Group Theory iIn Quantum Mechanics
Lecture 2441415

Harmonic oscillator symmetry U(LJJ(2)! U(3)...
(Int.J.Mol.Sci14, 714(2013) p.755-774 , QTCA Unit 7 Ch. 20-22 )
(PSDS - Ch. 8)
1-D a a algebra of U(1) representations
Creation-Destructior a algebra
Eigenstate creationism (and destruction)
Vacuum state
1st excited state
Normal ordering for matrix calculation
Commutator derivative identities
Binomial expansion identities

Matrix "a"a"# calculations
Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eig8rstate

Harmonic oscillator beat dynamics of mixed states

Oscillator coherent states (OShovedO and OkickedO states)
Translation operators vs. boost operators
Applying boost-translation combinations
Time evolution of coherent state
Properties of coherent state and OsqueezedO states

2-D a a algebra of U(2) representations and R(3) angular momentum operators
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1-D a a algebra of U(1) representations

Q: How to convertlassicalHO Hamiltonian taguantumHO Hamiltonian?

E=H(x p):ﬁp%%lvl! 2 2
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1-D a a algebra of U(1) representations

How to convertlassicalHO Hamiltonian taquantumHO Hamiltonian?
1 2 1. 22
E=H(X,p)=—p"+—Mw” X
(X, p)=- P+

A:Rewriteclassical H(x,pwith athick pen!
H(x,p) = p%/2M +V(X) = p/2M +M! *x?/2 (with: p =1k)
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1-D a a algebra of U(1) representations

Q: How to convertlassicalHO Hamiltonian taguantumHO Hamiltonian?

E=H(x p):ﬁp%%lvl! 2 2

A:Rewriteclassical H(x,pwith athick pen!
H(x,p) = p%/2M +V(X) = p/2M +M! *x?/2 with: p =1k

Q: How tosolvea quantum HO Hamiltonial(x,p)?
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1-D a a algebra of U(1) representations
Q: How to convertlassicalHO Hamiltonian taguantumHO Hamiltonian?
1 - 1

E:H(x,p):ﬁp +§M! 2 x?

A:Rewriteclassical H(x,pwith athick pen!
H(x,p) = p%/2M +V(X) = p/2M +M! *x?/2 with: p =1k

Q: How tosolvea quantum HO Hamiltonial(x,p)?

A:Rewrite H(x,p) with aTHICKER pen! (Showsx! p symmetry)
H = P>+ X*where:X =IM | x/12 andP = p/!(2M)
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1-D a a algebra of U(1) representations

Q: How to convertlassicalHO Hamiltonian taguantumHO Hamiltonian?

1

E:H(X,p)=mp

24 1 M X°
2
A:Rewriteclassical H(x,pwith athick pen!
H(x,p) = p%/2M +V(X) = p/2M +M! *x?/2 with: p =1k

Q: How tosolvea quantum HO Hamiltonial(x,p)?

A:Rewrite H(x,p) with aTHICKER pen! (Showsx! p symmetry)
H = P>+ X*where:X =IM | x/12 andP = p/!(2M)

Q: OK!manar But, really howdo you solve a quantum HO Hamiltoniklix,p)?
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1-D a a algebra of U(1) representations

Q: How to convertlassicalHO Hamiltonian taguantumHO Hamiltonian?
1 2.1, 22
E=H(x,p)=——p°+=-Mw
(x.p) 2Mp 2 *

A:Rewriteclassical H(x,pwith athick pen!
H(x,p) = p%/2M +V(X) = p/2M +M! *x?/2 with: p =1k

Q: How tosolvea quantum HO Hamiltonial(x,p)?

A:Rewrite H(x,p) with aTHICKER pen! (Showsx! p symmetry)
H = P>+ X*where:X =IM | x/12 andP = p/!(2M)

Q: OK!manar But, really howdo you solve a quantum HO Hamiltoniklix,p)?

A:FactorP+X?! (Usex! p symmetry)
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1-D a a algebra of U(1) representations

Q: How to convertlassicalHO Hamiltonian taguantumHO Hamiltonian?

1 1
E:H(x,p)Zﬁp2+§M! 2 x?

A:Rewriteclassical H(x,pwith athick pen!
H(x,p) = p%/2M +V(X) = p/2M +M! *x?/2 with: p =1k

Q: How tosolvea quantum HO Hamiltonial(x,p)?

A:Rewrite H(x,p) with aTHICKER pen! (Showsx! p symmetry)
H = P>+ X*where:X =IM | x/12 andP = p/!(2M)
Q: OK!manar But, really howdo you solve a quantum HO Hamiltoniklix,p)?

A:FactorP+X?! (Usex! p symmetry)

H(x,p) = P“+X°= (X-iP)(X+i P)
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1-D a a algebra of U(1) representations

Q: How to convertlassicalHO Hamiltonian taguantumHO Hamiltonian?

E=H(x p):ﬁp%%lvl! 2 2

A:Rewriteclassical H(x,pwith athick pen!

I
H(x,p) = p?/2M +V(X) = p%/2M +M! *X?/2 with: p =1k :;'_X

Q: How tosolvea quantum HO Hamiltonial(x,p)?

A:Rewrite H(x,p) with aTHICKER pen! (Showsx! p symmetry)

H = P>+ X*where:X =IM | x/12 andP = p/!(2M)

Q: OK!manar But, really howdo you solve a quantum HO Hamiltoniklix,p)?

A:FactorP?+X? But, recall thaX andP donQOt.commute..(Usex! p symmetry)

H(x,p) = P?+X?= (X-iP)(X+i P)/2 + (X+iP)(X-iP)/2...50 make symmetric facto
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1-D a a algebra of U(1) representations

Q: How to convertlassicalHO Hamiltonian taguantumHO Hamiltonian?
1 1

2 2 .2
E=H =——p +—M!
(x, p) YL X
A:Rewriteclassical H(x,pwith athick pen!
I
H(x,p) = pZ/2M +V(X) = pZ/2M +M! 2x2/2 with: p = ! K :T%
Q: How tosolvea quantum HO Hamiltonial(x,p)?
A:Rewrite H(x,p) with aTHICKER pen! (Showsx! p symmetry)

H = P>+ X*where:X =IM | x/12 andP = p/!(2M)
Q: OK!manar But, really howdo you solve a quantum HO Hamiltoniklix,p)?

A:FactorP?+X? But, recall thaX andP donQOt.commute..(Usex! p symmetry)

H(x,p) = P?+X?= (X-iP)(X+i P)/2 + (X+iP)(X-iP)/2...50 make symmetric facto

Recallcommutatorx , p] relation: &x,p#%xp-px=!il

Thursday, April 16, 2015 11



1-D a a algebra of U(1) representations

Q: How to convertlassicalHO Hamiltonian taguantumHO Hamiltonian?

E=H(x p):ﬁp%%lvl! 2 2

A:Rewriteclassical H(x,pwith athick pen!

I
H(x,p) = p%/2M +V(X) = p/2M +M! *x?/2 with: p =1k :TK
Q: How tosolvea quantum HO Hamiltonial(x,p)?
A:Rewrite H(x,p) with aTHICKER pen! (Showsx! p symmetry)

H = P>+ X*where:X =IM | x/12 andP = p/!(2M)

Q: OK!manar But, really howdo you solve a quantum HO Hamiltoniklix,p)?

A:FactorP?+X? But, recall thaX andP donQOt.commute..(Usex! p symmetry)

H(x,p) = P>+ X*= (X-iP)(X+i P)/2 + (X+i P)(X-iP)/2...s0 make symmetric facto;

Recallcommutatofx , p] relation: [x.p]=xp-px=!il

Proof:

g ) Sovs)
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1-D a a algebra of U(1) representations

Q: How to convertlassicalHO Hamiltonian taguantumHO Hamiltonian?

1
E=H(X, p):ﬁp2+§ M X°

A:Rewriteclassical H(x,pwith athick pen!

I
H(X,p) = pY2M +V(X) = pY2M +M! X2/2 with: p = 1 k :?K
Q: How tosolvea quantum HO Hamiltonial(x,p)?
A:Rewrite H(x,p) with aTHICKER pen! (Showsx! p symmetry)

H = P>+ X*where:X =IM | x/12 andP = p/!(2M)

Q: OK!manar But, really howdo you solve a quantum HO Hamiltoniklix,p)?

A:FactorP?+X? But, recall thaX andP donOt.commute.. (Usex! p symmetry)

H(x,p) = P>+ X*= (X-iP)(X+i P)/2 + (X+i P)(X-iP)/2...s0 make symmetric facto;

Recallcommutatofx , p] relation: [x,p]=xp-px=!i1

Proof:
!

)= g - S )= g (v - S
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1-D a a algebra of U(1) representations

Q: How to convertlassicalHO Hamiltonian taguantumHO Hamiltonian?

E=H(x p):ﬁp%%lvl! 2 2

A:Rewriteclassical H(x,pwith athick pen!
|1
H(x,p) = p/2M +V(X) = p/2M +M! 2x?/2 with: p =1k =——

Q: How tosolvea quantum HO Hamiltonial(x,p)?

A:Rewrite H(x,p) with aTHICKER pen! (Showsx! p symmetry)
H = P>+ X*where:X =IM | x/12 andP = p/!(2M)

Q: OK!manar But, really howdo you solve a quantum HO Hamiltoniklix,p)?

A:FactorP?+X? But, recall thaX andP donOt.commute.. (Usex! p symmetry)

H(x,p) = P>+ X*= (X-iP)(X+i P)/2 + (X+i P)(X-iP)/2...s0 make symmetric facto;

Recallcommutatorx , p] relation: &x,p#%xp -px=ri 1

Proof: ' )
<x‘x_[:)-:|_?x‘! >:!—.$ —1 (x)#Tx! (x)z :'?%(" )
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1-D a a algebra of U(1) representations

Q: How to convertlassicalHO Hamiltonian taguantumHO Hamiltonian?

E=H(x p):ﬁp%%lvl! 2 2

A:Rewriteclassical H(x,pwith athick pen!

I
H(x,p) = p%/2M +V(X) = p/2M +M! *x?/2 with: p =1k :TG
Q: How tosolvea quantum HO Hamiltonial(x,p)?
A:Rewrite H(x,p) with aTHICKER pen! (Showsx! p symmetry)

H = P>+ X*where:X%IM ! x/12 andP%p/!(2M)
Q: OK!manar But, really howdo you solve a quantum HO Hamiltoniklix,p)?

A:FactorP?+X? But, recall thaX andP donOt.commute.. (Usex! p symmetry)

H(x,p) = P>+ X*= (X-iP)(X+i P)/2 + (X+i P)(X-iP)/2...s0 make symmetric facto;

Recallcommutatorx , p] relation: &x,p#%xp-px=!il
Proof: ) ) . ) | | | QED:
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1-D a a algebra of U(1) representations

Q: How to convertlassicalHO Hamiltonian taguantumHO Hamiltonian?

E=H(x p):ﬁp%%lvl! 2 2

A:Rewriteclassical H(x,pwith athick pen!
|1
H(x,p) = p/2M +V(X) = p/2M +M! 2x?/2 with: p =1k =——

Q: How tosolvea quantum HO Hamiltonial(x,p)?

A:Rewrite H(x,p) with aTHICKER pen! (Showsx! p symmetry)
H = P>+ X*where:X%IM ! x/12 andP%p/!(2M)

Q: OK!manar But, really howdo you solve a quantum HO Hamiltoniklix,p)?

