Group Theory in Quantum Mechanics
Lecture 23:116.13)

Harmonic oscillator symmetry U(@QU(2)CU(3)...
(Int.J.Mol.Sci14, 714(2013) p.755-774 , QTCA Unit 7 Ch. 21-22)
(PSDS - Ch. 8)
Review : 1-D a a algebra of U(1) representations
Review : TranslateT(a) and/or BoosB(b) to construct coherent state
Review : Time evolution of coherent state (and OsqueezedO states)

2-D a a algebra of U(2) representations and R(3) angular momentum operators
2D-Oscillator basic states and operations
Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti))symmetry

Vot Anti-commutation relations

otation i : .

and Two-dimensional (or 2-particle) base states: ket-kets and bra-bras
Bookkeeping : Outer product arrays

Entangled 2-particle states
Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states and related 3D angular momentum multiplets
ND multiplets
R(3) Angular momentum generators by U(2) analysis

Angular momentum raise-n-lower operatsssands.
SU(2)CU(2) oscillators vs. R(3)O(3) rotors

Tuesday, April 21, 2015



* Review : 1-D a a algebra of U(1) representations
Review : TranslateT(a) and/or BoosB(b) to construct coherent state
Review : TIme evolution of coherent state (and OsqueezedO states)
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Review : 1-D a a algebra of U(1) representations
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rReview - 1-D a a algebra of U(1) representations

1st excited state wavefunctigri(X)=(x 1) s
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rReview - 1-D a a algebra of U(1) representations
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Hamiltonian operator 0 1/2
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Hamiltonian operatois zm N plus zero-point energlzm/2 .
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Review : 1-D a a algebra of U(1) representations
Review : TranslateT(a) and/or BoosB(b) to construct coherent stat*
Review : TIme evolution of coherent state (and OsqueezedO states)
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Review : TranslateT(a) and/or BoosB(b) to construct coherent state

T(a) andB(b) operations do not commute. T(a)=€ 2" or B(b) =P/

Define acombined boost-translation operatior@(a,b) _ ei(bx—ap)“

UseBaker-Campbell-Hausdorf identignce [x,p]=iA1 and [[x,p],X]=[[ X,p],p]=0.
MB =P [ABI2 - PAdABI2 | yhae A [AB]gE0=1B.[AB]§

. | . | , | N N
C(a,b) = e (bx! ap)/n — g bXIhgl taping abx,p|/2n® _ o bx/h gl iap/n gl iab/2n

C(a,b) =B(b)T(a)e '***"=T (a)B(b)e'*"*"
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Review : TranslateT(a) and/or BoosB(b) to construct coherent state
T(a) andB(b) operations do not commulte.

Define acombined boost-translation operationC(a, b)

(bx! ap)/!

:el

UseBaker-Campbell-Hausdorf identignce [x,p]=iA1 and [[x,p],X]=[[ X,p],p]=0.
A8 = AB ABL2 - B A [AB]2 , where: QQA,[A,B]%: 0= ;&B,[A,B]@

C(a.b) = d (bx—ap)/!

C(a, b) = B(b)T (a)e_i ab/2! =T (a)B(b)ei ab/2!

Reordering only affects the overall phase.

C(a,b) = ei(bx—ap)/! _ e
e—|oc|2/2

_.oa—-o*a
__(3 —

=€

ibx/! -iap/ e—ab[x,p]/2! ?

=€

ibx/! —iap/! —i |
| bx/! e lap/! e lab/2!

Complex

phasor coordinatex(a,b)
defined by:a(a,b)

ib(a +a)/\/2! Ma)+a(a —a)\/Ma)/Z!
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o a e e

2
Lk
o aa:e[a|/2

e

—aJMw/2! +ib//2! Mw
=[a+ii}/|\/|w/2!

M
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Review : TranslateT(a) and/or BoosB(b) to construct coherent state

T(a) andB(b) operations do not commute. T(a)=€ 2" or B(b) =P/

Define acombined boost-translation operatioiC(q,b) = ei(bX! ap)/

UseBaker-Campbell-Hausdorf identignce [x,p]=iA1 and [[x,p],X]=[[ X,p],p]=0.
A8 = AB ABL2 - B A [AB]2 , where: QQA,[A,B]%: 0= ;&B,[A,B]@

i _ | : s _ | 2 : . .
C(a,b) = e|(bx ap)/t _ o bx/! —iap/! g ab[x,p)/2! < _ o bx/! ~iap/t s-iab/2!

C(a’ b) :B(b)T(a)e—iab/Z! :T(a)B(b)ei ab/2! Complex |
phasor coordinatex(a,b)

defined byo/(a,b)

Reordering only affects the overall phase.

i(bx! ap)/! ib(a +a)/W+a(a !a)m =aMw /2! +ib/N2! M
C(a,b)=e =e b
, , :[a+iMw}/Ma)/2!
| A% | | #* | #*
_sal#a_ ) |#| lze#a o Ara e|#| /28. #*a #a

Coherent wavepacket stateXo,o)): |/ o(x0. o)) = Clxg, po)| 0) = ¢/l rop)/t | )

_ o2

0)
:e"|! 0’2/28! o |O>

=12 g (102 )'[0)/n

n=0
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e ’EO N |n> . Whee |n> N
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Review : 1-D a a algebra of U(1) representations
Review : TranslateT(a) and/or BoosB(b) to construct coherent state
*Review : Time evolution of coherent state (and OsqueezedO state*
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Review : Time evolution of coherent state (and OsqueezedO statele), (Xo. Py ))=€ a2 5 (% \/_)
n= 0 :

Time evolution operator for constathas general formy(z,0)=¢™"""

Oscillator eigenstate time evolution is simply determined by harmonic phases.
U(t,0)| > |Ht/h| > (n+ﬂ2)wt|n>

[n)
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=e"|! o|2/2 g (! 0 )n|n>

n=0 /!

Review : Time evolution of coherent state (and OsqueezedO statds), (xo. P ))

Time evolution operator for constadthas general formu(t,()):e'”"”h

Oscillator eigenstate time evolution is simply determined by harmonic phases.
U(t,())|n>=e'th/! |n> _ e-i(n+1/2)a)t|n>

Coherent state evolution results. i i
() o(sorpol)ze 2§ Lol ugopm=ct 2§ Lok iz

n=0 \/ﬁ n=0 \/E
19 \"
:e-i%tlze"|! O|2/2 g ( Oe 1 70t ) |n>
n=0 \/E
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o|*/2 (ao)n
nzo \/ﬁ |n>

Review : Time evolution of coherent state (and OsqueezedO statd@o X0 po)>

Time evolution operator for constathas general formy(z,0)=¢™"""

Oscillator eigenstate time evolution is simply determined by harmonic phases.
U(t,())|n>=e'iH”h|n> _ i(nr12)! 1)
Coherent state evolution results.

( )‘ (XO p0)> "|! 0| /2 $ MU(’[ O)|n>:e"|! 0|2/2 g (! O)n e—i(n+]]2)%t|n>

n=0 \/ﬁ | n=0 \/ﬁ
‘0 ]
_ ) ) ” ! ()E;I,4ﬁ )
— i %0t/25"|! | 12 % ( N
n=0 \/ﬁ | >
Evolution simplifies to a variables coherent statevith dtime dependent phasor coordinate
U(t,0)|/ o(x0. po)) =" *|1 (%, 1)) where: o (% 0p) =€ ag(%). 1)

et R
|:Xt+ll\/|a):| |:XO+I|\/|(U:|
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Review : Time evolution of coherent state (and OsqueezedO statds% XosPo )> _|“°| > Z 7l
n=0 n

Time evolution operator for constadthas general formu(t 0) -1Hz/!

Oscillator eigenstate time evolution is simply determined by harmonic phases.
U(t,0)| > -iHt/! | > (n+112)a)t| n>
Coherent state evolution results.

U(l‘,O)" (xo po)> ‘I 0| /2 $ MU(I O)|I’l>:€"|! 0|2/2 g (I O) e-i(n+]]2)%t|n>

n=0 \/ﬁ ’ n=0 \/ﬁ
-9t \"
_ iv%i2 | of 12 & ( 0° )
) ¢ riO \/ﬁ |n>
Evolution simplifies to a variables coherent statevith dtime dependent phasor coordinate
U(t,0)|/ o(x0. po)) =" *|1 (%, 1)) where: o (%, p) = €' (X0, o)

P |_ it Po_
{Xﬁ.Mw} [xoﬂm}

(X, ) mimics classical oscillator

X = Xocos! t+|\/ﬁ’O sin! t
IVillz"xgsin! t+—2- po cos! t

(Real and imaginary partg; @ndp/Mw) of ! { go clockwise on phasor circle.)
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Review : Time evolution of coherent state (and OsqueezedO states)

| classical turning points
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Properties of OsqueezedO coherent states

(a) Coherent wave oscillation

=1=2"f#

Time t

mias

Esamia

Time t

NERRNENRNENNN

Amplitude coordinate x

>

Yay! Classical Cosine trajectory!

(b) Squeezed ground state
(“Squeezed vacuum” oscillation)

nnNi

E [

ujan

what happens if you apply
operators with non-linear OtensorO

exponents expxs), exp(fp?), etc.

|
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Properties of OsqueezedO coherent states

(a) Coherent wave oscillation

=1=2"# ¢
Time t

(a) Squeezed amplitude

LI

1 I_!_I 1

}-_ High Ap at troug

High Ax at zero
Low Ap at zero

Time t

SuRNRANARNARN]

Amplitude coordinate x

>

(b) Squeezed ground state
(“Squeezed vacuum” oscillation)

OW AX at crest .

(b) Squeezed phase

ujan
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dlg

¥
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2-D a a algebra of U(2) representations and R(3) angular momentum operators
2D-Oscillator basic states and operations
Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Mostly Anti-commutation relations
{a\gaﬂon Two-dimensional (or 2-particle) base states: ket-kets and bra-bras
Bookkeeping - Outer product arrays

Entangled 2-particle states

Tuesday, April 21, 2015
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2D-Osclllator basic states and operations
First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (Theyé@rs now!)

A D
H= E(pf "‘Xf)"' B(Xlxz +p1p2)+C(x1p2 ! x2p1)+5(p§ +X§)

(Mass factors VM, spring constants Kjj, and Planck ! constants are absorbed into A, B, C, and D constants used in Lectures 6-9.)

Tuesday, April 21, 2015
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2D-Osclllator basic states and operations
First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (Theyé@rs now!)

A D
H= 5(p12 +x12)+ (X1X2 +p1p2)+C(X1p2 —X2p1)+3(p% +X%)

(Mass factors VM, spring constants Kjj, and Planck ! constants are absorbed into A, B, C, and D constants used in Lectures 6-9.)
Definea anda operators

a; = (X; +1p)/12 ai;=Xy-1p)/'2 a, = (X +1p2)/12 a,=(Xy-1p)/12

Tuesday, April 21, 2015 20



2D-Osclllator basic states and operations

First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (Theyé@rs now!)

2

A
H:E(pf+xf)+ (X1X2+P1P2)+C(X1P2! X2P1)+§(P§+X2)

(Mass factors VM, spring constants Kjj, and Planck ! constants are absorbed into A, B, C, and D constants used in Lectures 6-9.)
Definea anda operators

a; = (X; +1p)/12 ai=(Xy-1py)/'12 a, = (X +1p2)/12 a,=(Xy-1p)/12

X1:(31+al)/!2 p1=i(a1-a1)/!2 X2:(32+az)/!2 p2:i(a2-a2)/!2
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2D-Osclllator basic states and operations
First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (Theyé@rs now!)

A D
H= 5(p12 +x12)+ (X1X2 +p1p2)+C(X1p2 —X2p1)+3(p% +X%)

(Mass factors VM, spring constants Kjj, and Planck ! constants are absorbed into A, B, C, and D constants used in Lectures 6-9.)
Definea anda operators

a; = (X; +1p)/12 ai;=Xy-1p)/'2 a, = (X +1p2)/12 a,=(Xy-1p)/12

X1:(31+al)/!2 p1=i(a1-a1)/!2 X2:(az+az)/!2 p2:i(a2-a2)/!2

Each system dimension andxz is assumed orthogonal, neither being constrained by the other.

Tuesday, April 21, 2015 22



2-D a a algebra of U(2) representations and R(3) angular momentum operators
2D-Oscillator basic states and operations
Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Mostly Anti-commutation relations
{a\gaﬂon Two-dimensional (or 2-particle) base states: ket-kets and bra-bras
Bookkeeping - Outer product arrays

Entangled 2-particle states

Tuesday, April 21, 2015
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2D-Osclllator basic states and operations - Commutattion

First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (Theyé@rs now!)

2

A
H:E(pf+xf)+ (X1X2+P1P2)+C(X1P2! X2P1)+§(P§+X2)

(Mass factors VM, spring constants Kjj, and Planck ! constants are absorbed into A, B, C, and D constants used in Lectures 6-9.)
Definea anda operators

a; = (X; +1p)/12 ai;=Xy-1p)/'2 a, = (X +1p2)/12 a,=(Xy-1p)/12

X1:(31+al)/!2 p1=i(a1-a1)/!2 X2:(az+az)/!2 p2:i(a2-a2)/!2

Each system dimension andxz is assumed orthogonal, neither being constrained by the other.
This includes an axiom amter-dimensional commutivity

[X1,P2]=0=[X>,p1], [a1,@a,]=0=[ay,a]
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2D-Osclllator basic states and operations - Commutattion

First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (Theyé@rs now!)

