T $ 'T $ '
rmg o =0 Tng 0 Tpg 0

® doubk! prime g # doubk! prime g % unprimed g,

T(b"— b)=T(b" < b)e T(b< b")
(1) The closure axiom

Products ab = c are defined between any two group elements a and b,
and the result c is contained in the group.

(2) The associativity axiom

Products (ab)c and a(bc) are equal for all elements a, b, and c in the group . ] ]
Transformation Group axioms

(3) The identity axiom
There is a unique element 1 (the identity) such tleath = a-1
for all elements a in the group ..
4) The inverse axiom
For all elements a in the group there is an inverse elemérdgwch that ala = 1 = a.a-1.
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Axiom-4 1s applied twice to transform operator matrix representation.
Example: Find: given: and T-matrix:

<x’ P. X'> <x' P y'> (x|P|x) (x|P|») =£ 1 Oj
(PJx) (P ]y) OIPL) GIPL) L0 o

The old “P=1-P-1-trick” where: 1=)_|k){(k|=|x){x| + [»)(y

9

.
7

(] xt) () VO
() ) g

" cog( )sn( "

sn( cos( g
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Axiom-4 1s applied twice to transform operator matrix representation.
Example: Find: given: and T-matrix:

IR} (IR S AR AR ( 1 o)
<y'|Px‘x’> <y"Px|y'> OIP|x) (P ]y) 0 0
The old “P=1-P-1-trick” where: 1=)_|k) (k|=|x){(x| + |[»){}|;
»)

(P ) = (] )= (ol + ) O Al el (o))

() )
:[ cos¢p —sing@

singg  cos¢

[ (o) ()

|
J

Tuesday, January 20, 2015

51



Axiom-4 1s applied twice to transform operator matrix representation.
Example: Find: given: and T-matrix:

IR R) (dB|x) (xP]y) :[1 oj
<y'|Px‘x’> <y"Px|y'> OPJx) IR |y) 0 0
The old “P=1-P-1-trick” where: 1=)_|k) (k|=|x){(x| + |[»){}|;

Oy} = OBy = (30 )R (o + v y\) = (] 0d+ ()

4

(x]2) <X\y>
(1)

[ cos¢p —sing@

singg  cos¢

X)(x] ') +| y){

5,
J

1Y)
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Axiom-4 1s applied twice to transform operator matrix representation.
Example: Find: given: and T-matrix:

g (P (R o) | o0 (P L) (P {1 Oj
S ([P [x) ([P ] L ORI GIRE) Lo o
The old “P=1-P-1-trick” where: 1=)_|k) (k|=|x){(x| + |[»){}|;

(PR} = Gl = (o () ol ) (e ol ) ) = (G e ol o
= (P )+

b

1)
cos¢p —sing@
singg  cos¢

IS EOR BISIEY)

() <x\y> ]

Tuesday, January 20, 2015

53



Axiom-4 1s applied twice to transform operator matrix representation.
Example: Find: glven and T-matrix:

[<x'Px|x'> (x y>] R RN

(e ¥} (y|p|y) 4 ORIy OIRD) & 0 0 &

The old “P=1-P-1-trick” where: 1=)_|k) (k|=|x){(x| + |[»){}|;

(P = 2Pt ) = () (o) Gl D PA]e) el D)) = (G o) (ol (] )
= ()l P ) (] 7) + () P e} )+

b

1)
cos¢p —sing@
singg  cos¢

IS EOR BISIEY)

() <x\y> ]
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Axiom-4 1s applied twice to transform operator matrix representation.
Example: Find: given: and T-matrix:

L) (R % (ORI BRI ) (1 o
§<yl|p\xn> DR ) [<y| PIX) (IRIY) H 0 Oj
The old “P=1-P-1-trick” Where 1 Z\k}(k|: x) (x| + \y}(y\
(P = (a7 = (o) ol ] ol ) ol ) O ) = (e ol (o)
= ()l el )+ < | ><y|P\x><x\y>+<x’\x><x\l’\ »){y | >

b

2.4x)

1)
cos¢p —sing@
singg  cos¢

(b )+ O1)

() <x\y> ]
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Axiom-4 is applied twice to transform operator matrix representation. [ (x| x") <x‘ ) ]

Example: Find: glven and T-matrix: (y]x)
() () | LRl R} Sty g
) R y) G ORI OIRL) & *0 0 & [ cos¢  —sing ]
sing  cos@

The old “P=1-P-1-trick” where: 1=X[k) (K= [x)(x| + |y w
(P = (0157 = (e ol + ) Pl ) ) ) = (e ol () (Ao (ol o)+ ) (0107)
= () (x| P ) (x| )+ (] ) (| P e o) + (el P | > (' ><y|Px\ >< )
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Axiom-4 is applied twice to transform operator matrix representation. [ (x| x") <x‘ ) ]

Example: Find: given: and T-matrix:| (1
XPd) KRdY) | L GiRL) RIS Ly 0
(yIP X} (y[R]y) £ ORI OIP)) & Fo 08 [ cosp —sing ]
The old “P=1-P-1-trick” where: 1 Z\k} xX) (x| + )l ing - cosf