A:FactorP?+X? But, recall thaX andP donOt.commute.. (Usex! p symmetry)

H(x,p) = P>+ X*= (X-iP)(X+i P)/2 + (X+i P)(X-iP)/2...s0 make symmetric facto;

Recallcommutatofx , p] relation: [x,p] =Xp-px=lil (They only miss commuting BY.0000000000u.. )
PrOOf h $ n n 1 h $ 1" n n 1 h QED
X :
<x‘x_;? -:E;X‘.’ >:i_§%(§! (x)#?x' (x)z :T%(q! (x)#xq! (x)#q! (x)z :#i_! (x):hll (x)=<x|ix,pl‘! >
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1-D a a algebra of U(1) representations
Creation-Destructior a algebra ('
Eigenstate creationism (and destruction)

Vacuum state
1st excited state
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Creation-Destructiora a algebra

(" 1)
(" ) : [\A - [ngn
(X-I—IP) (/MG)X-HP/ /Ma)) aT:(X! IP):( M"™ x!ip/vM )
a= = “ " \/z—l
Vi J2r ' '
Define | Destruction operator y and |\ Creation Operator y

Commutation relations betwear= X+i P)/2 anda = (X-iP)/2 with X%IM ! x/12 andP%p/12M
laa § aa-a a:i(\/M( X +ip / M( )(\/M( x) ip / M( )) Zil(\/M( x) ip / M( )(\/M( x+ip/\/M()

A
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Creation-Destructiora a algebra

-
(x+ip) (VT xip/\WE ) _(xie) (M xtip )

a= a = "
Define | Destruction operator y and |\ Creation Operator y

Commutation relations betwear= X+i P)/2 anda = (X-iP)/2 with X%IM ! x/12 andP%p/12M
;&P $ aa - aa—zl(/‘ X+ip /M )(\/ X)ip/vM ))—(\/ x)|p/\/M()(\/M( X +ip /M )
a2

&
%Z—I(px' xp)z;‘hx,p@
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Creation-Destructiora a algebra

\ ( . n 1 "\
(x+ip) (\/M! X +ip /v M! ) . :(X! |P):(\/M x!ip/VM )
a= = S 2
Jir Jau - -
Define | Destruction operator y and |\ Creation Operator y

Commutation relations betwear= X+i P)/2 anda = (X-iP)/2 with X%IM ! x/12 andP%p/12M
la.a'$ aaT-aTa=2il(\/|v|( X +ip /A M( )(\/M( x) ip/M( )) %(\/M( x) ip /A M( )(\/M( x+ip/\/M()

i .
;h}a,aT%z—:(px' xp) = I—'Lx,p%: 1

Recallcommutatolx , p] relation: tx,p#%xp -px=hi 1l
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Creation-Destructiora a algebra

r 2 g . o )
(x+iP) (VMo x+ip/ VMo N _(x=iP)_ (VMo x-ip/ VM)
o _ - -
Define | Destruction operator y and |\ Creation Operator y

Commutation relations betwear= X+iP)/2 anda = (X-iP)/2 with X%IM | x/12 andP%p/12M
[a,a }zaa ‘a azzil(\/ivlw x+ip /Mo )(vMa x—ip/\/Ma))—zil(\/Ma) x~ip/\Mo (VMo x+ip/Mao)

B a %22—:(px xp):'!—ibx,p%:l @a,a gga or (aa =a a+1)

Recallcommutatofx , p] relation; [x,p|=xp-px=i1
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Creation-Destructiora a algebra

(" 1)
(" ) : N - [ngn
(X+,-p) (\/Ma) x+ip/\/Ma)) _(X! 'P)_( M™ x3ip/vM )
2= e Y NPT
ho J2n ' '
Define | Destruction operator y and |\ Creation Operator y

Commutation relations betwear= X+iP)/2 anda = (X-iP)/2 with X%IM | x/12 andP%p/12M
[a,a }zaa ‘a azzil(\/ivlw x+ip /Mo )(vMa x—ip/\/Ma))—zil(\/Ma) x~ip/\Mo (VMo x+ip/Mao)

4P a %g(w' Xp):I!—i"X’P%:l G&P’a %3 or (aaT=aTa+1)

1D-HO Hamiltonian in terms & a operator
Recall: H(x,p)=!! (aa+aa)/2

Recallcommutatorx , p] relation: &x,p#&%xp -px=ri1
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Creation-Destructiora a algebra

(" — ——\
\ . n M n
(x+iP) (\/M! x+ip/\/M!) a =(X! 'P):( M™ x? 1p/VM )
azi = - o Jr
] 2! | |
Define | Destruction operator y and |\ Creation Operator y

Commutation relations betwear= X+iP)/2 anda = (X-iP)/2 with X%IM | x/12 andP%p/12M
laa § aa-a azz—lh(\/M( X +ip / M( )(\/M( x) ip / M( )) 2—1;1(\/|v|( x) ip /M( )(\/M( x+ip/\/M()

;#a,aT%g(px' xp):l!_i!-x,p%:l @a,af%a or (aa =a a+1)

y

1D-HO Hamiltonian in terms & a operator
Hx,p)=!! (@aa+aa)/l2 =!! (aa+aat+1)/2

Recallcommutatorx , p] relation: &x,p#%xp-px=!il
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Creation-Destructiora a algebra

-
p
(X+IP) (\/MI x+|p/\/|\/|l ) _(X IP) (\/ W X—Ip/vM )

a= a =
Define | Destruction operator y and |\ Creation Operator y

Commutation relations betwear= X+iP)/2 anda = (X-iP)/2 with X%IM | x/12 andP%p/12M
la.a $ aa-a azzil(\/M( x+ip | M( )(\/M( x) ip/M( )) zil(\/M( x) ip/M( )(\/M( x+ip/\/M()

La, T% (px xp)= _!,X,p%:l @a,a a):a or (aa :a/a+1)

1D-HO Hamiltonian in terms & a operator
(Hx,p)=!! (@aa+aa)2 =!! (@aa+aa+1)2 =!Il aa+1!/2)

Recallcommutatorx , p] relation: &x,p#%xp-px=!il
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1-D a a algebra of U(1) representations
Creation-Destructiora a algebra
* Eigenstate creationism (and destruction)
Vacuum state
1st excited state

<€
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Eigenstate creationism (and destruction)
Given1D-HO Hamiltoniar( H(x,p) =!! aa+1!! /2)and commutatio:r@a,a aza or@a =a a+1j

Defineground statd0"as the eigenstate Bi(x,p) with thezero point eigenvalugy='"! /2.
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Eigenstate creationism (and destruction)
Given1D-HO Hamiltoniar( H(x,p) =!! aa+1!! /2)and Commutatio:r@a,a azﬂ or@a =a a+1]

Defineground statd0"as the eigenstate Bi(x,p) with thezero point eigenvalugy='"! /2.

H(x,p) [0"=!! /2 |0" #OH(x,p) =!! /2 #0|
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Eigenstate creationism (and destruction)
Given1D-HO Hamiltoniar( H(x,p) =!! aa+1!! /2)and commutatio:r@a,a aza or@a =a a+1]

Defineground statd0"as the eigenstate Bi(x,p) with thezero point eigenvalugy='"! /2.
H(x,p) [0"=!"! /2 |0" #OH(x,p) =!! /2 #0)
Action bya on ground kef0"(ora on ground bra0) givesnothing(zero vector$).

a|0"=0 #0ja =0

Thursday, April 16, 2015
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Eigenstate creationism (and destruction)
Given1D-HO Hamiltoniar( H(x,p) =!! a a +1

. Defineground statd0"as the eigenstate Bi(x,p) with thezero point eigenvalugy="" /2.
H(x,p) [0"=!"! /2 |0" #OH(x,p) =!! /2 #0)
Action bya on ground kef0"(ora on ground bra0) givesnothing(zero vector$).

, al0"=0 #0ja =0
. But,a acts on ground ket to gij&"=a |0"with H eigenvaludg, =!'! +E,. ( [1"=a |0", #O0a =#1])

Proof:
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Eigenstate creationism (and destruction)

. Defineground statd0"as the eigenstate Bi(x,p) with thezero point eigenvalugy="" /2.
H(x,p) [0"=!"! /2 |0" #OH(x,p) =!! /2 #0)
Action bya on ground kef0"(ora on ground bra0) givesnothing(zero vector$).

: al0"=0 #0ja =0 .
But,a acts on ground ket to gij&"=a |0"with H eigenvalueg; =!'! +E,. ( [1"=a |0", #0a :#1j)§

Proof:

Hx,p)a|0"=!! a(aa+1)0" +!!/2a]0"
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Eigenstate creationism (and destruction)

. Defineground statd0"as the eigenstate Bi(x,p) with thezero point eigenvalugy="" /2.
H(x,p) [0"="!! /20" #OH(x,p) =!! /2 #0)

Action bya on ground ke}0" (ora on ground braQ) givesnothing(zero vector®).

, a|0"=0 #0la =0 :
But,a acts on ground kettogl\lé: a |0"with H eigenvalueg; =!'! +E,. ( [1"=a |0", #0h =#1l)§
I Proof:é :
~ Hxp)alo'=!l aaaj0" +1/2a |0
H(x,p) a |[0"=!! a (aa*1)[0"+ 'l /2a|0"
=11 a0 +0 HVpalet T
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Eigenstate creationism (and destruction)

. Defineground statd0"as the eigenstate Bi(x,p) with thezero point eigenvalugy="" /2.
H(x,p) [0"="!! /20" #OH(x,p) =!! /2 #0)

Action bya on ground ke}0" (ora on ground braQ) givesnothing(zero vector®).

: al0"=0 #0ja =0 :
But,a acts on ground kettogl\lé: a [0"with H eigenvalueg; =!'! +E,. ( [1"=a |0", #0a :#11)5
I Proof:é I
~ Hxp)alo'=!l aaal0" +H1/[2al|0
H(x,p) a |[0"=!! a (aa*1)[0"+ 'l /2a|0"
_____________________________ =11 ajor +0 #Vpajort T T
H(x,p) |1" = (! +1/2)|1"=E; |1"where:E; =!'! +Eq
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Eigenstate creationism (and destruction)

. Defineground statd0"as the eigenstate Bi(x,p) with thezero point eigenvalugy="" /2.
H(x,p) [0"="!! /20" #OH(x,p) =!! /2 #0)

Action bya on ground ke}0" (ora on ground braQ) givesnothing(zero vector®).

al0"=0 #0ja =0 :
But,a acts on ground kettogl\lﬁe: a [0"with H eigenvalueg; =!'! +E,. ( [1"=a |0", #0a :#11)5
Proof:é I
~ Hxp)alo'=!l aaal0" +H1/[2al|0
H(x,p) a |[0"=!! a (aa*1)[0"+ 'l /2a|0"
_____________________________ =11 ajor +0 #Vpajort T T
H(x,p) |1" = (! +1/2)|1"=E; |1"where:E; =!'! +Eq

One-quantunor 1st excited eigenk¢t"=a |0
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Eigenstate creationism (and destruction)

1l /2) and commutatio:r@a,a a):ﬂ or@ajjgf_a_\_ﬂ)

. Defineground statd0"as the eigenstate Bi(x,p) with thezero point eigenvalugy="" /2.
H(x,p) [0"="!! /20" #OH(x,p) =!! /2 #0)

Action bya on ground ke}0" (ora on ground braQ) givesnothing(zero vector®).

al0"=0 #0ja =0 :
But,a acts on ground kettogl\lﬁe: a [0"with H eigenvalueg; =!'! +E,. ( [1"=a |0", #0a :#11)5
Proof:é I
~ Hxp)alo'=!l aaal0" +H1/[2al|0
H(x,p)a [0"=!! a(aa+1)0"+!!/2a]|0"
_____________________________ =11 ajor+0  HTzajot T
H(x,p) |1" = (! +1/2)|1"=E; |1"where:E; =!'! +Eq

One-quantunor 1st excited eigenk¢t"=a |0

For ketsa Is creation operatorvhile a is destruction operator
a|l"=aa |0"=(aa+1)0"=|0"
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Eigenstate creationism (and destruction)

. Defineground statd0"as the eigenstate Bi(x,p) with thezero point eigenvalugy="" /2.
H(x,p) [0"="!! /20" #OH(x,p) =!! /2 #0)

Action bya on ground ke}0" (ora on ground braQ) givesnothing(zero vector®).

al0"=0 #0ja =0 :
But,a acts on ground kettogl\lﬁe: a [0"with H eigenvalueg; =!'! +E,. ( [1"=a |0", #0a :#11)5
Proof:é I
~ Hxp)alo'=!l aaal0" +H1/[2al|0
H(x,p)a [0"=!! a(aa+1)0"+!!/2a]|0"
_____________________________ =1t ajor+0 HVizajor LT
H(x,p) |1" = (! +1/2)|1"=E; |1"where:E; =!'! +Eq

One-quantunor 1st excited eigenk¢t"=a |0

For ketsa Is creation operatorvhile a is destruction operator
a|l"=aa |0"=(aa+1)0"=|0"

For brasa is destruction operatowhile a is creation operator
#14 =#0pa =#0(a a +1) =#0|
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1-D a a algebra of U(1) representations
Creation-Destructiora a algebra
Eigenstate creationism (and destruction)

Vacuum state ‘

1stexcited state
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Wavefunction creationism (Vacuum state)
Coordinaterepresentation of the OnothingO equatigjal0"=0

<x‘a‘0>:ﬁ(m<x‘x‘0>+i<x‘p|0>lx/M7a)):O

I
with: p =1k =Z'—
- X
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Wavefunction creationism (Vacuum state)
Coordinaterepresentation of the OnothingO equatigjal0"=0

(x[a]0) = == (M1 (x|x|0) +i(x{p|0) /b )=

/>

M xe o )+|'—##X( 4 I =0

with:p=1k =——
P= i ax
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Wavefunction creationism (Vacuum state)

Coordinaterepresentation of the OnothingO equatigjal0"=0 with: p =!k :ITII—X
1 !
(a0} = Jz—,( o (XX >+'<X\p\ 0)/VMw =0

\/fo o( )+|— ()/W—O

wo(x) == (%)
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Wavefunction creationism (Vacuum state)

Coordinaterepresentation of the OnothingO equatigjal0"=0 with: p =1k :ITII—X
ol = YT e} ol T ) o

JM! X" o( )+|— ()/W—O

" b( ):#M!—$ X" o(x)

" 2 #M$ x2/2)
! d—:l #MS xdx, In" +Inconst.:#M$ X " =£
! 2 cong.
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Wavefunction creationism (Vacuum state)

Coordinaterepresentation of the OnothingO equatigjal0"=0 with: p =1k :?Il—x
1 | |
<x‘a‘0>:ﬁ(\/M! (Xx(0)+i(xjp|0)/VMI ) =0

\I/Wx"o(x)ﬂ!fi(x)/\/W:O

G M$
" §(x) =#——X o(¥)

n 2 #M$x2/2'
d #M #M
! = $ xdx, In" +Inconst.= $x , =¢
! ! ! 2 const.
I ( ) .1?.”1._
I (X
Zero-point s ]
energy Ey % == e
=1" /2 N 4 ‘X

Classical turning points

e A
|

JE SISO REEREE

e
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Wavefunction creationism (Vacuum state)

Coordinaterepresentation of the OnothingO equatigjal|0" = with: p =1k _TR
<X\a\0>:%(\/W@\xm}ﬂ(x\p\o)/\/W):
VMl (x )+l|7##x( )/ M! =0
p(x)=# o)
4 #lﬂxdx, n" +incong. = TM$ X2 _e#l\(/:ljnz/m :e#M$x1//42!
)
2 %

The normalizatiortonst.is evaluated using a standard Gaussian integftalxe' * X =, |=

" M# x22/2!