A D
H= E(pf +Xf)+ (XX +Pap2) + C(Xqp2 —x2p1)+z(p§ +X%)

(Mass factors VM, spring constants Kjj, and Planck ! constants are absorbed into A, B, C, and D constants used in Lectures 6-9.)
Definea anda operators

a; = (X; +1p)/12 ai;=Xy-1p)/'2 a, = (X +1p2)/12 a,=(Xy-1p)/12
X1:(31+al)/!2 p1=i(a1-a1)/!2 X2:(az+az)/!2 p2:i(a2-a2)/!2

Each system dimension andxz is assumed orthogonal, neither being constrained by the other.
This includes an axiom amter-dimensional commutivity

[x11p2]:0:[x2!p1]’ [aliaZ]:O:[aZ’al]
Commutation relations within space-1 or space-2 space are those of a 1D-oscillator.
[aj,aq]=1, [aya,]=1
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2D-Osclllator basic states and operations - Commutattion
First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (Theyé®rs now!)
A D
H= 5(p12 "'X12)+ (X1X2 +p1p2)+c(xlp2 ! X2p1)+3(p% "‘X%)

(Mass factors VM, spring constants Kjj, and Planck ! constants are absorbed into A, B, C, and D constants used in Lectures 6-9.)
Definea anda operators

a; = (X; +1p)/12 ai;=Xy-1p)/'2 a, = (X +1p2)/12 a,=(Xy-1p)/12
X1:(31+al)/!2 p1=i(a1-a1)/!2 X2:(az+az)/!2 p2:i(a2-a2)/!2

Each system dimension andxz is assumed orthogonal, neither being constrained by the other.
This includes an axiom amter-dimensional commutivity

[ X1, P2l =0=[x2,p1], [a1,@2]=0=[ay,a ]
Commutation relations within space-1 or space-2 space are those of a 1D-oscillator.
[ap,a =1, [aya]=1
This applies in general t8-dimensional oscillator problems.
([ am, an] = apan - a@m = O) ([am, an =am,-a an= Smr@ ([a man=amn-andn,= O)
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2D-Osclllator basic states and operations - Commutattion

First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (Theyé®rs now!)
A D

H= 5(I312 "'X12)+ (Xlxz +P1P2)+C(X1P2 ! X2P1)+E(P% +x%)

(Mass factors VM, spring constants Kjj, and Planck ! constants are absorbed into A, B, C, and D constants used in Lectures 6-9.)
Definea anda operators

a; = (X; +1p)/12 ai;=Xy-1p)/'2 a, = (X +1p2)/12 a,=(Xy-1p)/12
X1:(31+al)/!2 p1=i(a1-a1)/!2 X2:(az+az)/!2 p2:i(a2-a2)/!2

Each system dimension andxz is assumed orthogonal, neither being constrained by the other.
This includes an axiom amter-dimensional commutivity

[ X1, P2l =0=[x2,p1], [a1,@2]=0=[ay,a ]
Commutation relations within space-1 or space-2 space are those of a 1D-oscillator.
[ap,a =1, [aya]=1
This applies in general t8-dimensional oscillator problems.
([ am, an] = apan - a@m = O) ([am, an =am,-a an= Smr@ ([a man=amn-andn,= O)

New symmetrize@ A, operators replace the old ket-bpaxn| that defing@ semi-classicH matrix.

H H
H - 11 Hipp
Hy Hy
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2D-Osclllator basic states and operations - Commutattion

First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (Theyé@rs now!)

A D
H = E(pf +X%)+ (XX +Pap2) + C(Xqp2 —x2p1)+z(p§ +X%)

(Mass factors VM, spring constants Kjj, and Planck ! constants are absorbed into A, B, C, and D constants used in Lectures 6-9.)
Definea anda operators

a; = (X; +1p)/12 ai;=Xy-1p)/'2 a, = (X +1p2)/12 a,=(Xy-1p)/12
X1:(31+al)/!2 p1=i(a1-a1)/!2 X2:(az+az)/!2 p2:i(a2-a2)/!2

Each system dimension andxz is assumed orthogonal, neither being constrained by the other.
This includes an axiom amter-dimensional commutivity

[ X1, P2l =0=[x2,p1], [a1,@2]=0=[ay,a ]
Commutation relations within space-1 or space-2 space are those of a 1D-oscillator.
[ap,a =1, [aya]=1
This applies in general t8-dimensional oscillator problems.
([ am, an] = apan - a@m = O) ([am, an =am,-a an= Smr@ ([a man=amn-andn,= O)

New symmetrize@ A, operators replace the old ket-bpaxn| that defing@ semi-classicH matrix.
H:Hll(a-lra1+1/2)+ leafaz

H =;# Hip Hyp 3
T T # Hyp Hypp é
+H,aa, + Hy,(ara, +1/2
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2D-Osclllator basic states and operations - Commutattion

First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (Theyé@rs now!)

A D
H=2{p? +7 )+ B(xpxa +p1po) + Cxapa ! xap1) +—(p3 +x3)

(Mass factors VM, spring constants Kjj, and Planck ! constants are absorbed into A, B, C, and D constants used in Lectures 6-9.)
Definea anda operators

a; = (X; +1p)/12 ai;=Xy-1p)/'2 a, = (X +1p2)/12 a,=(Xy-1p)/12
X1:(31+al)/!2 p1=i(a1-a1)/!2 X2:(az+az)/!2 p2:i(a2-a2)/!2

Each system dimension andxz is assumed orthogonal, neither being constrained by the other.
This includes an axiom amter-dimensional commutivity

[X1,P2]=0=[X2,p1], [a1,@2]=0=[a;,a]
Commutation relations within space-1 or space-2 space are those of a 1D-oscillator.
[aj,aq]=1, [aya,]=1
This applies in general t8-dimensional oscillator problems.
([ am, an] = apan - a@m = O) ([am, an =am,-a an= Smr@ ([a man=amn-andn,= O)

New symmetrize@ a, operators replace the old ket-bfaxn| that defing semi-classicH matrix. |
H:Hll(a1a1+1/2)+ Hy,aa, :A(ala1+1/2)+( | iC)aja,

' $ .
" H H ! ! $
H 11 12 A iC

=, A
+H21a2a1+H22(32a2+1/2) + +iC)azal+D(a2a2+1/2) By Hy & ¥ ovic D &
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2D-Osclllator basic states and operations - Commutattion

First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (Theyé@rs now!)

A D
H= 5(p12 +x12)+ (X1X2 +p1p2)+C(X1p2 —X2p1)+3(p% +X%)

(Mass factors VM, spring constants Kjj, and Planck ! constants are absorbed into A, B, C, and D constants used in Lectures 6-9.)
Definea anda operators

a; = (X; +1p)/12 ai;=Xy-1p)/'2 a, = (X +1p2)/12 a,=(Xy-1p)/12

X1:(31+al)/!2 p1=i(a1-a1)/!2 X2:(az+az)/!2 p2:i(a2-a2)/!2

Each system dimension andxz is assumed orthogonal, neither being constrained by the other.

This includes an axiom amter-dimensional commutivity

[ X1, P2l =0=[x2,p1], [a1,@2]=0=[ay,a ]
Commutation relations within space-1 or space-2 space are those of a 1D-oscillator.
[ap,a =1, [aya]=1
This applies in general t8-dimensional oscillator problems.
([ am, an] = apan - a@m = O) ([am, an =am,-a an= Smr@ ([a man=amn-andn,= O)

New symmetrize@ a, operators replace the old ket-bfaxn| that defing semi-classicH matrix. |

H= Hll(alal +1/ 2) + Hip3ia; = A(a1a1 +1/ 2) +(B!iC)aa,
H=# =y
+tHpa0a, + H22(a2a2 +1/ 2) +(B+iC)ayay + D(azaz +1/ 2) ¥ Hy Hy & *ovic D

' Hy Hip $ 14 vic $

o

Both are elementary "place-holders" for paramdtgsor A, BxiC, andD.

|m)(n|! (aman +anam)/2 =a,a,t", ,1/2
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2-D a a algebra of U(2) representations and R(3) angular momentum operators
2D-Oscillator basic states and operations
Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry(

Mostly Anti-commutation relations
{a\gaﬂon Two-dimensional (or 2-particle) base states: ket-kets and bra-bras
Bookkeeping - Outer product arrays

Entangled 2-particle states
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Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti))symmetry

Commutivity is known agose symmetrngose and Einstein discovered this symmetry of light quan
(an, a ) operators calleBoson operatorsreate or destroguantaor "particles"known asBosons
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Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti))symmetry

Commutivity is known agose symmetrngose and Einstein discovered this symmetry of light quan
(an, a ) operators calleBoson operatorsreate or destroguantaor "particles"known asBosons

If a ,,raises electromagnetic mode quantum numb&rm+1it is said to create photon
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Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti))symmetry

Commutivity is known agose symmetrngose and Einstein discovered this symmetry of light quan
(an, a ) operators calleBoson operatorsreate or destroguantaor "particles"known asBosons

If a ,,raises electromagnetic mode quantum numb&rm+1it is said to create photon
If a , raises crystal vibration mode quantum nuntnéo m+1 it is said to create phonon
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Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti))symmetry

Commutivity is known agose symmetrngose and Einstein discovered this symmetry of light quan
(an, a ) operators calleBoson operatorsreate or destroguantaor "particles"known asBosons

If a ,,raises electromagnetic mode quantum numb&rm+1it is said to create photon
If a , raises crystal vibration mode quantum nuntnéo m+1 it is said to create phonon
If a , raises liquidtHe rotational quantum numberto m+1it is said to create @ton.
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2-D a a algebra of U(2) representations and R(3) angular momentum operators
2D-Oscillator basic states and operations
Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Mostly * Antl-commutation relations
iofnon Two-dimensional (or 2-particle) base states: ket-kets and bra-bras
Bookkeeping : Outer product arrays

Entangled 2-particle states
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Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti))symmetry

Commutivity is known agose symmetrngose and Einstein discovered this symmetry of light quan
(an, a ) operators calleBoson operatorsreate or destroguantaor "particles"known asBosons

If a ,,raises electromagnetic mode quantum numb&rm+1it is said to create photon
If a , raises crystal vibration mode quantum nuntnéo m+1 it is said to create phonon
If a , raises liquidtHe rotational quantum numberto m+1it is said to create @ton.

Anti-commutivity is namedFermi-Dirac symmetryor anti-symmetrylt is found in electron waves

Fermi operatorgc,,C,) are defined to creattermionsand usanti-commutatorg A,B} = AB+BA.

{cm;cn}: CnCntCrCr=0 {:m,c n}: CiC ntC nCri=Omnl ‘b mC n}:c mC ntC nC m=0
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Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti))symmetry

Commutivity is known agose symmetrngose and Einstein discovered this symmetry of light quan
(an, a ) operators calleBoson operatorsreate or destroguantaor "particles"known asBosons

If a ,,raises electromagnetic mode quantum numb&rm+1it is said to create photon
If a , raises crystal vibration mode quantum nuntnéo m+1 it is said to create phonon
If a , raises liquidtHe rotational quantum numberto m+1it is said to create @ton.

Anti-commutivity is namedFermi-Dirac symmetryor anti-symmetrylt is found in electron waves

Fermi operatorgc,,C,) are defined to creattermionsand usanti-commutatorg A,B} = AB+BA.
{CmCn}=CnCntCrCr=0 £m.C n}=CniC n+tC Cri=Omnl € mC n}=C nC ntc . =0

Fermic , has a rigid birth-control policy; they are allowed just one Fermion or else, none at all.
Creating two Fermions of the same type is punishedilayh This is becausg=-x impliesx=0.
CmCml0)=-CC m|0)=0
That no two indistinguishable Fermions can be in the same state, is calRauthexclusion principle
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Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti))symmetry

Commutivity is known agose symmetrngose and Einstein discovered this symmetry of light quan
(an, a ) operators calleBoson operatorsreate or destroguantaor "particles"known asBosons

If a ,,raises electromagnetic mode quantum numb&rm+1it is said to create photon
If a , raises crystal vibration mode quantum nuntnéo m+1 it is said to create phonon
If a , raises liquidtHe rotational quantum numberto m+1it is said to create @ton.

Anti-commutivity is namedFermi-Dirac symmetryor anti-symmetrylt is found in electron waves

Fermi operatorgc,,C,) are defined to creattermionsand usanti-commutatorg A,B} = AB+BA.
{CmCn}=CnCntCrCr=0 £m.C n}=CniC n+tC Cri=Omnl € mC n}=C nC ntc . =0

Fermic , has a rigid birth-control policy; they are allowed just one Fermion or else, none at all.
Creating two Fermions of the same type is punishedilayh This is becausg=-x impliesx=0.
CmCml0)=-CC m|0)=0
That no two indistinguishable Fermions can be in the same state, is calRauthexclusion principle

Quantum numbers oi=0 andn=1 are the only allowed eigenvalues of the number opecaigt..