(Pl t) = (e a]yt) = (e ) (o] + )] Px(\x><x\+\y><y\)\y!>=(<x!\x><x\ (A PP )+ ) (1)
= (el P 1) + <x'| AP} el 1)+ (et | P o v+ ><y|Px\ >< )

More elegant matrix product:

Gy ey ] )
ORIy )L ) )
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Example: Find: given: and T-matrix: (] ")

IR} (IR (<R ]x) (xP]) {1 0]
<y'|Px‘x’> <y"Px|y’> OIP|x) (P ]y) 0 0 [COS(D —sm(])}

singg  cos¢

Axiom-4 is applied twice to transform operator matrix representation. [ (x| x") <x‘ ) ]

The old “P=1-P-1-trick” where: 1=)_|k) (k|= \x}(x\ + |y ><y\
(<R y )= (<A y = (X0 + ) VR0 + ) ) = (DO + (A3 ) + ) v')
= (PO P (Y )+ OV X))+ (X PO P ) (0] v ) +(X] ><y|Px\ >< 1Y)
More elegant matrix product:
(sp ) () % (s

=3
3Rl R & <

lx) (et T GfPlx) GlRlo) S () (o) 2
) () g GIpx) IR fy) g () (] g
P|x) (x[P|v) 7 cos( )sin( %
Px‘x> <y‘P y>& sin( cos( &

cos( sin( /9$<x
) sin(  cos( &§<

~ cos(  sin( f’/o "1 0% " cos( ) sin( ?/(
)sin( cos( g %O 0 & sin( cos( &
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Example: Find: given: and T-matrix: (v] ')
[<x'1>x|x'> <x'ny'>] [<x| 1) <x|P|y>]:£1 0)
LR ) () IRl GfRly) | Lo 0 [cp _sm¢]
The old “P=1-P-1-trick” where: 1=k (k= [x)(x| + [»)(]: necoso
(<Pl )= P ]y ) = (X ) XY O+ ) = (P + OV XH )+ ) 0y )
= (X4 X)Xy )+ (X ){Y[ P ) (XY )+ O ) OB ) (9] ) + (] ><y|Px\ >< 1Y)

More elegant matrix product:
GRS} () | [ ) | IR ) | () ()
Ry ) ]l O O L OIRdx) OIR) L O1) ()
[ cosp sing || (PJx) B[y | cosp —sing
L —sing cos¢ ) <Y‘Px x> <y‘Px y> sing  cos¢
_( Cos®  sing ) 1 0 COs¢® —sing
_\ —sing coso ) sing  cos¢

cos¢p 0 cos¢ —sing | coszq) —Ccos¢sing
—sing 0 sing  cos¢ —singcosy sin2¢

Axiom-4 is applied twice to transform operator matrix representation. [ (x| x") <x‘ ) ]
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<
Example: Find: given: and T-matrix: (]
SILARORNCI AR (XB1X) (XPJy) :Ll 0) |
LlPL) (P OBl (el Lo o [ cosp —smp]
The old “P=1-P-1-trick” where: 1=)_|k) (k|=|x) (x| + \y}(y\,

(el 1) = (ot ) = (ot (ol + ) O )
= (el )l Pl 1)+ ] ) O B (] ) + () x\P\y><y|y!>+<x!\y><ylPx )]

More elegant matrix product:

[<X'Pxx'> (x|p ) H (X1 ][ (XB{x) (XPy) ][ (Xx) <xy’>]
(VIRJX) (VIRJY) | L v V)l B (BY) L (VX)) (V) Y)
( cos¢  sing \[ <X|PX|X> <X‘PX‘Y> ][ cos¢ —sing )

L —sing cos¢ )

sing  cos¢
_( Cos®  sing ) 1 0 COs¢® —sing
_\ —sing coso ) sing  cos¢

B cos¢p 0 cos¢ —sing | coszq) —Ccos¢sing
—sing 0 sing  cos¢ —singcosy sin2¢

N . cos’ 1) —singcos@ 1 0
This checks with the Px:|x><x|* . ®( cosp —sing ): . .2 :( ]

. s ¢ —sIngcos sin” ¢ 00 (for ¢=0)
previous result 4-pages back:

Axiom-4 1s applied twice to transform operator matrix representation. [

><
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Review: Axioms 1-4 and “Do-Nothing’’vs *“ Do-Something” analyzers

Abstraction of Axiom-4 to define projection and unitary operators
Projection operators and resolution of identity

Unitary operators and matrices that do something (or “nothing”)
Diagonal unitary operators
Non-diagonal unitary operators and 1-conjugation relations
Non-diagonal projection operators and Kronecker Q—products
Axiom-4 similarity transformation

Matrix representation of beam analyzers
Non-unitary “killer” devices.: Sorter-counter, filter
Unitary “non-killer” devices: 1/2-wave plate, 1/4-wave plate

How analyzers “peek” and how that changes outcomes

Peeking polarizers and coherence loss
Classical Bayesian probability vs. Quantum probability