11}

1/4
<_/ o‘-’ >_1_g§§$dx =,/£/cons.2' cong £ ' +
cong.” M~# ) M#,

Zexo-point

o

energy Eq

3,15 1

=1" /2

1 | 1 | 1 1 |
" x

Class Cal turnl ng points
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1-D a a algebra of U(1) representations
Creation-Destructiora a algebra
Eigenstate creationism (and destruction)

Vacuum state

P lcexciedsae 002020 <
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Wavefunction creationismSExcited state)

1st excited state wavefuncti®i(x) = #|1" 9999
#|a |0"=#&|1"=$1(X) - -

Zexo-point
energy Eg % ==

=1"/2

ot
|

JE SISO REEREE

S
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Wavefunction creationismSExcited state)

1st excited state wavefuncti®i(x) = #|1"
K la [0"=#|1"=$1(X)

Expanding the creation operator

(Xa [0)=—=(VM1 " (x|x|0)" i{x|p|0) 1M1 )= (x}2) =#,(x)

Zexo-point
energy Eg

=1"/2

2777

5
| 0

o

Classical turning points
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Wavefunction creationismSExcited state)

1st excited state wavefuncti®i(x) = #|1" 9999
#|a |0"=#&|1"=$1(X) . B

Expanding the creation operator

(a [0)=— (VM1 (xx|o) " i{xplo)VMI")={x1)=#4(x

The operator coordinatg representations generate the first excitg@d state wavefunction

% A | & (X (
=1 )= 3 o

Zexo-point
energy Eg

=1"/2

ot
|

Sk SOERRERRE

e
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Wavefunction creationismSExcited state)

1st excited state wavefuncti®i(x) = #|1"

2999
# |a [0"=# |1"= $ 1(X) :

Expanding the creation operator
1 -
(da [0) == (YMI” (dclo) i (pl0) VM) = (1 =#4(x

The operator coordinatg representations generate the first excitg@d state wavefunction

) 1 % A O
<X‘1>—I 1(X)—F'8L M x! O(X)#ITT/ M ;‘
% #M" X221 #M" x2/2! (
1 N e Lse T
\/zT&M * cong "i$x cond /M;‘
Zexo-point
energy Eq
=" /2

ot
|

A SONRBEERE

e
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Wavefunction creationismSExcited state)

1st excited state wavefuncti®i(x) = #|1" 9999
#|a |0"=#&|1"=$1(X) _ - -

Expanding the creation operator

(vt [0) = (V2" (x]x|o) " i{xlplo) 1 VMI")={xf1) =4+

The operator coordinatg representations generate the first excitg@d state wavefunction

- | Sl i |

l

1
2|
—Ma)x /2I | —Ma)x2/2!
\/Ma)x —z—a /\/Ma)]

1
\/2I [ const. [ dx  const.

—Ma)x2/2'
[\/Ma) x+zl—wa/\/ ]
\/Z const. I

Zexo-point

energy Eq

o

=1" /2 - : ;I . le}I{I

Thursday, April 16, 2015



Wavefunction creationismSExcited state)
1st excited state wavefuncti®i(x) = #|1"
K la [0"=#|1"=$1(X)

Expanding the creation operator

<x!a*\0>=%(JM7< [0} i(xfplo)/ Vs )= (x]1) 3

2h

1st Transition

energy El'EO

=lm

-2 A2

Classical turning points

The operator coordinate

1(x).

L

FREE

representations generate the first excitgd state wavefunction

(x[) =1 4 (x) :ﬁzg/ﬁfd

O(x)#l;J/F

$x
% #M" X221
I liM” xe
Jar

210
| $e#M )C/2

H#Hi—
i $x

[NM"

const. const.

~— % %~

n 2

:\/E const. & M x+z7

Ju M x2/21
N

/F(

3/4
M (7 o % wm <2 (
(2)(,') - |&+—|3< 2+ ;&xe 3:

const.

Zexo-point

energyEO 5| o

'

3,15 1

=1" /2
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* Normal ordering for matrix Calculati*

Commutator derivative identities
Binomial expansion identities
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Normal ordering for matrix calculation

Normal ordering:move destructiva operators to the right of creatian to zero out on vacuufd".
f(@)g(a )|0"=[f(a), g(a )] |0"+ g(a )i(a) |0
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Normal ordering for matrix calculation

Normal ordering:move destructiva operators to the right of creatian to zero out on vacuufd".
f(@)g(a )|0"=[f(a), g(a )] |0"+ g(a )i(a) |0

Commutator matri#0|f(a), g(@ )] |0"needs to be evaluated.
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Normal ordering for matrix calculation

Normal ordering:move destructiva operators to the right of creatian to zero out on vacuufd".
f(@)g(a )|0"=[f(a), g(a )] |0"+ g(a )i(a) |0
Commutator matri#0|f(a), g(@ )] |0"needs to be evaluated.

Generalizations of basic relatipa, a | = 1 are useful.
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Normal ordering for matrix calculation

Normal ordering:move destructiva operators to the right of creatian to zero out on vacuufd".
f(@)g(a )[0"=[f(a), g(a )] |0"+ g(a )i(a) |O"

Commutator matri#0|f(a), g(@ )] |0"needs to be evaluated.

Generalizations of basic relatipa, a | = 1 are useful.

#’afza: 2al | ;&}a,aﬂgg 3asl 1, ;ha,aT”a): nal” | (Power-law derivative-like relations)
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Normal ordering for matrix calculation
Commutator derivative identities
Binomial expansion identities
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Normal ordering for matrix calculation

Normal ordering:move destructiva operators to the right of creatian to zero out on vacuufd".
f(@)g(a )|0"=[f(a), g(a )] |0"+ g(a )i(a) |0
Commutator matri#0|f(a), g(@ )] |0"needs to be evaluated.

Generalizations of basic relatipa, a | = 1 are useful.

[a,a 2} =2a |, [a,a 3}:3a2 o [a,a ”}:na n—1 (Power-law derivative-like relations)
Commutator derivative identities
[A, BC]=ABC -BCA =[A, B]C + BAC - BCA [AB, C] =-[C, AB] =-[C, A|B - A[C, B]
= A, B]C + B[A, C] = [A, C]B + A[B, C]
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Normal ordering for matrix calculation

Normal ordering:move destructiva operators to the right of creatianto zero out on vacuuig".
f(@)g(a )|0"=[f(a), g(a )] |0"+ g(a )i(a) |0
Commutator matri#0|f(a), g(@ )] |0"needs to be evaluated.

Generalizations of basic relatipa, a | = 1 are useful.

La,a 2§4):2a : ;!é}a,a 3?4): 3a2 I i}a,a na: na "1 (Power-law derivative-like relations)
Commutator derivative identities
[A, BC]=ABC -BCA =[A, B]C + BAC - BCA [AB, C] =-[C, AB] =-[C, A|B - A[C, B]
= A, B]C + B[A, C] = [A, C]B + A[B, C]
Binomial power expansion identities
aa "=na "l+a N <
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Normal ordering for matrix calculation

Normal ordering:move destructiva operators to the right of creatianto zero out on vacuuig".
f(@)g(a )|0"=[f(a), g(a )] |0"+ g(a )i(a) |0
Commutator matri#0|f(a), g(@ )] |0"needs to be evaluated.

Generalizations of basic relatipa, a | = 1 are useful.

[a,a 2} =Za |, [a,a 3}=3a2 o [a,a n}: na M1 (Power-law derivative-like relations)
Commutator derivative identities
[A, BC]=ABC -BCA =[A, B]C + BAC - BCA [AB, C] =-[C, AB] =-[C, A|B - A[C, B]
= A, B]C + B[A, C] = [A, C]B + A[B, C]
Binomial power expansion identities
aa" =na’ ' +a'"a <

tnll + aaTna

a’a'” = naa
| | |
=n(n! Da' *>+ma’ la + na'" la+al"a’

=n(n! Dal” 2 +2na’" la +a'"a’

Thursday, April 16, 2015 58



Normal ordering for matrix calculation

Normal ordering:move destructiva operators to the right of creatianto zero out on vacuuig".
f(@)g(a )|0"=[f(a), g(a )] |0"+ g(a )i(a) |0
Commutator matri#0|f(a), g(@ )] |0"needs to be evaluated.

Generalizations of basic relatipa, a | = 1 are useful.

%La,ama): a’ , %ﬁl,&ﬂk3 a: 3a2T, e, ;ha,aTna: na ™1 (Power-law derivative-like relations)
Commutator derivative identities
[A, BC]=ABC -BCA =[A, B]C + BAC - BCA [AB, C] =-[C, AB] =-[C, A]B - A[C, B]
= A, B]C + BIA, C] =[A, C]B + A[B, C]

Binomial power expansion identities
aa“‘ — naTn! 1 _l_aTna <

|
ala’"=naat™! + aa'Ma

=n(n! Da’™?+na™la + nat™la+a™Ma?

=n(n! Da™™? +2na™™la +a'Ma?

a’a =n(n! 1)aa™ ? +2naa’™ la +aa'"a?
=n(n! D(n! 2)a™ 3+n(n! Da™ 2a+2n(n! Na™ 2a+2ma™ la?+na™ la2+a'"a?
=n(n! I)(n! 2)a™?3 +3n(n! Na’™ 2a +3na’™ 12 +aMa’
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Normal ordering for matrix calculation

Normal ordering:move destructiva operators to the right of creatianto zero out on vacuuijg".
f(@)g(a )|0"=[f(a), g(a )] |0"+ g(a )i(a) |0
Commutator matri#0|f(a), g(@ )] |0"needs to be evaluated.

Generalizations of basic relatipa, a | = 1 are useful.

%!,%La,a 2?6: 2a ;fl,a 3%4): 3%, i}a,a na}: na "1 (Power-law derivative-like relations)
Commutator derivative identities
[A,BC]=ABC -BCA =[A,B]C + BAC - BCA [AB, C]=-[C, AB] =-[C, A]B - A[C, B]
= A, B]C + B[A, C] =[A, C]B + A[B, C]
Binomial power expansion identities =1
aa "=na Ml+a Ma <
a’a "=naa ™! + aaa
=n(n! Ya " %+ma "2 + na Mla+a "a?
=n(n! Da ™? +2na " +a "a®
aa "=n(n! Daa ™2 +2maa ™ la
=n(n! D(n! 2)a " 3+n(n! Da ™ %a+2n(n! Da ™ %a+2na ™ ta+na " fa%+a "ad
=n(n! H(n! 2)a "3 +3n(n! Da ™ “a +3na ™ 1a? +a a3
Use binomial Coefficieths ( jin expansion for pO//eij:..B,éL. \

asan{gl(nils)!an_g *[f (nf!z)!a"_za *(2](,1'1!1)!"""_1&2 *[gl(nﬁ!o)!a"ag
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Normal ordering for matrix calculation
Commutator derivative identities
Binomial expansion identities ‘
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Normal ordering for matrix calculation

Normal ordering:move destructiva operators to the right of creatianto zero out on vacuuijg".
f(@)g(a )|0"=[f(a), g(a )] |0"+ g(a )i(a) |0
Commutator matri#0|f(a), g(@ )] |0"needs to be evaluated.

Generalizations of basic relatipa, a | = 1 are useful.

%!,%La,a 2%4): 2a ;fl,a 3%4): 3a2 I i}a,a na): na "1 (Power-law derivative-like relations)
Commutator derivative identities
[A, BC]=ABC -BCA =[A, B]C + BAC - BCA [AB, C] =-[C, AB] =-[C, A]B - A[C, B]
= A, B]C + B[A, C] = [A, C]B + A[B, C]
Binomial power expansion identities A\ =1
aa "=na "1+a "a

a’a"=nin-Da "% +2ma"la +a"a
a’a "=n(n-)(n-2)a "3 +3n(n-Da "%a +3ma "a’ +a "a®

Use binomial coefficientg : %Wn expansion for powan=..3,4.

2

3 ' 33 nl ' 1,2

! $ | \ ! $ | .

n 3 n: n 3 3 n: n 2

aa = a + a a + a
#0 8n' 3) #16{n 2) # 2 8{n' 1))
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Normal ordering for matrix calculation

Normal ordering:move destructiva operators to the right of creatianto zero out on vacuuijg".
f(@)g(a )[0"=[f(a), g(a )] |0"+ g(a )i(a) |O"

Commutator matri#0|f(a), g(@ )] |0"needs to be evaluated.

Generalizations of basic relatipa, a | = 1 are useful.

[a,a 2} =2a |, [a,a 3}=3a2 o, [a,a n}: na "t (Power-law derivative-like relations)
Commutator derivative identities
[A, BC]=ABC -BCA =[A, B]C + BAC - BCA [AB, C] =-[C, AB] =-[C, A]B - A[C, B]
= A, B]C + B[A, C] = [A, C]B + A[B, C]
Binomial power expansion identities A\ =1
aa "=na "l+a Ma

| |
a’a"=n(n'Da™? +2ma ™la +a "a?