CCml0>=0, ¢ cmll)=I[1), ¢ ,Cm|N =0 for:n>1
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2-D a a algebra of U(2) representations and R(3) angular momentum operators
2D-Oscillator basic states and operations
Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Mostly Anti-commutation relations
hotion Two-dimensional (or 2-particle) base states: ket-kets and bra‘s
Bookkeeping - Outer product arrays

Entangled 2-particle states
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Two-dimensional (or 2-particle) base states: ket-kets and bra-bras

A state for a particle in two-dimensions (or two one-dimensional particle®Retlket”|n)|ny)
It is outer product of the kets for each single dimension or particle.
The dual description is done similarly usttoma-bras” (ny|{ns] = (ny)|N2))
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Two-dimensional (or 2-particle) base states: ket-kets and bra-bras

A state for a particle in two-dimensions (or two one-dimensional particle®Retlket”|n)|ny)
It is outer product of the kets for each single dimension or particle.

The dual description is done similarly usttoma-bras” (ny|{ns] = (ny)|N2))

This applies to all types of stais)|Wo) : eigenstatey)|ng), or {nyl{ny|,
position statefx|xo) and{X,|{xs1|, coherent statdew)|o) and{oul{oy|, or whatever
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Two-dimensional (or 2-particle) base states: ket-kets and bra-bras

A state for a particle in two-dimensions (or two one-dimensional particle®Retlket”|n)|ny)
It is outer product of the kets for each single dimension or particle.
The dual description is done similarly usttoma-bras” (ny|{ns] = (ny)|N2))

This applies to all types of stais)|Wo) : eigenstatey)|ng), or {nyl{ny|,
position statefx|xo) and{X,|{xs1|, coherent statdew)|o) and{oul{oy|, or whatever

Scalar product is defined so that each kind of particle or dimension
will "find" each other and ignore the presence of other kind(s){Xz (%1 IDI¥2) = (Xq [P1){X2 [¥2)
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Two-dimensional (or 2-particle) base states: ket-kets and bra-bras

A state for a particle in two-dimensions (or two one-dimensional particle¥atleet”|n)|ny)
It is outer product of the kets for each single dimension or particle.
The dual description is done similarly usttoma-bras” (ny|{ns] = (ny)|N2))

This applies to all types of stais)|Wo) : eigenstatey)|ng), or {nyl{ny|,
position statefx)|xo) and{x,|{x4|, coherent statdei)|on) and{ol{oy|, or whatever

Scalar product is defined so that each kind of particle or dimension
will "find" each other and ignore the presence of other kind(s){Xz (%1 IDI¥2) = (Xq [P1){X2 [¥2)

Probability axiom-1gives correct probability for findinparticle-1atx; andparticle-2atx,,
if state]W)|¥,) must choose betweall (X, Xo). ‘ (s, le\{,b\{,2>‘2:‘ (%, (x1||‘P1>|‘P2>‘2

:|<X1|\P1>‘2‘<X2|‘P2>‘2
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Two-dimensional (or 2-particle) base states: ket-kets and bra-bras

A state for a particle in two-dimensions (or two one-dimensional particle¥atleet”|n)|ny)
It is outer product of the kets for each single dimension or particle.
The dual description is done similarly usttoma-bras” (ny|{ns] = (ny)|N2))

This applies to all types of stais)|Wo) : eigenstatey)|ng), or {nyl{ny|,
position statefx)|xo) and{x,|{x4|, coherent statdei)|on) and{ol{oy|, or whatever

Scalar product is defined so that each kind of particle or dimension
will "find" each other and ignore the presence of other kind(s){Xz (%1 IDI¥2) = (Xq [P1){X2 [¥2)

Probability axiom-1gives correct probability for findinparticle-1atx; andparticle-2atx,,
if state]W)|¥,) must choose betweall (X, Xo). ‘ (s, le\{,b\{,2>‘2:‘ (%, (x1||‘P1>|‘P2>‘2

:|<X1|‘P1>‘2‘<X2|‘P2>‘2
Product of individual probabilitie|$x1|‘{’1>|2 and‘(x2|‘1’2)‘2 respects standard Bayesian probability th
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Two-dimensional (or 2-particle) base states: ket-kets and bra-bras

A state for a particle in two-dimensions (or two one-dimensional particle¥atleet”|n)|ny)
It is outer product of the kets for each single dimension or particle.
The dual description is done similarly usttoma-bras” (ny|{ns] = (ny)|N2))

This applies to all types of stais)|Wo) : eigenstatey)|ng), or {nyl{ny|,
position statefx)|xo) and{x,|{x4|, coherent statdei)|on) and{ol{oy|, or whatever

Scalar product is defined so that each kind of particle or dimension
will "find" each other and ignore the presence of other kind(s){Xz (%1 IDI¥2) = (Xq [P1){X2 [¥2)

Probability axiom-1gives correct probability for findinparticle-1atx; andparticle-2atx,,
if state]W)|¥,) must choose betweall (X, Xo). ‘ (s, le\{,b\{,2>‘2:‘ (%, (x1||‘P1>|‘P2>‘2

:|<X1|\P1>‘2‘<X2|‘P2>‘2
Product of individual probabilitie|$x1|‘{’1>|2 and‘(x2|‘1’2)‘2 respects standard Bayesian probability th

Note common shortharlig-bra-big-ketnotation{xy, Xo|¥1,%W2) = || 1)|VY2)
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Two-dimensional (or 2-particle) base states: ket-kets and bra-bras

A state for a particle in two-dimensions (or two one-dimensional particle¥atleet”|n)|ny)
It is outer product of the kets for each single dimension or particle.
The dual description is done similarly usttoma-bras” (ny|{ns] = (ny)|N2))

This applies to all types of stais)|Wo) : eigenstatey)|ng), or {nyl{ny|,
position statefx)|xo) and{x,|{x4|, coherent statdei)|on) and{ol{oy|, or whatever

Scalar product is defined so that each kind of particle or dimension
will "find" each other and ignore the presence of other kind(s){Xz (%1 IDI¥2) = (Xq [P1){X2 [¥2)

Probability axiom-1gives correct probability for findinparticle-1atx; andparticle-2atx,,
if state]W)|¥,) must choose betweall (X, Xo). ‘ (s, le\{,b\{,2>‘2:‘ (%, (x1||‘P1>|‘P2>‘2

:|<X1|\P1>‘2‘<X2|‘P2>‘2
Product of individual probabilitie|$x1|‘{’1>|2 and‘(x2|‘1’2)‘2 respects standard Bayesian probability th

Note common shortharlig-bra-big-ketnotation{xy, Xo|¥1,%W2) = || 1)|VY2)

Must ask a perennial modern questitiiow are these structures stored in a computer program?'
The usual answer is wuter producbr tensor arraysNext pages show sketches of these objects
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2-D a a algebra of U(2) representations and R(3) angular momentum operators
2D-Oscillator basic states and operations
Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry
Mostly Anti-commutation relations
Notation Two-dimensional (or 2-particle) base states: ket-kets and bra-bras

and

Bookkeeping : * Outer product arrays ‘
Entangled 2-particle states
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Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type! 1 Type! 2
% 0 % 0 % 1 % 0 % 0 %

$ 4 $° 0 $ 4 $°

0) :$ |11>:$ ]21)=8 { . 0,)=9 0 L) =$ 0 L 2:)=8 {
§ § & § L& % & § L& § L&
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Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.
Type! 1 Type!l 2
"1% "0 % "0 % "1% "0% "0%
0)=$ 1) =

$ 0
$ 0: ,|21>:$ | e ' |22
% & %5'& %5'& % & § & § &

Outer products are constructed for the states that might have non-negligible amplitudes.

- 0O 0
- o r O
- O O O
- 0o oo

N———
I
— O O Ol
o
i
>~
A_‘
~—
I
7~ N\
N—
Il
- O O Ool-
F
>~
(=]
N
~—
I
7~ N\
N—
I
— O O kI
F
>~
N
N
~
I
~
N—
I
— B O Ol-

- O O Ol
— O O Ol-
- O O Ol
- O O Ol
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Outer product arrays
Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type! 1 Type! 2 !
"1 % "0 % "0 % "1 % "0 % 0%
$g° $ 4 $g $o $ 4 $g
= ! = ! = ! | = ! = ! = ! |
0,) 5] 1) §0: 20) §15 2oy %O: |2 %0: 22) %1: !
& & & & & &

Outer products are constructed for the states that might have non-negligible amplitudes.

11$ 1 0% I 0% I 0%
#0& #1& #0& #0& o ,
# & # & # & # & Herein lies conflict between standard
#0& #0& #0& #0& . .
# & # & # & # &  °0-D analysis and finite computers
# & & & # &

1131 13 ﬁO& 1131 0§ #0& 10§11 #1& 10$! 0 #0&

#0&H0& #0811 & #18#0& #18#0&

0,)]0,)=# & &=1% Joy)=t &=tk v [L)]o,)=H & &= v )2,y =t & BT

#08#0& ﬁog #08#0& ﬁog #08#0& ﬁog #0&#18& ﬁlg

#1818 e 187 8 e #1818 e #1818 e
Ho& H& H& Ho&
0 0 0 0
#& #& #& #&
#0& #0& #0& #0&
# & # & # & # &
#9g #0g #9g #9g
# & #) & # & # &
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Outer product arrays
Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type! 1 Type! 2 !
"1 % "0 % "0 % "1 % "0 % 0%
$g° $ 4 $g $o $ 4 $g
= ! = ! = ! | = ! = ! = ! |
0,) 5] 1) §0: 20) §15 2oy §O: |2 %0: 22) %1: !
& & & & & &

Outer products are constructed for the states that might have non-negligible amplitudes.

113 I 0% 1 0% 1 0$
#0& #1& #0& #0& o ,
# & # & # & # &  Herein lies conflict between standard
#0& #0& #0& #0& . .
#.8& . & . & #.&  o0-D analysis and finite computers
# & # & # & # &
11§11 ﬁo& 115105 #0& 10$! 1 #1& 10$!1 05 #0&
Ho&#p& 7o Ho&#1& o #1&#0& o H1&#0& 7o
_ _#0& _ _#0& _ _#0& _ _#0& - - ~
0,)|0,) _ﬁogﬁog_ H0& " 10,)|1,) _ﬁogﬁog_ H0& " -++[1,)]0,) _ﬁogﬁog_ H0& " -[1,)]2,) ‘ﬁoﬁﬁlﬁ‘ 418 Make adjustable-size finite phasor
#.& #.& #.& # & i i i
48 i 48 e 48 e .88 b o arrays for each particle/dimension.
#o& #o& #o& #o&
0 0 0 0
#& #& #& #&
#0& #0& #0& #0&
# & # & # & # &
#0g, #0g, #0g, #0g,
"4, ‘4, “8, “4,
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Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.
Type! 1 Type! 2 !
'1% "0 % "0% "1% "0% "0%

K TR TR PR TR (T 1T

Outer products are constructed for the states that might have non-negligible amplitudes.

1% 103 1 0$ 1 0$
#o& #1& & #o& o ,
# & # & # & # &  Herein lies conflict between standard
#0& #0& #0& #0& : .
# & # & # & # &  °0-D analysis and finite computers
# & # & # & # &
111 1% #O& 1 151 0% #0& 10! 1% #1& 1 0$! 0% #0&
Hob&#p& 0 Hol#t1& O H#1&#0& O #1&#0& O
0)|0,)=# &# &=7& #oa# &="8& w130 y=# &# &= & - 2 \=# &t &="& i _si i
10,)]0,) = hosa & #o& 10)|L,) = hosa & #0& 11,)]0,) = S #0& L L)]2,) = s & #1& Make adjustable size ﬁm.te pha.sor
# 8 & T #, # 8 6 T #, # 6 6 T #, # 8 & T #, arrays for each particle/dimension.
#38& #38& #38& #38&
# & # & # & # &
#0& #0& #0& #0& Convergence is achieved by orderly
ﬁog ﬁog zog ﬁog upgrades in the number of phasors to
#1 & #) & #1 & #) 8 a point where results do not change.
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Outer product arrays
Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type! 1 Type! 2 !
"1 % "0 % "o% "1% "0 % "0 %
' $ 4 ' $ 4 $9'
0, 1, 1, 0,
0)=$ 0 L) =9 0 |20) = ) ! |05) $ O 1,)=9 , 2,)=$ 1. !
§"l& % % & & §"'& " &

1 0 0 0
0 1 0 0 o .
Herein lies conflict between standard
0 0 0 0 . .
: : : : co-D analysis and finite computers
(1) |o 1\(0) |o 0Y(1) |1 0)(0) |0
offo] [0 of 1] [0 1{{o] |o 1{{o] |0 . : :
0102)=1 ol o 1510 [ 10012 =| o {1 o IF Lo | 121020 = g 1l o 1= 1o | 1220=] o |l 1= 4 Make adjustable-size finite phasor
: : : o S ERE arrays for each particle/dimension.
0 0 0 0
0 0 0 0 Convergence is achieved by orderly
0 0 0 0 upgrades in the number of phasors to
: a point where results do not change.