Feynman (j|k)-axioms compared 1o Group axioms
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(1) Optical analyzer in sorter-counter configuration

Analyzer reduced to a simple sorter-counter by blocking
output of X-high-road and y-low-road with counters

x-counts~‘ (x Ix '>‘2 _ _ Analyzer matrix:

(A T|x) (x| T]) ]

Initial polarization angle

= cos? 0 =0} 75

OIT|x) ([ T]y)

y-counts~| (ylx')‘Z \{E\ 4% ;b -/ :( 8 8 )

=sin? =025

Fig. 1.3.3 Simulated polarization
— analyzer set up as a sorter-counter
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(1) Optical analyzer in sorter-counter configuration

Analyzer reduced to a simple sorter-counter by blocking
output of X-high-road and y-low-road with counters

‘ .
x-counts~| (xx )2 Analyzer matrix:
Initial polarization angle [ (X T|x) (XT]y) ]

= cos? 0 =0} 75

VT[x) (YIT]y)

:, LA ) 0 0
y-counts~| (ylx')‘Z -\\(E\ AT T :( 0 o)

Fig. 1.3.3 Simulated polarization
analyzer set up as a sorter-counter

=sin? =025

: |— :

Analyzer matrix:

(2) Optical analyzer in a filter configuration (Polaroid© sunglasses) ;# ([P lx) (xP]y) 3
# (IR[x) (IR

Analyzer blocks one path which may have photon counter without affecting function.
o o0$
Initial polarization angle o o1&

x—countsfv‘ (ylx'}‘2= 075
(Blocked and filtered out) s - Ivrei
_« Xy-analyze

¢¢¢¢¢$¢ ( Banayzer
y-outputfv‘ (ylx')‘ 2 ﬁiii |

=sin2 0= 0,25 oy

Fig. 1.3.4 Simulated polarization
analyzer set up to filter out the

X-polarized photons
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Review: Axioms 1-4 and “Do-Nothing’’vs *“ Do-Something” analyzers

Abstraction of Axiom-4 to define projection and unitary operators
Projection operators and resolution of identity

Unitary operators and matrices that do something (or “nothing”)
Diagonal unitary operators
Non-diagonal unitary operators and 1-conjugation relations
Non-diagonal projection operators and Kronecker Q—products
Axiom-4 similarity transformation

Matrix representation of beam analyzers
Non-unitary “killer” devices.: Sorter-counter, filter
Unitary “non-killer” devices: 1/2-wave plate, 1/4-wave plate

How analyzers “peek” and how that changes outcomes

Peeking polarizers and coherence loss
Classical Bayesian probability vs. Quantum probability
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;' ;\
\1 ;i

Initial polarization angle

(3) Optical analyzers in the "control" configuration: Half or Quarter wave plates
(a)

Half-wave plate

(2=m)

Final polarization angle

0=[/2 = 150°(or -30°)

. N
vV
// L2

B_ Analvzer matrix:

Analyzer phase lag

(xulx) () ][1 0 )

OUlx) - O1UL) 0 -I

(activity angle)
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(3) Optical analyzers in the "control" configuration: Half or Quarter wave plates
P y 2 Y

( A ) (Y T Im'tiaé liolagizft;o(;zoan gle
Half-wave plate PE == =f/2 = 302
S — LA

S Latal
// Loz

RN V) "gg“ ”ﬂf Bamzyzer

Final polarization angle -

OZB/Z = 150°(0r '300) 'ﬁﬁdm L B_ EID Analyzer matrix:
- TdUulx) (x $ $

Analyzer phase lag [~ _ #< Ul {x[U]) g=, L O
tacrivityangie) 2= 180° - |E ity ooy o 18

( b ) Quarter-wave - =y _J‘ Initial polarization angle

plate <S> =y 6=P/2 = 3/0,
— s

O HCH 6“""*“*"“‘ i A LML
T nbt (Banalyzer 7 7

Final polarization is o
B= 60

untilted elliptical \ |(B A4 —
] Analyzer matrix:

Analy;e( phase lag |Q P ‘ l [ (x|U|x) (x|U]y) :[ 1 0 j

(activity angle) _

(Ul O10]y) 0 —i

Analyzer matrix: oo oo [ 5 S ]
- | OlUlx) - (luly) 0

Fig. 1.3.5 Polarization control set to shift phase by (a) Half-wave (Q=m) , (b) Quarter wave (Q=m/2)
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(a)Analyzer Experiment )

Elliptically X p
polarzzed light £ larizeq /ngt

e

"' ll)

I R=100°

1 =
- in  *in

N lalwe-polarz;d light

|

WS

~
~
~

Y Polarzeq /1'

Sht N
: : — - —— setting of
(b)Simulation o=0"] !qnq‘zyr?F.D| =2" input
- " ° polarization
NN 20 =l 1n=200°
T R

nalyzer matrix:

VAL C{(XUIX) (XU vty

Output polarization fffff » " ‘ J ﬁzz[][]ﬁ % (YUlxty - (yl|Ulyh &

changed by analyzer
et g %
E _ﬁ 0 et g

phase shift
Similar to "do-nothing" analyzer but has extra phase factor e*»$= (.94-i (.34 on the x'-path (top).
X-output: <X‘LP0ut> _ <x x’>e_iQX’ <x,

x’> ¢ <x’

Phase shift $ o= ?D':' |

W)+

V) V|¥,,)=e " cosOcos(®,, —6)-sn@sin(e, —0)

y-output: <y‘LP0ut> - <y

i)+ () (7 ],,) = e sin@cos(@,, - ©) + cosOsin(©,, —©)
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(c) 2-D Oscillator 1
Phasor Plot 2 2
(x-Phase \\ 3
45i behind the T~
y-Phase) 4 x-position
| /
~|s  clockwise
/ / orbit
_ 6 If xisbehind y
Y E 3 /eft/ \~“
y-position (1,B) (214 -/
- v_\_m (O,‘I) > /() o (3,5) / handed %'
o //)>\o\ o A4l 1 1oue
™ | /- / / o
- —- Q ——1—9(5,7)
y-velocity/ | \ 4 N counter-clockwise
v of— y = ® —0(6,8) if y is behind x
B \/ / \ \ / § T A7) /nght /
_ O \ — 0(8,-6) handed ~
o~ 7 |
'\L -\/ 07\)__0(9,-5) 4

Fig. 1.3.6 Polarization states for (a) Half-wave (Q2=m) , (b) Quarter wave (Q=m/2) (c) (Q2=—m/4)
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Review: Axioms 1-4 and “Do-Nothing’’vs *“ Do-Something” analyzers

Abstraction of Axiom-4 to define projection and unitary operators
Projection operators and resolution of identity

Unitary operators and matrices that do something (or “nothing”)
Diagonal unitary operators
Non-diagonal unitary operators and 1-conjugation relations
Non-diagonal projection operators and Kronecker Q—products
Axiom-4 similarity transformation

Matrix representation of beam analyzers
Non-unitary “killer” devices.: Sorter-counter, filter
Unitary “non-killer” devices: 1/2-wave plate, 1/4-wave plate

»How analyzers “peek” and how that changes outcomes

Peeking polarizers and coherence loss
Classical Bayesian probability vs. Quantum probability

Feynman (j|k)-axioms compared 1o Group axioms
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How analyzers may “peek’ and how that changes outcomes

A peeklng eye (Looks for x—photons)

is 100% y-polarized
(25% probability.)

(Banazer
||||||||||||7ﬂ ’

]] ]11

_ Initial polarization angle
.75 3/2 = 30j
If eye sees an x-photon 7
then the output particle S S R
is 100% x-polarized. —xy-analyzer ."_J__,./" 22
(75% probability for that.) ( Bamlyzer: g
= —— _ #
.25 = 60}
| _
I U Cooa
e | Initial polarization angle
0,75 0=P/2 = 30;
If eye sees no x-photon xy-analyzer y 7
then the output particle 0° "0

Fig. 1.3.7 Simulated polarization analyzer set up to "

'peek’” if the photon is x-or y-polarized
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How analyzers “peek™ and how that changes outcomes

Simulations
Initial
(a') I::'!'=|C]I:l‘|l|3==5|‘:r:l|‘||\ Without E??.‘:fn.‘..u..lE!:.F':j.l......polarization
oy ! |CPeeking Eye angle
appears — eortruts ,"‘ 9=[3/2 = 30j
U b ||p= 60
1 2Pl with cet I

(b) OPeeking EyeQ ntal

{%ﬁ:é?géji:)ls I'::!'=. il RS l p= E:F'I ‘I o .1 polarization

YR vy 0.7

ﬁanalyzerzesoi e
S Oaraye =0 T

D575 4 ey o5 .22
1 12 '

Fig. 1.3.8 Output with " /2=30° input to: (a) Coherent xy-"Do nothing" or
(b) Incoherent xy-"Peeking" devices
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How analyzers “peek” and how that changes outcomes

G PP )y Xy [x )= , x)-beam
V3232 +1/2 1/2 = [x)-beam = |
(@) Without [x')-beam

YK ) Ty Xy X )= //ry//ﬂmeekmg Eyeo

V3/2+ 1/2 =0
$<IX>$<IX )=
3/2 3/2 <X O3/ 2/¥

(V%)=

Iy> beam (x| Y=p/3/2

Ty Xyl )=
1/21/2

WWWWM%\ N

Iy Xy )= /
1/2
(xly)=1
V) () () ]_

AN/
///,,
T |y>-beam Oy (0]y)
< |X><X|X'>= \/3/2 < |y>= cos¢ —sing J_[ cos¢ —sing
singg  cos@ - sing  cos¢@ |l'

Fig. 1.3.9 Beams-amplitudes of (a) xy-"Do nothing" and (b) xy-"Peeking" analyzer each with input
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Amplitude AY) and Probability Pf’) at countem’ WITHOUT OpeekingO