1.2 3

ala "=n(n! D(n!' 2a ™3 +3n(n! Da "%a +3na "a? +aMa

Use binomial coefficientg : %—Wn expansion for powan=..3,4.

l 2% nl : l 2% . ! $ n .

3, N 3 n n' 3 3 n: n' 2 3 n: n'1.2
da = a + a d + a 1a
#0 8n 3 # 1 8{n" 2) # 2 n 1)

Normal ordera™a" to a?a® power formula

qMg TN = ml m$ n! g n(meror _ m m! n! g n(mer o
r:o# r &(n( m+r)!
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Normal ordering for matrix calculation

Normal ordering:move destructiva operators to the right of creatianto zero out on vacuuijg".
f(@)g(a )[0"=[f(a), g(a )] |0"+ g(a )i(a) |O"

Commutator matri#0|f(a), g(@ )] |0"needs to be evaluated.

Generalizations of basic relatipa, a | = 1 are useful.

[a,a 2} =2a |, [a,a 3}=3a2 o [a,a n}zna n—1 (Power-law derivative-like relations)
Commutator derivative identities
[A, BC]=ABC -BCA =[A, B]C + BAC - BCA [AB, C] =-[C, AB] =-[C, A]B - A[C, B]
= A, B]C + BJA, C] =[A, C]B + A[B, C]
Binomial power expansion identities A\ =1
aa "=na "1l+a "a
a’a "=n(n'Da™? +2na"la +a "a?

1.2 3

ala "=n(n! D! a3 +3n(n! Da "%a +3na "a? +a’a

Use binomial coefficien!% rr“ ]=rl(mLir)lin expansion for powan=..3,4.
3 ! 3 $ n! n' 1az

! $ | \ ! $ | .

n 3 n: n 3 3 n: n 2

aa = a + a a + a
#0 8n' 3) #16{n 2) # 2 8{n' 1))

Normal ordera™a" to a?a® power formula

m n! _ m m! n! _
amanzz[m] anm+rar:Z anm+rar

o =l (n—m-+r) r=0 r!(m=r)l(n—m+r)
aa toa a case
ata = g N g = nlgl+na a+—n(n( 1)a ‘a’ + n(n(3)n 3)a e
=0 B r ogr! ; 2121 3)3l o
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Normal ordering for matrix calculation
Commutator derivative identities
Binomial expansion identities

* Matrix "a"a "# calculations ‘
Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eig8sstate

Harmonic oscillator beat dynamics of mixed states
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Matrix "a"a "# calculation
Derive normalization fon!" state obtained bfa )" operator:

o_afo . (0a""|o)
) ,  Wwhee  1=(n|n) (const.)2

cond.
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v "alla N "
Matrix "a"a "# calculation # n(nty) ,, &

Derive normalization font" state obtained bfa )" operator: Use:a"a "= n!géH na a+—-'a “a HE
: n n
=219 e 1= (nn={92"2 "0
cong. (cong)
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v "alla N I
Matrix "a"a "# calculation 4 n(nty) ,, &

Derive normalization font state obtained bfa )" operator: Use:a"a "= n!ga+na TR
fn Tn T |
) = a |O> where: 1= (n|n)= (0|]a"a |20> n!(0|1+na a;..|0> __nl :
const. (const.) (const.) (const.)

So: (cong.)* =n!
(cong.)=+/n!
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Matrix "a"a "# calculation

Derive normalization fon'" state obtained bfa )" operator: Use:a"a "=nlod+na a+

=219 hee 1= (afny="

Ola"a "|0)  (0|1+na a+./0) n!

=n!

(COI”lSt .)2 (COﬂSt .)2 (COﬂSt .)2

Root-factorial normalizatic}

$
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Matrix "a"a"# calculation ” n(nt 1)
. . . . . n n H 2
Derive normalization fon'" state obtained bga )" operator: Use:a’a " = n!g;|+na a+— —-a
n n,tn + |
)= a |O> Where. 1:<n|n>:<0|a a |20> _ !(O|1+na a;..|0> __n :
cond (cong.) (cong.) (cong.)

In)= a""|0) Root-factorial normalizatio
~ Jnl

Apply creationa Apply destructiora:
™0 aa "|0
a |n>:aTn!|> aln)= \/n_|' )

a+E(
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Matrix "a"a "# calculation " (1) 2
Derive normalization font state obtained bga )" operator: Use:a"a’ = n!ga+ naffmwa”a2 +E (
i N in f ,
)= a |O> where: 1= (n|n)= (0la"a |20> _ !(O|1+na a;..|0> __n :
cond (cong.) (cong.) (cong.)

n
[| n>:a 9) Root-factorial normalizatio

Jn!

Apply creationa Apply destructiora:
Tn+l Tn+l n
oy |0)_ —=a"|0) _aa'"|0)
alfn) == = (n+1). aln) = =7,
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Matrix "a"a "# calculation

n(n-1
Derive normalization font" state obtained bfa )" operator: Use:a"a "= n!£1+ na a+ (21- - )a 224
n N, N I
|n>:a |O>’ whee: 1:<n|n>:<0|a a |20>:n|<0|1+na a'|2'|0>: n! .
cond. (cong.) (cong.) (cong.)
a & 0 : : : : _ -1 n
[|n> = \/|_|> Root-factorial normalizatio Useraa "=na ""+a "a
n.
Apply creationa : Apply destructiora:
Tn+l TN+l n
=" 10)_ —a"™"]0) _aa '|0)
a =—F———="=4/N+1 an)=
n Jn! (n+1)! " Vn!
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Matrix "a"a "# calculation a(n-1)
Derive normalization font" state obtained bfa )" operator: Use:a"a'” =n!£1+ naTa+WaTzaz+E
n n n I
ny=2 |0>, theres 1:<n|n>:<o|a a |20>:n!(0|1+na a;..|0>: n! 2
(cong.) (cong.) (cong.)

~ cong.

n
a : : . canath — oTNn n
[| n)= 0) Root-factorial normalizatio Useiaa'"=nma’" +a' a

Apply creationa : Apply destructiora:

n+1l n+1l aa nO na n!1+a na 0
a |n>:a 0) _ 12 0) a|n) = 0) _( )|0)

Vol (n+1)! Jnt Jni
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Matrix "a"a "# calculation
Derive normalization font" state obtained bga )" operator: Use:a"a "= n!£1+ na a+

tn NafH + :
|n>:a—|0>, where: 1:<n|n>:<0|a a |20>:n1<0|1+na a'|2'|0> n' .
const- (const.) (const.) (const.)

”(”_1) 2.2
21 2!

n
a . L vmn N_ n N1 n
[| n)= 0) Root-factorial normalizatio Useiaa "=na ""+a ‘a

Apply creationa : Apply destructiora:

; ~ aTn+1|O> ~ aTn+1|O> - aa n|0> _ (na n!1+a na)|0> _ a n! 1|O>
a |n>——\/n_! =Jn+1 e 1) a|n) 7 T \/_—(n' )
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Matrix "a"a "# calculation

nfn-1 )
Derive normalization font" state obtained bga )" operator: Use:a"a "= n!£1+ na a+ (2 > )a “a®+E
n Na N I
|I’l>:a |O>, whee: 1:<I’l|l’l>:<0|a a |20>=n|<0|1+na a‘|2‘|0>= n: .
const. (const.) (const.) (const.)
a "o . L : n_ n—1 n
|n) = 0 Root-factorial normalizatio Use.aa "=na = “+a ‘a
Jn!
Apply creationa : Apply destructiora:
TN+l ()> a‘fn+1|0> aa n|0> (na n! 1_|_a na)|0> a n! 1|O>
afjny =219 = aln) =32 10) =210
) Jn! (n+1)! ) Jn! Jn! (n! 1)
(a*|n>:\/n+1|n+1> a|n)=+/n|n! 1))

FeynmanOs mnemonic rulargerof two quanta goes in radical factor
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Matrix "a"a "# calculation 2
. . . ot ; n(n! 1) 2.2 ¢
Derive normalization fon'" state obtained bga )" operator: Use:a’a'" =nl¢d+na a+— rarat+E

| 4
Lo

$
n tn + |
|n>=a |0> where: 1= (nn)= (0ja"a'"|0) _ n.(O|l+na a;r..|0)= n! :
cong. (const.) (cong.) (cong.)
: n_ n'l n
[ Root-factorial normalizatio Useiaa "=na ""+a "a
Apply creationa : Apply destructiora:
n+1|o> —a "0) aa "|0) _(na ™l+a "a)0) _ ~a "Yo0)
a = = :\/7—
a|m= n+l (n+1) == Jn! " Jin D)
(a |n>:\/n+1|n+1> a|n)=+/n|n! 1))
FeynmanOs mnemonic rulargerof two quanta goes in radical factor
L 5! ! "
N $ ' V2
<a>= ’ NE <a>:§ ! 3
$
$
#

I &
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Matrix "a"a "# calculation

: . : h : N . Use‘a"a " = n(n—l) 5 o
Derive normalization fon™ state obtained bfa )" operator: Us€:a’a "=nll1+na a+— —-a "a +E
t fn +na'a+ !
|n>=a |O> where: 1= (n|n)= (0|]a"a |20> n!(0|1 naaz..|0): n! :
const. (const ) (const.) (const.)
: n_ n! 1 n
[ Root-factorial normalizatio Useiaa "=na " “+a ‘a
Apply creationa : Apply destructiora:
n+l|O> a "10) aa "|0) (na "*+a "a)|0) a "0)
aln \/n+1 aln) = — —JnZ =/
= (n+2)! n Jn! Jn! (n—1)!
(a |n):\/7n+1|n+1> aln)=nn-1))
FeynmanOs mnemonic rulargerof two quanta goes in radical factor _
. % " ., (Here is a case
$1 1 | gf _ ; wherea a
<a>=§ i '3 , ; (a)=3 INE I does not quite
: G % SR equalaa )
# rreg # &
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Matrix "a"a "# calculation

: L : . N, N n(n_l) 2.2  E
Derive normalization fon'" state obtained bfa )" operator; Useia’a "=nll 1+na a+ o & aTtE
n N, N I
|n>:a |O>’ whee: 1:<n|n>:<0|a a |20>:n|<0|1+na a'|2'|0>: n! .
cond. (cong.) (cong.) (cong.)
a”lo . . . _ ool
{|n> = \/|_|> Root-factorial normalizatio Use:aa "=na ""+a "a
n:
Apply creationa : Apply destructiora:
tn+l tn+l n n'l n n'1
=@ 0) _ —=a""]0) iy =22 "10) _(na ™+a "a)0) _ —a"™!0)
a'|n) Jn! " (n+1)! n Jn! Jn! (n! 1)
(af[n)=n+1|n+1) aln)=<n|n! 1))

FeynmanOs mnemonic rulargerof two quanta goes in radical factor _
(Here is a case

1 5 wherea a
(a)= A (a)- ~ does not quite
Ja R equala a )

(Welcome to "-dimensional... quantum space!)
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Normal ordering for matrix calculation
Commutator derivative identities
Binomial expansion identities
Matrix "a"a "# calculations
Number operator and Hamiltonian operator ?
Expectation values of position, momentum, and uncertainty for eig8sstate

Harmonic oscillator beat dynamics of mixed states
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HR [ Py n# -
Matrix "a'a " # calculation # ,,,(,,,! 1) &

Derive normalization font state obtained ba )" operator: Use:a"a " =niggenaar o ta “a’ +E (
n n n I
|n>=a |O> here: 1=<r]|n>:<0|a a |20>=n!(0|1+na a;..|0)= n! :
cond. (cong.) (cong.) (cong.)
a’”lo . L g N nll, N
n)= \/|_|> Root-factorial normalizatio Use:aa "=na ""+a "a
n.
Apply creationa : Apply destructiora:
TN+l TN+l n n!'l n n!l
fly @ |O>_\/—a 0) _aa"|0) (na""+a a)|0>_\/7a |0)
a'|n)= =/n+1 ajn)= = =Jn—L
=" ) "= N D)
(a*|n>:\/n+1|n+1> a|n)=+/n|n! 1))
FeynmanOs mnemonic rulargerof two quanta goes in radical factor
. ! ?/0 "1 %
%1 !2 % 3 -
T\ = ! . 3 :$ 13
(a") % T | (a) % G
3 N/ , 3 [
# e # I &

Number operator and Hamiltonian operator
Number operatoN=a a counts quanta.
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‘s N n# -
Matrix "a'a " # calculation # ,,,(,,,! 1) &

Derive normalization font state obtained ba )" operator: Use:a"a " =niggenaar o ta “a’ +E (
n N N I
|n>:a_|0>, wheae 1:<n|n>:<o|a a |20>:n!<0|1+na a:..|o>: n
COnSt. (const.) (const.) (const.)
n
a |0 . . aN_ o nll,_n
[| n)= \/|_|> Root-factorial normalizatio Use:aa "=na ""+a ‘a
n!
Apply creationa : Apply destructiora:
a n+1|0> 3 n+1|0> aa n|0> (na n!1+a na)|0> 3 n! 1|O>
a n)= =vn+1 aln) = = :\/ﬁ—
n Jn! (n+1) ) Jn! Jn! (nt 1)
(a Ny =+n+1n+1) a|n)=+/n|n! 1))
FeynmanOs mnemonic rulargerof two quanta goes in radical factor
. 7 T %
%1 !2 s | 3 .
a')= ! a :$ N
(@) % 301 (a) g G
3 Ja L % Lo,
# o1& # I &
Number operator and Hamiltonian operator A an ”|O>
Number operatoN=a a counts quanta.  a aln)= N
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‘s N n# -
Matrix "a'a " # calculation # ,,,(,,,! 1) &