A 2-wave state product has a lexicograpbecol, 02, ...10, 11, 12,..., 20, 21, 22, ..) array indexing
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Outer product arrays
Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type! 1

"1 %

$o" $
|01>:$ 0 : ’|11>:$

L& %

Type! 2
n O % n O % " 1 %
1 $ 1 $ 1
1 1 — O 1 — O 1
K ’|21>_$ 1 » |02>_$ K !
SR A S

n 0 %

$
|12>:§ é 12

$0
>::$ : e
A

Outer products are constructed for the states that might have non-negligible amplitudes.

1 0$

#O
1)]2,) =% & &=7 ¢

#og#1g H1&’

# &
#!%!% #! &
#6&
# &
#0&
# &
#0g

#1 &,

Herein lies conflict between standard
oo-D analysis and finite computers

Make adjustable-size finite phasor
arrays for each particle/dimension.

Convergence is achieved by orderly
upgrades in the number of phasors to

a point where results do not change.

A 2-wave state product has a lexicograpbecol, 02, ...10, 11, 12,..., 20, 21, 22, ..) array indexing

11$ 1 0$ | 0
#n& #& #1&
V% g V%
#0& #0& #0&
# & # & # &
# & # & # &
11$!1 1% ﬁog 1 1$! 0% #Og 1 0$! 1% zlg
#0&#0& 0 #O&#l& 0 #1&#0& 0
010:) = ot ob= e - |00[1:) = £ oE=tog )10 = oBe B=lg
e WY "8G e e e
#-& #-& #-&
#% 1 1%
#0g, #0g, #0g,
# & # &, # &
$<O|! 1><1|! 2>: $<0112|! 1! 2>:
NGNS CERTIN
$ : $ :
(0] )6 (ol 0 SATIOM), SESTEL)
) 2>=$<1|! 1) ( $<1|! 2): :$<1|! (1! 2> =$<1112|! .! 2>
82/t .,y {82l Ly T3 el L) TSl )
Pioadies s i
%(2“ 1><0|! 2>' %<2102|! 1! 2>'
Sl )1 L) Sl )
$<2|! 1><2|! 2>: $<2122|! ! 2>:
# : &g % &

"Little-Endian" indexing

(...01,02,03..10,11,12,13 ...

20,21,22,23,...)
Least significant digit at (right) END
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Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type! 1
"1 % "0 %
$ " $ ;"
& %" &

Type! 2

n O %

$0
=50
3%

$0
|02>—§ 0
" &

n 1 %

I
" 0%
$ 4

&

$0
=3 0
3%

Outer products are constructed for the states that might have non-negligible amplitudes.

11$ 1 0$ | 0

Hn& H1& #n&

#O& #1& #O&

#0& #0& #0&

#& #& #&

# & #H & # &

11$1 13 ﬁo& 1 1$1 03 ﬁog 10$! 13 zlg
#0&#0& 0 #O&#l& 0 #1&#0& 0

_ _#Y& _ _#Y& _ _#Y&

|01>|02>_# &t &_# &' |01>|12>_# &t &_# & "'|11>|02>_# & &_# &'

#0&#0& #O Y #08#0& #0 2 #08&8#0& #O&

#S%#Eéb #:& #E%S% #: & #E%E% #: &

HA& HA& HA&

1% 1 1%

#0& #0& #0&

#H & #H- & #H- &

#0g #0g #0g

#:8, #:8, #:8,

=H# &# &=
[1)122) #0&#1& H1&’

1 0$

#
#0g

# &
#E%E% #: &

Herein lies conflict between standard
oo-D analysis and finite computers

Make adjustable-size finite phasor
arrays for each particle/dimension.

Convergence is achieved by orderly
upgrades in the number of phasors to

a point where results do not change.

A 2-wave state product has a lexicograpbecol, 02, ...10, 11, 12,..., 20, 21, 22, ..) array indexing

"<O|I 1><O|| 2>I(y0 I'<0102|! 1! 2>?/0
201 )l ) oL ! L),
§<OI- 1>|<2|- z>: §<0122||- ! z>:
(0]t )% (O]t )% B (Ot ;) B0, ! ),
Lo =S ) S ) ) sl )
EANE I VA IR (C TR IC{T M < NI
Pooeades 0 s 0
%(2“ 1><0|! 2>' %<2102|! y! 2>'
Szt )t L) S )
2]t (2! 2>: 22, ]! ! 2>:
I O S )

"Little-Endian" indexing

(...01,02,03..10,11,12,13 ...

20,21,22,23,...)
Least significant digit at (right) END

or anti-lexicographic
(00, 10, 20, ...01, 11, 21,..., 02, 12, 22, ..)

array indexing

"Big-Endian" indexing
(...00,10,20..01,11,21,31 ...
02,12,22,32...)

Most significant digit at (right) END
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Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.
Type! 1 Type! 2 !
"1% ! % "0% "1% "()% "()%
$ $
! |02>:$ . [22) :$

R U TGS 1 TR U 138

Outer products are constructed for the states that might have non-negligible amplitudes.

8

1 0 0 0
0 1 0 0 — :
Herein lies conflict between standard
0 0 0 0 . .
| | ' | co-D analysis and finite computers
1(1) |o 1)(0) |0 0)(1) |1 0)(0) |0
oflo| [0 oll1| [0 1{jof [0 1ol [0 . . .
010)= ol o 1510 [ 10012 =| o {1 o IF Lo |+ W10 = g 1l o 110 12" W1220=] o |l 1= 4 Make adjustable-size finite phasor
L Ol | L T arrays for each particle/dimension.
0 0 0 0
0 0 0 0 Convergence is achieved by orderly
0 0 0 0 upgrades in the number of phasors to
| I [ | a point where results do not change.

A 2-wave state product has a lexicograpbecol, 02, ...10, 11, 12,..., 20, 21, 22, ..) array indexing

"<0|! 1><0|! 2>% <0 02|! ! 2)% (0102|‘P> Y "Little-Endian" indexing
$<0|! Al 2>: $< 0Ll ! 2>: (0,1, W) ¥, (...01,02,03..10,11,12,13 ...
$0]! 2! L) Ho2,|t ! L) (0.2,[¥) | | Yo 20,21,22,23,...)
% ! : % ! : : : Least significant digit at (right) END
$<<O||' 1>>.% $<<O||I 2>>% $<<1||I 1>><<O||I 2>>: $<<1102||| 1! 2>>: Shorthand <<1102||\P>> lP10
1'1' 1|2 $1I11I $1.L:I'2I1!2' . . 1112\P lI111
L V=9 $ = = , - - - ¥ = =
"5 ) Sl ) TR G gzl PIGDraDIgRetT s | v,
P8 d 1 &3 ! 8 ' notation : B
ARG oz|' ) 20.[%)| | ¥,
2@ )LL) H2L[ ), QL[w) | | ¥y
52! (2! o) g(22,[! ! ) (22,[¥) | |¥n
? ! &g ® 1 2 :
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2-D a a algebra of U(2) representations and R(3) angular momentum operators
2D-Oscillator basic states and operations
Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry
Anti-commutation relations
Two-dimensional (or 2-particle) base states: ket-kets and bra-bras
Outer product arrays

* Entangled 2-particle states ‘
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Entangled 2-particle states

A matrix operatoM is rarely a single nilpotent opera{d){2| or idempotentl){1].
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Entangled 2-particle states

A matrix operatoM is rarely a single nilpotent opera{d){2| or idempotentl){1].

A two-particle stat¢¥’) is rarely a single outer prodytt,)|'¥¥',) of 1-particle statef¥/;) and|¥,).
(Even rarer iI3¥|¥Yq).)
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Entangled 2-particle states

A matrix operatoM is rarely a single nilpotent opera{d){2| or idempotentl){1].

A two-particle stat¢¥’) is rarely a single outer prodytt,)|'¥¥',) of 1-particle statef¥/;) and|¥,).
(Even rarer iI3¥|¥Yq).)

ANALOGY: o

A generaln-by-nmatrix M operator is a combination of terms:M= X X Mj k‘j><k‘
j=lk=1 7
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Entangled 2-particle states

A matrix operatoM is rarely a single nilpotent opera{d){2| or idempotentl){1].

A two-particle stat¢¥’) is rarely a single outer prodytt,)|'¥¥',) of 1-particle statef¥/;) and|¥,).
(Even rarer iI3¥|¥Yq).)

ANALOGY: 0 n
A generaln-by-nmatrix M operator is a combination of terms:M =1 ! Mj k‘j><k‘
j=lk=1 7
n
...thatmightbe diagonalized to a combinationroprojectors: M = ! ue‘e><e1
e=1
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Entangled 2-particle states

A matrix operatoM is rarely a single nilpotent opera{d){2| or idempotentl){1].

A two-particle stat¢¥’) is rarely a single outer prodytt,)|'¥¥',) of 1-particle statef¥/;) and|¥,).
(Even rarer iI3¥|¥Yq).)

ANALOGY: non
A generaln-by-nmatrix M operator is a combination of terms:M = X kZ |V|j k‘ J'><k‘
j=1k=1 ’
n
...thatmightbe diagonalized to a combinationroprojectors: M = ! ue‘e><e1
e=1

So a general two-particle std¥) is a combination oéntangledaroducts:‘! >=# #0l d e
jk o

Tuesday, April 21, 2015

63



Entangled 2-particle states

A matrix operatoM is rarely a single nilpotent opera{d){2| or idempotentl){1].

A two-particle stat¢¥’) is rarely a single outer prodytt,)|'¥¥',) of 1-particle statef¥/;) and|¥,).
(Even rarer iI3¥|¥Yq).)

ANALOGY: o

A generaln-by-nmatrix M operator is a combination of terms:M= X X Mj i
j=lk=1 7’

n

...thatmightbe diagonalized to a combinationroprojectors: M = ! ue‘e><e1
e=1

)k

So a general two-particle stg¥) is a combination oéntangledaroducts:‘! >=# #" j | j ¢
. k >

...thatmightbede-entangledo a combination of terms: ‘! >:$ "o #e>‘#e>
e
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*Two-particle (or 2-dimensional) matrix operators (
U(2) Hamiltonian and irreducible representations
2D-Oscillator states and related 3D angular momentum multiplets
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Two-particle (or 2-dimensional) matrix operators
When 2-particle operat@i acts on a 2-particle staem, "finds" its typek state but ignores the other

a1|mny) =aq|ny)|np) =/ +1n +1ny) a,| iy ) =|m)ay|ny) =Ny +1{my ny +1)
ar|mny) =ag[m)ny) = my|m ! 1ny) ay|nny) =|n)ag|ny) = nylmny ! 1)
a1"finds" its type-1 a2"finds" its type-2
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Two-particle (or 2-dimensional) matrix operators
When 2-particle operat@i acts on a 2-particle staem, "finds" its typek state but ignores the other

al|mn, )y =aj|n)|m)=n +1|n +1n,) al[mny) =|n)al|ny) = +1|n n, +1)
a;|mny) =a;[n))ny)=ny|m ! 1ny) a[nmy) =[nYa, ny) =y [mymy ! 1)
a1"finds" its type-1 a2"finds" its type-2

General definition of the 2D oscillator base state.

[al)" (ad)"
a| |\az
Inin, ) = \/W 00)
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Two-particle (or 2-dimensional) matrix operators
When 2-particle operat@i acts on a 2-particle staem, "finds" its typek state but ignores the other

al‘ n1n2> a1| n1>’ n2> nl 1‘ nl +1n2> a2| n1n2> :|n1>a2‘ n2> - n2 1‘ nl n2 +1>
ay|nny) =ay|ny)[ny) =y ! 1ny) a,mny) =|ny)ay|ny) = ny [ ny ! 1)
a1"finds" its type-1 a2"finds" its type-2

General definition of the 2D oscillator base state.
n n,
nn >_(aI) (az) 00) H=H11(a1a1+1/2)+ Hiaja,
1'"2/—
JVhin! +H21a2a1+H22(a2a2+1/2)
Thean, a, combinations in th&BCD HamiltonianH have fairly simple matrix elements.
H =A(a1a1+1/2)+( —iC)aja,

+(5+iC)aja; + D(a2a2 +1/ 2)

Tuesday, April 21, 2015 68



Two-particle (or 2-dimensional) matrix operators
When 2-particle operat@i acts on a 2-particle staem, "finds" its typek state but ignores the other

aﬂnlnz =a1(|n1 ’nz =Jm+ ‘nl+1n2 a§|nln2>:|nl a;‘nz :«/nz ‘nl ny +1
al‘nlnz a1|n1 ’nz \/7|n1' 1n2 a2|nln2 —|n1 az‘nz \/7|n1 nz' 1
ap"finds" its type-1 a2"finds" its type-2

General definition of the 2D oscillator base state.
n n,
)= (af) (az) 00) H= Hll(a1a1+1/2)+ Hya,a,
1'"2/—
\/nl!nZ! +H 2132a1+ H22(a2a2 +1/ 2)
Thean, a, combinations in th&BCD HamiltonianH have fairly simple matrix elements.
H = A(a1a1+1/2)+( —iC)aja,

aja;[nn,)=ny|ny ny) aja, |, )=y +1yny [y +1n, —1)

ada,[mn, )= fn m +1n =1, +1) ala,|nm)=ny|n n,)

+(B+iC)aja; + D(a2a2 +1/ 2)
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Two-particle (or 2-dimensional) matrix operators
When 2-particle operat@i acts on a 2-particle staem, "finds" its typek state but ignores the other

al‘ n1n2> a1| n1>’ n2> nl 1‘ nl +1n2> a2| n1n2> :|n1>a2‘ n2> — n2 1‘ nl n2 +1>
a1 mny) =aq|ng)|ny) =y [y ! 1ny) a,|mn,) =[ny)as|ny) =y [y ! 1)
ap"finds" its type-1 a2"finds" its type-2

General definition of the 2D oscillator base state.