A(x") = <x’

x)(x

3
4

x'>+<x’

x'> I::'!'=|E:Fl -

)y

Without
“Peeking Eye’

Reconstructs

Do-Nothing-analyzer

e A=

..! analyzer:60 -_.- ’ P
A )=y OO+ (v [y )y ) anayzr=30° N
b gop) (O ¥ |
12 =] ¢ | =30
\X3<X’\X> YY)
= 3/2\x’>z; =1/2]y’)
)= X PO+ Y)Y [X)
<xx> <x Y’> | coso —sing | coso —sing
<y x'> <y y’> - sing  cos¢ - sing  cos¢
RS NN I N CYD RS TP U NCYP R
(v (] 1/2 372 1/2 372
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Amplitude AY) and Probability Pf’) at countem’ WITHOUT OpeekingO

A(x") = <x’ x>(1)<x

x'>+<x’

)

)y

)

= “Peeking Eye’

Do-Nothing-analyzer

L i=p

Without  |%=

Amplitude AY) and Probability P’) at countemY WITH OpeekingO

Suppose "x-eye"puts phase e’ on each X-photon with random ! distributed over unit circle (-n< ! <m).

A(x") = <x’ x>(ei¢)<x

-5

x’>+<x’

_I_

Bl

Yy

X

“Peeking Eye’|m= i

" analyzer™
"

=30°

analyzer™

So e’ averages to zero!

With

—r

.70

U«*'_J

12 =1 |12 =50
;<X\X'> < )2 B2 (12 % B2 (12 %
2 (v % 1/2 3/2 & % 1/2 J3/2 &
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Amplitude AY) and Probability Pf’) at countem’ WITHOUT OpeekingO

Do-Nothing-analyzer
)+ (e )

() o+ b=teRw),

x'> I:’h'!'=||:]ﬂ|| |3=F‘:PI|I Without I:'!'=||:T:'I| |3=:T||
“Peeking Eye’

A(x") = <x’

Amplitude AY) and Probability P’) at countemY WITH OpeekingO
Suppose "x-eye"puts phase e’ on each X-photon with random ! distributed over unit circle (-n< ! <m).

A(x") = <x’ x>(ei¢)<x x'>+<x' J/><J’

= g(ei‘P) +

, So e’ averages to zero!
X

Bl

" analyzer™
"

=30°

analyzer™

{w () Hm 12 Hm /]
(V) (]y) 1/2 372 1/2 372
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Amplitude AY) and Probability Pf’) at countem’ WITHOUT OpeekingO

AC) = (X ) (1) )+ (e[ y) (o] x)

()
(

ALY = (Y PO +(y ) o] x)

+ %EZO:P(y/)l

(U]

"

)

I _ 1 /

Do-Nothing-analyzer

Without I:'!'=||:T:'I| |3=:T||
' _ — “Peeking Eye’

Amplitude AY) and Probability P’) at countemY WITH OpeekingO

Suppose "x-eye"puts phase e’ on each X-photon with random ! distributed over unit circle (-n< ! <m).

A(x") = <x’ x>(ei¢)<x
= 1)
(i)

§+i( _l¢+
8 16

x’>+<x’

_I_

)

¢) 5+3cos¢

So e’ averages to zero!

With
“Peeking Eye’|m= i

—r

.70

" analyzer™
"

=30°

analyzer™

U«*'_J

i
k.
i
-
|——
i
k)

{w () Hm 12 Hm /]
(V) (]y) 1/2 372 1/2 372
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Amplitude AY) and Probability Pf’) at countem’ WITHOUT OpeekingO

(1)
()

A(x") = <x’

x'>+<x’

)y

)

+

= “Peeking Eye’

Do-Nothing-analyzer
Without I:'!'=||:r:'|| |3=::,-:-||

Amplitude AY) and Probability P’) at countemY WITH OpeekingO

Suppose "x-eye"puts phase e’ on each X-photon with random ! distributed over unit circle (-n< ! <m).

A(x") = <x’

x>(ei¢)<x

x’>+<x’

Yy

X

“Peeking Eye’|m= i

" analyzer™
"

=30°

analyzer™

So e’ averages to zero!

With

—r

.70

U £ L .

| 12 el
R IR ERYEYF I VR N R E YRR T
/ 172 ~f3/2 172 ~J3/2
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Amplitude AY) and Probability Pf’) at countem’ WITHOUT OpeekingO

A= (D) () + ()

() o+ b=teRw),

Do-Nothing-analyzer

x'> I:’h'!'=||:]ﬂ|| |3=F‘:PI|I Without I:'!'=||:T:'I| |3=:T||
“Peeking Eye’

Amplitude AY) and Probability P’) at countemY WITH OpeekingO
Suppose "x-eye"puts phase e’ on each X-photon with random ! distributed over unit circle (-n< ! <m).