Derive normalization font state obtained ba )" operator: Use:a"a " =niggenaar o ta “a’ +E (
n n n I
)= a |O> where 1= (n|n)= (0ja"a |20> :n!<0|l+ na aJ;..|O> __n :
cong. (cong.) (cong.) (cong.)
n
a |0 . L am N N1, N
[| n)= \/|_|> Root-factorial normalizatio Use:aa "=ma ""+a "a
n!
Apply creationa : Apply destructiora:
a n+1|0> 3 n+1|0> aa n|0> (na n!1+a na)|0> a n! 1|O>
a - =vn+l ajn)= = =Jn——=L
Ky ey SR i (o1 1)
( |n)y=n+1|n+1) a|n) =+/n|n! 1))
FeynmanOs mnemonic rulargerof two quanta goes in radical factor
. ! ?/0 R %
%1 !2 | % NG '
<a >:$ 3 <a>:§ ! 3
3 \/_ : RN/
4 1, by
; . lg 3 . Use:aa"=na™l+aMa
Number operator and Hamiltonian operator 2 aa "|0)
Number operatoN=a a counts quanta.  a ajn)= T
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Matrix "a"a "# calculation " n(nt 1)
Derive normalization font" state obtained bfa )" operator: Use:a"a "= n!géh naa+—o— “a’
n n n I
|n>=a |O> Ahere: 1=<n|n>:<0|a a |20>=n!(0|1+na a;..|0)= n! :
const. (const ) (const ) (const )
n
a 0 i ) i . n _ n!l n
In)= 9) Root-factorial normalizatio Use:aa " =na ™"+
Jn!
App|y creationa : Apply destructiora:
a n+1|0> 3 n+1|0> aaT”|O> (naTn! 1 +a#na)|0> aTn! 1|0>
a |n)= =Jn+1 aln) = = =Jn—=>_L
n Jn! (n+1) n Jn! Jn! (n! 1)!
(a Ny =+n+1n+1) a|n)=+/n|n! 1})
FeynmanOs mnemonic rulargerof two quanta goes in radical factor
. | v T %
§1 !2 : s -
= ' : o2 INE
(a) % 5 f | (a) % D
4 | . Lo,
; ol ; . Useraa"=na "l+aMa

Number operator and Hamiltonian operator - -
Number operatoN=a a counts quanta a aln)= aaa |0) 22 0)
| Jnl Jni
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Matrix "a"a "# calculation

nln—1
Derive normalization fon'" state obtained bga )" operator: Use:a"a ” :n!£1+na a+ (2'- - )a 292 4.
n n n |
|n>:a |O>’ whee: 1:<n|n>:<0|a a |20>:n|<0|1+na a'|2'|0>: n! .
cond. (cong.) (cong.) (cong.)
n
a |0 . L ma N o N1, n
{| n)= \/|_|> Root-factorial normalizatio Useiaa "=ma ““+a ‘a
n!
Apply creationa : Apply destructiora:
tn+l tn+l n n-1 n n—1
fo_a"]o) _ a'""|0) _aa "[0) (ma""+a a)|0>_\/—a |0)
a = =vn+l ajn)= = =JN——L
|n> \/; n (n+1)! | > \/ﬁ \/ﬁ (n—l)!
(aT|n>:\/n+1|n+1> a|n>:x/ﬁ|n—1>)
FeynmanOs mnemonic rulargerof two quanta goes in radical factor
. .- "
N IR
V3 \/_ <a>_§ L4
4 - [
! 3 . UseraaM=ma™l4+a™Ma
Number operator and Hamiltonian operator
Numb : toN= t tp aa|n>—aaal ”|O>_naa”!1|0>_na In|o>—n|n>
umber operatoN=a a counts quanta. N N
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Matrix "a"a "# calculation

: : : : . AN, TN # T n(n!l)TZZ . &
Derive normalization fon" state obtained bga )" operator: Use:a"a'" = n!g;lf+ na'a+—ralfat+E (
n n n I
|n>=a |O> here: 1=<n|n>:<O|aa |20>=n!(0|1+na a;..|0)= n! :
cond. (cong.) (cong.) (cong.)
n
a |0 : L caatN — wafn' 1, 4N
{| n) = \/|_|> Root-factorial normalizatio Use:aa™"=na"" +a'"a
n!
Apply creationa : Apply destructiora:
a ™ 0) a ™ 0) aa™0) (na™™'+a'"a)0) a™™!|0)
a|n)= =Jn+1 aln)= = = J/nZT—_1
N (n+2) =" Jn! (n-1)!
(a In)=+n+1|n+1) a|n>:\/ﬁ|n—1>)
FeynmanOs mnemonic rulargerof two quanta goes in radical factor
1 1
. "
N
(a)= A (a)= BRE .
N/ Co
' | Use:aa "=na "1+a "a
Number operator and Hamiltonian operator
Numb : toN= t tp aa|n>—aaal ”|O>_naa”!1|0>_na In|o>—n|n>
umber operatoN=a a counts quanta. = N

Hamiltonian operator
Hin"=!!"aal|n"+!!'/21|n" =11 (n+1/2)n"
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Matrix "a"a "# calculation

# n(n! 1
Derive normalization font" state obtained bfa )" operator: Use:a"a "= n!géﬁ na at (2|,.2, )a “a®+
n n n I
|n>:a |O> Ahere: 1:<n|n>:<0|aa |20>:n!(0|1+na a:..|0>: n! :
cong. (cong.) (cong.) (cong.)
hn
a0 . L mm N e N1, o1
{| n) = \/|—'> Root-factorial normalizatio Useiaa "=na "“+a "a
n!
App|y creationa : App|y destructiora:
a n+1|0> 3 n+1|0> aa’rn|0> (naTn! 1 +a*”a)|0> aTn! 1|0>
a |n)= =Jn+1 aln)= = =Jn—LL
n Jn! (n+1) ) Jn! Jn! (n! 1)!
(a Iy =vn+1n+1) a|n)=+/n|n! 1})
FeynmanOs mnemonic rulargerof two quanta goes in radical factor
.| % R %
§1 !2 s 5 :
a)= | a:$ 1 3
(a) § ! (@) % G
4 | . I
¥ Ll g 3 ¢ Useraa "=na =1, 4 "a
Number operator and Hamiltonian operator
Number operatoN—a a counts uantz a aln)= aaa |0)_ e 19 n2 10 _ n|n)
P Hane N N Jnl
Hamiltonian operator g ° ) PG -
Hin"=!! aajn"+!! /21 |n" = 1 (n+1/2)n" ()= (aasiy=irg 2 weirg 112
§ 3 § 1/2
&

Hamiltonian operatois!! N plus zero-point energ!! /2 .

&

%
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Normal ordering for matrix calculation
Commutator derivative identities
Binomial expansion identities
Matrix "a"a "# calculations
Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eig@n%*

Harmonic oscillator beat dynamics of mixed states
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Expectation values of position, momentum, and uncertainty for eigefigtate

Operator for positiox: ,/'\g;’x - a;a Operator for momenturmp:
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Expectation values of position, momentum, and uncertainty for eigefigtate

y “r
Operator for positioix: 1/1‘;" x=218

expectation for positiotx#

Operator for momenturp:

1
2EM !

expectation for momentu'tp#

Ko=) = | (nl(a+a)n) =0 Bl = (nlpIm) =1, (ni(a " a)jny=0

p:

a n aT
2i
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Expectation values of position, momentum, and uncertainty for eigefigtate

Operator for positiox: ,/'\;" x:a;a Operator for momenturp: 2h|\1/ll
expectation for positiotx# expectation for momentu'tp#
B ! _ . |[AM ] "
x|, = (n|x|n)= 2Mw<n|(a+a)|n>=0 pla = (nlpln) =1, (nl(a " a)in)=0
expectation for (positioA)' x%# expectation for (momentump#
— ! 2 _

@ [ = (x|} =~ (nl(a+a’ ) |n) p? |, = (ol == (nl(a " a)'|n)

_all a
P==
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Expectation values of position, momentum, and uncertainty for eigefigtate

Operator for positiox: \/Tx:azaT Operator for momenturp: 2”\1/” p:a"2ia
expectation for positiofx# expectation for momentutp#
flo= (i) = 5o {nl(aa ) =0 oo = (ol =1 " a0
expectation for (position) x%# expectation for (momentump#
o=y = g tfaral) o 7 1 =007 =2 )
2|\'/|’ (nl(a*+a'a+aa’+a'?)n) . Ujfa R . !1\;! (a2 a2 aa +a2)u)
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Expectation values of position, momentum, and uncertainty for eigefigtate

Operator for positiox: ‘/'\gé x=222

expectation for positiol'x#:

Ko=(nlxim=\ =" (n(a+a Jln)=0

expectation for (positioA) X%

Operator for momenturp: 5 I\l/“

expectation for momentu'tp#

Bl = (nlpI) =i~ 2 (nl(a —a)in)=0

expectation for (momentump?#

_ 2i\_ N 2 —
x? |n=(n|x |”>—2M_, (n|(a+a ) ) p2 |n=(np?|n >=i2%<n|(a“ a)2|n>
__h & ) Use. IM!
- + + + _ :n Tzu T " T 2
5y il\a“+aa+aa +a |n) aa =l+aa —— <n|(a a'a"aa’ +a )|n>
o L IM!
= o (2n+1) == (2n+1)

_all

a
2i
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Expectation values of position, momentum, and uncertainty for eigefigtate

Operator for positiox: \/Tx = a+2a Operator for momenturp: 2h;/” p= a"ZiaT
expectation for positiofx# expectation for momentutp#
X| , = (n|x|n) = 2A;w<n|(a+a Jn)=0 5|n=<n|p|n>=iW<n|(a*—a)|n>=o
expectation for (position) x%# expectation for (momentump#

@ Jn=(npein) = (ni(a+a) ) o [n=(0lp2m =2 M o o))

oM (nf(a® +a'a+aa’ +a™n aa Uzslfa a =" ”\g! (nla 2" aa"aa +a?)n)

:ZI\ZL! (2n+1) :”\g! (2n+1)

Uncertaintyor standard deviatiofig of a statistical quantitg is its root mean-sguare difference.

(0= (a"af or ta=y (a"a)
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Expectation values of position, momentum, and uncertainty for eigefigtate

Operator for positiox: ‘/A;“’xza;a Operator for momenturp: 2”\1/“ p:a"2ia
expectation for positiofx# expectation for momentutp#
h I'M
R = (nlxIn) = |1 (nl[a+a")lm) =0 Bl = {nlpIn)=i,["42 (nf(a ~a)ln)=0
expectation for (positioA) x=#. expectation for (momentufrip#
! 2 _
x2 ‘n=<n|x2|n>:2M! <n|(a+aT) |n> ’ 2 |n n|p | >:i2!|\g.’ <n|(a N a)2|n>
se:
21\'4’ <n|(a +aTa+aaT+aT2)| > aa =1+a a = !|\g/ <n|(a 2" a2 a" aa +a2)|n>
! I M/
= (2n+1) == (2n+1)

Uncertaintyor standard deviatiofig of a statistical quantitg is its root mean-sguare difference.
(taff= (a"a)f o ta= (a"q)

— n(i2n+1 5 AM" (2n+1
!X|n:\/ x° |n:\/% !p|n=\/ p* |n:\/ (2 )
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Expectation values of position, momentum, and uncertainty for eigefigtate

Operator for positiox: ‘/'\gé x=222

expectation for positiotx#

Klo=(nlx|n) =\ (ni(a+a )jn)=0

expectation for (positioA) X%
I 2
: <n|(a +aT) n)
2M!

<n|(a +a'a+aa’ + aT2)| n)

x_2In=(n|x2|n>=

2M
!

- 2M!

(2n+1)

Use:
aa =1+a a

1 ~a'"a
21 M! P 2i

expectation for momentu'tp#
L= (rloln) =i ™M (e ajn) =0
expectation for (momentump?#
* = (nlp? n) =1 = 2 (n(a" ~a|n)
M

==, fnlfa”-

Operator for momenturp:

aTa—aaT+a2)|n)

:hMTa’ (2n+1)

Uncertaintyor standard deviatiofig of a statistical quantitg is its root mean-sguare difference.

(1q)*= (¢"7)°

or !q=\/ (¢" )

!p|n=\/p:=\/!M" (22n+1)

Heisenberg uncertainty productr then-quantum eigenstati#

2 1 'M#2 1
o=
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Operator for positioix: 1/'\;" x=222

expectation for positiotx#

K= ()= [ (nf(a+a Jln)=0

expectation for (positioA) X%
x 1= (n|x*|n) = <n|(a+aT) [n)

Expectation values of position, momentum, and uncertainty for eigefigtate

Operator for momenturp: 5 I\l/“

expectation for momentu'tp#

ﬁln:<n|p|n>:i\/”\g! (n|(a " a)|n>:0

expectation for (momentump?#

_alla

2i

— 5 IM! RV
Mo p h=(nlp?In)=i* = —(nl(a " a) |
! Use: -
2Ma)<n|(a +alataa’+ aT2)|n) aa’ =1+a'a =" I\g <n|(a2"aa" aa +a2)|n>
! IM!
- 2n+1 =
2Mw ( ) 2 (2n+1)

Uncertaintyor standard deviatiofig of a statistical quantitg is its root mean-sguare difference.