[ai)" (a1)" H=Hu(aa+1/2)+ Hiaga
myny ) = Jnimy! 00)
nln,! +Hy@a, + H22(a2a2 +1/ 2)

Thean, a, combinations in th&BCD HamiltonianH have fairly simple matrix elements.
H =A(a1a1+1/2)+( —iC)aja,

aja;|Mny) = M| ny) a1a,|Mny) =y +1yny [y +1n, ! 1)
a,a;|mny) = \my Ny +1{my ! 1y +1) 58| MNy) = Ny| Ny ny)
[00) |o7) |02)
(00| o

(01 D

(02 2D

+(B+iC)aja; + D(a2a2 +1/ 2)

110) 112) 12) !} |20) |21) 22)

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...
20,21,22,23,...)

(19

(1
(12

(H)=A1/2)+D1/2)+

- P
o

(2
(2
{

2

=

TN
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Two-particle (or 2-dimensional) matrix operators
When 2-particle operat@i acts on a 2-particle staem, "finds" its typek state but ignores the other

al‘n1n2> a1|n1>’n2> m 1‘ nm +1n2> a2|i’l17’l2> :|7l1>a2‘7’l2> N +1‘ nm np +1>
al‘nlnz a1|n1 ’l’lz \/n71’n1' 1112 a2|n1n2 —|i’l1 az‘nz \/7|i’l1 no . ' 1
ap"finds" its type-1 a2"finds" its type-2

General definition of the 2D oscillator base state.
(al)nl(az)n2 H= H11(3131+1/ 2)+ Hisaqa;
Iyny) = \/W 00)
1- 112 +H 2132a1+ H22(a2a2 +1/ 2)
Thean, a, combinations in th&BCD HamiltonianH have fairly simple matrix elements.
H = A(a1a1+1/2)+( —iC)aja,

aja;|nny) =y ny) a1a, N, ) = /m + 1Ny [n +1n, - 1) : \
+(B+iC)asa + D(a2a2 +1/ 2)
a,a;|mny) = My \/np + 1|y~ 1y +1) a8/ MNy) = Ny| Ny ny)
|00) |01) |02) 1| [10) 111) 12) ! 20) |21) 22) |
<OO| 0 ! ' ! "Little-Endian" indexing
<()1| D | +iC . I (...01,02,03..10,11,12,13 ...
20,21,22,23,...)
(02| 2D | J2(B+iC) : !
" " # " " #
10| - B-iC ! A !
11 . 2(B-iC) ! A+D !
(H)= A(1/2)+D(1/2)+ ) | ! I
" # " #
(20]
(21]

(2]
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Two-particle (or 2-dimensional) matrix operators
When 2-particle operat@i acts on a 2-particle stas, "finds" its typek state but ignores the other

ag|mny)=ay|m)[ny) = n + 1y +1ny) ay|nny) =|m)az|ny)=n +1fny ”2+1>
a;|mny)=a;|ny)|ny) \/n71|n1 1n,) a|mn,) =|my)ay|ny) \/7|n1n2
ap"finds" its type-1 a2"finds" its type-2

General definition of the 2D oscillator base state.
n, n,
|n i >_ (af) (az) |00> H :Hll(a1a1+1/2)+ Hq>aia,
1'"2/—
Ving! +H21a2a1+H22(a2a2 +1/ 2)
Thean, a, combinations in th&BCD HamiltonianH have fairly simple matrix elements.
H =Alaga +1/2)+(51 iC)asa,

a1a1|n1n2>:n1|n1 n2> a1a2|n1n2>:\/n1+l\/n2|n1+1n2 ' 1> ( )
+ 2 +iC)asa +D(aa +1/2)
a2a1|n1n2>:\/n1\/n2 +1|7’l1! 17’l2 +1> a2a2|n1n2>:n2|n1 I’l2> 271 272
00 |0y [02 | po 12 1| |20 20 |22
<00| 0 ! : ! "Little-Endian" indexing
(01 D | LiC , | (401,02,03..10,11,12,13 ...
20,21,22,23,...)
(02 2D ! J2(B+iC) : ! !
" # " # !
<10| : —iC I A I . !
(11 . N2(-ic) ! A+D | V2(5+iC) : !
H)=ad/+0Ai0* . ! A+2D | Ja(p+ic) -
" # " # " " #
(20 . 2(B=iC) ! 2A !
(21 : Ja(p-ic) ! 2A+D !
<22| . | 2A+2D |
" # " #
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Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states and related 3D angular momentum m

uItléIets
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U(2)-2D-HO Hamiltonian and irreducible representations

H=

A(aIa1+1/2)+( ~iC)aja,

+( +iC)a§al+D(a§a2+1/2)
(H)=A1/2)+D(1/2)+

a;a;|mn,)=n| nyn,)

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...

)
a,a4 Ny )=/ /1| ny! 1n,+1)
a,a, mn, )=/m+L/ny| m+Ln,! 1)

a za 2| n1n2 > — n2| nlnz >

20,21,22,23,...)
|00) |01) |02) 110) 117) 112) | 20) 127) |22)
(00| © !
(01 D +iC !
(02 2D J2(5+ic)
(10 '\ZC\ A !
(11 L J2(Bmic) - A+D | N2(r+iC) |
(12 Example A+2D Ja(p+ic)
(20 [aa]02)=/0rIVA0r1 2 =V211) 1+ 2(5" i) 2A
(21 [aa nlnﬁix/ﬁ@n1+lnz! 1) ! Ja(s"ic) 2A+D
(22 ! 2A+2D .-

Rearrangement of rows and columns brings the matrix to a block-diagonal form.
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U(2)-2D-HO Hamiltonian and irreducible representations v
H = j00) |02) 02) 1 | |10 111) 12) 20) |2f>0’2]’22’23’|'é)2> |
+ R (0| © | | |
A(a1a1+1/2)+( liC)aja, 01 ] i | ! !
+(E+iC)ala,+D(ala,+12 (02 20 J2(B+iC) . | |
( ) ; \ ; # ; ; # !

Q| - B-ic T~ ! | A | - !

(H)=AL/2)+D@/2)+ (11 . J2(B-iC) ! A+D | J2(B+iC) : !

(12) Example’ | A+2D | Jae+ic)y o

alanin,)=njnn) 3 EREEI) N R S R R
alay| Y= | =t 1) (20 laja)02)=Jo+1V20H 2 1)=V211) . J2(B-iC) ! 2A !
+ \/ 1\/ L et) (21 aIaz|”1”2_>i\/H\/”72‘”1+1”2!1> ' Ja(B-ic) 2A+D !
a18| MMy )=+ My N+ 1) (22 . | 2A+2D !
a§a2| N, )=y Ny, ) " " " " # " " " #

Rearrangement of rows and columns brings the matrix to a block-diagonal form.
(Base statef,)|n,) with the samdotal quantum number= n; + n, define each bloc@
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U(2)-2D-HO Hamiltonian and irreducible representations

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...
20,21,22,23,...)

H= |00) |O1) 02) 10) 111) 112) 20) 121) |22)
A(a1a1+]j2)+( liC)aya, Z(())(l): 0 ; +!ic !
+( +iC)a2a1+D(a2a2+]J2) (02 \ 2D V2(B+iC) !

(o | 1t smic T~ A |

(HY=A@/2)+DLI2)+ (1] L J2(pmic) - A+D | V2(5+iC) |

(12| Example A+2D Ja(p+ic)
a;a;|nyny)=n|mn,) : : : : R : : : : :
a,ay N, )= n-in+2) (20 813402)=/01V201 2 )=V21) 1 J2(5"iC) 24

(21] fsag mng )=y n | ny+ng 1) | JA (5 ic) 2A+D
a,a, mn, )=\/m+L/ny| m+1n,—1) o — ! QA+2D .-
ajaj nny)=nymn,) : : .

Rearrangement of rows and columns bri

s the matrix to a block-diagonal form.

Group reorganized

(Base statef,)|n,) with the samdotal quan}/um number = n; + n, define each bloc}

"Little-Endian" indexing
(...01,02,03..10,11,12,13

20,21,22,23,...)
00y Jo1y [0y | jo2) / 1) 120) 103) 112) 121) 30) |

<OO| 0 | Vacuum (v=0) /
<01| D +iC | Fundamental (v=1)
<10| —ic A vibrational fub-space
(02| 2D j V2(B+iC)

— . . Overtone (V=2)

<H> =AQ72)+D(/2)+ <1 1| \/5( _IC) A+D \/5( +IC) vibrational sub-space
(20| V2(B-iC) 2A
(03 3D JV3(B+iC)
<12| \/g( —iC) A+2D \/Z( +iC) Overtone (V=3)
<21| \/Z( ~ iC) YA+ D \/g( N iC) vibrational sub-space
(30| J3(B-iC) 3A
) L W A+D A(D
HA =A(a1a1+1/2)+ D(a2a2 +1/2) !2n2 _Aﬁnl Q"Dﬁnz = () +np 1)+ ( (1 ()
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Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Osclllator statt

s
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2D-Osclllator state

Fundamental eigenstates
The first step is to diagonalize the fundamental 2-by-2 mati

Fundanental _
=1

)ets
n.ny | [1L0) 0.1)
= (Lo | A B"iC
(0,1 | B#iC D

A+D
+
2

1

Group reorganized "Big-Endian" indexing
(...00,10,20..01,11,21,31 ...02,12,22,32...)
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2D-Osclllator state

Fundamental eigenstates

The first step is to diagonalize the fundamental 2-by-2 matifi=

Recall decomposition di ( Lectures 6-10 )

A B!iC%+A+D
$svic D & 2

"1o°/

1= (A+D)§ 0

1&

"0
1

"3

1
0

/ch
2

"O 1 %

=y

0 &2

+ (A D

Fundanental

nlets

| [10) [0
(Lo | A B-iC |+
(01 | B+iC D

A+ D
2

1

Group reorganized "Big-Endian" indexing
(...00,10,20..01,11,21,31 ...02,12,22,32...)

)" 1 0 %1
$0 1152
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2D-Osclllator state

Fundamental eigenstates

Fundanental

The first step is to diagonalize the fundamental 2-by-2 matfffe=t -

Recall decomposition di ( Lectures 6-10)

B5+iC D

( A B—iC} A+D
+ =t

(A+D)((1) g]+25[<1) ;jz

In terms of Jordan-Pauli spin operators.

+2C(_

tinlets
| [10) [0
(Lo | A B-iC |+
(01 | B+iC D

0 -1

H=Q,1+Qe S = Qyl+Q,S,+Q-S-+Q,S, (ABC Optical vector notation)
=Qy1+Q. S, +Q,S, +Q,S, (XYZ Electron spin notation)

A+ D
2

1

Group reorganized "Big-Endian" indexing
(...00,10,20..01,11,21,31 ...02,12,22,32...)

1
2
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2D-Osclllator state tinlets
Fundamental eigenstates many | |10) [0.1)
. . . . andamental - Ol A e |+ A+D1
The first step is to diagonalize the fundamental 2-by-2 mati= 20’ He >
, +i D
Recall decomposition di ( Lectures 6-10) Group reorganized "Big-Endian" indexing
(...00,10,20..01,11,21,31 ...02,12,22,32...)
( A BIC ]+A+D1= (A+D)( Lo )+2 ( 0 1 jl +2c( 0 - J1+(A—D)( 101
+1C D 2 0 1 1 0 /2 I 0 )2 0O -1 )2

In terms of Jordan-Pauli spin operators.

H=0Q,1+QeS=0Q,1+Q.S,+Q-S-+Q,S, (ABC Optical vector notation)
=Qy1+Q, S, +Q,Sy +Q,S, (XYZ Electron gpin notation)

Frequency eigenvalues of H-Qq1/2 andfundamental transition frequen€y= . - . :

! = 0

ok

£ _A+D2\(26) +(20)° +(a# D) =A+D1J$A#D-2+ 2 o2
2 2 2 2 2
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2D-Oscillator state nlets
Fundamental eigenstates e n.m | [1L0)  [0.1) b
The first step is to diagonalize the fundamental 2-by-2 matiffe=r = - 2(1)?: A_C ;‘C ol
, +Ii
Recall decomposition di ( Lectures 6-10) Group reorganized "Big-Endian” indexing
(...00,10,20..01,11,21,31 ...02,12,22,32...)
A LiC % A+D "10%,,"01% "0 1% "1 0 %
$pvic D & 21_(AD)§0 127981 08278 0w + (4! )§011&2

In terms of Jordan-Pauli spin operators.

H=0Q,1+Qe S = Qyl+Q,S,+Q-S-+Q,S, (ABC Optical vector notation)
=Qyl+Q. S, +Q,Sy +Q,S, (XYZ Electron spin notation)

Frequency eigenvalues of H-Qq1/2 andfundamental transition frequen€y= . - . :

! :"oi" = =
* 2 2 2

A+ D £4(28)2 +(2C)2 + (A% D) _A+D+\/$A#D'22+ 2,02
"% 2

Polar anglege,9) of +! -vector(or polar anglegp,9+mr) of - ! -vecton givesH eigenvectors.