AX) = <x"x>(ei¢)<x| x'>+<x" y><y| x'> So e’ averages to zero!
- g(eicp)* + % - With
Pe= (3 )+3) (3(e”)+) MP ”ﬁ"l'“vpeezngﬁww
:é i _ip | i 5+3cos¢ |
Tl e ‘ *}thﬁ
1) = el 100 (T S [ .25
-8+ f 12 Rl 1 12 kel 1
() () ) () W) ) ((rz vz ) [ e i
=§—%(e"'¢+e"¢):3_3§°s¢ {<y|x’> <y|y’>]_[ /2 3/2 ]:[ 1/2 ﬁ/zJ
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Review: Axioms 1-4 and “Do-Nothing’’vs *“ Do-Something” analyzers

Abstraction of Axiom-4 to define projection and unitary operators
Projection operators and resolution of identity

Unitary operators and matrices that do something (or “nothing”)
Diagonal unitary operators
Non-diagonal unitary operators and 1-conjugation relations
Non-diagonal projection operators and Kronecker Q—products
Axiom-4 similarity transformation

Matrix representation of beam analyzers
Non-unitary “killer” devices.: Sorter-counter, filter
Unitary “non-killer” devices: 1/2-wave plate, 1/4-wave plate

How analyzers “peek” and how that changes outcomes

» Peeking polarizers and coherence loss
Classical Bayesian probability vs. Quantum probability

Feynman (j|k)-axioms compared 1o Group axioms
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Classical Bayesian probability vs. Quantum probability

HFHHHFH

HFHEHHFH

Probability that
photon in x'-input

becomes

photon in x'-counter

Probability that 3
photon in x'-input g _
becomes &
photon in x'-counter
Classical
probability that ?L ;'# probability that 2 ;'# probability that 2 ;# probability that ?L
photon in x-beam g, # photon in x'-input &, # photon in y-beam g, # photon in x'-input &
becomes & ﬁ becomes & ﬁ becomes & ﬁ becomes &
photon in x'-counter gb# photon in x-beam gﬁ # photon in x'-counter gb# photon in y-beam gg

X

X

o o)

)l

- (fx (&

classical
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Classical Bayesian probability vs. Quantum probability

Probability that ’ ’
hm Ry e (x]x) (x]0) 32 —1/2 32 —1/2
oton 1n x'-mput , AT =
P g = (]x) () 1/2 372 1/2 372
becomes
photon in x'-counter
classical
probability that probability that probability that probability that
photon in x-beam | | photon in x'-input N photon in y-beam | | photon in x'-input
becomes becomes becomes becomes
photon in x'-counter photon in x-beam photon in x'-counter photon in y-beam
Probability tha , ,
2 2
phobnin x'-input B o2 \[2 0o\[2 NN \/5 \/Z’» — 1 | 5
[ e (S (e~ = = ol
becomes 2 2 2 2 8
phobnin x'-countr

classical
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Classical Bayesian probability vs. Quantum probability

Probability that
. . (xxt) () P [ Va2 ez [ B2 X
oton 1n x'-mput = | .
P g = (y]xt) (¥ 1) 1/2 372 1/2 372
becomes
photon in x'-counter
classical
probability that probability that probability that probability that
photon in x-beam | | photon in x'-input N photon in y-beam | | photon in x'-input
becomes becomes becomes becomes
photon in x'-counter photon in x-beam photon in x'-counter photon in y-beam
Probability that , ,
2 2
photon in x'-input _ el A2 1o\? ) Nl \/5 . \/5 =1 (1] |5
, —(Kx J )U<H> )+O<x ») j(\<yX>| j— 21 = =L R 173
ecomes
photon in x'-counter .

Quantum probability

& Aol

x>(el¢)<x‘x’>+ <x’

at x'-counter

Tuesday, January 20, 2015 82



Classical Bayesian probability vs. Quantum probability

Probability that ") () %

o B2 (12 % Sz (12 X
phobnin x’-input §<

W) (v e B 12 B2k B 12 JBog

becomes
phobnin x’-countr

classical

probability tha probability tha probability that probability that
phobninx-beam | | phobninx'-input N phobniny-beam || phobninx’-input
becomes becomes becomes becomes
phobnin x’'-countr phobnin x-beam phobnin x’'-countr phobnin y-beam
Probability that , ,
2 2
photon in x'-input _ 1 \12 A2 1 \2 Nl \/5 \/5 —1 5
; = (Heetf” Jlese 7 1 )= [ 2 ][ RGN INEE
ecomes
photon in x'-counter

classical

at X -counter

e e )+ [y )+ (e ()" (e )l - e ) e () (v)e)'=

=( classical probability ) +( Phase-sensitive or quantum interference terms )

QoY e o e
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Review: Axioms 1-4 and “Do-Nothing’’vs *“ Do-Something” analyzers

Abstraction of Axiom-4 to define projection and unitary operators
Projection operators and resolution of identity

Unitary operators and matrices that do something (or “nothing”)
Diagonal unitary operators
Non-diagonal unitary operators and 1-conjugation relations
Non-diagonal projection operators and Kronecker Q—products
Axiom-4 similarity transformation