(ta)*= (a"a)’
Ax|n:\/x:: /!(22]‘;;;1) Ap|n=\/p:=\/hMa)(22n+l)

Heisenberg uncertainty productr then-quantum eigenstati#

2 l | M # 2 1
(! x"'p)|, =4 X V 2 _J MZ; J (2n+1)

(xtpl=t st

or 1g=,/ (q" )’
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Expectation values of position, momentum, and uncertainty for eigefigtate

- . IM! _a+a : 1 _a-a
Operator for positiox: ,/ TR Operator for momenturp: e P=5
expectation for positiofx# expectation for momentutp#
- | _ v .
Klo={nlx|n) = [ (ri(a+a ) n)=0 B o= (ipl) =i, (n(a * a)jny=0
expectation for (position) x%# expectation for (momentump#
ey I 2 S
< = (e = -(nlla+a ) P2 ly=(nlp? ny=i2 22 (n(a"* a) |
! Use:

= oM <n|(a taataa +a )|”> aa =1+a a :"w(nmaT2 a'a" aa’ +a’ )|n)

“sr (201 =25 ()

Uncertaintyor standard deviatiofig of a statistical quantitg is its root mean-sguare difference.

(af= (@ af or ta=y (a"af

!x|n:\/XT: /'(22|\r/|1+1) !p|n:\/p::\/!M” (22n+1)

Heisenberg uncertainty productr then-quantum eigenstati#

(AX-Ap)|, F\/T_\/ 22&;1 \/I Mazn )

(xtpl=t st

Heisenberg minimum uncertainty prodacturs for thé-quantum (ground) eigenstate.

[(! < p)lo :'5]
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We pause for sobering considerations of the quantum walthe classical one.
Consider a OhighO-quantum20) eigenstate wavefunction:
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We pause for sobering considerations of the quantum walthe classical one.
Consider a OhighO-quantum20) eigenstate wavefunction:

Envelope magnitude
IS ~ acos(X)

Ymﬂ"ﬂ WW“!
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We pause for sobering considerations of the quantum walthe classical one.

Consider a OhighO-quantum20) eigenstate wavefunction:

Envelope magnitude
IS ~ acos(X)

Y‘Wﬂ" WW“!

n=20 wave is still a long way from a classical energy valug dbule
For al Hzoscillator,1 Joulewould take a quantum number of roughly

n = 100,000,000,000,000,000,000,000,000,000,000,008=10
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Normal ordering for matrix calculation
Commutator derivative identities
Binomial expansion identities
Matrix "a"a "# calculations
Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eig8sstate

Harmonic oscillator beat dynamics of mixed states
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Harmonic oscillator beat dynamics of mixed states

o7 = |0"#QF" + |17 1" = |0, + |10
W(X) =" = #HK|0"#QF" + A L H#IP" = Lo(X) V0 + 1 (X) 1

The time dependend&Xx,t) of the mixed wave is then
W(x,)= 1ho(x)&" W + ¢a(x)€" W = (o(x)€" * + 9 (x) € 1 )2

‘! (x,t)‘ =11 = \/08{% #o'g 0(x) te i"‘g'fltf’p‘l(x)'(* 08/4%" #o'g 0(x) te i#f\‘ﬁl(x)'( /2

2 2
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Harmonic oscillator beat dynamics of mixed states

o7 = |0"#QF" + |17 1" = |0, + |10
W(X) =" = #HK|0"#QF" + A L H#IP" = Lo(X) V0 + 1 (X) 1

The time dependend&Xx,t) of the mixed wave is then
W(x,0)= Po(X)€" "W + Ya(x)€" 1y = (o(x)€" * + 4y (x) € )12

— R , Need . |
! eg)=v :\/08{% g (x)+e 8, (), & 708 (x)+e 78 (x) 12 eesorsnoen\jv\é?;ap

to get someaviggle
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Harmonic oscillator beat dynamics of mixed states

o7 = |0"#QF" + |17 1" = |0, + |10

W(X) =HK|" = #K|0"#Op" + #K|1"# 1" = 1)o(X) V0 + 1(X) V1
The time dependend&Xx,t) of the mixed wave is then
W(x,0)= Po(X)€" "W + Ya(x)€" 1y = (o(x)€" * + 4y (x) € )12

Need someverlap
somewhere
to get someaviggle

Beatfrequencyis eigerireqguencydifference

'peat='!1-' 0=
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Harmonic oscillator beat dynamics of mixed states

o7 = |0"#QF" + |17 1" = |0, + |10

W(X) =HK|" = #K|0"#Op" + #K|1"# 1" = 1)o(X) V0 + 1(X) V1
The time dependend&Xx,t) of the mixed wave is then
W(x,0)= Po(X)€" "W + Ya(x)€" 1y = (o(x)€" * + 4y (x) € )12

Need someverlap
somewhere
to get someaviggle

Beatfrequencyis eigerireqguencydifference

'peat='!1-' 0=

Beatfrequency! = Transitionfrequency
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Harmonic oscillator beat dynamics of mixed states

o7 = |0"#QF" + |17 1" = |0, + |10
W(X) =" = #HK|0"#QF" + A L H#IP" = Lo(X) V0 + 1 (X) 1

The time dependend&Xx,t) of the mixed wave is then
W(x,0)= Po(X)€" "W + Ya(x)€" 1y = (o(x)€" * + 4y (x) € )12

: _- i W i Need someverla
W (x,1) = V" :J( g ()¢ Wy (x) | (& Wyig(x) + ety (x) )12 omnhore

to get someaviggle

)t

Beatfrequencyis eigerireqguencydifference

'peat='!1-' 0=

Beatfrequency! = Transitionfrequency

Transitionfrequencys transition energy
%E = E;- o transition=E; -E;=!!
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Harmonic oscillator beat dynamics of mixed states

o7 = |0"#QF" + |17 1" = |0, + |10

W(X) =HK|" = #K|0"#Op" + #K|1"# 1" = 1)o(X) V0 + 1(X) V1
The time dependend&Xx,t) of the mixed wave is then
W(x,)= 1ho(x)&" W + ¢a(x)€" W = (o(x)€" * + 9 (x) € 1 )2

Need someverlap
somewhere

to get someaviggle

Beatfrequencyis eigerireqguencydifference
| =1, -1 =]
- beat—- 17:- 0"

Beatfrequency! = Transitionfrequency

Transitionfrequencys transition energy
%E = E;- o transition=E; -E;=!!

I Is frequencyof radiating antenna

of a transmitter or of a receiveeg.,

of an emitter or an absorber
(Usually of a dipole symmetry)
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Hstate

* Oscillator coherent states (OShovedO and OkickedO states) ‘
Translation operators vs. boost operators
Applying boost-translation combinations
Time evolution of coherent state
Properties of coherent state and OsqueezedO states
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Oscillator coherent states (OShovedO and OkickedO states)
Translation operators and generators: (A OshoveO)

Translation operatoil (a) shoves<-wavefunctions
T(a)-$(X) = $(x-a) =T (a)|$" = #-a|$"
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Oscillator coherent states (OShovedO and OkickedO states)
Translation operators and generators: (A OshoveO) Boost operators and generators: (A Okic

Translation operatoil (a) shoves<-wavefunctions Boost operatoB(b) boostsp-wavefunctions
T(a)$(x) = $(x-a) =#[T (a)|$" = #-a|$" B(b)-$(p) = $(p-b) = #&[B(D)[$" = #p-b [$"
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Oscillator coherent states (OShovedO and OkickedO states)
Translation operators and generators: (A OshoveO) Boost operators and generators: (A Okic

Translation operatoil (a) shoves<-wavefunctions Boost operatoB(b) boostsp-wavefunctions
T(@)-$(X) = $(x-a)=#[T(a)|$" =#-a|$" B(b)-$(p) = $(p-b) =#|B(b)|$" =#-b |$"
Shoves$ a-units to right orx-spacea-units left
#|T(a)=#-a| or: T (a)|x'=k-a"
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Oscillator coherent states (OShovedO and OkickedO states)
Translation operators and generators: (A OshoveO) Boost operators and generators: (A Okic

Translation operatoil (a) shoves<-wavefunctions Boost operatoB(b) boostsp-wavefunctions
T(@)-$(X) = $(x-a)=#[T(a)|$" =#-a|$" B(b)-$(p) = $(p-b) =#|B(b)|$" =#-b |$"
Shoves$ a-units to right omx-spacea-units left Increases momentum of ket-stateldoynits

#|T(a)=#-a| or: T (a)|x'=k-a" #H |B(b) =#-b|,or: B (b)Jp" =p-b"
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Hstate

Oscillator coherent states (OShovedO and OkickedO states)
Translation operators vs. boost operator

Applying boost-translation combinations

Time evolution of coherent state

Properties of coherent state and OsqueezedO states
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Oscillator coherent states (OShovedO and OkickedO states)
Translation operators and generators: (A OshoveO) Boost operators and generators: (A Okic

Translation operatoil (a) shoves<-wavefunctions Boost operatoB(b) boostsp-wavefunctions
T(a)-$(x) = $(x-a) =#[T (a)|$" =#-a|$" B(b)-$ (p) = $(p-b) =#|B(b)|$" =#-b |$"
Shoves$ a-units to right omx-spacea-units left Increases momentum of ket-stateldoynits
#|T(a)=#&-a| or: T (a)|x'=k-a" #H |B(b)=#-b|,or: B (b)p"=p-b"
Tiny translationa& dais identityl plusGaa Tiny boostb& dbis identityl plusKadb

T(da) =1 +Gala where:G = %a_o B(db) =1 +Kalb where:K = %b:o

IS generator of translations IS generator of boosts
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Oscillator coherent states (OShovedO and OkickedO states)
Translation operators and generators: (A OshoveO) Boost operators and generators: (A Okic

Translation operatoil (a) shoves<-wavefunctions Boost operatoB(b) boostsp-wavefunctions
T(a)-$(x) = $(x-a) =#[T (a)|$" =#-a|$" B(b)-$ (p) = $(p-b) =#|B(b)|$" =#-b |$"
Shoves$ a-units to right omx-spacea-units left Increases momentum of ket-stateldoynits

#|T(a)=#&-a| or: T (a)|x'=k-a" #H |B(b)=#-b|,or: B (b)p"=p-b"
Tiny translatiora& dais identityl plusGaa Tiny boostb& dbis identityl plusKab

T(da) =1+Gaa where:G="— O B(db) =1 +Kalb where:K :a&’_ib:o
IS generatorG of translations T IS generatorK of boosts

T(a)::#T(%)gb:“mN ( :’il'l'%ng: g™ B(b):#B(%)gb:“mN ( ;¢1+%K§6: ek
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Oscillator coherent states (OShovedO and OkickedO states)

Translation operators and generators: (A OshoveO)
Translation operatoil (a) shoves<-wavefunctions

T(a)-$(X) = $(x-a) =T (a)|$" = #-a|$"
Shoves$ a-units to right orx-spacea-units left
#|T(a)=#&-a| or: T (a)|x'=k-a"
Tiny translationa& dais identityl plusGaa

T(da) =1 +Gada where:G = %

IS generatorG of translations
T(a):;!#T(ﬁ)$N:Iim | ;!¢1+£G$N: e
N %, N N &%,
#azi
T(a)!" (x)=e“C1" (x)=e $x1" (x)

p 2 ¢2n 3 ¢3n
$ (x)+a $ (x)#a $ (x)+E
$x 20 g2 21 g3

a=0

=" (x)#a

Boost operators and generators: (A Okic

Boost operatoB(b) boostsp-wavefunctions

B(b)-$(p) = $(p-b) = #&[B(D)[$" = #p-b [$"
Increases momentum of ket-statetdoynits

# |B(b) =#p-b| , or: B (b)jp" = p-b"
Tiny boostb& dbis identityl plusKadb

B(db) =1 +Kab where:K :%
" Plb=0
IS generatorK of boosts

B(b):,!#B(%)gbzlimN. ( §¢1+%K§6: &

w2

B(b)!" (p) =" 1" (p)=e 71" (p)

' 2 ¢2n 3 ¢3n
= (pyp S D8 (D) 8 (1) ¢
$ 2! $p 2! $p
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Oscillator coherent states (OShovedO and OkickedO states)

Translation operators and generators: (A OshoveO)
Translation operatoil (a) shoves<-wavefunctions

T(a)-$(X) = $(x-a) =T (a)|$" = #-a|$"

Shoves$ a-units to right orx-spacea-units left

#|T(a)=#-a| or: T (a)|x'=k-a"

Tiny translationa& dais identityl plusGaa

T(da) =1 +Gada where:G = %

IS generatorG of translations
T(@)=kT(DF zlim,,  ha+ 963 =
a)—# N %_ N ( N %_e

#al

T@!" (x)=e*1" (x)=e $XI" (x)

$ (), a’ $" (%) ) a’ & (%) .

a=0

=" (X)#
(X) 4 $X 2! $X2 2! $X3
/ /
G relates to momentup& E.'— ="ih—
i 4 i I'x I'x