% .. % .. , .
— * 1, =" * e
4= e [1w)=" e where: -
Coem'en— 4 . e cos— 4 . tan#=—
& 2 ) & 2 ) /
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2D-Oscillator state plets
Fundamental eigenstates I L . 1o oy |
The first step is to diagonalize the fundamental 2-by-2 matfff=r - %‘L' PR

, +1

Reca” decompOS|t|0n dﬂ ( LeCtureS 6 10 ) Group reorganized "Big-Endian" indexing

(..00,10,20..01,11,21,31 ...02,12,22,32...)
%1 o i %

A ||C°/0A+D "1 0% "0 1
Logr %0 0 %2

§+ic o gy FATDg et

In terms of Jordan-Pauli spin operators.

)"1 0 %1
$0 1132

+(A|

H=! ,1+! ¥é:! ol+! ;Sp+! S +! 2S5, (AEC Optical vector notation)
=1 o1+! S+ Sy +! ;S; (XYZ Hectron spinnotation)

Frequency eigenvalues of H-Qq1/2 andfundamental transition frequen€y= . - . :

Wy =

QO+Q A+D+\/ (2C)2+(A—D)2_A+D+\/(A—Dj2+ 2 2
2 2 2 T 2

Polar anglege,9) of +! -vector(or polar anglegp,9+mr) of - ! -vecton givesH eigenvectors.

% " % ( ’ A—D
Painn B £ P i i " coss=""
1) =" * 1) =" *  where: -
+ 1 . * ? ] . *
- s sin§ % . é#? cos§ % + tan# = ¢
& 2) & 2) /

More important for the general solution, are éigen-creation operatora + anda - defined by

s Y %) _ ), : D
a,=e 2| cos—a, +e?sn—a, |, a_=e??| _sn—a, +¢? cos—a
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2D-Osclllator state

Fundamental eigenstates

The first step is to diagonalize the fundamental 2-by-2 matiX

Fundamental _
v=1 -

tinlets
n,np | |10)  [0,1)
(10| A —iC
(04 | r+iC D

+

A+D
2

1

Group reorganized "Big-Endian" indexing
(...00,10,20..01,11,21,31 ...02,12,22,32...)

a3 ool 2 5

Recall decomposition di ( Lectures 6-10)

A B=iC A py[ 10 ) 00
+iC D 2 01 10

In terms of Jordan-Pauli spin operators.

H=! ,1+! ¥S=1 ,1+! .S, +! -Sc+! ,S, (AZC Optical vector notation)
=1 o1+! S+ Sy +! ;S; (XYZ Hectron spinnotation)

Frequency eigenvalues of H-Qq1/2 andfundamental transition frequen€y= . - . :

. L QuEQ A+DH(2 )2+(2C)2+(A—D)2_A+D+\/(—A_Dj2+ 2, 02
. _ _AtD
- 2 2 2 2

Polar anglege,9) of +! -vector(or polar anglegp,9+mr) of - ! -vecton givesH eigenvectors.

g 1772 cosg —g 92 sing cosz9=%
|a)+>= p , |a)_>= p where: 1 c
v/ sinE /2 cos— tang = —

More important for the general solution, are éigen-creation operatora + anda - defined by
a+:e‘i¢/2(cos§a1+ei¢sin§a2), a_:e‘i¢/2(—sin%a1+ei¢cos%az)

a, createH eigenstates directly from the ground state.
a,|0)=|!,), a-|0y=|/ )
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ZD_OSCIHa.tor State - )letS Group reorganized

Setting(©=0=C) and(A=wm. ) and(D=w. ) gives diagonal block matrices. “litde-Endian indexing

(...01,02,03..10,11,12,13 ...
|00) | |0) |10)||02) |11)  |20) | |03) 12) 122) 130) | - 20,21,22,23,...)
(00| o
(01 I, o' 1. =#
19 2 = J(28)2 +(2C2 +(A" D)?
(02 21, A D
(H)= A1)+ D/2)+ Y Fatl
(20 2! .
(03 3.
(12 Io+21,
(2] o1 +1,
<30| 3,

H* = A(afa1 +1/ 2)+ D(aga2 +1/ 2)
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2D-0Osclllator state

) | etS Group reorganized

"Little-Endian" indexing

Setting(©=0=C) and(A=w, ) and(D=w. ) gives diagonal block matrices.

(H)=A1/2)+ D(1/2)+

HA = A(alal +1/ 2) + D(a2a2 +1/ 2)

|00) [ |[01) |10)||02) |11) |20) |03y  |12) 12y |30) | -
(0| O
(04 .
(10 o,
(02 20_
(11 O, +0.
(29 20,
(03 30
(12 o, +20
( ]1 20, +®_
<30| 30,
eﬁlnz = A(n1+%)+ D(n2+%):

A+ D

(...01,02,03..10,11,12,13 ...
20,21,22,23,...)

(M +n,+1)+

(ny—ny)

Tuesday, April 21, 2015

86



ZD_OSCIHa.tor State - )letS Group reorganized

Setting(2=0=C) and(A=w. ) and(D=w. ) gives diagonal block matrices. sy
00) [[01) [10)[]02)  |11) |20} |]03)  |12) 21)  [30) ]! 20:202223)
(00| | 0
(01] W et e =H
(10] o, :\/(2 )> +(2C)* +(A" D)
(02] 20. — A" D
(Hy= A/2)+ D2+ 1 D3O

(20| 20,
(03] 3m_
(12| o, +20_
(21] 20, +o_
(30] 3w,

HA:A(aIa1+1/2)+D(a§a2+1/2) !anz §n1+1%+D§ n, ;08/:) A+D(n1+n2+1)+ ( D(nl(nz)

=) o(m+np+1)+L(n () =) o(* +1)+) m
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2D-Osclllator state
Setting(©=0=C) and(A=w, ) and(D=w. ) gives diagonal block matrices.

) | etS Group reorganized

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...

|00) | [0D) |10) |]02) |11 |20)||03)  |12) 21)  |30) ]! 20,21,22,23,..)
(00| ©
< ll I, F." . =#
. " - J2eP+(2cf+(a D)
(02| o1 . DS
(H)=A(1/2)+D(1/2)+ {11 Pl
(20 2! .
(03 3,
(12 I o+20,
(24 21  +1 .
<30| 3,
' 1 1% A+D A( D
H” = A(ayay +1/2)+ D(aya,+1/2] o, = A+ 12 g, + L AT D 1 ) (O ()
=) ofm s+ 1)+ {m (m) =) o +1)+) m
Definetotal quantum numbers=2j and half-difference asisymmetry quantum number m
n n
+n, |/ — 1 2
= +n, =2 =523 "2
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ZD_OSCIHa.tor State - )letS Group reorganized

Setting(©=0=C) and(A=w. ) and(D=w. ) gives diagonal block matrices. sy
00) [|01) |10)|[02) |11  [20)||03)  |12) 20)  |30)|! 20,21,22.23,.)
(00| 0
(01 . Pl =H
19 o, = J(28)2 +(2C2 +(A" D)?
(02 20 C A D
(Hy= A1/2)+D(/2)+ 1 @, O
(20 20,
(03 30
(12| o, +20_
(21 20, +®_
<30| 30,
1 1) A+D -
HA=A(a1a1+1/2)+ D(a2a2+1/2) EQnZZA(nl+§)+ D(n2+§)= il (n1+n2+1)+ (nl—nz)
=Qq(Mm+ny +1)+%(n1—n2):£20(v+1)+£2 m
Definetotal quantum numbey=2] and half-difference aisymmetry quantum number m
_ntn, | m = h—-n
I'=n +n,=2j ]——2 D) 2
m=+1/2

"+1 =2j+1 multipliesbase frequency=, =1
m multipliesbeat frequency.

.......................

w=(20 m=-1/2
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Two-particle (or 2-dimensional) matrix operators
! U(2) Hamiltonian and irreducible representations

R(3) Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operatsssands.
SU(2)CU(2) oscillators vs. R(3)O(3) rotors

ND mu

2D-Oscillator states and related 3D angular momentum muleﬁts
I

tiplets
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2D-Oscillator states and related 3D angular momentum multiplets o oz

Setting(©=0=C) and(A=w, ) and(D=w. ) gives diagonal block matrices.

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...
20,21,22,23,...)

00) | |01) |10)
(00 | 0
(01 I,
(10 I,
(02
(H) = A(L/2)+ D(L1/2)+ (11
(29
(03
(12
(21
<30|
SU(2) Multiplets
j=3/2 m = :LL ig
< 1
-3/2
j=1/2 1)
" . 1" _1/2
spinor

R(3) Multiplets _

vector

"scalar”

Tuesday, April 21, 2015



2D-Oscillator states and related 3D angular momentum multiplets o oz

Setting(©=0=C) and(A=w, ) and(D=w. ) gives diagonal block matrices.

00| jo1y J10)]]02) |11y |20y ]]03)  |12) 21y [30)]!

(00[ | 0

02| 20_

(Hy= A/2)+ D2+ 1 0. +®

20| 20

<

(03] 3w_

(12| O, +20_
(

<

21| 20, +®_

SU(2) Multiplets R(3) Multiplets _ 107

j=2 +]
m=+3/2 _]

]:3/2 _I_]/Z ,’tel/lSOI"" N,
:ég E<m:+]
0

J=1/2 m=+1/2 "vector" -1

y ., -1/2
spinor =0

"scalar" 3 =

c
[

OFRP N W b 01 ) N 0 O

"Little-Endian" indexing
(...01,02,03..10,11,12,13
20,21,22,23,...)

@, —0_=Q

= (282 +(20)% +(A- DY
=A-D

0

j=2

T
\l

TR T T
IS Q (@)]
N

[
w

f
'

|
0«
|

|
yé

=32

=1

i=1/2 e

'¢
I
1
‘\1
)
!

)
)
v
|

N
.
\

\
|
\\

il
i
i
!
‘\v
4
\

l\§}
%
J
%\
/

/
i
b
i
\
1//‘\1
i
|

i
i
;
'4‘
)

il
b
i
e
il
()
il

%\}
/
/
|

(
/
:
j

|
a
0
!
i
%A
)

6
\

/
;f,z
€?/
)
/

|
j
;&
N
i

f
»'
|

'o
|

()

/

\

A

Y

e
)

®
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2D-Osclllator states and related 3D angular momentum multiplets
. ~ Structure of U(2)

j=0 |g)=|00) "scalar A g : .
(@) N-particle 2-level states (vacwwm) =j00! ...or spin-1/2 states
1/2 '
B 1 ‘ﬂ2>:|10>:|T rsoinor" — |1 ol =3 |0 0! -3/2 ] 272 o +|1 +I3/2 +|2 4!5/2 Mg="J,!
J—E " L N0 1 1/ N=1fky, [2 Spin z-component
52) =109 =|) = 011=a, 00! I N
=)=
1 =|20) 1/1=]20'=a; & 00! (11| N=2 (12| s 2(2 2] = |$l =|i=V2]
|i> 12= |11l =3 & [00! e
j=1 |O>:|11) 3-vector _ B
101[1] N=3 [171]2] k., (1]2[2 2[2/2
" L/ [1/1]1[1] N=4[1]1]1]2 11]2/2]s: [1]2]2]2 212212 2
2] =
|32)=|30)
=lnn) 3 |72)=120) 4spinor Al1al11) [a[1]a71/2 [1[1][2[2] | [1[1]2[22] [1]2]2[22] (2[2]2[2[2]
- a
2 ‘?/1122>:|12> % a4 % 4 % a &
32 Total |[Spin S -
‘-3/2>:|03>
2)=140
2)=I31)
j=2 [3)=[22) "tensor'
i>::|1£§
‘i>::|OZD
!
( j=2= n+n, _
< 2 2 n=J]+m=2v+m
. nlgn2 n=j-m=2v-m
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Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states and related 3D angular momentum multiplets

ND mul(ets

R(3) Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operatsssands.
SU(2)CU(2) oscillators vs. R(3)O(3) rotors
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ND-Osclillator eigensolutions

Introducing U(N)

(a) N-D Oscillator Degeneracy ! of quamtum level v (b) Sacking numbers

Principal Quantum Number Dimension of oscillator
PY triangular

D::O ® numbers
— Q @09, © tictrahedral
U;)Bz N=4 3 }/O numbers
v=4 N=5 ® ”” & ‘R <%
V=5 N=6 ¢ 00000 10(&
V=6 N=7
V=1 N=8

0
1 \O) 1
N NX)
(3

(c) Binomial coefficients (3\, (0"(3\, ‘J-" (3\"\2/ /3\
(N- 1+1))v N-1+v — N-1+1) A O 74\ L (), ) AN (\3/ /4\
(N-1)!v! \O) (\1/’ (\2) (\3/’ (\4/
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ND-Osclillator eigensolutions

Introducing U(3)
(b) N—partzcle 3 level states ...or spin-1 states
= |100)y=a,T1000)
010)=a,T1000)
=100 1)=a;T |0 0 0)

w =
||

=1
1= |T> :|]m=+1
_ _1j=1
2 =|e)=1/"7)
_ _1j=1
3= [=[=1)
’/ﬁas 3 a3T:2\
a3 a1 a3
(vacuum)
|00w
1
T
2.9,
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2 —(xlz+x§) _(X12+X§) 2

¥ 0aet)= %“/flo(xl'xz)e_iwmt + o (X %) e e — T J2xe Pt 4 2y, e ot
T

2

X + X for: t=0

e—(xf+X§) —(xf+x§) ‘ 1 2‘
= (X12 + X5 + 2% X cos(wyg— a)01)t) = IXP+x5  forit=t, /4 (21.1.30
n T

2

‘xl = xz‘ forit=tyeg /2
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Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states and related 3D angular momentum multiplets
ND multiplets
*R(B) Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operatsssands.