Matrix representation of beam analyzers
Non-unitary “killer” devices.: Sorter-counter, filter
Unitary “non-killer” devices: 1/2-wave plate, 1/4-wave plate
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Peeking polarizers and coherence loss

» Classical Bayesian probability vs. Quantum probability
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Classical Bayesian probability vs. Quantum probability

Probability that ! % -
hr‘t’ iy at g W) G B2 (2 B B (1/2 g
photon in x'-inpu .
= x! ! 1/2 3/2 1/2 3/ 2
becomes 30l O g i g &
photon in x'-counter i
probability that probability that probability that probability that
photon in x-beam || photon in x’-input N photon in y-beam photon in x'-input
becomes becomes becomes becomes
photon in x'-counter photon in x-beam photon in x'-counter photon in y-beam
! Probabili $
" robability that 4 26 | 28 1 o ;
# photon in x'-input & #‘ ‘ #‘x| ‘ +#‘ ’ #‘y| ’ \/5 &*' ﬁ &"'ﬁ_ i*ﬁl $ _5
ﬁ becomes & % % % 2 §/‘0 i 2 §/Lo & % 8
# photon in x'-counter gﬁl l
uantum probabilit - 2
Q b Yoz <x’ x>(el¢)<x x’>+<x' y><y x’>
at x'-counter
2 —id * % . * *
=[N+ h o) e ) ) e oo} € Gl D) o) =
=( classical probability ) +( Phase-sensitive or quantum interference terms )
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Classical Bayesian probability vs. Quantum probability

Probability tha
phobnin x'-input
becomes
phobnin x’'-countr
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phobnin x-beam

becomes
phobnin x’-countr
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becomes
phobnin x'-counter
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phobnin x’-input
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phobnin y-beam
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[ Quantum probability
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Review: Axioms 1-4 and “Do-Nothing’’vs *“ Do-Something” analyzers

Abstraction of Axiom-4 to define projection and unitary operators
Projection operators and resolution of identity

Unitary operators and matrices that do something (or “nothing”)
Diagonal unitary operators
Non-diagonal unitary operators and 1-conjugation relations
Non-diagonal projection operators and Kronecker Q—products
Axiom-4 similarity transformation

Matrix representation of beam analyzers
Non-unitary “killer” devices.: Sorter-counter, filter
Unitary “non-killer” devices: 1/2-wave plate, 1/4-wave plate

How analyzers “peek” and how that changes outcomes

Peeking polarizers and coherence loss
Classical Bayesian probability vs. Quantum probability

»F eynman (j|k)-axioms compared o Group axioms
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Feynman (j

k> ~AX10MS compared to Group axioms

Axiom 1: j"<=m' probability
equals |(j"'|m')|> = |(m'] j")|?

(Probability)

Axiom 2:
<]'//‘m/>~k:<m/’j//>

(T-reversal Conjugation)

Axiom 3:

(1K) =8= W) =" &)

(Orthonormality)

Axiom 4:
<j//‘m/> :Zg//‘k> <k‘ml>
|(Completeness) k=1

Group axioms
(1) The closure axiom

Products ab = ¢ are defined between any two group elements a and b,
and the result c is contained in the group.

(2) The associativity axiom

Products (ab)c and a(bc) are equal for all elements a, b, and c in the group .

(3) The identity axiom

There is a unique element 1 (the identity) such tleatla = a1
for all elements a in the group ..

4) The inverse axiom

For all elements a in the group there is an inverse elemérdwch that ala = 1 = a.a-1.
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Feynman (j

k> ~AX10MS compared to Group axioms

Axiom 1: j'"<=m’ probability
equals | (j"'|m’) |2 = [(m'[ j'")|?

(Probability)

Axiom 2:
<]°//’m/>~k:<m/’ j//>

(T-reversal Conjugation)

Axiom 3:

(1K) == (7K = ("] K)

(Orthonormality)

Axiom 4:
g//‘m/> :ZU//VC> <k\m’>
|(Completeness) k=1

Group axioms
(1) The closure axiom

Products ab = ¢ are defined between any two group elements a and b,
and the result c is contained in the group.

(2) The associativity axiom

Feynman Axiom-4 consistent with group axiom 1

since analyzer-A following analyzer-B is analyzer-AB =C
and analyzer-B following analyzer-A is analyzer-BA =D

Products (ab)c and a(bc) are equal for all elements a, b, and c in the group .

(3) The identity axiom

There is a unique element 1 (the identity) such tleatla = a1
for all elements a in the group ..

4) The inverse axiom

For all elements a in the group there is an inverse elemérdwch that ala = 1 = a.a-1.
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Feynman (j|k)-axioms compared 1o Group axioms

Axiom 1: j'"<<m’ probability | Axiom 2: Axiom 3: Axiom 4:
equals |(j""|m")|2 = [{m!| /2| G |\m")y*=m’| j") | Glk)=={"|k)=("| k") G \m')=2_(" k) (k|m")
(Probability) (T-reversal Conjugation) (Orthonormality) |(Completeness) =1

Group axioms
(1) The closure axiom
Products ab = ¢ are defined between any two group elements a and b,
and the result ¢ is contained in the group. Feynman Axiom-4 consistent with group axiom 1
since analyzer-A following analyzer-B is analyzer-AB =C
and analyzer-B following analyzer-A is analyzer-BA =D

(2) The associativity axiom
Products (ab)c and a(bc) are equal for all elements a, b, and c in the group .
Feynman Axiom-4 consistent with group axiom 2

since analyzer matrix multiplication is associative
(3) The identity axiom

There is a unique element 1 (the identity) such tleatla = a1
for all elements a in the group ..