G=l—p" I —
!p H#X

Boost operators and generators: (A Okic
Boost operatoB(b) boostsp-wavefunctions

B(b)-$(p) = $(p-b) = #&[B(D)[$" = #p-b [$"
Increases momentum of ket-statetdoynits

# [B(b) =#-b]| , or: B (b)jp" = p-b"

Tiny boostb& dbis identityl plusKadb

B(db) =1 +Kalb where:K _9JB

Ibl, g
IS generatorK of boosts

| b $N : ! b $N bK
= — = , + — =
B(b) #B(N)% lim,. # NK% e
$
#b—
B(b)!" (=€ 1" (p=e *P1" (p)
: 2 ¢2m 3 @3
P, b (P, b F" (P ¢
$p 2! gp> 2! gp’

K relates to position& hii:ii

i # "1 # Jp dk
K=—x! " =
! #Zp ! #K

=" (p)itb
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Oscillator coherent states (OShovedO and OkickedO states)
Translation operators and generators: (A OshoveO) Boost operators and generators: (A Okic

Translation operatoil (a) shoves<-wavefunctions
T(a)-$(X) = $(x-a) =T (a)|$" = #-a|$"
Shoves$ a-units to right orx-spacea-units left
#|T(a)=#&-a| or: T (a)|x'=k-a" #H |B(b)=#-b|,or: B (b)p"=p-b"
Tiny translatiora& dais identityl plusGaa Tiny boostb& dbis identityl plusKab

T(da) =1 +Gaa where:G=_1 B(db) =1 +Kalb where:K =2E

Boost operatoB(b) boostsp-wavefunctions
B(b)-$(p) = $(p-b) = #&[B(D)[$" = #p-b [$"

Increases momentum of ket-statetdoynits

I'a

. _ a=0
IS generatorG of translations

T(a):;!#T(%)gb:IimN. ( §¢1+%G§6: &©
$
T(a)!” (x)=e?C 1" (x) = o B |" (x)

$ (X, a® $%" (x) ) a3 £ (x) e

- (X)#a $X 2! $X2 2! $X3
G relates to momentup& !__i: —i! K
i 4 | JX X
G=l—-—p" I —
h #X
i
T(a)= e! apP _ ea(a ! a)\/M” /2!

Ibl, g
IS generatorK of boosts

| b$ 1 b $
B(b):#B(N)% :|ImN. ( #1+EK%: oK
$
#b—
B(b)!" (p)=€™1" (p)=e *P1" (p)
' 2 ¢2n 3 ¢3n
(P, b (P, b (P ¢
$p 20 gpr 2! gp]
K relates to positiom& !ii:ii
| # "1 # dp Ik
K=—x! " =
h #Pp h #K

tFiX ib(a +a)/\/2hM!
B(b):eh —e

=" (p)#b
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Oscillator coherent states (OShovedO and OkickedO states)

Translation operators and generators: (A OshoveO)
Translation operatoil (a) shoves<-wavefunctions

T(a)-$(X) = $(x-a) =T (a)|$" = #-a|$"
Shoves$ a-units to right orx-spacea-units left
#|T(a)=#-a| or: T (a)|x'=k-a"

Tiny translationa& dais identityl plusGaa
T(da) =1 +Gala where:G - ‘3—;

IS generatorG of translations

a=0
a.) . a
T(a)_(T(N)) _I'm'\'%(lgﬁ(}) =€
_ 48G _ A
T@y(x)=e"-y(x)=e 7*-y(x
op(x), @y _a Py .

:W(X)_a ax 2! 8)(2 2! aXB
19 .. 0
G relates to momentup& ——=—jl —
i ' 4 | dX X
G=!-—p" I —
! P #X
i
—a - p —aly |
T(a):e ! :ea(a a) Mw/2!
CheckT (a) on plane-wave witlp=!k Bottom Line
T(a)eikx _ e—iap/heikx _ e—iakeikx _ eik(x—a)

Boost operators and generators: (A Okic
Boost operatoB(b) boostsp-wavefunctions

B(b)-$(p) = $(p-b) =#|B(b)[$" = #-b |$"
Increases momentum of ket-stateldoynits

# |B(b) =#p-b| , or: B (b)jp" = p-b"
Tiny boostb& dbis identityl plusKadb

B(db) =1 +Kab where:K :%

" Plb=0
IS generatorkK of boosts N

1o b ! $ _
B(b)-#B(N)% =lim,, (#1+NK%- e

$
#b——
B(b)!" (=€ 1" (p)=e *P1" (p)

$' (), b2 8% (D), D>$" (D),

=" (p)#b s T2 g0 T2 g
.- / /
K relates to positiom& !i—=i—
| Jd -10 'p Tk
! dp ! Jdk
ol x __ifalvaVarmr
B(b):e ' =e

CheckB(b) on plane-wave witlp=! k

B ()¢ kx = & PX/! gl kx = ol b/t gk o (krbit)x
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Hstate

Oscillator coherent states (OShovedO and OkickedO states)
Translation operators vs. boost operators

* Applying boost-translation combinations ‘
Time evolution of coherent state

Properties of coherent state and OsqueezedO states
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Applying boost-translation combinations
T(a) andB(b) operations do not commut@. Which should come first?

?7?
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Applying boost-translation combinations
T(a) andB(b) operations do not commut&. Which should come firstT(a)=¢€''#" or B(b) =™/ 27
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Applying boost-translation combinations
T(a) andB(b) operations do not commut&. Which should come firstT(a)=¢€''#" or B(b) =™/ 27

A. Neither and Both.
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Applying boost-translation combinations

T(a) andB(b) operations do not commut€. Which should come firstT(a)=¢' ““P" or B(b) =" 27

A. Neither and BothDefine acombined boost-translation operatiorC(a, b) = o (bx=ap)/h
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Applying boost-translation combinations

T(a) andB(b) operations do not commut&. Which should come firstT(a)=¢€''#" or B(b) =™/ 27

A. Neither and BothDefine acombined boost-translation operatiorC (g, b) = e (bxt ap)/

(More like Darboux rotatioe™ " than Euler rotation with three factagd?" eWy*" g'Iz#)
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Applying boost-translation combinations

T(a) andB(b) operations do not commut&. Which should come firstT (a)=e"'?" or B(b)=¢&"*"* 27

A. Neither and BothDefine acombined boost-translation operatiorC (g, b) = e (bxt ap)/!

(More like Darboux rotatioe™ ¥ than Euler rotation with three facta8?/ gy g2#')
May evaluate witlBaker-Campbell-Hausdorf identigmnce [x,p]=1!1 and [[x,p],X]=[[ X,p],p]=0.

B = AP [ABIZ - BAABI2 | phae 4A,[AB]8=0=4B,[AB]§ (left as an exercise)

C(a.b)= ei(bx—ap)/! _ pibX/! —iap/! e—ab[x,p]/zl P X/ —iap/l —iab/2!

=B(b)T(a)e—iab/2! =T(Cl)B(b)€iab/2!
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Applying boost-translation combinations

T(a) andB(b) operations do not commut€. Which should come firstT(a)=¢€ '™ or B(b) =™/ 27

A. Neither and BothDefine acombined boost-translation operatioi(q, b) = ei(bX! ap)/!

(More like Darboux rotatioe™ ¥ than Euler rotation with three facta8?/ gy g2#')
May evaluate witlBaker-Campbell-Hausdorf identigmnce [x,p]=1!1 and [[x,p],X]=[[ X,p],p]=0.

B = AP [ABI2 = BAAB2 | ywhere: 4A,|AB]8=0=4B.[AB]§ (left as an exercise)

' i ' 2 . . _
C(a,b) = o (bx! ap)/t _ dbx/! diap/! ab[x,p]/2!? _ dbx/! Jiap/t Jiabr2!

:B(b)T (a)el | ab/2! :T (a)B(b)el ab/2!
Reordering only affects the overall phase.

C(a,b) = di(bxtap)t _ b(a +a)W2IM" +ala 1 aM" 72!

—otal#ra _ JH 12gra J#ra - J#12g #ragta
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Applying boost-translation combinations

T(a) andB(b) operations do not commut€. Which should come firstT(a)=¢' ““P" or B(b) =" 27

A. Neither and BothDefine acombined boost-translation operatiorC(a, b) = € [ (bx! ap)/!

(More like Darboux rotatioe™ ¥ than Euler rotation with three facta8?/ gy g2#')
May evaluate witlBaker-Campbell-Hausdorf identigmnce [x,p]=1!1 and [[x,p],X]=[[ X,p],p]=0.

B = AP [ABIZ - BAABI2 | phae 4A,[AB]8=0=4B,[AB]§ (left as an exercise)

' i 2 : . _
C(a’b):el(bx! ap)/t _ Jbx/! Jiap/t g ab[x,p]i2t® _ jbx/! Jiap/! Jiab/2!

:B(b)T(a)e | ab/2! _T(a)B(b) I&'lb/2I
Reordering only affects the overall phase. Complexphasor coordinaté (a,b)is defined by:

i(bx—ap)/h ibla +a)/N2hMw+ala —a|NMwl2h ! (a,b)
Cla,b)=/Px-P _ 2 2 ) <" T2 i T
—* — —_v* *
_,0a —ofa _ |oc| /12 p0a —ofa _ |oc| /2 —o*a oa _&gﬂ (W
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Applying boost-translation combinations

T(a) andB(b) operations do not commut&. Which should come firstT (a)=e"'?" or B(b)=¢&"*"* 27

A. Neither and BothDefine acombined boost-translation operatiolC(q,b) = ’(bX! ap)/h

(More like Darboux rotatioe™ ¥ than Euler rotation with three facta8?/ gy g2#')
May evaluate witlBaker-Campbell-Hausdorf identigmnce [x,p]=1!1 and [[x,p],X]=[[ X,p],p]=0.

A+B _ AB [AB]2 _ BAJABI2 . 4A,|A.B]§=0=3B,[AB]§ (left as an exercise)

C(a,b)=¢€ (bx!ap)/t _ ei bx/! tiap/! g ab[x,p]/2! T b/t Jiap/t Jiabr2!

Reordering only affects the overall phase. Complexphasor coordinaté (a,b)is defined by:

i(bx—ap)/h ibla +a)/[N2Mw+ala —a )N Mwl2h ! (a’b)
C(a,b)=e ( i € ( ) ( ) =a/M" /21 +ib/2IM"
—v* — 2 _v* 2 vk
—p,0a —ora _ || /2€oca o0 :e|oc| 12 —o a,oa _%@H_(m

Coherent wavepacket statexo,po)":  |eo(Xo, Po)) = C(Xo, Po)|0) = € |(XX=PoP "|O)

Thursday, April 16, 2015 129



Applying boost-translation combinations
T(a) andB(b) operations do not commut&. Which should come firstT(a)=¢€''#" or B(b) =™/ 27
A. Neither and BothDefine acombined boost-translation operatiofC(a, b) = ei(bX! ap)/!

(More like Darboux rotatioe™ ¥ than Euler rotation with three facta8?/ gy g2#')

May evaluate witlBaker-Campbell-Hausdorf identigmnce [x,p]=1!1 and [[x,p],X]=[[ X,p],p]=0.
A8 = AB ABIZ 2 BAJABIZ e 4A,[AB]8=0=4B,[AB]§ (left as an exercise)

' i ' 2 . . _
C(a,b) = o (bx! ap)/t _ dbx/! diap/! ab[x,p]/2!? _ dbx/! Jiap/t Jiabr2!

:B(b)T (a)e! | ab/2! :T (a)B(b)el ab/2!
Reordering only affects the overall phase. Complexphasor coordinaté (a,b)is defined by:

_ i(bx! ap) _ _ibla +a)//21M" +ala ta)VM" /2! ! (ab)
C(a,b) = e( Pt = € ( ) ( ) —aJM" /21 +ib//2IM "
—o @ | #*a _ e! |#|2/26#a e! #*a _ e[;17-‘|2/2€! #*ae#a :%H%f&/w’ /21

Coherent wavepacket Statexo,po)": |1 o (X0 )) = C%. py)|0) = € oX" ) |o)

_el O|2/2e! Oa*e".lo*a|0>
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Applying boost-translation combinations

T(a) andB(b) operations do not commut&. Which should come firstT(a)=¢€''#" or B(b) =™/ 27

A. Neither and BothDefine acombined boost-translation operatioiC(a,b) = € | (bx! ap)/!

(More like Darboux rotatioe™ ¥ than Euler rotation with three facta8?/ gy g2#')
May evaluate witlBaker-Campbell-Hausdorf identigmnce [x,p]=1!1 and [[x,p],X]=[[ X,p],p]=0.

1B = AR [AB]2 eBeAe[A’B]/2 , where: %LA,[A,B]%: 0= %LB,[A,B]@ (left as an exercise)

C(a,b) = e( x! ap)/! = dbx/! Jiap/t Jabx,p]/21® _ jbx/t Jiap/! Jiab/2!

:B(b)T(a)e | ab/2! —T(a)B(b) I&'lb/ZI
Reordering only affects the overall phase. Complexphasor coordinaté (a,b)is defined by:

_ ilbxtap)t _ ib a +al|/\J2!M" +ala 'a)]vM" /2! a(a,b)
C(a,b)=e ( ) — ( ) ( ) —a/Mw /2! +ib/\/2'Mw
_e#a | #*a _ |#| /2 #a ! #*a _ €|#|2/2€! #*ae#a ={a+iMLw}/Mw/2!