SU(2)CU(2) oscillators vs. R(3)O(3) rotors
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R(3) Angular momentum generators by U(2) analysis Group reorganized "Big-Endian” indexing

(..00,10,20..01,11,21,31 ...02,12,22,32...)
(..00,10, 01, 20,11, 02, 30, 21, 12, 03,

(v=1) or (=1/2) block H matrices of U(2) oscillator 40,31,22,..)
Use irreps of unit operatd8, =1 and spin operatofsSy, Sy, S;}.  (also known aq; S;,5:.S,})

0 1 % "()Iio 1 0%
o . e 80 - g0 Ll $- 0
A pHiC L AD L 0P8 20 e 20w (1 D)3 2
Boeic D & 2R018 T81 0 T80 $. 1
2 " & #2 & 20 2
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R(3) Angular momentum generators by U(2) analysis Group reorganized "Big-Endian” indexing

(...00,10,20..01,11,21,31 ...02,12,22,32...)

(v=1) or (=1/2) block H matrices of U(2) oscillator (0010, 01 2011, 0230, 21 12,03

40, 31,22,...)

Use irreps of unit operatd8, =1 and spin operatofsSy, Sy, S;}.  (also known aq; S;,5:.S,})

) 0 R 0 i Loy %
. $0 — $0 ! $- 0
A iC D10 g 2 L0 2 (41 D)$ 2 !
Boeic 0 oa 28018 31 ! i $. 1
) & ) & 2 2%
(vV=2) or (=1) 3-by-3 block usgs their vector irreps. \4 \
PN S AN &
foon i) v A S I
o RPN S I SO N- SN SO O AR
B2(p+ic)  a+p  N2(pric) §=(a+D)Rr 1 » (42 34_2 “ N2 +2C%,-_2 .2 (41 D) o v
$° @
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R(3) Angular momentum generators by U(2) analysis

(v=1) or (=1/2) block H matrices of U(2) oscillator

Use irreps of unit operatd®; =1 and spin operatodsSy, Sy, S;

Group reorganized "Big-Endian" indexing
(...00,10,20..01,11,21,31 ...02,12,22,32...)
(...00,10, 01, 20,11, 02, 30, 21, 12, 03,

40, 31,22,...)

}.  (also known ad: S-,S:,S,})

%

; 0 . P 0 11 0 Ly
. A 1ic o 4D 1 0%+2§ 5'+2C$ 5'+(A!D)$E !
2roeic D & 2%018& $1 . T $i $ 1
—~ 0 — 0 0 ! =
%2 & %2 & % 2 &
(vV=2) or (=1) 3-by-3 block usgs their vector irreps. \4 \
# & # &
Fooon W2(eric) & o % o ”%
" | TN - SN & JO 2 W
B2(z+ic)  A+D  V2(mric) f=(A+D)r 4 --E+2 3?72 72 +2cg§)i72 !i72 +(Ar D)o o - E
% \/E( +iC) 2D ﬁ.. t 1 g/g \/E g/g \/E ﬁ,. -
Y @5
(v=3) or (=3/2) 4-by-4 block usgs Dirac spinor irreps. \
N %o s %o g o
< 34 B(ric) % s (2 ! (j g (g C %E( ¢ O
3 L (% §3 a0 %8 4 $ 1 |
3 3(p+ic) 244D Na(pric) aen)S 1 (.82 O3 o gy Ot O s (5 ( (
% = $ +25g +2Cg \ +(A! D)$
$ va(pwic) - avzp Na{pric), 2 @GOG g 4 Ve g e e G
% V3(5+iC) 3D g ceitea % 2 Nz 2: % ° e 2: % 2|3:
2OOCS (p 30 2 (o 300 Ulgy
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R(3) Angular momentum generators by U(2) analysis Group reorganized "Big-Endian” indexing

(..00,10,20..01,11,21,31 ...02,12,22,32...)

(v=1) or (=1/2) block H matrices of U(2) oscillator (0010, 01 2011, 0230, 21 12,03

40, 31,22,...)

Use irreps of unit operatd8, =1 and spin operatofsSy, Sy, S;}.  (also known aq; S;,5:.S,})

1 ) 1 %
A Blic% AD" 1 0%, $O§:+ $0'§:+ sz O
$ovic D & 28018 281 "%, ' (A'D)g 1
22 s 22 Y& 3° 2%
(v=2) or (=1) 3-by-3 block us%s their vector irreps. \4 \
V2 2
2A  2(B-iC) : o 2 Ty .
V2(B+iC)  A+D  2(B-ic) |=(A+D)| . 1 . |+2 V2o a2 e iﬁ . _iﬁ +(A-D)| . 0 -
2 2 2 2
- J2(B+ic) 2D ] 5 S5 S
2 2
(v=3) or (=3/2) 4-by-4 block us%s Dirac spinor irreps. \ \
EC R NE 3
3 3(B-iC) 2 2 2
Ja(e+ic)  2a+D  Ja(B-ic) _3(A+D) 11 | , % ' % e i% ‘ ‘i% ‘ ol % '
Ja(B+ic)  A+2D  3(e-ic) | 2 --1-1+ ﬂ.ﬁJr R/ _i@Jr(_).._%.
B(e+ic) A | .Zi@ ’ T
2 2
(v=2)) or (2j+1)-by-(2j+1) blockluses O(s,) irreps of U(2) or R(3). l
(H) % =20, (1)’ + Q,(s.) +QY<£Y>j +Q, (s,)
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R(3) Angular momentum generators by U(2) analysis Group reorganized "Big-Endian” indexing

(..00,10,20..01,11,21,31 ...02,12,22,32...)
(..00,10, 01, 20,11, 02, 30, 21, 12, 03,

(v=1) or (=1/2) block H matrices of U(2) oscillator 40,31,22,..)
Use irreps of unit operatd8, =1 and spin operatofsSy, Sy, S;}.  (also known aq; S;,5:.S,})

\ ST T S TN
A 1ic o 4D 1 0%+2§ 2'+2C% 2 (A'D)gz '
Bovic D & 2 30 1& $1 $i o, B I
22 & %2 & 2 2¢
(vV=2) or (=1) 3-by-3 block usgs their vector irreps. \4 \
V2 2
24 \/5( —iC) : 1. . 2 12 1 - .
V2(5+ic)  a+D  N2(5-iC) —(A+D){. 1 .}+2 % . % +2C i% . _,-g +(A—D)[. 0 - }
. V2(5+ic) 2D Cod NG 2 ot
o2 ooz
(v=3) or (=3/2) 4-by-4 block usgs Dirac spinor irreps. \ \
O N A S ST B N A BV,
; 3a  3(Bric) v ) " %I 2 y : g\/_ 2 y : $2 :
B 3(s+ic) 2a+D  Va(51ic) Aae)S i (87 (% (2T (g :+(A'D)§<§ (
% Ja(B+ic)  A+2D x/é(!iC):_ 2 $( (1 % Ja @: % Va4 @: s 1 !
- B(((1a g ( ( g (1 € i s (Ol O
§ V3(B+ic) 3Dy $ 2 N 2 $ 2 5 2 g 3
OO T TG G G
(vV=2j) or (2j+1)-by-(2j+1) blockluses B(s,) irreps of U(2) or R(3). l
<H>j! block =" 0<1>j+ " <S >j I Y<Sy>j nt Z<Sz>j
All ]-block matrix operators factor int[aise—n-lovu'ergpen{ tisy plus thEl diagonas;

<H>j‘bl“"=2jgo<1>j+[(g —i))(s, +is, Y +(Q, +iQ,)(s —iSY>J}/2+QZ<SZ>j

Tuesday, April 21, 2015 103



Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states and related 3D angular momentum multiplets
ND multiplets
R(3) Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operatsssands. ‘

SU(2)CU(2) oscillators vs. R(3)O(3) rotors
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Angular momentum raise-n-lower operat&sandS.

(s+:s +isY) and ( S.=S.-iSy =S, )

Starting withj=1/2 we see theS+ is anelementary projection operat@i, = |1)(2| = P31
1 i

— 0O ——
2 : p) 0 1
+ 1 . = - P12
0 | 0O O

— 0
2

Such operators can be upgradedreation-destruction operatarombinationa a

1 0

N | —

)
s, =aja,=a'a. , S, = (ajaz) —aja, —aa,
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Angular momentum raise-n-lower operat&sandS.

(s+:s +isY) and ( S.=S.-iSy =S, )

Starting withj=1/2 we see theS+ is anelementary projection operat@i, = |1)(2| = P31

O NIk

0 ——
il 2 :(gé):pﬂ
— 0

2

i
Such operators can be upgradedreation-destruction operatarombinationa a

I~~~

(0))]

+

wm

_<

N—

I
NIk, O

.
s, =aja,=ala. , S, = (ajaz) —aja, =ala,

11 '%

Hamilton-Pauli-Jordan representationspfis: <Sz>#§§b: D2 s,)=

HFHHHF
O NIk
N |~

RO Ro Qo Ro &
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Angular momentum raise-n-lower operat&sandS.

(s+:s +isY) and ( S.=S.-iSy =S, )

Starting withj=1/2 we see theS+ is anelementary projection operat@i, = |1)(2| = P31

i
1 0

1
1 1 1 " 0 -
(s,)?=D*(s,)=D>(s, +is, )= SRR :[ 0 1) =Py
l 0 O
0 5 0

Such operators can be upgradedreation-destruction operatarombinationa a

N | —

s,=a,a,=aa, , s, =(a,a,) =a,a,=a.a
N Lo 3
Hamilton-Pauli-Jordan representationsgfis: <SZ>(2):D(2)(SZ):ﬁ (2) 1 gﬁ
2
This suggests aa a form for s. s,=3(aja, —aja,)=3aja,-ala,)
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Angular momentum raise-n-lower operat&sandS.

(s+:s +isY) and ( S.=S.-iSy =S, )

1 $ !O'i$

|
L1 . #0 - & # S & |
I . o\ 2 . 2% 1o 1% _
<S+>2_D2(S+)—D2(S +|SY)—ﬁl O§+Iﬁi_ . g—#o O@‘( _P12
#2 " & ¥#2 &

Such operators can be upgradedreation-destruction operatarombinationa a

Let a,=a, createup-spinT

1/2

0-[1)-| Ly, a0

Starting withj=1/2 we see thaS+ is anelementary projection operat@i, = |1)(2| = P1>

s,=a,a,=3aa. , S, :(alaz) =a,a, =a.a,
N 10 %
Hamilton-Pauli-Jordan representationsefis: <sz>(2):D(2)(sz):ﬁ (2) 1 gf,
)
This suggests am a form for s;. Sz:%(alall azaz):%(a-- a, ! a#a#)
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Angular momentum raise-n-lower operat&sandS.

(s+:s +isY) and ( S.=S.-iSy =S, )

Starting withj=1/2 we see thaS+ is anelementary projection operat@i, = |1)(2| = P1>
1 $ ! i %
A 0 "~ & $

2 2% o 1% _

; i &% o0 & =P
2 &
Such operators can be upgradedreation-destruction operatarombinationa a

& #
&+ i#
& #
&) #

s,=aa,=a,a. , S, :(alaz) =a,a, =a.a,
N 1 0%
Hamilton-Pauli-Jordan representationsgfis: <SZ>(2) = D(Z)(sz):ﬁ (2) 1 gﬁ
"2
This suggests am a form for s;. Sz:%(alall azaz):%(a-- a, ! a#a#)
Leta/=a' createup-spinT Let a,=a, createdn-spinl
1/2 1/2
= = —q" —a’ 2)= \L = — 0)= 0
-[1)-| 1ty s 2-14)-| 35 om0
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Angular momentum raise-n-lower operat&sandS.

(s+:s +isY) and ( S.=S.-iSy =S, )

Starting withj=1/2 we see theS+ is anelementary projection operat@i, = |1)(2| = P31

.

l

0 ——

) 2 0 1

+ = j—

o, [00) P12

L0
2

Such operators can be upgradedreation-destruction operatarombinationa a

O NIk

NIk, O

s,=aa,=a,a. , s#:(alaz) =a,a, =a.a,
1
o | o 1) _pl |20
Hamilton-Pauli-Jordan representationsofis: (s, ) (s,) )
™2
This suggests am a form for s;. Sz:%(alall azaz):%(a--a-- | a#a#)
Letaj=a' createup-spinT Let a,=a, createdn-spinl
1/2 1/2
ENN ot ) —a —1) = —ail0)=a’
-[1)-| 1ty s el)=| 1 oo

s,=a,a,=a, a, destroysin-spinl
createsup-spinT

to raiseangular momentum by oreunit
aa. | )=|!) or aa,l2)=[1)
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Angular momentum raise-n-lower operat&sandS.