4) The inverse axiom
For all elements a in the group there is an inverse elemérdwch that ala = 1 = a.a-1.
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Feynman (j|k)-axioms compared 1o Group axioms

Axiom 1: j'"<<m’ probability | Axiom 2: Axiom 3: Axiom 4:
equals K]-//‘m/>’2 _ \<m’\j”>\2 <]-//’m/>~k:<m/’j//> <]‘k> :6jk:<]./‘k/>:<].//‘ k//> <]'//‘m/> :Zgll‘k> <k\m’>
(Probability) (T-reversal Conjugation) (Orthonormality) |(Completeness) =1

Group axioms
(1) The closure axiom
Products ab = ¢ are defined between any two group elements a and b,
and the result ¢ is contained in the group. Feynman Axiom-4 consistent with group axiom 1
since analyzer-A following analyzer-B is analyzer-AB =C
and analyzer-B following analyzer-A is analyzer-BA =D

(2) The associativity axiom
Products (ab)c and a(bc) are equal for all elements a, b, and c in the group .
Feynman Axiom-4 consistent with group axiom 2

since analyzer matrix multiplication is associative
(3) The identity axiom

There is a unique element 1 (the identity) such tleatla = a1

for all elements a in the group .. . . . .
Feynman Axiom-2 consistent with group axiom 3

since “Do Nothing” analyzer =identity operator=1

4) The inverse axiom
For all elements a in the group there is an inverse elemérdwch that ala = 1 = a.a-1.
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Feynman (j|k)-axioms compared 1o Group axioms

Axiom 1: j'"<<m’ probability | Axiom 2: Axiom 3: Axiom 4:
equals K]-//‘m/>’2 _ \<m’\j”>\2 <]-//’m/>~k:<m/’j//> <]‘k> :6jk:<]./‘k/>:<].//‘ k//> <]'//‘m/> :Zgll‘k> <k\m’>
(Probability) (T-reversal Conjugation) (Orthonormality) |(Completeness) =1

Group axioms

(1) The closure axiom
Products ab = ¢ are defined between any two group elements a and b,

and the result ¢ is contained in the group. Feynman Axiom-4 consistent with group axiom 1
since analyzer-A following analyzer-B is analyzer-AB =C
and analyzer-B following analyzer-A is analyzer-BA =D

(2) The associativity axiom
Products (ab)c and a(bc) are equal for all elements a, b, and c in the group .
Feynman Axiom-4 consistent with group axiom 2

since analyzer matrix multiplication is associative
(3) The identity axiom

There is a unique element 1 (the identity) such tleatla = a1

for all elements a in the group .. . . . .
Feynman Axiom-2 consistent with group axiom 3

since “Do Nothing” analyzer =identity operator=1

4) The inverse axiom
For all elements a in the group there is an inverse elemérdwch that ala = 1 = a.a-1.

Feynman Axiom-3 consistent with group axiom 4

since inverse U =tranpose-conjugate UT = UT"
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Feynman (j|k)-axioms compared 1o Group axioms

Axiom 1: j'"<<m’ probability | Axiom 2: Axiom 3: Axiom 4:
equals |(j""|m")|2 = [{m!| /2| G |\m")y*=m’| j") | Glk)=={"|k)=("| k") G \m')=2_(" k) (k|m")
(Probability) (T-reversal Conjugation) (Orthonormality) |(Completeness) =1

Group axioms

(1) The closure axiom
Products ab = ¢ are defined between any two group elements a and b,

and the result ¢ is contained in the group. Feynman Axiom-4 consistent with group axiom 1
since analyzer-A following analyzer-B is analyzer-AB =C
and analyzer-B following analyzer-A is analyzer-BA =D

(2) The associativity axiom
Products (ab)c and a(bc) are equal for all elements a, b, and c in the group .

Feynman Axiom-4 consistent with group axiom 2

since analyzer matrix multiplication is associative
(3) The identity axiom

There is a unique element 1 (the identity) such tleatla = a1

for all elements a in the group .. . . . .
Feynman Axiom-2 consistent with group axiom 3

since “Do Nothing” analyzer =identity operator=1

4) The inverse axiom
For all elements a in the group there is an inverse elemérdwch that ala = 1 = a.a-1.

Feynman Axiom-3 consistent with group axiom 4

since inverse U =tranpose-conjugate UT = UT"

(5) The commutative axiom (Abelian groups only) Most analyzer sets (and most groups)
All elements a in an Abelian group are mutually commutirg=eb-a. are not Abelian (commutative)
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