Coherent wavepacket statexo,p0)": |/ o(x0. po)) = Clxo, po)| 0) = €'toX" 7P)| o)

= e"|! 0|2/2€! od e"-’ o' a

0)
_ o 12, oa o)
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Applying boost-translation combinations

T(a) andB(b) operations do not commut€. Which should come firstT(a)=¢€''#" or B(b)=¢™"" 27

A. Neither and BothDefine acombined boost-translation operatior¢(a, b) = € | (bx—ap)/n

(More like Darboux rotatioe™ ¥ than Euler rotation with three facta8?/ gy g2#')
May evaluate witlBaker-Campbell-Hausdorf identigmnce [x,p]=1!1 and [[x,p],X]=[[ X,p],p]=0.
B = AP [ABI2 = BAAB2 | ywhere: 4A,|AB]8=0=4B.[AB]§ (left as an exercise)

C(a,b)=¢€ (bx!ap)/t _ ei bx/! tiap/! g ab[x,p]/2! T b/t Jiap/t Jiabr2!

Reordering only affects the overall phase. Complexphasor coordinaté (a,b)is defined by:

_ i(bx! ap)r _ ibla +a)/v2!M" +ala a)]VM" /2! a(a,b)
C(a,b) = e( M = € ( ) ( ) —a/Mo /2! +ib/2IMw
_gta ! #*a _ e! |#|2/2€#a g #*a _ e[#|2/2 o #*aqta :{a+iMLw}/m

Coherent wavepacket statexo,po)": |/ o(Xo. Po)) = C(Xo, Po)|0) = € (X" o) 1 g
=gl d2goa gt *[0)
:e"|! o| 12 ’oa |O>

12 g (102 )0} /n

n=0
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Applying boost-translation combinations

T(a) andB(b) operations do not commut&. Which should come firstT (a)=e"'?" or B(b)=¢&"*"* 27

A. Neither and Both Define acombined boost-translation operatio©(q, b) = e i(bx! ap)/!

(More like Darboux rotatioe™ ¥ than Euler rotation with three facta8?/ gy g2#')
May evaluate witlBaker-Campbell-Hausdorf identigmnce [x,p]=1!1 and [[x,p],X]=[[ X,p],p]=0.

1B = AR [AB]2 eBeAe[A’B]/2 , where: %LA,[A,B]%: 0= %LB,[A,B]@ (left as an exercise)

- — i _ |2 . s .
C(a.b) = e|(bx ap)/! el bx/! -iap/! g ab[x,p]/2! _ X/t g-iap/t iab/2!

Reordering only affects the overall phase. Complexphasor coordinaté (a,b)is defined by:

_ _i(bxtap)t _ _ibla +a)/~2IM" +ala la]vM" /2! ! (a,b)
Clab)=d ) = ¢ 2o = a7 20+ b
—gtal#*a _ |#|2/26#a g #*a e[7i7-‘|2/2 | #*a#a _&g+l—(m

Coherent wavepacket stgtexo,po)": |/ o (Xo.Po)) = C(Xg.P)|0) =€ (0x” PP 1)
el ol 2 pa’ e’ 0" a|0)

_o | 72/ 0a' 0)

:e"|-’ o| /12 $ (, OaT)n|O>/n!
n=0
n n
_ P E (fo) a0
=€ ~—n), here: |[N) = ——+
io n!|> where: |n) N
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Hstate

Oscillator coherent states (OShovedO and OkickedO states)
Translation operators vs. boost operators
Applying boost-translation combinations

Time evolution of coherent state ?
Properties of coherent state and OsqueezedO states
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Time evolution of coherent statg(xy, po)) =gl 12 S mm)

n=0 \/ﬁ

Time evolution operator for constathas general form : U(t,0)=e‘th/!
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' : wly 1279 # (]
Time evolution of coherent statdr o(xo, py))=e V' o 2 § =L |n)
n=0 \/ﬁ

Time evolution operator for constadthas general form : U(t,O):e'th”

Oscillator eigenstate time evolution is simply determined by harmonic phases.

U(t, O)| n> —iHt/! | n> _ gl (n+1/2)wt | n>
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Time evolution of coherent stater o(xy, po))=e' 12 g MW

n=0 \/ﬁ

Time evolution operator for constadthas general form : U(t,O):e'th”
Oscillator eigenstate time evolution is simply determined by harmonic phases.
U(t,0)|n>:e'i"”” n) = i (n+12)! t|n>
Coherent state evolution results. i i
0(1,0)] g (0, o)) =e 2 5 (o) 0(5,0) )= o2 § (o) il

n=0 \/ﬁ n=0 \/ﬁ

it )n

. 2 oo Olne
:e-zwt/26—|a0| /2 2 ( 0

n=0 \/E | n>
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Time evolution of coherent statdr ((x,, pp))=e b1z g '\/_ n)
n=0

Time evolution operator for constadthas general form : U(t ()) 1Ht/!

Oscillator eigenstate time evolution is simply determined by harmonic phases.
(t 0)| > - Ht/! | > (n+112)' t|n>
Coherent state evolution results.

( )‘ (XO p0)> "1 12 $ MU(I O)|n>:e"|! o 12 g (-’ o)” e_i(n+112)%t|n>

=0 Anl =0 ~/n!
I e )
_igeti2,.)! o 12 ; ( 0
=e e $ N
S W

Evolution simplifies to a variabl&y coherent statwith atime dependent phasor coordinaie

U(t.0)|/ o (%-p0)) =6 V*|! (3. ) where: !i(xop) =™ Lofvo.po)
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I'g

S, S

Time evolution operator for constadthas general form : U(t O)

Time evolution of coherent statetl (%o, po)>—e| o 12
-1H¢/!

Oscillator eigenstate time evolution is simply determined by harmonic phases.
U('[,O)| > -iHt/! | > (n+112)a)t| n>

Coherent state evolution results.

( )‘ (Xo po)> \0| /2$ %U(t,0)|n>:e"|-'0|2/2§ (_/\/%)!” e_i(n+112)%t|n>

n=0 n=0

i 9t
/
iosti2g ! 0|2/2§ ( 0€ ) n)

=e
n=0 \/ﬁ

Evolution simplifies to a variableg coherent statwith atime dependent phasor coordinaie

U(t,O)‘! o(xo,po)> =" tlz‘! t(xt,pt» where: /(%) =€ " 1 o(x0. Po)

. L # . p
4t S t + _O
NG vy
(X:,pr) mimics classical oscillator 0
X = Xgcos! t+—— 0 sin/ t
By s te PO po ,
M Xo sin! 1 cos! 1

Real and imaginary partg @ndp/M! ) of ax go clockwise on phasor circle
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Hstate

Oscillator coherent states (OShovedO and OkickedO states)
Translation operators vs. boost operators
Applying boost-translation combinations
Time evolution of coherent state

roperties of coherent state and OsqueezedO a‘s
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Properties of coherent state W
Coherent ke[ ( x0,p0)" is eigenvector of destruct-og@.

-ITT"-\.\_\_ 7 8 n
e 871 al! o(Xo,p0)>:e"|! o 12 % (/o) a|n)

| i Ah} $ 8 n=0 ~N!
iclassical turning points e %Eﬁ 2 :&
< oherent 1 g
E tate |l 08{“’ 1 $4| t
I ..................... m-\. lﬁj h $3|' t8
I#/2.____ —— e e T = = JLE ?'*::1--:-‘}$2|' &
t
pL S $! | ;8
..... 0 20wl ol 8
#/2 4 o I t

X
L] 1] [ KT “
s, e

Coherent
|I t& =

2] 551| b
[ 8
T —
ME L
Als 'P‘I.f"wI
"

IBEE ZonBBEEEREE
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Properties of coherent state .
P Coherent ke[ ( x0,p0)" is eigenvector of destruct-og@.

"T""m.i%p_-.$7| tg (a )n
— 2 0
- a‘a > ool

:_-_4_|__ &.h} $6 || tg 0 XO pO) nzo ! | >
! |
| classical turning pomts: b el $5 [ ;& _ /2
< : oherent 1 Ea | o ( \/—) Jn | n- 1>
i tate | p& 1 I8 n= 0 '
| [ 1

exp oted energyﬂ?

IBEE ZonBBEEEREE
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Properties of coherent state .
P Coherent ke[ ( x0,p0)" is eigenvector of destruct-og@.

4_T;T.f~_,_i?u..__.$7 | t8 |OC 2/2 00 (OC )n
' alo , —g 1% 2297 aln
, Sireeiy 300, po))=e ™" 2 T ain
iclassical turning points Tl 85 8 Ay 1?20 2 (O "
i( oherent | e | t —a o[ 12 y %\/mn—ﬁw
E tate |l 08{“’_ 1 $4| t& n=0 n
ted energy 9/~ e e I R = 0tg| 09 (%o, Po))
V2NN S Y IR
= L T $11 .8
1#/2 § A - .,.”.*-_A@ or.8
X
BODEEBRBBOGLLGEEE

Coherent
|I t& =

2] 551| b
[ 8
T —
ME L
Als 'P‘I.f"wI
"

IBEE ZonBBEEEREE
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Properties of coherent state .
P Coherent ke[ ( x0,p0)" is eigenvector of destruct-og@.

] Bl g7y t& | 2,4 0 ( )n
_ _ o712 & (&o
alo , =e 70" > ~—=an
| I:'il'_ &h} $6|'t8 ‘ O(XO p0)> n=0 n! | >
ECIaSSiCCll turning points EL L $5] & — 2/2 o \& "
< oherent 1| 4 | t —€ = ) (— /On—?\/m n_1>
i tate | p& | w8 n=0 '
ted energy B/, s il V3] 8 Zao‘ao(xo’po» with eigenvaluexo
| o [ b
RN A0 el Bl her 8
=l N 511 &
_____ 0 20 =l $0f 8
#/2 4 P IR g
X
HEBE [ KD -
it R

Coherent
|I t& =

2] 551| b
[ 8
T —
ME L
Als 'P‘I.f"wI
"

IBEE ZonBBEEEREE
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Properties of coherent state

0.0

I classical turning points

Pal | 7

w Pl g6 8

IBEE ZonBBEEEREE

$7

e e
S 8
$3 8
B2 &

Co

0 8

Coherent ke[ ( x0,p0)" is eigenvector of destruct-og@.

al! (%o, po))=e o o(!ﬁ? *—2La|n)
ol ol 2 $ ; ( ) Y22 /nn" 1)
n= 0 n

=1 o/ o(X0.P0))  with eigenvaluaxo

Coherent brd'( x0,p0)$is eigenvector of create-ca..

<0¢0(x0,p0)‘a =<050(Xo,po)‘058
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Properties of coherent state

Coherent ke[ ( x0,p0)" is eigenvector of destruct-og@.

7] 8

(o)) =6l 72 & L) gy

H $6|'t8 ‘ n=0 \/ﬁ

T

|'°‘/2 o )x/_|n 1)

8 nO

ST =1 o|! o(%o, po)> with eigenvaluexo

B2 &

1| ,& Coherent brd'( x0,p0)$is eigenvector of create-o@..

0 8

(! o(x0:Po)ja ={! o(0-Po)|! 0

Expected quantum energy has simple time independen

<E>‘a0 = (a0 (%0: Po)| H| g (%o, Po))

— (g% po)\(! 0 a+!7w1j‘ao(xo’ Po))

l @

*
=l wopog + >

TG ZonBBEEEREE
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Properties of OsqueezedO coherent states

(a) Coherent wave oscillation

Here is an
OunsqueezedO
coherent wave
INn space-time

Timet

Amplitude coordinate x
>

Timet

= 1=2m/®w

SeARNAARNRRNY

LI

1 I_!_I 1

Pooor
> 35 O

1

-]
I T e |
R N W B O

>

Yeah! Cosine trajectory!
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Properties of OsqueezedO coherent states

(a) Coherent wave oscillation

= 1=2m/®w

: Timet 1—{}
Here Is an -
OunsgueezedO -
coherent wave -
In space-time Iy
o Ty~ £%3
h -
A ! T =5
Timet ; TR0 [TTg--n=4
- —--N=3
il N= 2
Amplitude coordinate x n=1
2 t= 0 n=0
(b) Squeezed ground state r
(Csqueezed vacuumOoscillation) H‘“EE
T3/4=31/2® Tt
--___E___
Tyo=mo -
_-,_“;EE}_“_
Ty~ T20 L___r::} n=4
| T
- t--- n=2
= =
I'-.\ L Efn'l

Yeah! Cosine trajectory!

what happens if you apply
operators with non-linear OtensorO

exponents expxs), exp(fp?), etc.
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Properties of OsqueezedO coherent states

(a) Coherent wave oscillation

= 1=2m/®w
Timet

LI

(a) Squeezed amplitude

1 I_!_I 1

Su AR NARNARN]

s L

T12=T/® -
H } High! p at troug
A —--N=5
o _ e High! x at zero
Timet Ty4= 20 3 :_g Low! pat zero
-n=2
. . n=1
Amplitude CO@I nate X (=0 0 B! x af cregt .
(b) Squeezed ground state ... (b) Squeezed phase L A=
(O8queezed vacuumOoscillation) ML | to

133/4: 3/2m

T12=T/®

Low! X at zero
:|.___.n:4 High! p at zero

Ty m20 b

ek

X at crest |

E [
!

|
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