(s+:s +isY) and ( S.=S.-iSy =S, )

Starting withj=1/2 we see thaS+ is anelementary projection operat@i, = |1)(2| = P1>

' 0 19 ! i 8
1 1 1 # S & # o &
 n2fe V=2 _ 2 . 2 'o0 1%
<S+>2_D2(S+)—D2(S +|SY)—ﬁ 1 . §+Iﬁ I_ . g—# 0 0 & — P12
#2 " & #2 &

Such operators can be upgradedreation-destruction operatarombinationa a

)
s, =aja,=a'a. , S, = (ajaz) —aja, —aa,

Hamilton-Pauli-Jordan representationssfis: <SZ>(2) = D(z)(sz)=

This suggests am a form for s;.

Let a,=a, createup-spinT

1/2

s,=a,a,=a,a destroysin-spinl
createsup-spinT

to raiseangular momentum by oreunit
aa. | )=|!) or aa,l2)=[1)

1)=|T)=

1
, 0O
0 -
—1 -1

Let a,=a, createdn-spinl

1/2
2)={!)= =a,|0)=a, |0
25| 3y a0 o
s, =a,a,=a.a,destroysup-spinT
creategin-spin
to lower angular momentum by oreunit
a,a.|")=|!) or aa,l1)=2)
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Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states and related 3D angular momentum multiplets
ND multiplets
R(3) Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operatsssands.

*SU(ZKU(Z) oscillators vs. R(3)O(3) rotors ‘

Tuesday, April 21, 2015 112



SU(2)CU(2) oscillators vs. R(3)O(3) rotors
U(2) boson oscillator statgny,ny)

Oscillator total quantav=(n;+ny)

) (@) o

n!n,!

Inn,)=
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SU(2)CU(2) oscillators vs. R(3)O(3) rotors
U(2) boson oscillator staten;,n,)= R(3) spin or rotor stateb’»

Oscillator total quantav=(n;+n,) Rotor total momentg= v/2

(@) (@) s (@) @)
) = = 00) = 2 —r]00) <

m
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SU(2)CU(2) oscillators vs. R(3)O(3) rotors
U(2) boson oscillator statersy,n;)= R(3) spin or rotor statef, )

Oscillator total quantav=(n;+n,) Rotor total momentg= v/2 and z-momentan=(m-ny)/2

nn :(al)"l( )nz (al)f+m(a )J' ) [j:U/Z :(nl-nz)/z}
)= e 00) = s s 100) =) ()2
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SU(2)CU(2) oscillators vs. R(3)O(3) rotors
U(2) boson oscillator statesy,n;)= R(3) spin or rotor statef,)

Oscillator total quantav=(n;+n,) Rotor total momentg= v/2 and z-momentan=(m-ny)/2

(&) @) (a1)1+m(a2)j!m B i = v/2 =(N+NY)2 {ni:“m}
nn,) = |OO>_\/(j+m)!(j! m)!|oo>—\m>  =()2 = im
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SU(2)CU(2) oscillators vs. R(3)O(3) rotors
U(2) boson oscillator staten;,n,)= R(3) spin or rotor stateb’»

Oscillator total quantav=(n;+n,) Rotor total momentg= v/2 and z-momentan=(m-ny)/2

Inn,) = (al nl(az)nz|00 = (a1)1+m(a2)“m |OO>:‘ in> [J = /2 :(n1+n2)/2} {nl - j.+m}

n!n,! J(i+m)t(jt m) m =(ny-n,)/2 N, = j-m

U(2) boson oscillator states H(2) spinor states

(@) (@) . (@) ()"
|n!n..>— m | O> \/(]+m) (]#m)|00> |>
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SU(2)CU(2) oscillators vs. R(3)O(3) rotors
U(2) boson oscillator staten;,n,)= R(3) spin or rotor stateb’»

Oscillator total quantav=(n;+n,)  Rotor total momentg= v/2 and z-momentan=(n-ny)/2
;) = (al,—)nl(az)nz 00) = (@) " (@) " 00)=},) I =02 =(neHng)f2) = rm
A (ET T TIC TR M =(ny-ny)/2 Ny = j-m

U(2) boson oscillator states H(2) spinor states

(""!T )n1 (""'T )n2 100) = (af )j+m (""'T )j#m 00)=])

n n,! \/(j+m)!(j#m)!

)=

Oscillatora a...

a,a, | nn, >:\/ I‘11+1\/n72 | n+1 n2'1>
a,a,|nn,)=\/n,/n,+1 n-1n,+1)
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SU(2)CU(2) oscillators vs. R(3)O(3) rotors
U(2) boson oscillator staten;,n,)= R(3) spin or rotor stateHﬂ>

Oscillator total quantav=(n;+n,) Rotor total momentg= v/2 and z-momentan=(m-ny)/2

a0) (a1)" gy () v [Jm}
|OO> |OO> ‘ > m =(ny-n,)/2 N, = |-mM

n!'n, \/(j+m)!(j—m)!

|nln2> =

U(2) boson oscillator states H(2) spinor states

a) (@) (@) ()
=22 00)-
n,!n,!

Oscillatog{a give s, matrices

\
aa, | nn, >:« /n1+1\/z | n+l n2-1> s,

a2a1| n1n2>:\/n_1 \ /n2+1l n-1 n2+l>

100)=1)

\/(j+m)!(j—m).

J
m+l

NS ETENIT
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SU(2)CU(2) oscillators vs. R(3)O(3) rotors
U(2) boson oscillator staten;,n,)= R(3) spin or rotor stateHﬂ>

Oscillator total quantav=(n;+n,) Rotor total momentg= v/2 and z-momentan=(m-ny)/2

_(""1)”1(""2)”2 _ (al)j+m(a2)j!m _| [j =V/2 :(nl+n2)/2} {nlzj'l'm}
miny) === —{00) = NI m)!|oo>—\m> n =(en)2 n, = im

U(2) boson oscillator states H(2) spinor states

) o), )
nyln,! |OO>_\/(j+m)!(j—m)!|00>_|m>

Oscillatog{a give s, ands. matrices

a,a, | n1n2>=« /n1+1\/z | n+l n2-1> =S, ;>:\/ j+m+1\/ j—m £1+1>
a2a1| n1n2>:\/n71 \ /n2+1l n-1 n2+1> =S _| ;>:\/ Jj+m \/ Jj—m+l ;_l

)=
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SU(2)CU(2) oscillators vs. R(3)O(3) rotors
U(2) boson oscillator staten;,n,)= R(3) spin or rotor stateb’»

Oscillator total quantav=(n;+n,) Rotor total momentg= v/2 and z-momentan=(m-ny)/2

j=v/2 =(n1+ny)/2) (N =j+m
m =(m-ny)/2 Ny = J-m

()" ()" g (a) (@) "
0= TGy

U(2) boson oscillator states H(2) spinor states

nn )=l g- ol o) g,

Jnn,! J(i+m)(j#m)
Oscillatog{a give s, ands_ matrices 1/2-difference of number-ops $s eigenvalue

ala,/nn,)=n|nn,)

a,a, | nn, >=« /n1+1\/z | n+l n2-1> =S,
a,a, | myn, >:\/n71 Vot n-lnytl) =i —| £1>=\/ jrmyj-m+l,

£1>=\/j+m+1\/j —m ,LHJ afa1| nn, >:n1| n, n2> }
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SU(2)CU(2) oscillators vs. R(3)O(3) rotors
U(2) boson oscillator staten;,n,)= R(3) spin or rotor stateb’»

Oscillator total quantav=(n;+n,) Rotor total momentg= v/2 and z-momentan=(m-ny)/2

2 V(o )" 2 V" ()" j=v/2 =(n1+ny)/2) (N =j+m
PR OO O Y M o

JG+m)(jr m)! m =(m-Nny)/2 N =J-m
U(2) boson oscillator states H(2) spinor states

|n! n..>: (a! )nl(a )n2| 00)= (a )]+m(a..)j#m OO>:|ﬂn>

Juint O G Gy
Oscillatog{a give s, aqj‘s_ matrices 1/2-difference of numbyps %envalue

aIaz|nln2>: /n1+1\/E| n+1 n2-1>! S, :n>:\/J+m+l\/j "m £n+1> a a]Jnlnz _n1|n1n2 ‘ a aa a ; nl n2| > m| D
aja,[nn,)=/n JnH[n-1n+) 1 (s D=/j+mj mH] L ) @ 8y )=ny| i, ) 2

m
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SU(2)CU(2) oscillators vs. R(3)O(3) rotors
U(2) boson oscillator staten;,n,)= R(3) spin or rotor stateb’n>

Oscillator total quantav=(n;+n,) Rotor total momentg= v/2 and z-momentan=(m-ny)/2

@) (@) g (@) @) j =072 =(nn;)/2 {n1=j+m}
Inn,)= ! |OO>_\/(j+m)!(j! m)!|oo>—\m> m =(ny-ny)/2 M, = j-m

U(2) boson oscillator states H(2) spinor states

) o0 a0

Oscillatog{a give s, aqj‘s_ matrices 1/2-difference of numbyps %envalue
aa2|n1n2 _«/”1 1\/Z|n1+1n2- il>—\/]+m+1\/] m £1+1> *a|nn n|nn ‘ Ta aa : > Fd’D
aa1|n1n2 _\/7\/”’2 Hn1n,41)! (s, £1>_\/J+m\/f m+y),. aa|nn |nn ’

j 1 vectors, o2 o - --andsz -
. 2 .
o2 N2 B S
N 2 2 7
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SU(2)CU(2) oscillators vs. R(3)O(3) rotors
U(2) boson oscillator staten;,n,)= R(3) spin or rotor statebf»

Oscillator total quantav=(n;+n,) Rotor total momentg= v/2 and z-momentan=(m-ny)/2

a, | \a, a, o a, o j =02 =(n1#Nny)/2) (N =j+m
=\ )( ) 00)= J( ) )((])m)|oo> ) [m ()2 } {nz: j_m}

U(2) boson oscillator states H(2) spinor states

|n! n,,>:(a! )nl(a..)n2|oo>_ (a! )j+m(a )j#m 00)= | >

Jnn,! J(i+m)(j#m)

Oscillatoga give s, aqj‘s_ matrices 1/2-difference of numbyps %envalue
aQ,a |n1n2>_ L 1\/Z|nl+ln2 1>| S, ifl>:\/j+m+1\/]."m £1+1> a aJJnlnz _n1|n1n2 ‘ a a-a a i\ n2| > m| D
a a1|nln2 V=, Jn#l n-Ln, D) ! s |£1>:\/j+m\/j" m+l /. a,a,|nn, )=n,|nn,) 2

% " % "
j 1 vectors, % | % g (i% L y --andsz s | 1 .‘
o L\ 8 e gt V2 L s
D'(s,)=D (sx+'sY):§g | %EH?% | (i%i—m') (.) Iz;&» D(sz)z§ Lo
§ ! V2 o § ! iﬁ L ﬁ - (1 '&
\_ 2 & 2 & Y,
1—3/2 SpiNors. andsz 43, |, %
% $ 2 '
$ ICIE 'o.. y g R L
g =$0 | \/Z | := g % g ¥ R !
D(S)glo |J§-£D(S(& D(SZ)g!!(} o
ﬁ! ! 0 ! l& $ 2 .
$ I I (§ :
N\ ? iy
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SU(2)CU(2) oscillators vs. R(3)O(3) rotors

U(2) boson oscillator staten;,n,)= R(3) spin or rotor stateHﬂ>

Oscillator total quantav=(n;+ny)

Rotor total momentg= v/2 and z-momentan=(n;-n,)/2

(a)"(a,)"

|”1”2> =

[n1n.
n!n,!

(@) "(2.)"

00)-

JG+m)(jt m)

00)=[,)

[j = /2 =(Ny+ny)/

m =(m-ny)/2

il

ng = j+m
N, = |-mM

U(2) boson oscillator states H(2) spinor states

@) (@)

_ (@) ")

nn, )= 00)= 00
N O G
Oscillatoga give s, ands. matrices 1/2-difference of numbﬁps 35 eigenvalue
a,a,|nn,)=/n+n,|n+n00 (s D)=/+ma i m L) aalnn)=n/nn,) 1= )|">:n1%]2|‘>:rr1">]
aa1|nn = ALt s h=j+myjrme] L a,ajnn,)=n;nn,) g el
j 1 vectors, o o - -.andsz 1
Y L
D'(s,)=D'(sy +isy )= g : % +i i% _ig =0 . 2 | D'(s, )= 0
Q |_2 .0 - |
\_ 2 2 2/
j=3/2 spinors. andszz3 , , , *) (" j=2tensors., ands; )
0 $ 2 ' " B
: $'I!!'A..3O; U A g Va1 "1 1 1 %
p(s)=§0 P Lisi(s ) pifs,)=8 : 30 ! VB Do,
$! 0 1 V3o & oo D*(s.)=g¢ 1 o 1 3 | '=(D2(5<))’ D(sz)=g 1 10 1 1
B0 1 oa $ 2 S,y o 1 i e
%! L (%:& ﬁ; o 1% P11 (2a
\_ AN ' ' ' _J
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